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ABSTRACT 

The use of thin vail "beam theory for the analysis of simpj.y 

supported shells is described and the necessary modifications to the 

thin vail beam theory are shovn vhich vill make the solution as theo¬ 

retically correct as the basic classical theories used in the analysis 

of simply supported shells. A simply supported circular cylindrical 

shell is analyzed by this method and the results compared vith a solu¬ 

tion by the classical theory for the same shell vhich is given in the 

American Society of Civil Engineers Manual No. 31* The results show 

close agreement. 

The analysis is similar to the method of analysis of H. Lundgren. 

Either a successive corrections methods as used by Lundgren, or a suc¬ 

cessive approximations procedure, developed in this thesis, may be used. 

Slow convergence, or even divergence, is obtained in many problems. 

However, very rapid convergence may be obtained by the use of extrapo¬ 

lation formulas based upon the assumption that in successive cycles the 

differences between the true solution and die trial solution decrease, 

or increase, in a geometric ratio. 

The basic purpose for presenting the "modified thin wall beam 

theory" is not just to simplify the analysis of thin shells from the 

standpoint of the mathematics involved, but rather to provide an addi¬ 

tional method to use in the analysis of shells in cases where the gov¬ 

erning differential equations cannot be solved exactly or even be de¬ 

fined in explicit mathematical terms. 
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I. INTRODUCTION 

1.1. Purpose of Thesis: 

The purpose of this thesis-is to present a numerical 

analysis for circular "barrel vault type simply supported thin 

shells of constant thickness. This method can "be applied to shells 

which vary in thickness across their cross sections, and in which 

the cross sectional configuration is not necessarily a mathematically 

simple shape. These types of shells are not readily analyzed "by 

mathematical methods. In addition to supplying a method to analyze 

these more difficult types of shells, the analysis presented in this 

thesis provides another means to analyze ordinary circular "barrel 

vault shells of uniform cross sections and thickness. This method 

of analysis • can "be used "by engineers not familiar with the higher 

mathematics necessary for the more conventional and rigorous types 

of analyses. 

The method of analysis to "be presented has the following 

advantages: 

1. Concentrated line loads can "be taken into account' 

when determining transverse moments. 

2. Any distribution can "be used for the normal longi¬ 

tudinal stresses or a cracked section assumed in 

this type of analysis. Prestressed concrete shells 

can "be analyzed "by this general type of analysis. 

Thus ultimate strength design and yield point theory 

types of analyses are within the scope of this method. 
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3. The shell can have longitudinal stiffeners or ribs 

as veil as transverse ribs. ' This type of shell then 

becomes the familiar semi-monocoque structure used 

in modem aircraft. The use of longitudinal stiffeners 

vill increase in the future as longer spans are used 

on shells in building construction. 

4. Shells of unsymmetrical cross sections and unsymmet- 

rical loadings can be analyzed by this method. 

• 5. This method of analysis gives a better insight into 

the actual behavior of the shell than the classical 

approach. 

1.2. Historical Background of the Proposed Analysis: 

. The thin wall beam theory and various modifications of the 

"beam and arch" method of shell analysis have long been used by aero¬ 

nautical structural engineers for the design of very thin aircraft 

shells of the semi-monocoque type. These analyses usually neglected 

the effects of shear deformation, transverse bending and transverse 

deflections. In nearly all cases, hovever, the shells used vere taper' 

ed and not uniform in section and the loads applied vere not symmet¬ 

rical. In addition, the cross sections vere airfoils and egg-shaped 

fuselage sections vhich vere usually not mathematically'definable. 

Semigraphical methods vere used to obtain the longitudinal stresses. 

The unit shear stresses vere obtained by methods similar to those used 

in the "Unit Beam Method" as set out in a paper by F. R. Shanley and 

F. P. Cozzone^ published in the Journal of Aeronautical Sciences. 
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This approach.to the analysis of these very thin shells was proven 

"by the static testing to destruction of nearly all of the aircraft 

structures designed "by these methods of analysis. The • '.tual re¬ 

sults of these tests were nearly always within 10 to 15 percent of 

the calculated values. To apply this method to concrete structures 

seems, then, only to be a matter of taking into account the effects 

of transverse bending, shear deformations and transverse deflections. 

Many years before and during the time when the aeronautical 

engineers were developing their methods of analysis, civil engineers, 

mathematicians and engineering mechanics theorists had derived the 

basic equations and were developing methods of analysis of thin shells 

along classical lines using varied forms, of higher mathematics. These 

methods were based on deriving differential equations for shell be¬ 

havior based on the classical theory of elasticity as applied to shells 

(2) 
as outlined by.A. E. H. Love' , and then the solving of these equa- 

vtions by various methods. Energy methods were also sometimes utilized 

in the classical method of analysis. Closed and series solutions of 

these equations were found for many types of mathematically definable 

forms with constant cross sections and thicknesses. However, the class 

ical methods have severe mathematical limitations. Nevertheless, nu¬ 

merical solutions of the classical theory are possible when the thick¬ 

ness and cross sections of the shells are not constant. The classical 

analysis takes into account transverse bending, shear deformations and 

transverse deflections, and is considered to be theoretically correct. 

The aeronautical engineering approach to solving the very 

thin shells vised in a aircraft frames was to utilize the "beam and arch 
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type analysis. This type of analysis considered the shell as an 

ordinary team and solved for the longitudinal normal stresses, longi¬ 

tudinal shears and the transverse shear stresses in accordance with 

the ordinary tending theory of teams. A unit length strip was then 

analyzed as an arch to obtain the transverse tending moments and 

normal forces. When’.the edge conditions of the arch strip caused 

the arch strip to te indeterminate any convenient method for the 

analysis of''an indeterminate arch was then used. The methods of 

arch analysis vised were usually column analogy, virtual work or the 

elastic centers method. 

The use of the "team and arch type" analysis was not new 

in concrete structure;; either, as this type of analysis had teen 

proposed previously and used for preliminary design of concrete shells 

for many years, especially in England. The "team and arch" analysis 

as usually applied neglected to correct for the effects of shear de¬ 

formation and for the effects of transverse deflections on the final 

stresses, tut did take into account the effects of transverse tend¬ 

ing to a limited extent. This type of analysis induced larger errors 

in the relatively thicker concrete’ shells and was not considered as 

a satisfactory solution in general. 

This type of "team and arch" analysis as applied to con- 

(3) 
crete structures is discussed in a took by Altin Chronowiez ' and 

(4) 
was utilized by James Chinn' ' in a paper published in the 1959 Jour¬ 

nal of the American Concrete Institute. In the discussions which 

followed the paper and which were published in the Journal of the 

(9) 
American Concrete Institute, A. L. Parme ' and others point out the 

h 



limitations, and propose some further extensions of the theory and 

some new corrections to "bring this method into "better agreement with 

the classical methods. The application of the ""beam and arch" type 

(5) 
analysis-is also discussed in a "book "by J. E. Gibson' '. In all of 

the above references the ""beam and arch" type analysis is shown to 

"be in approximate agreement with the results obtained by classical 

theory for only cases of long simply supported shells and for fairly 

long interior shell panels in a multiple barrel vault shell structure. 

In an effort to simplify shell analysis, H. Lundgren^^ pro¬ 

posed an extended beam and arch type analysis similar to the standard 

"beam and arch" analysis but extended and modified the method to take 

into account the effects of transverse bending, the effects of shear 

deformation, torsion and transverse deflections. Lundgren was one 

of the first shell analysts to show that the "beam and arch" analy¬ 

sis could be corrected to give results compatible with the classical 

theory of elasticity as applied to shells. The extended beam method 

of Lundgren is based on the thin wall beam theory which is discussed 

in Lundgren's book^^ and which is the subject of a book by V. Z. 

( 7) 
Vlasov' '. The "extended beam" method provides for a method to ac¬ 

count for torsion on the shell due to unsymmetrical loads or an un- 

syrametrical shape of. the cross sectional profile. The modifications 

to the extended beam theory made by Lundgren to make the analysis give 

results conforming to the results obtained by analysis by classical 

shell theory are used as the basis for this thesis. 

The application of these modifications to a simply supported 
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circular shell have not appeared in any previous literature, to the 

author's knowledge. Lundgren did show some examples of the analy¬ 

sis of shells with other types of edge conditions and configurations 

hut did not apply his modifications to a simply supported shell with 

free longitudinal edges. The application of these modifications to 

a shell with simply supported edges and with the thickness constant 

across the cross sectional profile is thought to he unique, and is 

one of the contributions to shell analysis of this thesis. 

1.3. Scope; 

The procedure for the basic method of shell analysis used 

in this thesis is first briefly outlined and discussed. Then the 

necessary parts of the thin walled beam theory for use in the analy¬ 

sis are presented.- The modifications to -the thin vailed beam theory 

are then derived and explained in detail. A simply supported circular 

shell with a constant thickness is then analyzed by the "modified thin 

mil beam method" and the results compared with a solution by the 

classical shell theory for the same shell. The shell used is one 

which is shorn as an example in A.S.C.E. Manual 31^ and the results 

of an analysis by classical shell theory is given in the Manual. The 

solution obtained first by the method discussed in this thesis is ac¬ 

complished "by the interation of successive corrections to the beam 

analysis. The use of successive approximations as an iteration method 

is then shown to be a valid solution and the results of the two pro¬ 

cedures are compared. 

The extension of the method to simply supported shells with 

edge beams and to interior shell panels of multiple barrel shells is 



also discussed and in addition the consideration of the use of the 

method for the analysis of prestressed concrete shells is mentioned 

as a possibility. The application of the "modified thin wall beam" 

theory is also discussed for the more complicated case of a simply 

supported shell with the thickness varying across the cross sec¬ 

tional profile. 

Certain conclusions are then made concerning the applica¬ 

tion of the method and the limitations of the method are discussed. 

Some recommendations for future exploration of the vise of the "modi 

fied thin wall beam" theory are made to conclude the thesis. 

lA. Notations: 

a = variable radius of curvature of thin shell 

middle surface 

A = total cross sectional area of shell beam 

b = width of edge beam 

C = constant 
m 

C = constant m 

C = constant o 

■ C = constant 

C = constant 
2 

C = constant 
3 

C4 = constant 

d = depth of edge beam or average thickness of thin 

shell element with a varying thickness 

d(x) = thickness of thin shell element varying as func¬ 

tion of x 

d(j6) = thickness of thin shell element varying as func¬ 

tion of $ or s 
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D . = shell element rigidity of constant thickness 

thin shell = Eh „ 

TTT7 ' Eh 
(*When \i is assumed equal to zero) 

D = axial extensional rigidity = Ed(x) 

^ = shear rigidity = Ed 

= transverse extensional rigidity = Ed($) 

E = modulus of elasticity 

G = shearing modulus of elasticity = E/2 when Poisson's 

Ratio is zero 

h. = thickness of thin shell element with constant 

thickness 

horizontal edge load on unit width shell arch 

I = axial moment of inertia per unit length of circum- 
X ference of shell 

I = Ii = circumferential moment of inertia per unit length 

of longitudinal dimension 

shell ‘beam moment of inertia about horizontal y-y 

axis 

I = shell beam moment of inertia about vertical z-z 
zz 

axis 

i = I = shell beam product inertia about y-y and 
zy yz * * J 

* J z-z axes 

I g = warping product of inertia about y-y axis 

Izg = warping product of inertia about z-z axis 

= warping resistance 

(Subscript for I p, Irand Ip_ indicates point 

about which warping is^taken. ^%o subscript or 

subscript "m" indicates warping functions about 

shear center.) 

K = flexural rigidity of shell element of constant 

thickness thin shell = El = Eh3 _ 'xEh3 

12(1-1^) " -12 
(*When'|i is assumed equal to zero) 
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modulus of subgrade reaction 

axial flexural rigidity = El_ 

torsional rigidity = Ed3/l2 or Eh3/l2 

circumferential flexural rigidity = EIg or EI^ 

deformation of shell arch in x direction 

span of thin shell or "beam 

displacements of shell arch in y direction 

particular displacements of shell arch in y 
direction 

twisting load per unit area on shell arch 

twisting load per foot of thin shell or "beam 
* 

lending moment in shell "beam loaded with Fourier 
s'eries load expansion for a uniform load across 
team span 

edge moment on unit width shell arch • 

lending moment in team on elastic foundation 
from initial deflection calculations 

torque on thin shell or thin wall learn 

moment on x face of thin shell element, positive 
when causing tension in bottom filers 

twisting moment in y-z plane on x face of shell 
element 

lending moment about y-y axis in thin shell learn 
resulting from application of load in z direction 

lending moment about y-y axis in thin shell beam 
resulting from one term Fourier series load ex¬ 
pansion for a uniform load in the z direction 

lending moment about z-z axis in thin shell re¬ 
sulting from application of load in y direction 

moment on y face of thin shell element, positive 
when causing tension in bottom filers 

warping moment 



n = displacement of shell arch in z direction and 
n = number of harmonics in Fourier series ex¬ 
pansions 

n = particular displacements of shell arch in z 
direction 

N(s) = normal force of shell arch at point s result¬ 
ing from a twisting load 

= direct force in x direction, positive when tensile 

= direct force in y direction, positive when force 
on near s or face is in direction of increas¬ 
ing y 

= shearing force in yz plane on x face, positive 
when force on near x face is in negative f> direc¬ 
tion' 

N A 0) = shearing force edge load on longitudinal edge 
^ s = o 

N 
x 

N 

N 
xj6 

00 = shearing force edge 
s = h 

load on longitudinal edge 

N 
z 

direct force in z direction, positive when force 
on near s or $ face is in direction of increas- • 
ing z 

direct force in the s or fi direction positive 
when tensile 

shearing force in xz plane on p face, positive 
when force on near face is in positive x direc¬ 
tion 

0 (s) = horizontal internal force of the shell arch at 
"\T ' J
 point s resulting from a twisting load 

0 (s) = vertical internal force of the shell arch at 
z
 point s resulting from a twisting load 

p = panel point loads equivalent to distributed unit 
- loads q. with subscripting as noted under "Subr- 
scriptihg Conventions" 

p = initial reactions of beam on elastic foundation 
o ■ 

px = first iteration corrected reaction of beam on elas 
tic foundation 
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P (o)> P (t) = edge loads 
^ ^ and 8=13, 

in y direction at edges s = o 
respectively 

P (o), P (b) - edge loads in z direction at edges s = o 
and s = b, respectively 

p , = panel point loads equivalent to distributed load, 
dead load q . zd 

p = panel point loads equivalent' to distributed uni¬ 
form load q Uzu 

P = axial load in longitudinal direction on shell beam 

' q = distributed load on TSeam. on elastic foundation 

q = distributed load per unit length of shell beam 
of constant or varying magnitude 

q^ = uniformly distributed load per unit length of shell 
beam 

= Fourier series expansion for q^ uniform load per 
, unit length of shell beam 

V v qz unit distributed loads acting in x, y and z 
directions, respectively 

'^y* ^z total distributed loads per unit length of 
thin shell acting in the x, y and z direc¬ 
tions, respectively 

qz(^ = unit distributed dead load acting on thin shell 

q = unit uniform load acting on thin shell ^zu ° 

qz^ = distributed load per unit length of thin shell- 
resulting from q ^ loading 

q = distributed load per unit length of thin shell 
zu resulting q^^ loading 

^,0" distributed dead load per unit length acting on ■ 
_ thin shell beam at midspan resulting from a Fourier 
• series expansion of load q^ 

q = distributed uniform load per unit length acting 
zu* on thin shell beam at midspan resulting from a 

Fourier series expansion of load qzu 

11 



total of dead and uniform loads q , and q 

per unit length of thin shell beam at midspErv’ ° 
%.,o 

Q(s) = transverse force of shell arch at point "s" re¬ 

resulting from a Fourier series expansion of load q. 

Q. 
x 

Q, * 

Q„ 

m 

R 

R 
x 

R 

R 
x 

Rx(S 

E
J4 

S 

As 

suiting from twisting load 

transverse shearing forces on x faces of shell 

arch element, positive when force on near face 
is acting outward away from center of curvature 

of shell arch 

transverse shearing force on faces of shell arch 

element, positive when force on near face is acting 

outward away from center of curvature of shell arch 

total shear in y direction in thin shell "beam 

total shear in z direction in thin shell beam 

convergence ratio 

perpendicular distance from tangent at a point on 

shell 'surface to an arbitrary point "o" about which 

the shell is rotating - 

perpendicular distance from tangent at a point on 

shell surface to the shear center of the shell 

section 

radius of circular thin shell 

total reaction component in x direction acting at 

end supports of simply supported thin shell 

total reaction component in y direction acting on 

longitudinal edges of simply supported shell 

total reaction component in x direction acting on 

longitudinal edges of simply supported thin shell 

total shear reaction acting at end supports of sim¬ 

ply supported thin shell 

total transverse reaction acting on longitudinal edges 

of simply supported thin shell 

length of arc 

small element of s 
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SL 
longitudinal edge load in x direction acting on 
longitudinal edge of unit width shell arch 

S (s) = static moment of shell "beam about y-y axis 
y 
S (s) = static moment of shell beam about z-z axis 

S^(s), SgM(s) = warping static moment about shear center 

SgQ(s) = warping static moment about point "o" 

t = angle of rotation of shell arch element 

tQ •= particular angle of rotation.of shell arch element 

u = longitudinal displacement in x direction of shell 
element. Consider positive in direction of in¬ 
creasing value of x 

u = particular longitudinal deformation in x direc¬ 
tion of shell element 

U* = constant 

v = tangential displacement of shell element in s 
direction, considered positive in direction of 
increasing value of s or i> 

VQ . = particular tangential displacement is s direction 

V = deflection of shell due to beam action in the 
tangential s or direction 

= vertical edge load on unit width shell arch 

V = shear .in beam on elastic foundation resulting from 
initial assumptions 

w = radial displacement of shell arch element con¬ 
sidered positive in direction towards center of 
curvature of shell element 

W = shell beam radial deflection considered positive 
in direction towards center'of :curvature of shell 

x = longitudinal distance measured from center of shell 
span and also indicates longitudinal distance be¬ 
tween points of reference 

X = shell beam longitudinal deflection considered posi¬ 
tive in direction of increasing values of x 

13 



y = ordinate of shell in horizontal direction measured 

perpendicular to plane xz containing axis z-z and 
also indicates horizontal distance "between points 
of reference 

y = distance in y direction from radius center of circu¬ 
lar shell to center of gravity of cross section 

yQ = initial vertical deflection of "beam on elastic 
foundation 

y^ = first corrected vertical deflection of "beam on 
elastic foundation 

y^ = y coordinate of shear center from reference axes 
of shell section 

Y = horizontal deflection of shell "beam considered 
positive in direction of positive y 

z = ordinate of shell in vertical direction measured 
perpendicular to xy plane containing y-y axis and 
also indicates vertical distance "between points 
of reference. 

z = distance in z direction from radius center of circ¬ 
ular shell to center of gravity of cross section 

z^ . = z coordinate of shear center from reference axes 
of shell section. 

Z" = vertical deflection of shell "beam considered posi¬ 
tive in direction of positive z. 

3 = a substitution factor 

A = indication of small increment 

Y = shear strain 

6 = a substitution factor 

A = TT
2
/L

2
 , a substitution factor 

(j, = Poisson's ratio 

= warping due to rotation about point "o" 

= warping due to rotation about shear center 

cr = longitudinal unit stress in thin shell or beam 
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T = angle of rotation of shell heam cross section 

!> = angle measured from crown 'of shell 

j^ = half angle of opening of shell 

Subscripting Conventions (Using N^ as example) 

N'J indicates Unit Shear resulting from Trial No. 1 
x^; ^ calculations caused by transverse forces on Shell 

Arch 

First Subscript indicates: 

b = Beam analysis with loads uniformily distributed 
.across shell span 

o = Initial shell beam analysis using the first term 
Fourier Series Load Expansion 

1,2, ... N = First, Second, etc., Corrections in iteration 
process 

Second Subscript indicates: 

s = Forces or Moments caused by NT
A shearing forces 

only ' XP 

q = Forces or Moments caused by Q1 „ transverse shell 
arch forces only, (includes effect of torsional 
edge load effect) 

m = Forces or Moments caused by m^ unit torsional 
moments only 

e = Force caused by torsional edge load effect only 
(Used only in connection with edge load calcula¬ 
tion only) 

Absence of Second Subscript indicates total summation of 
all effects for the calculation indicated by first 
subscript. 

( )* - 

( )• = 

( )S = 

first 
x 
first 

(for one prime) derivative with respect to 

(for one dot) derivative with respect to z- 

(for one s) derivative with respect to s 
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II. GENERAL DESCRIPTION OF METHOD 

2.1. Basic Principles of Modified Thin Wall Beam Method 

The Basic procedure of the modified thin wall Beam theory 

is to first use t'm: • -ic thin wall Beam theory to obtain a trial 

solution of the longitudinal normal forces N , the longitudinal shear 
X 

forces N^ and the transverse shear forces N^. These forces are 

called the "Beam forces" and are shown in Fig. la in their positive 

senses. The coordinate: system adopted is a right hand system with 

the z axis pointing inward or towards the center of curvature of the 

shell element. Also shown in their positive senses are the distri¬ 

buted loads q^, q^, and q^. 

The second step is to apply the loads acting on the shell 

surface and these Beam forces to a unit width transverse strip at 

midspan of the shell and analyze this strip as an arch to obtain the 

transverse direct load N^, the component of N^ and in the y direc¬ 

tion called N^ the component of N^ and in the z direction called 

N^, and transverse Bending moments M^. This step constitutes the 

shell "arch analysis". The longitudinal N forces are also applied, 

to the shell arch But the shell arch direct forces N^, the shell arch 

transverse shears Q^, their y and z components N^ and N^ and trans¬ 

verse moments are not influenced By the N^ forces Because in this 

second step, Poisson's ratio is assumed to Be zero. The influence 

of Poisson's ratio could Be included, if desired, however. The 

normal shear forces Q , moments M ±, and moments M which also act 
x7 xjZr x 

on the arch are at first neglected in the arch analysis. They are 

not considered in step two. All of the resulting forces acting on 
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a shell arch element along with the applied loads are termed the 

/ 

"arch forces" and are shown in Fig. lb along with the transverse 

arch moments and forces which will he used later in Step 6. 

It can he seen that the arch analysis can he made on the 

unit strip with any type of specified edge conditions applied at 

the longitudinal edges. The longitudinal edge conditions can he 

free as in the case of a simply supported barrel vault shell. The 

edges can he fixed against rotation and horizontal movement, hut 

free in the vertical direction as in the case of an interior shell 

of a multiple barrel vault roof. The longitudinal edges can he 

elastically restrained to any degree against rotation or movement 

in any direction. The arch analysis can he accomplished by any of 

the standard methods for the analysis of indeterminate arches such 

as virtual work, least work or the method of column analogy without 

restrictions from the standpoint of the shape of the arch (cross sec¬ 

tional profile) or a variation in thickness in the cross sectional 

profile. Figure 2 shows the shell "arch" and the loadings.used for 
■\ 

the analysis of the shell arch section in step two for a symmetrical 

vertical applied load system. 

At this point the results of the analysis are theoretically 

correct if the thin mil beam.assumptions and the forces used in the 

"thin wall beam analysis were the only factors involved. Such is not 

the case, however. Briefly the essential modification steps which 

follow are basically the addition of a correction for the N forces 
A 

and consequently .the resulting shear forces, N^, and the addition 

of other neglected forces and moments to the analysis to bring the 

’ .17 
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results into conformance with the results obtained "by classical theory. 

These corrections are based on obtaining a total deflection of each 

element of the shell which will be in correct accord basically in all 

respects with the theory o'f elasticity as applied to shells and which 

will still maintain the correct equilibrium and distribution of the 

moments and forces in the shell. 

Accordingly, step three consists of obtaining the deflec¬ 

tion of the shell beam as a whole assuming the cross sectional pro¬ 

file is rigid and that shear deformations are negligible. These 

are the two basic assumptions of thin wall beam theory. 

Next, for step four, the deflections in the shell arch are 

obtained from the arch analysis. This amounts to releasing the in- 

temal forces which were holding the shell cross sectional profile 

rigid and which were preventing shear deformations. The total de¬ 

flections of each element of the shell will then be the sum of the 

deflections of the shell beam and the shell arch. In order for this' 
J 

to be accomplished the arch deformations must be' calculated in such 

a manner that no beam action is involved. This is equivalent to stat¬ 

ing that the arch deformations produce .no resultant tension, bending 

or torsion of the shell taken'as a whole. The method of doing this 

will be more fully explained in the following sections of this paper. 

Step five involves the calculation of additional corrective 

loads and moments to be applied to the shell. These corrective loads . 

and moments consist of corrections to the axial normal forces N which 
x 

result from releasing the internal forces holding the shell arch cross 

section rigid. These loads are calculated from the shell arch shear 

deformations resulting from the transverse'bending of the shell arch. 
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Additional loads and moments are also added to the shell arch at 

this time. These are additional loads and moments originating from 

the torsional strength of the shell which are calculated from the 

and moments on the shell elements. Other additional loads 

originate from the longitudinal "bending strength of the shell ele¬ 

ments and these loads are calculated from the M moments on the 
x 

shell elements. Usually the additional loads on the shell caused 

"by moments M are very small. The additional loads and moments al- 
X 

so include a special load that occurs at the longitudinal edge which 

results from the torsional moment "being adjacent to a free edge. 

This also occurs in classical theory. 

Step six includes the additions of these corrective loads 

to'the shell "beam and the shell arch and the resulting increments 

to the forces, moments and deformations are calculated.' The cycle 

is then repeated until the corrective forces, moments and deforma¬ 

tions are very small. Addition of all the successive increments ; 

obtained in each step to the original "beam and arch" forces moments 

and deformations then gives the final results. 

2.2. Analogy to Analysis of Beam on Elastic Foundation 

The procedure used in the calculation of a shell by the 

"modified thin wall beam" theory is analogous to the iterative calcu¬ 

lations used in the computation of the stresses in a beam on an elas¬ 

tic foundation. Figure 3 shows such’a beam and outlines the procedure 

for this analysis. First, in Step A, the beam is assumed to be com¬ 

pletely rigid and the resistive elastic foundation linearly varying 
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reactions p are calculated on this "basis. In the "modified thin 
o 

■wall "beam" method for shell analysis the calculations of stresses 

and are analogous to Step A in the "beam on elastic founda¬ 

tion problem. 

Step B in the elastic beam analysis consists of the calcu- 

\ 

lation of shears V and moments M in the beam due to the linearly 
o o 

varying reactions and applied loads. In the "modified thin wall 

beam" theory the calculation of the stresses in the shell arch corre¬ 

sponds to Step B for the elastic beam solution. 

The calculation of the arch deformations of the shell arch 

corresponds to Step C of the beam on elastic foundation problem. In 

Step C of the elastic beam problem the angular and vertical deflec¬ 

tions y^ of the elastic beam are calculated. 

In the beam on elastic foundation problem, the calculated 

vertical reactions do not now agree with the initial deflection as¬ 

sumptions and new reactions p^ based on the more accurate deflections 

y calculated in Step C are now computed. Then new calculations of ■ 

revised moments and shears are made which are based on these reactions 

New angular and vertical deflections are then calculated and a new 

set of reactions, calculated to complete the second cycle. This pro¬ 

cess is repeated until the initial deflection assumptions used in 

the final.cycle agree closely with the computed deflections calculated 

in the final cycle. Thus the calculation is an iterative type. 

The "modified thin wall beam" method proceeds in a similar 

manner with the exception that successive incremental corrections are 

made in cycles and the summation of the corrections obtained and the 
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initial rigid non-deforming cross sectional profile assumption results 

are addedto obtain the final stresses. Thus the process is a relaxa¬ 

tion type or successive corrections process. 

2.3. Use of Fourier Series Loading in Analysis: 

In order to simplify the analysis the load is expanded in 

a Fourier series. This means that a series is required that -will 

satisfy the boundary conditions of simply supported ends and the 

placing of the-x = 0 coordinate at the midspan of the thin shell. 

A Fourier Cosine series can be used to represent the actual loading 

conditions in this case for loads in the y and z directions. For 

an actual uniformily distributed load across the shell span of magni¬ 

tude q^ per lineal foot the following Fourier series can be used to 

represent-the actual load. 

lent loading are shown in Fig. 4. Using the customary notations for 

the Fourier series expansions used in thin shell literature will re¬ 

sult in the following expressions for the above load expansion for 

loads in the y and z directions: 

In the above expressions n is an integer, x is the longitudinal dis¬ 

tance from the center of the shell in a horizontal direction, L is 

A uniform loading and the fi-rst two terms of the equiva¬ 
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the total span or length of the thin shell and q^ and are loads 

per foot of shell span in the z and y directions respectively. 

A load in the x direction can he expressed as a Fourier 

Sin series as follows: 

> Then the displacement u, v and w which are the longi¬ 

tudinal, circumferential and radial displacements of the shell 

elements can he expressed in a similar manner. These displacements 

are shown in their positive sense in Fig. 14. The expressions are 

u 

w 

■l 

■l 

- y, L n 

_. nnx 
u Sxn 
n L 

„ nrrx 
v Cos 
n L 

Cos 
nrrx 

Then the stress resultants or forces and moments on the 

shell element can he likewise expressed as follows: 

N 
x 

N 
t. 

1*. 

I". 

T „ nnx 
J COS -r— 
xn L 

, n i nnx 
% Cos IT 

N 

M 

N T
 „. nnx 
Txjtfn Sin IT 

M 

M 

M 
xj $ 

. „ nnx 
4 Cos -=— 
xn L 

, n nnx 
% Cos “ 

1 ,• sin m 
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Q, 
V- 

Vn n nrrx Z, %Cos — 

Where: 

Nx = direct force in x direction, positive when tensile 

NJ .= direct force in the s or direction positive when 
^ tensile 

shearing force in yz plane on x face, positive when 
force on near x face is in negative p direction 

M = moment on x face of thin ’shell element, positive 
x when causing tension in bottom fibers 

moment on jb face of thin shell element, positive 
when causing tension in bottom fibers 

twisting moment in y-z plane on x face of shell 
element 

M, 

M / 
xp 

Q = transverse shearing forces on x faces of shell arch 
x element, positive when force on near face is acting 

• outward away from center of curvature of shell arch 

Q y = transverse shearing force on faces of shell arch 
^ element, positive'when force on near face is acting 

outward away from center of curvature of shell arch 

These forces and moments are shown, in their positive senses 

.in Figs, la, lb, and 10. * 

Using the modified thin wall beam theory requires that all' 

the forces and moments used in the analysis be those occurring on a 

unit width shell arch strip located at the center of the thin shell 

span. The expressions following in this thesis use these midspan 

values unless noted otherwise, and for convenience no subscripts are 

used to show that these values are the midspan quantities. 

Thus the symbol N , for example, will indicate in the fol- 
X ■ V . 
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lowing discussions and calculations the value of the normal longi¬ 

tudinal force at the midspan of the thin shell or thin wall "beam. 

All quantities in the derivations and computations fol¬ 

lowing -should, in general, vary as the Cosine and therefore it 

"becomes necessary in the formulations to use the derivatives or 

■integrals of the functions which vary as Sin . This means that 
r 

u* instead of u, for example, will "be used in the derivations. To 

obtain the values at other points along the span, the above appli¬ 

cable series expressions are used. 

For the moment at midspan Eq. 1 must be integrated twice 

with respect to x to obtain the bending moment of the shell beam. 

Thus the moment will be in accordance with the following equation. 

h - 
\o - ? % I* (=OB' i Cos fS + ^ Cos SS . ...) (2) 

Using only one term of the series for analysis will result in the 

load at the midspan on the shell arch equal to 1.273 <3^ and a bend¬ 

ing moment on the shell beam equal to 0.129 q^ L2 in comparison to 

— ^ 
an actual value of 0.125 q^ L . 

For purposes of comparing, in this thesis, the results of" 

the Vnodified thin wall beam" method with the classical thin shell 

analysis, which also vises a Fourier series expansion of the load q ^ 

the same number of terms, namely one, will be used in the "modified 

thin wall beam" analysis as are used in the example analyzed by the 

classical thin shell theory. 

2.k. Need for Modifications Used in Analysis 

When the steps leading to the solution for the arch beam 

analysis are completed the analysis is correct only for the assump- 



tions used in the calculations up to this point. These assumptions 

are the existence of a rigid cross section. Therefore, the analysis 

has, at this point, neglected the effects of shear deformation and 

distortion of the cross-section on the longitudinal normal forces 

and the shearing forces and N^. In addition the analysis has 

neglected completely the effects of the twisting moments on the 

xz plane of the shell elements. The longitudinal moments M on the 
X 

shell elements have "been likewise ignored. The shears and re¬ 

sulting from the twisting moments and longitudinal moments are of 

course ignored as a result of neglecting the twisting moments and 

longitudinal moments on the shell elements. The edge reactions re¬ 

sulting from the discontinuity effects of the torsional moments 
i 

at the edge has not "been provided for in the analysis. 

■ The classical shell theory takes into account all of the 

above effects and for the "modified thin wall beam" method to be 

valid and agree with classical thin shell theory, corrections must 

be made for these effects. 

2.5. Method of Modifications 

A very general description of the method of modifications 

will be given here first and in following sections of'this paper more 

detailed information will be given and equations derived for the modifi 
i 

cations. 

Briefly, when the cross section is unlocked and bending and 

shear deformations are'allowed to occur on the shell arch, incremental 

values of the N forces will be induced. These N forces are the re- 
x x 

suit of the longitudinal deformations u* resulting from the shell arch 
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deformation. From the forces additional shears and are 

calculated and added to the shell arch as corrective forces. This 

correction will he called the "arch deformation correction" hence¬ 

forth in this paper. 

In addition to the arch deformation correction, there are 

other corrective forces which are added to the shell arch. These 

forces are those caused hy the influences of M^, 11^, and M^. The' 

corrective forces caused hy moments M are calculated from the com- x 

hined total radial deflections of the shell heam and the shell arch. 

This correction willihe called the "longitudinal bending rigidity 

corrections1', henceforth in this paper. 

Another correction is made which is the result of the ex¬ 

istence of moments and M^.. These moments are resisted hy trans¬ 

verse forces in the shell arch and torsional moments in each shell 

arch element. This correction will he called the "torsional rigidity 

correction" henceforth in this paper. 

The edge reaction correction caused hy the effects of dis¬ 

continuity of the edge on the torsional moment M^x will he applied 

and will he henceforth termed the "torsional moment edge correction". 

The,.shell arch deformation correction is basically applied 

to the shell arch and this correction is made in such a manner so as 

not to change the static equilibrium of the shell as a whole. The 

other corrections are applied to both the shell heam and the shell 

arch. As for the arch deformation correction, the corrective loads 

applied don't disturb the static equilibrium of the shell as a whole. 

Actually, the modification process consists of just changing the in- 
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ternal stress distribution of the shell to conform to the deforma- 
/ 

tions resulting from the assumptions used in the classical theory 

of elasticity and at the same time preserve static equilibrium of 

the shell as a whole. 

All of these corrective loads and effects are applied as 

corrections to the shell beam and shell arch analyses and new in¬ 

ternal forces and moments calculated. New deformations and rota¬ 

tions are then calculated and a new set of corrective forces derived 

from the deformations and rotations. The process is repeated until 

the corrective forces reduce in magnitude to an inconsequential value. 

Addition of the corrections to the original forces and moments com¬ 

pletes the solution. i 

x 
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Ill. THIN WALL BEAM THEORY AND THE APPLICATION 

TO THE ARCH AND BEAM ANALYSIS 

3«1. General: 

In the general classification of structures, there is a 

type called thin vailed beams. These structures are characterized 

by the fact that all of their dimensions, namely, their length, 

■width and depth or thickness are all of different magnitudes. Gen¬ 

erally, the thickness is very small compared to their length and 

■width and their width is Bmall in comparison with their length. Basi¬ 

cally they may be considered to be long 'thin shells. Thin wall beams 

have a behavior similar to beams when subjected to bending in the 

planes of their principal axes, but have an additional feature in that 

thin walled beams can be considered to undergo longitudinal deforma¬ 

tion when subjected to torsion. This action is called waxping and is 

the basic feature which distinguishes thin wall beams from solid beams 

Thin walled beams differ from thin shells' because the shear deforma¬ 

tion and transverse;cross'section bending deformations are considered 

to be negligible. Since in long thin shells' this same statement can 

be made, it is sometimes impossible to draw a sharp line between the 

two types of structures. ' 

The distribution of normal longitudinal stresses in thin 

wall beams for tension, horizontal bending, vertical bending and tor¬ 

sion are shown in. Fig. 5• The distribution of the tensile, and bend¬ 

ing stresses are in accordance with the ordinary short column and 

ordinary beam theories. The normai stresses due to torsion on the 

thin wall beam is not usually treated in ordinary beam theory. Vlasov 



has presented the whole thin walled beam theory and shows deriva- ■ 

tions for the case of torsion on a thin wall beam. Certain ele¬ 

ments of the thin wall beam theory are given in the following sec¬ 

tions of this paper for reference and use in the application of 

the "modified thin wall beam" method of analysis of thin shells. 

3.2. Basic Assumptions of Thin Walled Beam Theory: 

There are two basic assumptions made in the analysis of 

thin wall beams. The first is that, when a thin wall beam is sub¬ 

jected to direct loads, bending and torsion, each transverse sec¬ 

tion is assumed to be rigid or undeformable; that is, during defor¬ 

mation each cross-section maintains its original shape. 
i 

, The second assumption is that shearing deformations of 

the middle plane of the thin walled beams are assumed to vanish. 

In other words the relative angle between coordinate lines x.= con- ' 
I 

stant and y(or s) = constant is assumed not to,change under the in- 
\ 

fluence of loadings which cause compression, tension, bending or 
t 

torsion on the thin wall beam. Figure 6 shows an element with the 

shearing forces and direct forces applied to the element. To satisfy 
\ 

the second condition the following equation must be satisfied; 

uG + v* = y = 0 ' (3) 
. r 

In which u is the longitudinal displacement in x direction of shell 

element, v is the tangential displacement of shell element in s di¬ 

rection, and v is the shear strain, and in which^the s and prime 

superscripts indicate one partial derivative with respect to the 

coordinates s and x respectively. ^ ! < 
>- 

1 ' ' 
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The above assumptions lead to equations for calculating 

the normal longitudinal direct stresses N for a thin mil beam. 

Any arbitrary set of reference axes may be used in determining the 

N stresses providing certain arbitrary constants are introduced 

into the analysis. References to the use of arbitrary axes may be 

found in Vlasov^ ^ and Lundgren^^. For the purposes and for use 

in this thesis the reference axes mil be assumed to be the princi¬ 

pal axes and the reference axis for torsion will be assumed to be 

the "shear center" or center of rotation as defined in a following 

section of this paper. Using these axes leads to the following equa¬ 

tions for determination of the normal longitudinal stresses and 

shear stresses due to direct loads, bending and torsion on the 

thin mil beam. The unit stresses are multiplied by the shell thick¬ 

ness when required in order to convert them to stresses per unit length 

of the surface for convenience in the analysis'. 

N 
x 
v Pit ho = 7— 
x A 

N xt 
- Z- C — o 1 

Jyy y 

3) + 

M hz M hy 
. y jZ j. ^ ■ 

w I I i.-e 
yy zz 

Q ,M, 

Iy S
*(s) + I , 

Sjr(s) 
? b 

(5) 

In which the symbols represent the following: ’ 

y = ordinate of shell in horizontal direction measured 

perpendicular to plane xz containing axis z-z 

z = ordinate of shell in vertical direction measured 

perpendicular to xy plane containing y-y axis 

P = axial load in longitudinal direction on shell beam 

A = total cross sectional area of shell beam 
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Vi 

M 
z 

Mr 

zz 

h% 

Sy(s) 

sz(s) 

s?(s) 

: thickness of thin shell element with constant 
thickness 

: warping due to rotation about shear center 

: bending moment about y-y axis in thin shell 
beam resulting from application of load in the 
z direction 

/ 

= bending moment about z-z axis in thin shell re¬ 
sulting from application of load in y direction 

: warping moment 
r 

: shell beam moment of inertia about horizontal 
y-y axis 

: shell beam moment of inertia about vertical z-z 
axis 

warping resistance about shear center 

! total shear in y direction in thin shell beam 

total shear in z direction in thin shell beam 

torque on thin shell beam or thin wall beam 

= static moment of shell beam about y-y axis 

= static moment of shell beam about z-z axis 

= warping static moment about shear center 

a = longitudinal unit stress in thin shell or beam 
2C 

These stresses are the result of the application to a simply 

supported thin wall beam of a direct axial load P, a distributed load 

of qp. per lineal foot of length applied vertically parallel to the z 

axis, a horizontal distributed load of per linear foot applied parallel 

to the direction of the y axis and last a distributed torsional moment 

per linear foot m about the shear center or center of rotation. 

3.3. Torsion on a Thin Wall Beam: 

The resistance to rotation of a thin wall beam with an applied 
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torque is first, the result of the torsional rigidity of each in¬ 

dividual element of a cross section. This is the well known St. 

Venant' s effect and the and M^. moments are the stress resul¬ 

tants corresponding to this effect. Second, the hearn resists tor¬ 

sion hy induced axial longitudinal forces N caused by the so called 
DC 

warping effect. The derivation of the expressions for calculating 

this effect will be developed here in detail. , 

First, the shear center or center of rotation must be de¬ 

fined in a general sense. The shear center is the point at which v 

the application of the resultant of all transverse forces applied 

to a thin wall beam will result in bending only and no resultant 

torsion on the beam. The shear center is thus by Maxwell's theorem 

the center of rotation for pure torsion. That is,"if a force through 

the shear center produces no rotation,, then pure torsion will produce 

no displacement of the shear center. The shear center can be de¬ 

termined by using a set of arbitrary axes and calculating the resul¬ 

tant shear stresses in the direction of each of the two axes. It 
\ . 

should be noted that all sets of arbitrary axes will have their shear 

resultant intersecting at the same point, namely the shear center. 

For convenience the principal axes will be used as the axes for calcu- 

lating the shear center and for deriving the equations for torsion in 

this paper. 

5.5* Determination of Shear Center: 

I 

Figure 7 shows a cross section of a thin •wall beam which 

is assumed to rotate about some arbitrary point 0. The tangential 

displacement of a point on the cross-section can be computed from 
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the angle of rotation T and the perpendicular distance from point 

0 to the line of action of the tangential displacement. This dis¬ 

tance is called r . This radius is positive if a vector along the 

tangent and pointing in the direction of increasing s acts clock-wise 

about the axis of rotation 0., 

v = Tr (6) 

and since from Eq. (3) 

u + v1 = 0 

Then 

u = - v* ds 
ST _ pS 

r ds + C o •] (7) 

rQ ds is defined as the warping for rotation about point The term 

0, and is equal to two times the enclosed area of the triangle shaded 

in Fig. J. The warping is represented by the symbol § and so o * 

nS 

r ds + C o o (8) 

Where C is a constant. - 
o - 

Assume a point M and let point M be the shear center then the warp¬ 

ing with respect to point M/is 1 

PS 

=M r.. ds + C,, M M (9) 

Point M is located by the coordinates y^ and z^. Then, 

rM = ro " yM Sin ^ + ^ C0S & (10) 
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In these equations is the perpendicular distance from the shear 

center M to the line of action of the tangential displacement and 

is positive if a vector along the tangent and pointing in the direc¬ 

tion of increasing s acts clockwise about the shear center M. C,, is 
M 

an integration constant. 

Then, 

SM f ro ds 
o 

ps 
yM Sin 0 ds + 

O 
. Vx C0S ^ dS + CM 
o 

(11) 

And since, 

pS pS 

Sin izS ds = z-z and Cos £> ds = y-y 
o o 

In which z = z coordinate at s = 0 and y = y coordinate at s = 0 o JoJ 

then it follows that 

5M “ - V + V + Si , <12> 

YJhere = an arbitrary constant. If point M is the shear center 

the longitudinal deformation which corresponds to is 

u = - ST 

and the normal longitudinal force will be expressed by the following 

equation ' 

N = Ehu* = - E £-5- ^..h 
x ox M 

(14) 

Since the resultants of the N forces due to torsion can cause no 
x 

axial load components and no resultant bending moments on the thin 

wall beam cross-section, it follows that 
I 
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b pb 
_ Hx da = t •N y ds = w 

b 
H z ds = 0 
x (15) 

Substituting and assuming a virtual deformation gives 

pb b ..b 

„ %h ds - J yV ds - J ds " 0 
(16) 

Substituting the expression for 5^ from Eq. 12 into above Eq. l6 

gives three equations, derived as follows: 

JV 
b 

ds = 
1 5oh ds - yM . zh ds + ZJJ t 

.b 
yh ds + C. 

'M 

rb 
h ds = 0 (IT) 

Defining the following terms: 

A = 
fjs i. r* ' _ r5 

y ds S (s) = zh ds S (s) = yh ds 
y J z o 

0.^0 o 

yy 

pb . ri 

z2h ds I y2h ds I = 
J zz ». 

r\ / yz J 

b> 
yzh ds 

And solving Eq. 17 

S (s)v. - S (s)z^ - AC 
M 

§Qh ds = S^Q(s) (18) 

Likewise 

I y., - I z,. - S (z)C.. 
yz M zz M z ' M y?ohds ^ h5o ^ 

L V,. - I z,, - S (s)C. 
yrM yz M y . 

.. - | h ds = I (20) 
M J o y§o . ' ' 

Note the quantities S,. (s),' I _ and I „ are defined by the above 
^ ?ox n z§o yc,o ^ 

equations and they are analogous to the statical moments S (s) and 
y 
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S (s) and product of inertia I . Thus 5 "becomes a third coordinate 
a 7 ya o 

The shear center for the general case can be solved by ob¬ 

taining y^,, and by the solution of the three simultaneous Eqs. 

18, 19, and 20. 

If the origin of the principal axes is used as point 0, 

then S(s)=S(s)=I = 0 and the three equations each have 
y z "• yz i 

only one unknown. After finding the coordinate of the shear center 

) 

the warping should then be found by applying the defining Eq. 9 with 

the provision 

b 

§„h ds = 0 (21) 

Using this procedure then 

=M 
rM ds + C., M M 

(22) 

and 

<b 

ds = 

b .h 
h ds r,, ds + C„, 

J M M-. o o 
h ds (23) 

So pb 
h ds 

>-Q ; 
r.. 

o M (24) 

And 

M 

rS I h ds 

ds ^ : 

r,, ds 
, M 

M 
A 

(25) 

In this equation the revised 5^ is called the natural warping. With 

the shear center and natural warping now defined the equations for 

calculation of the torsional stresses can now be derived. 
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3-5* Calculation of Torsional Effects on Thin Wall Beams 

From Fig. 6 it can "be seen that, for = 0 

K* + = 0 
ifix. 

(26) 

and since from Eq. 1^ for the special case of normal longitudinal 

forces N due to torsion, 
x ’ 

N = Ehu' = - E 
52T 

3x2 
(Ik) 

then assuming that which is a standard classical shell 

theory assumption, and that = 0 at s = 0 the following equations 

can he derived: 

K' 
X 

*■ -f: 
= - E 

N* ds 
x 

5aT 

Bx3 

N A = E 
B3T f- , . 
  Q ds 
•s 3 j M Bx o 

K JL =• E — S„ (s) 
**> Sx3 *M 

(27) 

.(28) 

(29) . 

(30) 

where S^(s) is defined hy 

m M - j as 
o 

(31) 

Considering the torque when acting on a section as being positive 

if the moment vector using the right hand screw rule on the near face 

points in the positive x direction. 

M, = -f: H*A rM ds ■ (32) 

37 



and since r„ ds = d§„ 
M M 

(33) 

Integrating by Parts: 

Letting u = N^* . s 
du * H x)5 ds 

11 £
 T = S

M 

Mt ° [-VM| + »Sx|6 ds <3**) 

Mt * K 35 -(^ hk + iU SM) <35) 
O ' ' . o 

From Eq. 29 

- «.0V (36) 

Substituting into Eq.. 35 

Mt - E 0 f$> ds - Ow U, * (v «Jo ' (3T) 

Define, 

% - f^ds (38) 

This quantity is called the warping resistance and EI^. is called 

the warping rigidity. 

So 

M, EIce — -k J g ) + (N , g) 
%% 5x3 \XP \ xp M/c 

(39) 
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Combining Eq. 39 and Eq 30 yields, when shearing stresses on the 

edges s = o and s = h are 0 , 
M. 

N 
x, 

Sr.(c;) m 

This formula is analagous to the formulas 

Q. Q 
N j6x = T5- 8„(s) and = & S„(s) Xzz z r 

used for calculating tending shears for the thin wall team. The 

analogy can te continued ty defining a new term called the -warping 

moment M^. This term is defined ty the equation 

rt 

Mr N 5,, ds x M 
(U) 

Since from Eq. 14 

„ _ d3T 
N = - E   
x • 3x2 

and using the expression for from Eq. 38, there results the 

following expression: 

S2T 
Mr E — I-- 

8*= 55 
(hS) 

which can also te written on the basis of Eq. 1^ 

Mi 
-p- 

N ffrV (43) 

V 

In use,the twisting moment per linear foot atout the shear, center 

is calculated and then integrated to obtain the torque just as 

the load qz or q^ is integrated to get Qz or Q^. Thus there exists .. 
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an analogous set of formulas to calculate torque warping stresses 

similar to those used in calculating "bending stresses. Figure 8 

shows the various loading conditions and a tabulation of Eqs. 44, 

45 and 46 for use in calculating the stresses due to vertical bend¬ 

ing, horizontal bending and torsional warping. 

These formulas can.be used for simply supported thin wall 

beams or thin wall beams with various edge conditions on the longi¬ 

tudinal edges, provided modifications are made in the total vertical 

and horizontal load components and in the torsional moments about 

the shear center or center of rotation. 

3.6. Deflections of the Thin Wall. Beam; 

Figure 9 shows a simply supported thin wall beam with verti¬ 

cal and horzontal loads of magnitude qz and applied to the top sur¬ 

face and with longitudinal edge loads pr(o), p (b), p (o), p (b) and y y . z z 

with edge shears N'x^(°) and K'x^(b) applied to the longitudinal edges. 

No axial loads such as q^ or any longitudinal edge loads are assumed 

to exist. These axial loads could be added, however, but the thin wall 

beams analyzed in this paper are assumed to have no axial loads. 

A cross section of the thin wall beam is shown before loading 

and after loading. The following expressions for the deformation of 

the shell beam elements can be derived. 

V =• Y Cos + Z Sin 0 + rM . (47) 

Where Y and Z are the displacements of the thin wall beam in the x 

and z directions, respectively. 

W = - Y Sin jtf + Z Cos j6 (43) 
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Or solving for T, 

T = — - Y Cos j6 - Z Sin j6 
rM 

(^9) 

The terras V, W and T are the deformation of the shell beam elements 

as defined in Fig. 9* To solve for these deformations when the load 

system as shown in Fig. 9 is applied,the following equations will 

be needed which express the deformations of the thin mil beam as 

a whole, 

These equations can be used to solve for the deflections and the 

rotation of the beam as' a whole and then the V and W deflections 

and T rotations calculated for each point in a cross sectional ele¬ 

ment. These deflections and rotations will be used later in the 

modification of the thin mil beam theory. 

The term A in Eqs. 50, 51, and 52 is the result of utilizing 

a Fourier series loading utilizing the first term of the series. All 

of the loads shorn would have to be expressed in terms of equivalent 

Fourier Series loads and lorques. If the Fourier series loadings 

were not used the left hand sides of Eqs. 50; 51; and 52 would con- 

A* EY I,2 = iy + I."^(b) - y0.N')fcl(o) - Py(‘D) + Py(o) (50) 

A3 Ez - *o “ pz(b) * (51) 

A3 ET - "t + - 5o HW0) - rpyb * py(,J> 

r , x p (b) - r x p (o) + r ^ x p (o) 
pzb *z 1 pyo ^yv ' pzo *z' ' 

Where 



tain the fourth derivatives, of the respective deflections and rota¬ 

tions without the A2 term. 

3.7, Procedure for Thin Wall Beam Analysis: 

The procedure for the thin wall "beam part of the analysis 

which constitute steps one and three of the "modified thin wall "beam" 

analysis of a thin shell is as follows for the case of the simply 

supported shell with free longitudinal edges. 

1. Calculate location of center of gravity and principal 

axes of shell "beam section. The use of principal axes is not essential 

hut is very convenient. 

2. Calculate all the required section properties of the 

shell beam including A,I , Xzz, I^.S (5), Sz(s) S?(s) 1^, and 

I 

3. Calculate the shear center location and then find the 

natural warping and the warping resistance I„. . - 

4. Resolve loads into components acting perpendicular to ' 

the principal axes and obtain twisting moment about: shear center on 

the section being analyzed. 

5. ’ Solve for the longitudinal normal forces N from the 

following expression:. , _ / 

+ + m t I 
SS' 

(53) . 
■'1 

6. Calculate N' J. by integrating AN with respect to s. 
2CjO X 

This step can be derived from the basic relations as follows: 

N 

AN 
x 

r3 

AN ds J' x 

k2 

(55) 



7- The thin wall beam deflections and rotations are then 

■'calculated for use in the thin ■walled beam modifications. Equations 

4-7* 48, 49, 50, 51* and 52 are used for this purpose. 
\ 

In the general case where torques, moments and edge loads 

are applied at the longitudinal edges of the shell, the longitudinal 

forces N must be calculated from the shell beam deflections and ro- 
X 

tatioris. This is done by using the following equations: 

ANx = AEh = AEhU* + A^h (yy + Zz + (56). 

Where U1 is a constant defined as follows: 

D, . X'&tM - 

A E A 

Thus by proper treatment any type of longitudinal' edge conditions 

can be provided for in the thin wall beam analysis. The shells 

analyzed in this paper will be assumed to have free longitudinal 

edges, but the above equations are given to show that the method 

is general. 1
 ■ . 

3.6. Remarks on Thin Wall Beam Analysis: 

From the above discussion of the thin wall beam analysis 

if can be .seen that the analysis is perfectly general and can be 

used for any types of loadings and torques which can be approxi¬ 

mated by a Fourier series load expression. The thin wall beam can 

be unsymmetrical and of any configuration and the thickness of the 

thin wall beam pan vary.in the cross section. Any longitudinal edge 

conditions can be taken into account in the analysis. Thus the analy¬ 

sis of thin ;'•">■ ;lls be modifications of \the thin wall theory has no 

limitations imposed at this stage. . • 

^3 
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IV. DERIVATION OF MODIFICATIONS TO 

THIN WALL BEAM THEORY 

4.1. General: 

The "basic modifications to the thin mil "beam analysis 

to "bring it into conformity with classical thin shell theory conr 

sists of corrections for shear and arch deformations, corrections 

for the existence of M and M J moments, Q shears, unit twisting 
X X^L) X 

moments m^. and the special edge reaction correction due to the 

effects of M^ at the discontinuous edge. The derivations and 

necessary equations are given in this section for making the modi¬ 

fications . 

4.2. Equations of Equilibrium: 

Figure la shows the only forces used in the thin mil "beam 

analysis. Figure lb shows the arch forces acting on a shell arch 

element in addition to those shorn in Fig. la. The transverse shear 

force and normal transverse force N^ are shown resolved into com¬ 

ponents Ny and N^ which are parallel to the y and z axes respectively. 

Figure 10 shows all of the torques and moments acting on the shell 

element. Note that.-,all of the internal forces and loads that are 

used in classical shell theory are shown and taken into account. 

Equilibrium equations mil now "be derived as is done in classical 

shell theory, "but for purposes of the analysis following the equations 

will be based on projections on the coordinate axes x, y and z. This 

is done to provide for a convenient method for the calculation of the 

arch "beam forces, angle changes or rotations, transverse moments, 



transverse axial loads and the various other quantities which have 

to he calculated in the procedures following. 

Summation of forces in x direction gives, 

N* + K; + q. = 0 
X + % "■ Sc 

In the y direction, 

(50) 

-N® + Cos p -.Q‘v Sin j6 + 
x, S = 0 (59) 

In the z direction, 

"Nz + N’XJ6 Sin & + Q‘x Cos & + qz = 0 (60) 

Talcing moments about the generatrix as shown in 

Figure 11 gives: 

[?> ‘ + Ny Sin ^ " Nz 
Cos P = 0 (6i) 

And taking moments about the circumferential tangent shown in 

Figure 11 gives, 

+ c = 0 (62) 

Finally talcing moments about the normal will result in the follow¬ 

ing equation: 

“fr-V-ir% 0 (63) 

4.3* Reactions at Boundaries of the Thin Shell: 

Figure 12 shows the usual correction to the longitudinal 

edge shears due to moments which is made to correct for the ef- 
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feet of the simplification that the middle surface of the shell is 

assumed to represent the actual shell of finite thickness and that 

the middle surface has only an infinitesimal thickness. 

Thus the edge reaction R^ is the sum of any edge shears 

from the boundary conditions and this correction, thus: 

R
J6 “ VMjL (6^ 

And resolving into y and z components 

Ry = Hy + Sin 0 (65) 

\ ■ - M> c°s ^ 
(66) 

For simply supported shells with longitudinal edges free N = N 
y z 

so, 

Ry “ %Sin>i .(ST) 

(68) 

At the end supports a similar correction must he made for 

the same reasons as the corrections made at the edge. Figure 13 

shows the elements involved in this end correction. The curvature 

of the shell induced an additional component into the end shear 

reaction R as shown in Fig. 13« The correction to the Q reactions 

cam he expressed as, 

R = Q + MS^ 
x . x xp 

and the revised shear reaction is as follows: 

Rxj6 = ^ " R Mx$ 

(69) 

(TO) 
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These corrections will he used in the modifications to 

the thin wall "beam analysis used in the following sections of this 

paper. 

4.4. Displacements of the Shell Arch; 

Figure 14 shows the notations for displacements of the 

shell arch elements. The positive directions of the deformation 

axes are shown in their positive direction. The relations between 

the relation, the radial and tangential deformations of the shell 

arch to the deflections in the x and y directions can he expressed 

hy the following equations: 

4.5* Basic Assumptions Used in Derivations of Displacement-Stress 
Relationships: 

The displacement-stress relationships developed here are 

based on the assumption that Poisson's ratio is equal to zero. ' This 

is a usual assumption in the analysis of concrete shells. For the 

general case this is not true and the modified thin wall beam analy¬ 

sis of thin shells can be modified to include the effects'of Poisson's 

Ratio. This modification is beyond the scope of this paper. The de¬ 

rivations shown do not require that the material be isotropic. Thus 

longitudinal and.transverse stiffeners can be accounted for in the 

modified thin wall beam analysis method by determining an effective 

extensional and bending rigidity of the stiffeners. This is discussed 

in detail by Lundgren^. For use in the illustration of the method 

v = m Cos jf> + n Sin $ (71) 

(72) 

(73) 

= -m Sin + n Cos ft 

t = -mS Sin + nS Cos f) 
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in this paper, the relationships developed mil "be converted to the 

expressions for isotropic material which are assumed in shell ex¬ 

amples used in this thesis. The material will also "be assumed to 

he homogeneous. 

k.6. Displacement-Stress Relationships in the Shell Beam: 

In the longitudinal direction the normal longitudinal 

force can he related to the strain hy 

N = Ehu' ‘ (7*0 
X 

or 

N = D u* (75) xx • 

where D = Eh is defined as the axial longitudinal rigidity. 
X 

The shear rigidity can he defined as 

D 1 = Eh = ,2Gh (76) ■ xp . 

since G = 2 E when Poisson's ratio is assumed to he zero. The 

shear force is then derived as follows 

or 

wxj6 = hG(^S + v') 

Nx^ = 

(77) 

(78) 

For purposes of analysis in this paper it will he assumed as in 

classical shell theory that 

1J8 

(79) 



The flexural rigidity of the shell "beam element can he defined 

K = El 
x y 

and it can he seen that 

(80) 

M = K w" = K 
x 

a3w 
* Sx2 

(81) 

4;7* Displacement-Stress Relationships in the Shell Arch: 

The transverse extensional rigidity can he defined as 

Vi = Eh 

From this definition and Fig. 14 it can he seen that 

(82) 

M«S * >V(l?0os tf + lfsinfS) (83) 

The transverse moment in the shell arch -will cause an increase in 
) 

curvature of the shell and in addition the extension of the shell 

element lengths due to the deformation of the forces can cause 

an incremental rotation of the shell elements. This can he seen 

in Fig. l4. Thus if is defined as the transverse flexural rigid¬ 

ity of the shell then 

then 

K, El 
* 

3 t° - 
RDJ 

(84) 

(85) 

Considering the torsional moments as in classical shell theory it 
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is possible to assume 

MJ = M J fix xfi 
(86) 

The torsional moments are proportional to the torsions rigidity 

•which can be calculated as follows: 

(87) 

Thus the torsional moments can be related to the stresses with 

the equation, , 

rr ^t 
xfi dx 

(88) 

Since for the examples in this paper all the examples are considered 

isotropic and homogeneous the following relations exist: 

Dx - y-fy-D-Eh (89) 

Kx - v " = K * i~ <90) 

4.8. Calculations of Shell Arch Deformation Corrections: 

The most basic step in the application of the modified 

extended beam method is the correction to the N forces resulting 

from allowing shear and other deformation to occur in the shell arch 

This correction basically'accounts for the membrane action 

of the shell. These corrections are made in successive increments 

with the first increment being based on the beam forces, only as ob- ' 

tained from the thin wall beam analysis. The shell arch is then 

allowed to deflect in shear and bending and fronj the.deformations 
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obtained, the longitudinal deformation is obtained from the equa¬ 

tion 
a'x, V = v + 7m (91) 

xe 

Integrating this deformation along the surface;.of the shell in the 

s direction results in longitudinal strains given by the following 

equation: 

2N' i v ' ‘ 
u> = . Av + 

D 
ds (92) 

n 

This expression can be integrated by using a particular integral 

plus a constant as its solution so this will give, 

u« » uo + 0: ;■ (93), 

The constant C1 is found in such a manner that the mean value of 

u1 token over the entire cross section vanishes. This is equiva¬ 

lent to saying that the N longitudinal forces resulting from these 

u' deformations have a horizontal resultant of zero. In other1words' 

the process consists of adding incremental N forces which correct 
X 

towards the proper distribution of N forces according to classi- 
• X 

cal shell theory and yet do not disturb the static equilibrium in • 

the longitudinal direction of the shell as a whole. The constant 

can.be calculated by the expression 

Ci = " X f u'o h ds ' • 
’ o 

The calculation of the deformations which are used in calculating 

the v used in Eq. 91 require special considerations also because 
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the shell arch must deform and rotate in such a manner that the de¬ 

formations and rotations due to shear are in accordance with the 

basic laws of elasticity as applied to shells and second that the 

forces resulting from these deformations and rotations do not pro¬ 

duce net tension, bending or torsion on the shell as a whole. 

The derivation of the equations for these relations and 

deformations used in determining v is discussed for the general 

(6) 
case in Lundgren' ' and the derivation will be shown in this sec¬ 

tion of this paper and simplified for use in simply supported shells 

with free longitudinal edge conditions. > 

First the distribution of the normal longitudinal forces 

is based on the following relations previously given. Thus for 

longitudinal normal forces causing axial tension or compression on 

the shell as a whole, from Equation 4 

(95) 

For bending about horizontal axis yy from Equation 4 

M zh 

(96) X 

Likewise for bending about the vertical axis 

•N 
M yh 
Z 

(97) 
x I.. 

zz 

and for torsion about the shear,center 

M-Sh 
(98) 
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The condition that no shell "beam action will he involved 

in the shell arch deformation calculations that will change the 

equilibrium of the shell as a whole and so that the shell arch de¬ 

formations can he superimposed on the shell beam deflections directly 

to give the total deformations of the shell elements requires the 

following criteria he satisfied. This criteria is that when N 

forces applied as distributed in the manner shown in Eqs. 95; 96, 

97, and 9^ they will produce zero virtual work when applied to the 

(99) 

arch deformations.u*. 

^ , Ph , 
u' r&s 

Thus it can he seen that 

,h M 
u . _X_ 

L yy 
zhds = fu. 

M 
yhds 

zz 

& M- 
u* h§ds = 0 

p M 
Since -r , , —- and 

A I I Ar-r 
yy • zz 55 

M Mt 
are constant at each cross section and 

’ I X, 
ZZ E 

can he taken outside the integral sign it follows that: 

^U'hdS = »irV(.3c. = u‘yhds u'zhds 

ph 
u'5hds = 0 

o 

(100) 

These expressions can he integrated to give a particular integral , 

plus a constant. Thus as stated before for the first term u" = u‘ + C1 

and likewise each of the other integrals can he treated likewise. 

For the first term of Equation 100, Equation 94 previously stated 

can he derived as follows: 
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Letting u* = UQ + Cx then 

b rb 

u'hds = 
cl c 

, u* hds + C, 
o 1 J 

„b 

hds 

b 

"but hds = A 

1 

A J 
u1 hds 

o 

(101) 

which is Eq. 9^- as previously stated. If u1 + is substituted 

in the other terms of Eq. 100 then the terms containing Cx will be 

come 0 because the statical moments S (s), S (s), and Sp(s) will 

be zero. For convenience then u' can replace u' when solving the 

other terms of Eq. 100. From Eq. 91 an expression- for u' using u' 

‘ as mentioned above can be derived by integrating as follows: 

u' 

A *0 
v + 

AD 
x6 

'$> 

ds (102) 

Substituting this expression in the second term of Eq. 100 

A (v + 4s] yh4s - 0 

Letting 

o 6 

r>S 

A (v + 
\ IUJ J 
o xp 

2N1 

AD 

x, :6 
-) ds 

* = *(*♦£?) xp 

(103) 

d£ = yhds' s 

Jb 
3 = yhds = Sz(s) = 0 

Integrating by parts 

j&lp = /6p - J pdj6 • 
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then Eq. 103 becomes 
2N 

* (v + JD3^-) sz(e) ds = 0 
4> 

(idO 

Likewise 

f (v - wf) s>> ds = 0 
2N' 

(T + s
S(s) 13 “ 

o xjD 
0 

(105) 

(106) 

If as done before for u* the deflections of the shell arch are 

separated into particular integrals plus a constant as follows: 

m = m +'C_ 
o s 

n = n + C„ 
o 3 

t = t + C 
O 4 

(107) 

(108) 

'(109) 

To solve for m and n the constants ,C_ and C. must he 
*5 3 

determined., Substitution of Eq. 107 into Eq: 71 yields 

v = VQ + C2 Cos $ + C3 Sin $ (110) 

where 

m Cos 6 + n Sin 6 o ^ o r (111) 

Substituting expression for v in Eq. 110 into Eq. 104 gives 
2N 

ft Vo + AD 
'A. -) szU) 43 ' °S *** - °3 v -0 <iia! 

since 

I =0 then 
yz 

Cs=I 
\o WT) 

zz o ’xj!) 
S (s) ds 
z' ' (113) 
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Likewise 

C3 'ffk* Sy<s> dB 

yy o xfi J 

Using the last condition of integration in Eq. 106 -will result 

in 

f (To + tof ) S§<s> ds ■ 0 C11?) 
o xjy ^ 

since C 
2 

to zero. 

and C3 terms will drop out "because I ^ and 1^ are eq.ua! 

In order to derive the expression for C4 and for the pur 

poses of calculating the arch deformations and rotations of the 

shell arch the following equations can be derived: 

*• . 3 + 

H wf> ■ 
(ll6) 

"Where 
* ... 

N/ = - N Cos f) - N Sin 6 
P y z H . . (117) 

Also 
NJ 

ms = - t Sin + Cos f> 

V 

(118) 

ns = t Cos j6 + g* Sin f> 
P 

(119) 

If these equations are integrated then 

(120) 

m = (~ t Sin + ■=&• Cos fa) ds + Cs 

o N 
' (121) 
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n = ' J8 (t Cos j) + Sin /fl) ds + Cg 
o ' jZi 

(122) 

where the coefficients C . C . and C„ are the same constants men- 
a* 3* 4 

tioned before. 

Using these expressions for the particular integrals of 

deflections m and n then 
0 0 ' 

m = J t Sin )6 + ^ Cos ds 

n - .f ft COB (6 + =4 Sin A) ds ° J0 \ *t> ■ ' 

(123) 

(124) 

Substituting in Eq. Ill gives 

= Cos j6 f8 (- t Sin t> + Cos $ )' ds + 
o . j6' • 

+ Sin fJ.J8 Cos )6 + ^ Sin j6 ) ds (125) 

Noting that 

f3 S-(s) dy = [ S-(s) Cos ds 
Jo 5 o 1 

J S-(s) dz = J*3 Sp(s) Sin ds 

(126) 

(127)' 

and substituting expression for VQ in Eq.. 125 into Eq.. 115 will 

give. 

J*3 Sp(s) dy JS (- t Sin j6 + £ Cos ds + 

+ f S?(s) dz f (t Cos f> + ^ ) ds + 
o “ o 

Jo%S 
S^(s) ds =0 (128) 
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Defining: 

Vs) = J S?(s) dy (129) 

°z(s) = f Sg(s) dz (130) 

Since 0 (s) and 0 (s) are zero for s = o and at' s = "b, 0 (s) = 

- I =0 and in the same manner 0 (s) at s = b = o then yz z . 

f Oy(s) (t Sin j6 - Cos $ ) ds + 

jk 0z(s) t Cos f> - Sin ds + 
o z 0 

(h 2N* J i 

J_ ADT S§(s) ds
 = 0 (131) 

O x: 

Defining the terms Q('s) and N(s) as follows 

Q(s) = 0(s) Sin >6 — 0 (s) Cos $ 
y z 

N(s) =—0 (S) COS 0-0 (s) Sin 0 
y ^ 

(132) 

(133) 

then the following equation results: 

“‘^-8 .(.)} f {* + s! |t Q(s) + K(s) + ^ 
xfD 

ds = 0 (13*0 

The functions Q(s) and, N(s) are the transverse force 

and the normal force N^, respectively, that result on the shell arch 

when a twisting load of magnitude equal to is applied. When 

the twisting load mt is applied then from Eq. 52 

AET = 1 (135) 
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and since 

N s 
8§<B> 

(136) 

then Sg(s) dy and S^(s) dz are the forces acting on arch elements 

in the y and z directions. Thus the integral of these expressions 

as defined hy Eqs. 129 and 130 will he the horizontal and vertical 

internal, forces at any point on the arch "beam at point S. These 

are the quantities 0 (s) and 0 (s). Then Q(s) is the transverse 
y z 

arch force equivalent to and N(s) is the normal force equivalent 

to Y : ' 

Using the above Eq.134 and setting t = t + C4 the fol¬ 

lowing equation for C4 will he obtained. 

(137) 

Thus hy using a set of particular integrals plus their 

respective constants the deformations m, n, t and u’ he obtained. 

;! 

For a simply supported symmetrical shell with free longi¬ 

tudinal edges and a symmetrical loading, constants Cg and C4 don't 

have.to he determined since it is known from the laws of symmetry 

that t and n are equal to zero .at the crown. This leaves only con¬ 

stants C. and C to he determined. 
1 3 

The constants C,, C , C, and C. are calculated and the 

shell arch deformations are computed for the purpose of obtaining 
5 i 

the u' strains. After the calculations of the u' strains the N 
, „ X 
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forces resulting from the strains are computed. Then the other 

normal longitudinal corrective forces are added to give a total 

system of corrective N forces. These corrective total N forces 

are used to compute new arch hearn corrective shears which are ap¬ 

plied along with the other corrective forces to the shell arch and 

new deflections are then calculated. Using the newly computed u' 

the process is repeated until the corrections are very small. Ad¬ 

dition of the original shell "beam forces and all of the corrective 

forces will give the actual internal forces in the thin shell. 

4.9. Calculation of Corrections Resulting from M , M J and Other 
Effects: " ■ ^ 

The additional corrections to he applied as mentioned 

before in connection with' the shell deformations corrections are 

derived here. These corrections include a correction for the ef¬ 

fect of M , the longitudinal moment. The longitudinal and torsional 

moment in combination require the existence of transverse forces 

Q . These forces can be considered as additional units loads applied 
x 

in the y and z directions. To calculate these forces, first the re¬ 

lation between the M moments and the total deflection of'the shell, 
X 

which is the sum of the shell beam deformations plus the shell arch 

deformation is as follows: 
/■ 

M = + AK (W + w) (138) 
X X 

The torsional moments can be derived from 

M'x<s AV<T + t> . <139) 
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Thus from Eq.' 62 

«’* v 

Q’x - AK^ t° . ASK, (W + v) 

The shell "beam rotation T is constant for the whole cross 

section so it has no effect on the transverse unit forces Q1 and 
x 

so it does not appear in Eq. l4l. The transverse Q’ unit forces 
X 

can he broken into components parallel to the y and z axes respec¬ 

tively. These components will he equivalent to‘applying uniform 

loads to the surface as follows: 

qy = - Q«x Sin jf) - (142) 
t ' 

\ 

qz = .-Q'xCosj6 . ' (143) 

In addition the torsional moments produce a twisting load 

on each element ^ 

' - **4 <T + W) 

The edge load caused hy the torsional moment M^. at the 

free longitudinal edge is added as a concentrated transverse load 

to the edges. This load is equal to -M1 . These additional loads 

are shown in Fig. 15. , . ■ 

Thus in the second and subsequent correction steps a cor¬ 

rection is applied to the N forces. This correction is calculated 
X 

from the following expression which accounts for all of the correc- 

(140) 

(141) 

I 
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tions used in the basic modified thin wall "beam method. 

AN - ADx u> + h(q^ ^ j2- + m J 
J zz yy 

5r) (145) 

4.10. Summary of Procedure of Modified Thin Wall Beam Analysis: 

The general procedure for the analysis of thin shells by 

the modified thin wall beam analysis is as follows: 

1. Analyze thin shell by thin wall beam analysis as 

described before in this paper to obtain the and Nstresses.' 

In simply supported symmetrical shells with free longitudinal edges 

loaded with symmetrical loadings the thin wall beam deflections are 

not required until the modifications are applied, but in the general 

case the N forces, must be calculated from the thin wall beam de- 
X 

'flections by means of Eq. 56. The loadings used in this step must 
i * 

be expressed in a Fourier series expansion. 

2. The first arch beam analysis is made on a typical unit 

width arch beam strip located at midspan of the beam. The loadings 

used in the first arch beam analysis consist of only the shears 

calculated’from step 1 and the applied loads on the unit arch strip. 

The applied loads include any edge loadings and moments as well as 

the distributed loads on the shell surface. The internal forces in 

the shell arch are calculated in the first shell arch analysis. These 

are the IINz forces and the moments M^. 

3. If the shell beam deflections were not calculated in 

Step 1 then they should now be calculated for use in the modifica¬ 

tions which will follow. 
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4. The arch "beam elemental rotations, deflections and the 

integration constants C , CC3, and are calculated. 

5* From the deformations calculated in Steps 3 and 4 the 

various corrective loads are calculated from equation 145• 

6. These corrective loads are now applied to the shell "beam 

and shell arch as new loads and steps one through five are repeated 

for these corrective loads and a new set of smaller corrective loads 

are obtained. 

7. The final step consists of adding the results obtained in 

the first arch beam analysis to the results of all of the corrective 

force analyses used to obtain the final values of each force or mo¬ 

ment. 

In practice each step of the analysis has a subscript given 

to the resulting forces and moments. Thus Q is the moment re¬ 

sulting from the first basic arch beam analysis. 1 is the mo¬ 

ment resulting from the first application of the corrective forces 

and n is the moment resulting the application of the nth correc¬ 

tive forces. The final values •which converge on the results of an 

analysis by classical thin shell theory can be expressed as follows: 

MJ = Mu + M1 + JAJ ... +M 
%o T n-1 p} n 

N = N + N , + N ... + N , + N 
x x,o x,1 x,2 x,n-i x,n 

KJ = • JSLt + -NJ , + KJ ...•■+ K 
'<s 

= K J +IJ+H ,+ H. 
“ \&o T Xix&i 

/ *T IN JL 
xp,n-i xp, n 

(146) 

(147) 

(14S) 

(149) 
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Any other forces, moments and. deformations can "be obtained 

in a similar manner. It should he noted that the deformations are 

calculated by adding the sheil beam and the shell arch deformations 

at any particular point. 

An approximation derived as shown for a force N in Fig. 19 

is often used to reduce the number of corrective steps -required to 

obtain the final values. This approximation is shown below for the 

moments but should' be applied in an analogous manner to the other 

forces, moments and deformations. 

+ A 
i- 

(150) 

where r is called the rate of convergence and defined by the fol¬ 

lowing equation in terms of MJ: 

r (151) 

This approximation will be used in the analysis shown in this paper 

to give more accurate results from a smaller number of corrections. 

4.11. Values at Other Points Other Than the Middle Arch Beam Element 

The values at other points on the shell surface can be ob¬ 

tained by multiplying the values obtained for the middle arch beam 

element by - Cos in the case of N,, N , and M / and by ~ Sin 2—■ 
n • L p x p n JJ 

in the case of the shears N^. The value n is the number of the 

term of the Fourier series expansion being used. 
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V. EXTENSION OF METHOD TO OTHER 

TYPES OF SHELLS' 

5.1. General; 

The modified thin wall heam type of analysis is applica¬ 

ble to any general type of shell provided the thin shell is simply 

supported. The analysis can "be applied to any type of simply sup¬ 

ported unsymmetrical shell with the longitudinal edges supported or 

fixed against rotation to any degree of rigidity. This, would of 

course include the extension of the method to the case of a thin 

shell with edge beams or a cross supported shell in which the longi¬ 

tudinal edges were continuously supported on a wall. Also, the in¬ 

terior or exterior shell of a multiple barrel vault structure could 

be done by this type of analysis. Line loads ‘can be applied to a 

thin shell in this type of analysis. The use of longitudinal stiff¬ 

eners or transverse stiffeners can be accounted for in the modified 

thin wall beam type analysis. 

Prestressing and ultimate strength analysis could be fa¬ 

cilitated by this method. The cross section thickness could vary 

across the cross sectional profile and still the method could be valid. 

The extension of the method to each of the types of thin shells dis¬ 

cussed above is outlined briefly and certain examples in other refer¬ 

ences are mentioned in this paper for some of the above types of shells. 

5.2. Unsymmetrical Simply Supported Thin Shells: 

In this type of shell with either unsymmetrical loads or 

an unsymmetrical shape or both, the methods as generally derived is 
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applicable. The only complications are in calculating the shear 

center, talcing into account the torsion on the beam and deriving 

the correct constants in the arch beam deformation equations. 

Lungren^^ calculates a saw tooth north-light type shell as shown 

in Fig. l6a through the arch beam analysis stage and obviously the 

application of the modifications would complete the solution. 

5*3* Simply - Supported Shells With Edge Beam: 

The most precise application of the basic method in this 

case consists in cutting loose the edge beam from the thin shell arch 

and assuming the forces and moments required to restore equilibrium 

and bring the edge beam and shell arch back together. Then the de¬ 

formations and rotations of the shell arch and beam are computed with 

the assumed loads applied. New and smaller interface forces and mo¬ 

ments between the shell arch and the edge beam will then be assumed 

to bring any remaining relative deflections or rotations between the 

shell arch and edge beam to zero. Repetition of the process will 

nearly always converge to the correct solution. 

Another .shorter method to accomplish the same analysis, 

which in many cases will not always converge except for shells with' - 

very deep edge beams, is to consider the shell and edge 'beam as a 

whole unit and use the general method as applied to the whole sec¬ 

tion. Lundgren^ shows this type of analysis on a symmetrical shell 

with very deep edge beams up through the thin wall beam analysis stage 

Completion of the analysis by addition of the modification required 

to the thin wall beam theory is obviously possible provided the pro¬ 

cess converges. This type of shell is shown in Fig. l6b. 
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5-4. Cross Supported Shells; 

This type of shell is handled in a manner similar to that 

of the short method for thin shells with a deep edge heam. This type 

of shell is shown in Fig. l6c and Lundgren^^ gives an example of 

this type of shell in which he includes all of the necessary modifi¬ 

cations to the thin heam theory. 

5»5* Interior and Exterior Shells of Multiple Barrel Vault Structures 

The interior shell is just the case of a symmetrically 

loaded shell with horizontally applied edge loads and moments in 

certain cases. The exterior shell has unsymmetrical longitudinal 

edge loads and hy taking into account the torque on the section a 

solution could he made for the isolated edge shell assuming that the 

interior edge ms fixed against vertical movement. 'Then calculating 

the force holding the interior edge from vertical movement would 

give the force' to he applied to the exterior edge of the first in¬ 

terior shell. Calculating the deflection of the first interior shell 

from the load would give a new deflected position for the joint be¬ 

tween the edge shell and the first interior shell. Then this deflec¬ 

tion could he- put hack in the analysis of the exterior shell and new 
I 

vertical edge loads calculated. Successive corrections of this type 

could he continued until the corrections were small. This whole pro¬ 

cess could he used to correct the second interior shell and could he 

continued to the middle shell of the multiple barrel vault to obtain 

more accurate results than now possible with classical methods. 



5.6. Thin Shells Loaded with Line Loads: 

Line loads could he applied along a longitudinal generatrix 

using the general method provided the loads could he approximated by 

a Fourier Series expansion. The- same is true of a line load running 

transversely across the shell. The approximation of a concentrated 

load hy a Fourier Series expansion is veil knovn hut this case would 

he an extremely lengthly procedure. The results .would only he appli¬ 

cable at some distance from the point of application of the line loads. 

This application is not shown or derived, as far as is knovn, in any 

publication or literature in which the modified thin wall beam shell 

analysis is discussed. 

5.T* Shells With Longitudinal and Transverse Stiffeners: 

The application of the method for these types of shells is 

discussed in detail in Lundgren^^. The application of the method 

requires that effective moments of inertia, effective stiffenesses 

and torsional properties he calculated for the stiffeners so that 

these values can he used in the general method solution. 

5.8. Prestressed Shells: 

The application of the method requires that the prestress¬ 

ing forces he treated as edge loads or in the same manner as edge 

(■*) 
loads and this is demonstrated in Chronovicz■ ' for the thin wall 

beam analysis and no difficulty is forseen in applying the modifi¬ 

cations required for the modified thin wall beam theory. 

5.9. Shells Loaded to Ultimate Strength: 

Since, the most important basic modifications are made to 
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s 

the N forces in the modified thin wall "beam analysis of thin shells, 
x 

the use of the method is entirely feasible when the N forces have a 
X 

distribution such as is used in ultimate strength design. The shear 

forces can always be calculated from the 2»x forces and the modifi¬ 

cations applied so as not to upset the external equilibrium of the 

shell from the standpoint of the bending moments and torque on a given 

cross section. The resistance to deflections of the shell beam and- 

to the deflection of the shell arch do not vary in the same manner at 

a given section but a relation can be set up between the two deflec¬ 

tions based on their respective strain curves. Then an answer could 

be obtained that is within reasonable accuracy. It is very probable 

that a power series approximation of the loading instead of a Fourier 

Series Expansion could result in much greater accuracy. 
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VI. ANALYSIS OF SIMPLY SUPPORTED CIRCULAR THIN 

SHELL BY MODIFIED THIN WALL BEAM THEORY 

6.1. General: 

To illustrate the use of the modified thin vail "beam 

method and to check the accuracy of the method in comparison with 

classical methods of analysis, the simply supported shell used as 

Example 1 in ASCE Manual No. 31^^ is analyzed "by the modified thin 

■wall beam analysis. The cross-sectional profile of this example 

is shown in Fig. 17* The thin shell example has a span of 62 feet 

and has simply supported edges with no edge beams. The cross sec¬ 

tional profile is circular with a radius of 31 feet. The mid-sur¬ 

face arc subtends an angle of 8o°, being 40° each side of the center- 

line of the shell. This shell was selected as an example because 

the solution shown in ASCE Manual No. 31^ indicated that this 

shell does not behave as a thin wall beam and that there exists 

considerable deviations of the internal N^ stresses from a straight 

line variation with the z coordinate. The R/L = .5 indicates that 

this example is an intermediate range shell. 

The shell is loaded with its own dead weight of q^ = 47 

pounds per square foot of surface area and a live load of q^ = 25 

pounds per square foot uniformily distributed over its horizontal 

projection. These loads are shown in Fig. 18. 

The shell is broken up into increments which subtend an 

angle of 2° in order to calculate the N^ and N^ forces. These very 

short increments were used and the calculations carried out to five 

places where necessary so that divergence of the solution could not 
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occur from rounding off errors. The points on the shell are numbered 

from the left -hand edge and the numbers indicate the number of de¬ 

grees that the point is from the left hand edge. The method of sub¬ 

scripting used in the calculations and tables is shown in Paragraph 

1.4 shown previously in this thesis and is entitled "Subscripting 

Conventions". 

The calculations for the thin wall beam solution are based 

(M 
on formulas contained in the paper by Chinn'' 1 and all ordinates and 

dimensions are calculated analytically to insure accuracy of the solu¬ 

tion. This degree of accuracy is necessary only from an investi¬ 

gative standpoint and is not required for practical solutions, where 

even semi-graphical procedures can be used. Formulas contained in 

y 
(4) Chinn's' ' paper can be used for checking the moments, the forces 

and Nz forces obtained in the first arch analysis. 

The basic data for the shell then can be tabulated as fol¬ 

lows: 

R = 31 ft 

= ^0° 

Sin = 0.64278761 

= O.6981317O 

Ssu = 25 psf 

Sc = 0 

T (torque) = 0 

E = 3)000,000 psi 

L = 62 f t 

h = 3f in 

Cos = 0.76604444 

R/L = 0.50 

qzd = 47 psf 

qy - 0 

Poisson's Ratio p- = 0 

G = | = 1,500, 000 psi 

= D = Eh = 11,250,000 Lbs/in = 135,000,000 Lb/ft 

K = K1 = K J = K x p xp 
Eh" 
12 

= 13,183,590 Lb-in = 1,098,633 Lbr'ft 
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The calculations that follow will he based on using just 

the first term of the Fourier series load expansion so the applied 

4 i 
loads will have to he multiplied hy — or 1.27324. The thin wall 

beam analysis in the first step is calculated on the basis of the 

actual loads q^ and q^ being applied and ^ ^ and ^ forces 

and moments are obtained or. this basis and then N Nand Nx,b AV,b 

are multiplied by — to give the values used in subsequent steps in 

the analysis. This was done in order to provide convenient checks 

(4) 
with the values given in Chinn’s' ' paper, and to show the errors 

resulting when the thin wall beam theory is used without modifica¬ 

tion. Thus, in the first part of the thin wall beam analysis the 

total loads applied per foot of span are calculated as follows: 

^zu ^zu ^ ^ (152) 

q = 2(25)(31)(0.64278761) = 996.32080 Lbs/ft zu 

v * 2ViM k ■ (153) 

qzd = 2(47)(31)(0.69813170) = 2034.35577 Lbs/ft 

\ = % 
+ q , zu zd 

(154) 

q = 996.32080 + 2034.35577 = 3030.67657 
z 

The above loads are assuming loads uniformily distributed across the 

span L. Using the first term of the Fourier series' expansion for the 

3^ ad approximation will result in 

q = ^ 5 = 1268.5555^ Lbs/ft HZU,0 TT ^ZU 
(155) 
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\i,o ■ 5 5za - 2590.22311* tts/ft (156) 

Vo " Szu,o *-3858-7T8»..»»/« (157) 

6.2. Thin Wall Beam Analysis: 

The- section properties are first calculated as follows, 

The distance from the center of the shell radius to the center of 

gravity of the section is • 

R Sin A 

y = 
k 

A 
(158) 

k 

y B 31(0-64278761), _ O . . y 0,;69813170 20.54249 rt 

This gives Z (Crown) = - 2.45751 feet and Z (Edge) = + 4.79511 feet, 

The I of the shell is 
.yy 

V r3 |\ *
Sin ^(0M Ac (159) 

Substituting 

I 
= 204.77678 Ft3 

I = 63.99274 Ft4, 

Table No. A shows the data required in the analysis, the 

increments of load applied on each segment and the calculations for 

the N . forces at the center of the span. Column 1 defines the 
Xj D 

points measured from the left edge in degrees. Column 2 gives angle j6 
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in degrees for each point from the vertical centerline of shell. 

Note that the values of are negative since the left hand side 

of the shell only is being analyzed because of the symmetry of 

the shell and the loading. Columns 3 and 4 give the z and y coordi¬ 

nates, respectively for each point. Column 5 and Column 6 give:: 

the values of the equivalent panel point loads pzu and p^ respec¬ 

tively which are applied at the even numbered points. Column 7 

shows the total values of the incremental applied loads and is the 

sum of Columns 5 and 6. These loads do not contain the 4/IT cor¬ 

rection for the Fourier series load expansion at this point in 

the tables. Column 8 gives the N . forces at the centerline of 
DCj D 

span. These forces are calculated from Equation 4 for the vertical 

applied loads only since all other terms of Equation 4 are zero. 

This gives 

N x,b 

M zh 
_X_ 
I 8Vh (160) 

3030.67657,(62); z= 7,111.35360a 
(8X204.77678) 

Table No. B in Columns 9 and 10 show the calculation required for 

obtaining the N'^ ^ forces from the first stage shell beam analysis 

for use in the first shell arch analysis. The static moments in 

column 9 of Table No. B are calculated analytically to insure extreme 

accuracy from the following: 

S (s) 
JL— 

h. 
(161) 
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shears in column 10 are calculated from Column 9 The N' x. 

as follows: 

r - z 

c/$,b " 21. 

S (s 
JLL. 

h 
yy L 

N. y = 3030.67657 
xj6,b 2(204.77678 

(162) 

S (sj 
y 
h 

S (s) 
7.39995 -J— 

This completes the shell beam initial analysis. 

6.3. Initial Shell Arch Analysis: 

Tables B and C contain the analysis of the shell arch for 

the effects of N,' 1 , shears on the N , N , and MJ . forces and xp,b z,bs y,bs jZ),bs 

moments. Column 11 is the incremental distance between odd points 
/ 

in z direction. Column 12 shows the components of the ^ shear 

forces in the z direction. Column 13 is the summation of Column 12 

and is the N ., internal force resulting from the N' ±. shears. 
Zj DS X/c)j D 

Column 14 is the incremental distance between odd points in the y 

direction. Column 15 shows the components of the N'^ ^ shear forces 

in the y direction. Column 16 on Table C is the summation of Column 

15 on Table B and is the internal force re stilting from the N'^ ^ 

shears. Columns 17, 18, 19, 20, 21, and 22 show the calculation of 

bs due tlie s^ears N
'XJ6 b and result from the following: 

Vs “ I <\,bs - V* ^ <l63> 

Column 23 in Table D is obtained by summation of Column 7* 

Table D shows the addition of the moments and loads resulting from 

the external load q acting on the shell arch to the moments due to z 

N* 1 . and column 27 is the total MJ . for all forces and moments xp,b p, b 

acting on the shell arch in the first shell arch analysis. Columns 



28 and 29 are likewise obtained by adding the respective loads 

caused by the N'^ ^ shears to these caused by the external load 

q_ and these columns show N , and N , . 
z,b y,b 

Table E is the calculation for obtaining ^ and is based 

on the equation: 

NJ . = - N , Cos f) - N , Sin $> jy,b y,b ^ z,b 
y (164) 

The values obtained are for the odd points in Column 34 

and the values for the even points are needed in future steps so 

they ire re obtained from a plot on the ^ values on the a curve 

and they are shown in Column 35. 

At this point the first shell beam analysis and shell 

arch analysis has been completed for a uniform load. These first 

forces and moments are for a uniform-load distribution along the 

span and as yet are not in the form of a Fourier series load ex¬ 

pansion. 

To complete the analysis and include the modifications, 

the first term of the Fourier series load expansion must be used 

instead of the uniform load used up to this point. The results 

obtained up to this point can be used by simply multiplying the 

N'x&b,Nz,b>Ny,b>M&b ^ t6rmS ^ n * That tMS CQn be d0ne 

as shown in the following development for all the terms except of 

course N . N depends on the relationship between bending mo- 
Xj O Xjo 

ments for the uniform load using the first term of the Foureir series 

load expansion. The other terms enumerated above depend on the shell 

arch analysis only and vary directly with the loading. 
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Note that using the Fourier series load expansion and 

solving for N from Eq. 145 for vertical loads only 
o 

AN 
X,0 I T w V U) 

ass) 

And for Eq. 55 

N'T. = TAN jbx.,0 J X, 
ds _ 

_ o rrl 
o' yy o 

r zh ds 
N 
, _ 4 ^Z a f \ 4 .Tt 

" I = TT N Xj6,l 
«y v 

(166) 

Since this is true and the load terms are multiplied hy — when 

using the Foureir analysis then 

N 
y>° 

N 
z,o 

N
(6,O 

V 

n y/o 

W\„ 

wV 

(1ST) 

(168) 

(169) 

(1T0) 

Also for the Fourier series load expansion for the shell ‘beam 

M . '4 - Ta M = — q L 
yo -z 

So 
N 
" - 1-032<AHX 

(171) 

(172) 

Then the values obtained for N . with a uniform load can be used 
x,b 

for the Fourier series load expansion: by using the above ratio. 

Table F shows the values of N'T . NT. . MJ and N 
px,o' o’ p,o x,o 

converted to the values these quantities would have using the first 
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term Fourier series load expansion. These values are obtained as 

shown in Eqs. 166, 169, 170, and 172. These are shown in Columns 

36, 37; 38; and 39, respectively. 

6.4. Shell Beam Deflection Calculation: 

The initial deflection of the shell beam is now calculated 

from Eq. 51 with all terms being zero except the q term. The load 
z 

4 
will be multiplied by — as required in the. Fourier series load ex¬ 

pansion. 

A2EZ I yy ■ Mi *0 TT \Hzu Hzd/ 

Z = Z,0 

A2E I 

(173) 

(174) 

yy 

Z = y-jy:' 8—  = 0.02117418 Ft 
y4(3)(63.99274)(lo6)d44) 

For convenience in later calculations this can be expressed as 

KZ = 0.02117418 x 1,098,633 

ICZ = 23,263 Ft2 (175) 

6.5• Initial Shell. Arch Deformations: 
\ 

Column 40 in Table F is the calculation of the. term 

K/N 
which is added or subtracted from the M/ „ moments to find 0,o 

.the shell arch rotations caused by the moments M, and the forces 
Pi o 

Nv . The term in Column 40 takes into account the effect of the 
Pi o 

extension or shortening of the shell arch on the shell arch rota¬ 

tions. From Eq. Il6 
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So 

. .MA°AA N„ 

K RD 
'fi 

- As 
Kj6 A *O M 

P,o 
As + RD 

jA 

and 

V \ 
K/N , 

_ M . + . P $;P, 
&o RD^ 

As 

So Column 4(3 is solved as follows: 

(IT 6) 

K 
JL N = 1,998,633 TJ 
RD^ 0,o ( 31.00)(l35,000, 000) 0,o 

K 

KD^&o = 0.00026252 KA< 
(177) 

Column 4l is the sum of -M^ in Column -38 and Column 40.- Column 42 

is the As increments which are multiplied hy Column 42 to give the 

incremental rotations shown in Column 43 of Table G. Because of 

symmetry, the rotation at the crown is known to "be zero so no inte¬ 

gration constants for the rotation of" the shell arch have to "be 

made in this case. Therefore, Column 44 shows the summation of 

Column 43 starting at the crown with zero rotation. Thus in Column 

44 is shown the following integration. 

KJ&J V . 1-Mv + 
o L^0 \ 0,o RD 

'0 
As (178) 

The next step is to calculate the horizontal deformation of the shell 

arch. This is done "by the numerical integration of Eq. 188 as shown: 

N„ 
Sin 6 + 

o 

s 
a 
o 

nr = - t Sin 0 + D 
0 

Cos 0 

i'y 



Am 
o 

- t As Sin + 
o 

(179) 

Column 45 in Table G shows the first term of Eq. 179 and is Column 

44 multiplied by the negative of Column 17. Column 46 is obtained 

by multiplying the negative of Column 19 x Column 37 x =*- = - Column 

i> 
19 x Column 37 x O.OO8138. The signs change in Columns 17 and 19 

because of the direction of As in the expressions. Column 47 is 

obtained by the addition of Columns 4.5 ana 46. Then Column 48 shows 

the integration by summation of Column 47 starting with mQ = 0 at 

■the crown because of symmetry. Thus no integration constant has 

to'be calculated for this step. The rotations and horizontal de¬ 

formation have now been calculated in the first'shell arch analysis. 

These deformations require the calculation of a integration constant 

C . To do this an arbitrary point on the shell arch is assumed to 

be a zero deflection vertically and a particular set of vertical 

deformations are obtained. The equation used is derived from Eq. 119 

The next step is to calculate the vertical deformation n. 

NJ 

= t Cos j6 + Sin $ 
0 ^ 

An t As Cos 16 + As Cos 6 
O ^ 

Az (180) 
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Column 49 of Table G is the calculation the first term of Eq. 180 

and is the product of Column 44 and the negative of Column 19- Column 

50 shown in Table H is the negative of Column 17 x Column 37 x 
XJ. 
D P 

- Column 17 x Column 31 x O.OO8I38. Column 51 is the sum of 49 and 

50. Column 52 is the summation of 51 starting at the crown and as¬ 

suming nQ Q = 0. This gives the particular vertical shell arch de¬ 

formation. 

The next step is to solve for v from the values obtained 
e 0,0 

for m and n . This is done by Eq. 111. 
0 0,0 J 

K,v = K,m Cos p + KJ n Sin p o,o p o ^ p 0,0 
(m) 

The calculations for this: solution are shown in Columns 53; and 

55 of Table H. 

To solve for constant C the Eq. 114 must be solved. 
3,0 

1 s 
This Equation contains the expression which may be called ^ u^ Q 

when referring to Eq. 102. So the following relations exists: 

acf5 - 
A ao,o jt Vo,o + AD^ ^xp,o (181) 

Tlie second term of Eq. 1$1 is shown in Column 56 of Table H. 

*6 ' ' 
—& N» , 
AD, xp,o 

62 

2(1,098,633) 
n ^(135,000,000) 

2K i N1 1 
AD^ xp = 6.33912 r xp, o 

(182) 

Column 57 of Table I contains the summation of the two terms and is 

H' s equal to u^ Q. Equation 113 requires the integration by summation 

81 



of the following: 

K Sr( s) yiu.s x--z L A uo,o h As 

S (s) As 
Column 58 of: Table I contains the product of Column 57 and h 

S (s) 
Note that the static moment   is the static moment for "both h 

sidescf the shell and the static moment for one side is one half 

thei values shown. The total addition gives the necessary expression 

to solve for C„ . Thus 
3,0 

n £ Column 58 t 2 
V^o = (I^/h) * 2 

rr p _ (“ 38,6^9,807) _ ,00 
- 204777678   188,741 

(183) 

The value of I<bC is the correction to be added to the values of P 3;0 

Ka n to give the actual true vertical shell arch deformation. p 0,0 

Column 59 of Table I shows the total K^nQ of the shell arch where 

K/n = Kbn wll p O ■fi'o.o * O- 
(184) 

K
I6 5 To correct the values of y1 u7 , KJC Sin p is added A p,oJ T3,0 

to the values in Column 57* The values of KJC„ Siri fi are given P'3) o 

in Column 60 and Column 6l gives the revised correction. Column 62 

gives the values of Column 6l x As. Column 63 then gives the inte¬ 

gration by summation of Column 62. The only correction now remaining 

to solve for the true value of ^ u’ is to solve for Cx Q by Eq. 94 

and add it to Column 63. From Eq. 9^ 

1,0 

1 
A J u' h ds 

0,0 
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Thus 

KJC, 
J_h° 2h Y401^ 

A L A u' 
0,0 

As (185) 

Since —■ = £ As or (8o)(.54105) = 43-28412 Ft 

KjC 
JOJP 

A 
(Y Column 63 x As^ 

^0. 
A 

43.28412 

= - 0.046206 (- 7,379,976)(i.o82l) = + 368,995 

Adding this IOC. to the values given in Column 63 gives the final 

H P >0 
value of —^ U'Q for use in making the modifications which are the 

next step of the analysis. Column 64 of Table J shows the final 

Ky 
-7p- u' values for the initial arch deformation calculation. This 

completes the shell arch deformation calculations and the next step 

is to apply the thin wall beam modifications. 

6.6. Calculation of Initial Set of Corrections; 

The initial set of corrections are based on the modifi¬ 

cation of Eq.. 145 to take into account the symmetry of the shell 

being analyzed. 

Thus 

AN x,i 
= AD u' + h 

x o 
7.Z 

+ q I 
V 

+ m 
t,1.! 55 

becomes 

AN 
1 

AD u' + 
X o 

(186) 

The first term is calculated from the values shown in Column 64 in 

Table J by multiplying as follows: 

K/u‘ 
'v o X 

A~D 0.00081005 A (187) 
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shears Column 65 shows this value of AD u'. Column 66 shows the N ± 
x o xp, 1 

resulting from the AD u* terms and these shears were obtained by multi- 
X o 

plying Column 65 by As-and the summation of these values. 

The deformation of the shell arch w from the initial arch de- 0 

flection is calculated from Eq. 72 converted as shown: 

Kj6 Wo = " Kj6 mo Sin ^ + n
0 

Cos 0 - (l88) 

Columns 67 and 68 show the terms to be added as calculated from the 

initial shell arch deformations shorn in Columns 48 and 59 respec- . 

tively. Column 69 shows the sum of 67 and 68 which is Wq. 

Next the shell beam deformation W must be calculated. Be- o 

cause the section is considered non-deformable in the thin wall beam 

initial analysis the radial deformation W is calculated from the thin o 

wall beam vertical deflection shown by Eq. 175• Thus 

K^Wo = (23,263)(K^)(COS j6) (189) 

Column 70 of Table J shows this calculation. Column 71 of Table K 

shows the term -A^K (W + w ) for calculating the Q’ transverse 
X O O Xj * 

force due to Q bending moments. Since K^. = 

- A2
K^(WQ + Wq) = - (^17) [Column 69 + Column 70] (190) 

- A2
K^(VJQ + Wq) = - 6.59221 [Column 69 + 70] x 10"B 

Column 72 of Table K shows the term Q or AK^tB which is 

equal to 

^0 - (scTv1 (191) 

AKx^ = O.OO256754 x Column 4l 
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Column 73 shows Q' which is the sum of Columns 71 and J2. Columns 

7^ and 75 show the q . and q components of Q' , respectively, 
J)1 z,i x,1 

with the M*^ edge load components described helow included at point 

0 which is the edge of the shell. The components of the Q'^ x loads 

are obtained by multiplying Column 73 by - Az and Ay to obtain Column 

7^ and 75 respectively. The - Az is used to make the signs consistent 

when analyzing the left hand side of the shell. 

An edge load due to M'^ Q must be added at point 0 at the 

edge. This load is equal to -M*^ Q and acts in a radial direction. 

Since the beam as a whole has no torsional load because of the symmet¬ 

rical loading, this torsional edge load is 

Note that this edge load then depends only on the arch deformation t 

and is proportional to Q the transverse moment calculated previously. 

Since using the value of tQ at point 0 gives 

-M x = 0.00256753( -70,9^1) or 

M’)6x l = + 182 Lb/Ft (Outward) 

At point 0, this load mil be acting radially outward and will have 

components in the y and z directions. These will'be for the left 

side of the shell 

Qz,ie> 
= -U82)COS(-40°) = -139 

Q^le = +(i82)Sin(-40°) = -117 

Summing the total vertical components gives q. and the calculations 
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of the values of AN , due to these loads are shown in Column 76. 
x,iq 

The AN , forces are 
x,iq 

AN x,iq. 204.77678 

AN . =  ?.-.5_2L_g. x z = 0.09278 z 
' q 204.77678 

(193) 

Column 77 shows the summation of AN , which gives the shears 

N* 1 . resulting from the transverse loads. Columns 78 and 79 of yip, iq_ 

Table L show the z and y components respectively of the shears in 

Column 77• Column 80 gives the Nz forces resulting from the sum¬ 

mation of the addition of Column 75 to Column 78. Column 8l likewise 

gives the N , forces resulting from the summation of the addition 
z,iq. 

of Column 74 to Column 79• Column 82 and 83 give the transverse mo¬ 

ment increments due to the N , and N , forces. Column 84 gives 

the M1 , transverse moments due to the transverse forces Q‘ . and 
PJH X,1 

is obtained by the summation of the addition of Column 82 and 83. 

Columns 85 and 86 of Table M show the calculation of M / , 
P, im 

resulting from the unit twisting moments m, as calculated from x, 1 

Eq. 144 as follows for Column 85: 

mt^As = -AK^ tQ As = -0.00277834 tQ (194) 

m, , As = - 0.00277834 x Column 44 x, 1 

Column 86 is the summation of Column 85. 
I 

Columns 87 and 88 show the calculation of N , forces 
z,is 

resulting from the N'x^ x shears originating from the redistribution 

of N , forces due to shell arch deformation. These shears are the 
x,i, 
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shears shown in Column 66. Columns 89 and 90 show the corresponding 

calculations for N 1 resulting from the same shears. Columns 91 

of Table M and 92 of Table N are the increments of the transverse 

moments due to these same shears and Column 93 is the summation of 

the addition of Column 91 to Column 92 which gives the transverse 

moment lg due to the shears shown in Column 66. 

Column 94 is the total moment x resulting from the trans¬ 

verse forces, shears, twisting moments and torsional edge loads on 

the shell arch and is equal to Column 84 plus Column 86 plus Column 

93- 

Columns 95; 96, 97; and 98 show the calculations for the 

NJ, , forces due to the shears of Column 66. 
J0;1S 

Columns 99; 100, 101, and 102 of Table 0 show the same 

calculations for NJ resulting from the transverse forces Q' P;11 x,1 

and the concentrated edge force resulting from Column 103 

of Table 0 gives the total x forces at the even points and is 

the sum of Columns 98 and 102. The total x forces for the odd 

points which is the sum of Columns 97 and 101 is shown later in Column 

109 of Table P where the odd point values are used. Also the total 

shears N1 1 , is shown later in Column 121 of Table R where these 

values- are used in the computations. 

At this point the calculations from Column 104 in Table 0 

through Column 130 of Table S procede in a manner similar to those 

from Column 4l of Table F to Column 63 of Table I and a new value of 

K ; . 
u^ is calculated as shown in Column 130 of Table S. 
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6.7• Calculation of Second Set of.Corrections: 

The cycle is then repeated in the calculations from Column 

131 of Table S to Column 173 of Table Y. New values of MJ „ correc- 

tions are shown in Column 160 of Table W. New values of N^ a correc¬ 

tions are shown in Columns 169 and 170 of Table Y. The new corrections 

to N'^. and AN^ are shown in Columns 172 and 173 respectively. 

Column 174 is the calculation for a correction to the N^ x 

forces. This correction is made to provide for the N , and N , 
y,iq 

components of the shear on the segment from point 0 to point 1 which 

is often neglected in calculations using a fine network of segments 

with short chords as in this example. However, these components 

N and N at point 1 were included in the initial calculation 
z,o y,o 

of the forces NJ and in the calculation of NJ _ so to be consistent 
P) o JD,3 

these corrections are made to the values of N^ x and the final correc¬ 

ted values of ^ are shown in Column 175 of Table Y. These neglected 

components are shown in Columns 88 and 90 of Table M and are -26.21 

and +31.58 respectively. Although these corrections are small they 

should be made. 

Corrections for the same reason are shown to 1 in Column 

I78 of Table Z and the final corrected moments ^ are shown in 

Column 179 of this table. Column l8l of Table Z shows the correc¬ 

tion to the rotations t for these same loads and these corrections 
o 

are seen to be very small relative to the total rotations and the re¬ 

sults of the next corrective step do not need to be corrected for 

these components. 

6.8. Final Solution: 

The moments Q obtained by the thin wall beam analysis 
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are shown in and the two successive corrections x and 3 

Columns 183, 184, and 185 of Table AA. These moments are ob¬ 

tained from Columns 38; 179; and 160 respectively of Tables F, 

Z and W. Since for the single span simply supported shell example, 

the moments, are maximum at midspan where x = 0 and vary as 
TTX Cos jr—,the values calculated for midspan are the maximum moments 

M^. The two successive corrections are diverging and the ratio 

of the second successive correction to the first is shown in Column 

186 of Table AA. The ratio r is very constant for each point 

and appears to be around 1.80 with very minor variations. This 

ratio r is called the convergence ratio and the procedure for 

arriving at the corrections necessary to obtain the correct answers 

are shown and derived in Fig. 19. In this example, however, the 

convergence ratio became constant after the second trial and thus 

the final correct value of is as follows using 1.80 as the con¬ 

vergence ratio; 

+ 
1-r (195) 

Calculations for the last term -g" are shorn in Column 187 and the 

correct value of according to Equation 195 is shown in Column 188 

of Table AA. The value of the moments MJ is calculated by the classi- 
(8} cal methods shown in the ASCE Manual of Engineering Practice No; 31' ' 

for the same example are shown on Column 189 for selected points for 
i 

comparison. Figure 22 shows the ASCE values and the solution obtained 

in the example by the method used in this paper plotted against the 

angle from the edge.' Also shown is the plotted values for x ob- 
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tained "by using the thin vail beam analysis without corrections. 

• In a similar manner the same corresponding calculations 

and values are shown for N^, and il^ in Tables BB, CC, and DD 

respectively with the modifications following. Figures 20, 21, 

and 23 show the corresponding values plotted as was done for M^. 

The modifications are discussed in detail for each force. In 

Table BB the N forces at the even points are obtained from Column x,o 

38 of Table F and the values for the odd points are calculated in 

the same manner as for the even points. The N forces are maximum 

at midspan at x = 0. The values of N and N are calculated 

from the values of AN^. in Columns 173 and 171 of Table Y by dividing 

these values by A. Note that the convergence ratio r shown in 

Column 193 appears to be slightly lover than the one for and ap¬ 

pear to be around I.78 when the few points around which the values 

of N change from positive to negative and crossed the zero axis 
X * * 

are disregarded. These values would be expected to be scattered. 

The same convergence ratio as used’for M^, namely I.80, 

will be used for correcting the N values and likewise the values 
X 

> 

of and in Tables CC and DD. This is because, in general, 

examination of all corrections of any consequence to the first cor¬ 

rections depend mainly on the values of and the rotations or angle 

changes t and will be proportional to these values. 

The values of in Columns 197> 198, and 199 in Table CC 

are the shears at the supports and are obtained by multiplying the 

N'x^ unit shears at midspan shown in Columns 36, 121 and 172 of Tables 

F, R, and Y by L/TT or 19.73521. The convergence ratio is seen to 
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average around I.78 or 1-79 "but 1.80 is used to calculate the final 

corrected values of shown in Column 203 • 

The values of which are maximum at midspan at x = 0 

are shown in Columns 20h, 205, and 206 and are obtained directly 

from Columns 37, 175, and 169 or 170 of Tables F, Y, and Y, respec¬ 

tively. Using a convergence ratio of 1.80,the final solution values 

are shown in Column 209♦ 

6.9. Comparison of Results With Classical Solution of Example: 

The results as. shown by the plotted curves in Figs. 20, 

21, 22, and 23 show very small differences between the two methods 

of solution and indicate that the modified thin wall beam method 

is quite accurate even when the solution does not converge and the 

convergence formula.is used to obtain the final values. The analy¬ 

sis used quickly stabilized to a constant convergence ratio whi-.h 

gave highly accurate results. This indicates that there is a possi¬ 

ble analytical solution to solving a simple span thin shell using 9. 

beam type analysis as the particular solution to the some type of 

differential equation and solving a homogeneous part to obtain a com¬ 

plete solution similar to the classical method using the membrane analy 

sis as the particular solution. 

6.10. Application of Method of Successive Approximations to the 
Modified Thin Wall Beam Analysis for Thin Shells: 

In problems of iteration where there is a possibility of 

slow convergence, oscillation about the correct solution or divergence, 

the method of successive approximations has distinct advantages over 

the method of successive corrections. 



First, the method of successive approximations is self¬ 

checking and iteration errors in each trial -will not appear in the 

final solution obtained by normal convergence of the iteration or 

in a final solution obtained by a forced convergence procedure. If 

a solution is obtained by successive corrections, no convenient 

check is possible and when the forced convergence procedure is used 

there is no way to check the validity of the use of this procedure. 

Second, the quantities obtained from each successive step 

in a successive approximations procedure are of the same order of 

magnitude as the correct answer, and this helps in checking the 

accuracy of each step of the calculations as they are made. Also, 

in many cases,-some of the corrective loads and moments used in the 

modified thin wall beam method can be neglected without appreciable 

error in the final results. The decision as to when this can be 

done is more conveniently made when the magnitude of the results of 

each calculation step are in the correct order of numerical magnitude. 

To investigate the possibility of the use of a successive 

approximations procedure instead of the successive corrections pro¬ 

cedure used in the example, the.final values of M^, and ob¬ 

tained were used in a new shell arch analysis and the values of N, 
X 

obtained which resulted from these final values.■ The calculations 

and results of this procedure are shown in Tables EE, FF, GG, and HH. 
i 

Column 209 shows the values obtained by the successive 

corrections solution. Column 211 is the term used to account for 

the angle change due to elongation or in this case the compression 

of the transverse fibers caused by Columns 213 to ' 235 are calcu¬ 

lated by the some procedure as for the successive corrections method 
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shown in Columns 4l through 64 of Tables F through Table J. Column 

236 shows the longitudinal N force corrections which result. When 
X 

these corrections are added to the N forces from the beam analy- 
x,o 

sis as shown in Column 39 of Table F the results shown in Column 237 

of Table HH are the correct solution by successive approximations. 

The N forces have to be added since the longitudinal 
Xj o 

deformations u' caused by these beam analysis forces ■('fere not included 

in the u* deformations calculated by the shell arch analysis. Of 

course, an alternate procedure would be to add the longitudinal de¬ 

formations caused by these forces to those shown in Column 235 of 

Table HH but the results would be the same as just adding the K 
Tip O 

forces as was done in this example. 

Comparing these results with the results of the successive 

corrections method shown in Column 195 of Table BB shows very good 

agreement with differences of only three of four hundred pounds per 

foot generally between the two methods. This agreement, in conjunc¬ 

tion with the close comparison -with results of classical methods of 

analysis, proves that the: method of successive approximations can be 

used instead of the method of successive corrections. This close 

agreement also proves the accuracy of the successive corrections con¬ 

vergence procedure. The proof ,of the accuracy of this procedure 

would have been difficult had the example shell not been solved by 

classical methods in the ASCE Manual^ \ 

( 

\ 
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VII. EXTENSION OF METHOD TO SIMPLY SUPPORTED SHELLS 

WITH VARYING THICKNESS ACROSS CROSS SECTIONAL PROFILE 

7.1. General: 

The modified thin wall beam method can he readily used 

in solving a thin shell with varying thickness across the cross 

sectional profile. The method is especially applicable to shells 

with a symmetrical cross section. Thickened edge shells are very 

widely used in building construction and in the past most designs 

have been made by assuming a constant thickness shell and rule of 

thumb corrections made to the constant thickness analysis. The 

analysis of these types of shells can precede as shown with slight 

modifications to the method. For the development following, the' 

varying thickness shell will be limited to a type' with a symmetri¬ 

cal cross section. . 

7*2. Thin Wall Beam Analysis: 

This analysis can be done in the same manner as for any 

irregular shaped symmetrical cross section beam. The increments 

can be made as small as desired and the distance to the centroid 

measured graphically. The center of gravity, the moment of inertia 

and static moments of the cross section are -computed in 'the usual 

manner and the thin wall beam N and N J forces can be.determined. 
x xp 

7.-3. Initial Shell Arch Analysis: 
1
 - 

The initial arch analysis consists simply of finding all 

the force components and the transverse moment M^. This is simply 

a matter of statics to this point and offers no problems. 
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7*4. Shell Beam Deflection Calculation: 

Here again the shell beam deflection can be calculated 

using the value of I calculated in the first step and applying 

the loads on the structure and the problem is the same as for any 

beam. 

7»5* Initial Shell Arch Deformation Calculations: 

The rotation t caused by moments and all components 

of the arch deformation can be computed by standard numerical methods 

for a varying section arch type beam by using the actual transverse 

moment of inertia of each element. Any degree of accuracy can be 

obtained if the element lengths in the s direction are assumed small 

enough. Thus the deformations can be obtained without any special 

complications for the rotations due to M^. The corrective term to 

the rotations due to shown in Eq. 116 can likewise be. calculated 

by using the actual at each point since the value of actually 

varies directly as h as shown in Equation 89. Likewise the correc¬ 

tive terms to Eq. 121-and 122 caused by the force components can 

be calculated with a varying D^. At this point the procedure for 

the calculation of u' remains. This procedure uses Eq. l8l and again 

the term containing can be computed by assuming a varying D^. 

Actually the value for shown in this term should actually be 

instead of which was used because for a'constant thick¬ 

ness shell. Proceeding, the value of u1 can be computed then with 

reasonable accuracy. 
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J.6. Calculation of Initial Set of Corrections: 

From the u'' values calculated above All values can he 
x 

obtained for the terms resulting from the u* deformation by using 

a varying D as shown in Eq. 186. The second term can be computed 
X 

by using varying values of and in Eq.'s 188, 190, 191 and 

192. The twisting moment increments can be computed using the 

varying values of as shown in Eq. 194. 

7 • 7 • Calculation of the Second Set of Corrections: 

The second set of corrections can be done in the same 

manner as the first set of corrections using the varying values 

of D and K as required in the Equations. 

7.8. Final Solution: 

The final solution is obtained as for a shell with uni¬ 

form thickness. However, each internal unit stress will have to 

be computed by ■using the varying values of D and K as required for 

the corresponding stress. 

7*9* Conclusion: 

The only apparent assumptions that are used with the vary¬ 

ing thickness shell solution outlined above which are not valid if 

small increments are used in the assumption that and 

= M„^. This is not considered to be an obstacle to a more exact 

treatment since expressions for the effect of a varying thickness 

could be developed and used. -Likewise the second order effects on 

the other terms could be incorporated into the other expressions and 

a coarser grid or larger increments 'used. The solution outlined above 
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should, however, give reasonable results much more accurate than 

the present methods used which assume a constant thickness for a 

varying thickness shell. 

V 
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VIII. CONCLUSIONS 

8.1'. Accuracy of the Methods: 

Comparison of the results of the analysis of the simply 

supported thin shell of constant thickness with freely supported 

edges as obtained by the modified thin wall beam method with the 

results from the same thin shell analyzed by classical methods shows 

that the modified thin wall beam analysis very closely approaches 

the classical analysis. The example used is considered to be an 

intermediate length thin shell so the method can be probably con¬ 

sidered to be sufficiently accurate for all long and intermediate 

length shells. It is possible that even short shells could be ana-y 

lyzed by this method but more study must be made concerning this 

application. 

The analysis of thin shells with varying, thickness in the 

cross section cannot be compared with any theory which has been used 

in the past in any known literature but the theoretical approach dis¬ 

cussed appears reasonably correct. 

8.2. Limitations of the Method: 
V 

The first basic limitation of the method is that continuous 

shells cannot be analyzed by this method and be expected to be theo¬ 

retically correct. The second limitation is that extreme arithmetical 

accuracy must be used in many cases so that the calculations will con¬ 

verge. In many cases convergence,may not be even possible but the 

method can be applied by'using the .convergence formula used in this 

thesis on the example. - The procedure is lengthy and requires a great 
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amount of computation time, especially when computed on a calculator 

and an electronic computer is not available. 

8.3* Exploration of Extension of the Method: 

There should be future studies made concerning the use of 

the method for. the types of shells enumerated in Part V of this paper. 

In addition, the method should be developed to take into account 

Poisson’s Ratio. 

A computer program should be worked up using the successive 

approximations method which appears to have more possibilities for 

development than the successive corrections method. The use of the 

successive approximations method has been show to be correct in this 

thesis and so this would be a valid application of the method. 

The method could be possibly extended to folded plates since 

it is very nearly the same type of approach as one folded plate analy¬ 

sis in current usage. 

8.4. Concluding Remarks: 

The modified thin mil beam thin shell analysis appears to 

be an accurate approach to the analysis of shells with unsymmetrical'. 

loads and unsymmetrical cros$ sections. It appears to be a valid 

method to analyze shells with the thickness varying across the shell 

cross sections. Shells with longitudinal or transverse stiffeners 

appear to be within the scope of this method. The method appears to 

be generally applicable for many types of shells and one of the big 

advantages in this type of analysis is the fact that, if the itera¬ 

tion converges, each calculation step made gives an answer that is a 
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closer approximation to the final results. The behavior of the 

thin shell is apparent and a better understanding of the critical 

factors which will be encountered in the selection of reinforcing 

steel and its arrangement is obtained. The modified thin wall beam 

theory analysis can be accomplished by ordinary methods of solving 

indeterminate structures utilizing numerical analysis. This method 

appears to present many new possibilities and should be used to 

augment and supplement the methods now available for the analysis 

of thin shells. 
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TABLE A 

1 2 3 4 5 6 7 8 

Pt. z y p ̂zu Pzd pz N V x,b 
Deg. ft. ft. lbs lbs lbs Lbs/ft 

0 -bO9 
4.79511 -19.92642 10.51138 25.42935 35.94073 34,100 

1/2 -39a° 4.62213 19.71842 
1 -39° 4.45097 -19.50893 
2 -38° 4.11416 -19.08551 21.31350 50.85870 72.17220 ,29,257' 
3 -37° 3.78479 -18.65627 
4 -38° 3.46296 -18.22134 21.88163 50.85870 72.74033 24,626 
5 -35° 3.14878 -17.78087 
6 -3^° 2.84233 -17.33^98 22.42300 5O.8587O 73.28170 20,213 
7 -33° 2.54370 -16.88381 
8 -32° 2.25300■ -16.42750 22.93725 5O.8587O 73-79595 16,022 
9 -31° 1.97030 -15.96618 
10 -30° 1.69570 - -15.50000 23.42350 5O.8587O 74.28220 12,059 
11 -290 1.42928 -15.02910 
12 -28° 1.17111 -14.55362 23.88113 5O.8587O 74.73983 8,328 
13 -27° 0.92129 -14.07371 
14 -26° 0.67987 -13.58951 24.30975 5O.8587O 75.16845 M35 
15 -250 0.44695 -13.10117 
16 -2b° 0.22258 -12.60884 24.70888 50.85870 75.56758 1, 583 
17 -23° 0.00684 -12.11267 
18 -22° -0.20021 -11.61280 25.07775 5O.8587O 75.93645 - 1,424 
19 -21° -0.39850 -11.10941 
20 -20° -0.58798 -10.60262 25.41588 5O.8587O 76.27458 - 4,l8l 
21 -19° -0.76859 -10.09261 
22 -18° -0.94026 - 9.57953 25.72325 5O.8587O 76.27458 - 6,687 
23 -17° -1.10296 - 9.06352 
24 -16° -1-. 25662 - 8.54476 25.99938 5O.8587O 76.85808 - 8,936 
25 -15° -1.40121 - 8.02339 
26 -14° -1.53668 - 7.44958 26.24375 50.85870 77.10245 -10,923 
27 -13° -1.62298 - 6.97348 
28 -12° -1.78009 - 6.44526 26.45613 50.85870 77-31483 -12,659 
29 -11° -1.88795 -'.5.91508 
30 -10° -I.98655 - 5.38309 '26.63613 5O.8587O 77.49483 -14,127 
31 - 9° -2.07585 - 4.84947 
32 - 8° -2.15582 - 4.31437 26.78388 50.85870 77.64258 -15,331 

•33 - 7° -2.22644 - 3.77795 
34 - 6° -2.28769 - 3..24038 26.89900 5O.8587O, 77-75770 -16,269 
35 - 5° -2.33955 - 2.70183 
36 - 4° -2.38260 -2.16245 26.98125 5O.8587O 77.83995 -16,939 
37 - 3° -2.41503 -1.62241 
38 - 2° -2.43863 -1.08188 27.03063 50.85870 77.88933 -17,3^2 
39, - 1° -2.45279 -0.54102 
39-1 -l/2 0 -2.45633 -0.27052 ' 
bo . 0° -2.45751 0.00000 13.52350 25.42935 38.95285 -17,476 
E 498.16055 1017.17400 1515.33455 

t 

102 



TABLE B 

1 

Pt. 

9 
S (s) 
JL_1 

10 

Nx&o 

11 

Az 

5
 

C
V
l
 
^
 

H
 
^

 

*
*

 

13 
N 

Zy US 

14 

Ay 

15 

n 2 ft Lbs/ft2 ft. Lbs/ft 'Lbs/ft ft. Lbs/ft 

0 
1/2 

0.00000 
(253216] 

0.00000 
(18.73786) (-Q34414; -6.44845 

0.00000 
(0^1749) 

0.00000 
7.82287 

1 
2 9.57556 70.85868 -0.66618 -47.20464 

-6.44845 
0.85266 66.41836 

3 
4 17.77205 131.51231 -0.63601 -83.64314 

-53.65309 
0.87540 H5.12588 

5 
6 24.59223 I8I.98I3I -0.60508 -IIOII325 

-137.29623 
0.89706 163.24815 

7 
8 30.10303 222.76097 -0.57340 

/ 

-12773114 
-247.40948 

0.91763 204.41215 
9 
10 34.37301 254.35861 -0.54102 -137.61310 

-375.14062 
0.93708 238.35437 

11 
12 37.47221 277.29254, -0.50799 -l4o86l84 

-512.75372 
0.95539 264.92252 

13 
14 39.47213 292.09186 -0.47434 -138.55085 

-653.61557 
0.97254 284.07102 

15 
16 40.44557 299.29527 -0.44011 -13172284 

-792.16642 
0.98850 295-85337 

17 
18 40.46663 299.45111 -0.40534 -12137951 

-923.88926 
1.00326 300.42732 

19 
20 39.61053 293.11601 -0.37009 -108.47930 

-104526877 
1.01680 298.04036 

21 
22. 37.95357 280^85459 -0.33437 -93?0935 

-1153.74807 
1.02909 289.02465 

23 
24 35.57306 263.23893 -0.29825 -78.51101 

-1247.65742 
1.04013 273.80271 

25 
26 32.54712 240.84712 -0.26177 -63.04655 

-132616843 
1.04991 252.86780 

27 
28 28.95470 214.26338 -0.22497 -4820283 

-1389,21498 
1.05840 226.77636 

29 
30 24.87545 184.07713 -0.18790 -34.58809 

-1437.41781 
1.06561 196.15443 

31 
32 20.38960 150.88206 -0.15059 -2272133 

-147200590 
1.07152 161.67314 

33 
34 15.57786 115.27541 -0.11311 -1303880 

-1494.72723 
1.07612 124.05017 

35 
36 10.52137 77.85763 -0;07548 -5.87669 

-1507.76603 
1.07942 84.04108 

37 
38 5.30155 39.23121 -0.03776 -1.48137 

-151364272 
1.08139 42.42424 

39 
39 (I.32922) 9.83616 (-0.00472) -0.04643 

-151512409 
(0.54102) 5.32156 

40 -1515.17052 

£ 4L515-17052 
i 
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TABLE C 

1 16 17 18 19 20 21 22 

Pt’. N Vo y,bs Az Ay M6,bs 

Lbs/ft ft Lbs. ft. Lbs. libs • LbS. 

0 000000 opoooo 
1/2 -Q50797 -397378 0.63291 4.08129 030751 
1 782287 
2 030751 
3 6824123 -0.65120 -4443869 086417 4636539 192670 

2P3421 4 
5 I83367H -062063 -II38.O3I3 088636 12369389 789076 

952497 . 6 
22451915 7 34661526 -Q58933 -204.27077 090748 2024838 

8 3037335' 
9 551P2741 -055730 -307.08758 092750 34794293 4085535 
10 7IP2870 
11 789.38178 -052459 -41410179 094638 485.25987 7335808 
12 14238678 
13 105430430 -049124 -517^1644 096411 63035731 112.24087 
14 25442765 
15 133837532 -0.45729 -61202565 Q98067 77665384 164.82819 
16 419.25584 
IT 163422869 -042279 -69093555 009604 92023066 229.29511 
18 648.55095 
19 193^65601 -038777 -75020156 1.01018 105390961 305.70805 
20 954.25900 
21 2233P9637 -035228 -786.67519 I.02309 II80388II 393.71292 
22 134797192 
23 2522J.2102 -031636 -79769821 103477 129103847 49334026 
24 184311238 
25 279592373 -028006 -783.02640 104518 1386.08472 60305832 
26 244437050 
27 3048.79153 -024341 -74210635 1.05432 1464.67714 72257079 
28 3166.74129 
29 327556789 -020646 -67327375 106217 1526.78208 850.50833 

401734962 30 
31 347172232 -036927 -587,65844 1.06872 157316215 98550371 
32 

-47933586 
500275333 

33 363339546 -033187 107399 160532210 112618624 
612893957 34 - 

35 3757M563 -0.09431' -35436470 1,07793 162526624 127990154 
7399.84111 36. 

37 384198671 -0.05663 -21754339 1.08057 1635.59691 1418.05352 
38 881789463 
39 388331095 -0.01770 -68.74522 $1136 122931108 1160.56586 
39 -0.00118 -4.58929 027052 409.88393 405.29464 997846049 
4o 3889.23251 10383.75513 
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TABLE D 

1 23 24 25 26 27 28 29 
Pt. N V z,Bq. Ay AMj V M0,bq. •V N . z,b N . 

Lbs/ft ft. Lbs. Lbs. Lbs. Lbs/ft Lbs/ft 

0 
1/2 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39, 
39-k 

0 
35-94073 

108.11293 

180.85326 

254.13496 

327.93091 

402.21311 

476.95294 

552.12139 

627.68897 

703.62542 

779.90000 

856.48195 

933-34003 

101044248 

1087.75731 

116525214 

124289472 

1320.65242 

1398.49237 

147638170 

0.63291 

0.86417 

.0.88636 

0.90743 

0.92750 

0.94638 

0.96411 

0.98067 

0.99604 

1.01018 

I.02309 

1.03477 

1.04518 

1.05432 

1.06217 

1.06872 

1-07399 

1-07793 

1.08057 

0.81136 
O.27052 

-22.74725 

-93-42795 

-I60.3OHO 

-230.60969 

-304.15592 

-380.69644 

,-459.83510 

-541.44888 

-625.20332 

'-710.78833 

-797.90789 

-886.26183 

-975.50833 

-1065.32972 

-1155.38318 

-1245.32827 

-1334-.85650 

-1423.57086 

-1511.16890 

-1197.87706 
-399.39078 

-7.47567 

-3022292 

.-12365087 

-28395197 

-5l4.56l66 

-818JI758 

-119936402 

.1659.19912 

-220064800 

-28258.5132 

-3536^3965 

-4334.5475^ 

-522000937 

-619631770 

-726164742 

-8417.03060 

-966235887 

•1099J2L537 

-1241578623 

-1392695513 

-15124.83219 

0.00000 
-7.47567 

-3011541 

-121.61666 

-274.02700 

-Jl8438831 

-74768888 

-105717724 

-l4o4.77l47 

-178139216 

-217730037 

-258238065 

-2986.57562 

-3379.69719 

-375214720 

-409490613 

-4399.78098 

-4659.60554 

-4868.27580 

-501594512 

-5109.06050 

-5146.3717 

0.00000 

29.49228 

54.45984 . 

4355703 

6.72548 

-4720971 

-11054061 

-176.67263 

-24op4503 

-296.20029 

-34104335 

-37384807 

-39117547 

-3920284c 

-378.7725C 

-349.66050 

-306.75376 

-25103251 

-18711361 

-H515035 

-38.74239 

0.00000 

7.82287 

68.24123 

183.36711 

346.61526 

551.02741 

789.38178 

105430430 

133837532 

163422869 

1934.65601 

2233P9637 

252212102 

279592373 

3048.79153 

3275.56789 

347172232 

3633.39546 

375744563 

384148671 

388391095 

40 1515.33455 1552422297 -5140|;6784 (0.16403) 3889.23251 
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TABLE E 

1 30 31 j 32 33 34 35 
Pt. Cos p -N -.Cos P Sin p -H^Sin i> 

— Lbs/ft. — Lbs/ft. Lbs/ft. Lbs/ft. 

0 0.76604 0.00000 -0.64279 0.00000 0.00000 0 
1/2 
1 
p 

0.77162 
0.77715 -6.07954 

-0.63608 
-0.62932 18.56008 12.48054 

£. 
3, 0.79864 -54.50018 -0.60182 32.77502 -21.72516 

-3 

4 
5 0.81915 -150.20517 -0.57358 24.98344 -125.22173 

-62 

6 
7 O.83867 -290.69582 -0.54464 3.66297 -287.03285 

C
O

 

H
 1 

8 
9 0.85717 -472.32417 -0.51504 -24.31489 -496.63906 

-392 

10 
11. 0.87462 -690.40909 -0.48481 -53.59119 -744.00028 

-621 

12 
13 O.89IOI -939.39567 -0.45399 -80.20761. -1019,60328 

-882 

14 
15 O.90631 -1212.98294 -0.42262 -101.44783 -1314.43077 

-1167 

16 
17 0.92050 -1504.30751 -0.39073 -115.73434 -l620.04l85 

-1467. 

18 
19 0.93358 -I806.I5616 -0.35837 -122.43473 -1928.59089 

-1774 

20 
21 0.94552 -2111.43728 -0.32557 -121.71372 -2233.1510C 

-2081 

22 
23 0.95630 -24n .90433 -0.29237 -114.36797 -2526.2723C 

-2380 

24 
25 0.96593 -2700.66661 -0.25882 -101.67185 -2802.33846 

-2664 

26 
27 0.97437 -2970.65100 -0.22495 -85.20487 -3055.85587 

-2932 

28 
29 O.98163 -3215.39571 -0.19081 -66.71872 -3282.II443 

-3178 

30 
31 O.98769 -3428.98 542 -0;15643 -47.98549 -3476.9709I 

-3390 

32 
33 0.99255 -3606.32666 -0.12187 -30.69083 -3637.01749 

-3560 

34 
35 0.99619 -3743.12976 -0.08716 -16.30882 -3759A3858 

-3700 

36 
37 0.99863 -3836.22387 -0.05234 -6.02697 -3842.25084 

-3810 

38 
39 0.99985 -3883.32836 -0.01745 -0.67605 -3884.00441 

-3870 

39 
40 

0.99996 
1.00000 -3889.23251 

-O.OO873 
-0.00000 0.00000 -3889.23251 

-3887 
-3889 , 
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TABLE F 

1 36 37 38 39 4o 41 42 
Pt. N'j pK,0 Ho MJ t>,0 

N v r\ V%o + . As u U 

Lb/ft2 Lbs/ft Lbs Lbs/ft Lbs Lbs ft 

. 0 0 0 0 35; 193 0 
1/2 23.86 

15.89 

CVJ 
L
T

\ 
• 

cr\ 1 -- 9.52 -0.54105. 
1 
2 90.22 - 3.82 • - 38.34 30,194 mm 38.-34 -1.08210 
3 

167.45 
" 27.66 

4 - 78.9^ •• -154.85 25,415 -0.02 154.83 -1.08210 
5 -159.44 

•• -348.90 6 231.71 -252.10 20,861 -0.07 348.83 -1.08210 
7 -365.46 
8 283.63 -499.11 • -616.74 16,535' '-0.13 6l6.6l -1.08210 
9 

323-86 
-632.34 - 

10 -790.68 -951.99 12,445 -0.21 951.78 ' -1.08210 
11 

353-06 
-947.29 

12 -1123.00 -1346.04 8,594 -0.29 1345.75 -1.08210 
13 -1298.20 v 

14- 371-90 -1485.87 -1788.61 4,990 -0.39 ■ 1788.22 -1.08210 
15 -1673.59 - 

16 381.07 -1867.84 -2268.14 1,634 -0.49 2267.65 -1.08210 
17 -2062.70 
18 381.27 -2258.73 -2772.23 -1,470 -0.59 2771.64 -1.08210 
19 -2455.56 
20 373.21 -2649.61 -3287.99 -4,315 -0.70 3287.29 -1.08210 

' 21 
357.58 

-2843.34 
22 -3030.31 -3802.63 -6,901 -0.80 3801.83 -1.08210 
23 -3216.55 
24 • 335.17 -3391.91 -4303.17 -9,222 -0.89 4302.28 -1.08216 
25 -3568.05 
26 306.66 -3733-14 -4777.38 -11,278' -0.98 4776.40 -1.08210 
27 -3890.84 
28 272.81 ■~4O46.36 -5213.80 -13, O65 -1.06 5212.74 -1.08210 
29 

234.37 
-4178.92 

30 -4316.28 , -5601.98 -14,580 -1.13 5600.85 -1.08210 
31 -4427.02 

-5932.80 
■ 

32 i92.ll -4532.73 -15,822- 11.19 5931.61 -1.08210 
33 -4630.80 
34 146.77 -4710.99 . -6198.48 -16,790 -1.24 6197.24 -1.08210 
35 ' -4786.67 
36 99.13 -4851.04 -6386.50 -17,482 -1.27 6385.23 -1.08210 
37 -4892.11 
38 49.95 -4927.44 -6505.06 -17,898 -1.29 6503.77 -1.08210 
39, -4945.27 
39! 12.52 -4949.08 -18,028 -1.29 6543.76 -0.54105 
4o -4951.93 -6545.05 -18,036 -1.29 6543.76 
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TABLE G 

1 43 44 45 47 48 49 

Pt. 
V° 

IVt p 0 -Kjt Az P 0 K^Am p 0 Vo VoAy 

Lb ft Lb. ft Lb ft2 Lb/ft3 
Lb. ft2 Lb, 'ft2 Lb. ft2 

0 -70,941 24,414 0 24,414 458,006 29,429 
1/2 “5 433,592 . 
1 -70,936 36,003 36,003 , ( .59,651 
2 -4l 397,559 
3 -70,895 46,167 — 46,167 61,265 
4 -168 351,392 
5 -70,727 43,895 .1 . ' 43,896 62,690 
6 -377 307,496 
7 -70,350 41,459 3 41,462 63,841 
8 -667 266,034 
9 -69,683 38,834 5 38,839 64,630 
10 -1030 227,195 
11 -68,653 36,015 7 36,022 64,972 
12 -1456 191,173 
13 -67A97 33,010 10 33,020 : ’ 64,785 
14 -1935 ' 158,153 
15 -65,262 29,844 13 29,857 64,000 
16 

LTN
 

CVJ 
I 128,296 

IT -62,808 26,555 . 17 - 26,572 62,559 
18 -2999 • . 101,724 
19- .-59,809 23,192 20 23,212 60,4l8 
20 -3557 78,512 
21 -56,252 19,816 23- 19,839 57,551 
22 -4ll4 58,673 
23 -52,138 16,494 26 16, 520 53,951 
24 -4655 . 42,153 
25 -47,483 13,298 29 13,327 49,628 
26 -5169 28,826 
27 -42,314. 10,300 32 10,332 44,612 
28 -5641 18,494 
29 -36,673 ' 7,572 35 7,607 38,953 
30 -6061 10,887 
31 -30,612 5,182 37 * 5,219 * 32,716 
32 -6419 . 5,668 
33 - -24,193 3,190 39 ' 3,229 25,983 
34 -6706 2,439 
35 -17,487 , 1,649 4l 1,690 18,850 
36 -6909 749, 
37 -10,578 •- 599 43 • ■ - 642 . 11,430 
38 -7038 107 
39, - 3,540 63 33 96 2,872 
39a -3540 ' -11 11 
40 O' 0 0 0 0 
E 
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TABES H 
 1 

1 
— 

50 51 52 53* 54 
1 

55 56 

Pt. 
DJ5 

K)4 ^no K^no Vo Cos ^ Kfo,oSXni>, 
K^v 

P 0,0 

p
 N1/ 
>c,o 

Lb ft2 Lb ft2 Lb■ft2 Lb ft2 Lb. ft2 2 
Lb. ft Lb ft2 

0 — 29,429 
1/2 965,274 334,568 -613,991 -279,423 151 
1 — 59,651 
2 905,623 313,280 -557,556 -244,276 572 
3 — 61,265 
4 844,358 284,283 -496,305 -212,022 1061 
5 -1 62,689 
6 781,669 254,926 -437,101' -182,175 1469 
7 -2 63,839 
8 

64,627 
717,830 225,610 -380,392 -154,782 1798 

9- -3 
10 653,203 196,758 . -326,602 -129,844 2053 
n -4 64,968 
12 588,235 168,796 -276,159 -107,363 2238 
13 -5 64,780 

i 14 523,455 142,146 -229,467 - 87,321 2358 
l 15 -6 63,994 

16 459,461 117,205 -186,881 - 69,676 2416 
IT -7 62,552. 
18' 396,909 94,316 -148,686 - 54,370 2417 

■ 19 -8 60,410 
1 20 336,499 73,777 -115,089 - 41,312 2366 

21 -8 ' 57,543 
22 

1 278,956 55,802 - 86,203 - 30,401 2267 
23 -8 53,943 
24 225,013 4o, 520 - 62,023 - 21,503 2125 
25 -8 49,620 ' 
26 175,383 27,970 - 42,429 - 14,459 1944 
27 -8 44,6o4 
28 130,779 18,090 - 27,190 - 9,100 1729 
29 -7 38,946 
30 91,833 10,722 -15,947 - 5,225 i486 
31 -6 32,710 
32 59,123 5,613 - 8,228 - 2,615 1218 
33 -5 25,978 
34 33,145 2,426 - 3,465 - 1,039 930 
35 '-4 18,846 • 

36 14,299 747 - 997 250 628 
37 -2 11,428 ~ 

38 2,871 107 ' 100 -7 317 
39, -1 2,871 
39h 
4o 0 0 0 0 0 0 0 
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TABLE I 

1 57 58 59 60 61 62 63 

Pt. K^s “U 
YLA S S 

4*'S -?-As 
Kxn 

p 0 Kft,oSinJ K<5.s. . “U ^ «:• 
A op A 0,0 h A 0,0 A 0,0 A 0,0 

K^C3Sin<: 

Lb; ft2 Lb.ft2 Lb ft2 Lb;'ft2 Lb. ft2 Lb ft3 Lb ft3 

0 0 
1/2 -279,272 -382,023 776,533 120,054 -159,218 -86,145 
i -86,145' 
2 -243,704 -2,525,190 716,882 n6,20i -127,503 -137,971 
3 - -224, n6 
4 -210,931 -4,057,018 655,617 no, 939 -100,022 -108,234 
5 -332,350 
6 -180,706 -4,808,812 592,928 105,543 - 75,163 - 81,334 
7 -413,684 
8 -152,984 -^,983,376 529,089 100,017 - 52,967 - 57,316 
9 -471,000 
10 -127,791 -4,753,190 464,462 94,371 - 33,420 - 36,164 
n -507,164 
12 -105,125 -3,921,412 399,494 88,609 - 16,516 - 17,872 
13 -525,036 
14 - 84,963 -3,629,007 334,714 82,739 - 2,224 - 2,407 
15 -527,443 
16 - 67,260 -2,943,711 270,720 76,768 • 10,508 11,371 
17 -516,072 
18 - 51,953 -2,274,967 208,168 70,704 18,751 20,290 
19 -495,782 
20 - 38,946 -1,669,325 147,758 64,553 25,607' 27,709 
21 -468,073 
22 - 28,134 n, 155,451 90,215 58,-324 30,190 32,669 
23 -435,404 
24 -19,378 - 745,929 36,272 52,024 32,646 35,326 
25 -4oo, 078 
26 -12,515 - 440,769 -13,358 45,661 33,146 35,867 
27 -364,2n 
28 -7,371 - 230,947 -57,962 39,241 31,870 34,487 
29 -329,724 
30 -3,789 -101,991 -96,908 32,775 28,986 31,366 
31 -298,358 
32 -1,402 . - 30,933 -129,618 26,268 24,866 26,907 
33 -271,451 
34 -1C9 -1,837 -155,596 19,729 19,620 21,231 
35 -250,220 
36 378 4,303 -174,442 13,166 13,544 14,656 
37 1 -235,564 
33 310 1,778 -185,870 6,587 6,897 7,463 
39 -228,101 
39 
4o 0 0 -188,741 0 0 0 

2 -38,649,807 -7,379,976 
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TABIE J 

1 64 65 66 67 68 69 70 
Pt. 

X’ A Uo 

AD u* 
X O 

1 x)6, Is "Vo Sin >
 

O
 

O
 

rn
 

4 K^0) Kf'I p 0 

Lb ft3 Lb s/ft3 Lb/ft*  2— Lb ft; Lb ft2 Lb ft2 Lb ft2 

0 368,995 298,904 0 294,401 585,397 879,798 17,821 
1/2 (325,923) (264,014) 76.140 
1 282,850 229,123 142.842 
2 

144,879 
247.934 244,762 555,181 799,943 18,332 

3 H7.359 
4 

36,645 
374.928 206,543 520,416 726,959 18,820 

5 29.684 
6 

-44,689 -36.200 
407.049 171,950 481,323 653,273 19,286 

7 
8 

-82.625 
367.877 140,977 438,222 579,199 19,728 

9 -102,000 
10 

-138,169 
278.469 113,598 391,543 505,141 20,146 

11 -111.924 
12 

-156, o4l -126.401 
157.356 89,750 341,831 431,581 20,540 

13 
14 

-158,448 • -128.351 
20.577 69,330 289,742 359,072 20,909 

15 
16 

-147,077 -119.140 
-118.312 52,183 236,035 288,218 21,252 

17 
18 

-126,787 
-247.233 38,106 181,562 219,668 21,569 

19 -102.704 
20 

-99,078 
-358.369 18,130 127,245 145,375 21,860 

21 - 80.258 
22 

-66,409 
-445.216 26,853 74,057 100,910 22,124 

23 - 53-795 
24 

-31,083 
-503.428 11,619 22,998 34,617 22,362 

25 - 25.179 
26 

4,784 
-530.674 6974 -24,941 -17,967 22,572 

27 3.875 
28 

31.811 
-526.481 3845 -68,773 -64,928 22,755 

29 39,271 
30 

70,637 
-492.058 1891 -107,595 -105,704 22,910 

31 57-220 
32 

97,544 79.016 
-430.140 789 -l4o, 583 -139,794 23,037 

33 
34 

118,775 96.214 
-344.637 255 -167,023 -166,768 23,136 

35 
36 -240,524 .52 -186,334 -186,282 23,206 
37 133,431 108.086 
38 

140,894 
(111.108) (123-564) 3 -198,096 -198,093 23,249 

39 114.131 -62.633 
39 (141,950) (114.987) 

(115.837) 
(-31.643) 
-(0.063) 4o (143,000) 0 -201,088 -201,088 23,263 
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TABLE K 

1 

Pt. 

71 
-A^YMv ) 

72 73 

Q1 

74 

py>i 

75 

PZ;1 

76 

AN x>iq. 

77 
NWq 

Lbs/Ft2 Lb/ft2 Lb/ft2 Lb/ft Lb/ft Lb/ft3 Lb/ft2 

0 -6 0 -6 -117* “139* 0.445 0 
1/2 -1.9 -2.5 0.429 
1 0.413 0.232 
2 -5 0 -5 -3.3 -4.3 0.447 
3 0.351 
4 -5 0 -5 “3-2 -4.4 0.827 
5 0.292 
6 -4 1 -3 -1.8 -2.7 1.143 
7 0.236 
8 -4 2 -2 - 1.1 -1.8 1.398 
9 O.I83 
10 -3 2 -1 

ir\ •
 

O
 l -0.9 1.596 

11 0.133 
12 -3 3 0 0 0 1.740 
13 O.O85 
14 -2 5 3 1.4 2.9 1.832 
15 0.042 
16 ' -2 6 4 1.8 4.0 1.877 
IT 0.001 
18 -2 7 5 2.0 . 5-0 I.878 
19 -0.037 
20 -1 8 7 2.6 ' 7.1 I.838 
21 -0.071 
22 -1 10 9 3.0 9.3 -1.762 
23 -0.102 
24 0 11 11 3.3 11.4 -I.65I 

•25 -0.130 
26 0 12 12 3.1 12.6 -I.5H 
27 -0.154 
28 0 13 13 2.9 13.8 -1.344 : 
29 “0.175 
30 .1 14 15 2.8 16.0 -1.154 
31 “0.193 
32 1 15 16 2.4 17.2 -0.946 
33 -0.207 
34 1 16 17 1.9 18.3 -O.722 
35 -0.217 
36 1 ■ ,18 17 1.3 18.4 -0.487 
37 -0.224 
38 1 17 18 0.7 19.4 -0.245 
39 -0.228 
39h 18 0.1 9.7 -0.228 
ho 1 17 18 -0.228 0 
£ +9.5 

* Torque Edge Loads 
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TABLE L 

1 78 79 80 81 82 83 84 

Pt. IV 2 n Az x&lq NV Ay 
w> iq.J N 

zji q 
N . 

y*iq, 
N , Az 
y, iq 

-N Ay 
iq Mj6,lq 

Lb/ft Lb/ft Lb/ft Lb/ft Lb Lb Lb 

0 0 0 -139.0 -117.0 20.24 28.91 
1/2 . 49.15 
1 -136.5 -115.1 58.47 86.39 
2 -0.3 0.4 190.01 
3 -l4l.l -118.0 76.84 121.93 
4 -0.5 0.7 388.78 
5 -146.0 -120.5 74.79 129.41 
6 -0.7 1.6 592.98 
7 ' -149.4 -121.-3 71.49 135.58 
8 -0.8 1.3 800.05 
9 -151.2 -121.1 67.49 l4o.24 
10 -0.9 1.5 1007.78 
11 -152.1 -120.1 63.00 143.9^ 
12 ! O

 

V
O

 

1.7 1214.72 
13 -150.1 -118.4 58.16 144.71 
14 -0.9 1.8 1417-59 
15 -148.0 -H5.2 52.68 145.14 
16' -0.8 1.9 1615.41 
IT -144.9 -111.5 47.14 144.33 
10 -0.8 1.9 1806.88 
19 -l4o.7 -107.6 41.72 142.13 
20 -0.7 . 1.9 1990.73 
21 -13^.3 -103.1 36.32 137*40 
22 0.6 -1.8 2164.45 
23 -124.4 -101.9 32.24 128.73 
24 0-5 -1.7 2325.42 
25 -112.5 -100.3 28.09 117.58 
26 0.4 -1.6 2471.09 
27 - 99-5 - 98.0 23.85 104.90 
28 0.3 -1.4 2599.84 
29 - 85.4 - 97.3 20.09 90.71 
30 0.2 -1.2 2710.64 
31 - 69.2 -95.7 16.20 73.96 
32 0.1 -1.0, 2800.80 
33 - 51.9 - 94.3 12.44 55.74 
3^ 0.1 -0.8 2868.98 
35 - 33-5 - 93-2 ■ 8.79 36.ll 
36 0.1 -0.5 . 2913.88 
37 - 15.0 - 92.4 '5.23 16.21 
38 0 -0.3 2935.32 
39, 4.4 - 92.0 1.63. - 3-57 
394 - - (14. l) - 91-9 o.ll - 3-81 2933.32 
4o 0 0 2929.68 
E 
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TABLE M 

1 85 86 , 87 88 ,89 90 91 
Pfc. M J . Wx^lsAz N 1 z, Is Vis47 H , y,is N n Az y,ls^ 

Lbs Lbs Lbs/ft Lbs/ft Lbs/ft Lbs/ft Lbs. 

0 0 0 0 0 • 0 0 
1/2 

197-08 
49.27 (-26.21) (+31.58 (-16.04) 

1 
197.08 -165.17 

(-26.21) (+31.58) 
2 

196.97 
211.40 

3 
394.05 

-I65.I7 211.40 -137.66 
4 

196.50 
-238.46 328.21 

5 
-246.30 

-403.63 539.61 -334.90 
6 

195-46 
590.55 365.15 

7 
786.01 

-649-93 904.76 -533-20 
8 

193.60 
-210.94 337.57 

9 
979.61 

-860.87 1242.33 -692.35 
10 

190.74 
-150.66 260.95. 

11 -1011.53 1503.28 -788.61 
12 

186.70 
1170.35 - 79.94 150.34 

13 -1091.47 1653.62 -812.32 
14 

181.32 
1357.05 - 9.76 20.01 

15 
1538.37 

-HOI.23 1673-63 -765.33 
16 

174.50 
52.07 -116.95 

IT 
1712.87 

-1049.16 1556.68 -658.15 
18 

166.17 
100.21 -248.04 

19 
1879.04 132.63 

-948.95 1308.64 -507.45 
20 

156.29.... 
-364.39 

21 „ . -816.32 944.25 -332.64 
22 

144.86 
"2035.33 148.87 -458.17 

23 
2180.19 

-667.45 486.08 -153.78 
24 150.15 -523.63 
25 131.92 -517.30 -37.55 IO.52 
26 

117.56 
23i2.ll 138.91 -557.16 

27 
2429.67 

>378.39 -594.71 144.76 
28 

IOI.89 
118.44 -557.23 

29 
2531.56 92.46 

-259.95 -1151.94 237.83 
30 

85.05 
-524.34 

31 
26l6.6l 

-167.49 -1676.28 283.74 
32 

67.22 
64.77 -460.90 

33 -102.72 -2137.18 281.83 
34 

ka.59 
2683.83 38.98 -370.87 

35 
2732.42 

-63.74 -2508.05 236.53 
36 18.15 -259.63 
37 29.39 

2761.81 
-45.59 -2767.68 156.73 

38 
9*84 

4.66 -133.62 
39 

(0.15) 
-40.93 

(-17.12) 
-2901.30 51-35 

39 
2771.65 

. 3.44 
4o 0 0 -40.78 0 -2918.42 

E -4325.70 

n4 



TABIE N 

1 92 93 94 95 96 ; 97 98 
Pt. -Vs^ M&ls' V 

~N . Cos j6 -N - Si y,ls r z,ls HA1B 
Lis. Lis. Lis. Lls/ft Lbs/ft Lb/ft Lb/ft 

0 0 0 0 0 0 0 0 
1/2 (16.59) 98.42 -19 
1 -24.54 -16.49 -41.03 
2 

142.73 
0.55 387.64 -160 

3 -168.83 -99.40 -268.23 
4 

357.76 
5.62 . 788.45 

O
 

-4- 
-4* I 

5 
28.48 

-442.02 -231.51 “673.53 
6 

589.80 
1212.01 I VO

 
H

 
O

 

7 -758.8O -353.98 -1112.78 
8 

798.46 
85.08 1671.14 -1320 

9 -1064.89 -443.38 -1508.27 
10 191.19 2178.58 -1660 
11 957.29 -1314.80 -490.40 -1805.20 
12 359.87 2744.94 -1910 
13 1052.30 

599.85 3374.49 
“1473-39 -495.52 -1968.91 

14 
1079.94 

-2000 
15 

914.46 
-1516.83 -465.40 -1982.23 

16 
1045.01 

4068.24 -1950 
17 -1432.92 -4C9.94 -1842.86 
18 

958.61 
1301.32 4821.07 -1720 

19 
1752.48 

-1221.72 -340.08 -1561.80 
20 

835.17 
5622.25 -1380 

21 
6454.79 

-893.73 -265.77 -1159.50 
22 

' 690.66 
2255.01 -930 

23 
2791.89 

-464.84 -195.14 -659.98 
24 

540.67 
7297.50 -360 

25 
3343.08 

36.27 -133.89 -97.62 
26 

398.94 
8126.28 225 

27 579.47 - 85.ll 494.36 
28 

276.ll 
3886.78 8916.29 770: 

29 
4400.72 

1130.78 -49.60 1081.19 
30 9642.92 

1655.64 
1340 

31 179-00 
4863.46 

-26.20 1629.44 
32 10,280.87 1870 
33 HO.32 2121.26 -12.52 2108.74 
34 

68.71 
5255.61 10,808.42 2130 

35 
5560.85 

2498.50 - 5.56 2492.94 
36 

49.26 
11,207.15 2620 

37 
5766.84 

2763.89 - 2.39 2761.50 
38 11,463-97 2850 
39 33.21 

5851.40 
2900.48 - 0.71 2899.77 

39 11.03 
40 5865.87 11,567.20 2918.42 - 0 2918.42 2918 
S 10,191.57 (5865.87) 
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TABLE 0 

1 99 100 101 102 • 103 104 105 

Pt. N , cos 6 
y,i 4 

N , sin 6 z,iq. ^ WA M<4,I+KAI 

Lbs/ft Lbs/ft Lbs/ft Lbs/ft Lbs/ft Lbs Lbs 

0 89.63 -89.35 0 0 0 0 0 
1/2 2 -17 - - 98.42 
1 ■ 89.45 -85.90 - 3.55 
2 7 -153 -o.o4 -387.68 
3 94.24 -84.92 9.32 
4 12 -428 -0.11 -788.56 
5 98.71 -83.74 14.97 
6 17 -893 -0.23 -1212.24 
7 101.73 -81.37 20.36 
8 23 -1297 -0.34 -1671.48 
9 103.80 -77.87 25.93 
10 29 -1631 -0.43 .-2179.01 
11 105-04 -73.74 31.30 
12 ■ 34 -1876 -0.49 -2745.43 
13 105.50 -68.14 37.36 
14 39 -1961 -0.51 -3375.00 
15 io4.4l -62.55 41.86 
16 44 -1906 -0.50 -4068.74 
17 102.64 -56.62 46.02 • 
18 49. -1671 -0.44 -4821.51 
19 100.45 -50.42 50.03 
20 52 -1328 -0.35 -5622.60 
21 97.48 -43.72 53.76 
22 57 -873 -0.23 -6455.02 
23 97.45 -36.37 61.08 
24 64 -296 -0.07 -7297.57 
25 96.88 -29.12 67.76 
26 71 296 0.08 -8126.20 
27 95.49 -22.38 73.11 
28 76 846 0.22 -8916.07 
29 95.51 -16.30 79.21 
30 82 1422 . 0.37 -9642.55 
31 94.52 -10.82 '83.70 
32 • 85 1955 0.51 -10,280.36 
33 93.60 - 6.33 87.27 
34 88 2218 O.58 -10,807.84 
35 92.84 - 2.92 89.92 
36 90 2710 ' 0.71 -11,206.44 
37 92.27 - 0.79 91.48 
38 91 2941 0.77 -11,463.20 
39 91.99 -0.08 91.91 
39i -{LI, 540.61) 
4o 91.90 0 91.90 92 3010 0.79 -11,566.41 
2 
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TABLE P 

1 106 107 108 109 110 ill 112 

Pt. As v> KA 
d<4 

K^i 

ft Lb ft Lb ft Lbs/ft Lb. ft3 Lb ft3 Lb/ft2 

0 0 126,482 0 0 0 0 
1/2 -0.54105 53 

-86,092 1 126,429 - 45 -86,092 0 
2 -1.08210 420 
3 126,009 -259 -82,057 2 -82,055 
4 -1.08210 853 
5 125,156 -657 -77,676 5 -77,671 
6 -1.08210 1312 
7 123,844 -1092 -72,985 8 -72,977 
8 -1.08210 1809 
9 122,035 -1482 -68,010 11 -67,999 
10 -1.08210 2358 
11 119,677. -1774 -62,781 14 -62,767 
12 -1.08210 2971 
13 116,706 -1932 -57,331 . 15 -57,316 
14 -1.08210 3652 
15 113,054 -1940 -51,698 15 -51,683 
16 -1.08210 4403 
17 108,651 -1797 -45,937 15 -45,922 
18 -1.08210 5217 • 
19 103,434 -1512 -40,109 12 , -40,097 
20 -1.08210 6o84 
21 97,350 -1106 -34,294 9 -34,285 
22 -1.08210 6985 
23 90,365 -599 -28,588 5 -28,583 
24 -1.08210 7897 
25 82,468 - 30 -23,096 — -23,096 
26 -1.08210 .8793 
27 73,765 567 -17,955 -5 -17,960 
28 -1.08210 9648 
29 64,027 '1160 -13,219 -10 -13,229 
30 -1.08210 10,434 
31 53,593 1713 - 9,072 -15 - 9,087 
32 -1.08210 11,124 
33 42,469 2196 - 5,600 -19 - 5,619 
34 -1.08210 -11,695 
35 30,774 2583 - 2,902 -23 - 2,925 
36 -1.08210 12,126 
37 18,648 2853 - 1,056 -25 - 1,081 
38 -1.08210 12,4O4 
39 6,244 2992 - Ill -26 - 137 
39h -0.54105 ' 6,244 4 -13 - 17 
4o 0 30io__ 0 0 0 
2 126,482 -780,585 
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TABLE Q 
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TABLE R 

1 120 121 122 123 124 125 126 

Ft. KAi 
> 

NMl ‘2%. 
A / 1 

A F> AO,l AT°,1 

JdLsl.. 
h. 

Vl ¥3,1 
Sin 

Lb. 'ft2 Lb/ft2 Lb ft2 Lb ft2 Lb ft5 Lb ft2 Lb ft2 

0 
1/2 

504,4o6 0 . 0 504,406 
(490,000) 

0 -1,376,256 
ei, 349,950; 

-217,817 
(-215,543) 

JL 

2 
o 

436,992 248.38 1575 438,567 4,544,304 -1,259,976 -208,624 
J 

4 
cz 

370,812 375.76 2382 373,194 7,176,946 -1,135,082 -199,178 
2 
6 
7 

318,827 408.19 2588 321,415 8,553,255 -1,024,146 -189,489 
1 
8 
Q 

271,095 369.28 2341 273,436 8,907,038 -911,755 -179,570 
p 
10 
11 

227,666 280.07 1775 229,441 8,534,065 -798,561 -169,431 

12 
13 

188,522 159.10 1009 189,531 7,685,232 -685,293 -159,086 

14 
15 

153,614 22.41 142 153,756 6,567,3^ -572,768 -ll»8,547 

16 
IT 

122,858 -116.43 -738 122,120 5,344,722 -461,894 -137,828 

18 
19 

96,138 -245.35 -1555 94,583 4,141,669 -353,667 -126,947 

20 
21 

73/305 -356.53 -2260 71,045 3,045,170 -249,175 -115,898 

22 
23 

54,182 -446.98 -2833 51,349 2,108,881 -149,574 -104,714 

24 
25 

38,541 -505.08 -3202 35,339 1,360,326 - 56,065 -93,403 

26 
27 

26,121 -532.18 -3374 22,747 801,132 30,129 -81,978 

28 
29 

16,626 -527.82 -3346 13,280 4l6,088 107,900 -70,453 

30 
31 

9,718 -493-21 -3127 6,591 177,415 175,906 -58,843 

32 
33 

5024 -431.09 -2733 2291 50,5^8 233,180 -47,160 

34 
35 

2143 -345.36 -2189 -46 -775 278>789 -35,421 

36 
37 

645 -241.01 -1528 -883 1 -10,053 311,959 -23,638 

38 
39 
39 

-1303 -123.81 ; 
i 

- 785 -2088 1 

(-2560) 

-11,978 332,108 -11,826 

(-2957) 
40 0 0 0 0 0 . 338,863 0 
E -   j. 69,391,353 
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TABLE S 

1 127 128 129 130 131 132 133 

Pt. 
^ -s + 
AU°A 

As 
A °A A <*l 

. 
AU1 ADXu1 Nx& 2s -K^ Sin t> 

K«SC3,1 Sln 

Lb ft2 Lb ft3 Lb ft3 Lb ft3 Lbs/ft3 lbs/ft2 Lb ft2 

0 286,589 
(274,457) 

0 *653,515 (-529,380) 0 -501,817 
1/2 148,495 (-469,00) 
l' 148,495 .505,120 -409,172 

-427,636 2 229,943 248,821 -442.765 
3 397,316 -256,199 -207,534 

-360,043 4 174,016 188,303 -667.338 
5 585,619 .67,896 -54,999 

-726,852 -299,045 6 131,926 142,757 
7 728,376 74,861 60.64l 

-244,718 8 93,856 101,562 -661.232 
9 829,938 176,423 142,911 

-196,902 10 60,010 64,937 
195/51^ 

-506,588 
11 894,875 241,360 

-155,412 12 30,445 32,945 -295.023 
13 ' 927,820 274,303 222,199 

-54.581 14. 5,209 5635 • -119,991 
15 933,457 279,942 226.767 

190.804 16 -15,708 -16,998 -90,311. 
17 916,459 262,944 212,998 
18 -32,364 -35,021 421.289 -64,101 
19 881,438 227,923 184.629 

-46,521 20 -44,853 -48,534 621.076 
21 832,904 179,389 145,314 

-31,438 22 -53,365 -57,746 778.320 
23 775,158 121,643 98,537 

884.950 -20,163 24 -58,064 -62,831 
25 712,327 58,812 47,641 

936.499 26 -59,231 -64,094 
-4,279 

-12,109 
27 648,233 -5,282 

931,869 - 6,673 28 -57,173 -61,867 
29 586,366 -67,149 -54,394 

- 3,276 30 -52,252 -56,542 
-123,691 -100.196 

873,009 
31 529,824 

764.587 - 1,361 32 -44,869 -48,553 
-172,244 -139.526 33 481,271 

613.606 - 435 34 -35,467 -38,379 
-210,623 -170.615 35 442,892 

36 -24,521 -26,534 428.984 - 86 
37 416,358 -237,157 -192.109 
38 -13,914 -15,056 

401,302 -204.305 
221.102 - 5 

39 -252,213 
39 (-5,517) -2,985 

(398,317) 
(-205.700) 

4o 0 0 1 -255,198 (-206.723) 0 0 
£ 
 L 13,070,422 * . 
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TABLE T 

1 134 135 1.36 137 138 139 . _14Q   

Ft. K^iLjCos# W - AK? 

+ 

%i,2 py,2 

• Lb ft2 Lb 'ft2 Lb/ft2 Lbs/ft2 Lbs/ft2 Lb/ft2 Lb/ft2 

0 
1/2 

-1,054,273 -1,556,090 44 10.25 • 0 ■ 10.25 
(9.78) 

*208.74 
- (3.37) 

JL 

2 
o 

-992,875 -1,420,511 45 9.36 -1.00 8.36 5.57 
3 
4 
C 

-918,301 -1,278,344 46 8.43 -2.02 6.4l 4.08 
5 
6 
*7 

-849,056 -1,148,101 47 7-57 -3.11 4.46 2.70 
1 

8 
Q 

-773*212 -1,017,93C 49 6.71 -4.29 2.42 1.39 

10 
n 

-691,574 - 888,476 50 5-86 -5-59 0.27 0.15 

12 
13 

-605,078 - 760,49c 51 5-oi -7.05 -2.04 -l.o4 

14 
15 

-514,800 
/ 

- 634,791 51 4.18 -8.67 -4.49 -2.13 

16 
IT 

-421,961 - 521,272 52 3.38 -10.45 -7.07 -3.11 

18 
19 

-327,914 - 392,015 53 2.58 -12.38 . -9.79 -3.97 

20 
21 

-234,148 - 280,669 54 . 1.85 -14.44 -12.58 -4.66 

22 
23 

-142,253 -173,691 54 1-15 -16.57 -15.42 -5.16 

24 
25 

- 53,893 - 74,056 55 O.50 -18.74 -18.24 -5.44 

26' 
27 

29,234 17,125 56 . -0.11 -20.86 -20.97 -5.49 

28 
29 

105,542 98,869 56 -0.65 -22.89 -23.54 -5.30 

30 
31 

.173,234 169,958 56 -1.12 -24.76 -25.88 -4.86 

32 
33 

230,911 229,550 57 -1.51 -26.39 -24.88 -3-75 

34 
35 

277,262 276,827 57 -1.82 -27.75 -25-93 -2.93 

36 
37 

311,199 311,13.0 57 -2.05 -28.77 -28.06 -2.12 

38 
39 
39 

331*906 331,901 57 -2.19 -29.43 -31.62 

(-31.84) 

-1.19 

-0.15 
4o 338,863 338,865 57. -2.23 -29.69 -31.92 

C 174.70 

*Torque Edge Load 
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TABLE U 

1 l4l 142 143 144 145 146 147 

Pt. 
^Z, 3 

AN 
X,sq. 

N* A 
<1 

N‘ 1 Lz 
XP>*<L 

N 
z,2q. ; 

N 0 
i 1 

Lb/ft Lb/ft3 Lb/ft2 Lb/ft Lb/ft Lb/ft Lb/ft 

0 248.77 -0.445 0 0 0 248.77 208.74 
1/2 4.06 -0.429 Oil -0.1 
1 -0.413 -0.232 252.93 212.01 
2 7.13 -0.447 0.3 -0.4 
3 

5-61 
-0.351 260.36 217.18 

4 -0.827 0.5 -0.7 
5 ' -0.292 266.47 220.56 
6 4.00 -1.143 0.7 -1.0 
7 -0.236 271.17 222.26 
8 2.22 -1.398 0.8 -1.3 
9 -O.I83 274.19 222.35 
10 0.25 -1.596 0.9 -1.5 
11 -0.133 275.34 221.00 
12 -1.95 -1.740 0.9 -1.7 
13 -O.O85 274.29 218.26 
ll+ -4.37. -1.832 0.9 -1.8 
15 

.. -6.99 
-0.042 270.82 214.33 

16 -1.877 0.8 -1.9 
17 

-9.82 
-0.001 264.63 209.32 

18 -1.878 0.8 -1.9 
19 0.037 

-1.838 
255.61 - 203.45 

20 -12.79 0.7 -1.9 
21 

-15.87 
0.071 243.52 196.89 

22 1.762 -0.6 1.8 
23 

-18.97 
0.102 227 .05 193-53 

24 1.651 -0.5 . 1.7 
25 0.130 207.58 189.79 
26 -22.02 1.511 -0.4 1.6 
27 

-24.91 
0.154 I85.I6 185.90 

2 o 1.344 -0.3 1.4 
29 

-27.58 
0.175 159.95 182.00 

■;o 1.154 -0.2 1.2 
31 

-26.66 
0.193 132.17 178.34 

32 0.946 -0.1 1.0 
33 0.207 105.41 175.59 
34 -27.90 0.722 -0.1 0.8 
35 0.217 77-41 173.46 
36 -30.29 . 0.487 -0.1 0.5 
37 0.224 47.02 171.84 
38 -34.19 0.245 0 0.3 
39 

(-17.23) 
0.228 12.83 170.95 

39& 0.228 0 . 0.1 
4o 0.228 0 0 0 - 4.4o 170.90 
L - 9.50 5.1 -3.8 - 4.4o 170.90 
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TABLE V 

1 1148 149 150 151 152 153 154 

Pb. N 0 AZ y> 2q. 
M&2m N 0 z,2s 

Lbs. Lbs. Lbs. Lbs. Lbs. Lbs/ft Lbs/ft 

0 - 36.11 - 51.74 0 0 0 0 
1/2 

-107.69 
- 87.85 • (46.36) 

1 -I60.O8 -351.26 46.36 
2 -355.62 -351-26 294.9.6 
3 -141.43 -225.00 -350.10 341.32 
4 -722.05 -701.36 424.43 
5 -136.89 -236.19 -347.73 765.75 
6 -1095.13 -1049.09 439.80 
7 -130.98 -246.08 -344.08 1205.55 
8 -1472.19 -1393.17 379.15 . 
9 -123.92 -254.31 -339.06 1584.70 
10 

-260.58 
-1850.42 -1732.23 274.07 

n -115.93- -332.50 I858.77 
12 -2226.93 -2064.73 149.87 
13 -107.22 -264.45 -324.25 2008.64 
14 

-265.59 
-2598.60 -2388.98 25.89 

15 - 98.01 -314.10 2034.53 
16 -2962.20 -2703.08 -83.97 
IT - 88.50 -263.58 -301.87 1950.56 
18 -3314.28 -3004.95 -170.77 - 
19 - 78.89 -258.21. -287.37 1779.79 
20 -365I.38 -3292.32 -229.85 
21 - 69.36 -249.14 -270.47 1549-94 
22 

- 61.23 
-3969.88 -3562.79 -260.25 

23 -234.94 -251.06 1289.69 
24 

-216.96 
-4266.05 -3813.85 -263.94. 

25 - 53.15 -229.10 1025.75 
26 

- 45.25 
-4536.16 -4042.95 -245.15 

27 -195.22 -204.94 780.60 
28 -4776.63 -4247.89 -209.64 
29 - 37.58 -169.89 -177.89 570.96 
30 -4984.10 -4425.78 -164.04 
31 - 30.19 -141.25 -148.90 406.92 ' 
32 

- 23.16 
-5155.5^ -4574.68 -115.14 

33 -113.21 • -117.99 291.78 
34 -5291.91 -4692.67 -69.40 
35 - 16.36 -83.44 -85.50 222.38 
36 

-50.81 
-5391.71 -4778.17 -32.37 

37 - 9.73 -51.80 190.01 
38 

-10.41 
-5452.25 -4829-97 -8.34. 

39 - 3.03 -17.35 181.67 
39 fe -•■0.20 - 1.19 -5465.69 (-0.27) 
4o -5467.08 0 . -4847.32 181.4o 
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TABLE W 

1- 155 156 157 158 159 160 161 

Pt. Ny,2s “(Ms “A2 . ~N _ Cos 6 y,2s ^ 

Lbs/ft Lbs/ft Lbs. Lbs. Lbs. Lbs. Lbs/ft 

0 0 0 0 0 0 0 
1/2 (-55.88) 28.39 -17.97 

43.43 1 -55.88 
2 -377.53 10.42 -696 
3 -433*41 282.24 -294.96 346.14 
k -584.19 - 2.30 -1426 
5 -1017.60 631.55 -678.73 833.57 
6 -652.03 —49.4© -2194 

1400.27 7 -I669.63 983.96 -1094.01 
8 -606.77 -159.53 -3025 
9 -2276.40 1268.64 -1469.81 1951.26 / 
10 -474.71 -360.70 -3943 

24o6.l8 11 -275i.il 1443.20 -1759.10 
12 •*281 *86 -676.60 -4968 
13 ' -3032.97 lli89.92 -1936.55 

-6lH 
2702.41 

14 - 53.08 -1123.23 
15 -3086.05 1411.22 -1995.20 2796.92 
16 188.61 -1707.21 -7373 
17 -2897.44 1225.01 -1942.84 2667.09 
18 422.66 -2425*04 -8744 
19 -2474.78 959.65 -1797.91 

-3263.30 
2310.41 

20 • 631.51 -10,207 
21 -1843.27 649.35 -1585.73 1742.85 
22 800.96 -4199.68 -11,732 
23 -1042.31 329.75 -1334.53 996.76 
24 920.46 -5204.46 -13,284. 
25 -121.85 34.13 -1072.09 117.70 
26 983.24 -6242.42 -14,821 
27 861.39 -209.67 -823.02 -839.31 
28 986.29 -7275.il -16,299 
29 1847.68 -381.47 -606.46 -1813.74 
30 930.29 -8263.04 -17,673 
31 2777.97 -470.23. -434.88 -2743.77 
32 819.27 

-474.37 
-9168.15 -18,898 

-3570.44 33 3597-24 -313.37 
34 660.31 -9955.89 -19,940 

-4241.33 35 4257.55 -401.53 -239.71 
-20,767 36 463.05 -10,597.13 

37 4720.60 -267.33 -205.32 
-11,069.78 

-4714.13 
38 239.IO -21,352 
39. 4959.70 -87.79 -147.4o 

-11,304.97 
-4958.96 

39i (30.77) - 5.89 - 49.07 
-21,674 -4990.47 4oz 4990.47 -ll.359.93 

JC 4990.47 8438.72 
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TABLE X 

1 162 163 164 165 166 I67 168 

Pt. “Nzss 2S ■ 
-N 0 

y,so. 
-H 

x Sin x cos j6 x Sin 
Lbs/ft Lbs/ft . Lbs/ft Lbs/ft Lbs/ft Lbs/ft Lbs/ft 

0 
1/2 
1 

0 0 0 ' -159.90 159-91 0 0 

29.24 73 -164.76 159-17 “ 5-59 
2 

205.41 
320 - 11 

3 552 ' “173-45 156.68 -16.77 ■ 
4 

439.22 
992 1 - 22 

5 1273 -180.67 152.84 -27.83 
6 1660 “:33 
7 656.59 2057 -186.40 147.69 -38.71 
8 2430 - 44 
9 816.18 2767 -190.59 141.22 -49-37 
10 3050 - 55 
11 901.15 3307 -193-29 133.49 • -59.80 
12 

3614 
3470 - 65 

13 911.90 -194.47 124.52 “69.95 
14 3650 - 75 
15 859.83 3657 -194.25 114.45 -79.80 
16 

762.14 
3580 -85 

17 3429 -192.67 103.40 -89.27 
18 

637.82 
3200 - 94 

19 2948 -189.94 91.60 -98.34 
20 2600 -103 
21 504.61 2247 -186.16 79.28 -106.88 
22 1810 , -113 
23 377.07 • 1374 -185.07 66.38 -118.69 
24 870 -124 
25 265.116 383 -183.32 53.73 “129.59 
26 

175.60 
-220. -135 

27 -664 -181.14 41.65 “139.49 
28 -1250 -144 
29 108.94 -1704 -178.66 30.52 -II4S.13 
30 -2220 “152. 
31 63.65 -2680 -176.14 20.68 -155.46 
32 -3180 -158 
33 35.56 -3535 -174.28 12.84 -161.44 
34 -3950 -164 
35 19.38 -4222 -172.80 6.75 -166.05 
36 -4475 " .. ' -168 
37 9.95 -4704 -171.60 2.46 -169.14 
38 

-4956 : 
-4880 -170 

39 . 3.17 -170.92 0.22 -170.70 ‘ 
39a 
4o • 0 -4990 -4990 -170.90 0 -170.90 -171 
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TABLE Y 

1 169 170 171 172 173 174 175 
Pt. N«i,= 

AN „ X,2 *'=A. AN , 

Lbs/ft Lbs/ft Lbs/fta Lbs/ft* Lbs/ft13 Lbs/ft Lbs/ft 

0 0 0 -529.825 0 299.3^9 0 0 
1/2 -134.840 264.443 
1 67 -409.585 229.536 0 -45 
2 309 -443.212 
3 535 -207.885 117.710 -4l -300 
4 970 -668.165 
5 1245 - 55,291 29.976 , ~4l -698 
6 1627 -727.995 
7 2018 60.405 - 35-964 -4l -1133 
8 2386 ' -662.630 
9 2718 142.728 - 82.442 -4l -1523 
10 2995 -508.184 -41 -1672 
11 3247 195.381 -Hl.791 -4o -1814 
12 3405 -296.763 
13 35^4 222.114 -126.316 -4o -1972 
14 3575 v - 56.413 
15 3577 226.725 -128.309 -4o -1980 
16 - 3495 188.927 
17 3340 212.997. -119.139 -39 -1836 
18 3106 419.411 
19 2850 184.666 -102.741 -39 -1551 
20 2497 619.238 -39 -1367 
21 2140 145.385 -80.329 -38 -n44 
22 1697 ‘ 780.082 
23 1255 98.639 - - 53.897 -38 - 637 
24 746 886.601 
25 .253, 47.771 - 25.309 -37 -67 
26 -355 938.010. 
27 -803 - 4.125 3-721 -37 530 
28 -1394 933.213 
29 -1852 - 54.219 31.636 ' -36 1124 
30 -2372 874.163 -36 1386 
31 

L
T

\ 
on 

C
O

 
C

V
J 

i -100.003 57.027 -35 1678 
32 -3338 765.533 
33 -3696 -139.319 78.809 “35 2161 
3^ -4114 614.328 
35 -4388 -170.398 95.997 -34 2549 
36 -4643 429.. 471 
37 -4873 -191.885 107.862 -33 2820 
38 -5050 221.347 
39 -5127 -204.077 113.903 -32 2960 
39B 114.759 
4o -5161 -5161 -206.495 0 115.609 2978 
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TABIS Z 

1 176 177 178 179 i | 180 181 I i 162 1 

Pt. N - AZ 
y,is - E

z,ls" M(S,1 

- M^AS 

L*bs • Lbs,. Lbs. Lbs. Lb ft Lb ft Lb ft 

0 0 • 0 0 2123 123,605 
1/2 0 98.42 0 
1 0 0 2123 128,552 
2 0 387.64 0 
3 -20.56 22.65 2123 128,132 
4 

-19.60 - 
2.09 790.54 2.26 

5 23.23' 2121 127,277 
6 

-18.61 
5.72 1217.73 6.19 

7- 23.79 2115 125,959 
8 10.90 1682.04 11.79 
9 -17.60 24.31 2103 124,138 
10 17.61 . 2196.19 19; 06 
11 -16.57 24.80 2084 121,761 
12 25.84 .2770.78 27.96 
13 -15.51 25.27 2056 118,762 
14 

—l4.44 
35.60 3410.09 38.52 

15 25.71 2017 115,071 
16 46.87 ' 4115.11 50.72 
17 -13.35 26.11 1966 110,617 
18 59.63 4880.71 64.53 
19 -12.25 26.48 1901 105,335 
20 73.86 5696.ll 79.92 
21 -11.13 26.82 1821 99,171 
22 89.55 6544.34 96.90 

! 23 - 9.99 27.12 1724 92,089 
24 106.68 7404.18 115.44 
25 — 8.84 27.39 " 1609 84,077 
26 

27.63 
125.23 8251.51 135.51 

27 - 7.69 1473 75,238 
28 

- 6.52 
145.17 9016.46 157.08 

29 27.84 .1316 65,343 
30 166.49 98C9.41 180.16 
31 - 5-35 28.01 1136 54,729 
32 189.15 10,470.02 204.68 
33 - 4-l6 28.15 931 43,400 
34 213.14 11,021.56 230.64 
35 - 2.98 28.25 * 700 31,474 
36 238.41 11,445.56' 257.98 
37 - 1-79 . 28.32 * 442 19,090 
3o 264.94 11,728.91 286.69 
39 -0.56 21.27 ' 155 6,399 
39 —o.o4 7.09 285.65 15^.55 
40 292.70 11,859.90 0 0 

£ -207.54 500.24 
ft   ■ — - 
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TABLE AA 

1 183 184 185 186 187 188 189 

Pt. 
P}0 X . 

r 
l-r A .S .0 J3 . 

Lbs. Lbs. Lbs. — Lbs. Lbs. Lbs. 

0 0 0 0 (1) 0 0 
1/2 
1 
2 
Q 

-9 

-38 388 ■ -696 • 

V, 

-1.79381 -249 101 
J 
4 
5 
6 
7 
8 
Q 

-155 791 -1426 -1.80278 -509 127 

-3^9 ' 1218 -2194 -1.80131 -784 85 

-617 1682 -3025 ' -1.79845 -1080 -15 
y 
10 -952 2196 -3943 -1.79553 -l4o8 -164 -155 
11 
12 -13^6 2771 -4968 -1.79285 -1774 -349 
13 
14 -1789 3410 -6111 -1.79208 -2182 -561 
15 
16 -2268 4115 -7373 -1.79173 -2633 I C

O
 

a\
 

17 
18 -2772 4881 . -8744 -1.79143 -3123 -ioi4 
19 
20 -3288 5696 ' -10,207 -1.79195 -3645 -1237 -1216 
21 
22 -3803 .6544 -11,732 -1.79278 -4190 -1449 
23 
2b -4303 74O4 -13,284 -1.79416 -4744 -1643 
25 
26 -4777 8252 -14,821 -1.79604 -5293 ’ -1818 
27 
28 -5214 9061 -16,299 -1.79880 • -5821 -1974 
29 
30 -5602 9809 -17,673 -1.80171 -6312 -2005 -2077 
31 
32 -5933 10,470 -18,898 -1.80496 -6749 -2212 
33 
34 -6198 11,022 -19,940 -1.80910 .-7121 -2297 
35 
36 -6387 11,446 -20,767 -1.81434 -7379 -2320 
37 
38 -6505 ii,729 -21,352 -1.82044. -7690 -2466 
39, 
39'l 
4o -6545 11,860 -21,674 rl.82748 -7741 -2426 -2297 

£ 36.01173 
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TABLE BB 

1 190 191 192 193 194 195 196 

Pt. N x,o N , x,i N „ x, 2 
r 1-r N 

X 
N 

X 

A.S.C .E . 

Lbs/ft. ’Lbs/ft. Lbs/ft.. - Lbs/ft. Lbs/ft. Lbs/ft. 

0 
1/2 

35,193 116, 590 
102,995 

-206,356 -1.76992 -73,698 78,085.. 77, 000 
\ 

1 
2 

32,667 
30,194 

89,399 -159,525 -1.78441 -56,973 65,093 

3 
4 

27,777 
25,415 

45,846 -80,967 -1.76606 -28,917 44,706 

5 
6 

23,110 
. 20,861 

11,675 -21,535 -1.84453 -7,691 27,094 

7 
8 

18,669 
16,535 

-14,007 23,526 -1.67958 8,402 13,063 

9 
10 

14,46o 
12,445 

-32,109 55,590 -1.73129 19,853 2,204 
-2,032 

11 
12 

10,490 
8,594 

-43,540 76,097 -1.74774 27,177 -5,873 

13 
14 

6,672 
• 4,990 

-49,197 86,519 -1.75862 30,899 -11,626 

15 
16 

' 3,280 
l, 634 

-49,974 88,305 -1.76701 31,440 -15,254 . 

17 
18 

50 
-1,470 

-46,402 • 82,950 -1.78781 29,628 -16,724 

19 
20 

-2,925 
-4,315 

-40,015 71,923 ■-1.79740 25,687 -17,253 
-16,987 

21 
22 

-5,641 
-6,901 

-31,286 56,624 -1.80988 20,223 -16,704 

23' 
24 

-8,095 
-9,222 

-20,992 38,418 -1.83012 13,721 -15,366 

25 
26 

-10,284 
-11,278 

-9,857 18,606 -1.88759 6,645 -13,496 

27 
28 

-12,205 
-13,065 

1,449 -1,607 -1.10904 ■ . -. 574 -11,330 

29 
30 

-13,856 
-14,580 

12,322 -21,117' -1.71376 -7,542 -9,076 
-8,034 

31 
32 

-15,235 
-15,822 

22,211 -38,949 -1.75359 -13,910 -6,934 

33 
34 

-16,340 
-16,790 

30,694 -54,262 -1.76783 -19,379 -5,025 

35 
36 

-17,170 
-17,482 

37,389 -66,366 -1.77501 -23,702 -3,483 

37 
38 

-17,724 
-17,898 

- 42,010 -74,735 -1.77898 -26,691 -2,405 

39i 
39i 

-18,002 44,363 
44,696 

-79,484 -1.79167 -28,387 -2,026 

4o -18,036 45,027 -80,425 -1.78615 -28,723 -1,732 -1,910 

S -38.43799 
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TABLE CC. 

1 197 198 199 200 201 202 203 

Pt. wxj6,s 
r 

1-r Nx/ 
Nx/ • 

A .S .0 • 
Lbs/ft. Lb s/ft. Lbs/ft. - Lbs/ft. Lbs/ft. Lbs/ft. 

0 0 0 0 (1) 0 0 0 
1/2 
1 
2 
Q 

1781 . 4902 -8747 -1.78437 -3124 3559 
D 
b 
c 

3305 7416 -13,186 -1.77805 -4709 6012 
? 
6 
7 
8 
O 

4573 . 8056 -14,367 -1.78339 . -5131 7498 

5597 7288 -13,077 -1.79421 -4670 8215 ' 
y 
10 6392 5527 -10,029 -1.81455 -3582. 8337 8283 
11 
12 6968 3140 -5,857 -1.86528 -2092 8016 
13 
14 7340 442 -1,113 -2.51810 -397 7385 
15 
16 

/ 

7520 -2298 3,729 -1.62272 1332 6554 
17 
18 7524 -4842 8,277 -1.70941 2956 5938 
19, 

20 7365 -7036 12,221 -1.73692 4365 4694 4716 
21 
22 7057 .-8821 15,395 -1.74526 5498 3734 
23 
24 6615 -9968 17,497 -1.75531 6249 2896 
25 
26 6052 -10,503 18,512 -1.76254 6611 2160 
27 
28 5384 -10,417 18,417 -1.76797 6577 1544 
29 
30 4625. -9734 17,252 -1,77234 6161 1052 1112. 
31 
32 3791 -8508 15,108 -1.77574 5396 679 
33 
34 2897 -6815 12,124 -I.77901 4330 412 
35 
36 1956 -4756 8476 -1.78216 3027 227 
37 
38 986 -2443 4368 -1.78796 1560 103 

39i 
39i 
40 0 0 0 . (l) 0 0 0 

S -34.33539 
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TABLE DD 

1 204 205 206 207 208 209 210 

Pt. NfS,o V r !&£ 
i-r 

Ni6 
A .S .C *E • 

Lbs/ft. Lbs/ft. Lbs/ft. - Lbs/ft. Lbs/ft. Lbs/ft. 

0 
1/2 

0 0 0 (i) 0 0 0 

1 
0 

l6 -45 67 -1.48888 24 -5 
cL 

3 
j. 

-28 -300 . 535 -1.78333 191 -137 

5 
f. 

-159 -698 . 1245 -1.78366 445 -412 
U 
7 
8 
9 . 

-365 -1133 2018 -1.78111 721 -777 

-632 -1523 2718 -1.78463 971 -1184 
10 -791 -1672 3015 (-1.8032a 1077 -1386 -1376 
11 
12 . 

-947 -l8l4 3247 -1.78996 ll60 -1601 

13 
14 

-1298 -1972 35^4 -1.79716 1266 -2004 

15 
16 

-1674 -1980 3577 -1.80656 1277 -2377 

IT 
18 

-2063 -1836 3340 -1.81917 1193 -2706 

19 -2456 -1551 2850 -1.83752 1018 . -2989 
20 -2650 -1367 2530 (-1.85076) 904 -3113 -3091 
21 
22 

-2843 -1144 2140 -1.87062 764 -3223 

23 
24 

-3217 -637 1255 -I.97017 448 -3413 • 

25 
26 

-3568 -67 253 -3.77611 90 -3545 

27 
28 

-3891 530 -803 -1.51509 -287 -3648 

29. -4179 1124 -1852 -1.64768 -661 -3716 
30 -4316. 1386 -2320 (-1.67388) -829 -3759 -3746 
31 
32 

-4427 1678 -2835 -1.68951 -1012 -3761 

33 
34 
35 
36 

-4631' 2161 -3696 -I.71031 -1320 -3790 

-4787 2549 -4388 -1.72145 -1567 -3805 

37 
38 

-4892 2820 -4873 -1.72801 -1740 -3812 

39 L 

39a 
-4945 2960 -5127 . -1.73209 -1831 -3816 

40 -4952 2978 -5161 -1.73304 -1843 -3817 -3829 

2 38.76606 
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TABLE EE 

1 209 211 212 213 214 215 216 

Pt. -Ml + JtLR t> ED V V • -IC^t Az 

Lbs/ft. Lbs. Lbs. Lbs. Lb ft. Lbs ft. Lbs ft* 

0 0 0 0 0 0 -25,092 - . 
1/2 -2 - -27 15 
1 -5 -25,107 17,097 
2 -100 -0.03 -101 -101 109 
3 -137 -25,216 16,421 
4 -310 -0.08 -127 -127 137 
5 -412 -25,353 15,735 
6 -590 -0.15 -85 -85 92 
7 -777 -25,445 14,996 
8 -925 -0.24 15 15 -16 
9 -1184 -25,429 14,172 
10 -1386 -0.36 164 164 '• -177 
11 ■ -1601 -25,252 13,247 
12 -i860 -0.48 3^9 3^9 -378 
13 -2004 -24,874 12,219 
14 -2270 . -0.60 561 561 -607 
15 -2377 -24,267 11,097 
16 -2610 -0.69 786 785 -849 
17 -2706 -23,418 9,901 
18 -2870 -0.75 1014 1013 -1096 
19 -2989 -22,322 8)656 
20 -3113 -0.82 1237 1236 -1337 
21 -3223 -20,985 7,393 
22 -3330 -0.87 1449 1448 -1567 
23 . -3M3 -19,418' 6,143 
24 -3490 -0.92 1643 1642 -1777 
25 -3545 -17,641 4,941 
26 -3600 -0.95 1818 1817 -1966 
27 -3 6W -15,675 3,815 
28 -3685 -0.97 1974 1973 -2135 
29 -3716 -13,5^0 2,795 
30 -3759 -0.99 2005 2004 -2169 
31 -3761 -11,371 1,925 
32 -3780 -0.99 2212 2211 -2393 
33 -3790 - 8,978 1,184 
34 -3801 -1.00 2297 2296 -2485 
35 -3805 - 6,493 612 
36 -3808 -1.00 2320 2319 -2509 ' l 

37 -3812 - 3,984 226 
38 -3814 -1.00 2466 2465 -2667 
39 -3816 / - 1,317 25 
39* -3816 -1.00 2436 2435 -1317 
4o -3817 -1.00 2426 2425 0 0 - 

S -25,092 162,60c 
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TABLE FF 

1 217 218 219 220 221 222 223 

Pt. 

V.J 
Am V K^t Ay 

A • Vo 
Lbs. ft** Lbs/ft2 Lbs. ft2 Lbs. ft2 Lbs ft3 Lbs. 'ft3 Lbs ft2 

0 
1/2 
1 

- - • I63,029 0 354,925 

0.03 17,097 21,113 -0.03 21,113 
2 

0.96 16,422 
145,932 333,812 

3 21,791 -0.73 21,790 
4 129,510 312,022 
5 2.97 15,738 • 22,472 -2.08 22,470 
6 

5-74 
113,738 289,552 

7 15,002 23, C91 -3.73 23,087 
8 

14,181 
98,770 266,465 

9 8.93 23,585 -5.37 23, 580 
10 84,589 242,885 
11 12-33 13,259 23,898 -6.83 23,891 
12 71,330 218,994 
13 15.72 12,235 23,981 -8.01 23,973 
14 59,095 195,021 
15 18.97 11,116 

47,979 
23,798 -8.85 23,789 

16 
23,316 

171,232 
17 21.93 9,923 23,325 -9.31 
18 38,056 147,916 
19 24.57 8,681 22,549 -9.43 22,540 
20 29,375 125,376 
21 26.84 7,420 21,470 -9.24 21,46o 
22 

28.74 
21,955 103,916 

23 6,172 20,093 -8.79 20,084 • 
24 . 15,783 83,832 
25 30.15 4,971 18,438 -8.08 18,430 
2 6 10,812 65,402 
27 31.30 3,846 •] 16,526 -7.23 16,519 
28 6,966 48,883 
29 32.12 2,827' l4,382 -6.24 14,375 
30 4,139 

12,147 
34,508 

31 32.71 1,958 12,152 -5.18 
32 2,181 22,361 
33 33.13 1,217 9,642 -4.07 9,638 . 
34 964 12,723 
35 33.38 645 6,999 -2.92 6,996 
36 319 

4,305 -1.76 4,303 
5,727 

37 33.52 260 
38 59 1,424 
39 33.60 59 1,425 -0.59 l,424 - 
39s 
ko 0 0 0 0 0 0 0 

S 354,925 
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TABLE GG 

1 224 225 226 227 228 229 230 

Pt. 
VnoSin ^ K^m Cos ft 

Vo 
Sr, H ,s 

A uo 

K7 S (s)/ L\S 

v 

Lb ft2 Lb ft2 Lb/ft2 Lb 'ft2 Lb ft2 Lb ft5 Lb ft2 

0 -228,142 124,887 -103,255 0 -103,255 0 287,395 
1/2 
1 
2 
O 

-205,515 114,996 -90, 519 1143 

(-99,850) 

-89,376 -926,088 266,282 
3 
4 -183,403 io4,776 -78,627 1931 . -76,696 -1,474,952 244,492 
5 
6 
rr 

-161,915 94,322 -67,593 2408 -65,185 -1,734,654 222,022 
1 
8 
n 

-141,205 83,762 -57,443 2639 -54,804 -1,785,212 198,935 
9 • 
10 -121,443 73,257 -48,186 2678 -45,508 -1,692,671 175,355 
11 
12 -102,811 62,981 -39,830 2575 -37,255 -1,510,641 151,464 
13 
14 -85,491 53,114 -32,377 2372 -30, 005 -1,281,597 127,491 
15 
16 

1 

-69,647 >3,831 -25,816 2105 -23,7H -1,037,739 103,702 
IT 
18 -55,411 35,285 -20,126 1907 -18,219 -797,791 80,386 
19 
20 -42,881 27,603 -15,278 1508 -13,770 -590,217 57,846 
21 
22 -32,112 20,881 -11,231 1199 -10,032 -412,bio 36,386 
23 
24 -23,107 15,172 -7,935 930 -7,005 -269,648 16,302 
25 
26 -15,822 10,491 -5,331 694 -^,637 -163,312 -2,128 
27 
28 -10,163 6,8l4 -3,349 496 -2,853 -89,390 -18,647 
29 
30 -5,992 4,076. -1,916 338 -1,578 -42,476 -33,022 

.31 
32 -3,112 2,160 -952 218 - 734 -16,195 -45,169 
33 
34 -1,330 959 -371 132 -239 -4,029 -54,807 
35 
36 -400 • 318 -82 73 -9 -102 -61,803 . 
37 
38 -50 59 9 33 42 241 -66,106 
39 
■39£ 
40 0 0 0 °. 

(17) 
0 0 -67,530 

s -13,828,1*83 
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TABLE HH 

1 231 232 233 234 235 236 237 

Pt. K^Sin f> u,s + 
A 0 

u,s As 
A 0 A u 0 

K± ». 
A 

N 
X 

N + % 
x,o 

K^3Sin 

Lb ft2 Lb ft2 Lb. ft3 Lb. ft3 Lb ft3 Lbs/ft Lbs/ft 

0 43,407 -59,848 0 135,325 42,695 77,888 
1/2 42,954 (-56,896) -30,783 

.104,542 32,983 65,650 1 -30,783 
2 41,576 -47,800 -51,724 . 

44,44l 3 -82, 507 52,818 16,664 
4 39,693 -37,003 -4o, o4i 

• 4,031 27,141 5 -122,548 12,777 
6 37,762 -27,423 -29,674 

-16,897 13,344 7 -152,222 - 5,325 
8 35,784 -19, 020 -20,582 

2,635 9 -172,804 -37,479 -11,825 
10 33,765 -11,743 -12,707 V

O
 

3
 •
\ 

O
 

ir\ 1 -15,834 -5,344 11 -185,511 
12 31,703 -■5,552 -6,009 

-56,195 13 -191,520 -17,729 -11,057 
14 29,603 -402 -435 

-17,867 -14,587 15 -191,955 -56,630 
16 27,467 3,756 4,064 

-16,534 17 -187,891 -52,566 -16,584 
18 25,297 7,078 7,659 

-14,168 19 -180,232 -44,907 -17,093 
20 23,097 9,327 10,093 

-10,984 -16,625 21 -170,139 -34,814 
22 20,686 10,654 11,529 

-7,346 -15,441 23 -158,610 -23,285 
24 18,613 11,608 12,561 

-13,668 25 -146,049 -10,724 -3,384 
26 16,337 1.1,700 12,661 

6ll -11,594 27 -133,388 1,937 
28 14,040 11,187 12,105 
29 -121,283 14,042 4,430 -9,426 
30 11,727 10,149 10,982 

25,024 7,895 -7,340 31 -110,301 
32 9,398 8,664 9,375 

-100,926 34,399 10,853 33 -5,757 
34 7,059 6,820 7,380 

41,779 13,181 -3,989 35 -93,546 
36 4,711 4,702 5,088 - 

37 -88,458 46,867 14,786 -2,938 
38 2,357 2,399 2,596 

49,463 15,605 39 -85,862 -2,397 
394 590 (607) 328 

(-85,534) 49,791 15,708 -2,328 4oa 0 0 0 

2 -2,706,535 
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FIGURE 1 (a) BEAM FORCES 

FIGURE 1 (b) ARCH FORCES 
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Is infinitely rigid using following formula: 

P0 
= KsYo ,<f 

• Where: Ks = Modulus of Sub-grade Reaction 

STEP B: Calculate shears and moments from loads and reactions of Step A, 

STEP C: Calculate deflections y^ from moments and shears of Step B, 

ITERATION: Repeat Steps A, B, and C for corrected reactions with the 
new reactions based on p^ = Ksy and loads q until difference 
in successive calculated deflections becomes, negligible. 

First Corrected Deflection y^ 

y< = f( MQ,V0) where M and V0 = moments and shears calculated from 
Step B. 

FIGURE 3 BEAM ON ELASTIC FOUNDATION ANALOGY 



FIGURE 4 ILLUSTRATION OF FOURIER SERIES LOADING ASSUMPTION 
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Point M = Shear Center 

FIGURE 7 THIN WALL BEAM SHEAR CENTER 
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qz or qy 

-{H>- ->-fr -y>-^ ->-> -0-> 

EQUATION 44 EQUATION 45 EQUATION 46 

VERTICAL 
BENDING 

HORIZONTAL 
BENDING 

TORSION 

Bending Load = q 
Vertical Shear - Q 
Bending Moment = M5 
Mom. of Inertia = Ivy 
Static Moment =Sy(s) 
Deflection = Z 

a. Qz — *-My 

Bending Lead =* qy 

Horiz. Shear = Qy 
Bending Moment - Mz 

Mom. of Inertia =IZZ 

Static Moment=Sz(s) 
Deflection = Y 

a.• Qy - -Mz 

Twisting Load = rry 
Torque = Mj 
Warping Moment = M^ 
Warping Resist.- Iyf 
Static Moment=S^(s) 
Rotation Angle = 'Y 

t 
a. Mf = M^ 

jb. “ My b. qy. =.Qy = Mz 

■ _ i ii 
b. my - M^. = M^ 

C. My = “ElyyZ" c. Mz = -EIZZY" c. M = -EI^' • 

My 
d. Nx = -JLzh 

yy 

| Qz 

se- % = — Sy(s) 

yy 

Mz 

d. yh 
' 

xzz 

Qy e. N = S (s) 
x<p Izz ^ 

Me 

<f- «x - 

Mj. 
e. NVA =  S€(s) 

X* 1^ ? 

s 1 

FIGURE 8 BENDING AND TORSION ANALOGY 



Notes A|| edge loads shown 
are function of x 

(a.) Edge Loads 

FIGURE 9 THIN WALL BEAM DEFORMATIONS 
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FIGURE 14 DISPLACEMENTS OF SHELL ARCH 
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FIGURE 15 ADDITIONAL SHELL ARCH CORRECTIONS 
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Trial 1 
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Trial 2 | Trial 3 

M  P~ 

DERIVIATION OF CONVERGENCE FORMULA 

In the figure shown above, the following values are defined below: 

N =' True Solution to the Problem NQ = Beam Analysis Solution 

N^ - First Correction to Beam Analysis Solution using assumptions which 
are djfferent than those for the successive corrections following. 

N2 = Second Correction to solution which is the first correction with 
assumptions consistent with those of the following corrections. 

N3, N4,—   Nn = Successive Corrections following N2 

A-j = NQ ,+ N-j = Initially Assumed Value to use in iteration following. 

A^ = Aj + N2 = Corrected Solution found with N2 based on N^ 

A^ = A2 + N3 = Corrected Solution found with N3 based on N2 

Assume in each iteration: .Error .in computed value = Constant = r 
Error in assumed value 

- N A, - N A9 - A3 -N3 N3 
r - —  - —  = — = —- = — = Rate of Convergence 

Af - N A2 - N A1 - A2 _N2 N2 

w 
A3 - rA2 _ A3 + A?(1-r) - Ag _ A | A3 - Ag 

1-r 1-r 2 f-r 

But A2 = A.j + NQ = Ng + N^ + N2,' and A3 - A2 — N3 

Therefore: N = NQ + N-| + N2 + • —and when r = -JlS. 
‘“r N N1 

The formula becomes: N = Nn + N., + —2— 
0 1 1-r 

FIGURE 19 DERIVIATION OF CONVERGENCE FORMULA 
CTClHBUHi immmmrnm—mmmmmmmmamm———mmmmwmmmmmmmmmmmmmm————mmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmm—   ’    — « mi i J.IIHIW.IWIM ■■ 
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DIRECTION AS SHOWN IN TABLE BB OF CALCULATIONS 
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FIGURE 21. DISTRIBUTION OF (NX(j) AT THE SUPPORTS OF A SIMPLY 

SUPPORTED SHELL WITH FREE EDGES IN LONGITUDINAL 

DIRECTION AS SHOWN IN TABLE CC OF CALCULATIONS 
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FIGURE 22* DISTRIBUTION OF llL) AT THE MIDSPAN OF A SIMPLY 
SUPPORTED SHELL WITH FREE EDGES IN LONGITUDINAL 

DIRECTION AS SHOWN IN TABLE AA OF CALCULATIONS 
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FIGURE 23v DISTRIBUTION OF (NJ,) AT THE MIDSPAN OF A SIMPLY 

SUPPORTED SHELL WITH FREE EDGES IN LONGITUDINAL 

DIRECTION AS SHOWN IN TABLE DD OF CALCULATIONS 
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