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ABOTACts 

A nov criterion for the optimum transient response 

of linear systems {in particular regulating systems) is 

discussed and investigated * She criterion is evaluated 

analytically fop systems of the second and third order# 

Auxiliary apparatuses pbloh trere needed for experi¬ 

mental testing of the criterion are discussed and evalu¬ 

ated# S?he investigation concludes of the unsuitability 

of the criterion and its poor merits# 
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BiTKODUCTlOM 

The title of this Investigation suggests rather a 

limited scope of application of a criterion for the opti¬ 

mum transient response# However, it should be realised 

that although this investigation will deal with servomecha¬ 

nisms and regulating systems the result may be applied to 

any transmission system characterised by an analogous dif¬ 

ferential equation (or transfer function)* 

In the design of servomechanism systems, after all 

specifications as to the performance and stability of a 

system had been met, there always remains one important 

question to be answered, namely, “Has an optimum system 

been attained?” The term “optimum system” should he re¬ 

garded with reserve, since a system can yield optimum per¬ 

formance only with respect to some parameters and under 

certain conditions. In this investigation a criterion for 

the optimum transient response of servomechanism systems 

will he sought. Mainly systems of the follower (or dupli¬ 

cator) type will be dealt with, Uhe requirements of such 

systems are quite stringent end very broadly speaking the 

systems should have a fast response (small rise time) and 

ideally no overshoots (or at the most a very small percen¬ 

tage overshoot). However, these two very general require¬ 

ments are incompatible. An attempt to increase the speed 

of response will be accompanied by an increase in the per¬ 

centage overshoot and vice versa. 
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The subject has been dealt with quite exhaustively in 

the technical literature from various points of view and 
1 

several criteria have been developed,4* However, in this 

project it is proposed to Investigate a criterion of the 

forms oo 

0 

Where: 

£, s the base of the Natural logarithm 

ck » a parameter 

e(t) = the error signal 

The criterion trill be referred to as the I.W.S.E, criterion 

(Integral of the Weighted Squared Error). 

The above definite integral trill be a function of the 

parameter and the system parameters, It Is proposed 

to tales the minimum value of this integral for a given 

as the criterion for optimum transient response of given 

system, 

No known criterion can be so absolute as to apply to 

all systems and under any circumstances, but It can provide 

a yardstick of regulating Systems belonging to the same 

class * Therefore it is proposed to 'investigate the class 

of systems bplonging to the so called followers (or dupli¬ 

cators) class, which have at least a aero steady-3tate dio- 

1) Superscripts refer to reference number in the bibliography. 
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placement error when subjected to a step function input# 

This, it is felt, will cover a considerable rang© in prac¬ 

tical types of system# 

The advantages of this type of criterion over others 

already available ares 

(1) The existence of an exact analytical method for 

the evaluation of the criterion integral# 

(2) The inclusion of a parameter oi , renders a cer¬ 

tain flexibility in selecting eventually the best criterion# 

Also for certain values of the parameter comparison is pos¬ 

sible with other available criteria* For example, if 

oL -► o© the criterion is reduced to th© well known In¬ 

tegral of the Square of the Error criterion (l.S«B#)# On 

the other hand for very small values of ©< the criterion 

approaches to the criterion 

o® 

0 

(3) The criterion ’’penalises" systems for large errors 

more than for small ones by the presence of the term e2(t) 

in the integral# The presence of the weighting function 

(1- e~2 ** *) ’’makes" the criterion cognisant of the fact 

that the Initial errors are Inevitable# On the other hand 

later errors are more pronounced and are weighted with an 

Increasing weight function as time elapses. Expressed 
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differently, the criterion "attaches" great importance to 

later errors and none to initial ones* 

Ideally* a criterion should have three basic attributes* 

(1) Reliability 

(2) Ready applicability 

(3) Selectivity (i.e. the ability to select 

only one set of system parameters dis¬ 

tinctively) . 

Of the above mentioned three, (1) and (3) are actually the 

core of the proposed investigation and as for (2) It can 

he said that it Is as easy to apply experimentally as any 

other criterion* 

Although an analytical treatment will be given to some 

systems, such a treatment becomes quite lengthy as the order 

of the system is increased end therefore most of the investi¬ 

gation will he carried out using analog computer techniques* 
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THE SBCOHD-QRDBR SYSTEM 

Consider the following linear positioning system* 

which schematically may appear as in the diagram below* 

Amplifier Motor 

K(s) E(s) 

E(s) is the Laplace Transform of the error signal * 

R(s)-C{s)* 

This system is defined by the differential equation 

J ■+ B +• Kb(t) « Kr(t) 
dt2 dt 

Using the normalising procedure (see appendix I) the 

following transfer function of the system is obtained, 

c(p) B_ 1  

a?(p) P2 ' + ap + 1 

Prom stability consideration the parameter “a" is always 

positive* 

This system is chosen first* since it is the simplest 

and many systems can be approximated by it* The second or¬ 

der system also has a aero steady state displacement error 

to a unit step input. This can be proven by the final value 
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theorem as follows 

o(p) 

®(.p) 

* p2 *t* ap 

p(p2+- ap + 1) 

Ilia e(t) s Ilia pe(p) 

t —^(7o {>-* o 

Thus 

11m e(t) = 0 

t —v 

Evaluating the criterion integral by the method of 

Appendix 111 the following expression is obtained 

^ 3(lfa2} a^l'l+a2) ^/2{2 +• a2-/- a3)-a/2 
*0 «     :     —* —   — ~ 

a(2 d. + a) ( o( 2 + a -f* 1) 

It can be seen that even for a simple system of the 

second order the expression obtained is rather cumbersome, 

The integral was evaluated with the aid of a digital 

computer and the results tabulated in Appendix IV for values 

p(p2 •+■ ap -t- 1) 

= Hv) - o(p) 
p p(p2 ap + 1) 
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of Hau from 0*1 through 4*0 and values o£oi from 0*5 
iZ ^y* 

through 10 in steps as indicated* 

For values of the parameter ® 0*5? the minimum of 

the criterion integral has been found to occur at a = 1*1 

Minima at a » 1,1 were also located at values of of « 5*0, 

5*5* 4*0, 4*5* 5*0* For all values of 10.0 the minima 

of the criterion integral were found to be at a = 1.0 

For values of 1.0 5.0, the minima were found to be 

at a « 1.2* In the range ofo^*s for which investigation 

was carried out no minimum of the minima could be obtained. 

However, the indication is in the direction of smaller^, 

She value a = 1.1 can be selected as an average optimum 

parameter for the system considered. Shis value of the 

parameter a corresponds to a relative damping coefficient 

of 0*55# which is not an obviously undesirable value* 

It seems, that at least for this transfer function 

the selection of the system parameter "a” was insensitive 

to variations of oL * 

She criterion integral can be split into two intergrals 
oo o«* 

XQ = f es(t)dt 

where 0 

X1 a j e2(t)dt 

o 

x)Detailed computations are available in the copy 

of the Electrical Department only. 

e~2‘’^:e2(t)dt = ix - l2 

6o 
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end c° 

I* a © 
*2©< t 

e2(t)dt 

L/ 
0 

In terms of system parameters, ms evaluated and found 

to he 

1 1 
1 + a2 

2a 

and 

I 
2 

( d. 2 +* a •+* l) a + a + 1 

2(2d + a)( ol2 t a<^ + 1) 

1 a2 V ^2 -     f — — : 

(2^^" a) ( a + 1} 

Differentiating 2^ with respect to a, the following is oh 

tained 

d^ 4a9 - (If aS)2 

da 4&2 
» r 

; 2a
2 - 2. , . a2 r 1 

4a2 ;. : 2a2 

For a maximum or a minimum 

a -t- 1 



The negative root is inadmissible from stability consi¬ 

deration. 

It can be seen that considering only the result 

obtained for the minimum of the integral for values of 

10,0 is the same as if the total integral would 

have been considered, Furthermore I1 is the integral 

obtained when the I,S,3. (Integral of the Squared Error) 

criterion is evaluated. 
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THE THIRD-ORDER STOI 

By the same procedure as for the second-order system 

the expression for the criterion integral was obtained for 

the closed loop transfer function of the forms 

0{p) 1 
» - , , ,   

n(p) (p3 + ' ap2 V bp -t- 1) 

The result was found to he: 

where 

Me 8<^ 4- 16a ^ -f- I0(b +• a2) oL ^-#- 

-+■ (5 ■+• 116b-#- 2a3)<?( 2 -f- (J|a 2b2 -#- Sa2!?)^ 

*+■ (a2 * b -t- ah2) 
t 

mid S s l6o(^+ 32a«( 5 +• ao(b + a2) o4 ^ -f (28ab + 4a3-+- 

+■ 14) ot 3 _p s(3a2b 4- 17&-K 2b2) o( 2 

(2h 4- 4a2 4- 2a^2)^ 4- (2ab - 1) 
* 

i , ' ‘ * , * ; * ; 

(From Eurwlts-Houth stability Criterion ab - 1 > 0) 

For values of 
• ‘r 

V-»l«25i 1*50, 1*75 2*00, 

2 #145, 2^150, 2*155 

and for values of 
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oi « 04^ 1,0, 10.0, 100.0, 
1000,0, 10000,0, 

the criterion Integral vas evaluated for values of W « 

0,1 through 2,5 In steps of 0,1, The results are tabulated 

in Appendix IV, with a summarising table of the location of 

the minima on pages 12-17 , 
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THE Dm OP THE CRITERION INTEGRAL FOR A THIRD-ORDER SYSTEM 

cL as 0.1 

b»l,25 • 
Min. at 

bsI»5 
Min, at 

b»l«75 
Min, at 

b»2.0 
Min. at 

bs2.l45 
Min, at 

b«2.15 
Min, at 

b»2,155 
Min. at 

a « 2,0 Ie«0.70955 

a a 1.9 1^0,518196 

a & 1,8 Ie~0,43462 

a » 1,8 IeaO,4031323 

a a i,8 i©*o,398869 

a a 1,8 IQaO.398858 

a » 1.8 1©“0,398856 



•*3-3* 

bal.25 
Min* at a » 1*75 

. Min.at 

b*l>75 
Min* at 

a * 2*3 

a- a l*g ■ 

t»s2«0 
Min', at a « 1,0 

b»g,i45 
Min# at a. # 0-#9 

bag.15 
•Min.-at a » 0,9 

bag.155 
Min* at a = 0.9 

Ieal,455285^ 

l@al#l8802030 ♦ # *» 

2e?rl ,0782^3^0 

1Q«1.04978350 

2^*05802340 

20*1.05842070 

2esi *05881860 



a « 1.6 Ie*l.8550115 
b»l.«25 

Min. at 

b»l«50 
Min. at a » 1*3 IQ=1.5894852 

b«2.00 
Min. at a ** l.o IG=1,4500118 

b»2.l4s 
Min# at a-a 0.9 ' Ie=l.'4577619 

b=2.15 * 

Min, at a * 0.9 l0si.4581669 
b«2,155 
M&n. at a *5 0*9 Ie»l.4585924 
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oi n 100*0 

bsl,S5 
Mint a = 1.6 X©«1*90000 

b»l*5G 
Hill, Et ft « 1.35 IeRl*6345 

b«2*00 
Min, at H ^ 1|0 X©«1•4950 

b=2„l45 
Min* at & ® 0t9 I©«1*502T 

b*2,15 
Min, at ©

 
it
 

O
 

-*
 VD
 

I0«1*5O31 

b»2*155 
Min, at a a 0*9 l0sl*5O35 
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oL u 1000*0 

b^lfiSS 
Min* at a « 1*6 

b»l.«50 
Min. at a: 1,3 

b«a,00 
Min. at a • 1.0 

b«2.1fr5 
Min* at a « 0*9 

b=2«15 
Min, at as 0.9 

bsg.155 
Min. at a s 0.9 

Ie*l*9045 

1^1,6389 

Ie=l,4995 

Ie=l,50725 

^©-1*50765 

10*1,50808 
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o4 * imm 

b*augft 
MiB* at a a 1*6 

fogjUBO 
H2n# at as 1,3 

b«l»75 
MSiu at a * 1*1 

tr*2.QQ 

MMP at a •* 1*0 
b*s.M& 
!to# at a « 0*9 

£&*]£* 
at a « 0*9 

• b*g«iss 
.■I2.il • at a s 0*9 

10®1*90^095 

Ia#l*63^ 

ZQ»1,92900 

lo®l*^9999 

3Eo»l*B077 

%?X*9Q8l 

V?X*9089 
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For the third-order system the minimum of the minima 

for the selection of the system parameters were chosen. 

For oL « 0*1 it can he seen from the summary table 

that at least in the range investigated no least value of 

the minima could be located, hut at least one can say that 

values for a « 1,8 b » 2,1*55 indicated. 

For all other values of oi. investigated the values 

b « 2,0 a » 1*0 were found to be the minimum value sought, 

Graham and Lathrop3* in their investigation of the 

I,T,A,E, criterion obtained the values a « 1,75 b * 2.15 

for the third-order system. 3?he transient response ob¬ 

tained vith these parameters is an excellent compromise 

between rise time and overshoots. Bearing this in mind and 

taking ab - 1 > 0 as a qualitative yardstick it can in¬ 

tuitively be suspected that the 2,tf,S,E. criterion selects 

a rather more oscillatory system than that selected by the 

I.T.A.E. However, this will have to be investigated more 

fully. 

Adopting the same procedure as for the second-order 

system the total integral XG is split into its two compon¬ 

ents h* which is independent of ^ , and Ig, which is de¬ 

pendent upon . Attention will be paid now only to 1^, 

which is given by: 



-19- 

I 8 b(ab-l) 
1 2(ab-l) 

D^ a (fib-2) 

^ a 2 (ab-l)2 

For a minimum a (ab -2) » 0$ <X •£ O 

so that (ab - 2) » Oj or ab»2 

25L. =   
'Db ^(ab - X)2 

For minimum 2a^b2 - tab - 2a^ -t 2 s 0 

Since ab a 2 from above 

fi3 s l; a»l 

Again it can be seen that the results obtained for the third- 

order system for all values of oL "> 1 are those which 

would have been obtained by the X,S,E* criterion* 
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3B3CB1FTIOH OF APPARATUS 

a) . The Analog Computer 

As ms stated in the introduction to this investiga¬ 

tion, most of the analysis trill toe performed using an analog 

computer. 

Fig. 1 (page 22) depicts schematically the general 

arrangement employed. 

The analog computer, which was constructed at the Elec¬ 

trical Department, The Eieo Institute, Houston, Texas, em¬ 

ploys 30 Operational Amplifiers, 10 of which are Chopper- 

Stabilised Integrators, 10 Summer Amplifiers, and 10 

amplifiers installed in a special purpose chassis for func¬ 

tion generators and simulation of non-linear devices. Fifty 

precision potentiometers are available out of which only 5 

are dial calibrated to 0*1$ linearity. Ten potentiometers 

are used for sotting the initial condition on the integra¬ 

tors. The others can toe used for coefficient setting to 

a very high degree of accuracy toy means of comparison with 

a single high precision ,!Dokapotu voltage divider under 

load conditions, A very flexible and convenient intercon¬ 

necting scheme is provided, allowing ample permutation in 

communication between components. By means of a switch 

every integrator can be converted into a Chopper-Stabilised 

Summing Amplifier* 

The Operational Amplifiers used are the K2X units 
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manufactured by George A. Phillbrlck Inc., Boston, Mass, 

She Integrators are stabilised with the K2P Chopper Stabi¬ 

lizing Amplifier units. 

The power supplies for the analog computer are regu¬ 

lated to within 0*1$. 

An overload protection circuit is incorporated which 

will hold computation at the last value attained. The 

voltage can be relaxed when the overload condition is 

"recognized" and computation will proceed from the point 

at which it was interrupted. The condition of overload 

is transmitted to the operator by weans of a light indi¬ 

cator on the central control panel. 

The analog computer was designed, engineered and its 

construction supervised by Br. Paul E. Pfeiffer of the 

Electrical Engineering Department, The Klee Institute, . 

Houston, Texas, 

In the analysis only the normal response to the input 

excitation will be studied. By normal response it is meant 

that the systems under investigation are at rest initially, 

so that no initial condition settings will be required 

anywhere along the flow of information. Evidently this 

facilitates the investigation and reduces the time for 
.■ 
v3 

computer set up. Furthermore, since only a minimum value 

of the integral criterion is being sought, the knowledge 

of the absolute value of the minima Is of no interest, 



2.2 

F Lii 1. 
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b). The Multipliers 

The experimental part of this investigation is rather 

routine in nature* consisting mainly of analog computer set-¬ 

ups . Consequently, the author deemed it of prime importance 

to construct either an original or a tested multiplier 

unit* 

Two multipliers tiers needed, one to perform e(l) 2(t) and 

another one to mechanise the product (l~ ^)e2(t). 

Various schemes for multipliers exist, but their com¬ 

plexities do not always result in a high degree of accuracy* 

The object in this investigation was to. develope a simple, 

inexpensive multiplier unit having a tolerable accuracy* 

Four schemes were investigated end trill be described sub¬ 

sequently* 

(l) Servo-multiplier 

Figure 2 (page 25) shows the schematic diagram of 

a servo-multiplier by means of which it was hoped to mecha¬ 

nise the function (l- £.~2o< 

The servo -modulator (M&102) and the A.C* servo-ampli¬ 

fier (SAlOtH) are modular units manufactured by Servo¬ 

mechanisms Inc * (for specification see Appendix IV)* The 

type MA102 is an electro-mechanical modulator designed es¬ 

sentially for servo systems wherein a B»0* 'error signal is 

to be converted into a too e .p*s« carrier voltage • The 
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modulator is equipped for two inputs * The output of the 

Modulator is a 4oo c*p.s. _A*C. signal whose Magnitude is 

proportional to the difference between the two inputs and 

whose phase indicates the polarity of the difference, 

Hype SA104H is a miniaturised, hermetically sealed 

plug-in^ electronic amplifier designed to control a 400 

c*p*s, 2-phas© motor, The motor used was a Kearfott 

2-phaso seryo. motor-generator type H8p 1-1, 

By means of varying the effective damping of tho 

servo loop, which can be achieved by increasing the exci¬ 

tation on the tachometer generator and also by Increasing 

the rate signal feedback, different, exponents of the func¬ 

tion (i - r2 * t) can be obtained# However., investiga¬ 

tion of this multiplier proved that the range of variation 

of o( is small and unsuitable for this investigation* 
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(2) The Coincidence Multiplier 

The Coincidence Multiplies? makes use of a probability 

lan (see Ref. 5, p« 676) and may he used to compute the 

product of any number of inputs» It is a noil established 

experimental fact that if several events occur with random 

distribution in time, the probability of simultaneous oc¬ 

currence of all of them is the product of their separate 

probabilities* This result may be extended to periodic 

wave forms whose periods have no common divisor. In par¬ 

ticular, if rectangular waveforms of independent frequencies 

are superimposed on a gating circuit ("and” circuit), the 

time during which all waveforms are positive will be pro¬ 

portional to the product of the duty ratioiVs of the wave¬ 

forms. The duty ratio being defined as the ratio of the 

"mark” time to the period of a rectangular waveform. It 

is now necessary only to provide a system to linearly 

modulate the duty ratio of a rectangular wave in accord¬ 

ance with a given signal* Certain properties of the Opera¬ 

tional Amplifier were utilised in an attempt to construct 

the Coincidence Multiplier. 

The Operational Amplifier, by itself (i.e. without 

feedback) serves as a sensitive voltage comparator, Hien 

the input voltage, e^, (see Fig* 3(a), 3(b), p* 31) changes 

but a few millivolts up or down from a fixed or variable 

reference voltage, the output e^ will swing from 

-130 to -y 120 VDC (for the IC2X Operational Amplifier Unit). 
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Consider now, the circuit configuration shown in Fig- 

ure 3(c)# The functional equation describing the action 

of the operational amplifier can be written ass 

The function f (©*»©£ - e^) can be considered as an operator 

such that when 

eref ~ ei £ e < 0 {- full negative saturation) 

and tiben 

®ref - ©^ ^ Qj e> 0 (» full positive saturation) 

The equality sign in the two Inequalities above corresponds 

to the state of transition between full negative satura¬ 

tion and full positive saturation* but this change-over 

takes place in a bysterisis-iike manner as follows: 

Consider the first case for transition, 

e » £(%ef * ©i) 

o < 0 

®ref * ®1 

but 
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Expressed in wards,, the last equation states that stable 

transition from full negative saturation to full positive 

saturation vill take place trhen e^ (which can be called 

the input) has reached a negative voltage equal in magni¬ 

tude to be. For the condition of transition from full posi¬ 

tive saturation to full negative saturation the following 

is obtained* 

e > 05 

0ref 5 + t5° 

Thus* the transition from full positive saturation to full 

negative saturation will take place when e^ attains the 

value •+• toe. From the above it can be seen that a two 

stable state circuit has been obtained. 

Figure 4(a) (page 32) shows schematically the charac¬ 

teristic of the circuit in Figure 3(c) * If the saturation 

limits in both positive and negative directions were the 

same^a symmetrical characteristic about the ©x « 0 axis 

would have been obtained, These* however3 are not equal 

(for the 12S Unit) resulting in the characteristic shown. 

Oscilloscope pictures wore taken with a triangular 

wave form (100 c.p.s. freq.) input signal and with the 

sweep activated by the same signal. The various traces 

obtained by means of increasing the fraction b of the 

potentiometer R thus increasing the magnitude of or0f 
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Broadening of th© characteristic corresponds to increasing 

b« 

All the foregoing preliminaries con now Be assembled 

leading to a circuit, which was used to obtain the duty** 

ratio modulation. , , , . 

Figure 5(a) (page 33) depicts the Circuit used to pulse¬ 

time modulate an eatable multivibrator* . For the purpose 

of explaining the free-running multivibrator action of the 

circuit ignore the presence of the signal ea and which 

are only relevant to the application of the modulating 

signal* 

Assume that the circuit resides -in one of its stable 

statesj say the positive saturation level (l,e. e > 0). 

For this stable state to be maintained, ©0 will have to 

stay negative and well out of the A region fc.f. Fig, 

4(a)] which is the transition region* however the conden¬ 

ser is charged and the point e0 rises in potential posi¬ 

tively until it reaches a ■value which will cause it to 

"flop” to the other state whore now the process of conden¬ 

ser charging will go in the opposite - direction* fhus* os¬ 

cillations once started will continue* the period of the 

resulting rectangular waveform depends jointly on the time 

constant BO and the threshold A , The duty-ratio is de¬ 

termined by the ratio in which A is subdivided* In Figure 

5(b) are shown the various waveforms obtained with the com¬ 

ponents indicated* 
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£o produce pulse-time modulation, ©m the modulating 

signal la applied as shown. om biases the threshold level 

off zero resulting in pulse-time modulation as shown 

in Figure 6(a) (page 34) . 

Figure 6(b) depicts the final circuit arrangement by 

means of which the mechanizing of the product of two machine 

variables s and y was attempted, x and y modulate rec¬ 

tangular waveform generators of the type discussed above. 

The resulting output is mixed and fed into a summing ampli¬ 

fier. This amplifier is used as a gating amplifier deliver¬ 

ing an output pulse to the HO integrating network, whenever 

both Inputs are positive. fh© time average output voltage 

represents the desired product* 

Ho attempt was mad© to investigate whether the duty 

ratio modulation was linear, because of the difficulty in 

measuring time magnitudes to a reasonable degree of accur¬ 

acy. The circuit was constructed and tested for the final 

outcome. It was found that the product did not follow a 

linear relationship* Difficulties were also encountered 

in obtaining zero condition when either of the variables 

was set equal to zero and the other varied* 
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(3) She Squaring Circuit 

A squaring circuit (subsequently described) was used 

to fora the function e^(t). The plate currents of certain 

triodes (such as the 12ATJ7) vary closely with a constant 

power of the plate voltage for a fixed grid voltage 

over a restricted range. Tills non-linear resistor may be 

used in the input path of an operational amplifier to pro¬ 

vide m output which is the square of the input voltage. 

The signal has to be rectified before being fed to the 

squaring circuit. This is achieved by means of an absolute 

value circuit. Figure 7(a) (page 37) shows the arrange¬ 

ment used. 

The layout for the absolute value circuit is shown 

in Figure 7(b). The reference is grounded and a conven¬ 

tional inverting amplifier follows whenever the input 0^ 
Is negative, But positive values of e^ cause the reference 

to be connected directly to the input* and converts the 

circuit to a voltage follower. It was found that 'using a 

grid bias of -1,0 volt on the 12&U7 a tolerable square 

law was obtained over a range of tho input voltage of 0-4 

volts. The combination of absolute value and squaring 

circuits ms followed by m amplifier having a gain of 10, 

The calibration of the squaring circuits is tabulated on 

page 36* 
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THB CALIBRATION OF 1HB SQUAHIKQ CIRCUIT 

eto °0 0in e0 
(volts) (volts) (volts) (volts) 

.05 ~ ♦ 2 .03 

.3 .11 - .3 .09 
,4 .19 - ,4 .18 

*5 .28 - *5 .29 

*6 .42 - *6 ,4 

*7 .53 - ,7 .5 
.8 *66 — *8 *64 

•9 ,81 — *9 .81 

1*0 *97 -1,0 .97 

1*1 1.12 -1.1 1.18 

1.2 1.3 -1.2 1*31 

1*3 1.48 -1.3 1.5 
1*4 1.65 -1*5 1.95 

1*5 1.95 -2*0 3.35 

1*6 2.25 -3.0 9 

1,8 2,8 -4.0 17 
2,0 3.85 -5.0 32.5 

2.5 6.1 

3*0 9 

4.0 16,5 

4.5 25 

5*0 31 
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(if) The Triangular Carrier Waveform Multiplier 

This multiplies* was conceived by Dr. Paul E. Pfeiffer 

and constructed at the Electrical Department, The Bice Insti¬ 

tute, Houston, Texas* The unit accepts two machine vari¬ 

ables x and y and generates the product to a very reasonable 

degree of accuracy* A full discussion on the performance 

will be given* 

The multiplier is a modified form of the "quarter- 

squaver" multiplier, which depends in its operation on 

mechanising the relationships 

In the triangular carrier multiplier the squaring is 

achieved by taking advantage of the fact that the area of 

two similar triangles is proportional to the square of one 

dimension* Fig. 8(a)(p. 45) shows the open circuit voltage 

waveform (i*e. in the absence of the diode) which prevails 

at the point A Fig, 8(b) when a triangular waveform is 

"resistance mixed" x/ith a waveform whose frequency is very 

much lower than that of the triangular carrier, so that 

can be considered to be constant over at least one period 

of the carrier A . The current waveform resulting by the 

action of the diode in Fig* 8(b) is represented by the posi¬ 

tive half of the waveform in Fig* 8(a) to a suitable scale* 
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This seal© is determined by th© forward resistance of the 

diode. The area of the shaded portion of the triangular 

waveform Fig. 8(a) iss 

1 _ s a . r 5? o s 

Area « —(a +S ) — (-—-—) B -a( 1-f- £ ) 
2 2 2 4 a 

where 

a = half the pealc-to-pealc amplitude of the triangular 

carrier 

T » the period of the triangular i/aveform. 

The average ordinate is: 

Average Ordinate » 
Area 

~U + i) 
4 a 

Hote3 that the average ordinate depends on a and <P 
and is independent of the frequency of th© triangular carri¬ 

er to the extent mentioned above and the frequency limita¬ 

tions of the entire circuit. The operation is also independ¬ 

ent of the shape of the triangular waveform so long as it is 

a true triangular wave shape and does not contain any d.o. 

component at its source. In other words th© wave shape 

should have symmetrical excursions about the sero-voltage 

reference. 

.The average of the current X^ indicated in Fig. 8(b) 

is given by: 



where diode forward resistance assumed to be 

negligible compared to E* The diode is assumed to be an 

ideal diode, having infinite backward resistance and 

a constant finite forward re siatonee•By the same process 

of reasoning, the average of the current IQ shown in Pig* 

8(c) is given byg 

Av* a 

Assuming identical diodes* How, 

Av • C+ (1 * -~)2 - (1 

2<Tr 

a 
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Then* 

and 

X { <T, -t- ) x 

m R 

i (- Sz ) .ay 

4oR OR 

Fig. 8(d) illustrates the tray in trhloh the circuits of Figs. 

8(b) and 8(c) ere combined together with the signal -x to 

deliver the current .2 a • to the summing point C. 
aR 

This point' is maintained at virtual ground potential as a 

result of the action of the operational amplifier* The out¬ 

put of the operational amplifier represents the proportional 

product desired. 

A glance at the. equation representing the averages of 

2^ and 2g trill reveal that these would not hold fors 

|* - y | > a 

|x+ y| > a 

These conditions wore found to be true in practice. Thus 

the dynamic range of the inputs is dependent on the peak 

amplitude of tho triangular carrier. The operational ampli¬ 

fier as shorn acts as a current measuring and averaging 

device* 
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Fig* 9 (p* 46) is the actual circuit diagram of the 

multiplier unit* The multiplier was built S3 a compact 

plug-in unit using the special chassis of the .Analog Com¬ 

puter. The operational amplifiers are the K2X units. All 

resistors are 1$ high stability resistors and were matched 

as shown. The amplifiers are balanced individually by 

grounding their inputs and connecting their outputs to the 

tie-points (TP) by means of switches S2a* Sgb* S^a, S^b 

and Sj^b, After balancing has been completed the 

switches are returned to the “compute” position* The align¬ 

ment of the unit as a whole is performed by the rotary 

switch Cs^a* Sjb) which follows the sequence belows 

Position Is 

Position 2s 

Position 3: 

Position 4s 

Position 5s 

Position 6s 

Adjust A potentiometer for null 

Adjust x potentiometer for null 

Adjust sc* potentiometer for null 

Check 2s* potentiometer for null (alternating 

between positions 3 and 4) 

Adjust y potentiometer for null 

Check y potentiometer for null (alternating 

between positions 5 and 6) 

Position 7s Compute 

The null Is measured at the output of amplifier G* The 

alignment procedure was developed as a consequence of the 

balancing conditions required of the unit under the various 



circuit configurations# 

t!i© calibration of tli© unit -tias carried ©tat in; great 

detail for tli© first quadrant, th© rest ©I1 the quadrants 

tmm found operative but only a single rang© in each quad¬ 

rant usa itwostigstod, tlio results are tabulated on pp* 

ft8*5>6 and calibration omuros produced on p# 4?* 

fit© linearity of the isultipller pat found to bo tm®h 

bottom then 2$ ©toy tfco ranges of variables seatmed# this 

figure tree eospnted as a percentage of ©ay S&t©n output 

product# lolati?© to the mstem output ft/hicls ms found 

to bo is wits in tli© rang© Siwestigated) linearity t-ms. 

foept tiitbin 1/3 of on© percent* 'It uaa observed that gross 

©pros?© tier© eosaitted xthenmox* the megnitnd© of the uvm of 

the ttio VBS4XMMU cssocodofl 60 volts* r£h3.s GRO coded the ©2t<- 

posted theoretical limit for this multiplier* 

3h the range, of oous?oOt opifatioH: tho deviations from 

lineeplty neves* ©speeded £MV this bebavlom vae 

bated to the imte of null m tho y aapiifl©s» aliquant posi¬ 

tions {e*f* p« ta and fig# f) then© ms alms© a minimum 

roe Meal output of aOmV* Anp mSematoh in the olm^aoteis- 

ties of the diodes {especially siaas» the origin) can oatsso 

this residual output# this of® bo. easily shorn bp consider¬ 

ing th© circuit configuration men the amplifies* is being 

adjusted# 

She asoro trasMng" of the naalfcipiiop uss .also affected 

by the residual output discussed above, When & fas set 
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equal to sero and y varied from 0 to 45 volts the output 

observed stayed essentially constant at 20mV. When y was 

set equal to aero and x varied from 0 to 45 volt3 the out* 

put rose to the maximum value of 25mv, 

Although drift in the operational amplifiers used is 

acceptably low errors might have been caused, particularly 

at loti values of the variables, 

Note that the multiplier unit operated without using 

the ideal diodes postulated theoretically, It is believed 

that the operation of the multiplier can be Improved by 

matching the diodes end chopper-stabilising at least the 

final amplifier. 
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2HE fJlZAHGITIAR CAHRISR LTCJIglFLIISR CALIBRAZIOH 

X » 1*0 

%  ST -   

x = 2,0 

u 2sy 

0.20 0.005 0,5 0*015 

0*25 0,0055 1.0 0.030 

0.30 0,0075 1.5 0.045 

0,50 0.0075 2.0 0,060 

1.00 0.0150 2,5 0.075 

2,00 0.0320 3,0 0.090 

4,00 0,0625 3.5 0.110 

6,00 0.0350 4,0 0.120 

8,00 0.1250 4*5. 0,140 

10.00 0.1500 5.0 0,160 

- 15,00 0,2420 6.0 0.195 

16,00 0*2450 7,0 0,230 

20,00 0,3250 8.0 0,260 

30,00 0,5000 9,0 0.295 

32,00 0.5300 10*0 0,325 

40,00 0.6900 11,0 0,360 

45,00 0,7900 12,0 0.398 

14,0 0.460 

16,0 0*550 

18.0 0,620 

20,0 0,690 

Hotes s»y and ry are in volts 

Frequency of triangular carrier 1200 c.p.e. 
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x st 2.0 

 -5L       aor. : 

X a 4,0 

-   -    

22*0 0,760 0.5 00.030 

24*0 0,855 1,0 0.060 

26*0 0,900 1*5 0,100 

28,0 0,975 2.0 0,140 

52*0 1,110 2,5 0.175 

36,0 1,275 3.0 0,210 

40,0 1*415 3*5 0*240 

45*0 1*650 4,0 0.275 

4*5 0*320 

5*0 0*350 

5*5 0.398 

6,0 0*420 

6*5 0.455 

7.0 0.485 

7*5 0,520 

8.0 0.550 

8,5 0.585 

9.0 0.620 

9*5 0,665 

10,0 0,690 

11.0 0,760 

12,0 0.830 

13,0 0,900 

, 14.0 0.975 

15.0 1,040 
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a « 4.0 a a 6.0 

 a EL ,  '   -z St 
i$*o 1*12 0.3 0.450 

17*0 1*19 1*0 0.100 

18*0 1.26 1*5 0.150 

19*0 1.32 2.0 0*205 

20*0 1.40 2.5 0.260 

22.0 1.56 3.0 0.320 

24*0 1.70 3.5 0.370 

26*0 1,83 4,0 0,420 

28.0 1.98 5,0 0.540 

30*0 6*0 0.635 

32*0 2*27 7,0 0.740 

34*0 2*40 8,0 0.840 

36*0 2*56 9.0 0.955 

38*0 2.70 10.0 1.060 

40.0 2.85 12.0 1.270 

42*0 3.00 14,0 1.475 

44*0 3.14 16,0 H
 

<
1 O

 
o

 

45*0 3.20 18.0 1,850 

20.0 2.150 

24.0 2,600 

28*0 2,980 

32,0 3*400 

36.0 3.850 

40.0 4.250 

45.0 4*760 
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x a 8*0 

 7T .   

X a 8,0 

7T    ay.   

0*20 0,0250 10.0 1.3950 

0*25 0.0350 11.0 1,5200 

0,30 0,0425 12,0 1,6900 

0.40 0.0500 13.0 1,8000 

0,50 0,0700 14*0 1,9800 

0.60 0,0850 15.0 2*1000 

0,70 0,1000 16,0 2,2400 

0,80 0.1200 18.0 2*5000 

0,90 0,1330 20.0 2.8000 

1.00 0.1450 22,0 3.1000 

1,50 0.2180 24*0 3*3500 

2,00 0.2900 26,0 3.6200 

2.5Q; 0,3600 30*0 4.2000 

3,00 0,4300 36,0 5,0000 

3,50 0,5000 40,0 5*6000 

4,00 0,5600 45.0 6,3500 

4,50 0.6300 

5,00 0,7200 

6.00 0,8400 

7,00 0,9750 

8,00 1.1200 

9,00 1,2500 
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x » 10.0 

■:f sy.--:. 

0*5 0.08 

1.0 0.18 

2.0 0*56 

4.0 0.72 

8*0 1.42 

16.0 2.85 

20*0 • 5.60 

25.0 4.50 

50.0 5.40 

40.0 7.20 

45.0 8.00 

x g 15.0 

0.5 0.155 

1*0 0,265 

2.0 0.535 

4.0 1.080 

8.0 2.150 

16.0 4.300 

20.0 5.400 

24.0 6.500 

28.0 7.600 

52.0 8.700 

40.0 10.700 

45.0 11,650 
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2 = 20.0 

sy 

2 a 25.0 

357  y . ... _  :/   

0.1 0.040 0.1 0,011 

0#2 0.07Q 0.2 0.085 

0.4 . 0.140 0,3 0,130 

0.5 0.180 0.4 0,180 

1.0, 0.360 0.5 0.225 

2.0 . 0.73Q 1.0 0.450 

4.0; 1.460 2.0 0,905 

8.0 2.900 4.0 1,825 

10.0 3*650 5.0 2,250 

16.0 5,950 8*0 3.600 

20.0 , 7.400 10.0 4.500 

25.0 9.200 12,0 5.500 

32.0 11.60 14.0 6.400 

40.0 14.100 16.0 7,400 

45.0 15.25Q 20.0 9,200 

24.0 10,800 

25,0 11.400 

28.0 12,600 

32.0 14.200 

40.0 17*250 

45.0 18,500 
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x .» 30*0 

. y.   X}T 

X » 40.0 

%  - SST  

0*1 0.040 0*1 0,080 

0.2 0.085 0.2 0*190 

0.3 0.150 0*3 0,280 

0# 4 0.210 0.4 0*350 

0.5 0.300 0*5 0.380 

1.0 0.580 1*0 0.780 

2.0 1.110 2.0 1.550 

4.0 2.220 4.0 V
J 

0 o
 

o
 

8.0 4.350 8*0 5.950 

16.0 3*800 10*0 7.400 

20.0 10.300 16.0 11.400 

25*0 13.500 20.0 14.100 

30.0 16.000 32*0 21.000 

40.0 20.000 40,0 25.000 

45*0 21.750 



55' 

x « +20*0 

 y  23T 

—0.1 -0.030 

-0.2 -0.080 

-0.4 -0.163 

-0*8 - -0*300 

-1.6 -0.600 

-3*2 -1.180 

-4*P -1.480 

-8.0 -2.900 

-3:6,0 -5*800 

-32*0 -11.600 

—40.0 -14.200 

X » -20*0 

 Z  

-0.1 +0.040 

-0.2 +0,070 

—0* 4 +0.145 

-0.8 +0.285 

—1.6 +0,580 

-3*2 +1,170 

-6*4 +2,300 

—8.0 +2.850 

-16,0 +5*700 

-20,0 +7.200 

-32,0 +11*300 

-40,0 +13.800 

-45*0 +15.000 
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X a -20*0 

2. 51 

40,1 —0,040 

40,2 -0,080 

4O* 4 -0.170 

40,8 -0,335 

4.L, 6 -0,620 

44,0 -1,490 

40*0 -2.900 

416.0 -5.800 

432*0 -11*500 

440,0 -14.000 

+45*0 -15,500 



-57 

EXPEREffiifTAL PROCEDURE 

The Integral Criterion ms tested experimentally for 

systems of the second,, third and fourth order* The trans¬ 

fer function representing the systems under investigation 

ms set on the analog computer , The response and error 

signals were extracted! the former was fed to the recorder 

and the latter to the squaring circuit (see Fig. 1, p« 22). 

The function generator for generating (l - £ ~2 was 

an integrator, the time constant of which was varied to 

represent the various values of the parameter * The 

output of the integrator representing 1Q (the integral 

criterion) was transmitted to another channel of the re¬ 

corder. 

The coefficient potentiometers representing the sys¬ 

tem parameters were set at convenient values* The system 

was excited by a unit step input and records were obtained 

of the response and the integral criterion. This was re¬ 

peated for various values of the system parameters and a 

fixed o4 , until a minimum of the criterion could he located 

The above procedure was repeated for various values of ^ . 
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BBSUITS AMP Discussion 

It was found from the experimental results that al¬ 

though the location of the minima followed those established 

theoretically (for the second and third order systems) the 

results cannot he quoted to any reasonable degree of ac¬ 

curacy, The selectivity was found to be very poor. The 

differences between the value of the criterion at the mini¬ 

mum and any other point near it was so small that it could 

have been xrithin the margin of experimental error and the 

computer accuracy* This behaviour became more pronounced 

as the order system was increased* For the fourth order 

system no minima could be established* 

The lack of selectivity of the integral criterion with 

respect to variation of the system parameters was already 

evident in the digital machine computation of the integral 

criterion for the second and third order systems* There 

it was observed that for the second order system a change 

of approximately 10$ in the value of the parameter a pro¬ 

duced a change of less than 1.0$ in the value of the inte¬ 

gral criterion near the minimum point* This was true for 

any given value of o( . 

For the third order system for values of<?^< 1.0 and 

for a given value of the parameter b a variation of about 

10$ in the value of the parameter a resulted in about 1.0$ 

change in the value of the integral criterion near the 

minima. The selectivity became worse as was increased* 
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a change of about 0*5?* occurred In the value of the Integral 

criterion near the minima* for an approximate 10$ change of 

the parameter a* 

The lack of sensitivity of the criterion to variation 

of the parameter can be explained by the form of that 

part of the integral criterion (Ig) which is dependent on 

. Referring to the forms obtained for the second and 

third order systems it can be seen that Ig is an algebraic 

function whose denominator and numerator are polynomials 

in ©4, • The degree of the numerator is lover by one than 

that of the denominator. Thus Ig varies as l/©^ . For 

small values of there can be some variation in the 

criterion due to Igs this depends on the relative magni¬ 

tude of the constants in the ^ -polynomials* which are the 

system parameters. However* as o( is increased the con¬ 

tribution becomes negligible and vanishes in the limit. 

This explanation of the behaviour of Ig can be extended 

to higher order systems having transfer function similar to 

those investigated here. 
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COHgXffSSOBS 

At the outset of this investigation certain attributes 

of a criterion for the optimum transient response of linear 

systems were enumerated and speculations were made as to 

the advantages of the criterion under investigation* Un¬ 

fortunately none of the above aspects was realised* 

The existence of an exact analytical method for the 

evaluation of the criterion was found to be rather lengthy 

and cumbersome although not impossible with the aid of 

computing machinery* If the criterion were found to con- 

tribute something of value the effort would have been well 

justified to carry computations to higher order systems* 

The inclusion of the parameter X did not add to 

the scope of the criterion but rather divided the space of 

the minima into two distinctive sets corresponding to the 

small values of and large values of cx^ only* These 

are trivial cases in so far as this investigation was con¬ 

cerned since they yield the results obtained by the I*T.A*E* 

and l.s*E* respectively* When a choice of parameters could 

be made (only analytically) on the basis of the minimum of 

the minima the Criterion selected a system whose transient 

behaviour was quite oscillatory. Although this in itself 

is not entirely undesirable the response is not satisfac¬ 

tory for systems of the duplicator type* with which this 

investigation was primarily concerned. The system selected 

by the criterion was the one that would have been selected 
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by the I.S.E. criterion. 

The criterion was shown to have very poor selecti¬ 

vity, deteriorating with increase of the order of the sys¬ 

tem. To generalize this statement beyond the third order 

system would be rather difficult. However, experimentally 

this was found to be so within the accuracy of the appara¬ 

tus used. 
*> 

It was found that because of the poor selectivity, es¬ 

pecially near the minima, the experimental apparatus used 

for evaluating of the criterion was quite useless since 

the experimental error very much exceeded the percentage 

changes in criterion values. 

Although one single class of systems was investigated, 

this was such a basic and simple class that in view of the 

results any further investigation was deemed of no particu¬ 

lar value. 
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APPENDIX I 

Normalization of Transfer Functions 

In general, linear transfer systems of the duplicator 

class can be described by an explicit differential equation 

of the forms 

dn (P~^ 
*Qn^n +* Qn-l“^n~l H 

dm (P-1 

&d d 

-*-Qp~ ^ V““ + Q0) 2dt** dt ° 

d2 d 

Pp p ■*“ Pl”~ +’*o>pM 
ctfr xdt ° 

In which the P^ and Q^fo ore constants (i » l.,2,3, 

....0,n) and a £ n-1. c(t) is the controlled variable (or 

output) and r(t) is the exciting function (or the input), 

The corresponding transfer function is, 

C(s) +* pa-ism ^-+" ♦*•***•♦*•• ■+ +' Pia P
Q 

R(s) Q^S** Sn~l^ *••••**•••• •+ 

Where s is the Laplace Transform Complex variable. 

To convert the above equation to a more convenient form, 

normalize os folloirs s 

(a) Define a new constant w0 such that, 

n J5Q 

0 Qyj 

(1) 

(2) 
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(b) Define new coefficients for the demoninator in 

eqn. (l) by 

% * 
% 

Tn-i 
'o 

(i K 3-$253J * • * *H) (3) 

Define new coefficients for the numerator in equation 

(i) by,    

p 

pi 
i 

»\ 

(l "* •««iSl) (<f) 

(c) Divide the numerator and the denominator of equa¬ 

tion (1) by Qn and apply the transformations defined by 

eqn. (2), (3) and (4). 

The transfer function then becomes 9 

n~msm 
C{s) Pmwo **'* •***•*•••** •+■ Pg^ 

n~232 n-l3 a 

> Vo Vo 
R(s) an 
' 8 <%«1 o -f- 

n-2„2 n-l„ ! a 
Vo 3+ ¥o S+Wo 

(d) Divide each term of the numerator and the denominator 

by T?Q and introduce a new complex variable p « 
w0 

Then the tx^ansfer function becomes the normalised form 

desired« 
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Q(p) = 
ympB»*y ♦«»*»» •+■ ygP2-t- -h rQ 

R(p) ~n rt «n-i . « «2 « „ n P *r ^xP + ••♦*•••*** -f-<5gP + tj? + 1 

ihe introduction of the netr complex variable is equiva¬ 

lent to substituting a new independent variable T in the 

time domain such that T * wQt which converts the time vari¬ 

able into a dimensionless entity. 

Koto that the transfer’ function has been reduced to a 

form in which the first and last coefficients in the denomi¬ 

nator had been made equal to unity. 
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APPENDIX II 

In this investigation an integral of the following 

form is to he evaluated: 

oo 

(i-r2 u fc)os(t)dt. 3=0 

oL is a positive parameter, 

The theorem of complex convolution (see Ref, 4* p* 275) 

yields the result: 

ctjoo C.-Mco 

I  
e ~ 27T j u C-J 

E(s)E(~s)ds rr~ 
2 If j 

oo 

E(s)E(2«^ -s)ds 

oO 

If E(s) is analytic RJC^) ^ <^o The first integral 

holds for C ■>Cf^T (>o ^ ° The second integral holds 

for e2^ >^o) C,xT0 where is the aheissa of 

absolute convergence of e(t). The second integral holds 

for* 

2-CL 67 +C, 
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In particular may take any value in the interval: 

<To C\ < 2-*t.->r |cTo | 

Let the first integral he denoted by and the second by 

I2 then 

or 

Z a (c^ ~o4 ) + 5 tO 

where 

o* s oj ** 

then 

r 

I, 2 E(s)E(2 pi • s)ds 
J 

Let 

s ~ Z + o< ds r d2 

when 

s = e1 +* jtO a » c* ■+■ j ^ 

C+. \o° 
C 

where 
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Suppose E(s) is analytic in R(s) ^ _£ 

then E( oL- a) is analytic in R(s) yy ot-%, 

and E( <L - a) is analytic in R(a) < 

Hence in the evaluation of I2 we may put c* = 

Hie criterion integral reduces now to its final forms 

C+- j o° 

I - — e
 - sir 

" *1 - J2 

E(s)E(*s)da - 
2TT j 

u 
C-jo» 

Ea(s)Ea(-3>as = 

J 
cl-^ 

where 

^g,(s) * E( <^- + a) 

The main task not? is to evaluate integrals of the forms 

I » 
2 IT j 

C -r \o° 

r 
E(s)E(-s)ds 

J 
C\K 

sued to proceed and find their minima. The method of evalua 

tion is given in Appendix 111. 
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APPENDIX III 

As tras aeon in Appendix II the main task is to evalu¬ 

ate integrals of the forms 

I 
1 

2TT 

C+-J 00 r 
E(-s) E(s)ds 

In the discussion to follow E(s) Is always an algebraic 

function of 8* 

To proceed, consider 

C+ JCP 

C _m s 

I = 

p (s) 
n 

ds 

u 
C-jc 

where Pn(s) is a polynomial in s of degree n with R(s) 

?n(3) = V"r a
n-i

3n'+    °13 + aC 

Two cases will have to he considered* 

CASE Is m < n-1 

This case will he the usual one being one of the re¬ 

quirements of a stable system which will he dealt with ex¬ 

clusively. m * n-1 is of course also permissible and will 
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"bo Investigated separately-, 

I ~ 

n 

lim 
R-*-oo 

0 
3 m 

pn<«> 

as 8 0 

More 0 is the equivalent Bromwich contour and R is the 

radius of the semi-circle in the right half of the complex 

plane* The integral vanishes by Cauchy*s first integral 

theorem since the integrand is analytic in the right-half 

of the complex plane. 

CASE IX: m = n-1 

In this case the integrand has a multiple sero at 

This can be shown as follows g 

F(s) s 

The only contribution to the integral is that of the 

small semi-circle enclosing the origin on the left* The 

value of I is given byi 

I Gxj II 

C1 Lim s 3?{s} » ' 
s-^oo % 

But 
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She following results were obtained; 

C -+ loo 

rJ 

I a 
2lT -j 

S' 
33 0| a< n-1 

ds t 

C-Joo 

?n^ \ *■ 5 m a n-1 
2an 

How consider the following integral 

c + \o° 

1* » 
2TT j 

clS 

J rn(S) 

whore Pn(s) * Fn(-s) and is analytic in E(s) o n 

Pn(s) « a^s
11 4- a£_1s

n~*Lt- -t-a»s -t- aj 
0 

where 

a* - (-l)n a 
n ' ' n 

By the same process of reasoning as for case I the 

following is obtained; 

C + Jo» 

I« s 
sir 

s m 

pn^s) 
ds © 

C"J°° 

0 5 a ^ n-1 

1 (-l)n 1| m = n-1 

2a* n 2a. n 
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Lot E(s) 9 

Has ■*" ^b-ls *t" +* ♦***«•** -t-b^ ^ B(s) 

en°n+- en-l3n"1+- en-2
an"S+  ^ °o A(°> 

S m <r n 

Consider 

B(s) B(-s) G^s) CU(-s) 
p(s) a —   9 —&  -t ,.<■—.„»■■■ 

A(s) A( -S) A(a) A(S) 

Now C^(B) and. 02(a) aro of degree r * n-1 by the Partial 

Fraction Expansion theorem* Also C^(s) and Cg(3) eannot 

have factors in common with either A(s) or A(~s). 

Now F(s) ss F(-s) so that 
< v • 13 ^ * * % * * ? 
; j 

°1<S) - + 0a(-s) - C1(-3) g 0 

A(s) A(«s) 

At zeros of A(s), A(-s)/0^ C^CsJ/O^ Cg(s)/0 hence 

G^Cs) = Cg(s) at the n zeros of A(s) which implies that 

they are identical. Thus the following expression may be 

Witten 

G(-*s) 

A(-s) 



-72- 

I * 
27T j 

C.** loo 
r 

Q(s) 0(^3) 

A(s) A(-s) 
ds - 

\J 
C-Jc^ 

.fU 
aaa 

0L 'n-1 „ “a-i 
2(-l)na n n 

To find us© the relation 

B(s)B(-s) a A(-s)C(s) A(s)0(-s) 

end equate the coefficients of the highest power on both 

sides* Note that no factoring of A(s) is required* 

The integrals have been evaluated by R* W.# Bond in 

an M,I*T* Memorandum and the results shown in Table X 
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gABLB I 

E(a)-»to-I (Transformation 

E(s) « ^ STi I = 1 
STTJ E(s)E(-s)ds 

C-Jo» 

A(s) ? 8-^S + Si^^i S +••••+ SLQ 

B(S) as b^s11”1 + \mm2
all~d +

* • • *+t)o ,n-2 

nasi 

I a 
uO 

*2*1*0 

n as 2 

I a 
a0^12 * *2bQ2. 

2Wo 

n = 3 

I = 
alaQl322 + a5a0'bl2 + a3a21)

0
2 ~ 2a3aQb2bQ 

2a5aQ(a2b1 - a5aQ) 
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n » 4 

i«4- 

wheae 

II ts (a^ - a^a^a^2 4* a^aQCbg2 - 213^) ♦ 

+ a4a3a0^12 ~ 2b2b(P * ^a3a2 " 

and 

D » aa^Ca^agG^ - a^2 - a^2aQ) 

SJLl 

T „ » 
A - 

where 

H =s(a5aiao "* a4ai2 4* a^aga^ •* ao^aQb4 4 

4- (agQ^ — a3ao)s5a0ljj2 4* 2(a^&Q — a2&2_^a5a0b4b2 * 

* 2(a^©i - a5ao^a5a0b4bQ + * a5a<Pa5a0b22 * 

2 4- 2(a5aQ - 
a4ai)a5ao^31)i + ^a4a3 ~ a5a2^a5a0bl * 

4- 2(a^a2 - a^a^)a^aQb2t)04*Ca^a^ao-. a5a2^~a42ai:j:a4a3a2^a5bQ2 
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-- D a 2&CJQ.0(2O.^B.^JQ,Q+ a^a^agSQ «• a^a-g^a^ 

- VV + W8! " VV ' 

X 
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APPMDIX IV 

Mlx> SSRVO-MPLIVIBK 

2ma* (Mas*) 

(ii)6*3 Volts at 10$ R.M.S*, 

4Q0c*p*s* at 0*2 amp* 

per 1 Volt D.C. input 

differ once (Mgh value) 

1.2 Volts R.M.S. 0/P 

per volt B*0. input 

difference. 

(1) Servo-Modulator ffype SA104H 

Power Requirements (i)150-300 Volt D.C. at 

frequency Tolerance 400 e.p.s. +5/5 

lubes 1 - 12AX7 

Input Impedance Over 0.5 Meg. per input 

Output Impedance Approx* 30 Kilofcms 

transfer Gain 3*0 Volts R.M.S • output 
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Residual Output at Null 25mV R*M.S* 

Maximum Output Voltage 50 Volts 

(2) Servo-Amplifier Time SA104K 

Input Impedance 200 Kilohms approx# 

Gaia 2he amplifier will have 

a voltage gain of 375 

+15$ for a 0*2 volt input 

at 400 c*p*s* 

Saturation 0*35 Volt approx* 

Phase Shift 120- 20 deg* lagging 

at 400 o*p#a* 

damping Derivative control (error 

rate damping) is provided 

by a parallel 2 network* 

Optional velocity damping 

furnished by tachometer 

generators# can be 

applied to the "auxiliary 

input#" (Low impedance 

output of amplifier 
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eahances velocity damping 

characteristic of motor)• 

Carrier frequency $he amplifier is designed 

for carrier signals of 

380-420 e#p*s* 

Output 9 isatts at 115 volts, 

400 c.p*s* (Max*) 
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