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ABSTRACT 

A mathematical model for the Warburg constant volume 

respirometer was developed to describe the effect of oxy¬ 

gen mass transfer on kinetics of bacterial growth or oxy¬ 

gen uptake. Oxygen mass transfer coefficients and oxygen 

limited reaction rate constants were determined for the 

system using air, 21$, 50$, and 100$ oxygen gas phases. 

The equations developed are 

a) Won-Limited Oxygen Uptake 

a(dV')' = k[(B0D) + H0/*] p?] 

b) Oxygen Limited Oxygen Uptake 

d(BOD) = ,P , ri*al 
dt Vf/(K1a)H + l/k'H(B0D) L 7 J 

c) Substrate Limited Oxygen Uptake 

■d*fgD-*- =k"Cs [20] 

Where (B0D)= Oxygen uptake, mg/1 
k = Exponential growth rate constant, hr 1 

t = Time, hr 
W0 = Initial inoculum, mg/1 
c*. = Stoichiometric coefficient 
P = Oxygen partial pressure, atmospheres 
Vf = Sample volume, liters 
(K-,a) = Oxygen mass transfer coefficient, 

liters/hour 
H = Henry's Law constant, (mg/1)/atm 
k' = Oxygen limited reaction rate constant 

(mg/1) "1hr“1 

k*’ = Substrate limited reaction rate constant 
hr"1 

The exponential growth rate constant k varied from 

0.184 to 0.376 hr"1. Deviation from exponential growth 



occurred in the range 60-110 mg/1 oxygen uptake for air 

systems. The mass transfer coefficient K-,a was 0.264 

liters/hr for fi£&y milliliter samples, 72 min"1 shake 

rate at 20°C. The oxygen limited reaction rate constant 

can he calculated from the equation 

k‘ = 0.0105/P - 0.00363 [33] 

Constants for equation [20] could not be evaluated from 

the data obtained. 

Equation [15a] predicts oxygen uptake values within 
*4* 
- 5$ of the experimental values for 1.0 atmospheres oxygen 

partial pressure,- 8$ for 0.50 atmospheres oxygen partial 

pressure, £ 25$ for 0.21 atmospheres oxygen partial pres¬ 

sure, and £ 30$ for air systems. Equation [15a] is applic¬ 

able from the point of deviation from exponential growth 

to the point of substrate limitation. Substrate limitation 

occurs at 36.2$ of the theoretical oxygen demand for glutam¬ 

ic acid systems and at 29.8$ of the theoretical oxygen 

demand for glucose systems. 

Application of all equations requires knowledge of the 

equation constants for the particular seed and substrate 

used. Of the constants the exponential growth rate con¬ 

stant and the point of deviation from exponential growth 

are undefined and vary widely with seed material. Equating 

equations [5] and [15a] give the initial point for equation 

[15a]. 

Equations to describe carbon dioxide partial pressure 



within the Warburg system were developed. Calculated car¬ 

bon dioxide partial pressures indicate that carbon dioxide 

is not limiting in the Warburg system. The equations were 

not subject to verification in the study reported. 
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I. INTRODUCTION 

Aerobic bacterial degradation of carbonaceous material 

can be defined by an equation of the form 

a substrate -* b oxygen + c ammonia bacteria^ 

x cell material + y carbon dioxide + z water [1] 

Busch and co-workers (1,2,3,**) have established a useful 

chemical stoichiometry for the oxidative degradation of 

several substrates by mixed microbial populations. Earlier, 

Monod (21) proposed a similar definitive scheme for pure 

cultures using a growth-yield constant. The growth-yield 

constant is a unique factor for calculating the mass yield 

of a particular bacterial species utilizing a specified 

substrate. 

In the studies of oxidative assimilation of carbona¬ 

ceous materials two factors are of prime importance. Ini¬ 

tially, it is necessary to establish the stoichiometry of 

equation [1]. This can be accomplished by direct measure¬ 

ment of the oxygen uptake at the point of complete sub¬ 

strate removal and the corresponding cell growth. Once 

the stoichiometry has been defined, it is essential that 

the kinetics of the biochemical processes involved be 

accurately delineated. 

Tiro rates are of immediate concern: (a) the rate of 

substrate removal and (b) the rate of oxygen uptake. Rates 
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of substrate removal can be determined by the mass culture 

aeration technique of Hiser and Busch (7)• Although this 

procedure allows for a rapid and accurate delineation of 

substrate removal, no direct measure of oxygen demand rates 

can conveniently be made. 

Oxygen demand rates can be determined using the bottle 

dilution biochemical oxygen demand test (5) for dilute con¬ 

centrations of substrate and organisms. Oxygen demands of 

concentrated biological masses, such as an activated sludge 

are best measured using the Warburg technique (5j 6). In 

this procedure organisms, substrate, and growth nutrients 

are placed in a constant volume and temperature flask. Oxy 

gen uptake is measured as the change in partial pressure 

of the gas phase within the flask. 

For an accurate determination of the oxygen uptake, 

it is essential that all pressure effects within the sys¬ 

tem be the result of oxygen consumption. For this reason, 

accumulation of gaseous metabolic products such as carbon 

dioxide must be avoided. Potassium hydroxide is added to 

the flask as an absorbent for carbon dioxide. 

If the rates of oxygen uptake measured in the Warburg 

are to represent the true biochemical reaction rate, the 

controlling step in the reaction sequence must be the bio¬ 

chemical reaction. In the course of the reaction oxygen 

must be transferred from the gas phase to the liquid phase 



since the organisms can use only dissolved nutrients. It 

must be insured that the gas exchange step is not the con¬ 

trolling process in the reaction chain. 

The purpose of this thesis is to investigate the gas 

exchange properties of the Warburg system as they relate 

to oxygen uptake and carbon dioxide absorption. 



(b) Acceleration Phase (e) Stationary Phase 
(c) Exponential Phase (f) Phase of Decline 

FIGURE I-TYPICAL BACTERIAL GROWTH CYCLE 

after Monod (ll) 



II. BIOLOGICAL CONSIDERATIONS 

A. BACTERIAL GROWTH 

The term bacterial growth requires careful definition 

to avoid ambiguity. Growth in bacterial systems can be 

considered as the increase in the total number of viable 

cells or as the increase in total biological solids (10). 

For convenience the nomenclature of Monod (11) will be 

used in this thesis: cell concentration meaning the num¬ 

ber of viable cells per unit volume and bacterial density 

meaning the total dry mass of biological solids per unit 

volume. 

Figure 1 presents a typical bacterial growth cycle 

showing the variation of cell concentration with time. The 

growth cycle can be conveniently broken into six phases: 

(a) lag phase, (b) acceleration phase, (c) exponential 

phase, (d) retardation phase, (e) stationary phase, and 

(f) phase of decline. Each phase in characterized by dis¬ 

tinct growth rates as shorn in the lower portion of Fig¬ 

ure 1. 

The lag and acceleration phases of the bacterial 

growth cycle have been considered as a period of adjust¬ 

ment of the bacterial inoculum to the new culture media (10). 

Monod (11) considers this period of adjustment as the time 

required for the individual cells to attain the steady 

state between cells and culture fluid represented by the 
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exponential phase. Other sources (10) support the view 

that the cells are producing required components for cell 

division during this period. Various sources (13, 1^, 15) 

state that, although a period of adjustment is required for 

cell division to proceed, no apparent period of adjustment 

exists for an increase in bacterial density. 

The exponential phase of the bacterial growth cycle 

is the period during which cell division is proceeding at 

the maximum rate (11). The organisms under consideration 

reproduce by binary fission (12) indicating that the cell 

concentration must double with each generation. Mathemati- 
/ / 

cally this can be stated as 

N e N02
t/n [2] 

Where: N = Cell concentration, cells/unit volume 
N0=s Cell concentration at the beginning of the 

exponential phase, cells/unit volume 
t =s Elapsed time in the exponential phase, time 
n «*» Mean generation time for the population, 

time""3- 

Equation [2] can be used to express the bacterial density 

during the exponential growth phase by insertion of the ini¬ 

tial viable bacterial density for the initial cell concen¬ 

tration. 

The culture will continue to reproduce at the exponen¬ 

tial rate until one of three factors limits the biological 

reaction rate (11). The three possible limiting factors 

are: (a) exhaustion of growth nutrients, (b) accumulation 

of toxic metabolic products, and (c) changes in ionic equi- 
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librium of the system. As one of these factors becomes 

limiting or controlling, the culture enters the retardation 

phase during which the growth rate decreases and eventually 

reaches a zero value. 

The period during which the growth rate is zero is 

the stationary phase. Physical factors prevent reproduc¬ 

tion during this phase. Since the cell is unable to main¬ 

tain itself during this phase,, a point will be reached at 

which the population actually decreases as the result of 

cell deterioration and endogenous respiration. Some of the 

causes and characteristics of bacterial death have been 

reviewed by Ingraham (17)* 

B. EFFECTS OF NUTRIENT LIMITATIONS ON BACTERIAL GROWTH 

Herbert (18) has stated, "The term bacterial growth 

cycle . . . conveys a quite misleading impression that this 

sequence is a necessary and inevitable feature of bacterial 

growth, whereas it is in reality a sequence forced upon the 

organisms by sequential environmental changes which are in¬ 

evitable when growth occurs in a closed system." The quan¬ 

titative effects of a few "sequential environmental changes" 

on bacterial gravrth will now be considered. 

Monod (21) has demonstrated that the yield of bac¬ 

terial mass from a given culture medium is directly propor¬ 

tional to the initial concentration of limiting nutrient. 

Mathematically this is expressed by the equation (22) 
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G = KG [3] 

Where: G = Growth yield, mass/unit volume 
K = Growth yield constant, mass biological 

solids/unit mass limiting nutrient 
C = Initial limiting nutrient concentration, 

mass/unit volume 

The growth yield constant IC is dependent upon the bacterial 

species and limiting nutrient (11, 18, 21, 22). 

Busch (1) has demonstrated that a time progression of 

the oxygen uptake by a mixed microbial culture using a 

soluble substrate is at least diphasic. A plateau in the 

oxygen uptake progression occurs as the result of exhaus¬ 

tion of substrate (1, 2, 3, b, 20, 25, 31» 5D• A second 

stage oxygen uptake occurs as the result of endogenous 

respiration and predation (1, 25, 37)• Swilley, et al (2*0 

have indicated that diffusion of substrate to the reaction 

site may cause a retardation phase. 

Based on the plateau oxygen uptake, a generalized 

formula for cell material (32), and cell mass at the plateau, 

Busch and co-workers (2, 3j 20, 5D have developed a use¬ 

ful chemical stoichiometry for calculating the cell yield 

from various pure organic substrates. The chemical stoi¬ 

chiometry for oxygen uptake and cell yields from several 

substrates metabolized by mixed microbial population is 

presented as Table I. Kambhu (25) has demonstrated that 

the chemical equations presented may be used to predict 

the cell mass present throughout the first stage oxygen up¬ 

take period. The similarity between the growth yield con- 
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TABLE I. STOICHIOMETRIC COEFFICIENTS FOR AEROBIC 
DEGREDATION OF PURE ORGANIC SUBSTRATES 

General Formula: 

a substrate + b O2 + c NH^ bacteria 

x C5H7NO2 + z CO2 + z H20 + other 
[1] 

Substrate a b c X y z other 

Glutamic acid 2b 43 -11 13 55 46 

Glucose 2b 59 17 17 59 110 

Sodium acetate 16 17 3 3 17 10 16NaOH 
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cept of Monod (21) and the equations presented above 

should be noted. 

Monod (11) has reported that bacterial cells are uni¬ 

form throughout the exponential phase of growth. Martin 

(15) and Hershey (13) have reported that the oxygen up¬ 

take per unit volume of cell material, is constant. From 

these observations it can be concluded that oxygen uptake 

and bacterial growth should demonstrate similar t.ime pro¬ 

gressions. 

Numerous sources (23, 31, 35, 36) have reported 

arithmetic linear oxygen uptake progressions as opposed to 

exponential oxygen uptake progressions with measurements 

made using the Warburg system. Only conditions which supply 

an essential growth nutrient at a constant, limiting rate 

can cause arithmetic linear growth (10, 26). For the War¬ 

burg studies reported above all inorganic growth nutrients 

except oxygen were present in excess in the liquid phase. 

Oxygen was the only nutrient subject to a constant rate of 

addition. 

Can oxygen limitation cause arithmetic linear growth? 

Volk and Myrvik (26) reported exponential growth for aerated 

bacterial cultures but arithmetic linear growth in unaerated 

cultures. Dagley, et al (37) reported that cell concentra¬ 

tion reaches a maximum in unaerated culture flasks. No max¬ 

imum was detected in aerated culture systems until substrate 

was exhausted. Unaerated cultures were observed to resume 
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growth in aeration. It was concluded that oxygen was the 

cause of growth limitation in unaerated cultures. Rahn 

and Richardson (38) demonstrated that in quiescent bacterial 

cultures the maximum cell concentration was determined by 

the rate of oxygen diffusion into the culture fluid. Finn 

(9) has prepared an excellent review on the importance of 

aeration in bacterial culture. 

Noye and Soule (39) and Longmuir (40) have reported 

markedly reduced bacterial reaction rates at reduced oxygen 

tensions. These observations indicate that at reduced oxy¬ 

gen tensions the rate of reaction can be controlled by the 

rate at which oxygen is supplied to the culture. 

C. CARBON DIOXIDE AS AN ESSENTIAL NUTRIENT 

In the Warburg manometric technique for measuring oxy¬ 

gen uptake by biological systems, a potassium hydroxide 

absorbent for the removal of metabolic carbon dioxide is 

included (5, 6, 56). Concern has been voiced that the car¬ 

bon dioxide concentration within the system may be at a 

limitingly low level (6, 50). Is carbon dioxide required 

by bacterial cultures for growth? 

Valley and Rettger (4l) reported that fifteen aerobic 

species required dilute concentrations of carbon dioxide 

for the initiation of growth. Gladstone, et al (42) re¬ 

ported increased lag times for carbon dioxide free culture 

systems. No carbon dioxide limitation was noted for actively 

respiring cultures. 
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Ajl and Werkman (43) reported that four and five 

carbon chain carboxylic acids can be used to eliminate the 

carbon dioxide requirement of aerobic species. Carbon 

dioxide requirement was explained in terms of the Wood- 

Werkman reaction (44) in which carbon dioxide condenses 

with pyruvic a.cid to form malic or oxaloacetic acids, inter¬ 

mediates in the Krebs carboxylic acid cycle. Lichstein (45) 

noted that culture media containing autoclaved carbohydrates 

do not require carbon dioxide for the initiation of growth. 

This effect is the result of the formation of minute quan¬ 

tities of carboxylic acids. 

Many workers (4l, 4-2, 43, 46, 47) have reported that 

high carbon dioxide concentrations can inhibit cell division. 

Thus the problem in Warburg manometry becomes one of insur¬ 

ing that sufficient carbon dioxide is present for bacterial 

growth but not at levels which can inhibit growth. In addi¬ 

tion, carbon dioxide accumulation within the system must 

not interfere with the oxygen uptake measurement. 
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III. MATHEMATICAL MODEL FOR THE WARBURG RESPIROMETER 

A. GENERAL 

The Warburg constant volume respirometer consists of 

a constant i:temperature bath equipped with a shaking mecha¬ 

nism and a glass incubation vessel which connects to an 

open leg U-tube manometer. The specimen under study is 

incubated in the reaction flask under isothermal conditions 

Gas production or consumption is measured as the change in 

partial pressure within the constant volume system. 

Schematically, the Warburg respirometer reaction ves¬ 

sel can be represented as shown in Figure 2. Two phases, 

gas and liquid, are present. The liquid phase frequently 

consists of a bacterial suspension with all required growth 

factors such as substrate, inorganic nutrients, and buffer 

for pH control. The gas phase may be any desired combina¬ 

tion of components. Under normal usage the gas phase is 

air. 

The reaction represented in Figure 2 is the aerobic 

bacterial degradation of an organic substrate. The general 

reaction is 

a substrate + b oxygen + c ammonia kackgrla 

x cell material + y carbon dioxide + z water [1] 

The reaction is followed by monitoring the oxygen consump¬ 

tion or BOD in terms of the partial pressure of oxygen W&th 

in the system. 

To insure an accurate measure of BOD the accumulation 



FIGURE 2-SCHEMATIC REPRESENTATION OF 

WARBURG RESPIROMETER 
5 
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of gaseous metabolic products such as carbon dioxide must 

be prevented. A caustic absorbent for carbon dioxide is 

placed in the center well of the flask. 

For environmental engineering studies the rate of reac¬ 

tion or oxygen consumption is of prime importance. In the 

Warburg system there are three gas transfer steps which 

may affect the measured rate: 

a) oxygen transfer into the culture fluid, 

b) carbon dioxide desorption from the culture fluid, and 

c) carbon dioxide absorption by the caustic absorbent. 

The following sections of this thesis are devoted to a con¬ 

sideration of the effects of the various physical gas trans¬ 

fer processes on the kinetics of the bacterial growth system 

presented as equation [1]. 

B. OXTGEN UPTAKE 

ICambhu (25) has demonstrated that the stoichiometric 

equations presented as Table I can be used to predict the 

mass of bacteria present in the system as a function of the 

accumulative oxygen uptake. Monod (11) has defined two 

broad classes of bacterial growth as either non-limited 

or exponential growth and limited or non-exponential growth. 

Exponential growth is characterized by the following rate 

equation 

H = kN M 

Where N = Bacterial density, mass/ unit volume 
t = Time 
k = Growth rate constant 1 

= In 2/mean generation time, time-1 
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In terms of oxygen uptake equation [4] becomes 

= k [(BOD) + NQ/o«.] d(BOD) 
dt C5] 

Where: BOD = Accumulative oxygen uptake, 
mass/unit volume 

N0 = Initial bacterial inoculum, 
mass/unit volume 

c* = Stoichiometric coefficient 

Equation [4] can be expressed as follows in terms of the 

substrate concentration 

dCg 
err -k [(c0 - c8) + 3 [6] 

Where: Cc = Substrate concentration at any 
time, mass/unit volume 

C0 » Initial substrate concentration, 
mass/unit volume p = Stoichiometric coefficient 

In equations [5] and [6] the terms N0/c< and N0/^ 

have been included to account for the initial bacterial 

inoculum in terms of oxygen or substrate equivalents. The 

initial inoculum N0 appears in equation [4] as an initial 

condition. For equations [5] and [6] the initial condi¬ 

tions are zero and C0 for oxygen uptake and substrate con¬ 

centration, respectively. 

The initial inoculum N0 is somewhat an ambiguous term 

since it represents total mass of actively metabolizing 

bacteria rather than total biological solids. When the 

culture used for inoculation is a mass aeration culture or 

activated sludge, the initial total mass of solids can be 

determined by direct measurement, but there is no method 

for determining the active fraction of the population (25). 
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Using a dilute inoculum such as a sewage seed similar prob¬ 

lems are encountered in that the seed material carries non- 

biological solid materials making an accurate delineation 

of the active bacterial inoculum difficult. In addition 

to the above problems of measuring the initial active bac¬ 

terial mass, seed materials are notoriously variable with 

respect to biological solids. Thus integrated solutions to 

equations [&], [5]> and [6] are difficult to apply since a 

primary parameter N0 is never known accurately. 

For studies using dilute inocula such as a sewage 

seed, the initial inoculum of bacteria is small having a maxi¬ 

mum value of approximately 25 mg/1 for raw sewage (25). Since 

the seed material is diluted approximately 10 to 1 prior to 

use (5), the contribution of the initial inoculum to the to¬ 

tal rate of oxygen uptake or substrate removal becomes a re¬ 

latively small fraction once the accumulative oxygen uptake 

or substrate removal has reached a value of 25 to 30 mg/1. 

Thus, if one works with the differential equations rather 

than the integrated equations, the initial inoculum can be 

neglected as a rate contributing component without the intro¬ 

duction of errors of high orders of magnitude. 

Using a mass inoculum such as activated sludge the 

situation is reversed. The inoculum is large and may in 

fact be several times greater than the accumulative growth 

expected from the substrate materials. For these cases the 

initial bacterial density is not a negligible quantity and 
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must be considered in calculations. As mentioned earlier 

the evaluation of this initial inoculum is difficult or 

impossible. 

In the Warburg system initial conditions of substrate, 

dissolved oxygen, and growth nutrient concentrations will 

be sufficient to insure non-limited or exponential growth, 

and equations [4], [5]> and [6] can be used to predict reac¬ 

tion rates. Monod (11) has indicated that there are three 

possible causes of limited or non-exponential bacterial 

growth: (a) nutrient limitation, (b) accumulation of toxic 

metabolic products, and (c) changes in ionic equilibrium. 

In this work only the first of these, nutrient limitation, 

will be considered. The possible limiting nutrients will 

be restricted to oxygen, substrate, and carbon dioxide. 

In oxygen uptake measurements using the Warburg respiro¬ 

meter oxygen must be transferred from the gas to the liquid 

phase prior to bacterial reaction and assimilation. This 

transfer of oxygen is, of course, subject to the physical 

laws governing mass transfer (29, 30). The rate of transfer 

of a non-condensible gas to the liquid phase is a function 

of the gas and liquid phase concentrations of the transferred 

component and can be stated mathematically by the equation 

0 = I^a (X± - X) [7] 

Where: 0 = Molar mass transfer rate, moles/unit time 
K^a = Overall mass transfer coefficient based 

on liquid phase resistance, moles/ unit 
time/ unit concentration driving gradient 



= Interfacial liquid phase concentration of 
transferred component, moles or mass/ unit 
volume 

X = Bulk liquid phase concentration of trans¬ 
ferred component, moles or mass/unit 
volume 

For sparingly soluble gases such as oxygen the interfacial 

liquid phase concentration can he expressed in terms of the 

bulk gas phase concentration by assuming a negligible gas 

phase resistance to mass transfer and Henry’s Law (29). 

Making these modifications to equation [7] yields 

= Kxa (HP - X) [8] 

Where: H = Henry’s Law constant, moles or mass/unit 
partial pressure 

P = Partial pressure of transferred component 
over liquid phase, atmosphere 

Before equation [8] can be applied, it must be assured that 

the gas phase resistance to mass transfer is negligible. 

Bacterial reaction rates are dependent upon the dis¬ 

solved oxygen concentration at low dissolved oxygen concen¬ 

trations (40). The reaction is first order with respect to 

the dissolved oxygen concentration below the defined critical 

oxygen concentration. The first order dependency of the 

reaction on dissolved oxygen concentration is on a per bac¬ 

terium orcper unit mass bacterial density basis making the 

overall reaction rate a function of the total bacterial 

density of the system. Mathematically the reaction becomes 

dN = k’NX r „ 
dt [9] 

Where: k’ = Reaction rate constant, (mass of oxygen/ 
unit volume)“^time"I 
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X = Dissolved oxygen concentration, mass/unit 
volume 

In terms of the oxygen uptake equation [9] becomes 

.4.(B.9-D). = k‘ (BOD)X [10] 

The initial bacterial inoculum in terms of oxygen equivalents 

should appear with the BOD in the right hand side of 

equation [10] but has been deleted on the basis that this 

term is small in comparison to the BOD. 

In the Warburg system oxygen is continually added to 

the liquid phase mailing the dissolved oxygen concentration 

a function of the reaction rate and the mass transfer rate 

as follows 

|| = -k'NX + “ x> ni1 dt Vf L11] 

Where; = Liquid volume 

Equations [9]? [10], and [11] are coupled through the 

boundary conditions 

N = 
(BOD) = (B0D)T [12] 

X = Xc at t = T 

Where: Xc = Critical dissolved oxygen concentration, 
mass/unit volume 

T = Time at which X = X? 
% = Bacterial density at time t = T 

(BOD)^ = Oxygen uptake at time t = T 

The solution to equations [9], [10], and [11] requires that 

the value Xc and time T be known. The value Xc has not been 

reported in the literature for mixed microbial populations 

but has been reported for several pure bacterial species (40). 
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Using the Warburg system there is no convenient method for 

tracing the dissolved oxygen concentration as a function of 

time. Measurements are restricted to determinations of 

total oxygen uptake and oxygen uptake rates. It becomes 

necessary to find some empirical method for correlating the 

measured rate parameter during the oxygen limited uptake 

period. 

If the change in dissolved oxygen concentration vjith 

respect to time ~ is assumed small in comparison to the 
CL*t 

dissolved oxygen concentration, the dissolved oxygen con¬ 

centration can be expressed in terms of the total oxygen 

uptake by solving equation [11] with — set equal to zero 
dt 

to yield 

X = 
KiaXi 

£TVf(B0D) + I^a 

Substituting [13] into [10] and rearranging yields 

[13] 

Y* ■*1 Vf 
l£a 

1 
ETCBOUT 

[lb] 
d(B0D)/dt 

Assuming a negligible gas phase resistance to mass transfer 

and Henry’s Law, equation [ 1*+] transforms to 

[15] 
d(B0D)/dt KxaH k'H(BOD) 

A similar transformation of equation [5] for non-limited 

bacterial growth neglecting the term N0/c* yields 

 1  =  I  [16] 
d(B0D)/dt k(BOD) 

Multiplying equation [|16] by the partial pressure of oxy- 



gen yields 

P 
k(BOD) 

[17] 
P 

d(BOD)/dt 

The Warburg system can be operated in two fashions: 

(a) partial pressure of oxygen maintained constant, or (b) 

partial pressure of oxygen may be allowed to decrease with 

oxygen uptake. For the case in which the partial pressure 

of oxygen is maintained constant equations [15] and [17] 

present an adequate description of the bacterial growth or 

oxygen uptake characteristics of the system. However, for 

the case in which the partial pressure of oxygen is not held 

constant equation [17] must be modified to account for the 

decrease in partial pressure of oxygen with oxygen uptake. 

Since the Warburg respirometer is a constant volume apparatus, 

the decrease in partial pressure with oxygen uptake can be 

expressed by an equation of the following form 

P = PQ - m(BOD) [18] 

Where: P = Partial pressure of oxygen at any time, 
atmospheres 

P = Initial oxygen partial pressure, atmospheres 
m° = Constant, atmospheres/unit oxygen uptake 

The constant m is a function of the total gas volume within 

the reaction flask and the frequency of resetting the mano¬ 

meter system (6, 56). 

Substituting [18] into the right hand side of [19] 

yields 

P _ P m 
d(BOD)/dt = k(BOD) " k [19] 
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Thus equations [15] and [19] can be used to describe 

oxygen uptake rates for a system in which the partial pressure 

of oxygen is allowed to vary with the oxygen uptake. 

The equations developed thus far are restricted to cases 

for which the biological reactions involved are independent 

of the substrate concentration. Bacterial growth or oxy¬ 

gen uptake has been reported as being independent of the 

substrate concentration over a wide range of substrate con¬ 

centrations, but first order with respect to the substrate 

concentration below some critical substrate concentration (52). 

The critical substrate concentration may represent a critical 

substrate to organism ratio below which substrate is not 

present in sufficient quantity to allow the entire popula¬ 

tion to reproduce (10). What substrate is present during 

this period will continue to be removed by the biological 

population and will demonstrate an oxygen demand. However, 

this oxygen demand may not represent an appreciable increase 

in bacterial density (25). For the above conditions the 

oxygen uptake rate can be defined by an equation of the form 

d(BOD) 
dt = k“Cs [20] 

Where: k*' = Reaction rate constant, mass/oxygen/ 
mass substrate/unit time 

The initial condition for equation [20] is 

(BOD) = (BOD)* 
Cs = Cs* at t = T* [21] 

Where: (BOD)* = BOD corresponding to Cs = Cs*, mass/ 
unit volume 
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C * = Critical substrate concentration, 
mass/unit volume 

T* = Time at which Cg = Cs* 

The rate constant k1* in equation [20] will be a function 

of the total bacterial density within the system and is 

probably more accurately expressed as a reaction rate per 

unit mass bacterial density. Since the bacterial density 

is essentially constant during this period of the oxygen 

uptake progression, the reaction rate coefficient represents 

a true constant for a given system. 

C. CARBON DIOXIDE LIBERATION 

A respiring organism produces carbon dioxide at a rate 

proportional to the oxygen uptake rate, and the rate of 

carbon dioxide production can be calculated from the oxygen 

uptake rate by application of a stoichiometric factor called 

the respiratory quotient (53)« The respiratory quotient is 

the molar ratio of carbon dioxide produced to oxygen consumed 

and is given in Table I for various substrated metabolized 

by mixed microbial cultures. Thus carbon dioxide production 

is defined by the same kinetic equations used to define oxy¬ 

gen uptake rates. 

Although carbon dioxide is produced by the metabolizing 

cells at a rate proportional to the oxygen uptake rate, the 

rate of carbon dioxide liberation from the culture fluid 

\d.ll not be directly proportional to oxygen uptake rate. 

This is the result of the mass transfer which must occur 
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liquid and gas phases and the equilibrium between the various 

ionic species of carbon dioxide in the liquid phase (50). 

Since a primary function of this study is to investi¬ 

gate the maximum error introduced in Warburg manometry as 

the result of carbon dioxide limitations, the liquid phase 

equilibrium between the various ionic species of carbon diox¬ 

ide may be neglected. This case represents the minimum 

liquid phase carbon dioxide concentration and the maximum 

carbon dioxide partial pressure in the gas phase (*+8). As 

a result the limits of carbon dioxide effects within the 

system are defined in terms of a minimum biologically avail¬ 

able carbon dioxide limit and the maximum partial pressure 

error introduced to the system. 

With the above assumption, the following equation can 

be written to express the carbon dioxide partial pressure 

within the system as a function of time 

Where; 

i°0a 
RICKja) [JCoog - H*P002] 
Vg 

- (Kia)K0HPC02 [22] 

PC02 

R 

T 
Vg 
K|a 

XC02 

H* 

= Partial pressure carbon dioxide, 
atmospheres 

= Universal gas law constant 
= 0,08205 1-atm/gm mole-°K 
= Absolute temperature of system, K 
= Gas phase volume, liters 
= Culture fluid-gas phase mass transfer 

coefficient, moles/hr/unit mole per 
liter driving gradient 

= Bulk liquid phase carbon dioxide 
concentration, moles/liter 

= Henry1s Law constant for carbon 
dioxide, moles/liter/unit atmosphere 
partial pressure 

= Gas-potassium hydroxide mass transfer 
coefficient, atm/hr/atm partial pres¬ 
sure 

(ICia)K0H 
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The bulk liquid phase carbon dioxide concentration is 

given by the equation 

i002 
y a(BOD) - (Kxa) [Xcop - H*pc0 ] [23] 

32000 at ~7f~ 2 2 

Where: = Respiratory quotient, moles C02/mole O2 
Vf = Culture volume, liter 

32000 = Unit conversion factor, moles 02/mg O2 

Assuming that the time rate of change of the dissolved 

carbon dioxide concentration is small and approaches zero, 

equation [23] can be solved for the dissolved carbon dioxide 

concentration to yield 

JT „ = l£_ * a(BOD) + EiS H*p00 ra41 
*C02 Kxa 32000 dt Vf 2 

Substituting [24-] into [22] and assuming dPC02/dt small 

i-jith respect to Pg02’ resul'tinS equation can be solved 

for PQQ2 to yield 

PC02 = 
RTVf d(BOD) 

32OOOVg(Kla)K0H dt [25] 

Equation [25] can be used to approximate the partial 

pressure of carbon dioxide in the Warburg reaction flask as 

a function of the oxygen uptake rate. The assumptions made 

in deriving equation [25] are tantamount to assuming that 

the rate of carbon dioxide release from the liquid phase 

is equal to the rate of production. Although this assump¬ 

tion is basically in error as a result of the neglect of 

the transient behavior of the system, results obtained should 

represent conditions sufficient to establish the availability 

of carbon dioxide to the bacterial culture. An analysis of 
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the system similar to the one developed above has been 

presented by Dixon and Elliot (48). 



28 

IV. PREVIOUS WORK 

Jenkins (5^) has prepared an excellent review of the 

historical development and the applications of manometric 

techniques to environmental engineering problems. The 

reader is referred to this review for the above informa¬ 

tion. Although there has been extensive work using the 

Warburg system in biological studies, only three publica¬ 

tions are directly applicable to this work. 

Dixon and Elliot (**8) first attacked the problem of 

gas transfer in manometric systems as early as 1930. This 

work demonstrated an oxygen transfer limitation in the small 

(15 milliliter) respirometer equipment. The oxygen limita¬ 

tion was expressed as the minimum yeast concentration re¬ 

quired in the liquid phase to exert the maximum oxygen ex¬ 

change capacity of the system. The maximum oxygen uptake 

rate measured was shorn to increase linearly with increased 

agitation. No effort was made to express the oxygen limita¬ 

tion in terms of the physical laws of mass transfer. 

Dixon and Elliot also examined the rate of carbon ab¬ 

sorption by the caustic absorbent in the flask centerwell. 

Only constant reaction rate systems were considered. These 

authors recommended that a roll of filter paper saturated 

with 10$ potassium hydroxide solution be inserted in the 

center well to increase the surface area for carbon dioxide 

absorption and increase the absorption rate. One drawback 

to the use of filter paper in the absorption compartment is 
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the rather rapid auto-oxidation of the filter paper in 

caustic solutions. In short term studies the error intro¬ 

duced would he relatively small in comparison to the oxygen 

uptake of the biological system, but in environmental 

engineering studies which often extend to periods of sev¬ 

eral days the relative error introduced could be an appreci¬ 

able portion of the total oxygen uptake. 

Roughton (49) extended the work of Dixon and Elliot 

to rapid enzymatic reactions and concluded that diffusional 

effects within the system impose serious limitations on the 

range of applicability of the Warburg system. Roughton was 

able to correct for diffusional effects on reaction rate 

measurements by using an empirically determined mass trans¬ 

fer coefficient. Houghton's method was limited to systems 

with known reaction rate constants at the steady state. 

The effects of varying reactant concentration on the reac¬ 

tion rates of the systems studied were accurately known. 

Myers and Matsen (50) have reported the most extensive 

study of mass transfer characteristics in the Warburg sys¬ 

tem to date. As with all previous work Myers and Matsen 

limited consideration to constant reaction rate systems. 

The aerobic reaction systems studied were assumed to be 

independent of the dissolved oxygen concentration allowing 

them to express the dissolved oxygen concentration as a 

function of the reaction rate and mass transfer coefficients 

for the system. Using this technique these workers were 
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able to correct measured reaction rates to the true bio¬ 

logical reaction rates. The assumptions required in this 

analysis tend to invalidate the application of the equations 

developed to actively growing biological populations. 

Myers and Matsen also developed equations to predict 

the time progression of carbon dioxide partial pressure 

I'd thin the system for constant reaction rates. From this 

analysis they concluded that carbon dioxide was present in 

the system at non-limiting levels. The analysis also demon¬ 

strated that consideration of the liquid phase equilibrium 

between the various ionic species of carbon dioxide affected 

only the time progression to the steady state carbon dioxide 

partial pressure and had no effect on the steady state con¬ 

centration. 

All of the work reviewed in this section of the thesis 

was limited to the small, 15-20 milliliter, reaction flasks 

using a three milliliter sample volume. The environmental 

engineer usually works with a 125-150 milliliter reaction 

flask and fifty milliliter sample volumes. Although the 

same principles apply to both systems, no work has been 

reported for limiting gas transfer rates in the larger 

respirometer systems. 



V. DESCRIPTION OF EQUIPMENT 

The Marburg apparatus used in the experimental work 

was an Aminco rotary Marburg apparatus with eighteen mano¬ 

meter stations. Shakking rates of 72, 116, and 180 strokes 

per minute are available. Shaking stroke can be varied from 

zero to four centimeters. The constant temperature bath 

of the instrument can be used over the range 10°-50°Centi- 

grade and maintained within “ 0.05°C. Manometers were open 

end U-tube manometers calibrated from 0-30 centimeters in 

one millimeter increments. Brodie solution, specific gravity 

1.029, was used as manometer fluid. Each manometer was 

equipped with an adjustable manometer fluid resevoir for 

maintaining the system at constant volume. 

Respirometer flasks were approximately 125 milliliter 

volume and calibrated to 0.1 milliliter. Two sets of flasks 

were used. One set was simply 125 milliliter Erlenmeyer 

flasks with standard taper ground glass necks and fitted 

with two milliliter volume center well. The second set of 

flasks were of similar construction but were fitted with a 

side arm vent tube to facilitate flushing the flasks with 

various gas mixtures. 

Mixtures of oxygen and nitrogen were prepared by mix¬ 

ing known volumes of the pure compounds. Pure gases were 

discharged from storage cylinders through calibrated gas 

rotameters into a mixing Mtee." An eighteen place circular 

gassing manifold was used to flush all flasks simultaneously. 



VI. SODIUM SULFITE SYSTEMS 

A. EXPERIMENTAL TECHNIQUES 

The copper catalyzed oxidation of sodium sulfite (9, 

55, 53) was used in one technique for determining the mass 

transfer coefficient for oxygen in the Warburg system. Oxy¬ 

gen uptake rates by sodium sulfite solutions were measured 

and mass transfer coefficients were calculated from the up¬ 

take rates. 

Powdered sodium sulfite was accurately weighed into 

glass vials. The vials were carefully placed into the 

reaction flask which contained fifty milliliters of copper 

sulfate solution as catalyst. Flasks were connected to the 

manometers and placed in 20- 0.05°C constant temperature 

bath. Thirty minutes were allowed for the flasks to reach 

thermal equilibrium with the bath. After thermal equilibrium 

had been attained, the flasks were shaken violently to tip 

the solid sulfite into the catalyst solution. Shaking was 

continued until solution of the sulfite was complete. The 

flasks were reset with pure oxygen to insure an initial oxy¬ 

gen partial pressure of 0.21 atmospheres. Flasks were 

shaken at a 72 stroke per minute rate using a four centi¬ 

meter stroke. Oxygen uptake was measured as the change in 

oxygen partial pressure within the constant volume, iso¬ 

thermal system. A blank was run with each determination 

to correct for changes in the barometer. 
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B. EXPERIMENTAL RESULTS 

The results of the sodium sulfite experiments are 

summarized in Table II. Using a 0.000141 molar catalyst 

solution oxygen uptake rates of 0.236, 0.319, and 0.331 

atmospheres/hour/atmosphere oxygen partial pressure were 

measured for sodium sulfite concentrations of 0.238, 0.476, 

0.714 molar, respecitvely. The oxygen uptake rates reported 

are equivalent to 5.95? 8.05, 9*60 mg of oxygen per hour 

at 0.21 atmospheres oxygen partial pressure. 

Using a 0.00352 molar catalyst solution the measured 

oxygen uptake rates were 0.286, 0*320, and 0.358 atmospheres/ 

hour/atmosphere oxygen partial pressure at sulfite concen¬ 

trations of 0.238, 0.476, and 0.952 molar, respectively. 

At 0.21 atmospheres oxygen partial pressure the uptake rates 

are equivalent to 7-21, 8.07, and 9.04 mg oxygen per hour. 

C. DISCUSSION 

The copper catalyzed oxidation of sodium sulfite has 

been reported as zero order with respect to the sulfite 

concentration (9,55?58). For the range of sulfite concen¬ 

trations used in this study the oxygen uptake rate was not 

independent of the sulfite concentration. As a result the 

date cannot be used in a direct calculation of the mass 

transfer coefficient for the system. 

The data obtained indicate that the reaction is first 

order with respect to sulfite concentration. At a given 

sulfite concentration the reaction is first order with 
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TABLE II. EXPERIMENTAL RESULTS FOR SODIUM SULFITE SYSTEMS 

Sulfite 
Concen- 

Cooler 
Catalyst 

Shake 
Rate 

Measured Oxygen 
Reaction Rate 

Oxygen Uotake 
Rate at 0.21 

tration Concen- Constant Atm. 0? Partial 
tration Pressure 

moles 
liter 

moles 
liter min~^ 

atm/hr/atm 
partial 
pressure 

mg/hr 

0.238 1.4lxl0'"1+ 72 0.236 5.95 

0.476 0.319 8.05 

0.714 0.381 9.60 

0.238 3.52xlO“3 72 0.286 7.21 

0.476 0.320 8.07 

0.952 0.358 9.04 
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respect to oxygen partial pressure indicating a first order 

dependency on the dissolved oxygen concentration. 

Combining these concepts, a rate equation of the follow¬ 

ing form results 

R = IC*MX [26] 

Wherei R = 
K* * 
M = 
X = 

Oxygen uptake rate, atmospheres/hour p 
Rate constant, atmospheres/hour/(mole/liter)^ 
Molar concentration of sulfite, moles/liter 
Molar concentration of oxygen, moles/liter 

The dissolved oxygen concentration can be expressed by an 

equation of the form 

dX 
dt 

-CK*MX + 
Kia (x. 
Vf 

X) 
[27] 

Where: t = Time, hour 
K-ia = Mass transfer coefficient, liters/hour 
Vf = Liquid volume, liters 
Xf = Interfacial dissolved oxygen concentration, 

moles/liter 
C = Flask constant, moles/liter/atmosphere 

Assuming that dX/dt is small in comparison to X, equation 

[27] can be solved for X by assuming the steady state. 

Substituting the solution for X into [26] yields 

R * K*M(Kla)Xj r28] 
CK+MVf + (Kia) 

Taking the reciprocal of equation [28] yields 

Xi= CVf + _1_ 

R (Kxa) K*M 
[29] 

Equation [29] expresses a linear relationship between 

the molar concentration of sulfite and the reaction rate 

However, before equation [29] can be used to correlate 

the data, the interfacial oxygen concentration must be 



37 

known. An approximation to the interfacial liquid phase 

dissolved oxygen concentration can he obtained if the gas 

phase resistance to mass transfer can be assumed negligible 

and the interface assumed at equilibrium with the gas phase. 

To indicate the validity of such an assumption an order 

of magnitude calculation can be made assuming a purely 

molecular diffusion mechanism in the gas phase. The mass 

transfer rates are of the order of magnitude of 3 X 10“1+ 

moles per hour. The interfacial area for mass transfer is 

approximately 10 cm^. The mass diffusivity for oxygen in 

air is of the order of 10“**- cm^/sec. Applying Ficks first 

law of diffusion (28) the required concentration gradient 

is of the order of 10"? moles per cm-^. The molar concentra¬ 

tion of oxygen in air at 20°C and one atmosphere total pres¬ 

sure is of the order of 8 X 10“^ moles per cm^. Thus, for 

diffusion through a stagnant gas film one centimeter thick 

the interfacial gas phase concentration would be approximate¬ 

ly 99$ of the bulk gas phase concentration. Since the sys¬ 

tems under consideration are mixed, the case of diffusion 

through a one centimeter gas film probably represents an 

outside limit for the system. It appears that the assump¬ 

tion of a negligible gas phase resistance to mass transfer 

is acceptable. 

Making the above assumptions in equation [29] yields 

P - ?Vf , + 1 corn 
R “ TlJaTH K*MH L:5UJ 
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Where: P = Bulk phase oxygen partial pressure, 
atmospheres 

H = Henry's Law constant, moles/l/atmosphere 
partial pressure 

The oxygen uptake rates for the system were determined 

as an equation of the form 

R = K'P [31] 

Where: K' = Measured reaction rate constant, 
atm/hr/atmosphere partial pressure 

Substituting [31] into [30] yields 

1 - cvf + _1_ r 321 
IC “ (Kxa)H K*MH J 

Correlating the data using equation [32] with the 

flask constant C equal to 0.0/5 moles/liter/atmosphere 

(mean value for the flasks used) and a 50 milliliter sample 

volume, the mass transfer coefficient Is 1.178 liters/ 

hour, and the reaction rate constant K* is 1.925 X 10^ 

atmospheres/hour/(mole/liter)2. In terms of sulfite reacted 

the reaction rate constant is 1.443 X 102 hour“-^(mole/liter)“■*■. 

The mass transfer coefficient will be discussed in more de¬ 

tail in the next section of the thesis. 
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VII. BIOLOGICAL SYSTEMS 

A. EXPERIMENTAL PROCEDURES 

Oxygen uptake progressions for the degradation of 

glutamic acid, glucose, sodium acetate, and pyruvic acid 

by mixed microbial populations were determined at oxygen 

partial pressures of 0.21, 0.50, and 1.0 atmospheres in 

the Marburg respirometer. Both substrate acclimated and 

sewage seeds were used. All experiments were conducted at 

20 - 0.05 C and one atmosphere total pressure. Sample 

volumes of fifty and twenty-five milliliters were used. 

Shaking rates of 72 and 116 four centimeter strokes per 

minute were used. 

Substrate solutions were prepared by accurately weigh¬ 

ing a sample of the reactant to be used as substrate and 

diluting to the required volume with distilled and deionized 

water. Inorganic growth nutrients (5) were added as follows: 

Since the biological oxidation of glutamic acid substrate 

does not require an external nitrogen source, ammonium 

chloride was not added to these systems. In all cases the 

nitrogen added was in excess of the stoichiometric require¬ 

ment. The pH of all substrate solutions was adjusted to 

pH 6.5-7.5 prior to nutrient addition. 

Settled and filtered sewage was used as seed material 

Phosphate Buffer, pH 7.2 
Magnesium Sulfate 
Ferric Chloride 
Ammonium Chloride, 100 gms/1 

10 ml/1 
5 ml/l 
5 ml/1 

10 ml/1 
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in most runs and was added at 100 ml/1. For acclimated 

seed runs the initial "bacterial density was measured as 

the total mass of dry solids retained by a 0.^*5 micron 

pore size membrane filter (25). Seed blanks were included 

with all experiments. 

Samples of the seeded substrate solutions were pipetted 

into the 125 milliliter reaction flasks. One milliliter 

of 10$ potassium hydroxide solution was added to the center 

well as an absorbent for carbon dioxide. Flasks were con¬ 

nected to the manometers and placed in the constant tempera¬ 

ture water bath. After allowing fifteen minutes for thermal 

equilibrium, the manometer stopcocks were closed. Zero hour 

was taken as the time the stopcocks were closed. 

Four gas phases were used, air., 21$ oxygen, 50$ oxygen, 

and 100$ oxygen. Total pressure was 1.0 atmospheres in 

all experiments. For the air systems the manometers were 

reset with air. All other systems were reset with medical 

oxygen. To attain the desired initial gas phase oxygen 

concentration the flasks were flushed with the required 

gas mixture during the thermal equilibrium period. Gas 

flow rates were sufficient to displace the system volume 

thirty times before the stopcocks were closed (56). This 

gas flow was calculated to yield a gas phase concentration 

equal to 99+$ of the flushing gas concentration (57)» 
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B. EXPERIMENTAL RESULTS 

1. Glutamic Acid Systems 

The experimental results of the biological systems 

using glutamic acid as substrate are summarized in Table 

III.. 

Using a fifty milliliter sample volume the maximum 

oxygen uptake rate measured at a r/2 stroke per minute shake 

rate was 1.67 mg/hr for air or 21% osygen systems. The 

maximum rate measured was independent of substrate concen¬ 

tration for initial substrate concentrations greater than 

500 mg/1. The maximum rate was independent of total mass 

of biological solids in the initial inoculum since maxi¬ 

mum rates were the same for both acclimated and sewage seeds. 

Growth in the glutamic acid systems was non-limited or es- 

ponential to a maximum oxygen uptake of 102 mg/1 for the 

air systems. Deviation from exponential growth was noted 

at oxygen uptake values as low as 61 mg/1 for non-substrate 

limited systems. For 21$ oxygen systems the deviation from 

exponential growth occurred over the range 80 to 200 mg/1 

oxygen uptake. Exponential growth rates varied from 0.184 

to 0.372 hr"1 for these systems. 

For a 50% oxygen gas phase, fifty milliliter sample, 
and 72 min"1 shake rate the maximum oxygen uptake rate was 

2.06 mg/hr. Deviation from exponential growth occurred over 

the range 146 to 240 mg/1 oxygen uptake. The exponential 
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TABLE III. RESULTS FOR GLUTAMIC ACID SYSTEMS 

Run Ho. Substrate 
Concen¬ 
tration 

mg/1 

1 
2 

l 
5 

2017 250 

6 
7 
8 

KB-64-2 1000 

9 
10 
11 

KB-64-22 250 

12 
13 

KB-64-3 750 

14 
15 

KB-64-5 750 

16 
17 

KB-64-6 100 

18 
19 

200 

20 
21 

300 

22 
23 

400 

24 
25 

500 

26 
27 

600 

28 
29 

700 

30 
31 
32 

800 

33 
34 

02-B-64-l 500 

35 
36 

1000 

37 
38 

1500 

39 
40 

2000 

Gas Sample Shake 
Phase Volume Rite 

$02 ml min“l 

air 25 72 

air 50 72 

air 50 116 

air 50 72 

air 50 72 

21 50 72 
116 
72 
116 
72 
116 
72 
116 
72 
116 
72 
116 
72 
116 
72 
116 

100 50 72 
25 

• 50 
25 
50 
25 
5o 
25 

Seed Maximum 
Oxygen 
Uptake 
Rate 

mg/hr 

acclimated 
258 mg/1 1.51 
60 mg/1 1.46 
44 mg/1 1.21 

acclimated 1.48 
1145 mg/1 

acclimated 0.83 
758 mg/1 

sewage 1.56 

sewage 1.06 

sewage 0.44 

0.67 

0.89 
1.11 
1.00 
1.46 
1.12 
1.78 

1.52 
2.21 
1.44 
2.07 

sewage 1.60 
0.78 
2.48 
1.79 
4.27 
2.88 
5*64 
4.06 



1 
2 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

Table III. continued 43 

Oxygen Exponen- Oxygen Oxygen Oxygen Mass 
Uptake tial Uptake at Uptake Limited Transfer 

at Growth Deviation at Reaction Coefficien 
Maximum Rate from Substrate Rate 
Rate Constant Exponential Limitation Constant 

Growth - 

k k* Kn a 
Equ.[5] \ Equ.[l5] Equ.[l5] 

mg/1 hr"’-*- mg/1 mg/1 (mg/D^hr" 1/hr 

188 
174 
168 

166 

80 

127 0.372 102 263 0.0607 0.425 

240 0.366 61 250 0.0544 0.226 

35 0.250 35 35 

66 0.295 66 66 

81 0.305 81 110 
100 

88 0.395 80 134 
112 
112 0.300 81 170 
146 

77 0.290 84 208 
170 
160 0.320 139 245 
235 
152 0.330 140 275 
225 

181 0.236 161 265 
147 0*276 161 278 
367 0.236 331 340 
316 0.276 339 350 
469 0.236 450 510 
444 0.276 475 495 
657 0.236 549 660 
603 0.276 652 670 



Table III. continued if)* 

Run No. Substrate Gas Sample Shake Seed Maximum 
Concen- 
tration 

Phase Volume Rate Oxygen 
Uptake 

Rate 

mg/1 fo02 ml . -1 min mg/hr 

4l 0o-ICB-64-l 3000 100 50 72 sewage 7.02 
42 2 

25 6.61 
43 0«-B-64-2 
44 2 

200 21 
100 

50 72 sewage 0.60 
0.70 

45 400 21 1.08 
46 100 1.27 
47 600 21 1.67 
43 100 2.04 
49 800 21 1.50 
50 100 2.51 
51 

1.23 52 0o-KB-64-3 
53 2 

54 02-KB-64-4 

750 21 50 72 sewage 

750 21 50 72 sewage 1.13 
55 
56 
57 VAR-03 

50 1.58 

750 air 50 72 sewage 1.04 
53 21 1.45 
59 50 2.06 
60 100 2.28 
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42 
43 
44 
45 
46 
47 
48 
49 
5Q 
51 
52 
53 
54 
55 
56 
57 
53 
59 
60 

Table III. continued 45 

Oxygen Exponen- Oxygen Oxygen Oxygen Mass 
Uptake tial Uptake to Up t alee Limited Transfer 

at Growth Deviation at Reaction Coefficient 
Maximum Rate from Substrate Rate 

Rate Constant Exponential Limitation Constant 
Growth 

k k' K_ a 
Equ.[5] E<m.[15] . , Equ.[l5] 

mg/1 hr"-*- mg/1 mg/1 (mg/D-ihr"-1- 1/hr 

801 0.282 350 950 0.0104 0.256 
885 0.340 600 980 0.00930 0.500 
63 0.278 66 76 
66 0.245 74 80 

14+ 0.186 139 154 
151 0.249 143 150 
212 0.213 179 200 
212 0.299 200 216 
279 - 0.218 150 275 0.0407 0.223 
266 0.288 220 285 

229 0.227 119 256 0.0410 0.177 

273 0.184 200 262 
274 0.187 240 273 

149 0.230 93 250 0.0340 0.272 
272 a. 200 101 260 0.0515 0.196 
242 0.240 146 256 0.0120 0.236 
240 0.254 174 262 0.00656 0.132 



growth rate constant varied from O.I87 to 0.2^fG hr”^". 

For 100% oxygen gas phase, fifty milliliter sample 

volume, and a 72 min shake rate, the maximum oxygen up¬ 

take rate observed was 7*02 mg/hr. Deviation from exponen¬ 

tial growth occurred over the range 17^ to 5^9 mg/1 oxygen 

uptake. Exponential growth rate constants varied from 

O.236 to 0.299 hr-'*'. Deviations appeared to be a function 

of the see material rather than physical factors in all 

cases. 

Typical oxygen uptake progressions for glutamic acid 

substrate at the three oxygen partial pressures are presented 

as Figure 3. 

Using a pure oxygen gas phase, 25 milliliter samples, 

-1 
and a 72 min shake rate, the maximum measured oxygen up¬ 

take rate was 6.61 mg/1. For the smaller sample volumes 

deviation from exponential growth was observed in the range 

600 to 652 mg/1 oxygen uptake. Growth rates for the 25 

milliliter samples were always greater than the growth rate 

in 50 milliliter samples using the same substrate concentra¬ 

tion and seed material. The effect of decreasing sample 

volume is illustrated in Figure 4. 

In one experiment using glutamic acid substrate at 

concentrations from 100 to 800 mg/1, fifty milliliter sample 

volumes, 2\% oxygen gas phase, and sewage seed, oxygen up- 

take progressions were measured at 72 min shake rate. 

Once the oxygen uptake progression indicated that the sys- 



'I/&UJ‘e>|Djdn ueBAxo 

T
im

e
, 

H
o

u
rs

 
F

IG
U

R
E
 
3

- 
O

X
Y

G
E

N
 

U
P

T
A

K
E
 

P
R

O
G

R
E

S
S

IO
N

S
 

F
O

R
 

G
L

U
T

A
M

IC
 A

C
ID
 

S
U

B
S

T
R

A
T

E
 

A
T
 

F
O

U
R
 

G
A

S
 

P
H

A
S

E
 

O
X

Y
G

E
N
 

C
O

N
C

E
N

T
R

A
T

IO
N

S
 



5
0

0
 

W
A

R
B

U
R

G
 

R
E

S
P

IR
O

M
E

T
E

R
 



49 

tem was oxygen limited, the shake rate was increased to 

116 min”'*'. Increasing the shake rate resulted in an immedi¬ 

ate increase in the oxygen uptake rates from 1.4-5 to 2.10 

mg/hr. This effect is illustrated in Figure 5» 

For glutamic acid substrate, the substrate limited 

inflection point in the oxygen uptake progressions was 0.35 

mg glutamic acid per mg oxygen uptake for growth systems. 

The inflection point was independent of substrate concen¬ 

tration, initial seed material, shaking rate, sample vol¬ 

ume, and oxygen partial pressure. The inflection point 

corresponds to an oxygen uptake equal to 36.2$ of the 

theoretical oxygen demand. 

2. Glucose Systems 

The experimental results obtained for Glucose substrate 

systems are tabulated and presented in Table IV. Only re¬ 

sults for air systems are presented. Six additional runs 

were attempted using glucose as substrate, but these runs 

proved to be abnormal since the oxygen uptake progressions 

showed a sharp decrease in rate at approximately 50$ of the 

theoretical plateau. In the experiments attempted experi¬ 

mental conditions were varied in an effort to obtain addi¬ 

tional data for this substrate. None of the changes made 

improved the situation. More recent work by Kambhu (25) 

has indicated that the rate decrease is the result of the 

formation of some acid intermediate in the glucose degrada- 
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TABLE IV. RESULTS FOR GLUCOSE SYSTEMS 

Run No. Substrate Gas 
Concen- Phase 
tration 

' mg/1 

1 
2 

£ 
2014- 200 

500 
1000 

air 

5 
6 
7 

2021 200 
4-00 
1000 

air 

8 
9 B-64--100 1500 air 
10 
11 LB-64-100 750 air 
12 
13 KB-64-100 750 air 

Sample Shake Seed Maximum 
Volume Rate Oxygen 

Uptake 
Rate 

ml 
. -1 

min mg/hr 

50 72 sewage 0.61 
1.15 
1.4-5 

50 116 sewage 0.73 
1.35 
1.95 

50 116 sewage 2.18 

50 72 sewage 1.04- 

50 7 2 sewage 1.39 
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Table IV. continued 
52 

Oxygen Exponen- Oxygen Oxygen Oxygen Mass 
Uptake tial Uptake to Uptake Limited Transfer 

at Growth Deviation at Reaction Coefficient 
Maximum Rate from Substrate R8.t)6 

Rate Constant Exponential Limitation Constant 
Growth 

k k» K-, a 
Equ.[5] Equi[l5] Equt[l5] 

mg/1 hr"1 mg/1 mg/1 (mg/1) “^hr' "1 1/hr 

49 0.230 49 61 
138 0.230 §7 155 0.0303 0.338 
2 75 0.230 87 32 7 0.0519 0.54-3 

50 0.354 52 60 
115 0.354 114 125 
160 0.343 130 315 0.0444 1.250 

210 0.261 168 465 0.0479 0.965 

103 0.251 96 236 0.0450 0.100 

175 , 0.249 110 230 0.0692 0.398 
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tion. However, increased buffering of the system does not 

overcome the problem. 

Using fifty milliliter samples and a shake rate of 

72 min"-** the maximum oxygen uptalee rate measured was l.'+5 

mg/hr. Using a shake rate of 116 min _1 the maximum oxy¬ 

gen uptake was 2.18 mg/hr. At the lower shake rate devia¬ 

tion from exponential growth was observed in the range 87- 

ll1* mg/1 oxygen uptake. At the higher shake rate deviation 

from exponential growth was noted in the range 130-168 mg/1 

oxygen uptake. Exponential growth rate constants varied 

1 -1 
from 0.230 to 0.251 hr--1* for the experiments at the 116 min 

shake rate. Typical oxygen uptake progressions for glucose 

at the two shake rates are illustrated in Figure 6. 

The limiting substrate concentration in glucose systems 

was noted at an oxygen uptake corresponding to 29.8$ of the 

theoretical oxygen demand for growth systems. This corres¬ 

ponds to a glucose to oxygen uptake ration of 0.88 mg/mg. 

As a food to organism ration substrate limitation corresponds 

to 0.86 mg/mg based on the stoichiometric cell yield. 

3. Sodium Acetate and Pyruvic Acid 

Three experiments using sodium acetate as substrate 

and one experiment using pyruvic acid as substrate were 

performed. The results are summarized in Table V, and oxy¬ 

gen uptake progressions for sodium acetate substrate are 

presented as Figure 7» 
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i 
5 
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7 
8 
9 
10 
11 
12 
13 
l*f 
15 
16 
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TABLE V. RESULTS FOR SODIUM ACETATE AND PYRUVIC ACID 
SYSTEMS 

Run No. Substrate Gas Sarnule Shake Seed Maximum 
Coneen- 
tration 

Phase Volume Rate Oxygen 
Uutake 
Rate 

mg/1 CM 
O
 ml min"*'*' mg/hr 

SODIUM ACETATE 

KB-64-200 750 air 50 72 sewage 0.93 

KB-64-201 750 air 50 72 
116 

sewage 0.83 
1.60 

VAR-03 750 air 
21 
50 

100 

50 72 sewage 1.12 
1.07 
1.70 
1.94 

PYRUVIC ACID 

VAR-03 750 air 
21 
50 

100 

50 72 sewage 0.80 
1.45 
1.55 
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Table V. continued 

Oxygen Exponen- Oxygen Oxygen Oxygen Mass 
Uptake tial Uptake to Uptake Limited Transfer 

at Growth Deviation at Reaction Coefficient 
Maximum Rate from Substrate Rate 
Rate Constant Exponential Limitation Constant 

Growth 

k k‘ Kla .. 
Equ.[5] Equ.[l5] Equ.[l5] 

mg/1 hr'1 mg/1 mg/1 (mg/l)~1hr' 1/hr 

SODIUM ACETATE 

1 
o 

88 0.320 62 0.0824 0.165 
c* 

3 170 0.250 57 0.0197 0.455 
4 272 
5 196 0.320 82 0.0467 0.389 
6 321 0.280 81 0.0960 0.113 
7 302 0.290 130 0.0183 0.187 
8 
o 

290 0.210 251 

10 
n PYRUVIC ACID 
12 
13 122 0.210 81 0.345 0.201 
14 236 0.230 97 0*426 0.211 
15 261 0.260 156 0.0067 0.0743 
16 o.i4o 
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For sodium acetate substrate, air gas phase, and a 

72 min”^ shake rate deviation from exponential growth was 

observed in the range 57-82 mg/1 oxygen uptake. The maxi¬ 

mum oxygen uptake rate measured for these conditions was 

1.12 mg/hr. For the single experiment performed 'with 

controlled gas phases deviation from exponential growth 

was observed at 81,130, and 251 mg/1 oxygen uptake and maxi¬ 

mum oxygen uptake rates were 1.07, 1.70, and 1.9*+ mg/hr for 

21$, 50$ and 100$ oxygen gas phases, respectively. Exponen¬ 

tial growth rates varied from 0.210 to 0.321 hr-1 for these 

experiments. 

In one sodium acetate run the shake rate was increased 

from 72 to 116 min”^ at 230 mg/1 oxygen uptake. The measured 

oxygen uptake rate increased from 0.83 to 1.60 mg/hr with 

increased shake rate. 

Using pure oxygen as the gas phase, pyruvic acid systems 

showed an apparent lag phase of approximately 24 hours forc¬ 

ing termination of these runs prior to data collection. 

Deviation from exponential growth was observed at 81, 97, 

and 156 mg/1 oxygen uptake using air, 21$, and 50$ oxygen 

gas phases, respectively, and pyruvic acid substrate. Maxi¬ 

mum oxygen uptake rates at the three partial pressures were 

0.80, 1.45, and 1.55 mg/hr. Growth rate constants varied 

from 0.210 to 0.260 hr-"^ as the partial pressure of oxygen 

was increased. 
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Mass Transfer Coefficient 

The overall liquid phase mass transfer coefficient 

Kqa was calculated for each of the biological systems 

which demonstrated an oxygen limited uptake period. For 

fifty milliliter samples and 72 min-1 shake rate 22 experi¬ 

ments demonstrated oxygen limited uptake periods of suffi¬ 

cient duration to allow calculation of the mass tansfer 

coefficient. Equation [15] 

P = _Zx_ + 1 . n51 
d(BOD)/dt KxaH k*H(BOD) 

LJ-?J 

was used for the calculation. The mass transfer coefficient 

was 0.26^ liters/hour with a standard deviation of 0.123 

liters/hour. No significant increase in the mass transfer 

coefficient was observed with increased oxygen partial pres¬ 

sures indicating a negligible gas phase resistance to mass 

transfer in the system justifying the assumptions required 

in the derivation of equation [15]• 

Only one experiment using 25 milliliter samples and 

a 72 min”'*' shake rate could be used for the determination 

of a mass transfer coefficient. The coefficient determined 

was 0.500 liter/hour. For the fifty milliliter samples 

the maximum mass transfer coefficient determined was 0.5^3 

liters/hour. It is possible that there is no significant 

difference in the mass transfer coefficient for smaller 

sample volumes. 

For two experiments at 116 min”'1' shake rate and fifty 

milliliter sample volume the mass transfer coefficient 
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could be determined. The values for the mass transfer 

coefficient at this shake rate were 1.250 and 0.956 liters/ 

hour. Both values are significantly larger than the mass 

transfer coefficient determined for a shake rate of 72 min"**-. 

5. Oxygen Limited Reaction Rate Constant 

The reaction rate constants for the oxygen limited 

portion of the oxygen uptake progression were determined 

using equation [15]. The constants determined were indepen¬ 

dent of substrate, substrate concentration, sample volume, 

and shake rate but decreased markedly with increased partial 

pressure of oxygen. The rate constants determined were 

0.^95" 0.0168, 0.05^3 ± 0.0212, 0.0123 * 0.00^7, and 0.00875 

t 0.00150 (mg/1)”-*- hour--*- for air, 21$, 50$, and 100$ oxygen 

systems, respectively. 

Using the data for the constant oxygen partial pressure 

systems, the oxygen limited reaction rate constant can be 

expressed as 

k' = P-?P105. _ 0.00363 
p 

[33] 

Where: k' = Reaction rate constant, (mg/1)"-*- hour 
P = Oxygen partial pressure, atmospheres 

C. DISCUSSION 

1. Applicability of Equations 

In Section III of the thesis a series of equations was 

developed to describe a time progression of oxygen uptake 

in the Warburg respirometer. The equations developed were 
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(a) Non-limited uptake 

= k C(BOD) + H0/oU 

(b) Oxygen limited uptake 

= k’ (BOD)X 

P _ vf . 1 
d(BOD)/dt “ KxaH k'H(BOD) 

(e) Substrate limited uptake 

atB-gai = *..<<„ 
dt s 

[5] 

Cio] 

[15] 

[20] 

All of the equations are subject to verification from 

oxygen uptake data except equation [20]. To establish 

equation [20] the actual substrate concentration as a func¬ 

tion of time should be determined. The stoichiometric 

relationship between oxygen uptake and substrate removal 

is not sufficiently accurate to predict kinetic behavior 

in this region of the oxygen uptake progression, since the 

bacterial population exerts an endogenous oxygen demand (1). 

The endogenous oxygen demand is not a function of the sub¬ 

strate utilized but is a function of the total biological 

population present. To date it has not been possible to 

define the endogenous oxygen demand of a mixed microbial 

culture. Thus such undefined oxygen demands makes verifica¬ 

tion of equation [20] impossible from oxygen uptake data. 

Kambhu (25) has reported substrate removal kinetics for 

this portion of the uptake progression. 

The substrate limiting substrate concentration can, 
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however, he defined from oxygen uptake data. The substrate 

limiting point in the studies performed was a linear func¬ 

tion of the accumulated oxygen uptake. Since the accumula¬ 

tive oxygen uptake is a direct measure of the bacterial 

density. For glucose and glutamic acid substrates the 

limiting substrate concentration is represented as oxygen 

uptake at substrate limitation and plotted as a function 

of the initial substrate concentration in Figure 3 for 

completely growth systems. For glutamic acid the system 

becomes substrate limited after exertion of 36.2$ of the 

theoretical oxygen demand of the substrate. For glucose 

substrate limitation was noted after exertion of 29.8$ of 

the theoretical oxygen demand. Based on the stoichiometic 

equations for relating bacterial growth to oxygen uptake 

these figures represent a substrate to organism ration of 

0.33 mg glutamic acid per mg bacterial density and 0.86 

mg glucose per mg bacterial density. The substrate to 

organism ration should apply to all bacterial systems. 

Since the substrate limiting substrate concentration 

is a food to organism ratio rather than a definitive sub¬ 

strate concentration, this limit may represent a substrate 

level below which only a fraction of the total bacterial 

enzymes are saturated with substrate. Such an observation 

indicates that bacterial populations follow Michaelis- 

Menten enzyme kinetics (¥*). This concept of enzymatic 

reactions is based on an active sites hypothesis in which 
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one active site is required to react one substrate molecule. 

For all substrate to enzyme ratios greater than some criti¬ 

cal value the active sites will be saturated with substrate 

and the reaction will be zero order with respect to substrate 

concentration. For substrate to enzyme ratios less than 

the critical value the active sites will be unsaturated 

and the reaction will be first order with respect to sub¬ 

strate concentration. 

If this hypothesis is correct, then the first order 

reaction rate equation proposed as equation [20] would des¬ 

cribe the kinetics of the reaction with the rate constant 

kM reflecting the total quantity of enzyme present. 

Equation [5] which describes unlimited or exponential 

bacterial growth or oxygen uptake is easily verified. A 

plot of the logarithm of the oxygen uptake as a function 

of time would be linear during this phase of the uptake 

progression. All of the runs performed showed such exponen¬ 

tial oxygen uptake progressions during the early stages of 

the oxygen uptake period with the exception of the acclimated 

seed runs. The exponential growth rate constants for each 

of the experimental runs was determined and reported in 

the results section. The growth rate constants varied from 

seed material to seed material in a random manner. Such 

variation makes it impossible to establish a general value 

for this constant. The exponential growth rate constant 

must be determined for each individual seed material. 
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The exponential growth rate constant represents the 

maximum reaction rate constant for biological systems (11). 

For studies of oxygen uptake rates the reacting system 

must be in this phase of growth or in the substrate limited 

growth phase if purely biological reaction rates are to be 

determined. Any area be Ween these maximum represents a 

physically limited system and the reaction rates measured 

mirror physical parameters rather than biological parameters. 

With the above ideas in mind it was hoped that a defini¬ 

tive point of deviation from exponential oxygen uptake could 

be determined for the Warburg system. The points of devia¬ 

tion from exponential growth are presented as a function 

of the initial substrate concentration in Figures 9 and 10 

for glutamic acid and glucose substrates, respectively. 

It i-Till be noted that the points of deviation are random 

at a given substrate concentration varying from seed material 

to seed material. For a given seed the point of deviation 

remains constant with increased substrate concentration at 

constant oxygen partial pressure. Increasing the oxygen 

partial pressure results in an increase in the point of 

deviation for a given substrate concentration and seed mater¬ 

ial. Changing seed materials caused the random scatter shown 

in Figures 9 and 10. The theoretical curve presented with 

Figures 9 and 10 represents the substrate limiting oxygen 

uptake discussed previously. The observations noted above 

concerning the point of deviation are valid only for cases 

in which the deviation from exponential growth was not the 
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result of substrate limitation. The point of deviation 

from exponential growth like the exponential growth rate 

constant must be determined for each seed material. As a 

guide the minimum oxygen uptake reported for deviation 

from exponential growth can be taken as limit for the 

system to insure non-oxygen limited uptake progressions. 

Equation [10] was proposed to represent the oxygen 

limiting portion of the oxygen uptake progression. To 

derive equation [10] it was necessary to assume a second 

order reaction between bacterial density and dissolved 

oxygen. To establish equation [15] in terms of the measured 

parameters of the system it was necessary to assume steady 

state for the dissolved oxygen concentration. To validate 

the equation and the assumptions it is necessary to fit 

the experimental data to an equation of the form of equa¬ 

tion [15] and to establish the constants of the equation. 

If the equations proposed are correct, the intercept of the 

curve corresponding to an infinite bacterial density should 

be a true constant and a function of the physical character¬ 

istics of the system only. 

The experimental data did fit an equation of the form 

of equation [15]. Equation [15] predicts oxygen uptake pro¬ 

gressions within - 5$? - 8$, - 25;$, and - 30$ of the measured 

oxygen uptake progression for 100$, 50$, and 21$ and air 

systems respectively. A typical experiment is presented 

by Figure 11. The intercept was constant and did vary with 
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physical parameters such as sample volume and shaking rate. 

No appreciable variation in the intercept was noted with 

seed material, substrate, or substrate concentration. The 

slopes of the regression equations, however, did vary with 

oxygen partial pressure although little variation was noted 

with biological and physical parameters other than oxygen 

partial pressure. 

Oxygen uptake progressions predicted by equation [15] 

are compared with the measured oxygen uptake progressions 

in Figure 12. Based on the close fit of the experimental 

data with the equations proposed for oxygen limited uptake 

progressions, it can be stated that the equations do ade¬ 

quately describe oxygen uptake in the Warburg respirometer. 

2. Oxygen Gas-Liquid Mass Transfer Coefficient 

The overall liquid phase oxygen mass transfer coefficient 

determined from the biological oxygen uptake data for fifty 

milliliter sample volume, 72 min“^ shake rate, and various 

oxygen partial pressures in the gas phase was 0.264 - 0.123 

liters/hour. For the same conditions using sodium sulfite 

reaction systems the mass transfer coefficient was 1.178 

liters/hour. The sulfite mass transfer coefficient is 

approximately four times as large as the biological mass 

•transfer coefficient. Wise (55) has reported that the 

oxygen mass transfer coefficients determined using the 

sulfite reaction technique are 3-5 times as large as the 
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corresponding mass transfer coefficients determined using 

the gassing-out technique. The gassing-out procedure in- 

volves degassing an oxygen saturated fluid with an oxygen 

free gas stream at aeration flow rates and tracing the 

dissolved oxygen concentration as a function of time. From 

the time progression of dissolved oxygen concentration the 

mass transfer coefficient is calculated. The sulfite deter¬ 

mined values of the mass transfer coefficient xrould he 

expected to be larger since the very rapid chemical reac¬ 

tion between sulfite and oxygen would effect the concentra¬ 

tion gradients of oxygen within the stagnant film through 

which diffusion occurs (28). The chemical reaction increases 

the concentration gradient decreasing the effective thickness 

of the stagnant liquid film. With the slower biological 

reaction the resistance to mass transfer is higher since 

the reaction has a less pronounced effect on the concentra¬ 

tion gradients id.thin the stagnant liquid film. Based on 

the results of this study and those of Wise it would appear 

that the sulfite method for determining oxygen mass transfer 

coefficients should be careful3.y evaluated. 

Decreasing the sample volume from fifty to twenty-five 

milliliters and using a shaking rate of 72 min'"-** the measured 

mass transfer coefficient increased to 0.500 liters/hour. 

This value represents a single determination and may not 

represent a significant increase over the mass transfer 

coefficient for fifty milliliter samples. However, decreas- 
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ing the sample volume would "be advantageous since the same 

quantity or greater quantities of oxygen are being transferred 

to a smaller liquid volume. The net result would he to 

decrease the degree of oxygen limitation for a given system. 

Increasing the shake rate to 116 min”1 and using fifty 

milliliter samples increased the mass transfer coefficient 

to 1.250 and 0.965 liters per hour for the two experiments 

evaluated. These values of the mass transfer coefficient 

are significantly larger than the values measured at the 

lower shaking rate. Increased agitation within the system 

would aid in.maintaining a more dispersed biological popula¬ 

tion. The combination of increased mass transfer coefficient 

and increased dispersion would help to insure that true bio¬ 

logical reaction rates are being measured in Warburg oxygen 

uptake studies. 

In conclusion it can be stated that the physical mass 

transfer characteristics of the Warburg system can result 

in an oxygen limitation on the rate of biological reaction. 

The mass transfer coefficients for the system can be 

determined using the equations and experimental procedures 

outlined in this thesis. Knowing the mass transfer charac¬ 

teristics of the system physical and biological rate limit¬ 

ing factors can be isolated. 

3. Oxygen Limited Biological Reaction Rate Constant 

The slope of the curves presented in Figure 11 is the 

reciprocal of the reaction rate constant during the oxygen 



limited portion of the uptake progression. The oxygen limited 

reaction rate constants were calculated from this slppe and 

reported in the results section of the thesis. The reaction 

rate constant can be expressed as a function of the oxygen 

partial pressure by the following equation 

k* = 0»Q1Q5 - 0.00363 [33] 
P 

Equation [33] is limited to the range of pressures from 

0.21 to 1.0 atmospheres oxygen partial pressure. 

The interesting feature of equation [33] is the fact 

that the reaction rate constant decreases with increasing 

oxygen partial pressure. Equation [13] can be used to 

approximate the dissolved oxygen concentration at the point 

of oxygen limitation by using the rate constant, mass trans¬ 

fer coefficient, and oxygen uptake at the point of devia¬ 

tion from exponential growth as the point of oxygen limita¬ 

tion. It is readily apparent that the limiting dissolved 

oxygen concentration increases with increased oxygen partial 

pressure. One explanation for this might be found in the 

hyopthesis of Gershman (60) which states that all aerobic 

biological species require some method of protecting them- 

selved against oxygen poisoning. If such protective sys¬ 

tems are developed at high dissolved oxygen concentrations, 

the system would likely be active at the lower dissolved 

oxygen concentrations created as a by-product of the reac¬ 

tion. If this is the case, higher dissolved oxygen concen¬ 

trations would be required throughout the oxygen uptake 
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period to overcome the resistance to oxygen represented 

by the protective system. 

Equation [15] predicts an increasing reaction rate 

with increasing bacterial density or cumulative oxygen 

uptake. This indicates that the oxygen limited portion of 

the oxygen uptake progression must represent some limita¬ 

tion which can not be adequately explained in terms of the 

Michaelis-Menten enzyme saturation theory presented earlier. 

Longmuir (**0) has attributed the reduced reaction rates 

observed at reduced oxygen tensions to diffusion of oxygen 

to the bacterial reaction site. If such an hypothesis is 

adopted, the reaction rate would be expected to increase 

with increased bacterial density since the surface area 

through which oxygen must diffuse increases with increased 

bacterial density. If the rate of increase of surface area 

is greater than the rate of decrease the overall reaction 

rate would increase. Rashevsky (16), Swilley, et al (21*), 

and Kerberger, et al (61) have considered several cases 

for which diffusion of reactants to the biological reaction 

site can control reaction rates. 

If the above hypothesis is correct and the oxygen 

limited reaction rate coefficients do represent, in part, 

a bulk phase diffusional resistance, the reaction rate 

coefficient should increase with increased mixing. This 

effect was not observed since the oxygen limited reaction 

rate coefficients for systems shaken at 116 strokes/minute 
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did not differ significantly from reaction rate coefficients 

for systems shaken at 72 strokes/minute. One explanation 

for this discrepancy may lie in the fact that the density 

of a bacterial cell is very nearly equal to the density of 

water (53)* This being the case the bacterial cell would 

be expected to move with the mixing currents since the 

inertia of the cell would be essentially equal to the in¬ 

ertia of the fluid. As a result the stagnant liquid film 

surrounding each bacterium would be little affected by in¬ 

creased mixing. 

It appears that the oxygen limited reaction rate 

coefficients reported do, in fact, represent a bulk liquid 

phase diffusional resistance to mass transfer. This area 

should be investigated in an effort to define the diffusion¬ 

al resistance. With this approach it would be possible to 

isolate a true biological reaction rate constant for this 

phase of the oxygen uptake progression. 

k. Other Effects 

Increasing the oxygen partial pressure in the Warburg 

respirometer caused a marked increase in what can be termed 

relative lag time. The term relative lag time is used since 

a true lag time cannot be defined from oxygen uptake pro¬ 

gressions (10). Figures 3 and 7 graphically illustrate 

the increase in relative lag time with increased oxygen 

partial pressure. A number of hypotheses can be formulated 

to account for the increase in relative lag time. Webley (59) 
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has attributed inhibition at increased oxygen partial pres¬ 

sures to the inactivation of thiol-containing enzymes. 

Gershman (60) visualizes the formation of free radicals 

at increased oxygen partial pressures as the cau.se of in¬ 

hibition and death. This hypothesis is difficult to accept 

when one considers the high energy of formation of free 

radicals and the instability of free radicals at normal 

temperatures and pressures. 

Perhaps the most likely explanation for the increase 

in relative lag time for mixed microbial populations lies 

in the concept of species selection (10). The culture en¬ 

richment technique is widely used as one method of isolating 

pure bacterial species (10). In this procedure the culture 

media is enriched in one nutrient, and the species which 

can most effectively metabolize this nutrient is isolated. 

If this hypothesis is correct, increased oxygen partial pres¬ 

sure could inhibit or destroy some species present in mixed 

cultures while other species may react favorably to the 

change in the environment. The concepts of species selec¬ 

tion is one which has been long neglected by the environ¬ 

mental engineer. 

Exponential growth rates were noted to vary widely with 

changes in seed material and oxygen partial pressure. These 

effects can also be explained in terms of the species selec¬ 

tion concept. 

Figures 3 and 7 also illustrate another effect observed 
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in the studies. The more oxygen limited systems show 

appreciably higher plateau oxygen uptake values than the 

non-oxygen limited systems. Dagley, et al (37) have shoim 

that dissolved oxygen concentration has a marked effect on 

the metabolism of pure cultures. Such effects are likely 

in mixed microbial populations. A detailed study of the 

effect of dissolved oxygen concentration on the metabolism 

of mixed populations should be made. 
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VIII. CARBON DIOXIDE ABSORPTION 

A. EXPERIMENTAL TECHNIQUES 

The gas-potassium hydroxide mass transfer coefficient 

was experimentally determined by measuring the rate of 

carbon dioxide absorption from the gas phase (49,- 50). 

Fifty milliliters of sodium carbonate solution of known 

concentration was pipetted into the reaction flask. One 

milliliter of 10# potassium hydroxide solution was added 

to the center well of each flask. A glass vial containing 

one milliliter of concentrated sulfuric acid was carefully • 

placed in each flask. The flasks were connected to the 

manometer systems and placed in the 20°C constant tempera¬ 

ture water bath. After a thirty minute thermal equilibra¬ 

tion period, the flasks were violently shaken at a rate of 

72 strokes per minute, and the carbon dioxide partial 

pressure as a function of the time recorded. A distilled 

water-sulfuric acid blank was treated identically as the 

samples to correct for thermal effects of acid solution. 

Once the gas-potassium hydroxide mass transfer coeffi= 

cient had been determined, the carbon dioxide partial pres¬ 

sure as a function of the oxygen uptake was calculated 

for each of the biological runs. Equation [25] was used 

for all calculations. 

PC02 = RTVf X  d(BOD) 
32000V g (K^a) TTOH 

[25] 
dt 
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B. EXPERIMENTAL RESULTS 

The carbon dioxide-potassium hydroxide mass transfer 

coefficient was 0.596 atm/hr/atm carbon dioxide partial 

pressure. The value reported represents the mean of six 

determinations of the mass transfer coefficient at two 

initial carbon dioxide partial pressures. 

The maximum carbon dioxide partial pressure for each 

biological run conducted at a 72 min“^* shake rate is 

reported in Table VI. The maximum error introduced in 

accumulative oxygen uptake is also included. A typical 

carbon dioxide partial pressure progression is presented 

as Figure 13. 

Carbon dioxide accumulation could result in a maxi¬ 

mum error of 10-15% in the accumulative oxygen uptake 

value. The error introduced in the short time intervals 

required for oxygen uptake rate determinations would be 

of the order of 1-2%, 

C. DISCUSSION 

Equation [25] used to predict the carbon dioxide 

partial pressure in the Warburg system as a function of 

the oxygen uptake exerted indicates that for any finite 

oxygen uptake rate there must be a finite carbon dioxide 

partial pressure. This implies that carbon dioxide was 

always present in the systems studied and tends to refute 

the idea that carbon dioxide is a limiting factor in War¬ 

burg studies. Carbon dioxide concentrations required to 
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TABLE VI. MAXIMUM CARBON DIOXIDE PARTIAL PRESSURE IN 
WARBURG CONSTANT VOLUME RESPIROMETER 

Run No. Substrate Substrate 
Concentra 

tion 

mg/1 

KB-64-3 Glutamic 
acid 

750 

KB-64-5 75 0 

KB-64-6 100 
200 
300 
400 
500 
600 
700 
800 

02-B-64-l 500 
1000 
1500 
2000 

02-KB-64-1 3000 

02-B-64-2 200 

400 

600 

800 

Op-KB-64-3 750 

02-KB-64-4 750 

VAR-03 750 

Gas, Maximum Maximum 
Phase Partial Error in 

Pressure Accumulative 
Carbon Oxygen 
Dioxide Uptake 

atm02 atm mg/1 

air 0.0267 61.8 

air 0.0182 45.5 

0.21 0.0075 18.7 
0.0114 28.5 
0.0152 38.0 
0.0171 42.8 
0.0191 47.6 
0.0142 35*5 
0.0260 55.0 
0.0274 68.5 

1.0 0.0274 68.5 
0.0426 106.5 
0.0731 I83 
0.0966 24l 

1.0 0.1205 300 

0.21 0.0103 25.7 
1.0 0.0120 30.0 
0.21 0.0185 46.2 
1.0 0.0218 54.5 
0.21 0.0286 71.5 
1.0 0.0350 87.5 
0.21 0.0257 64.2 
1.0 0.0430 107.4 

0.21 0.0219 54.8 

0.21 0.0194 48.5 
0.50 0.0271 67.6 

air 0.178 44.4 
0.21 0.248 62.1 
0.50 0.352 88.0 
1.0 0.388 97.1 



Table VI. continued 

82 

Hun No. Substrate Substrate 
Concentra 

tion 

mg/1 

2014 Glucose 200 
500 

1000 
2000 

LB-64-100 750 

KB-64-100 750 

Gas Maximum Maximum 
Phase Partial Error in 

Pressure Accumulative 
Carbon Oxygen 
Dioxide Uptake 

atm02 atm mg/1 

air 0.0079 19.8 
0.0150 37.5 
0.0189 47.3 
0.0208 51.9 

air 0.0135 33.7 

air 0.0181 45.2 
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initiate bacterial growth are of the order of 0.0003 atmo¬ 

spheres (46, 47). An oxygen uptake rate of less than 1 

mg/l/hr is sufficient to supply this carbon dioxide partial 

pressure. The calculated carbon dioxide partial pressures 

indicate that a greater danger may be the toxic effects 

of carbon dioxide at high partial pressures. However, it 

is important to note that the carbon dioxide partial pres¬ 

sures reported represent the maximum possible. A more accu¬ 

rate application of the equations for carbon dioxide partial 

pressure as a function of oxygen uptake would result in 

lower values for the partial pressure as a function of oxy¬ 

gen uptake. 

The error introduced in oxygen uptake rate measurements 

by carbon dioxide accumulation is of the order of 1% al¬ 

though the error introduced in accumulative oxygen uptake 

may approach 15%, If the cultures are allowed to proceed 

to the plateau in oxygen uptake, the accumulative error 

will vanish since the carbon dioxide partial pressure must 

approach a steady state equilibrium with the oxygen uptake 

rate. Thus any accumulated carbon dioxide must be absorbed 

before a plateau or zero rate period can be detected. The 

accumulation and subsequent absorption of carbon dioxide 

may account for the failure of some workers (3D to detect 

the plateau at high substrate concentrations. It is possible 

for the culture to enter the second stage oxygen uptake 

period before all carbon dioxide is absorbed. 
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IX. FUTURE WORK 

1. The experimental work performed to determine the oxygen 

mass transfer coefficient using the sodium sulfite oxida¬ 

tion technique indicates that mass transfer coefficients 

determined by this technique are approximately four times 

greater than the true mass transfer coefficient for the 

biological system. Additional work is required to define 

the accuracy of this widely used technique for determining 

oxygen mass transger coefficients. 

2. Increasing the oxygen partial pressure in the Warburg 

system has been shown to affect the biological populations 

involved. These effects are attributed to a variety of 

causes. Additional work is required to define the effects 

of increased oxygen partial pressure on mixed microbial 

populations. 

3. This work has indicated that the bulk liquid phase re¬ 

sistance to oxygen transfer has an effect on the oxygen 

uptake rate of o:<ygen limited bacterial populations. Future 

work is required to define the relative magnitudes of the 

bulk phase diffusional resistance to mass transfer and the 

true biological reaction rate constants for this period 

of bacterial growth. 

*+. Future work should attempt to define the role of diffu¬ 

sion of reactants to the biological reaction site on the 

biochemical reaction rates measured. Such work would re¬ 

quire the determination of diffusion free reaction rate 
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coefficients. 

5. Carbon dioxide partial pressures were calculated from 

oxygen uptake data for this study. Future work should be 

undertaken to actually measure carbon dioxide partial 

pressures and evaluate the equations proposed in this 

work. 
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X. CONCLUSIONS 

1. Using air as the gas phase, fifty milliliter samples, 

a shake rate of 72 four centimeter strokes per minute, 

and sewage seeds the Warburg system has been shown to 

be oxygen limiting for oxygen uptake values in the range 

60-100 mg/1 using glutamic acid, glucose, sodium acetate, 

and pyruvic acid substrates. To insure non-limited oxygen 

uptake progressions by mixed microbial populations the pla¬ 

teau oxygen demand of the substrates used should not exceed 

60 mg/1. 

2. The limiting mechanism in oxygen uptake progressions 

run under the above experimental conditions for plateau oxy¬ 

gen demands greater than 100 mg/1 is the physical transfer 

of oxygen from the gas to the liquid phase. The mass 

transfer coefficient for the experimental conditions given 

above is 0.26*+ - 0.123 liters/hour. Increasing the shaking 

rate to 116 strokes per minute yields a mass transfer co¬ 

efficient in the range 1.250 to 0.965 liters/hour. Decreas¬ 

ing the sample volume has no appreciable effect on the mass 

transfer coefficient. 

3. Increased shaking rates offer the advantages of increased 

mass transfer coefficient and increased dispersion of the 

bacterial population as the result of increased mixing. 

b. Oxygen limitation in the system markedly effects the 

metabolism of the bacterial population resulting in increased 

plateau oxygen demands and erroneous rate measurements. 
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5. The hulk phase diffusional resistance to the transfer 

of reactants to the biological reaction site can be a 

controlling step in biological reactions. 

6. Mass transfer coefficients determined using the sodium 

sulfite oxidation technique are three to four times greater 

than the true mass transfer coefficient. 

t. Low carbon dioxide partial pressures are not a limiting 

factor in the Warburg respirometer. 

8. Carbon dioxide accumulation in the Warburg respirometer 

may impose a serious error on oxygen uptake determination. 

9. Increasing the oxygen partial pressure over mixed 

bacterial populations in the Warburg respirometer results 

in an increased relative lag time and causes variation in 

the esponential and oxygen limited oxygen uptake reaction 

rate constants. 

10. Substrate becomes limiting in glutamic acid and glucose 

systems at oxygen uptakes corresponding to 36.2$ and 29.8$ 

of the theoretical oxygen demand. The limiting substrate 

concentrations represent a critical substrate to organixm 

ration of 0.33 mg/mg and 0.86 mg/mg for glutamic acid and 

glucose, respectively. At substrate to organism ratios 

less than the above values the oxygen uptake rates measured 

do not represent the true biological potential of the 

system. 
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XI. SUMMARY' 

A mathematical model for the Warburg constant volume 

respirometer was developed to describe the effect of oxygen 

mass transfer on kinetics of bacterial growth or oxygen 

uptake. Oxygen mass transfer coefficients and oxygen limited 

reaction rate constants were determined for the system using 

air, 21$, 50$, and 100$ oxygen gas phases. 

The equations developed are 

a) Won-Limited Oxygen Uptake 

d(BOD) = k[ (BOD) + W0/<* ] 
dt 

b) Oxygen Limited Oxygen Uptake 

d(BOD) _   P   
dt Vf/(K1a)H + l/k'H(B0D) 

c) Substrate Limited Oxygen Uptake 

[5] 

[15a] 

[20] 

Where (BOD) 
k 
t 

*o 
c< 

p 
vf 
(Kia) 
H 
k* 

k 11 

Oxygen uptake, mg/1 
Exponential growth rate constant, hr”1 

Time, hr 
Initial inoculum, mg/1 
Stoichiometric coefficient 
Oxygen partial pressure, atmospheres 
Sample volume, liters 
Oxygen mass transfer coefficient, liters/hr 
Henry's Law constant, (mg/1)/atm 
Oxygen limited reaction rate constant 
(mg/l)”1!^”1 * 
Substrate limited reaction rate constant 
hr“l 

The exponential growth rate constant k varied from 

0.184 to 0.376 hr”-*-. Deviation from exponential growth 

occurred in the range 60-110 mg/1 oxygen uptake for air 
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systems. The mass transfer coefficient K-^a was 0.264 

liters/hr for fifty milliliter samples, 72 min“^ shake 

rate at 20°C. The oxygen limited reaction rate constant 

can be calculated from the equation 

k« = 0.0105/P - 0.00363 [33] 

Constants for equation [20] could not be evaluated from 

the date obtained. 

Equation [15a] predicts oxygen uptake values within 

* 5# of the experimental values for 1.0 atmospheres oxygen 

partial pressure, - 8$ for 0.50 atmospheres oxygen partial 

pressure, * 25$ for 0.21 atmospheres oxygen partial pres¬ 

sure, and £ 30$ for air systems. Equation [15a] is applic¬ 

able from the point of deviation from exponential growth 

to the point of substrate limitation. Substrate limitation 

occurs at 36.2$ of the theoretical oxygen demand for glutam¬ 

ic acid systems and at 29.8$ of the theoretical oxygen 

demand for glucose systems. 

Application of all equations requires knowledge of 

the equation constants for the particular seed and sub¬ 

strate used. Of the constants the exponential growth rate 

constant and the point of deviation from exponential growth 

are undefined and vary widely with seed material. Equating 

equations [5] and [15a] give the initial point for equation 

[15a]. 

Equations to describe carbon dioxide partial pressure 

within the Warburg system were developed. Calculated car- 



91 

bon dioxide partial pressures indicate that carbon dioxide 

is not limiting in the Warburg system. The equations were 

not subset to verification in the study reported. 
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