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SUMMARY 

An inclined plate model for the trickling filter system 

is considered from the point of view of the transport phe¬ 

nomena involved with heterogeneous reaction at the interface 

between a bacterial film and a flowing liquid film. The 

problem considered is that in which diffusion of substrate 

to the reaction surface is of importance. The results are 

compared to the conventional pseudo-homogeneous reaction 

model and to the surface reaction model when diffusional 

resistance is zero. 

It is shown that the approximate model for substrate 

removal can be selected on the basis of the widely variant 

responses of the available models to changes in suitable 

parameters, particularly recirculation. 



I. INTRODUCTION 

The trickling filter for fixed bed bio-oxidation of 

organic materials was developed over half a century ago^^. 

Design criteria for this basic tool of the environmental 

engineer have been developed purely on an evolutionary basis. 

No existing theory or mathematical model adequately describes 

the situation and few attempts have been made in the past 

to remedy this. In fact, as late as 1962 McKinney^) made 

the following statement in his book Microbiology for Sani¬ 

tary Engineers: 

"Thus far, the theoretical aspects of trickling 
filters have not progressed to the point where 
the engineer can design a filter for a given 
waste and predict in advance the results to be 
expected. The number of variables and their 
interrelationships in trickling filter design 
have complicated the development of a complete 
fundamental theory. The development of a sound 
fundamental theory for trickling filters is one 
of the great uncharted areas of research." 

A, Purpose of the Present Analysis 

The intent of this investigation is to summarize and 

extend the theory of fixed-bed biological reaction systems 

and to describe criteria by which experimental work can 

arrive at a justifiable analogy between the biochemical re¬ 

action problem and postulated film flow reactor models. It 

is suggested that such experimental work could serve to 

differentiate between the limiting cases of "food" versus 

oxygen control. 

Once the important mechanisms have been described and 

their relative importance assayed, it will be possible to 
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develop a mathematical model for the system based on a real¬ 

istic interpretation of the transport phenomena involved. 

Such a model would then lead to a situation where the trans¬ 

port rates could be optimized and attention concentrated on 

the basic criteria that require laboratory evaluation. These 

would include reaction rate coefficients, diffusion coef¬ 

ficients, and absorption phenomena, as well as techniques 

for their determination. It should be noted that no infor¬ 

mation is available on specific reaction rate coefficients 

because all work has been conducted and reported in terms of 

the overall system, and these overall coefficients are in¬ 

fluenced by the geometry of the system studied. 

B. Review of Previous Contributions 

The first attempt to formulate a relevant theory de¬ 

scribing the mechanisms of the trickling filter was made by 

Velz^)-, who stated: "The rate of extraction of organic 

matter per interval of depth of a biological bed is pro¬ 

portional to the remaining concentration of organic matter, 

measured in terms of its removability." This may be ex¬ 

pressed in the following equations 

f = e'KlD (1) 

where 
f = fraction of BOD remaining 

K} = first order reaction constant 

D = depth of filter bed 

Howland^) suggested that the relevant parameter is the 
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time of flow over the organism bearing surfaces of the filter. 

His model consisted of an inclined rectangular plate over 

which a liquid film falls in fully developed laminar flow as 

in Figure 1, The Nusselt^ equation for film thickness as 

a function of flow rate was then applied: 

where 
S - film thickness 

Q = volumetric flow rate 

Data obtained for residence time on a string of spheres and 

on an inclined plate substantiated the applicability of the 

Nusselt equation. 

Finally Atkinson, et al,^, summarized these ideas and 

expressed the implicit assumptions contained therein by con- 

sidering the inclined plate model from a mechanistic point of 

view. A differential mass balance was then applied according 

to the following assumptions: 

1. The system is at steady state. 

2. The rate of reaction is sufficiently slow 

that it is the controlling process. 

3. The reaction occurring in the film can be 

described by first order reaction kinetics and may be repre¬ 

sented by the irreversible reaction A C where C is an accept¬ 

able product of zero BOD. Both A and C are soluble in the 

solvent B (water). 



FI
G

. 
I -

 T
H

E
 I

N
C

L
IN

E
D
 P

L
A

T
E
 M

O
D

E
L

 



-5- 

4. The wetted perimeter does not change with 

hydraulic loading. 

This yielded the following differential equation: 

d(QCA) = -KACa$W dl (3) 

where 
Q = Volumetric flow rate 

CA = concentration of A 

W = plate width 

KA = reaction constant, first order 

Integration results in the following equation for the 

fraction remaining: 

f = exp J" -Ka<J WL j (4) 

This is essentially Howland's result. 

The decrease in filter efficiency with hydraulic loading 

as predicted by Equation (4) has been confirmed by Schulze^). 
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II. THE PSEUDO-HOMOGENEOUS REACTION MODEL 

It is important to note here that one more assumption 

has always been present. Examination of the differential 

Equation (3) will reveal that the reaction described may be 

termed "pseudo-homogeneous". That is, the biological oxi¬ 

dation process is implicitly assumed to take place through¬ 

out the liquid film and there is no diffusional resistance 

to retard the rate of reaction. Thus, the units of the re¬ 

action rate constant are 1/time, representing the situation 

occurring if the microbial population were suspended in the 

liquid film, as in an activated sludge, or if the moving film 

were flowing through a spongy or fibril biological mass. 

Therefore, the assumption of homogeneity of reaction applies 

to the conventional model: 

The reaction occurs throughout the liquid film. 

It was shown by Atkinson, et al. that such a model 

exhibits favorable response to recirculation of effluent. 

Equation (4) may be decomposed into dimensionless 

groups and expressed as follows: 

' ■[•*"’ 

in which t 
Ra = reaction number for pseudo-homogeneous system- r 3 KIM I 

L P (COS/S)4 J 
Pa = packing number, 

[ 9cos/3j 
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Re = Reynolds number, ATV//A. 

/3 = angle with vertical 

P = peripheral mass flow rate 

A recirculating flow pattern is depicted in Figure 6. 

A mass balance at the entrance to the model yields: 

f = CAI+NCAO 
r+N— 

(6) 

where 
CAj = initial influent concentration of A 

N a recycle ratio 

The fraction remaining in the effluent becomes: 

f = expErr+w/s] 
1 + N-N exp I* (7) 

where 1 C1+N) J 

^ = 4^/3 p&-jl/3 

Re2/3 

Atkinson, et al.^) also considered turbulent films with 

the following result: 

r -y l 
f « expl. (1+N) ^/3j 

1 + N-N exp 

where 

[ -r - 1 
[(l+N)1/3] 

C8) 

41/^CRa Pa) 1/3 

Re 1/3 

The response of the two pseudo-homogeneous reaction 

systems indicates increased efficiencies from recirculation, 
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especially in the case where transition to a turbulent film 

is effected. 
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III. SURFACE REACTION MODELS 

It is generally assumed, e.g. (2), (4), (7) that the 

trickling filter is the site of a surface reaction. That 

is, the reaction occurs at the interface between a microbial 

film and a liquid film. For instance, Schulze^ has said, 

"The active part of a trickling filter consists of a rela¬ 

tively thin film of micro-organisms which develops on the 

surface of the filter stone." If this represents qualitative¬ 

ly the reaction process in a trickling filter, then under 

steady-state conditions an equilibrium situation must exist 

such that the rate of transfer of reactant from the main body 

of the liquid film to the bacterial phase will be balanced 

by the rate of removal and degradation by the organisms. 

Thus the over-all rate will be determined by the relative 

resistances due to diffusion and removal. This means that 

the trickling filter as generally conceived must involve both 

processes, and the limiting factor might well be diffusional 

resistance. It is essential to recognize this as one 

characteristic of the trickling filter as’distinguished from 

the activated sludge process, in which the bacteria are sus¬ 

pended in the liquid phase and mixing may tend to minimize 

diffusional resistances. 

A. The Reaction System 

A typical reaction system would involve the biological 

oxidation of glutamic acid . 

Glutamic acid + 02+ bacteria = bacteria + CC^ + H2O 

+ NH3 (9) 
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The kinetics for such a reaction in a fixed population of 

bacteria have been demonstrated to be first order (9). The 

model consists of a stationary surface coated with bacteria 

as shown in Figure 4. 

It is to be noted that current systems use intermittent 

liquid application, indicating that oxygen may be made avail¬ 

able either by absorption through supernatant liquid or ab¬ 

sorption by the organisms themselves, rather than by the 

mechanism of transfer through a flowing liquid film. Hence 

the models presented here will assume no dependence on oxygen 

transfer through the flowing film and that the availability 

of "food" at the reaction surface is the controlling factor. 

The oxidation is assumed to occur only at the bacterial- 

liquid interface. Therefore, the rate coefficient is re¬ 

presented by a concentration dependent "velocity" in the 

direction perpendicular to the fixed bacterial film. The 

growth of microorganisms is largely surface growth and hence 

no change in surface area or rate coefficient is involved. 

Bacteria washed from the fixed film into the effluent are 

of no significance to a once-through system and are assumed 

removed when a recirculating pattern is considered. 

Thus let it be stressed that one distinction of a surface 

reaction system is that the reaction rate coefficient expresses 

a one-dimensional velocity with the units of length/time. 



B. Reaction Controlled Heterogeneous Model 

In this model the controlling process is assumed to be 

the rate of reaction. That is, the diffusional resistance is 

assumed to be negligible. A differential mass balance applied 

to this system yields Equation (10) which may be compared to 

Equation (4). 

d(QCA) » -KSCAW dl (10) 

Integration leads to: 

f = exp (-KSWL/Q) (11) 

The above equation represents the inclined plate model 

with the following assumption: 

The reaction occurs only at the solid-liquid interface. 

Decomposition of Equation (11) into dimensionless groups 

yields Equation (12). This should be compared with Equation 

(5) for the pseudo-homogeneous reaction system. 

f = exp£-4 

In the above equation the reaction number is: 

(12) 

Ra - z3 /Cff 
5 cos/3 

For the heterogeneous reaction the surface reaction constant, 

Kg, appears rather than the volumetric constant KA. 

It will be noted that in Equation (11) the removal is 

not a function of film thickness. Insertion of Equation (6) 

into Equation (12) yields: 
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£ = exp ['trarr] 
1 + N-N exp \L£L] L(l+N) J (13) 

in which 
= 4(Ra Pa)

1/3 

Re 

The immediate result is that the surface reaction system 

exhibits quite a different response to recirculation. 

Equation (13) is considered in Figure 3 where the fraction 

remaining is shown as a function of recycle ratio. Compar¬ 

ison with Figure 2 obtaine’d from Equation (7) will demonstrate 

the difference in the two systems. It will be noted that 

transition to turbulent flow has no effect with the reaction 

controlled heterogeneous system, since film thickness does 

not enter into the equation. 

It is seen that for the pseudo-homogeneous reaction 

system there is an increase in filter efficiency with re¬ 

circulation, whereas efficiency is decreased in the surface 

reaction model. The increased efficiency in the former case 

is, of course, accountable by the increase in liquid film 

thickness, which creates an increase in total effective re¬ 

actor volume. In the latter system the relevant parameter, 

the reaction surface,does not change with increased re¬ 

circulation. 
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Co Diffusion Controlled Systems 

1. Definitions 

None of the above models considers the situation in 

which diffusion of substrate to the bacterial phase may be 

important* It is the purpose of this analysis to modify the 

inclined plate model in order to allow for this phenomenon 

and the resultant build-up of concentration gradients across 

the thickness of the liquid film. The present model con¬ 

siders the situation occurring when the rate of removal and 

oxidation of substrate is sufficiently fast that diffusional 

resistance within the liquid film becomes important. 

If we admit the possibility of concentration gradients 

within the inclined plate model, then the effect of mixing 

versus non-mixing must be considered along the total path of 

travel through the filter bed, It has been established (10) 

that where rippling flow occurs, there is a mixing at dis¬ 

continuities along the flow path, thus destroying lateral 

concentration gradients. 

At this point, then, let a "transfer element" be defined 

as the path length between two mixing sites. I.e., a dis¬ 

continuity in flow path destroys the concentration gradient 

and defines the entrance to a new transfer element, 

2. Analytical Development of Diffusion Control Model 

The present model, which is depicted in Figure 4, con¬ 

siders a two-dimensional flux of the substrate A within the 

flowing liquid B. A mass balance on component A then yields, 



-16- 

with stationary coordinates oriented as in Figure 4: 

h 
iKt. 
ijC 

= 0 (14) 

.ow 

in which 

NAJ = mass flux of A in § direction 

NaX 
= mass flux of A in £ direction 

£ = direction perpendicular to liquid fl< 

£ » direction parallel to flow 

The following assumptions are applied: 

1. Steady state 

2. The liquid film is in fully developed laminar 

flow. Thus, (11), the velocity in the j£ direction may be 

expressed as a function of position in the £ direction by: 

v6 

(15) 

3. The reaction A$C is irreversible and occurs only 

at the solid-liquid interface. First order reaction kinetics 

apply. 

4. The wetted perimeter remains constant. 

5. The flux of A in the £ direction is due only 

to diffusion 

(16) 
ICA 

i $ 
6. The flux of A in thedirection is due only to 

convection: 

= (17) 
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7. There is no concentration gradient at the 

entrance to the transfer element,, 

8. There is no transfer of A across the liquid 

air interface. I.e. 

Jk 

n 
= o (18) 

Substituting Equations (16) and (17) into Equation (14) 

obtains: AC-VCCA) _ i _ i) r K iCfi I 
a J 

or 

*>r ^4 n ^ CA 
df. £'»9jfc 

Substituting Equation (15) into Equation (19), the partial 

(19) 

differential equation becomes: 

(20) 

(20) 

ing 

For the sake of generality and convenience, Equation 

is transformed into dimensionless units by the follow- 

definitions: 

x = i/s (21) 

y = (22) 

f * s point concentration, C^/C^ (23) 

K = A>0 L (24) 
<r* vjjtwa.v 

The resulting dimensionless partial differential equation 

is 

(25) 
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According to the assumptions the following boundary- 

conditions apply for f* =» f*(x,y): 

a. f*(x,0) = 1 

b. J ^ 
fx (o.y) » o 

(26) 

(27) 

c’"5ji§. (1, y) » Ks f* 
C28) 

In Appendix I the solution to Equation (25) is obtained 

by the method of separation of variables and expansion in a 

series of orthogonal functions to obtain f*(x,y), The 

solution is: 

(29) 

; V>J = 1- b" +   

where 

The functions for obtaining the eigenvalues bn and the 

corresponding coefficients An are given in Appendix I. 

Equation (29) represents the concentration at any 

point within the liquid film. Therefore, the concentration 

leaving the model, f, will be obtained as a velocity-weighted 

average across the exit surface at y « 1, This is shown in 

Appendix I to lead to: 

3f . -tJK f 
= iL./l„e / (31) 

From the development of Equation (31), the exit concen¬ 

tration is seen to be of the form: 

f = f(^,K) 
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where 
K = 

L 
cf 4ir 

£ mftTf 

vl- 
J K s. 

fA6 

The group f|_ appears in Equation (57), Appendix I. 

The groups l£ and K therefore describe the geometry of 

the model and the characteristics of the substrate and liquid 

film. Decomposition of the two parameters into dimensionless 

groups yields; 

= .9084 Sc Re1/3 Ra1/3 (32a) 

K * 2.932 Sc -1 Re”4/3 Pa1/3 (32b) 

where 

Sc = 

Pa = 

Schmidt number 

packing number, 
cog/a 

Ra 

Re 

reaction number, 

Reynolds number, 

fta /=> 
g cos/3 

3. Results 

Numerical values for f( vj^ ,K) were obtained using an 

IBM 1620 digital computer. The results are shown in Figure 

5 as efficiency, 1 - f, versus K with as parameter. 

It will be noted that in a restricted sense, ir^ repre¬ 

sents the diffusional resistance divided by the reaction rate 

resistance, and with a given diffusional resistance K repre- 
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sents the length o£ the transfer element. 

As the Schmidt number (i.e, the diffusional resistance) 

goes to zero, one can expect that the exit concentration as 

determined by the present model will approach asymptotically 

the solution obtainable by the reaction controlled situation 

(Equation 12), This is demonstrated in Figure 7, and serves 

as a check on the numerical methods employed to obtain values 

for the diffusion controlled situation. 

As the value of increases the number of terms in 

Equations (29) and (31) required for convergence increases. 

The accuracy in fitting f(y= 0) = 1 served as the basis for 

accepting or rejecting a given exit concentration computation. 

The Fortran program used to obtain the solution as well 

as the data themselves are to be found in Appendices III and 

IV, respectively. 
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IV. DISCUSSION OF SURFACE REACTION MODELS 

Three surface reaction trickling filter models can now 

be defined: 

1. The reaction controlled model as expressed by 

Equation (12): 

f = exp [ 
-4(Ra Pa)1/3 

Re ] (32) 

recalling that 

^ = .9084 Sc Re1/3 Ra1/3 (32a) 

K = 2.932 Sc"1 Re"4/3 Pa1/3 (32b) 

the Equation for reaction control may be expressed as: 

f = exp [-1.50 t^K] (33) 

2. The diffusion controlled model of Equation (31) in 

which the transfer element length is defined by the total path 

length; i.e. no mixing occurs at discontinuities. 

3. The diffusion controlled model with mixing at dis¬ 

continuities. 

These three models will be referred to as reaction 

controlled; diffusion controlled, no mixing; and diffusion 

controlled with mixing; respectively. 

Comparison will be accomplished according to the follow¬ 

ing hypothetical filter bed. 

filter depth   2 meters 

element length   10 cm. 

inclination of element  45 degrees 

number of elements,....   28.3 



Q. = Flow Rate 
CAI;Q 

FI6. 6- FIXED-ANGLE; FIXED- 
LENGTH MODEL 
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The hypothetical bed is, then, a path of 28.3 transfer 

elements arranged in a sawtooth pattern from top to bottom 

as in Figure 6. For reaction control and diffusion control, 

no mixing, the fraction of BOD remaining depends on the total 

path, or 10 x 28,3 = 283 cm. 

For diffusion control with mixing, the removal becomes 

the cumulative product of fraction remaining from each 10 cm. 

element. I.e. 

fbed ° 

28,3 
f 
element 

(34) 

A. Effect of Schmidt Number; Figure 7 

The effect of diffusional resistance is demonstrated 

in Figure 6. Three cases are considered: Diffusion control 

with and without mixing, and reaction control. The diffusion 

controlled systems are seen to converge to the reaction 

controlled solution as the Schmidt number goes to zero, The 

increased efficiency due to mixing at discontinuities in the 

diffusion controlled system is well demonstrated. 

B. Effect of Reynolds Number; Figure 8 

Hydraulic loading is considered in Figure 8. In all 

models the detrimental effect of increased Reynolds number 

in the range of laminar flow is shown. 

C. Effect of Element Length; Figure 9 

Figure 9 illustrates the change in fraction remaining 

in systems with different element length. In the hypothetical 

bed under consideration a change in element length does not 
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alter the total path length, since the angle of inclination 

is fixed. The only effect is the introduction of a higher 

mixing frequency. This only affects the diffusion controlled 

system in which frequent destruction of the concentration 

gradient has the result of increasing the rate of transfer to 

the reacting surface. It is clear that as element length is 

decreased, frequency of mixing is increased and hence the 

reaction controlled situation is approached, As element 

length is increased, the total path of travel is approached 

until the non-mixing situation is reached. 

D, Effect of Temperature; Figure 10 

Figure 10 demonstrates the effect of temperature, the 

basis being the Arrhenius (12) approximation that a 10 degree 

Centigrade change in temperature effects a doubling of the 

reaction rate. Viscosities and diffusivities are assigned 

(13) 
a temperature dependence according to Foust, et al, , 

As may be expected, the effect of an increased rate of re¬ 

action is damped when the controlling factor is diffusion. 

It is shown that where large changes in temperature are 

involved, a transition from reaction control is possible. 

E, Effect of Recirculation; Figure 11 

Figure 11 compares the behavior of all four models now 

available when recirculating flow patterns are used. The 

strikingly different responses among the four models is evi¬ 

dent. In the pseudo-homogeneously catalyzed model recirculation 

is shown to have a beneficial effect, whereas the reaction con- 
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trolled and diffusion controlled surface reaction models show 

progressively less lower efficiencies upon-recirculation. 

Let it again be noted that in the instance of the pseudo- 

homogeneous model, recirculation serves to increase the film 

thickness and hence the reaction volume. 

F. Effect of Depth; Figure 12 

Velz(3) has presented experimental data representing the 

fraction remaining as a function of depth in order to sub¬ 

stantiate the formulation given in Equation (1). Examination 

of Equations (4) and (34) as well as Figure 12 will reveal 

that all of the models discussed in this analysis can, with 

appropriate adjustment of the accounted parameters, be used 

to obtain just such a linear relationship between log f and 

depth. This serves to point up the fact that only by thorough 

analysis of the possible mechanisms can one come up with 

justifiable criteria for selecting the appropriate trickling 

filter model. 

G. Intermittent Dosage 

The question of the mechanism of oxygen transfer remains, 

regardless of which model fits the reaction situation. 

Current filters use intermittent liquid application, indicat¬ 

ing that diffusion of oxygen through a flowing liquid may 

not be the real situation, but that the oxygen transfer pro¬ 

cess may be one of absorption by a stagnant liquid film or 

the organisms themselves. Another result of intermittent 

dosage is the effect of an increased local Reynolds number 
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for a given overall hydraulic loading. According to the 

models proposed, this would have the result of decreasing 

filter efficiency for the substrate removal mechanism. 

The logical conclusion is that the establishment of an 

optimum dosing cycle may very likely involve optimizing the 

balance between the oxygen transfer and substrate removal 

mechanisms in such a way that the local Reynolds number is 

held to the lowest value consistent with absorption of oxy¬ 

gen through the stagnant film. 
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V. CONCLUSIONS 

Before stating any conclusions which may be drawn from 

this analysis, it is appropriate to note that no claim is yet 

made as to the applicability of any model proposed. It can 

only be stated that these models are a necessary stage in the 

development of a situation in which the relevant mechanisms 

may be evaluated as to their relative importance. Judicious 

laboratory control in physical systems remains to be ac¬ 

complished. 

With the above reservations the following conclusions 

may be reached: 

A. In the past, analytical treatment of the conven¬ 

tional trickling filter model has not been consistent with 

the qualitative description of the physical situation. This 

is due to the implicit assumption of the presence of a pseudo- 

homogeneous biological reaction throughout the liquid film. 

B. Upon modifying this assumption to provide for a 

surface reaction, recirculation is shown to have a detrimental 

effect since the greater film thicknesses associated with 

increased Reynolds numbers; will not increase the system's 

efficiency. 

C. In all models now available, an increase in hydraulic 

loading shows a detrimental response in efficiency. This re¬ 

sponse has been confirmed experimentally by Schulze, and is 

indicated by the generally greater removals associated with 
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standard and low-rate filters^). 

D. If the diffusion controlled model fits the real 

situation then the question of mixing at discontinuities 

within the filter becomes important. This means that sub¬ 

stantial increases in trickling filter efficiency might be 

expected by the use of smaller elements. The increased 

efficiencies might be effected through the use of commercial 

packing materials. 

E. Total bed depth is not so important as is total 

path length and spacial orientation of elements. Thus, 

judicious selection of packing material and orientation 

might result in a much more efficient system, 

F. All of the models now available assume an independ¬ 

ence of efficiency with organic loading. This has been shown 

(7) to be valid up to some limiting load. 

G. Bed depth cannot be considered a distinguishing 

parameter among the models available since appropriate inter¬ 

pretation of the formulated variables can fit all models to 

Velz's formulation. 
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Solution to the Diffusion Controlled Surface Reaction Model 

The solution to the initial value problem expressed by 

equations (25) - (28) is presented. A similar problem was 

solved by Pigford(15) involving the following boundary con¬ 

ditions : 

f(x,0) = 1 

f(0,y) - 1 

ii( i,y) = 0 
Jx 

The function f*(x,y) is assumed to be of the forms 

f*(x,y) - F(x)«G(y) (35) 

Differentiating Equation (35) and substituting into Equation 

(25) gives: 

_1 . 1 1_ 
KC, F IT? 

Since x and y may be varied independently, and since each 

occurs only on one side of the equation, both sides must 

equal a constant, which must be negative if the solution 

is to be bounded. I.e.: 

^ U-**) F J Tfz 
(36) 

Thus the problem is reduced to the solution of the two 

ordinary differential equations below: 

4^ + b*K& = o 
d 

(37) 
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and 

dlF 
d* 

Equation (37) leads to: 

+ b U - af )F - o 

&(tj) = C, e 
-b K< 

(38) 

(39) 

The solution for F(x) does not come so easily. The 

following transformation is applied for algebraic convenience 

F(x) = u(x)-exp(-bx2/2) 

Substitution into (38) yields: 

. 2bxdu + b(b.1)u = o 

dx2 d^ 

(40) 

(41) 

Equation (41) may be solved by the method of Frobenius^^ 

I.e. a solution of the following form is assumed: 
CO 

u(x) = Y) An ,xn 

Then 

and 

n = o 

du y , n-l 
Hx = ^ nAnx 

ft ■ ^*n (n-l)Anx n- 2 

(42) 

(43) 

(44) 

Substitution of (42), (43), and (44) into (41) obtains 

OO ^ 

H (n-i)n -2b Hn A*-*" + b(b-i }LJ.A„X'*= Q (45) 
»i*o 
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Combining like powers of x: 

GO CO 

L n(n-D A„ Xx- Z,[2bn-b(b-l)]Anx" = 0 
n-o n=o 

The sum of the coefficients on xn must be zero in order 

for the equality to hold, so a change of index is effected to 

make the exponents on x the same. Thus, the second series 

is changed by replacing n by n-2: 

(ti-l)nA %l - LtZbCn-2)- b(b-l)]4 S =0 

Since the coefficients on xn must be equal: 

Cn-l)nAn = Ub(»w)-b(b-l)M„_t 

C 47) 

(48) 

Equation (48) constitutes a recursion formula for obtaining 

An+2 from An: 

Z b(n-i)- b(b-l) 
'n+i rt 1) * *n 

Thus, there are two sets of A’s, one even set based on AQ 

(49) 

and an odd set based on Aj, 

AQ = arbitrary 

* _ -b(b-l) „ 
a2 = —A0 

A4 - 

2! 
bz(b-s)(lt>-/) 

A^ = arbitrary 

, . -Ub-3J . 
A3 ' —3l A• 

. _ bVb-7Kb-3) . 
5 51 

a
6 = 

etc, 

£ 
ii 

etc 

A7 - ^ (b-ll)(b-7Hb-3)A. 

The nature of the expressions suggests that u(x) be expressed 
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as follows: 

CD 

ZK+1 
U(TT) = ZaAn7rH= ILA2K7CK +Aa+A.X+1L.A i 

A A® 2 ZR 1 K~1 ZA+2 

The function u(x) then becomes 

it F-f 4»(b-1) z bz(b-r)(b-l) f 1 u M = ^[l * + 577 ' J 

+v(i- b^b-7Kb-3)^ - 3 
X *' * o . 

Then 

r = e K,J eb" C, \k\i- 

From boundary condition 2, Equation (27): 

. -blKy 

*=<> 
Therefore Aj = 0 and 

= 0 

(50) 

(51) 

(52) 

(53) 

f^)=etK,e¥Aji-b-^V+-..] 

in which Ao absorbs from Equation (39)0 

Differentiation with respect to x yields: 

£ - fK'etAj- 

“fb(b-l J^r- ^(b-5)ft-I)^3+ *'*]| (54) 
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Abbreviating Equation (54) ; 

if -blK3 

Jx ” e e A„ Yfaj b) 
(55) 

From Equation (28): 

_ EU if 
S dx = M*| (56) 

X=1 
or; 

pff| _ H 
T - rr/ l_. 

V=i w **s 
Now, defining: 

i Ks Jar 

_ Uk 
TC'l 

and substituting Equations (55) and (53) into (56) and can¬ 

celling like terms, we obtain: 

r, So — i) i f (~b(L-Q b 
Lb" Z\ * 4-J \+[ li 31 

bCb-i) b\b-r)(b-l) -qll- Z 1 4-1 -] =0 (57) 

Equation (57) constitutes a characteristic function, the 

roots of which are the eigenvalues, bn, of the particular 

solutions to the differential equation, (38). The general 

solution to the partial differential equation is then: 

CO 

f (*,!J)= LtAy, Cr(>j)0„(x, b) (58) 
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where 

A,M = e^[i- 
In order to obtain the set An in Equation (58) we proceed 

as follows: 

From the initial condition, Equation (26): 
09 

f *btjO) = 1 fafajh) 
Multiplying by^(x,bm)(1-x2) and integrating over the interval 

0—^.1 we obtain: ( 

j£ </>», (i-xx) A„jji-xl) in dx 
However, Equations (38), (27), and (28) constitute a Sturm- 

Liouville system^^) , and according to Sturm-Liouvilie theory, 

the expression J (*-**) fhd,mO except when m = n0 

Therefore: 
i i 

Vk» dx = A„J(l-X*) fab) dx (59) o o 
Now, since Alfa*) satisfies Equation (38) : 

3*~[(*-*z) <f>n fab) - o 
Integration yields: 

[ = - K J ('-**) 4n fab) dx o a 
From the boundary conditions: 

(°>) = o 
and 



= 43 = 

Therefore: 

C J(i-zl)tL(x,l>„)dx= ) 
Thus, from Equation (59); 

A _ T. ^1 (l j ) 
w b* 

A complete statement of the solution is; 

U,L ' i r ktBB*') i 

(60) 

7T + 
] (61) 

where the bn are obtained from the eigenfunction, Equation 

(57) and the corresponding An are determined by Equation (60) 

The numerical methods used for the solution of (57) and (60) 

C171 
are to be found in Hammingv J „ 

Equation (61) expresses the point concentration, f*; 

therefore, the concentration leaving the element is found as 

a velocity-weighted average over the exit surface. 

-k hu 
l)'v(x) <JPT (62) 

In Bird, et al, (ID it is shown that; 

'V' a. we 

X 
= T VL 3 " t*iaPT 

so that when Equation (15) is inserted; 

f = | 
o 

This leads to: 

f ■ it 
VI - o J J 

JC (63) 
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Thus , Equation (63) is of the form 

£ = fCrj , k) 

where • • 

= .9084 Sc Re1/3 Ra1/3 

K = 2.932 Sc" 1 Re“4//3 Pa 
1/3 
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Nomenclature 

CA 

CA0 

CA» 

^AB 

D 

£ 

f * 

g 

CAI 

K 

Kl 

KA 

KS 

L 

NAjL 

NA$ 

Pa 

Q 

Ra 

arbitrary constants as determined by Equation (60) 

eigenvalues, the positive roots of Equation (5 7) 

point concentration of A 

effluent concentration of A 

concentration of A at model entrance 

diffusion coefficient for A in B 

depth of filter 

C
A0/

C
AI> overall fraction remaining 

CA/CA., point fraction remaining 

gravitational acceleration 

overall influent concentration of A. 

overall system reaction coefficient as used by Velz 

pseudo-homogeneous reaction coefficient 

surface reaction coefficient 

length of transfer element 

mass flux of A in L direction 
mass flux of A in J direction 
packing number = >£ 

coy3 
volumetric peripheral flow rate 

reaction number for surface reaction: 

/* Kl 
yu J ns/$ 
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Ra 

Re 

Sc 

reaction number for pseudo-homogeneous systems; 

3 KA A* 
/^(afcos/sy 

Reynolds number ® +r/> 

Schmidt number = 

V = 

V Jt max 

W 

x = 

y 

z? - 

* =• 

%' = 

r- 
/ = 

/“ ■ 

/* • 

p - 

£ = 

$ - 

*1 ■ 

liquid velocity in £ direction 

liquid velocity at liquid-air interface 

transfer element width 

dimensionless distance perpendicular to film flow 

dimensionless distance parallel to film flow 

angle of inclination with vertical 

Ate fcf 
—ST73— 

4'
3
(RI P«.V

,S 

A **3 
«/3 

4 (Ra- P<Q 
Re 

film thickness 

liquid density 

liquid viscosity 

peripheral mass flow rate 

distance parallel to flow 

distance perpendicular to flow 
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A. Program for Obtaining Eigenvalues and An's 

DIMENSION X(3),Y(3),AF(40),B(3),F(3) 

303 FORMAT(4F16.8) 

302 FORMAT(4X4HB » F16.8,4X4HA= F16.8,F16.8) 

301 FORMAT(F16.8) 

READ 30 1 ,ETA 

DELB=2.01 

1 = 0 

READ 303,B(1) ,B(3) ,F(1) 

D=B(3) 

JA= 1 

V=0. 

N0=0 

AX-1. 

2 P=2. 

X(l)-1. 

Y(l)-1. 

3 X(l)=X(l)*((2.*D*(P-2.)-D*(D-l.))/(P*(P-l 

Y(1)»Y(1) + X(1) 

IF((ABS(X(1)))/(ABS(Y(1)))-.00000005)5,5, 

4 P=P+2. 

GO TO 3 

5 GO TO(51,52 ,53,54) ,JA 

51 P-2. 

X(2)=D 

Based on 

*)))*(AX**NO) 

4 
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Y(2)=D 

6 X(2)=X(2)*C(2.*D*(P-2.)-D*CD-l.))/(P*CP-10)) 

Y(2)=X(2)+Y(2) 

IF((ABS(X(2)))/(ABS(Y(2)))-.00000005)8,8,7 

7 P=P+2. 

GO TO 6 

8 P-4. 

X(3)=D*(D-1.) 

Y(3)= X(3) 

9 X(3)=X(3)*((2.*D*(P-2.)-D*(D-l.))/((P-2.)*(P-l,))) 

Y(3)»Y(3)+X(3) 

IF(CABS(X(3)))/(ABS(Y(3)))-.00000005) 11,11,10 

10 P=P+2. 

GO TO 9 

11 T=ETA*Y(1)+Y(2)+Y(3) 

IF(V)402,12,21 

12 F C 3)=T 

B(3)=D 

401 IFCF(1)/F(3))17,17,16 

16 D=B (3) +DELB 

V=0o 

F(1)-FC3) 

B C1)=B ( 3) 

GO TO 2 

402 F(1)=T 
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B (1) =D 

GO TO 401 

17 D=(B(3)-B(1))*(ABS(F(1))/(ABS(F(3))+ABS(F(1))))+B(1) 

V=+l. 

GO TO 2 

21 F(2)=T 

IF(F(2)/F(1))22,27,23 

22 FC3)=F(2) 

B ( 3) =D 

TEST=(ABS(F(2))/(ABS(F(1))+ABS(F(2))))*(D-B(1)) 

V—1. 

D=D-2.*TEST 

GO TO 24 

23 F( 1) = F( 2) 

B(l)-D 

TEST=(ABS(F(2))/(ABS(F(3))+ABS(F(2))))*(B(3)-D) 

V=0. 

D=B(1)+2.*TEST 

24 IF(TEST/D-.00000005)205,205,17 

205 D=(B(3)-B(1))*(ABS(F(1))/(ABS(F(3))+ABS(F(1))))+B(1) 

27 V»0. 

R=0. 

1 = 20 

E-l 

H-1./(2 o *E) 

J=2*l-2 
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AL=0, 

DO 112 K*2,J,2 

Q=K 

AX=Q*H 

JA=2 

NO=2 

GO TO 2 

52 C=EXP((D*AX**2)/2.) 

AF(K) = (1.=AX**2)*(Y(1)/C)**2 

112 AL=AL+AF(K) 

J=2*l-1 

AM=0. 

DO 116 K=1,J,2 

Q=K 

AX=Q*H 

JA=3 

NO® 2 

GO TO 2 

53 C=EXP((D*AX**2)/2.) 

AF(K) = (1.-AX**2)*(Y(1)/C)**2 

116 AM=AM+AF(K) 

S=(H/3,)*(1.+(2,*AL)+(4.*AM)) 

R=S 

JA=4 

N0=0 

GO TO 2 
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54 A=(-ETA*(Y(l)/CEXP(D/2.))))/(S*(D**2)) 

PRINT 302,D,A,ETA 

PUNCH 302,D,A,ETA 

JA=1 

N0=0 

V=0. 

GO TO 16 

END 
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3 

306 

305 

301 

302 

303 

304 

2 

127 

201 

202 
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B. Program for Obtaining Exit Concentration 

DIMENSION G(7),X(7),AC(7),CON(50),A(50),B(50) 

FORMATC14) 

FORMATC 8XF16.8,8XF16,8,F16.8) 

FORMAT(7HFAVE = F12.8,2X6HETA = F12.6.2X4HK = F12.6) 

FORMATC7F8.5,8XF8.4) 

FORMAT(FI6.8) 

FORMATC4X4HB = F16,8,4X4HA * F16.8,F16.8) 

FORMATC5X1HX7X1HX7X1HX7X1HX7X1HX7X1HX7X1HX) 

FORMAT (16 X2 4H      CONC ) 

READI,N 

KA-N-1 

DO 2 J-1,KA,1 

READ3 ,B ( J) ,A(J) 

READ3 ,B (N) ,A(N) ,ETA 

READ301,AK 

H=l./6. 

X(1)=0. 

X(7)-l. 

DO 201 1=2,6,1 

X(I)=X(I-1)+H 

AY=0, 

DO 202 I-1,N,1 

PUNCH 302 ,B(I) ,A(I) ,ETA 

PUNCH 303 



210 

211 

212 

213 

214 

524 

525 

215 

216 

217 

221 
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PUNCH 305,X(7),X(6),X(5),X(4),X(3),X(2),X(1) 

PUNCH 304 

L= 1 

AC(L)»0. 

DO 215 MB1,N,1 

C=EXP(B(M)**2*AK*AY) 

D
B
EXP((B(M)*X(L)**2(/2.) 

P=2. 

ZB1. 

W-l. 

Z=Z*((XCL))**2)*C(2.*B(M)*(P-2.)-B(M)*(BCM)-l.))/(P*CP-l.))) 

IF(ABS(Z)/ABS(W)-.00005)214,214,213 

PBP+2. 

GO TO 212 

CON(M)B(A(M) *W)/(C*D) 

IF(CON(M))525,524,525 

M=N 

CONTINUE 

AC(L)
B
AC(L)+CON(M) 

IF(L-7)216,217,217 

L=L+1 

GO TO 211 

PUNCH305,AC(7),AC(6),AC(5),AC(4),AC(3),AC(2),AC(1) 

DO 221 IB1,7,1 

GCI)B(1.-X(I)**2)*AC(I) 
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FAVE=(H/2.)*((G(1)+G(7))+2.*(G(3)+G(5))+4,*(GC2)+G(4)+G(6))) 

PUNCH 305,FAVE,ETA, AK 

IF(AY-1.)218,220,220 

220 READ 301,AK 

218 AY=1. 

GO TO 210 

END 
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Eigenvalue Sets and the Corresponding Coefficients 

n bn An «T  

i. .12216987 1.00151960 
t 

.01000000 
2. 4.29195720 -.00174197 .01000000 
3. 8.30668990 .00051615 .01000000 
4. 12.31286000 -.00025016 .01000000 
5. 16.31635700 .00014907 .01000000 
6. 20.31873200 -.00009960 .01000000 

1. .03872045 1.00013810 .00100000 
2. 4.28770090 -0.00017494 .00100000 
3. 8.30402540 .00005171 .00100000 
4. 12.31083500 -.00002504 .00100000 

1. .37818464 1.01322420 .10000000 
2. 4.33357750 -.01670028 .10000000 
3. 8.33336810 .00506032 .10000000 
4. 12.33332300 -.00246877 .10000000 
5. 16.33331900 .00147565 .10000000 
6. 20.33331900 -.00098775 .10000000 
7. 24.33329300 .00071073 . 10000000 
8. 28.33330800 -.00053771 .10000000 
9, 32.33326400 .00042211 .10000000 

10. 36.33333100 -.00034085 .10000000 
11. 40.33332400 .00028145 .10000000 
12. 44.33331700 -.00023660 .10000000 

n bn An *1 

1. .99999997 1.08823710 1.00000000 
2. 4.65613410 -.11641433 1.00000000 
3, 8.56201230 .04178192 1,00000000 
4. 12.51582200 -.02161792 1.00000000 
5. 16.48763500 .01331059 1.00000000 
6. 20.46833800 -.00907078 1,00000000 
7. 24.45415400 .00660590 1.00000000 
8. 28.44317500 -.00504155 1.00000000 
9. 32.43443300 .00398372 1.00000000 

10. 36.42726100 -.00323349 1.00000000 
11. 40.42116400 .00268147 l.00000000 
12. 44.41613100 -.00226251 1.00000000 
13. 48.41172400 .00193596 1.00000000 
14. 52.40778000 -.00168031 1.00000000 
15. 56.40426400 .00147378 1.00000000 
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n. bn An n. 
i. 1.22014800 1.12623620 2.00000000 
2. 4.88090040 -.17181749 2.00000000 
3. 8.74997900 .06889348 2.00000000 
4. 12.67727600 -.03748476 • 2, OOOOOO0O 
5. 16.63000400 .02374708 2.00000000 
6. 20.59636000 -.01648228 2.00000000 
7. 24.57096500 .01215809 2.00000000 
8. 28.55098900 -.00936698 2.00000000 
9. 32.53478700 .00745583 2.00000000 

10. 36.52133300 -.00608692 2.00000000 
11. 40.50994300 .00507122 2.00000000 
12. 44,50013000 -.00429597 2.00000000 
13. 48.49162700 .00369064 2.00000000 
14. 52.48416500 -.00321368 2.00000000 
15. 56.47745000 .00282484 2.00000000 
16. 60.47159400 -.00257082 2,00000000 
17. 64.46632800 .00252245 2.00000000 

n, bn An *1 
i. 1.523375 70 1.17865740 8.00000000 
2. 5,34342020 -.258175 73 8.00000000 
3. 9.23557040 . 12610813 8.00000000 
4. 13. 15670800 -.07774086 8.00000000 
5. 17.09491400 .05372736 8.00000000 
6. 21.04451700 -.03977809 8,00000000 
7. 25.00230600 .03084701 8.00000000 
8. 28.96623600 -.02473590 8.00000000 
9. 32.93493300 .02034610 8.00000000 

10. 36.90742300 -.01707383 8.00000000 
11. 40.88304900 .01455963 8.00000000 
12. 44. 86120100 -.01258074 8.00000000 
13. 48.84150500 .01100502 8.00000000 
14. 52.82358100 -.00971867 8.00000000 
15. 56.80723500 .00865300 8.00000000 
16. 60.79215000 -.00808163 8.00000000 
17. 64.77847800 .00777962 8.00000000 
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n b n 
A 

n 1 
i. 1.45597260 1.16598490 5.00000000 
2. 5.20549150 -.23594000 5.00000000 
3. 9.07522790 .10926420 5.00000000 
4. 12.98742300 -.06477349 5.00000000 
5. 16.92281700 .04343769 5.00000000 
6. 20.87269400 -.03139837 5.00000000 
7. 24.83239300 .02387705 5,00000000 
8. 28.79908600 -.01883777 5.00000000 
9. 32.77098900 .01528269 5.00000000 

10. 36.74688900 -.01267431 5.00000000 
11. 40.72594200 .01069966 5.00000000 
12. 44. 70753400 -.00916456 5.00000000 
13. 48.69120500 .00794755 5.00000000 
14. 52.67655500 -.00696310 5.00000000 
15, 56.66331600 .00615358 5,00000000 
16. 60.65152300 -.00566512 5.00000000 
17. 64.64051100 .00569478 5.00000000 

n bn An 

1. 1.60610340 1.19101910 18.00000000 
2. 5.50690230 -.28079787 18.00000000 
3. 9.44345570 .14481970 18.00000000 
4. 13.39294500 -.09333897 18.00000000 
5. 17.35026400 .06699057 18.00000000 
6. 21.31308700 -.05124569 18.00000000 
7. 25.28008100 .040 89700 18.00000000 
8. 29.25038500 -.03364063 18.00000000 
9. 33.22339800 .02830799 18.00000000 

10. 37. 19867700 -.02424743 18.00000000 
11. 41.17589200 .02106626 18.00000000 
12. 45.15478500 -.01852272 18.00000000 
13. 49.13512200 .01644635 18.00000000 
14. 53.11675500 -.01471988 18,00000000 
15. 57.09953200 .01342801 18.00000000 
16. 61.08348000 -.01274684 18.00000000 
17, 65.06810000 .01232226 18.00000000 
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n bn An 
~T7~  i.bsyyvvyo ”““™H J.97/U ASKT ~ ~ .UUUIMJUU(T 

2. 5.61296990 -.29326655 55.00000000 
3. 9.58799470 .15565365 55.00000000 
4. 13.56758600 -.10284610 55.00000000 
5 » 17.54969000 .07548858 55.00000000 
6* 21.53349800 -.05895253 55.00000000 
7. 25.51858500 .04796281 55.00000000 
8, 29.50468600 -.04017320 55.00000000 
9. 33.49162600 .03438693 55.00000000 

10. 37.47932100 -.02992843 55.00000000 
11. 41.46758600 .02640795 55.00000000 
12. 45.45639100 -.02356674 55.00000000 
13. 49.44567200 .02122375 55.00000000 
14. 53.43538900 -.01924797 55.00000000 
15. 57.42544600 .01778277 55.00000000 
16. 61.41595500 -.01719476 55.00000000 

n bn 
An 10- 

1. 1.63521420 1.19502120 30.00600000 
2. 5.56827310 -.28821547 30.00000000 
3. 9.52623050 .15124273 30.00000000 
4. 13.49200900 -.09894699 30.00000000 
5. 17. 46237900 .07197512 30.00000000 
6. 21.43595400 -.05573957 30.00000000 
7. 25.41196700 .04499200 30.00000000 
8. 29.38992700 -.03740337 30.00000000 
9. 33.36950000 .03178881 30.00000000 

10. 37.35043400 -.02748430 30.00000000 
11. 41.33254700 .02409033 30.00000000 
12. 45.31569600 -.02136007 30.00000000 
13. 49.29974600 .01912501 30.00000000 
14. 53.28462000 -.01727414 30.00000000 
15. 57.27022900 .01556321 30.00000000 
16. 61.25656800 -.01514432 30,00000000 



-59- 

n bn 
An a 

i. 1.55181090 1.18306750 10.00000000 
2. 5.39775000 -.26614598 10,00000000 
3. 9.30254720 .13252643 10.00000000 
4, 13.23077000 -.08295451 10.00000000 
5. 17.17306100 .05805499 10.00000000 
6. 21.12497900 -.04343670 10.00000000 
7. 25.08395800 .03398794 10.00000000 
8, 29.04835000 -.02746676 10.00000000 
9. 33.01702200 .02274612 10,00000000 

10. 36.98916200 -.01920056 10.00000000 
11. 40.96416800 .01646225 10.00000000 
12. 44.94158400 -.01430122 10.00000000 
13. 48.92101700 .01256508 10.00000000 
14. 52.90219100 -.01114051 10.00000000 
15. 56.88492200 .00994738 10.00000000 
16. 60.86892000 -.00959128 10.00000000 

n. bn An a 
1. 1.66732320 1.19916930 100.00000000 
2. 5.63811900 -.29597885 100.00000000 
3. 9.62325620 . 15 802276 100.00000000 
4. 13.61131400 -.10494967 100.00000000 
5. 17.60084300 .07739164 100.00000000 
6. 21.59132900 -.06070044 100.00000000 
7. 25.58251500 .04958700 100.00000000 
8. 29.57425000 -.04169492 100.00000000 
9. 33.56643300 .03582379 100.00000000 

10. 37.55899200 -.03129647 100.00000000 
11. 41.55188000 .02771193 100.00000000 
12. 45.54508400 -.02480437 100.00000000 
13. 49.53850300 .02239576 100.00000000 
14. 53.53212100 -.02040345 100.00000000 
15. 57.52595000 .01866835 100.00000000 
16. 61.52000700 -.01846683 100.00000000 
17. 65.51417300 .01845059 100.00000000 
18. 69.50850500 -.00887796 100.00000000 
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Exit Concentration Data 

The number of terms used in the series solution deter 

mines the closeness of fit obtainable for the average con- 

centration at the entrance to the element. The accuracy in 

fitting f = 1 at y = 0 served here as the basis for accept- 

ing or rejecting a given exit concentration computation. 

= o.ooi K f 

1.0 .9989 
3.0 .9959 

10.0 .9856 
100.0 .8612 

2830,0 .01436 

■ .01 K f 

.1 .9986 

.3 .9956 
1.0 .9853 
3.0 .9563 
10.0 .8615 
30.0 .6391 
100.0 . 2248 
283.0 .01464 

II o
 

• K f 

0.6 .9181 
1.0 . 8665 
3.0 .6510 
10.0 .2392 
28.3 .02446 
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-1.0 K £ 

.001 .99896 

. 003 .99625 

.006 .99232 

.01 .98752 

.025 .97070 

.050 .94467 

.1 .8968 

.25 .7733 

.30 .7335 

.60 .5499 

.175 .8313 
1.0 ' .3642 
2.83 .05842 
3.0 .04929 
6.0 .00245 

= 2.0 K £ 

.001 .99856 

.003 .99327 

.006 .98659 

.0075 .98355 

.005 .98870 

.01 .97869 
. 03 .94379 
.06 . 8981 

H = 5.0 K £ 

.01 .96315 

.03 .9114 

.06 .8974 

.1 .7810 

r^= IO.O K £ 

.001 .99534 

.003 .98172 

.006 .9672 

.01 ,9516 

.03 .8900 

.06 .8180 

.1 . 7453 

.283 .4737 

.6 .2208 
1.0 .0842 
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= 18.0 K f 

.001 .9938 

.01 .9439 

.03 .8775 

.06 .8013 

O
 •
 

o
 

to II c*
 

K f 

.001 .99268 

.003 .97468 

.006 .95728 

.01 .93918 

.03 .87017 

.06 .79189 

.1 .70678 

.3 .4127 

.6 .1850 

^ = 100 K f 

.001 .9863 

.003 .9709 

.005 .9579 

.006 .9524 

.0075 .9448 

.01 .9334 

.03 .8616 

.06 .7811 

.1 .6941 

.3 .3968 
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