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INTRODUCTION 

Historical Background of Boolean Functions 

Modern digital computer logical design uses Boolean 

Algebra as one of its most powerful tools. The algebra 

accomplishes a number of important tasks for the designer, 

the two most essential of which are probably communication 

with other computer designers in reasonably universally 

understood language, and the step-by-step reduction of logi¬ 

cal analysis and synthesis. 

It is a real tribute to Claude Shannon to note that 

50 his original paper^ in I938 was based on his Master's Thesis 

at M.I.T. This one paper has served to revolutionize con¬ 

temporary relay, switching and computer design. In his paper 

Shannon made the very successful attempt to point out a 

correlation between the algebra which had been developed by 

symbolic logicians (Boole, Venn, de Morgan, Russel, Couturat, 

et al.) and the relay technology which was being developed 

by electrical engineers. 

The earliest reference which this author is able to 

locate pertaining to Boolean algebra dates back to the time 

of Leibniz*^. These are presented by Lewis as two translat¬ 

ed chapters (XIX and XX) "from the Latin of Gerhardt's text, 

Die Pholosophischen Schriften von G.W. Leibniz." A perusal 

of the work is sufficient to convince any serious student 

that Leibniz was working on the foundations of symbolic 
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logic, though he unfortunately was led into a number of 

blind alleys and was unable to carry out the work to his or 

his successors' satisfaction. The exact date of his work 

is not known, but Lewis suggests that "after 1685" is rea- 

sonable. 

At minimum, then, Leibniz preceded Boole by about one 

hundred fifty years in his efforts. However, where Leibniz 

k 
wandered astray, Boole succeeded. Boole's intention , as 

stated in his introductory chapter's opening remark, was 

"to investigate the fundamental laws of those operations of 

the mind by which reasoning is performed." 

The basic contribution which Boole made was to assign 

a numerical value to various statements. It might be of in¬ 

terest to summarize Boole's values, as there is little 

correlation between his original concept of Boolean functions 

(a term which he never used, to this writer's knowledge) 

and that conception which has developed today. 

Bede's starting point was the fundamental (to him) 

equation: 

X(l-X) « 0 (1) 

where X represented any collection of things ranging from 

4 "free men" to "animals which chew the cud". On the basis 

of given statements of relationships connecting various of 

his variables, he then advanced a formal method of deducing 

further relationships. Without going into the details of 

his methods, let it suffice to say that what was desired was 
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an equation relating several of the variables, which would 

be rearranged to produce a new set of coefficients. It was 

on the basis of the coefficients that he would conclude that 

certain new relationships existed. 

From the fundamental equation above, we can see that 

Boole's variables all eventually were satisfied by the val¬ 

ues 0 or 1. However, in the course of the individual in¬ 

vestigations, they could (depending upon their degree of 

determinacy from the equations) take on any interpretation 

from "none" to "some" to "an unknown number" to "all". 

Considering the preposterous operations which Boole in¬ 

troduced (division' by zero not only being permitted, but en¬ 

couraged), it is quite remarkable that his formalism was 

justifiable. However, like many original thinkers, he need¬ 

ed but little additional work to put his ideas onto a firm 

mathematical basis. 

Following Boole most of the contributions, even to this 

time, have been directed along three channels: (1) repre¬ 

sentations, (2) interpretations and (3) simplifications. 

Developments in these areas can perhaps best be followed by 

means of some contrasting examples: 

Let us consider first the topic of representation. To 

Boole the fundamental constituent of his relationships was 

the variable^, not the functional relationship between them. 

It is true that he eventually tried to obtain whatever func¬ 

tional relationships he could; but his focus was almost in- 
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variably set upon the variables themselves. To Boole the 

variables represented the substantive elements of his syn¬ 

tactical algebra. For clarification and contrast with the 

modern attitudes, let us consider one example from pages 
lj. 

106-107 of Boole's An Investigation of the Laws of Thought: 

"As a subject for the general method of this 
chapter, we will resume Mr. Senior's definition 
of wealth, viz.: 'WEALTH CONSISTS OF THINGS TRANS¬ 
FERABLE, LIMITED IN SUPPLY, AND EITHER PRODUCTIVE 
OF PLEASURE OR PREVENTIVE OF PAIN.' 

"...we have, as our representative equation, 
w a st [pr + p(l-r) + r(l-p)] (2) 

or w * st [p + r(l-p)] (3) 

wherein w 
s 
t 
P 

s tands 
s tands 
s tands 
s tands 

for 
for 
for 
for 

wealth 
things 
things 
things 

limited in supply 
transferable 
productive of 

pleasure 
r stands for things preventive of 

pain 
"consider what the expression for w, wealth, 

would be if the element r, referring to prevention 
of pain, were eliminated:" 

(Manipulative algebra omitted) 

w = stp + ^ st(l-p) (4) 

"Whence we have the conclusion, Wealth consists 
of all ttings limited in supply, transferable, and 
productive of pleasure, and an indefinite remainder 
of things limited in supply, transferable, and not 
productive of pleasure." 

Without attempting to formalize Boole's representation, 

we can see that he was introducing the notion that a pro¬ 

duct of variables represents an "and" relation, as is evi¬ 

denced by his interpretation of the term stp in equation (4) 

above. Also evident is the interpretation assigned to (1-p) 
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as meaning "not p". The interpretation of the plus (+) 

sign in the sense of "or" is a bit more obscure. Each of 

these three interpretations has carried over into modern 

usage, though of course in a different context. However, 

his interpretation of the indeterminate coefficient ^ has 

been completely eliminated from modern engineering usage. 

We are now prepared to compare, in terms of the first 

two topics mentioned above, representation and interpreta¬ 

tion, the outlook of the modern computer designer with that 

of Boole: To the modern computer engineer, the Boolean 

variables represent statements or propositions, as opposed 

to Boole's interpretation of the variables as nouns. To 

the engineer the variables have one of two values: one or 

zero; to Boole the variables did not have value per se--the 

coefficients carried the value. 

The interpretation placed upon a Boolean variable by 

the modern computer designer will be the main topic of 

part 2 of this work. To complete this contrast at this time, 

however, let us consider one equation and its interpretation 

in terms of the Rice University Digital Computer:'*® 

IL4* 8 (UMO UMOV + UMO UMOV) . A (5) 

where IlA* 
UMO 
UMOV 
A 

stands for 
stands for 
stands for 
stands for 
comple ted" 

"Turn on Indicator Light 
"The U Mantissa sign bit is on" 
"The U Mantissa Overflow bit is on" 
"A fixed-point addition was just 

As can be seen from the foregoing, Boole's interpretations 

were passive and pertained to nouns primarily; the modern 
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outlook is more active, and pertains to operations to be 

performed or states which exist. 

The third matter for introductory discussion is that of 

simplification. There is little to say in Boole's behalf on 

this point, for his only tools were his intuition and his 

algebraic manipulative skill. However, this became a topic 

of much development after his time. In fact, the litera¬ 

ture abounds with papers attempting to mechanize various as¬ 

pects of the simplification problem, or trying to analyze 

the topic from a new viewpoint. Just a few of the entries 

of the Bibliography which spend more than half their effort 

upon simplification are 2, 6, 7, 15, 26, etc. 

The reason for all the activity in the area of function 

simplification stems from the rather vague general principle 

that the more complex expressions for a given function will 

require more equipment to implement than would a simpler 

expression for the same function. It is obvious from the 

previous sentence that a given function will frequently have 

many different equivalent expressions. In fact, if a syn¬ 

thesis is effected in keeping with the more popular modes 

of design, there is almost a one-to-one correspondence be¬ 

tween the total number of relay contacts, diodes, gates, 

etc., and the total number of literals and signs of conjunc¬ 

tion in the algebraic expression for the function being syn¬ 

thesized. 

There are five topics which will unfold themselves in 
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the development of this thesis. These are grouped as 

follows: (1) Boolean Functions, (2) Basic Building Blocks, 

(3) The Sub-Harmonic Oscillator, (k) Majority Logic and (5) 

Computer Investigation of Three- and Four-Variable Functions. 
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CHAPTER 1 

Boolean Functions 

Shannon's application of the methods of symbolic logic 

to relay and switching circuits paved the way for one of the 

two major areas of Boolean function usage. The other major 

area, logic circuits, was soon also found to be amenable to 

Boolean analysis. In fact, the differences between switch¬ 

ing and logic circuits have now faded into the background, 

the essential point of contrast frequently being that switch 

ing circuits are involved in the grounding, opening or appli 

cation of a designated potential to a point in a network, 

while logic circuits are frequently considered to be more 

generalized networks containing multi-stable circuits, 

pulses and the like. At best, the differences are subtle; 

the differences in analysis are nil; they will be pursued 

no further. 

One of the points which causes confusion in the minds 

of those studying the topic of Boolean Functions is the 

interpretation to be placed upon the values of the function: 

one and zero. It is most important that this point of con¬ 

fusion be eliminated at the offset, and consequently, let us 

spend some time now to clarify the interpretation placed up¬ 

on a Boolean variable. 

The simple truth of the matter is that the number of 

different ways of considering the meaning of the Boolean 
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"one" and "zero" is almost as great as the number of differ¬ 

ent people working in the field. This statement does not 

contradict that made in the opening paragraph of the intro¬ 

duction; it does stress, however, that in order for two 

circuit designers to take advantage of the universal lan¬ 

guage presented to them by Boolean considerations, they must 

first set up as ground rules the interpretation to be levied 

upon each of the two generic Boolean values. 

There are two distinct categories of interpretation of 

Boolean variables to the modern user: those which describe 

an existing condition or state, and those which demand an 

action or form a conclusion. This classification into two 

types is even more fundamental, however, the variables which 

describe an existing condition or state may be thought of as 

inputs to a logic network, while those which demand an action 

or form a conclusion may be thought of as outputs or re- 

sponses of the same logic network. Let us consider once 

again equation (5): 

IL4* = (UMO UMOV + UMO UMOV) . A (5) 

This equation is particularly illustrative, for it dis¬ 

plays all of the significant charaqteristics of, a Boolean 

(equation: inputs, responses to a condition and a command 

as outputs. This can be seen by breaking the equation into 

two portions: 

OV = UMO UMOV + UMO UMOV 

IL4* B OV . A 

(6) 

(7) 



where OV stands for "An overflow condition exists now" 

and the remaining variables have the same interpretation as 

before. 

These relations can be shown in the form of a block 

diagram, as in Figures la and lb. We can observe that from 

the logical point of view it is unnecessary to designate the 

precise form of the interior of the proverbial "black boxes" 

used in establishing the desired relationships (5), (6) and 

(7). There is not even the requirement that all of the 

variables be of the same general nature. Indeed, in the 

Rice University Computer the electrical signals representing 

UMO and UMOV happen to be the states of a pair of vacuum 

tube flip-flops; the electrical signal for OV happens to be 

the output of a diode-transistor network; the A electrical 

signal happens to be the existence of a pulse in a trans¬ 

former of a control-section blocking oscillator. Ail of 

these circuit details are properly the concern of both the 

circuit and the logical designer. However, the logical de¬ 

signer can carry out his design work in terms of the func¬ 

tions which he wishes to be performed, with reduced emphasis 

upon the specific circuit details. 

In order to emphasize this point, let us examine a num¬ 

ber of different methods of electrical implementation of 

Boolean functions: (1) relay contact networks, (2) flip- 

flops in a stable state, (3) an oscillator, {k) a pulse tube, 

(5) a magnetic core and (6) a radechon. 
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UMO 

UMOV 

A 

IL4* 

Figure la. The command to turn on 
#4 as a composite func 
variables, as describe 

indicator light 
tion of three input 
d by equation (5)* 

UMO 

UMOV 

OV 

OV 

A 

IL4* 

Figure lb. The existence of an overflow condition, 
and in addition, the command to turn on 
an indicator light #4, as described by equa 
tions (6) and (7). The same net result 
with respect to IL4 occurs, but with two 
functions of two variables each. 
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The two most significant factors describing relay net¬ 

works are the contact tranmissions and the coil activations. 

Thus, a notation similar to the following may be adopted: 

X stands for "Coil of relay X is activated" 
x stands for "Normally open contacts of 

relay X are closed" 
y stands for "Normally closed contacts of 

relay X are closed". 

The truth of the proposition X can then be asserted by the 

s tatement: 

X = 1 (8) 

while the falsity of proposition X can be asserted by the 

s tatement: 

X= 0 (9) 

In that a superior bar over a variable has the meaning of 

complementation, equation (9) can also be expressed as: 

X = 1 (10) 

That is to say, equation (10) can be read as, "The statement 

'the coil of relay X is not activated' is true." 

Similar interpretations can be made concerning the 

Boolean variables x and y by themselves. The first Boolean 

expression of interest derivable from this example is one 

of the two following: 

x = X (11) 

y » X (12) 

From these two equations (11) and (12), we can see that 

there is a functional relationship between the statements X, 

x and y above. Equation (11) asserts that the truth of X 
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is equivalent to the truth of x; equation (12) asserts that 

the falsity of X is equivalent to the truth of y. 

The power of this technique stems from the fact that 

there is a simple relationship between the functions which 

describe transmissions or hinderances through quite complex 

switching networks, which is expressible in terms of various 

combinations of contact-coil relationships. Here again, we 

must emphasize that the meaning to be applied to each of the 

given Boolean variables must be written out or specified. 

The reason for this is that much modern usage assigns the 

value "one'* to a transmission path which is complete through 

a network, while another perfectly valid assignment is the 

value "zero" to complete transmission paths and "one" to 

broken paths. In fact, the latter is the convention used 

by Shannon in his original paper. 

An example of an elementary switching network (which is 

as a matter of fact, precisely the network used to control 

a single light from two independent switches) is shown in 

Figure 2. There is nothing particularly significant about 

the means of activation of the contacts, and the activation 

variables may be defined to be: 

X stands for "Switch 1 is up." 
Y stands for "Switch 2 is up." 
L stands for "The light is energized." 

whence we 

A liberal 

energized 

have: L = XY + XY 

interpretation of equation (13) 

if either both switches 1 and 2 

(13) 

is, "The light is 

are up or both 
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Figure 2. The Symmetric Sum Function using a 
battery, compatible light and two 
switches. 
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switches 1 and 2 are not up." This equatiop has a particu¬ 

larly useful application in computers, and L is frequently 

known as the symmetric sum function. L can be described 

more simply by saying, "L is true ("hot", one, on, satis¬ 

fied, etc.) if, and only if, X and Y match." 

The statements just made about relay networks carry over 

directly to flip-flop networks. Here we have a bit more 

diversity as to the exact meaning to be assigned to a given 

variable; several typical meanings being p'resented: 

X means "Tube #1 is conducting" 
or X means "Tube #1 is not conducting" 
or X means "The potential to be found at pin #1 

is 135 volts." 
or X means "The potential to be found at pin #1 

is over 50 volts." 

Obviously the list of possible meanings to be assigned to 

the variable X can be extended. The point to be noted here 

is the same as before with relay contacts: the meaning of 

the statement associated with the variable X must be under¬ 

stood from the context; it may change from situation to 

situation, even within the same circuit. But at least for 

the duration of one analysis it is a well-defined entity. 

An excellent example of a complete reversal of meaning oc¬ 

curs in the Rice University Computer in the input to the 

arithmetic adder: in alternate stages an input from the U- 

register is said to be a "one" if the wire carrying the digit 

signal is at +2 volts, a "zero" if the wire carrying the 

digit signal is at -12 volts; while in the remaining stages 
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precisely the opposite convention is adopted: a "one" is 

-12 volts, a "zero" is +2 volts. The reason for this appar¬ 

ent anamoly is based upon economy of equipment and speed of 

carry propogation; to the logical designer this complexity 

need offer no pit-fall at all. 

Generally speaking, an oscillator is not thought of as 

a digital device. However, consider an oscillator whose fre 
I 

quency is fixed, but whose phase can be set to be either in 

phase with a reference oscillator, or 180 degrees out of 

phase with the reference. We could then assign as a meaning 

to the Boolean variable the convention: 

X stands for "The oscillator is in phase with 

the reference." 

Precisely such an oscillator is available. It is known as a 

Sub-Harmonic Oscillator and will be the topic of major in¬ 

terest in Chapter 3. 

The pulse tube presents us with almost as many reason¬ 

able Boolean variables as the flip-flop. The most common 

variable is given by: 

X stands for "A pulse is present." 
/ 

However, there is a great variety of ways in which the pulse 

in conjunction with biases, other pulses, firing thresholds, 

etc., can be arranged to form reasonable Boolean functions. 

A magnetic core has come to the fore in recent years 

because of two characteristics of magnetic material: re- 

manence and coerciveness. These two properties are sketched 
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in Figure 3a • If the hysteresis curve which is sketched 

is considered to be tnore or less ideal, then four points, 

labelled: 

HCOERC> ^OERC' ^REM' ^REM 

are of interest. The two remanent flux points refer to the 

residual magnetization of the core after saturation in one 

direction or the other; the two coercive induction points 

refer to the minimum H required to reverse the polarity of 

the flux in the core. Consider Figure 3b. Since there will 

be a relatively large voltage induced in the output winding 

only when there is a relatively large time rate of change 

of flux, the core provides a method of interrogation as to 

its state: pulse the input with sufficient current to ex¬ 

ceed the coerciveness--if a pulse appears on the output wind¬ 

ing, the remanence was of one polarity; if not, it was of 

the other polarity. Thus, the remanence provides us with a 

means of memory, while the coerciveness provides us with the 

basis for a co-incident current gating arrangement or similar 

majority device. The basis for this latter statement is 

shown in Figure 3C> where the presence of both input currents 

is necessary to switch the core because each individual cur¬ 

rent is too small to do the job. Within reason, several in¬ 

puts, say three out of four, might be required. This elemen¬ 

tary type of majority device has received much serious con- 

8 2b sideration in the literature. , Two reasonable meanings 

for Boolean variables associated with a magnetic core might 
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Figure 3a. Typical B-H Characteristics of Core Material 

Figure 3b. A Single-Input core 

OUT 

Figure 3c. Basis of Coincident Current Memory System 
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X stands for "The remanent flux is at the posi¬ 
tive point." 

or X stands for "The application of both half¬ 
current inputs produced no output." 

The last device to be examined in this more or less 

cursory introduction to methods of applying Boolean termi¬ 

nology to computer circuits is the main memory device of 

the Rice University Computer: the radechon storage tube. 

Since the principle of operation of the radechon is based up - 

on the local storage of positive or negative charge onto a 

mica disc, one reasonable Boolean variable might be given 

by the following: 

^I07k stands for "The charge located at bit 
' number 1274 of tube number 35 *s 

negative." 

In summary, then, we can say that each of the hypothe¬ 

tical Boolean variables which has been introduced could con¬ 

ceivably arise in the analysis or design of a computer or 

similar device. The exact interpretation given to any 

particular variable or function depends upon its context, 

and upon the device in question. In the remaining portion 

of this chapter, let us place upon a relatively firm mathe¬ 

matical foundation the organization of these Boolean varia¬ 

bles and functions to which we have just been introduced. 

Let us consider Figure 4 as the starting point for the 

rest of this discussion of Boolean functions. The represen¬ 

tation implies that the value of a Boolean function is de- 



A 
0 

A 1 

A 
N-l 

f (A0> • • • > AN- 1 ^ 

Figure 4. The fundamental representation of a Boolean 
function. 

-22- 



termined by the state of its input variables. Now, since 

we are dealing with a two-valued logic at each of the inputs 

to the logic network, each of the N inputs can be in either 

of two states at any given time, either a "zero" or a "one". 

N Simple combinatorial analysis then reveals that there are 2 

possible states for the input variables to be in. One such 

state might be, for example, (letting N = 4): 

= 1, Ag = 0, A^ s 1, AQ IS 1. 

Now let us consider the question of how to describe 

this input state. Namely, what Boolean function m^ will be 

true when the input state to the network is as outlined a- 

bove, and false at all other times? The answer is obviously 

mj = A3A2A1A0 (U) 

Since there are (still with N = ^) 2N = 16 different input 

states possible, we see that j can take on sixteen different 

values. The corresponding m. will always be expressed as: 

‘ Lk 

Sc 

Che corresponding m. wil] 
N-i 3 CAj 

m. = TT A.' , A.' = )— 
3 k'jo k k orvs 

(15) 

Now, one of the first observations which is frequently 

made is that it is possible to order the m^, and in a parti¬ 

cularly straightforward manner at that. Since j is an in¬ 

teger, it has a unique integral binary representation given 

by: J ° S “k ak ’ “k‘[° (l6) 

If we now adopt the convention that: 
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and 

“k ■ 1 <=> Ak - Ak 

Uk = 0 <=> = Ak 

(17) 

we effect the desired ordering of the network input states. 

In keeping with this convention, the input state described 

by equation (14) is numbered as j = 8 + 2 + 1 = 11. 

N The 2 input states which have now been ordered are 

frequently referred to as minterms. The minterms are all 

mutud.,1 ly exclusive. That is to say, the truth of only one 

minterm may be asserted as describing the input configura¬ 

tion at any given time. Consequently, if we consider as our 

basic space the set of all possible valid input configura- 

N 25 tions, the 2 minterms form a partition on the basic space. 

These facts are necessary in order to justify a fully 

rigorous treatment of function analysis in terms of set 

theory, but they will not be pursued any further. However, 

one aspect of Boolean functions will now be presented from 

the standpoint of set theory, because this diagrammatic 

presentation is frequently encountered in the literature, 

and because it is particularly enlightening about the nature 

of Boolean functions. It is difficult to assess proper cre¬ 

dit for this diagram; variations have appeared in the liter¬ 

ature from time to time under names of Veitch, Karnaugh and 

others. However, this writer located an early version of a 

55 
very similar diagram in a work by Venn, ^ where credit was 

given to Marquand. 

Let us now consider Figure 5a• The diagram portrayed 
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A2 A2 

A, 

0 

mo °4 
m8 “l£ 

ml ”5 ”L2 
m2 n6 To “14 

*3 *7 Ti T5 

Figure 5a• Arrangement of Venn idagram so as to 
locate the minterms consecutively by 
columns. (Ns 4) 

A2 A 2 

A, 
1 

Figure . Location of minterm #11 s A A0A.A_ 3 d JL u x 
I 

Figure 5c. The symmetric sum function 

Figure 5d. The function A_A_. 
5 <J 
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there has the rather interesting property that the minterms 

are consecutively ordered by vertical volumns. The coordi¬ 

nates given in the margin of the figure specify the eight 

minterms in which each of the input variables appears un¬ 

complemented. Thus., appears in every minterm given by tjie 

two right-hand columns, while appears in the other eight 

minterms. From the diagram we can see that each square 

stands for precisely one minterm, and vice versa. This is 

illustrated further for our minterm considered in equation 

(1 h-) by Figure 5b, which has the location of minterm #11 

darkened. 

We are now prepared to discuss the meaning of a Boolean 

function. Since there is a limited number of legitimate in¬ 

put states associated with a given logic network, it is 

possible to specify the Boolean function which describes a 

given network fully by designating the input states for 

which the output is to be considered to be a one. Adhering 

to the Boolean usage of addition to mean "or", we then find 

that our Boolean function is given by a sum of minterms 

rather naturally: 

2N-i JQ 
^ (^0* ^1* ' * ' * ^k* * ' '} ^N-1 ^ Aj= \1 (18) 

The value of Aj is chosen to be 1 if the function is to be 

equal to 1 for minterm nu present at the input of the net¬ 

work, 0 otherwise. This representation is often referred to 

as the “First Canonical Form". 
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Let us recall again the symmetric sum function given 

by equation (13). Let X = and Y = . Then equation (13) 

can be written as: 

L = m^ + mQ (19) 

Equation (19) is illustrated in Figure 5c. Figure 5d illus¬ 

trates that some combinations of minterm can be combined to 

give a simplified overall description of a function. 

Considering the fact that each function we designate 

N may or may not have present each of the 2 minterms, a fur¬ 

ther application of elementary combinatorial analysis re- 

PN 

veals that there are (2) functions of N variables. Pro¬ 

ceeding in a manner analogous to our ordering of the minterms, 

it is also possible to order these functions: 

Having assigned the values of the A^ in accordance with 

the rule given under equation (18), we now proceed to consid¬ 

er the set of Aj as a binary number. This gives us the func¬ 

tion number by: 

2N-1 . 
Nf = Z A.2J 

j=0 J 
(20) 

The symmetric sum function can thus be expressed in a number 

of different ways: 

L = XY + XY = m^ + mQ = 1001 

It'might be of interest to tabulate the value of 

2N 

(N>) S (2). versus N. These values, along with v f'max v ' ■ ■ ’ 

N j =2 are presented in Table 1, through the first six Jmax r 7 

values of N. There is one additional column in the table, 
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TABLE 1. Boolean Function Statistics 

N 
Variables 

1 

2 

3 

4 

5 

6 

7 

.N 
.N 

Minterms Functions 
Significant 
Functions 

2 4 3 

4 16 6 

8 256 22 

16 65,536 402 

32 4,294,976,296 1,228,158 

64 

128 

18,446, 744,073, 
709,551,616 

4oo,507,806,843,728 
1P8 

2 Not known 

Source of table is references 6 and 11. 
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the number of significant functions of N variables. Let us 

defer for Chapter 4 a detailed usage of this column. We can, 

however, point out at this time the considerations which 

give rise to the idea of a significant function. 

Perhaps a better term to use wou Id be a basic function, 

for there is no intention on this writer's part to imply 

that the remaining functions are in any way insignificant. 

However, let us again consider Figure 4, as redrawn in 

Figure 6. We can observe that the original Boolean function 

has been placed into a larger Boolean function. The original 

is used in its initial form, but before it gets an opportu¬ 

nity to operate upon the input variables, they are brought 

through an interchanging network. The overall network de¬ 

picted in Figure 6 will probably act like a different func¬ 

tion from that depicted in Figure 4 (as will be the case un¬ 

less the original function happens to be symmetric with re¬ 

spect to the variables switched by the interchanging net¬ 

work). However, the synthesis procedure to be followed is 

the same for the function f' as it was for the function f. 

Hence, from an engineering point of view, once we know how 

to synthesize function f, we know how to synthesize function 

f' . 

It is the possibility of symmetry with respect to vari¬ 

able changes that makes it so difficult to count the number 

of significant functions. To illustrate this point, let us 

examine the naive way of counting the possible number of 
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B'CA^A^ 

B 
N- 1 ) 

*AN-1 ) 

(—[x|— Inverter) 

Figure 6. The concept of variable changing and the 
generation of a new function. Observe, 
however, that from an engineering point 
of view the same function must still be 
synthesized. 

-30- 



variable interchanges, and point out the fallacy in such an 

approach. If this naive count were correct, we would have 

that the number of significant functions is just the total 

2N 
number of functions of N variables (2 ) divided by this 

number of ways to interchange. 

Reasonable variable-changing operations are pair ex¬ 

changes and complementations. Consequently, if we consider 

the ways of listing the input variables to the f network, 

we have that the position can be filled in N ways; the 

A^ position can be filled in N-l ways; etc. Consequently, 

we conclude (neglecting complementation so far) that there 

are precisely N! different ways of permuting the N input 

variables. This is correct. 

In addition, since each input variable may finally be 

called by either its true or complemented form, we find 

N 
that there is an additional factor of 2 entering into our 

count. This is also correct. 

Consequently, we would conclude that the number of 

significant functions is given by the following formula: 
2
N 

# of SIGNIFICANT FUNCTIONS =   (21) 
2.N! 

This is incorrect. It is obvously wrong because it is not 

in general an integer. To see precisely where the reason¬ 

ing involved in the counting breaks down, consider the func¬ 

tion f ss XYZ, under the exchange of X and Y. Obvously, the 

new function f' s YXZ is precisely the original function f, 
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since f is symmetric with respect to this exchange. However, 

if we further complement Y, then the new function f' = YXZ 

is different from f, and hence should be counted. As a con¬ 

sequence of these considerations, the number of significant 

functions of N variables requires a group-theoretic approach, 

if any reasonable amount of labor is to be expended. For the 

2-, 3"> and 4-variable cases it is not unreasonable to exa¬ 

mine and tabulate the significant functions directly, parti¬ 

cularly with a digital computer.^ The 5-variable functions 

can be reasonably counted, but tabulation is out of the 

question. For the 6-variable functions, even a direct count 

is out of the question; there being approximately 1.8 x 10^ 

6-variable functions, and even assuming the optimistic pro¬ 

cessing rate of 100 microseconds per function on the average, 

15 we would have to expend roughly 1.8 x 10 J seconds of com- 

7 
putation. There being approximately 3 x 10 seconds per 

year, we can see that a direct count of all the significant 

six-variable functions would require on the order of 

60,000,000 years of continuous computation! The figure 

quoted for this count in Table 1 was obtained by group- 

theoretic considerations. To this writer's knowledge no 

one has carried out even the group-theoretic calculations 

for the 7 or higher number of variable functions. 

There being so many functions of the larger number of 

variables, these counts are of little but academic interest. 

However, as will be seen in Chapter 5; these counts assist 
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one in obtaining some direct supplemental information about 

the 2-, 3- and 4-variable functions. 

Let us close this chapter with one additional property 

of Boolean functions. This property was considered as be¬ 

ing fundamental by Boole; it was stated, but not used, by 

Shannon; it is stated, but seldom used in text books; it 

virtually never appears in the current literature; it will 

form a nucleus and core for the generalized synthesis of N- 

variable functions in Chapter 4. The property can be most 

easily summarized in the form of an identity: 

^(AQ
#
. . . ,i) = 

f(l,A^, . . ., A^_ ^ ) AQ • • • > AJJ_ i (22 ) 

Proof of this assertion follows at once upon setting AQ first 

to the value 1, then 0 and substituting into both sides of 

equation (22). Each time an equality is obtained. Further¬ 

more, this can be applied a second time to give: 

^ ( A0 *A i * * * ■} AJJ _ ^) 
= 

f ( 1, ^ t • • ^^0^ 1 1 ) Ao^l 

f(0,1,..•;A^_^)AQA^ + f(0,0,...,A^_^)AQA^ (23) 

The significance of equations (22) and (23) is that they form 

the basis for synthesizing an N-variable function if we know 

how to synthesize any function of N-l variables. This topic 

will be pursued more fully later. 

We can summarize the topic of Boolean function as pre¬ 

sented in this chapter by recalling the fact that various 
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switching and computer conditions can be considered as be¬ 

ing Boolean variables. The Boolean functions are formed on 

the basis of which combinations of input states are to pro¬ 

duce a "true” or satisfied state for the output. The min- 

terms present in the First Canonical representation of the 

function f are precisely these input states. However, aside 

from this rather graphic interpretation, there is nothing 

particularly fundamental about expressing the function in 

terms of its minterms if a different equivalent form is more 

easily or economically used. We have seen that a Boolean 

function can be represented by a Venn diagram, as a sum of 

minterms, as a binary number used to order the functions, 

or as some simplified combination of literals which can be 

obtained from a proper combination of minterms. The searches 

for efficient ways of obtaining this latter representation 

have literally filled the literature with papers devoted to 

the topic of "function simplification". Fortunately, this 

happens to be a topic which we wil^iot need to pursue very 

far. It will be mentioned in Chapter 2 in the discussions 

of conventional synthesis techniques, but will fade com¬ 

pletely to the background in the study of the majority logic 

synthesis. There are many other interpretations which can 

be placed upon Boolean functions, such as coverings of the 

vertices of N-dimensional hypercubes, and the like, but as 

we shall have no use for them, they have not been introduced. 



CHAPTER 2 

Basic Building Blocks 

The synthesis of Boolean functions is a procedure which 

lends itself rather naturally to the use of basic building 

blocks. There are several different blocks which have been 

used by logical designers, and most of these have functional¬ 

ly descriptive names: AND, OR, NOT, NOR, etc. The most 

commonly encountered of the building blocks are the first 

three, and for good reason: using only NOT elements in con¬ 

junction with either AND or OR elements, it is possible to 

synthesize any Boolean function. In addition, an And-Or 

synthesis lends itself to easy intuitive understanding, both 

during synthesis and any subsequent analysis. The Nor ele¬ 

ments have been popularized by more than one industrial 

manufacturer of logic assemblies because of the fact that 

any function can be synthesized using only this single type 

of logic package; however, we shall ignore this element, 

paying attention on a preliminary basis only to And, Or, and 

Not elements. 

We shall examine these three types of building blocks 

only in passing, as we shall be better able to consider the 

more sophisticated MAJORITY device after at least a cursory 

examination of the more popular and conventional synthesis 

techniques. Before presenting, then, an analysis of a 

majority device, let us consider one of the myriad sets 
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of devices which can be employed to implement And, Or, Not 

elements. 

For the remainder of this chapter let us consider that 

the Boolean values of "one" and "zero" are represented 

respectively by +20 and -20 volts. Consider now Figure la. 

The left half is the logical designer's conception of an 

And element: the output is to be a "one" if and only if 

all of the inputs are equal to one. The Boolean function 

which describes this building block is as follows: 

fA„_ ® ABC AND (2k) 

In a perfectly analogous manner, Figure 7b displays an 

"Or" circuit, which implements the Boolean function: 

f0R = A + B + C (25) 

Figure 7c displays one way to implement a "Not" cir¬ 

cuit consistent with the electronic stipulations set forth 

above for the values of our Boolean variables. Here, of 

course, the Boolean expression is the essence of simplicity: 

f NOT 

Obviously, the conception of the And circuit and the 

Or circuit can be extended to any reasonable number of 

variables by the addition of more input diodes. In that it 

is not our immediate concern to design these particular de¬ 

vices, but only to present examples of possible configura¬ 

tions, we shall by-pass the questions of electronic compati¬ 

bility, need for buffering, and the like, for these basic 

elements. The important information to be gleaned from this 
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AN) 

Figure 7a. One possible configuration for an 
"And" circuit. The output is at +20 
volts if and only if all of the inputs 
are at +20 volts (neglecting the ques¬ 
tion of output loading). 

A 

B 

C 

OR 

A —W 

B—1+ 

C—£>h 

f 
OR 

Figure 7b. One possible configuration for an "Or" 
circuit. The output is at +20 volts if 
any input is at +20 volts (again neglect¬ 
ing the question of output loading). 

+6 0 

Figure 7c. One possible configuration for a "Not" 
circuit. The output is at +20 volts 
if and only if the input is at -20 
volts; otherwise, the output is at 
-20 volts. 
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brief glance at these elements is that they are basically 

straightforward in electrical structure, and that they can 

be thought of as building blocks for purposes of function 

synthesis. 

Now let us examine the way in which a typical function 

can be implemented using the above building blocks. In 

Figure 8 we have the blocks which represent a possible con¬ 

struction of the symmetric sum function: 

L = XY + XY (13) 

There is a lot of information to be noticed about the conven¬ 

tional method of circuit synthesis from even this simple 

example. To begin with, we see that there is a very strong 

resemblence between the configuration of building blocks 

and the minterm expression for the function L in equation 

(13). This is characteristic of the minterm expression; 

namely, it is always possible to effect a synthesis of any 

given function in two steps: with a suitable combination of 

Not elements and And elements synthesize each minterm; then, 

introduce the outputs of each of the minterm And elements 

into a multi-input Or element. Because of the fact that the 

symmetric sum function of equation (13) cannot be simplified 

any further, the synthesis displayed in Figure 8b is as 

efficient as possible in the use of building blocks for a 

conventional synthesis. 

Let us now consider another function, but this time one 

which can be simplified by algebraic or other means, in order 
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L = XY + XY 

Y   

Figure 8a. Symmetric Sum Function 

Figure 8b. Details of conventional implementation of 
the Symmetric Sum Function. 
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to see why so much effort has been expended in the litera¬ 

ture on the topic of function simplification. Consider now 
/ 

a function which at first glance appears to be quite similar 

to the symmetric sum function above: 

K = XY + XY (27) 

However, there is a marked difference between this function 

and the function L of equation (13). The function K can 

be simplified by algebraic or similar means, and is easily 

shown to be identical with the simple function X. The 

variable Y does not even play a role in the value of the 

function K. As a result of this, the blindly naive con¬ 

ventional implementation of the function K as shown in 

Figure 9b is a poor (though technically correct) engineering 

construction. The implementation shown in Figure 9C is far 

better. 

Now in general, particularly for functions of more than 

two variables, the manipulated simplifications of Boolean 

functions will not be so drastically simplified as the func¬ 

tion K of equation (27). However, most logical designers 

devote a good bit of engineering time to attempting to 

simplify their representations of desired functions in order 

to economize on the amount of equipment required. As men¬ 

tioned in Chapter 1, we shall not devote any time to a study 

of simplification techniques, as they are not greatly need¬ 

ed for relatively efficient syntheses of functions with 

Majority devices. This observation will be expanded in 
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Figure 9a• Another two-minterm function 

X 

Y 

Figure 9b. Details of a naive conventional imple¬ 
mentation of the function K. 

X   K 

Y   

Figure 9C« A much better implementation of the 
function K. 
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Chapter 4. Let us now examine a device which could be used 

for a Majority element in an electronic system such as we 

have been treating so far. 

What is desired is a device which will have a value of 

"one” at its output if more than half of its inputs are 

equal to one; a zero at the output otherwise. Retaining 

our convention that a one is represented by +20 volts, a 

zero by -20 volts, then the circuit shown in Figure 10b will 

implement a majority function. It is perhaps worthwhile to 

study the operation of this circuit in detail, as there are 

a number of salient points of interest which we shall need 

for later analysis in Chapters 5 and 

The heart of the operation of the majority circuit 

shown in Figure 10b is shown in Figure 10c, where the input 

summing network is analyzed. Depending upon the Thevenin 

equivalent potential of the combination of inputs, the NPN 

transistor will either be turned on or off. The NPN transis¬ 

tor will turn on if the Thevenin equivalent potential is 

sufficiently more positive than ground potential and the 

Thevenin impedance is low enough. From the graph in Figure 

10c, we can see that the presence of either two or three in¬ 

puts being in the one state is sufficient to raise the 

Thevenin equivalent potential above ground. Consequently, 

for these cases, the collector of the NPN transistor in 

Figure 10b will be at 0 volts, which will cause the PNP 

transistor to turn on, setting the output voltage to +20 
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Figure 10a. A Majority Element 

MAJ 

Figure 10b. One possible method of implement¬ 
ing a majority element. 

eSUMMING (volts) 
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-10 

1 2 3 # of inputs 
in 1 state 

-20 

The Thevenin equivalent voltage of the 
summing network on the base of the NPN 
transistor. 

Figure 10c. 



volts as desired. Similarly, if fewer than two inputs are 

at +20 volts, the NPN transistor will be cut off. Then, by 

voltage divider action the base of the PNP transistor will 

go to about +33 volts, cutting it off, and causing the out¬ 

put potential to go to -20 volts as specified. 

Now, there are two very important observations to be 

made about the majority circuit of Figure 10b which apply 

in general to any majority device. First, the introduction 

of a permanent "one" input, say to input C, will convert 

this device into an Or circuit; or analogously, the intro¬ 

duction of a permanent "zero" input, say to input C will 

convert this device into an And circuit. . In order to make 

this device operate with more than three inputs, we have 

but to apply additional input resistors, within reason, 

making certain to always maintain an odd number of inputs. 

This process cannot be carried on indefinitely in a practical 

case, however, for, the tojtal Thevenin equivalent range will 

still be from +20 to -20 volts, while the introduction of 

more inputs will reduce the separation of levels, making 

component tolerances become unduly stringent. Secondly, 

there is no reason to demand that all of the input points 

be weighted the same. That is to say, we would be perfectly 

justified in connecting points B and C together and treating 

the composite combination as a single input. This is equi¬ 

valent to eliminating point C, and using a resistor for 

input B instead of a 10K as shown. There is nothing to be 
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gained by doing this for this elementary majority logic 

element, but as will be shown in Chapter k, there can be 

some real advantages to this operation for purposes of 

general function synthesis. 

The majority organ which we have been examining is quite 

profuse in its use of equipment, there being two transistors 

involved plus their associated resistors. It has another 

real disadvantage which causes it to leave much to be de¬ 

sired in the way of a basic building block: because the 

operation of complementation is impossible with the device 

as presented, there are many functions which cannot be 

synthesized using only this building block, without the use 

of supplementary inverter stages. However, we can observe 

that (except for the fact that the voltage levels happen to 

be incompatible with our system definitions at the collec¬ 

tor of the NPN transistor) in reality a double complementa¬ 

tion is taking place. Consequently, it would pay to change 

our basic building block from a Majority block to a Minority 

block; that is, to a device whose output is a "one” if and 

only if more than half of the inputs are zeroes. Such a 

circuit is shown in Figure lib. Particularly since the pur¬ 

pose of this chapter is to study the Majority and Minority 

devices as logic elements, we need not concern ourselves 

with the detailed considerations of these circuits any 

further. 

As was pointed out in Chapter 1, single magnetic cores 
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Figure 11a. A Minority Element. Comparison with 
Figure 10a shows that this function 
is equivalent to a Majority Element 
without the double complementation. 

10K 

Figure lib. One possible method of implementing a 
minority element. 
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have also been studied as majority organs rather extensive¬ 

ly. In Chapter 3 we shall examine one particular majority- 

minority device rather closely: the Sub-Harmonic Oscilla¬ 

tor. Then in Chapter it- we shall extend the synthesis 

technique to N-variable functions, utilizing some of the 

unique characteristics of majority-minority devices to our 

full advantage. 

In summary of this chapter, we have examined the build¬ 

ing block concept of function synthesis. A limited number 

of cases of conventional And-Or synthesis was presented as 

an introduction to the use of the Majority or the Minority 

device as a basic element. One reasonable circuit for 

Majority and one for Minority logic was presented based up¬ 

on resistor-transistor logic with the one and zero states 

defined to be respectively +20 and -20 volts. 
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CHAPTER 3 

The Sub-Harmonic Oscillator 

Shortly before his death the late John von Neumann 

56 invented and patented^ a device which he intended to be 

used as an extremely high speed logic element. This device, 

while depending for its operation upon the non-linear 

characteristics of a reactive element, is actually amenable 

to time-varying rather than non-linear analysis. 

Consider the basic circuit for the Sub-Harmonic Oscil¬ 

lator, as shown in Figure 12a. The device, as von Neumann 

envisioned it, was to be excited by bursts of sinusoidal 

energy on the primary of the transformer, say at a burst 

rate of 50 megacycles, with an individual cycle rate with¬ 

in the burst of 1,000 megacycles. Let us call this latter 

frequency Nf^, where f^ will be defined presently, and N 

is a small integer. 

For purposes of analysis, let us assume that there is 

unity coupling between the two halves of the secondary wind¬ 

ing. Let us further assume that the capacitors are non¬ 

linear ones, such as back-biased diodes, with a plot of 

capacity versus voltage similar to that shown in Figure 12b. 

Let us* finally assume that all of the losses of each secon¬ 

dary mesh can be considered as being lumped into resistances 

R^. Then the impedance Z seen looking into the center-tap 

of the secondary will be equvalent to the circuit of Figure 
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Figure 12a. The Sub-Harmonic Oscillator 

Figure 12b. Assumed Non-linear Diode Capacitance 
Characteristic. 

C Rr D 
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Jr -WV 

Figure 12c Equivalent circuit of Sub-Harmonic 
Oscillator. 

Figure 12d. Circuit of Sub-Harmonic Oscillator 
with resonating inductance L across 
the original terminals of Figure 12a. 
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12c. Since this circuit is being pumped at a frequency 

of Nfgj the impedance Z seen will be time-varying capacitance 

and an associated loss resistor. We now consider the con¬ 

figuration of Figure 12d, where an inductor L is placed 

across the terminals Z. Let us select L such that L and 

the mean value of the capacitance associated with Z are re¬ 

sonant at frequency f^. Then, if N is a small integer, 

it is possible for this circuit to sustain as oscillation 

at frequency f^ while the input burst is present. The 

phenomenon which gives this device usefulness as a Boolean 

component is the fact that this oscillation.at frequency f^ 
I 

can actually occur at one of N stable phases with respect to 

a fixed reference, each one shifted by 360/N degrees from 

the next. Consequently, if we consider say, the case for 

N s 2, there are two possible responses, each 180 degrees 

out of phase, for the current in the inductor, or for the 

voltage across the inductor. By defining oscillation in 

one phase to be a "one", and that in the other phase to be 

a "zero", we have the necessary requirements for a bistable 

system, and consequently, we can use this device as a logic 

element. 

The Sub-Harmonic Oscillator has two other characteris¬ 

tics which ought to be mentioned. Firstly, it can be set 

into the desired phase of oscillation by the application' of 

a small amount of signal of the desired phase shortly be¬ 

fore the application of the pumping burst. This is the 
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reason that a bursting rather than a steady pump is used. 

Typical methods of applying this initial signal are via 

magnetic coupling into L, or via impedance (generally resis¬ 

tance) coupling tp the center point of the secondary. Each 

of these schemes has the technological disadvantage that the 

output signal from the device is also obtained in one of 

these two manners, and consequently input-output isolation 

is practically impossible. These considerations have led 

to relatively complex systems and proposals, most of which 

eventually lead to a three-phase pumping scheme. Secondly, 

the Sub-Harmonic Oscillator is inherently a Majority device. 

Consider Figure lja, which shows one typical method of 

connecting multiple inputs. The signals A, B and C along 

with any always-present (bias) signals can be introduced 

with the center tap of the secondary as the summing point. 

In a manner analogous to resistor-transistor logic circuits 

as presented in Chapter 2, various weightings as desired can 

be used for the inputs. If output coupling is magnetic, 

there is the further advantage that a phase inversion may 

be obtained without the use of an inverter merely by turn¬ 

ing the output coupling coil around. Two methods of output 

coupling are shown in Figure 13b. 

A good deal of experimental work with Sub-Harmonic 

1 12 14 19 Oscillators has been reported in the literature. * * ’ 

20 25 54 
* In addition, the Japanese have constructed an en¬ 

tire computer made of a similar device (Parametrons) which 
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Figure 13a. Typical input arrangement for a 
Sub-Harmonic Oscillator. 

Figure 13b. Two typical output arrangements for 
a Sub-Harmonic Oscillator. 
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utilize a non-linear inductance instead of capacitance.^2 

The most recent experimental work with Sub-Harmonic 

Oscillators which has been reported in the literature is 

reference 1. The work reported was carried out with a 4 

kMc frequency within the burst, and a JOMc burst rate. It 

was further reported that an input signal 4-0 db below the 

level of the subharmonic signal was sufficient to reliably 

establish the desired phase. 

The remainder of this chapter will be a report of a 

study carried out on Sub-Harmonic Oscillators by the author 

using an analog computer-simulator. To this writer's know¬ 

ledge there has been no similar work reported in the litera 

ture. The result concerning the frequency limitation for 

square-wave pumping is being presented here for the first 

time. 

Instead of carrying out the pumping with sine wave 

/ bursts as suggested by von Neumann, this investigator elect 

ed to use square wave pumping. If we now consider the 

equation which describes the circuit of Figure 12d, we 

have by Kirckhoff's voltage law: 

1 IT + Ei + cTTT « - 0 <28> 

which is easily transformed to the following form: 

Lp^q + Rp'q + S(t)q + 0 (29) 

where S stands for susceptance, that is, reciprocal capaci¬ 

tance; and as usual, p stands for differentiation with re¬ 

spect to time. 
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Square wave pumping causes the susceptance to vary in 

accordance with the following relation: 

S(t)=S + E As[u[t-2kT]-2u[t-(2k+l)T]+u[t-(2k+2)T]l (30) 
U k=0 L J 

where S is the susceptance function 

SQ is the mean value of susceptance 

L is the number of cycles in the burst 

AS is the increment of susceptance added or 

subtracted by the pump 

u[t] is the unit step function 

and T is the burst period, given by 1 = 1/Nf^ 

t is time. 

A sketch of the desired variation of susceptance ver¬ 

sus time is shown in Figure 14a. 

For purposes of simulation of this device, the fre¬ 

quency of 2 cycles per second was chosen for the burst fre¬ 

quency. For the initial investigation, and as will be 

shown presently, for the only possible investigation, the 

case of N = 2 was chosen. This set the resonant frequency 

of the circuit at 1 cycle per second. The center value of 

C(t) was arbitrarily chosen to be one farad, which set the 

value of L at 1/39*^ henry. 

In order to simulate the pumped susceptance a sensi¬ 

tive relay was mounted in a chassis box with one pole wired 

to energize a pair of terminals with a mercury battery for 

synchronizing purposes, the other pole simply brought out 
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Figure 14a. Desired function of Susceptance 
versus time. The case for L = 3 
burst cycles is shown. 
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Figure 14b. Relay box used in simulator set-up 
to construct desired susceptance 
function. 
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to three terminals. The Electrical Engineering Department's 

Hewlett-Packard Series 202A Low Frequency Generator had 

sufficient output drive capabilities to power the relay 

directly. Square wave excitation of the relay coil was 

employed. A circuit diagram is shown in Figure 14b. 

For purposes of analog computer study equation (29) is 

best rearranged into the following form: 

Lp^q = " Rpq - S(t) q (3°) 

Equation (30) leads to the analog computer set-up with block 

diagram in Figure 15a, and wiring diagram in Figure 15b. 

With the exception of the inverter stage, relay and provi¬ 

sion for insertion of the AS signal, the system shown is a 

conventional second order system with constant coefficients. 

The two parameters which were varied in the computer set-up 

were Q = and AS, with all data being taken at a constant 

value of N s 2. Attempts were made to operate the system 

with N s 3> etc., but the system insisted upon dying out 

like a damped oscillator, regardless of the values selected 

for susceptance change or circuit Q. This observation was 

put aside for awhile, and operation was again studied with 

N in the vicinity of 2. 

It was observed that N did not have to be precisely 

2.000 for the system to oscillate. In fact, the system 

seemed to be willing to "pull" in frequency for a range of 

about 1.80 to 2.20 in N provided the capacitance variation 

was sufficiently high or the Q of the circuit was suffi- 
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Figure l^a. Block Diagram of system under study. 
Circled values are gains through the 
integrators and summers. 

Fibure 15b. Wiring Diagram of system under study. 
Component values are in megohms and 
microfarads. Numerical gains refer 
to gain from top of potentiometer to 
output of amplifier. 
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ciently high. It was not necessary to give the circuit 

any initial charge, as the oscillation was willing to build 

up with sufficiently strong pumping or sufficiently high Q 

on the basis of circuit noise for initiation. Data was 

taken to relate the minimum value of susceptance change to 

the circuit Q with N as a parameter. This is shown in 

Figure l6a. In addition, a set of curves relating the 

minimum value of susceptance change for buildup to N with 

Q as a parameter are shown in Figure 16b. If the values 

shown on these curves were used, the circuit would oscillate 

stably; if greater values of AS were used, the amplitude 

of oscillation would increase in time; if lesser values 

were used, the amplitude of oscillation would decrease in 

time. The relative frequency ratios were measured to high 

accuracy by using a Hewlett-Packard Electronic Counter. 

For the case of Q = 100, the voltage across the in¬ 

ductor was plotted on a Sanborn recorder. The observed 

wave-forms for N = 2.00, I.90 and 2.10 are sketched in 

Figures 17a, 17b and 17c, respectively. Susceptance varia¬ 

tions of 10, 20 and 20%, respectively were being applied, 

which are in excess of the minimum values for oscillation 

buildup. Consequently, the amplitudes of all three curves 

were increasing. It is interesting to observe that for the 

case of N s 2.00, the system had adjusted itself so that 

the discontinuities occur at essentially the 0, 90> 180 and 

270 degree points, while for the other two cases the dis- 
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Figure l6a . Minimum Build-up Characteristics. 
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Figure 16b. Minimum Build-up Characteristics. 
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Figure 17a Voltage across 
N = 2.00. Q = 

the inductor for 
100. AS = 10%. 

Figure 17b. Voltage across the inductor for 
N = 1.90. Q = 100. AS s 20%. 

Figure 17c. Voltage across the inductor for 
N = 2.10. Q = 100. AS = 20%. 
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continuities bracket the 90 and 270 degree points roughly 

symmetrically (though of course not exactly symmetrically!) 

There is a very definite significance which can be associat¬ 

ed with this discontinuity in the inductor voltage; since 

the circuit Q is quite high, the inductor voltage is essen¬ 

tially the same as the capacitor voltage, as the resistance 

drop is virtually negligible. Consequently, let us now 

analyze the operation of changing the capacitance while the 

capacitor is charged. The following analysis assumes that 

relatively small changes are involved. 

For the charged capacitor the voltage is given, by: 

V = § = QS (51) 

The energy is given by: 

(32) 

If we now assume that the value of the capacitor is changed 

quickly with respect to the rate’ at which charge changes, 

we have as an expression for the change in energy: 
2 2 2 V V 

ATT 1„2 A „ 1 
V0 AO 1 AS v0 

AW=^Q AS - g —^ AS= £ g- r- 
1 AS Vf 

0 0 0 
2 Sf Sf (33) 

Equation (33) contains a lot of information. To begin with, 

the last two elements verify the expectation that the vol¬ 

tage and susceptance will vary directly as a consequence of 

the step. Equation (33) also shows that the change in ener¬ 

gy is proportional to the change in capacitance, and also 

that it is proportional to the change in voltage. Con¬ 

sequently, the discontinuities in inductor voltage which 
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are observed can be interpreted as changes in system energy: 

increases in voltage correspond to increases in system 

energy; decreases to decreases. Furthermore, since equa¬ 

tion (35) also shows that for a given change in susceptance 

the change in energy is proportional to the capacitor energy 

at that time, changes in capacitance occurring at the time 

in the cycle when the capacitor is essentially uncharged 

will have little effect, while changes near the 90-degree 

points of sinusoids will have relatively great effect. 

Armed with the above interpretation, we can at least 

qualitatively describe the wave-forms shown in Figures 17a, 

17b and 17c as being distortions required to force the 

system to oscillate with N = 2.00. (This is an absolute re¬ 

quirement if the wave form from cycle to cycle is to be re¬ 

petitive; otherwise, there would be a relative "crawl" of 

the discontinuity along the sinusoid. The system was 

allowed to operate for hundreds of cycles, and the only 

times such a crawl were observed was when the oscillations 

were dying out; that is, when the pump was not able to lock 

the system into a stable or a build-up condition.) If the 

natural frequency of the system is already 2.00, not much 

distortion is required, and consequently, almost all of the 

energy transfer can occur at the 90- and 270-degree points, 

and can be in the form of additions. For the cases when the 

system would tend to oscillate, if unpumped, at N = 1,90 

or 2.10, the distortion which is needed is in the form of 

-62- 



an energy addition and an energy subtraction at proper 

points in the cycle. As long as the addition exceeds the 

subtraction in each .cycle, the oscillation will be build¬ 

ing up, until it is so large that our small signal assump¬ 

tion is no longer valid. 

More than this* qualitative observation, however, can 

be made. We can make a definite quantitative assertion that 

the only value of N which is greater than 1 is 2, for build¬ 

up or stable oscillation with square wave pumping. Since 

the circuit does have a loss, stability requires a net addi¬ 

tion of energy in each cycle. If we now assume that, the 

voltage across the capacitor is sinusoidal, with jumps 

corresponding to the switching, we have a wave form such as 

that in Figure 18. 

Let us also consider the possibility that the square 

wave is unsymmetrical, say up longer than down, or vice 

versa. We can treat this by the introduction of an addition¬ 

al parameter 5, such that 5=1 means a symmetrical pump, 

less than 1 means that the pump is down more than up, and 

greater than 1, to a maximum value of 2 means that the 

pump is up more than down. The influence of 5 will turn 

out to be an affect on the numerical value of the result, 

but not on its characteristics. 

For this analysis, let the following definitions hold: 

0 = angle on'sin.e wave to the first energy addition. 

N *s multiple of the fundamental frequency at which 
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Figure 18. Idealized capacitor voltage. The case 
displayed has N = 3 .> $ = 120°, 6 = 1. 
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steps occur, the same as above. 

5 ss square wave symmetry factor as outlined above. 

A ss net energy transferred per cycle of fundamen¬ 

tal per unit AS. 

Then the following is the expression for A: 

A = £ E [ sin2(2rt|^ + 0) - sin2(2jt + 0)3 (3*0 

As is shown in the appendix of this chapter, this relation¬ 

ship is equivalent to the following: 

.sin(iS) (35) 

Equation (35) thus serves to explain why it was found to be 

impossible to pump the system for any value of N except 2 

while using square waves. We must mention that a considera¬ 

tion of how valid this conclusion may be for a real physi¬ 

cal Sub-Harmonic Oscillator with square wave pumping was 

not tested. The validity will depend upon how accurately 

the assumptions which were made concerning this mathematical 

model are valid for the real system. Particularly subject 

to further study is the effect of the subharmonic currents 

on the non-linear capacitors. This interaction has been as¬ 

sumed to be non-existent, an assumption which is certainly 

not valid. 

We conclude this section with the observation that a 

relative phase change of 180 degrees for the oscillation 

with N s 2 is no change in the wave forms, verifying one of 

=^1 •la(^|S+2«] 
1 N= 1 
2 N=2 
0 N>2, 
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our early statements that the system was willing to build 

up into one of two stable phases. 

Contrary to the prediction for higher N, sinusoidal 

pumping has produced reports in the literature of operation 

with N = 5. Operating ease and stability were much poorer, 

25 however, than for N s 2. ^ 

In the next chapter we shall try to exploit the ma¬ 

jority feature of devices such as Sub-Harmonic Oscillators 

to effect syntheses of Boolean functions. 
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APPENDIX - CHAPTER 5 

N-1 
2A = E [sin2(2jt — + 0) - sin2(2jt 2k+8 

. _2,2k . 2/2k+5 

k=0 
N-l 

2N 
2N + 0)3 

= E [sin"(^. * + 0) - sin^^ * + <S)] 
k=0 

N N 

N-l 

= E [sin(^ jt + 0) + sin(^+0 * + 0)] 
k=0 lN w 

-2k+5 

[Sin(2| * + 0)_sin(2|±5 ^ + d)] 

N-l 
V r O • f 20 \ / 5 \ «* 

- kJ0'
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N-l 
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I ---S_ I 
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0 

N-l .llr r , N-1 .,4k* N-l ,4k* 
s, = E Sin ^ [ E e1—- E e'1—] 

k=0 N 
k=0 kssO 

-4jti 
- 1 re4*1-! = 2i^ 4jti‘   

e N - 1 e N -1 

1 +i 
= pr [O-O] = 0 for e- N - 1 d 0 

However, 

-1N -1 = 0 => N = 1,2. But E sin 0=0; E sin2kjt=0 
• 4 it 0 

k=0 k=0 
S ^ = 0 for all N 

Similar ly, 

5 V He, lrV il|S "f1 -li|2] Sp = L cos—JJ— = —[ L e N + Ee NJ 

k=0 k=0 k=0 

1 e4,ri-l e
_:U*-l 

= \ [- — +     ] 
i4n -14* 

e N-l e N -1 

1 + iitS 
= [0-0] = 0 for [ e- N -1^0] 

Again, 

4. *k 0 1 
- ^ -1 = 0 => N = 1,2. E cos4kjt =1; E cos2k*=l+l=2 

k=0 
1 N=1 

S =\2 N=2 
[O N>2, 

2A = -sin('—)sin('2i + 20)*^2 N=2 
W a 0 N>2 

•5* 1 N=11 

k=0 

»[| c°s(^ + 20) cos 20]* <2 
N=1 
N=2 
N>2. 
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CHAPTER k 

Majority Logic 

There are two particularly useful standards of Boolean 

circuit design: efficiency and simplicity. Both terms, as 

applied to the description of a given logical circuit, are, 

however, somewhat vague in meaning. 

Efficiency in its usual engineering sense of a ratio of 

useful power to input power is not the term being used in 

this connection; efficiency in this latter sense is rightly 

the circuit designer's consideration, and furthermore, many 

of the commonly used digital circuits have essentially fixed 

electronic power consumptions and efficiencies. The term 

efficiency as being used here is not a sharply defined one 

in the literature. If we are to compare two Boolean cir¬ 

cuits which describe the same function, then we will call 

the one which uses fewer components, or costs less, or uses 

fewer diodes, or has the lesser number of stages, or has 

some other "reasonable" but arbitrary lower number assigned 

to it, the more efficient. 

In terms of this vagueness, simplicity and efficiency 

are not unrelated. Simplicity is often attributed to the 

property of being relatively easy to implement the circuit 

from the given function. But it is just as often used in 

the same vague sense as efficiency alluded to. 

The reason for emphasizing the vagueness of these two 
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terms is to point out that Boolean function design, like any 

other type of engineering, is marked with compromises. The 

justification for the myriad articles and papers on the 

topic of function simplification is just this attempt on the 

part of the logical designer to produce a "simple" or an 

"efficient" circuit. However, there is one criterion which 

must be met above all others; does the circuit which is 

finally synthesized actually implement the designated func¬ 

tion ? 

The point to all of this can be seen by referring 

back to the function which was treated in conjunction with 

Figure 9* Figure 9*>, while certainly profuse in its use of 

equipment, and while certainly "inefficient" in comparison 

with the synthesis of Figure 9C> does represent a legiti- 

mate synthesis: it would work. 

This one omnipotent criterion, then, introduces one 

more element of compromise into Boolean function engineer¬ 

ing; a balance between the amount of time which should be 

spent on the search for "simpler", more "efficient" circuits, 

and the cost of equipment excesses allowed by virtue of 

carrying out an automatic, less "efficient" synthesis. 

Bearing this in mind, we shall discuss three topics in 

this chapter: "efficient" synthesis of all the two-variabfe 

functions, and an "automatic" extension of the synthesis 

technique to N-variable functions. 

Let us now consider the notation which we shall use for 
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the remainder of this analysis. As was pointed out in 

Chapter 2, a majority device can have any reasonable number 

of inputs, these being limited by component tolerances and 

device sensitivity. We shall assume that circuit techno¬ 

logy can be developed to the point that seven input weights 

total can be handled. 

Consider Figure 19a. The triangular symbol represents 

a single logic element of the Majority-Minority type. The 

minus (-) sign at the output side of the triangle means that 

the device is inverting; that is, it is a Minority organ. 

The letters and the 0 at the input side of the device are 

the names of the variables being introduced. The small in¬ 

tegers (whose sum must be odd) just inside the triangle re¬ 

present the relative gains or weights of the designated in¬ 

put variables. The constantly present 0 input is a bias in¬ 

put. As shown this device has the property that the output 

will be a zero if more than half the weighted inputs are 

one. The device can therefore be considered to be a thres¬ 

hold element with the discrimination level at zero. It is 

alternatively possible to consider the bias signal as mov¬ 

ing the discrimination level upward or downward from zero. 

With vacuum tube or transistor threshold devices, this parti¬ 

cular operation would be the exact electronic means of hand¬ 

ling the bias, thereby relieving the input tolerance con¬ 

siderations to a certain extent. However, with magnetic 

core or sub-harmonic devices, no such artifice is feasible. 
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A 

0 

B 

C 

f(A,B,C) = A + BC 

Figure 19a. A typical majority-minority element. 

A o 1111 0000 

B = 1100 1100 

C = 1010 1010 

A = 0000 1111 

B B 0011 0011 

c = 0101 0101 

f* ss 1111 

f** = 1 1111 

f = 0100 1111 

e* = 1111 

e** B 1 1111 

e . 0100 1111 

~e 0 0000 
B=C=0 AssO 

e s 0100 1111 

Figure 19b. Detailed verification that f of Figure 19a 
and the logic element shown are equivalent. 
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At any rate, the logical considerations are identical, re¬ 

gardless of the exact means of electronic implementation, 

and consequently, we shall use the symbol as shown in Figure 

19a in the rest of this chapter. 

In order to analyze the given symbol, we note that 

there is a total of 5 for the input weights. Consequently, 

the state of any 3 weights is sufficient to determine the 

state of the device; if any three weights are in "zero" 

state, the device is in "one" state, and conversely. Hence, 

by noting that there is a zero bias with unit weight, we 

conclude that the device will be in the "one" state if any 

two of the input weights are in the "zero" state. This con¬ 

dition is met if either A = 0, or B and C are both equal to 

0. Consequently, the output will be a 1 if either A = 1, 

or BC s 1. But this last sentence has a Boolean expression 

to describe it: 

f (ABC ) a A + BC- (36) 

This manual inspection technique for deciding upon 

the describing function for a given configuration is rea¬ 

sonable with a sufficiently simple unit. However, it is to 

our advantage to be able to mechanize the analysis a bit 

more. One of the best techniques for this mechanization is 

to use designation numbers. These numbers are precisely the 

function numbers which were introduced in the first chapter 

under the topic of ordering the functions. They have a very 

important interpretation; namely, they are the final column 
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of the conventional truth table for the function under con¬ 

sideration. Our verification that equation (36) actually 

does describe Figure 19a would be carried out as shown in 

Figure 19b. 

First, let us obtain the designation number for the 

function A + BC. We start by tabulating the function num¬ 

bers for A, B, C, and their complements. Then, we fill l's 

into the tabulation for f where A has ones, forming line f* 

for illustration purposes only. Then we fill l's into the 

tabulation for f wherever both B and (I have l's by a process 

of logical "or-ing"; that is, if there is already a 1 pre¬ 

sent where we wish to insert one, we consider the job as 

completed for that column's entry. This forms f** for il¬ 

lustration purposes only. We finally insert 0's into all 

the columns of f which do not have l's. The rows for f* and 

f** would normally not be written down, as the procedure 

outlined requires no erasures. 

We now carry out an analogous process to obtain the 

designation number for the element of Figure 19a. If the 

two designation numbers match completely, then the element 

and the function are one and the same. We observe that we 

can obtain two "zero" weights whenever A has a zero. Con¬ 

sequently, we fill in l's for e wherever A has a 0, again 

forming e* for illustration. We can also obtain two "zero" 

weights whenever B and C are both 0. This gives us one 

additional 1 for e**. We finally get e by filling 0's 
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wherever no l's are present. One alternate approach which 

is often convenient when dealing with an inverting element 

is to obtain first an expression for e by noting that e 

must be 0 at certain input conditions. Then a complementa¬ 

tion of e produces e. This is also sketched in Figure 19b. 

Of course, all of these methods must be identical in the 

result they produce. they offer only the advantage of help¬ 

ing to mechanize the otherwise tedious determination or veri¬ 

fication of a circuit's correspondence with its function. 

We are now prepared to examine a synthesis of all the 

two-variable functions. One more general observation must 

be made, however, before we can carry out the details of the 

proposed synthesis: the exact synthesis procedure which is 

effected must depend upon what we assume to be available in 

the form of inputs to our logic networks. The point of in¬ 

definiteness stems from the fact that in some applications 

only the variables themselves are available, while in other 

applications, the variables and their complements are avail¬ 

able. Needless to say, the synthesis can be effected under 

either set of input conditions, for complements can always 

be created by the use of inverters. Consequently, for the 

two-variable functions we shall present two parallel synthe¬ 

ses, one for each assumption for each function. We shall 

see how the presence of complements greatly reduces our 

equipment requirements for some cases. 

Let us now consider table two. In the five columns of 
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TABLE TWO 

Synthesis of all the two-variable functions 

Decimal Majority-Minority Syn 

Nf f thesis Complements 

Unavailable 

0 0 0- 

1 AB 

2 AB 

3 A 

h AB 

5 B 

6 AB+AB 

7 A+B 

8 AB 

9 AB+AB 

10 B 

11 A+B 

12 A 

13 A+'B 

lk A+B 

15 1 1 

Minority Synthesis Func- 

Complements Avail- tion 

1- 

/ ✓ 
V 
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the table we tabulate the decimal equivalent of the function 

number, a simple description of the function, a synthesis if 

no complements are available, a synthesis if complements are 

available, and a Venn diagram of the function. We can ob¬ 

serve that the availability of complements as inputs enables 

us to eliminate an element for eight of the sixteen func¬ 

tions. The availability of complements also enables us to 

compress the table greatly, as there are then;' only four 

distinct functions of two variables, namely a "significant" 

set of functions in the same sense as that term was used in 

Chapter 1. The significant functions of two - va r iab le s are 

presented in Table Three, along with their synthesis if 

complements are available, and the functions which may be 

derived from each by a suitable interchange and complementa¬ 

tion of variables. 

It is difficult to make a sweeping statement concern¬ 

ing the relative efficiencies of these Ma jori ty-Mino ri ty 

Syntheses as compared with the more conventionally used 

And-Or Syntheses. The only reason for this indefiniteness 

of comparison stems from the fact that an exact comparison 

requires information as to the system electronics: for 

example, sometimes an Or circuit is only two diodes and a 

resistor, while at others it must be made with an active 

element. However, even lacking specific information con¬ 

cerning a given conventional implementation, we can draw 

some conclusions about the merits of this proposed Majority- 

-77- 



TABLE THREE 

Synthesis of all the significant two-variable 

functions with Complements Assumed Available 

Decima1 

N, 

Minority synthesis Equivalent functions under 

variable interchanges and 

complementations 

0 0 0' 
15 

1 AB 2,4,8; 7,11,13,14 

3 

6 

5,10,12 

9 
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Minority synthesis: in that a threshold device under the in¬ 

troduction of suitable biases can be made to behave either 

like a conventional "And", "Or" or "Not" element, each of 

the majority circuits presented has the ability to be at 

least as efficient as its conventional counterparts. How¬ 

ever, several of the functions implemented with the devices 

as shown in tables two and three use less equipment than 

their conventional counterparts, particularly functions #6 

and #9* As can be seen, these two functions are each imple¬ 

mented with two building blocks using the Majority-Minority 

synthesis. Depending upon the technique used, their con¬ 

ventional counterparts will require five blocks (no comple¬ 

ments available) or three blocks (complements available). 

We can also see that function #1 and #7 also require only 

a single block, while their conventional counterparts will 

require at least two blocks to implement if no complements 

are available. It is true that we are taking advantage of 

the inherent complementing ability of the Minority device. 

However, we call attention to the fact that the Minority de¬ 

vice with its inherent complementing property, say as pre¬ 

sented for res is tor-transis tor logic in Chapter £wo, uses 

less equipment than its non-complementing Majority counter¬ 

part. Furthermore, the other Majority devices which have 

been seriously considered, e.g., magnetic cores and sub¬ 

harmonic oscillators, have an inherent complementation of 

the output available if desired with no further cost in 
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equipment. Consequently, if we are to intelligently compare 

this device with its conventional counterparts, we are en¬ 

titled to take advantage of its built-in complementing pro¬ 

perty. This very property will be used to implement all of 

the significant three-variable functions, again using only 

two elements, and consequently, the comparison will be much 

more straightforward and clear-cut. 

We ought to point out one additional fact concerning 

the syntheses which are presented in tables two and three: 

even those syntheses which demand that there be some com¬ 

plements of basic variables available require a given vari¬ 

able in only one form. That is to say, in every case pre¬ 

sented either A or A is assumed to be available for any one 

specific function, but not both. This can be an advantage 

in some circumstances, particularly when (as is usually the 

case) only a few functions are of interest at any given time 

Qu ite remarkably this same property will also be true of all 

the syntheses presented for the significant three-variable 

functions, though this writer doubts that it should be ex¬ 

pected to continue to hold for higher order syntheses. 

The tabulation for significant functions of three 

variables is taken from the fourth appendix of Caldwell's 

book0, in which he has listed an arbitrary member of each of 

the 22 significant classes of functions of the 256 functions 

of three variables. Of course, the syntheses are original 

work, being presented here for the first time. This writer 
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differs with Caldwell and others^’ ^ with respect to the 

tabulation of the significant functions j in that he feels 

o 

that one additional legitimate transformation ought to be 

permitted while we are interchanging variables, namely 

the act of complementing the final function. Thus, in the 

tabulation of equivalent functions presented in table three 

the breakdown of functions by classes is as follows: 

o, 15/1, 2, 4, 7, 8, 11, 13, 14/3, 5, 10, 12/6, 9; 

while other writers in this field would use the breakdown: 

o/l, 2, 4, 8/7, 11, 13, 14/3, 5, 10, 12/6, 9/15. 

In the case of two-variable functions this additional trans¬ 

formation changes the number of significant functions from 

6 to 4, which accounts for why table one shows 6 as the num¬ 

ber of significant functions of two-variables, while table 

three tabulates 4 distinct classes. 

Proceeding along similar lines, we can observe that the 

last 8 of the 22 functions presented by Caldwell may be ob¬ 

tained from the first 8 functions by a proper combination of 

variable interchanges and function complementing. However, 

for the sake of completeness,' all 22 of Caldwell's three- 

variable functions are tabulated in Table 4. For each we 

assume that either the variable or its complement is avail¬ 

able as required, but not both for any given function. This 

is not quite as desirable as assuming that only uncomplement¬ 

ed variables are available, but is far superior to requireing 

that both be available as in conventional And-Or synthesis. 
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TABLE FOUR 

Synthesis of all the significant three-variable 

functions with Complement or Variable Assumed 

Available (Either as needed, but not both) 

Decima 

Nf 

0 

128 

129 

m 

5 

104 

152 

224 

240 

232 

120 

1 Minority synthesis 

f 

0 

ABC 

ABC+ABC 

ABC+ABC- 

AB See 

S2(ABC)= 

ABC+ABC+ABC 

ABC+BC 

A(B+C) 

A See 

Sg5(ABC)= 

ABC+ABC+ 

ABC+ABC 

AB+AC 

Table Three 

/) 
6 

c 

Venn diagram 

✓ 

✓ 
✓ 

✓ 
✓ 

✓ 
✓ v 

✓ ✓ 

7 
V V V 
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Decima1 

Nr 

TABLE FOUR (Cont'd) 

Minority synthesis 

120 ABC+A(B+C) 

105 S (ABC)» 

ABC+ABC+ 

ABC+ABC 

255 1 

Venn diagram 

y y 

•/ ✓ 

✓ ✓ 
✓ ✓ 

✓ ✓ 
✓ v V 

✓ v' 

y/ ✓ v 
✓ »/ %/ 

✓ \/ 1/ 

✓ ✓ V 

V V ✓ 
V * ✓ 

See Table Three 

✓ 1/ 

✓ ✓ ✓ 1/ 

✓ ✓ ✓ V 
V V 
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We now have available sufficient information to synthe¬ 

size any function of two or three variables using at most 

two basic elements. The procedure (N = 3) to be followed is 

broken into two steps; we .must first decide which class of 

function we are trying to synthesize, and we then take that 

class's entry from Table Four. We simply effect whatever 

interchange of variables is required to convert the tabulat¬ 

ed function into our desired function. 

There is one more application which we can make of the 

table, however. We can use the table to generate a synthe¬ 

sis of functions of four, five or more variables. This high¬ 

er order synthesis, while not necessarily being a "most 

efficient" synthesis, can be effected automatically, and 

will in many cases be quite efficient in its use of equip¬ 

ment. This technique for extension of the synthesis to N 

variables is based upon equation (22) and the synthesis of 

one special function, namely MD +ND. We reproduce here 

equation (22), rewritten for the case of four variables; 

f ( A, B, G, D ) = f(A,B,C,l)D + f(A,B,C,0)D (37) 

But now we can observe that equation (37) is a combination 

of functions of three variables, namely; f(A,B,C,1) = M, 

f (A, B, C, 0 ) = N, and f = MD£+ ND. 

Now MD + ND is just the eleventh entry of Table Three. 

Consequently, the function f can be synthesized as outlined 

in Figure 20. We synthesize M, N, again using Table Four, 

and then we use these syntheses as inputs to the synthesis 
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Figure 20. The principle of synthesizing a four- 
variable function using three-variable 
syntheses as building blocks. 
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of f itself 

Having this procedure at hand, we see that we can syn¬ 

thesize any function of four variables by using at most 

six majority-minority building blocks. This process can 

again be carried out for a function of five variables, us¬ 

ing two similarly obtained functions of four variables as 

inputs to a configuration as in the top of Figure 20. Now, 

it is true that the amount of equipment required may soon 

become extravagantly large, but that is characteristic of 

any synthesis procedure involving, say eight or nine vari¬ 

ables. However, we have one more observation to make in 

this connection: after sketching out a synthesis of a given 

function by the technique outlined above, we can also carry 

out a conventional synthesis, with the detailed study of 

any possible function simplifications. If this alternative 

study reveals a method of synthesis which uses less equip¬ 

ment than this automatic method, then we can use it by all 

means. However, it is this author's contention that, parti¬ 

cularly for the functions of four and five variables, even 

this relatively inefficient automatic synthesis procedure 

will yield a synthesis involving fewer components than the 

more conventional techniques. The extent of validity of 

this last contention remains to be seen. 

There is one final observation which ought to be 

brought out. There are cases in which circuit designers 

have desired to construct functions of many variables. The 
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case the writer has in mind is the parity tree in the Rice 

University Computer, which generates six different functions 

of 32 variables each, and one function of 6b variables. The 

functions which are involved have an extremely high degree 

of symmetry, which is the only reason that it is even prac¬ 

tical to consider implementing them directly in the form 

of a logic circuit. The point of this final observation is 

that even the most powerful techniques known of handling 

Boolean function synthesis will break down if the number of 

variables becomes too high. Such is definitely the case 

with regard to the latter function. However, for functions 

of a reasonably small number of variables, majority synthe¬ 

sis is a very powerful tool. 
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CHAPTER FIVE 

Computer Investigation 

of Three- and Four-Variable Functions 

We have already seen the reduction in the number of 

specific functions that we had to investigate, which was 

effected by an observation as to the equivalence of many 

functions under the operations of (1) function complementa¬ 

tion, (2) variable complementation and (3) variable inter¬ 

changes. This set of observations led us to the concept of 

significant functions. Anyone desiring to obtain specific 

information about Boolean functions of two-, three- and 

four-variable functions would do well to carry out his in¬ 

vestigations in terms of only the significant functions. 

This immediately raises an interesting question: how 

does one go about generating a set of the significant func¬ 

tions? The problem of counting the number of elements of 

this set has (with the omission of operation 1 above, as 

pointed out in Chapter Four) already been handled in the 

2 
literature . And, as a matter of fact, the significant func¬ 

tions of three-variables and of four-variables have been 

tabulated!"^ The investigator, then, who is armed with a 

tabulation of the significant functions does not have to 

worry any further about the problem of generating such a 

set. 

But he does have a very real problem on his hands, in 
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fact two of them: how does he get his set of functions in¬ 

to a computer to be used for any other investigation, and 

how does he answer the practical question of which set a 

given function belongs in? The Harvard tabulation, un¬ 

fortunately, is in the form of a literal, rather than a 

numerical listing. Consequently, some manner of transla¬ 

tion, be it before or after the listings were inserted in¬ 

to a computer, would have to be carried out for the list to 

be used to advantage. Furthermore, the listing is of such 

nature that the user has no control over which of the many 

representative functions of each class has been selected. 

Aside from the massive job of transcribing the k02 functions 

into form suitable for computer input, then, the user will 

still have to do some logical manipulations in order to 

apply the functions to his desired problems. 

There is another approach which is possible. It is 

possible to generate a complete set, using essentially no 

input data, completely within the computer itself. Further¬ 

more, a set of significant functions can be generated sub¬ 

ject to whatever side condition (such as, for example, that 

each representative function be the lowest numbered member 

of its group) the programmer desires. 

Very closely related to this tabulation problem is 

the second question raised above: given a function, into 

which class does it belong? 

These two problems have a simple solution once we un- 
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derstand how to effect the operation of variable changing 

upon a given function within a computer. This basic opera¬ 

tion is perhaps most easily understood in terms of a Venn 

diagram. Let us consider now Figure 21a, 21b and 21c. 

In Figure 21a we display a Venn diagram for the follow¬ 

ing function: 

fx a ABD + ABC + ABCD (38) 

We also see how to obtain the Venn diagram for the function 

f^: erase all the checks of function f^ and place checks in 

to all the other squares of the diagram. The operation is 

almost trivial. 

In Figure 21b we display the details of transforming 

the Venn diagram for equation (38) under the operation of 

complementing the input variable B. Inspection of the 

figure reveals that the procedure is to locate the two re¬ 

gions B and B (these need not necessarily be connected, but 

there is nothing about Venn diagrams which demands connec¬ 

tivity), and then to interchange them. Consideration of the 

nature of the diagram reveals that these two regions must al 

ways be geometrically similar, and consequently, this inter¬ 

changing operation can always be carried out. The function 

which is described by the final diagram of Figure 21b result 

from a complementation of B, and may be seen to be: 

f£ = ABD + ABC + ABCD (39) 

In Figure 21c we display 

the Venn diagram tor equation 

the details of transforming 

(38) under the operation of 
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Figure 21a. s ABD + ABC + ABCD and f^, display¬ 
ing the simplicity of obtaining one 
diagram from the other. 

B 

- -A - - 
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B B 

X 
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X 

X X 

B 

Figure 21b. f of Figure 21a being transformed by 
a complementation of the variable B. 
We interchange regions B and B of the 
diagram. 

--A-- 

B B 

X X 

X X 

X 

Figure 21c. f, of Figure 21a being transformed by 
an interchange of the variable^ A and D. 
We interchange regions AD and AD of the. 
diagram. 
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interchanging the variables A and D. Inspection of the 

figure reveals that the operation to be followed is to lo¬ 

cate the two regions AD and AD (again, these need not neces¬ 

sarily be connected regions) and interchange them. Conside¬ 

ration of the nature of the diagram again reveals that these 

two regions must also be geometrically similar. The function 

which results from this operation of an interchange of A and 

D is the following: 

f? = ABD + BCD + ABCD (kO) 

On the basis of these three transformations, which we 

can now carry out on the Venn diagram, we are prepared, at 

least in principle, to investigate significant functions. 

However, there is a bit of unwieldiness associated with our 

Venn diagram operations: we are talking in terms of matrix 

manipulations within a computer; and furthermore, these manip¬ 

ulations are not related to any of the usually encountered 

matrix operations. We call upon the concept of designation 

numbers again, to compress these matrices into short, easily 

handled expressions. 

In terms of designation numbers, the:function of equa¬ 

tion (j8) has the following representation: 

f1 = 1010 0001 1100 0000 (41) 

For ease in reading the binary number has been broken into 

groups of four bits each, but of course, when handled in¬ 

ternally within a computer, it would be a connected string 

of 16 bits. 
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The transformations just investigated in terms of Venn 

diagrams take on a particularly simple form in terms of op¬ 

erations on numbers within a digital computer. 

To complement the given function, we complement the 

designation number. 

To complement a variable (such as B) above, we form 

the designation number for the desired variable, and the 

designation number for its complement. 

These are given as follows: 

B a 1111 0000 1111 0000 (42) 

¥ = 0000 1111 0000 1111 (43) 

We then form the logical "anding" of the function f^ and each 

of these two expressions, as follows: 

fjB a 1010 0000 1100 0000 (44) 

fjB a 0000 0001 0000 0000 (45) 

We finally shift the designation number of equation (44) 

right four places, shift that of equation (45) left four 

places, and "or" these two results together to produce the 

final designation number of function f^: 

f2 » 0001 1010 0000 1100 (46) 

The only difference between this procedure and that for com¬ 

plementing a different variable would be in the number of 

digits to shift. To get that number of shifts, we consider 

the variable in the original, generalized notation of Chap¬ 

ter One. Since we have tacitly assumed the ordering of the 

variables ABCD, we see that A = A^, B s Ag, C = A^ and 

-93- 



D s AQ. The desired number of shifts involved in forming 

the transformation of the designation number of f^ under the 

k act of complementing is merely 2 . 

To interchange a pair of variables (such as A and D), 

we follow a very similar set of operations. We form the de¬ 

signation numbers for AD and AD We perform a similar "and- 

ing" with the designation number for f, and this time, we 

k i shift by the number 2 - 2, where we are using A^ and A ^ . 

These operations are implemented as follows: 

AD = 0101 0101 0000 0000 (47) 

AD = 0000 0000 1010 1010 (48) 

f .jkD = 0000 0001 0000 0000 (49) 

fjAD = 0000 0000 1000 0000 (50) 

We now shift the designation number of equation (49) seven 

places to the right, and that of equation (50) seven places 

to the left. However, we have one additional thing to per¬ 

form now, which is different from the operation involved in 

simply complementing.B above: we insert the resulting l's 

which we have just constructed into the designation number 

for f^ in equation (54) as expected; but in addition, wher¬ 

ever AD and AD both have 0's in their designation numbers, 

we insert any original l's, shown in equation (55), which 

were present in the f^ designation number. These steps 

are carried out now: 

Shifting: 0000 0000 0000 0010 (51) 

(52) 0100 0000 0000 0000 



Save f^'s l's: 11 1 (53) 

"Or" these: 1110 0000 0100 0010 = (^4) 

Thus, we see that there is a very simple sequence of 

operations which can be carried out within a digital com¬ 

puter in order to effect any of the transformations which 

have been outlined above. Once we are able to carry out any 

of these transformations as desired, we have but to order 

our search in order to investigate the functions for a mini¬ 

mal significant set. 

The operations might take the following form: Start 

with =» 0. Carry out all the transformations of each 

time asking the question, "Is the new smaller than the 

before transformation?" If we ever obtain an affirmative 

answer, we discard the present N^, as it is transformable 

into a previously considered function. If, however, we per- 

N 
form all transforms (there are at most N.'2 transormations ) 

and never obtain an affirmative answer, then we add the pre¬ 

sent to our list of significant functions. In either 

event, we increment by one and re-start the transform 

process. We continue so doing until we have incremented 

2N 

to the value 2 , whence we stop. This set of operations 

is flow-charted in Figure 22. 

Armed with a list generated by a program such as has 

just been outlined, we can then carry out whatever specific 

computer investigation we desire. 

We have seen in this chapter a few of the aspects of 
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ENTER 

Figure 22. A flow chart depicting the operations 
involved in determining a set of sig¬ 
nificant functions of N variables. 
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variable changing and how they are related to computer in¬ 

vestigations of Boolean functions. The field has scarcely 

been touched upon, but this chapter has been included to in¬ 

dicate the avenues of investigation which axe still open for 

the future, at least to this investigator. 

The details involved in the specific operations of com¬ 

plementing input variables or interchanging them, and how 

these operations affect the form of the designation numbers 

are, to this writer's knowledge, original and are being 

presented here for the first time. 
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