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SECTION I 

BACKGROUND MATERIAL 

Boolean Algebra was named In honor of its founder, 

George Boole (1815*1864), who published an account of it in 

1854.1 Boolean functions are comprised of variables which 

are binary in nature. That is, a variable might exist either 

in the form A (its true form) or in the form X (its comple¬ 

mented form). 

In Boolean Algebra two types of terms can exist. They 

are the product term and the sum term. A product term is a 

term in which the Boolean variables appear multiplied together. 

A sura term is a term in which the Boolean variables appear 

added together. A product term has the value "l" if and only 
\ 

if each variable in the product has the value 1. However, a 

sum term has the value 1 whenever any of the variables or 

combinations of variables that are added together has the value 

1. Functions are written as products of sum terms, sums of 

product terms, or as a combination of these two methods. That 

is, functions may be written in the maxterm canonical form or 

the minterm canonical form, and often a given function may be 

written in a number of different ways representing switching 

circuits of different orders. let us see what is meant by the 

terms maxterm, minterm, and order. 

Consider the two variables A^ and AQ. There are four 
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maxterms and four mlnterms for these two variables* The pas- 

terms are (X* 4- Xo), (Xi 4- Ao)# (Ai 4- Xo), and (Ax 4- AQ)J 

and the mlnterms are XXXQ, X^AQ# AJXQ, and AJAQ. Maxterms and 

mlnterms may be defined as follows: 

A maxterm of n variables is a Boolean sum of these n 

variables, in which each variable is represented in either its 

true or complemented form* 

A minterm of n variables is a Boolean product of these n 

variables, in which each variable is represented in either its 

true or complemented form*^ 

A mazterm is a sum term, and a minterm is a product term* 

The same switching function is represented by the two expres¬ 

sions 

f “ (% +■ Ao)C% +■ Xo) (maxterm) 

and 

f = XXAQ 4- AXXQ (minterm)* 

The concept of order may best be illustrated by several 

examples* Consider the functions 

fl = AlA0* 

f2 = AiAo + A2 4 A3 , 

and 

£3 - (A^AQ 4- AQ +■ A3 )A4* 

The diode circuits representing the functions are illustra¬ 

ted in Figure 1* The circuit of (a) is a simple first-order 

AMD circuit* The output will be in the “l" state only if A^ 

and A0 are in the 1 state. The circuit of (b) illustrates a 
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second-order circuit* The output of the AND circuit is the 

input to another OR circuit. And finally* (c) is a third- 

order circuit. 

Also note that the function 

may be written 

or 

f = A.A 
1 0 

£ ~ A2A1A0 + A2A1A0 

r = (Aa -H AIAQ)(A2 4. v*0). 

The first form is a first-order expression while the remain¬ 

ing two are second- and third-order expressions respectively. 

This illustrates that a particular function may be written to 

represent different order circuits. 

It is desirable to have any given switching function 

written in the form which represents the simplest switching 

circuit. This process optimises the switching circuit from 

the standpoint of components needed. The previous example 

illustrates this fact* since the first expression* which is 

the simplest of the three* represents a switching function 

which is also the simplest of the three. 

Our attention will be concentrated on first- and second- 

order expressions written in the minterra canonical form. This 

is not too great a restriction since maxterm expressions may 

be converted into minterm expressions. In simplifying Boolean 

switching functions it is necessary to be able to describe a 

straightforward and practical procedure for arriving at that 
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second-order expression of a given function which is simpler 

than (or as simple as) any other second-order expression for 

that function. No one has yet been able to devise a practical 

procedure which will result in the simplest expression of any 

order. Before illustrating some of the existing methods of 

simplification, let us make some useful definitions. 

DEFINITION I: A variable is said to be suppressed if it does 

not appear in a term. In product terms, variables are sup¬ 

pressed according to the fule XY -f = X. 

DEFINITION Hi In general an impllcant is any function which 

is contained in another function. 

Consider a function f to be represented as a sum of pro¬ 

duct terms. The function f can always be represented in min- 

term form, A product Impllcant with fewer factors than a sin¬ 

gle minterm is obtained whenever it is possible to combine 

two or more minterms according to the rule for suppression of 

variables stated above* The number of factors in the remain¬ 

ing term is reduced, and the number of terms needed to specify 

the function is also reduced. For example, in an n variable 

function an impllcant which has had m variables suppressed 

represents 2m midterms. 

DEFINITION III: A prime impllcant Is a term which is not con¬ 

tained in any other impllcant* 

In the expression 

f = A3A2A3A0 +- A3A2A3A0 

it is possible to suppress the variable A2* This function may 

be rewritten in the form 
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f - A3A1A0. 

The expression A01C A is an implicant, and since no other 

variables can be suppressed, it is also a prime implicant* 

The process of simplification is one of determining the 

prime implicants of a function* In simple functions such as 

the one above, this process can be done by inspection, but as 

the function becomes more complicated other, more systematic 

methods must be employed* Three of these methods will be con¬ 

sidered, so that conclusions about their effectiveness may be 

drawn* 

The first method is the one of W# V. Quine, This method 

is somewhat cumbersome to use, but since it is considered to 

be the basis of the other two methods to be mentioned it is 

worth examining* Briefly, the steps to be followed in the use 

of this method are: 

1* Express the function as the stun of minterma. 

2* Derive a set of prime implicants from these minterma. 

3* Prepare a table having as many rows as there are prime 

implicants and as many columns as there are minterms, 

and Indicate with check marks the minterms involved 

for each prime implicant. 

4. Examine the columns for only one check mark which in¬ 

dicates that the corresponding prime implicant is an 

essential term and must be included in the final answer. 

5, Next, examine the remaining columns to determine the 
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simplest combination (there may be several) of the 

remaining prime implicants that will specify the 

function. 

Let us simplify a function by this method. Take, for 

example, the four variable function 

f = ^3A2A1A0 A3A2A1A0 ^3A^A-^AQ 

+■ AjAgA-jAg "** A3A2A1A0 ^ ^A2klA0 *3^2^!^* 

The implicants must be determined by making an exhaustive 

comparison of all pairs of terms for the purpose of elimin¬ 

ating variables according to the rule XY + XY = X. Then 

Table 1 can be established. One sees that the term AgXj. 

is essential. Now, let us consider the columns vrtiich are 

unaffected by this essential term. The two additional 

terms I^A^AQ and A^K^AQ are seen to include all of the re¬ 

maining minterms and are seen to be the simplest possible 

choice. That is, picking any prime implicants except these 

two would require more terms to represent the function. 

From this discussion the simplified function is seen to be 

f = ^A1 ■*” ^3A1A0 ■** A3A2A0* 

The Quine method has three characteristics which make 

it unattractive to use. It is necessary to expand any 

implicants into their corresponding minterms before the 

search for prime implicants is conducted. That is, the 

function must be made more complicated before the process 

of simplification can be started. The prime implicants must 
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be found solely by inspection of the existing minterms* which 

makes the process somewhat of a task if the function is one 

of many variables. And finally* the prime implicants are dis¬ 

covered by combining only two minterms at a time which is the 

slowest possible way. 

Next* we shall consider a map method known as the Veitch 

or Karnaugh diagram. In this method the function is plotted 

on a diagram and the eye Is used to detect the various com¬ 

binations which give rise to prime implicants. Let us con¬ 

sider the function 

f = Ag&Q '+■' ^3^2^1 + AgAgAj. +- A^A-JIQ -t- A^AgXjAQ. 

This function Is plotted on the diagram of Figure 2. 

An attractive feature of this method is that the minterms 

do not have to be calculated before the function can be 

plotted. The method of plotting a function should be evi¬ 

dent from the example, and it will suffice to say that the 

term AgAQis represented by the four squares along the top 

of the diagram. 

After a little practice* one can determine the prime 

implicants from the diagram. The numbers which appear in 

the upper right corner of each square represent the decimal 

equivalent of the binary rainterm* in which the appearance 

of any variable A is denoted by the binary digit (bit) 1 

and A is denoted by the bit 0. For example* 7 represents 

the minterm J^AgA^Ag (which in binary notation is 0111). 

One can see that the squares numbered 0 and 4 repre- 
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sent the implicant (in this case a prime Implicant) A^X^AQ. 

Considering squares 4 and 6 the implicant IAI is deter- 
3 2 0 

mined. However, this implicant > can be combined with the 

implicant formed by squares 12 and 14 (A^Ag^) to form the 

prime implicant A^A^i Of course, this prime implicant could 

have been- recognized immediately by considering all four 

squares at once. 

The prime implicant table also shown in Figure 2 was 

constructed after the prime implicants were derived from 

the diagram. By inspection of this table we see that there 

are -4? essential terms, and that the simplest expression is 

f = + A3A2
A
X ^ A3AiAo + VlV 

Two advantages over the Quine method may be observed. - 

The first advantage is the elimination of the need for cal¬ 

culating the minterms, and the second is the ability to 

determine the largest combinations of minterms first in 

finding the prime implicants. In the example just cited, 

one sees that the prime implicant AQAQ is most easily re¬ 

cognized. This method of simplification Is quite good as 

long as the number of variables does not exceed about six. 

Of course, as the number of variables increases the diagram 

becomes more complex, and one finds it increasingly diffi¬ 

cult to detect all of the prime implicants. 

The final method to be discussed here is a method de¬ 

vised by E. J. MeClualcey, Jr. McCluskey* s method is a mod¬ 

ification of Quine *-s method differing in the manner used 
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to determine the prime implicants. McCluskey was able to 

cut down the number of comparisons that needed to be made. 

Briefly, the steps in determining the prime implicants ares 

1. The minterms must be expressed by their equivalent 

binary numbers. 

2. The individual terms are to be divided into groups 

such that all members of a group have the same num¬ 

ber of l*s. For convenience, the number of l*s in 

a binary number is called its index. 

3. The groups of binary numbers are arranged in a col¬ 

umn beginning with the group of lowest index and 

proceeding to the group of highest index. 

4. For a group of index i we need compare these terms 

only with the group of index (i +• l). 

5. In a second tabulation we record all terms which 

combine to form a reduced term and place a check 

mark beside the contributing terms in the first 

column. 

6. The terms in the second column are compared in a 

similar manner for possible reductions, and any 

resulting reductions are tabulated in a third 

table. Each combining term must again be checked 

off. 

7. When no further combinations are possible the terms 

which have not been checked are the prime implicants 

from which the simplified function is to be selected. 
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Consider the four-variable example 

£ = (0, 1* 2, 3, 4, 6, 7, 8, % 11, 15) 

where the numbers represent the decimal equivalents of the 

binary numbers, Table 2a Illustrates the tables that must 

be constructed to determine the prime implicants, One 

notices that the function simplifies considerably. 

Table 2b Is the resulting prime impllcant chart. One 

sees that it is slightly different from the charts encount¬ 

ered before. The essential terms are circled and close 

observation will show that these essential terms completely 

describe the function. Therefore, the simplified function 

is 

f = A2A1 + A3A0 + A1A0* 

This method of finding the prime implicants is a 

distinct improvement over Quine's method, since the number 

of comparisons to be made is fewer, and the procedure is 

more systematic. It also has the advantage of expressing 

the minteras by their binary equivalents which simplifies 

the writing of the minterms and assists in the recognition 

of combinations. However, McCluskey's method still requires 

that all existing implicants be put into rainterm form, and 

prime implicants are found by combining the terms two at 

a time* 

A method of simplification which combines all of the 

good characteristics of these three methods is highly 
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desirable. That is, a method which is diagrammatic, which 

allows the user to detect the prime implicants composed 

of the largest number of minterms first, which will allow 

the function to be used without having to expand existing 

implicants into their representative minterms, and which 

allows the prime implicants to be found in a systematic 

manner. 
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SECTION II 

A NEW METHOD OP SIMPLIFICATION 

A new method of simplification of switching functions 

has been devised which combines the desirable character¬ 

istics mentioned in the previous discussion. This method 

is basically another extension of the Quine method. It 

has the advantage, however* in that it can be mechanized, 

and then this machine can be used to search systematically 

for the prime implicants. 

This new method of determining the prime implicants 

is described in the following steps: 

1. The number of variables involved in the given 

switching function is determined, and all of the 

minterms of this number of variables are recorded 

in tabular form using a binary number to represent 

each combination. The deciaml equivalents of the 

binary numbers are also recorded. 

2. In another column labeled the function (f) column, 

l»s are placed beside the minterms which constitute 

the given switching function. 

3. The search for prime implicants is begun by observ¬ 

ing the column of only one variable at a time. A 

prime implicant will exist for one or the other 

possible states of this variable (0 or l) if and 

only if a 1 appears in the function column corres- 
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ponding to every row in which this particular state 

of the variable appears* If a prime implicant is 

discovered, the decimal equivalents of the minterms 

involved in this implicant should be circled. 

4* Next, this process should be repeated for all of the 

possible states of each combination of two variables. 

If an implicant is discovered and all of the decimal 

equivalents of this set of minterms have been pre¬ 

viously circled, the implicant may not be prime. 

Consider, for example, the case in which A^ of a 

four-variable function is a prime implicant. Then 

one would expect the combinations of two to contain 

the nonprime impllcants A^Ag, A^Xg, A^A-j., A^X^, A^AQ, 

and A^XQ. But, these are easily recognizable. 

Nonprime impllcants can also be detected through 

the use of the prime implicant table. If an implicant 

Is discovered which has all of the appropriate min- 

term numbers circled, the implicant will be prime 

unless the check marks which already exist in the 

prime implicant table for these minterms are contained 

in one row only. All impllcants that are not prime 

should be discarded since they have been taken into 

account previously. 

5. This process Is continued until the number of vari¬ 

ables is reached that will allow all of the function 

minterms to be represented. 

At this point several examples will be used to demon- 
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strate this method# Consider the function 

f = A2AlkQ + A2A1A0 ■*" A2A1A0 + A2A1A0* 

There are three variables involved in this function, and 

therefore, there are eight mlnfcerms. This function is re¬ 

presented in Table 3« 

TABLE 3 

m Ag AQ f 

0 0 0 0 0 
10 0 11 
2 0 10 0 
3 0 1 10 
4 10 0 0 
5 10 11 
6 110 1 
T 1 1 1 1 

Observation of one column at a time will shot/ that the cri¬ 

terion for the existence of a prime Implicant is not satis¬ 

fied. Next, the columns are considered two at a time. In 

considering the columns which correspond to the possible 

states of A and A. it is noticed that the simplification 
Cm •*» 

criterion is satisfied for the combination AgA-^ (ll) and 

therefore, this prime implicant is entered into Table 4. 

Considering the columns involving the variables A and A , 
c O 

one discovers that the combination A^A^ is an implicant of 

minterms 5 and 7* We know that minterm 5 has not previously- 

been circled, and therefore, that A^AQ is a prime implicant. 



Examination of the remaining two columns shows that the com¬ 

bination A^AQ is also a prime implicant. 

TABLE 4 

PRIME IMPLICANT TABLE 

Prime 
Implicants Minterms 

15 6 7 

A2A1 
X X 

A2A0 X X 

A1A0 
X X 

Prom the prime implicant table the simplest function 

is seen to be: 

f A2A1 + A1A0* 

In this simple case this result could have been arrived at 

by inspection. The first two terms of the original func¬ 

tion combine to give the prime implicant A^AQ and the last 

two combine to give AgA^. 

Now, we shall consider a function of four-variables 

which demonstrates that it is unnecessary to calculate 

minterms from existing implicants and which gives rise to 

some implicants which are not prime. Consider the function 
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FUNCTION TABLE 

m A3 Ag Ax AQ 

0 0 0 0 0 

1 0 0 0 1 

2 0 0 1 0 

3 0 0 1 1 

4 0 10 0 

5 0 10 1 

6 0 11 0 

7 0 111 

8 10 0 0 

9 10 0 1 

10 1 0 10 

11 1 0 1 1 

12 1 1 0 0 

13 1 10 1 

14 1 1 1 0 

15 1 1 1 1 
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In Figure 3 the function table and the prime implicant 

table have been combined somewhat. The first term of the 

function is plotted by placing l’s in the function column 

corresponding to the rows which have both a 1 in the Ag 

column and a 0 in the A^ column. These are rows 4, 5* 12, 

and 13• Therefore, one sees that this function table can 

also be used to determine the minterras contained in an im¬ 

plicant* The second implicant is plotted in like manner 

and it corresponds to rows 3 and 7* The final three terms 

are minterms corresponding to rows 9, 11, and 13 respect¬ 

ively. 

Once again we first consider each variable separately 

and observe that the criterion for a prime implicant is 

not satisfied for any 3ingle variable. Next, each com¬ 

bination of two variables at a time is considered, and one 

observes that for columns A„ and A, the combination A„ A, 
2 1 2 1 

(10) satisfies the requirements for a prime implicant in¬ 

volving the minterms numbered 4, 5s 12, and 13* This 

value is recorded in the prime implicant table of Figure 3* 

Further observation will show that this is the only two- 

variable implicant, 

When all combinations of three variables are con¬ 

sidered, one sees that there are enough prime implicants 

to completely specify the function* Also, four implicants 

arise that are not prime. Consider the implicant X>A X. ♦ 
D ^ 

From the function table one. sees that this implicant arises 

from minterms 4 and 5 which have been previously circled. 
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In the prime implieant table the existing marks which lie 

in these two minterm columns are seen to be contained in 

a single row which implies that A^A^A^ is not prime. Sim¬ 

ilarly, LAX, AJ.Aa, and Ail can be shorn to be non- 
^3 2 1 210' 210 

prime. Prom the prime implieant table the simplest func¬ 

tion is seen to be 

f = A^ 4- ^AlA0+ Y2V 

which was the result obtained previously by the Quine method. 

The methods which have been discussed are probably 

adaptable for use on an electronic digital computer. How¬ 

ever, if a great many functions are to be simplified, it 

would be advantageous to have a machine that would system¬ 

atically and quickly determine prime implicants since the 

cost of renting or buying an electronic computer may be 

prohibitive. 

A machine has been constructed which will determine 

the prime implicants of any switching function of three, 

four, five, or six variables. The principle on which the 

machine was constructed is not limited to a maximum of 

only six variables, but will allow a machine to be de¬ 

signed that will determine the prime implicants for as 

many variables as one wishes. 

The machine has three basic components; the scanner, 

the decoding matrix unit, and the control unit. Each of 

these components, as well as the integrated machine, is 

discussed in the following sections. 
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SECTION III 

THE SCANNER 

The scanner is used to generate all of the possible 

combinations of a three, four, five, or six-variable switch¬ 

ing function. Provisions have been made to suppress any 

single variable or any combination of variables that is de¬ 

sired. The scanner has provisions for extending its range to 

cover all of the possible combinations of eight variables. 

Figure 4 illustrates the front panel arrangement. One 

can see that the combination contained in the scanner is 

Visually displayed by the two rows of neon lights labeled 

"NUMBER” and "COMPLEMENT." The suppression switches are 

located directly below the indicating lights, and to suppress 

a particular variable only the appropriate switch need be 

depressed. Finally, near the bottom, the "HOLD" and "RESET" 

switches are located. The HOLD switch disconnects the scan¬ 

ner from the timing pulses which come from the control 'unit, 

and the RESET switch puta all of the variables in their com¬ 

plemented form,. 

Figure 5 illustrates the arrangement of the top of the 

chassis and the back of the panel. It is seen that the sup¬ 

pression switches are lever-type switches. The row of tubes 

nearest to the suppression switches are connected in bistable 

multivibrator circuits and the remaining two rows of tubes are 

used as cathode followers. The empty tube sockets will be 

used only if the range of the scanner is extended to eight var 

iables. Finally, the connectors from left to right are the 
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FIGURE 5 
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timing pulse input, three scanner outputs, and power input. 

The basic circuit of the scanner is illustrated in Figure 

6. The scanner is a binary counter in which provisions have 

been made to suppress any single stage or any combination of 

stages. In a previous section, suppression was seen to be the 

event of having both a variable and its complement occur at 

the same time. From the diagram one sees that when the lever 

switch is depressed both grids are grounded and the triggering 

pulse is forced to by-pass the stage. When a particular stage 

is in the suppression state both the NUMBER and the COMPLEMENT 

indicating lights are lighted indicating visually that both 

the variable and its complement exist. 

Further examination will show that the outputs from the 

bistable multivibrator are taken at the grids. This was done 

because the grids are already at the proper dc level. The 

grid, voltage swing is approximately from - 30 volts to 0 volts. 

The cathode followers are used for decoupling and to achieve 

a loxv output impedance. The cathode followers were designed 

to be able to switch a maximum current of approximately 12 

milliamperes. This current is received from the decoding 

matrix when the worst possible case of 32 bulbs conducting 

a little over 300 microamperes each is encountered. The out¬ 

put voltage from the cathode followers is either 2 volts 

(the 1 state) or - 25 volts (the 0 state). These outputs are 

connected to the appropriate Inputs in the decoding matrix 

unit 
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In all but the final unsuppressed stage, the output 

pulse from the split load resistor Is used to trigger the 

next unsuppressed stage. In the final stage, however, this 

pulse is used to indicate when the scanner has completed a 

cycle of possible combinations. When this final pulse occurs 

the scanner has returned to Its original state with each var¬ 

iable occurring in its complemented form. The control unit 

senses this final pulse and causes the timing pulses to stop. 

The scanner stops on this combination since the timing pulses 

have ceased, and it will stay in this state until the timing 

pulses are manually started again. 
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SECTION IV 

DECODING MATRIX UNIT 

The decoding matrix unit is used to represent the par¬ 

ticular switching function that is to be simplified and to 

decode the various combinations that occur in the scanner. 

From Figure 7 It is seen that the front of the unit 

is composed of 64 switches and 64 corresponding indicating 

lights numbered from 0 through 63. 4s has been illustrated 

previously, these numbers are the decimal equivalents of 

the binary minterms which they represent. The switches 

(which are open in the bottom position) are used to set up 

the switching function that is to be simplified, while the 

lights are used to indicate visually the contributing min¬ 

terms as the scanner scans through the various combinations. 

The output of the decoding matrix is governed by the switch¬ 

ing function in the matrix and the state of the scanner. 

The reason for this will be discussed later. 

Functions of three, four, five, or six variables can 

be simplified on this machine. Mien a three-variable 

function Is used, only the first 8 sv?itches, numbered 0 

through 7, are considered, and the remainder are put in 

their "off” position. Simiiarlly, for four or five var¬ 

iables only the first 16 or 32 switches, respectively, 

are considered* And, of course, a six-variable function 

requires the consideration of all the switches. 

Basically, the circuitry of the decoding matrix 
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consists of 64 AND circuits having six inputs each and one 

output each. The output is connected through a switch to 

a 64-input OR circuit. The output of this OR circuit is 

controlled by an inhibiting circuit which inhibits the out¬ 

put of the matrix for 900 microseconds and then allows the 

output of the matrix to be fed to the control unit. Figure 

8 shows a diagram of one of the AND circuits, with its in¬ 

dicating light and one of the 64 bulbs comprising the OR 

circuit. The indicating light operates only when the AND 

circuit is in its 1 or ”upH condition. 

In logic circuits of this type, diode rectifiers are 

usually used for the input elements. However, for this par¬ 

ticular case, diode rectifiers possess several characteris¬ 

tics which make them unattractive both from design and eco¬ 

nomical standpoints. Their resistance in the forward current 

direction remains fairly high until about a milliarapere 

of current is flowing. For currents greater than this, the 

resistance of the diode is low enough to be neglected (0.2 

volt drop at 1 rallliampere). This would require the cathode 

followers in the scanner to be able to switch 32 milliam- 

peres at most. Also, the reverse or back resistance of a 

good germanium switching diode is approximately 1 megohm, 

and since usually all but a few of the diodes used in 

the OR circuit would be reverse biased at any given time, 

the leakage current would become prohibitive. This 

leakage current could be reduced by a factor of 50 if a 
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good silicon diode were used* Thus it appears that large 

cathode followers and 64 good silicon diodes would be re¬ 

quired to realise this unit if diodes were used* 

k germanium switching diode costs roughly one dollar, 

and a silicon switching diode costs roughly four dollars* 

Kow, since 102 diodes would be needed for the AiD circuits 

and 64 diodes for the OK circuits, the cost of diodes 

would be approximately $360* For these reasons, a differ¬ 

ent type of input device was considered* 

The ME~2 neon bulb is a gas-breakdown bulb which fires 

at a nominal 72 volts and glows at about 32 volts* These 

two voltages can differ by 3 volts from bulb to bulb. 

The HB-2 will operate adequately on only 100 microamperes 

of current, which makes it attractive from the standpoint 

of cathode follower capacity required* Also, the leakage 

current (dark current) that occurs before breakdown is 

very small, corresponding to an equivalent bulb resistance 

of 30 to 100 megohms* Another attractive feature is that 

the bulbs cost approximately 8 cents each* The matrix 

requires 384 bulbs in the MW circuits and 64 bulbs in 

the OK circuit. So, the total cost is about $36, or ten 

percent of the cost of a unit using germanium diodes. 

The MW circuits require more HE-2*s than diodes, since 

the i!S~2*s have a nominal voltage drop of 32 volts which 

affects the DC level* In this application, however, the 

SO level is raised by the AMD circuit and lowered to 

roughly its original value in the GH circuit* 
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She neon bulbs used were hand picked to fire at a maxi¬ 

mum potential of 74 volts, with most of them firing around 

70 volts* She bulbs were also restricted to a glow pot¬ 

ential range of 50 volts through 56 volts* Suppose a par¬ 

ticular AND circuit contains bulbs which glow at these lim¬ 

its* This arrangement dictates that the indicating lamp 

must fire at a maximum of 74*5 volts (2 +■ 50 +• 22*5 volts), 

and extinguish at a minimum voltage of 53*5 volts (-25 

+ 56 + 22*5 volts)* The Indicating lamps were chosen to 

meet these specifications* 

It is the difference in the fire and glow potentials 

of the NE-2 that makes it useful a3 a logic input device. 

Let us analyze Figure 3 more closely to see what actually 

occurs. It was pointed out in Section III that the out¬ 

put voltage from the scanner varies between 2 volts (l 

state) and - 25 volts (0 state). Suppose the switch is 

open and that the combination in the scanner is such that 

all the inputs to the AND circuit except one are in the 

1 state. Then, one of the Inputs is in the 0 state and 

the AND circuit output is also in the 0 state* If the 

glow potential of the AND circuit bulbs is 52 volts and 

the input voltage controlling the circuit is at - 25 volts, 

the output of the AND circuit will be at 27 volts. Since 

each neon bulb extinguishes at 1 or 2 volts below its 

glow potential, all of the bulbs which have inputs in the 

1 state are out, since the voltage across them is only 

25 volts* The conducting bulb is carrying 315 microam- 
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pares of current* 

Now, suppose the existing 0 state input changes to 

the 1 state while all other inputs remain unchanged* The 

output voltage will move to 54 volts which is sufficient 

to fire the indicating bulb causing it to conduct 100 

microamperes* So, with the switch open, both the last 

input bulb to reach the 1 state and the indicating lamp 

are conducting* 

At the next timing pulse, the scanner changes state 

and one of the AND circuit Inputs changes to the 0 state* 

Since the 0 state is - 25 volts this bulb has J6 volts 

across it, and it fires, pulling the output level down to 

27 volts* This event causes both bulbs that were pre¬ 

viously conducting to extinguish* 

If the switch is closed, a slightly different situa¬ 

tion exists* As the output of the AND circuit changes to 

the 1 state, both the indicating bulb and the OR circuit 

input bulb fire* Tills forces more current through the 

390 kilohm resistor, causing the AND circuit output volt¬ 

age to drop slightly, which in turn extinguishes the con¬ 

ducting input bulb to the AND circuit* The AND circuit 

output voltage level then returns to about 54 volts, and 

the OR circuit output level is at 2 volts* Nhen the in¬ 

put changes state again, the OR circuit output drops to 

- 25 volts, and the indicating light extinguishes. 

Figure 9 exhibits the physical construction of the 

AND circuits and the OR circuit* The upper picture shows 
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the top view of one of the AND printed circuit boards. 

This board contains 32 of the AND circuits. The lower 

right hand picture is the bottom view of the other AND 

circuit board before the bulbs have been mounted. These 

boards are actually Identical, and the wiring option is 

achieved by placing the leads of the NE-2 in the appro¬ 

priate holes. It should also be noticed that these print¬ 

ed circuit boards have copper conducting strips on both 

sides. 

By close inspection of the top view, one will notice 

that there are 32 conductors, a break, and then 12 more 

conductors. The conductors in the first set are the out¬ 

puts and those in the second set are the inputs. The 

outputs, from top to bottom, correspond to minterm num¬ 

bers 63, 62, ,,,, to 32, and the inputs are arranged in 

the order A_, X.., A,., A., etc, from top to bottom. From 
5 5 4 4 

the picture of the top view, one can see how the AND cir¬ 

cuit for minterm number 32, corresponding to the combina¬ 

tion A^AJ^A^XJXQ, is wired. 

The third picture shoi?s the printed circuit board 

for half of the NE-2*3 that comprise the OR circuit. The 

32 top conductors are the inputs and the bottom conductor 

is the output. The outputs of the two boards are strapped 

together and connected through a cathode follower to an¬ 

other OR circuit. Figures 10 and 11 show how the AND and 

the OR boards fit into the decoding matrix. 

The next problem was that of laying out the front of 



38 

I'
lG

U
R

E
 

1
0

 



39 



40 

the decoding matrix* When functions of less then 6 vari¬ 

ables are used, it is necessary to be able to recognize 

which minterms out of the possible 64 are to be considered. 

For example, suppose a function of 4 variables is to be 

simplified. Only 16 minterms out of the possible 64 min¬ 

terms will be the correct ones, and the operator must know 

which 16 to consider. Also, the layout must be simple 

enough to allow the operator to detect easily the proper 

minterms without having to refer to a chart of some kind. 

The answer to this problem was discovered by analyzing 

the table of all the possible combinations of a six-variable 

function. However, for the sake of brevity, the table for 

a four-variable function will be used to demonstrate the 

solution. Table 5 illustrates all of the possible combina- 

tiona of the 4 variables iy y, and AQ. 

m 

0 
1 
2 

I 

i 
T 
8 
9 
10 
II 
12 
13 
14 
15 

TABLE 5 

^3 A2 A1 A0 
0 0 0 0 
0 0 0 1 
0 0 1 o 
Q Q l l 
0 10 0 
0 1 0 1 
0 1 1 0 
0 x 1 1 
10 0 0 
1 0 o 1 
I o i o 
10 11 
II o 0 
1 1 o 1 
1 1 1 o 
llll 
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Observing columns and AQ, one notices that all of 

the possible combinations of a two-variable function occur 

four times. Considering columns Ag, A^, and A^ one sees 

that all of the possible combinations of a three-variable 

function occur twice. This suggests that by always sup¬ 

pressing the most significant variable (in this example 

the order runs Ag, etc.) a matrix capable of repre¬ 

senting any function from 2 through 4 variables is achieved. 

The layout of such a matrix is shown below, 

0 4 8 12 
1 5 9 13 
2 6 10 14 
3 7 11 15 

For a two-variable function only the left-hand col¬ 

umn is considered. Note that the mlnterm numbers (m-num- 

bers) are correct for a two-variable function which elim¬ 

inates the need for a chart. A three-variable function 

requires the consideration of only the first two columns. 

Once again we see that the minterm numbers are correct 

for a three-variable function. Actually, the pattern will 

repeat in each column for a two-variable function and in 

alternate columns for a three-variable function. By 

this example, the layout illustrated in Figure 7 can be 

readily understood. 

In Section II, the theoretical basis of the nev/ 

method for simplifying switching functions was presented. 

One of the problems forseen in mechanising this procedure 

was that if the function itself were put into the decod- 
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ing matrix* the output would not relate a simplification 

when one existed* looking at the three-variable example 

used in Section II, the reason for this occurrence can 

be seen. The example is presented below with the T col¬ 

umn added for convenience. 

TABLE 6 

m A_. A, A- f f 
2 10 

0 0 0 0 0 1 
10 0 110 
2 0 1 0 0 1 
3 0 110 1 
4 1 0 0 0 1 
5 10 110 
6 110 10 
T 1 1 1 1 0 

It was seen that with AQ suppressed AgA^ turned out 

to be a prime implicant of the mlnterms 6 and 7. How ob¬ 

serve the other possible combinations, i.e*, AgX^, AgA^, 

and AgA-^. By the previous discussion we know that none 

of these combinations satisfy the criterion for a prime 

implicant. However, each one of these combinations af¬ 

fects two AND circuits in the decoding matrix. If this 

function were put into the decoding matrix, switches 1, 

5, 6, and 7 would be closed since a 1 in the f (function) 

column indicates that the mlnterm is part of the switching 

function. 

How, suppose the scanner contains the combination 
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In Table 6 this corresponds to the first tifo rows 

which indicate that the AND circuit corresponding to win- 

term 1 is connected to the OE circuit and will cause the 

OR circuit output to be in the 1 state* As the scanner 

moves to the combination A^A^, the OE circuit output goes 

to the 0 state, and for the combinations AjfL and A A, the 

output jumps back to the 1 state* This illustrates an 

interesting fact* Eventhough it is known that the com¬ 

bination AgA^ is a simplification, the outputs for two of 

the other possible combinations are identical, and it is 

impossible to distinguish the output of the desired com¬ 

bination from them* From tills discussion, it is obvious 

that nothing is gained by connecting a NOT circuit to the 

output of the OR circuit so that the complement of the 

function in the decoding matrix will be obtained. 

However, let us consider the idea of placing the com¬ 

plement of the function into the decoding matrix instead 

of the function itself* Sxiitches 0, 2, 3, and 4 will be 

elosed Instead of switches 1, 5, 6, and 7* If the scanner 

contains the combination AgA^, or AgX^, it can be 

seen from Table 6 that the output of the OE circuit is in 

the 1 state* But when the scanner contains the combina¬ 

tion A^A^, the output of the OR circuit is in the 0 state* 

This arrangement allows us to distinguish the prime Impli- 

cants as a change from the 1 state to the 0 state in the 

decoding matrix* A quick check of the combinations AgAQ 

and XJAQ, which are also prime implicants, shows that the 
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procedure checks soundly for them* and indeed it is only 

when a prime implicant exists that an output change to 

the 0 state occurs* 

This is not entirely surprising since this event cor¬ 

responds to the equation 

c • f = 0 

where c » combination* 0 = the null or zero set* and 
c * If denotes the AND condition* This implies that c is 

not contained in If* and since f and f are two mutually 

exclusive events then c must be contained in f* 

It was possible to forsee the problems previously 

discussed before the decoding matrix was actually con¬ 

structed* After construction* however* an unexpected 

problem presented itself. 

Figure 12b illustrates a negative-going voltage spike 

of approximately 45 volts magnitude and 150 microseconds 

duration. Note also* that the voltage level was initially 

at 5 volts and finally returns to the 5 volt level. It 

turned out that this spike only occurred when the scanner 

stepped from a combination that caused the output of the 

matrix to be in the 1 state to another combination which 

also dictated that the matrix output be in the 1 state. 

That is* from a combination that was not a simplification 

to another combination that was not a simplification. 

This spike caused erroneous results since it was of roughly 

the same magnitude as the 0 state simplification pulse 
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and of the same polarity* 

Why does this spike occur, and why only xtfhen the out¬ 

put remains in the 1 state? For simplicity, a decoding 

matrix capable of analyzing functions of only two variables 

will be considered as an example* Suppose that the rain- 

term switches 0 and 1 are closed, and the two remaining 

switches are left open. Now, let the scanner start with 

the combination A^AQ (no variables suppressed), and step 

to the combination XJAQ (l step). The output of the matrix, 

which was in the 1 state initially, will be in the 1 state 

after the step. Initially, the OH circuit input bulb cor¬ 

responding to the minterm AND circuit numbered 0 was con¬ 

ducting, and as the step occurred the output was forced 

to move toward the 0 state. While this is occurring, how¬ 

ever, the minterm AND circuit numbered 1 is starting to¬ 

ward the 1 state* When the voltage across the input bulb 

connecting this AND circuit to the OR circuit reaches its 

firing potential, it breaks down and begins to conduct, 

causing the other bulb to blow out. This process, along 

with the fact that a time of 10 to 50 microseconds may be 

required for the bulb to become fully ionized, gives rise 

to the spike. 

Of course, this does not explain why the spike does 
not occur when the matrix output is in the 0 state. As 

the scanner moves to the next combination (A^A^) the out¬ 

put of the AND circuit that was in the 1 state moves to 

the 0 state causing the output of the matrix to move to 
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the 0 state* The bulb that had control keeps control, 

since the AND circuit corresponding to the combination 

A A is not connected to the OS circuit* No unwanted 
Vr 

spike has occurred, since the output went to the 0 state 

and stayed there. Finally, as the scanner moves to the 

combination A^A^, no change occurs, since this AND cir¬ 

cuit is not connected to the OS circuit either* 

Figure 13 illustrates the cathode follower output 

of the matrix and the monostable multivibrator used to 

inhibit the erroneous spike and keep it from getting to 

the control unit* From this diagram, it is seen that the 

output of the cathode follower and the output of the multi¬ 

vibrator are connected to an OE circuit which in turn is 

connected to the control unit* The multivibrator was de¬ 

signed to stay in its unstable state for about 900 micro¬ 

seconds. let us look more closely at the method of oper¬ 

ation of this circuit* 

Normally, the multivibrator's output is at - 25 volts. 

The timing pulse triggers the multivibrator, causing its 

output to jump to about 5 volts* Since this circuit is 

triggered by the timing pulse, its output reaches the 5 

volt level before the unwanted spike occurs, and the in¬ 

put to the control tmit is forced to stay at the 5 volt 

level for at least 900 microseconds. During this time 

the spike occurs but does not affect the input. Figure 

12 illustrates these two waveforms as they occur at the 

input to the OR circuit, and it is seen that the delay 
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is more than adequate. For the waveforms shown the in¬ 

put to the control unit will not move from the 5 volt 

level which is the desired result, 

How suppose the output of the matrix had gone from the 

1 state to the 0 state. Figure 14 illustrates the control 

unites input waveform, There is a delay, as before, and 

then the voltage drops to - 25 volts. This type of cir¬ 

cuit also solves the problem of recognizing a simplifica¬ 

tion that immediately follows another simplification. 

Without this inhibiting pulse there would be no negative 

pulse sent to the control for the second simplification# 

That is, at the next timing pulse the multivibrator trig¬ 

gers again, causing the control input to be at the 5 volt 

level. After 900 microseconds, the multivibrator flips 

back to it3 stable state causing the control input to re¬ 

ceive this 25 volt negative pulse which indicates the 

second simplification. The construction of this circuit 

is iliustrated in the bottom view of the decoding matrix 

(Figure 11). 
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FIGURE 14 
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SECTION V 

THE CONTROL UNIT 

The control unit generates the timing pulses which 

are used by the scanner and the Inhibiting circuit in the 

decoding matrix and Interprets the simplification pulse 

which comes from the decoding matrix as well as the pulse 

from the scanner which indicates that a complete cycle 

has occurred. 

The timing pulses can be generated automatically at 

the rate of one or ten pulses per second, or they can be 

generated manually. When the control senses a simplifi¬ 

cation or completed cycle pulse, the timing pulses stop 

automatically. This causes the scanner to retain the com¬ 

bination which caused the simplification; or, in the case 

of a completed cycle, to hold the combination in which 

all of the unsuppressed variables appear in their comple¬ 

mented form* If either of these two conditions occur 

while the timing pulses are being generated manually, 

the manual step switch which normally activates the man¬ 

ual timing pulse circuitry will become incapable of ac¬ 

tivating this circuitry* After the information desired 

has been recorded, or in the case of a completed cycle 

a new simplification pattern has been set up, the process 

may be continued by pressing the start button* Also, 

the control unit was designed with the idea in mind 
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that at some future time a plugboard would be built on 

which the circuit representing the simplified function 

could be easily constructed. Then the output of this 

circuit could be compared with the original function con¬ 

tained in the decoding matrix unit to determine whether 

or not an error had occurred* 

Figure 15 illustrates the front panel arrangement* 

The simplification and error indicators were made by en¬ 

graving the words in plastic and edge-lighting the plastic 

so that the word itself is illuminated* The back of the 

plastic is covered with white felt to make the words 

less noticable until they are lighted* 

Figure 16 is the rear view of the unit illustrating 

the construction of the Indicating lights, the general 

component arrangement, and the input and output connectors* 

The tubes from left to right are used in the capacities 

of manual timing pulse generator and cathode follower, 

automatic timing pulse generator, simplification sensing 

circuit, two cathode followers, and completed cycle sens¬ 

ing circuit* The relay is of the 12 volt single pole 

double throw type and is used to control the indicating 

light circuit which operates on 6*3 volts. The object 

immediately to the right of the relay is an 18 pin con¬ 

nector which will be used when the control unit is mod¬ 

ified for use with the plugboard. The power plug is at 

the extreme left, and the remaining connectors from left 

to right are the timing pulse output to the scanner, the 
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timing pulse output to the inhibiting circuit, an extra 

connector for the plugboard input, the input from the 

matrix, and the input for the completed cycle pulse from 

the scanner. Figure 17 illustrates the general wiring 

arrangement. 

The block diagram of Figure 18 will assist in under¬ 

standing how the control Unit operates before the actual 

circuitry is considered. One notices that the inputs 

from the matrix and the scanner feed into bistable multi¬ 

vibrators which drive cathode followers. The outputs of 

the cathode followers join in an AMD circuit. Normally, 

the output voltage of the cathode followers is at ground 

potential forcing the output of the AND circuit to also 

be at ground potential, If an input pulse causes either 

one or both of the bistable multivibrators to change 

state, the output of the AND circuit will change to a 

- 25 volt level. 

Now, the output of this AND circuit is fed to an 

astable multivibrator, which acts as the automatic timing 

pulse generator, and also to another AND circuit. If 

the output of the first AND circuit is at the - 25 volt 

level it will keep the astable multivibrator from oper¬ 

ating and will cause the automatic timing pulses to 

stop. Also, this output level will keep the manual tim¬ 

ing pulse circuit from operating since the output level 

of the second AND circuit will also be at - 25 volts 

causing the manual step switch to have no effect on the 
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manual timing pulse circuit* Therefore* one sees that 

the pulse generating circuitry becomes inactive when an 

input pulse indicating a simplification or a completed 

cycle occurs* The start button is used to reset the 

bistable multivibrators to their original state allowing 

the timing circuits to become active again* 

Figure 19 is the schematic diagram* The bistable 

multivibrator which uses the tubes VI and V2 is the sim¬ 

plification sensing circuit* normally* V2 is conducting 

with its grid in clamp* The relay coil* shorn in the 

plate circuit of VI does not conduct until a simplifi¬ 

cation pulse arrives* The simplification pulse which is 

about 30 volts in magnitude* pulls the grid of V2 down 

causing the bistable multivibrator to change states* 

This allows the relay to pull in* The indicating lights 

light and the AND circuit pulls down to about - 25 volts 

inhibiting the astable multivibrator and the manual tim¬ 

ing pulse circuit. Notice that the triggering circuitry 

affects only the grid of V2* since the circuit is re¬ 

stored to its initial condition manually* The bistable 

multivibrator which senses the completed cycle pulse is 

identical to the one described above, with the exception 

of the relay. 

The astable multivibrator which is used to generate 

the timing pulse automatically is straightforward in 

design, except for the switches in the plate circuits* 

These are used to change the frequency of the pulses* 
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One sees that the manual timing pulse generator is 

just a single tube which is out off until the manual step 

switch is pushed* If the cathode of diode D Is at 0 

volts, the tube will conduct when the switch is pushed* 

Finally, the output cathode follower is used as a low 

output impedance decoupling device* 



SECTION VI 

THE INTEGRATED MACHINE 

AND 

EXAMPLES OF MACHINE SIMPLIFICATION 

A block diagram of the integrated machine is shown in 

Figure 20. The method of setting up the machine to search 

for prime implicants is described below. 

First* filament voltage is applied to all the tubes 

to allow them to warm up, and all of the switches in the 

decoding matrix are put in their OFF position. Then the 

complement of the function that is to be simplified is put 

into the decoding matrix unit by closing the appropriate 

switches * The matrix input switch in the control unit is 

turned off, the pulse selector switch is set to AUTOMATIC, 

and the plate voltage is applied to all of the tubes. If 

the simplification indicator should light, the start button 

should be pressed to start the timing pulses. The scanner 

will begin to operate and cause the lights in the decoding 

matrix unit to step* It is a good idea to allow the deeod- 

ing matrix unit to warm up for several minutes. 

After this warm up period, the hold switch on the scan¬ 

ner should be activated, and the scanner reset to its zero 

position with the reset switch* Then the matrix input switch 

on the control unit should be closed, and the appropriate 

suppression switches (see Appendix) should also be closed. 

Probably, the simplification indicator has lighted because 
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of a spurious pulse which occurred when the switches were 

closed* If this has occurred, the start button must be 

pressed again to start the timing pulses. If the simplifi¬ 

cation indicator lights again before the hold switch is de¬ 

activated, it indicates a simplification for this sero posi¬ 

tion combination in the scanner. However, this combination 

will appear again at the end of the cycle, and so to start 

the process the hold switoh should be deactivated and the 

start button pressed once more. If the simplification in¬ 

dicator stays unlighted the process is started by simply de¬ 

activating the hold button. 

The scanner begins to step through the various combina¬ 

tions of the unsuppressed variables. If an implicant occurs, 

the indicator will light, and the timing pulses will stop. 

The implicant (prime in the first cane) is read from the in¬ 

dicating lights corresponding to the unsuppressed variables 

in the scanner, and the contributing minterm numbers are 

read from the decoding matrix unit. These values are recorded 

on the prime implicant table, and the start button is de¬ 

pressed again. The scanner will step along until either an¬ 

other implicant is detected or until the cycle for that set 

of suppressed variables is completed. If an implicant exists 

for the zero-set scanner combination, the indicator will 

light at the completion of the cycle. Then, the next sup¬ 

pressed variable pattern (see Appendix) is set into the scan¬ 

ner and the process is started again. This process is con¬ 

tinued until all of the needed suppression patterns are 
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exhausted* 

The quality of the implleants (prime or nonprime) is 

determined by the method prescribed in Section IX. Once 

again* all nonprime implleants should be discarded* Finally* 

the simplest function can be determined by the use of the 

prime implleant table. 

On rare occasions* the neon bulbs in the decoding matrix 

unit act irregularly* causing erroneous results. A simple 

check as the implleants are being discovered will allow the 

operator to detect an error if the machine indicates a com¬ 

bination which is not actually an implicant. If the machine 

at any time should indicate an implicant in which one of the 

minterm indicating lights corresponding to a minterm which 

is contained in the complement of the function is lighted* 

an error has occurred* In all true implleants* the minterm 

switches corresponding to the lighted minterm lamps should 

be in the OFF position* 

Of course* this check is not helpful in determining 

whether or not one of the true implleants has been overlooked 

due to some machine failure* However* since the neon bulbs 

seem to act Irregularly only when they are being turned on* 

one can assume that the occasional errors which result from 

neon bulb failure will cause extra negative output pulses 

which trigger the simplification sensing circuitry in the 

control unit. 

The prime implleants in the examples Included in this 

section were discovered through the use of the machine* 
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One sees that Example 1 is the four-variable function which 

was used to illustrate both the Quine method and the new 

method of simplification* The prime implicant table is seen 

to be Identical with the two previous tables* and the sim¬ 

plified function is 

f = A A, +■ 2 1 ViAo + VaV 

Example 2 is a five-variable function which can be re¬ 

presented by the minterm expression 

f = mrt + m_ + m,. +- 4- m + mQ -h m. 
0 3 4 6 7 © 11 

+ ”15 * mi6 * mi7 + mao * maa + ‘"25 
+ ™27 + mS9 + m30 + m31 

where represents minterm number n. From the prime impli¬ 

cant table, the three essential terms A^A^AQ, A^A^A^, and 

WA are recosnl3e^ **the slmple3t functlon is 

f = A,.A_A_+■ X,,A_A. -I- IAI +- XXXln 430 410 320 4210 

+ AltA_ArtA_ + 4 3 2 1 
(VBVS.^ 
(A^AgA^Ao) 

The parentheses indicate that either of the last two expres¬ 

sions may be used* 

Finally, example 3 is a six-variable function* The 

function can be determined from the function table, and the 

simplified function is also shorn on that page* 



FUNCTION TABLE 

® A j Ag A j 

0 0 0 0 

10 0 0 

2 0 0 1 

3 0 0 1 

4 0 10 

5 0 10 

6 0 1 1 

7 0 11 

8 10 0 

9 10 0 

10 1 0 1 

11 1 0 1 

12 1 1 0 

13 1 1 0 

14 1 1 1 

15 1 1 1 

PRIME IMPLICANT TABLE 

f 

0 

0 

0 

1 xx 

1 x 

l X X 

0 

1 X X 

0 

1 XX 

0 

1 X X 

1 X 

1 X X 

0 

0 

o o o o o 
< < < < < 

r* (\| Cd H H H 

\< < K < |< < 
C\j m ro m m CM 
< |< ■< !■< < K 

A0 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

EXAMPLE 1 
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FUNCTION TABLE 

00000 
1 0 0 0 0 
2 0 0 0 1 
3 0 0 0 1 
4 0 0 10 
5 0 0 1 0 
6 0 0 1 1 
7 0 0 1 1 
8 0 10 0 
9 0 10 0 
10 0 1 0 1 
11 0 1 0 1 
12 0 1 10 
13 0 1 10 
14 0 1 1 1 
15 0 1 1 1 
16 1 0 0 0 
17 1 0 0 0 
18 1 0 0 1 
19 1 0 0 1 
20 1 0 10 
21 1 0 1 0 
22 1 0 1 1 
23 1 0 1 1 
24 1 1 0 0 
25 1 10 0 
26 1 10 1 
27 1 10 1 
28 1 1 1 0 
29 1 1 10 
30 1 1 1 1 
31 1 1 1 1 

PRIME IMPLICANT TABLE 

lx x 
0 

0 
1 X X 

0 
0 
0 
1 x x 

1 XX 
1 XX 

0 
0 
1 XX 

0 
1 X 
0 
0 
lx x 
0 
lx X 

lx X X 

r-4 r—« rH O Q O 
<\< < <|-<|< 

OOOOO CVJ OJ OJ 
< <f[< •<!<$ 
nH(\jHHrtnnoJWC\l < < < <\< <\< 

<|<|< <|<|C < < < <|< 

A 

0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 

EXAMPLE 2 
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SECTION VII 

THE USE Off FORBIDDEN COMBINATIONS 

IN SIMPLIFYING SWITCHING FUNCTIONS 

It often happens In the design of digital systems that 

certain minterms are for some reason prohibited* These pro¬ 

hibited terms are called forbidden combinations, and they 

can often be used to simplify switching functions. One might 

wonder how these forbidden combinations occur. An example 

of their occurrence and use in simplifications follows. 

Suppose we wish to build a binary to decimal converter 

through the use of a binary counter and AND circuits. It 

would be necessary to use at least four stages In the counter 

since any number less than this would not result in ten dif¬ 

ferent combinations. Pour stages allow sixteen different 

states and the states corresponding to minterms m1Q through 

m15 are forbidden combinations since they do not represent 

digits In the decimal system. Let us see if the function 

f r = mr = A_ A A.IL 
6 6 3 2 1 0 

can be simplified through the use of these forbidden combina¬ 

tions. 

The function table of Figure 21 illustrates that the for- 

bidden minterms m^ through ^ have been included as part 

of the function to be simplified. This is allowed since each 

of these forbidden minterms is equal to aero as far as the 

function is concerned. The prime impllcants of this function 
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FUNCTION TABLE 

tn 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

1 

1 

1 

1 

1 

1 

0 

0 

0 

0 

1 

1 

1 

1 

0 

0 

0 

0 

1 

1 

1 

1 

0 

0 

1 

1 

0 

0 

1 

1 

0 

◦ 
1 

1 

0 

0 

1 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

PRIME IMPLICANT TABLE 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

1 

1 

1 

1 

1 

1 

X 

X 

X 

X 

x 

X 

X 

X 

X 

c 
CVJ 
< 

CVJ 
< < 
ro cn 
< < 

FIGURE 21 
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are seen to be A^A^, and A^A^. 

How, a new table (Table 7) mU3t be constructed which 

uses the prime implicants just discovered and the minterm 

which appeared in our original function (m^)* This minterm 

is given the name function minterm to distinguish it from 

a forbidden minterm* 

m6 
x 

We can see that there is only one prime implieant which af¬ 

fects minterm mg, and therefore, this implieant is an essential 

term. So, the simplified function is 

f6 = A2A1A0* 

The same considerations can be used on the nine remaining 

digits. 

TABLE 7 

A2A1A0 

^1 
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SECTION VIII 

DERIVING THE PRODUCT TERM FORM 

FROM THE MAXTERM OR FACTORED FORM 

Often, a switching function which is written in maxterm 

or factored form needs to he expressed as the sum of product 

terms. This transition may he accomplished through the use of 

the machine• 

As a first example we shall consider the maxterm expres¬ 

sion 

f = (A24- AX +- A0)(Ag 4- A2 4- AQ){I2 + Ax 4- A0). 

Through the use of De Morgan's Theorem (which states that 

T& BT =,A B) the complement of each maxterm may he converted 

into a product term. That is, 

"(Ag 4- A^ 4- AQ) = XgA^Q, 

(Ag + 4- A0) = jTgA^AQ, 

and 

(1T2 +• A^ 4- AQ) » Ag^A^. 

Now, considering only the three variables shown, the 

combination AQA^KQ is manually set into the scanner. All of 

the appropriate switches in the decoding matrix (0 through 7) 

which are not lighted (1 through 7) are switched to the ON 

position. These minterms represent the first maxterm. Then 

the combination AQA^AQ is set into the scanner and the switch 

corresponding to the lighted minterm (number 2) is switched 
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to its OFF position. Similarly, is setj 311(1 swifcch 

number 4 is put in the OFF position. The switches which 

remain on (l, 3, 5, 6, and 7) give the minterm form of the 

function. 

A slightly different method is used if vie are consider¬ 

ing factored expressions of the form 

f = (
A
2
A
I 
+ A

I
A
Q^

A
2
A
0 
+ A

2
A
1^* 

First LA is set into the scanner, and then the switches 
2 1 

corresponding to the lighted minterms (6 and 7) in the de¬ 

coding matrix are turned on. Then X^X^ is set up and switches 

0 and 4 are turned on. These minterms are those represented 

by the first factored expression. A is then set up and 

the lights which occur by a switch in its ON position indi¬ 

cate minterms which are contained in the function (minterms 

4 and 6). Finally, A X is set up, and the minterm 4 is again 
cL 4* 

observed. This implies that 

f A2A1A04' A2A1A0 

which can be verified by expanding the two factored terms. 
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APPENDIX 

Listed "below are the combinations for each number of 

variables which should be used in an attempt to find prime 

implicants. In each case all variables that are not shorn 

are suppressed. For example, if we are considering a six- 

variable function and wish to check all of the possible states 

of A5 and V the suppression Pitches corresponds to the 

variables A^, Ag, A^, and AQ are closed. One should keep 

in mind that if all the minterms have been included in prims 

implicants by the time that say three out of 3ix variables 

have been considered it is unnecessary to consider any four 

or five variable combinations. 

A . SIX FAHIABLES 

A, A/ 

A
J4
A
3 

A3A1 

V$ A
1J
A
2 

A^AQ 

A5AS A
4
A

 1 Vi 
A5A1 AJJAQ A2AQ 

AJ-AQ A3A2 A1A0 



Vi»A3 V3
A
I 

A4A3A2 *4*1*0 
A5AnA2 V3

A
O Wl *3*2*1 

A5A4A1 A5A2A1 
A4A

3
A0 *3*2*0 

AsVo A5A2A0 A4A2A1 *3*1*0 

V3
A2 ASA1A0 A4A2A0 *8*1*0 

A _A i.A A 5 Jl 3 2 A5A4A1A0 V3Vl 
A5A4A3A1 A5A3A2A1 A4A3A2A0 
A5A4A3A0 

AAAA. 
5 3 2 0 4 3 10 

VW^L 
A5A3A1A0 

A. A A A^ 4 2 10 
A5A4A2A0 A5A2AlA0 A3A2A1A0 

A-A ,.A'A_A_ 5^321 A5A4A
3

A1AQ A5A3A2A1A0 
A _A«A_A_A ~ 

5 4 3 2 0 
A5A4A2A1A0 A4A

3
A2A1A0 

FIVE VARIABLES 



A
2J

A
3

A
2

A
1 A4A3A1A0 A3A2AIA0 

AJjA2AlA0 

FOUR VARIABLES 

A3 AX y A0 

A3A2 A3aO AgA0 

A3A1 
A2*l *1A0 

A3A2A1 
A$AiAo 

A3A2A0 A2A1A0 

THREE VARIABLES 

A2 A! *0 

*2*1 A2A0 AIA0 


