
WILLIAM MARSH RICE 
UNIVERSITY 

RESPONSE OF STIRRED CHEMICAL TANK REACTORS 
TO 

PERIODIC DISTURBANCES 

Douglas Burnham Holmes 

A THESIS 
SUBMITTED TO THE FACULTY 

IN PARTIAL FULFILLMENT OF THE 
REQUIREMENTS FOR THE DEGREE OF 

MASTER OF SCIENCE 

by 

Houston, Texas 
January, 1962 



ABSTRACT 

A continuous flow stirred tank reactor was simulated on 

an analog computer* Variations in the outlet concentration 

of a desired product were observed as the input temperature 

was sinusoidally disturbed about an optimal steady state 

operating point. 

Effects of the nonlinearities in the system were studied 

as the character of the sine wave was varied. The simulated 

system behaves like its linear approximation at very low and 

at high frequencies, but diverges in a nonlinear manner with 

increasing input amplitude at intermediate frequencies. 
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NOMENCLATURE 

a . 
J 

constant eqn. (5 8) 

A chemical specie Introduction 

A amplitude of sine wave eqn. (50) 

A. . 
U 

ma trix coefficients (36) 

B chemical specie Introduction 

c . 
J 

cons tan t (4) 

C chemical specie Introduction 

D chemical specie Introduction 

e . 
J 

kinetic exponentia 1 following (31) 

E chemical specie Introduction 

E . 
J 

sum of transcendentaIs Appendix III 

AE . 
J 

activation energy/gas constant (18) 

f (t) waveform amplitude Appendix III 

F chemical specie Introduction 

F 
J 

kinetic rate factor (18) 

gj 
kinetic term following (51) 

G (s) transfer function (56) 

AHJ 
heat of reaction (5) 

k . 
J 

kinetic coefficient (18) 

M molar density (5) 

PC volumetric heat capacity (5) 

Q volumetric flow rate (1) 

r . 
J 

reaction rate term (25) 

R . 
J 

reaction rate term (1) 

cal. /mo le 

moles/liter 

cal/liter°K 

liters/min. 

-1 
(min. ) 
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t dimension less time (26) 

t1 t ime (1) minutes 

T . 
J 

tempe ra ture (5) °K 

U overall heat transfer coeff. (5) cal. / 0 Km i n . 

V volume (1) liters 

w frequency (50) radians/min 

x . mole f ra c tion (1) 

Zj representative variable following (26) 

AZj z' - z* following (26) 

GREEK LETTERS 

a s ca le factor (79) 

3 s ca le factor (81) 

Y s ca le factor (78) 

6 s ca le factor (78) 

concentration variable (23) 

A energy ratio (22) 

X scale factor (78) 

V deviation term Appendix III 

M scale factor (79) 

£ s ca le factor (82) 

0 . 
J 

temperature variable (24) 

♦ phase angle (75) 

SUBSCRIPTS 

A,B,C chemical specie identification (1) 

c coolant stream (5) 

i inlet stream (1) 
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0 outlet stream (6) 

1,2 reaction numbers (1) 

1, • • • , 5 matrix element indices (49) 

b lank on generally subscripted variable, such as T, indicates 

reactor contents and output stream 

SUPERSCRIPTS 

linearized variable (38) 

1 reference state (23) 

* optimum s teady state (10) 
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INTRODUCTION 

The system investigated in this study consisted of one 

reactor tank with associated piping, mixing and cooling 

equipment,, The liquid feed stream contained two components, 

A and B, which reacted in the tank to produce four products, 

C, D, E and F, according to the following exothermic reac¬ 

tions : 

1 e A + B C + D 

2. A+C-*E + Fo 

It was desired to produce C; D, E and F being byprod¬ 

ucts,, A gaseous feed stream maintained a constant pressure 

of component A over the liquid*. The tank contents were as¬ 

sumed to be perfectly stirred - that is, there were no ther¬ 

mal or concentration gradients present, and the outlet or 

product stream had the same temperature and composition as 

the tank contents at all times 0 Such a system is commonly 

referred to as a continuous stirred tank reactor, or simply 

a CSTR„ 

CSTR systems have been previously studied by several 

groups,, Steady state design considerations were reported by 

Eldridge and Piret (3) in 1950o Van Heerden looked at the 

problem of steady state thermal equilibrium (16). Problems 

associated with plant start ups and similar transients were 
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investigated by Mason and Piret (12). The first study which 

utilized an analog computer to synthesize the nonlinear dif¬ 

ferential equations was published by Bilous and Amundson (2) 

in 1955. Other studies of stability, phase plane character¬ 

istics and analog simulation are reported by Aris and Amundson 

(1) and by Kermode and Stevens (8). The frequency response 

method of analysis was applied by Kramers and Alberda (11) 

to continuous flow systems of interest to chemical engineers. 

In almost all of these studies, however, the reaction 

mechanisms considered were of the form, A -> products. The 

more complex case of A + B J C + D, and C •> F was considered 

by Bilous and Amundson (2), but only the linearized approxi¬ 

mations were studied in an isothermal situation. 
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PURPOSE OF STUDY 

This study had one specific and two general goals - the 

former being to investigate the behavior of a given, nonlin¬ 

ear optimized CSTR system as it was periodically disturbed 

about an optimum point. The more general aims of this study 

were concerned with the feasibility of utilizing the avail¬ 

able computer hardware for an analog simulation study of non¬ 

linear system behavior and with the possibility of rewriting 

Kochenburger1s describing function (9) in the following form: 

N (s) = P(s)Q(s)R(s) 

where N(s) = describing function of nonlinear system based 

on Fourier analysis of system output, 

P(s) = f(amplitude of sinusoidal disturbance), 

Q(s) = f (frequency of sinusoidal disturbance), 

and R(s) = f(physical properties of system: holdup time, 

degree of mixing, etc.). 

With regard to the latter two general purposes, it should 

be noted that this study is intended to be an initial phase 

of a long-term project concerned with the dynamic behavior 

of chemical processing equipment. 
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METHOD OF INVESTIGATION 

In general, the Fourier describing function method of 

analysis was employed. This frequency response technique, 

generally attributed to Kochenburger (9), is based on three 

a s sumptions: 

1. The system contains only one nonlinear element. 

2. The nonlinear element has time invariant character¬ 

istics. 

3. The filtering characteristics of the system are such 

that the output is satisfactorily represented by the 

fundamental component of the waveform. 

An Electronic Associates, Incorporated PACE TR-10 analog 

computer was employed to simulate the CSTR system. (During 

an early stage of the study, a PACE 23I-R computer in the 

Humble Oil refinery at Baytown, Texas was used.) The output 

of the analog computer was recorded on an X-Y plotter and/or 

displayed on a digital voltmeter. The data from the latter 

was subsequently fed to an IBM 1620 digital computer which 

was programmed to find the first Fourier coefficient (the 

magnitude and angle) which best described the data. This 

output data represented variations in the concentration of 

component C as the feed stream temperature was disturbed in 

a sinusoidal manner. The linearized system equations were 

programmed and solved on the IBM 1620. 
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MATHEMATICAL REPRESENTATION OF SYSTEM 

Specie A enters in the liquid feed stream, is consumed 

in both reactions and exits with the product stream. Hence, 

its concentration may be approximated by the following equa¬ 

tion: 

(1) IT4 = V(xAi “ XA> " R1 - R2 

Note that no specie identification is required on the 

reaction terms, R^ and R , since the stoichiometric coeffi¬ 

cients are all unity; implying that the number of moles is 

constant. Hence the product of V and M is assumed constant. 

Similarly, 

(2) = |-(xBi -xB) -R1 

and 
(5) = v(_xC> + R1 " R2 

The reaction terms are of the form: 

(4) Rj = c^x^exp^) 

The thermal balance may be derived by considering the 

bulk temperature of the inlet and outlet streams, the heat 

produced by the two exothermic reactions and the heat removed 

by the coolant stream. All other heat losses are assumed to 

be zero. 

<5> = ?<Ti - T> + ?c(MiEi - AH2V - ITC<T - V 

Since the heat removed from the tank by the coolant is 

equal to the heat added to the coolant stream, the following 

equation is obtained describing the dynamic behavior of the 
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coolant temperature: 

<6> 3F' = v (pcy - V -2v^(Tc - T=i> 
c % r c c 

with the assumption that; 

Tc = l<T<=„ + TCi>- 

The solubility of specie A in the tank so lu tion was also 

considered to be cons tant , inde pendent of both tank tempera - 

ture and concentration. Hence * by maintaining a constant 

pressure atmosphere of A over the liquid, x^ can be he Id at 

a constant value. Therefore, eqn^l) may be reduced to: 

(7) 0 - ~ XA^ ” 

But since = 1.0, this is equiva lent to : 

(8) f(xB.) = §(1 - xA) -R1 - R2. 

Eqn.(2) now becomes: 

dft? = ~ XA “ XB^ “ “ ^2 * 

In order to obtain the above equations, which constitute 

a mathematica1 representation of the CSTR system, these as-', 

sumptions were required: 

a. a perfectly s tirred tank 

b. constant mo la r densities, heat capacities, hea ts of 

reaction, activation energies, overa11 heat transfer 

coefficient, in let coolant tempera ture, and solubility 

of s pecie A in the tank liquid 

c. cons tant number of moles in the tank, and hence, 
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constant VM which, because of assumptions in (b), 

implies equal input and output flow rates that, for 

simplicity, were assumed constant 

d. no heat removal from tank or its contents except 

through the coolant stream 

e* heat transfer based on bulk average coolant tempera¬ 

ture,, 

Consider eqns.(3) and (4): at low T, no C is produced, 

while at high T, C is consumed in the second reaction immedi¬ 

ately following its production in the first reaction* So, 

there must be some T at which the output concentration of C 

is a maximum for a given set of input conditions. To find 

this optimum temperature, set eqn.Q) equal to zero: 

(10) = 0 = |(-xc*) + Rx* - R2* 

where the superscript denotes the optimum steady state. 

Other steady state equations follow from eqns.(5), (6), 

and (9): 

(11) = 0 = |(T.* - T*) + ^C(AH1R1* + AH2R2*) 

" V?C(T* “ Tc*> 

a2) iid = 0 = 
U  

Ci^; dt1 u Vc(pC) 
-(T* - Tc*) - 2^C-(TC* - TCi) 

(13) = 0 = |.(1 - xA - xB*) - 2RX* - R2* 

From (13), (10), (11) and (12): 

(14) xB* = (l-xA) - ^(2RX* + R2*) 

(15) xc* = i(Rx* - R2*) 
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(16) T * 

(17) T6* 

T*<1+ofc> - Tc*<Q?C> 

T*
+
2|£.(

V
C<

I>C)C
)TC1 

i + gfHVcBPC)c> 

|?C<AH1
R

1*+M2E2*) 

The reaction terms were expressed in Arrhenius form: 

(18) Rx = ■|k1xAxBexp(-AE1/T) = ^XBF1 

(!9) R2 = |-k2xAxcexp(-AE2/T) = fxCF
2 

with the F's including the contribution of specie A, the ki¬ 

netic coefficient, k, and the exponential in T. 

The statement of optimum concentration of C at T* required 

that the following statement be satisfied: 

(2°) (f^T* “ 0 

So, eqn.(15) was rewritten using eqns.(14), (18) and (19): 

(21.) xc* = (1 + F2*) (i + 21^) + F1*F2*^ 

Since F = k^Xg*exp (-AE ^/T*) and Fg* = k2xc*exp(-AEg/T*), 

differentiating this expression for yielded: 

t D , : 

<22) §g= <i !%2*>(I + ?FI*> = A 

which is the criteria for optimum production of C at T*. 

Variables which are permitted both positive and negative 

values result in more effective use of the analog computer. 

Hence, the following dimensionless variables were defined: 

(23) C• = (x . 

1 X 
(—

1.
 *

 
V

-
/ 

L
_
i.

 - x . *) 
J 

(24) e. = (T. 
J J 

- T . *) / (T . ' 
J J 

- T .*) 
J 
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(25) r = (R - Rj*>/(Rj'- Rj*> 

(26) t = | t' 

where the superscripts (*, *) represent reference states. For 

simplicity, (Z 1 - Z*) was replaced with AZ, Z = x^, Ty, R ^ . 

These variables, when substituted in eqns.(9), (3) > (5) 

resulted in the following expressions: 

(27) d t 
= _C - V(2ARl r + M2 r ) 

®B Q'
1
 AXB 

rl + AXB 
r2; 

(28) dCc 
dt 

= _C + V(ARi r . ARS } WC + Q Axc 1 Axc 2J 

(29) 
dQ 
dt 

= ATie _ a+ 
u )e + u (ATc)e 

AT i +Qp(T + Q pC '‘AT ; c 

5||ST(AH1AR1r1 + AH2AR2r2) 

u ,AT 
QvVc(pC)c

/ VATC 
(30) |f-= = f(„ Z Qc(_u_ 

Q Vc^Qc(pC)c 
+ 2)0 

Analog simulation of these relations required some method 

of generating r^ and r^. The method outlined below was em- 

p loyed. 

From the steady state expressions: 

(3D k = *exp(AE /T*) 

Therefore, with e^ = exp(AE^(^ - i) ) and = e^-e^*: 

(32) ;1 - ♦ fiij AXBCB^ + » 

<”> r2 = vfif XC*S2 + Ifti AXC^C<82 + x> 

Introduction of the dimensionless variables resulted in 

these equations: 

(3^) exp(—1^Q + “ 1- 

Oil* 



15 

and 

(35) g£ exp( T2^Q + T*/ATj) " 1 

These two functions were simulated with variable diode 

function generators. 
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LINEARIZED EQUATIONS 

Earlier studies of CSTR systems considered the linearized 

a pproxima tions to the nonlinea r differentia 1 equations. The 

method of linearizing utilized is such that at very sma11 

amplitudes of disturbance^ the non linear system res ponse 

should approach the linear. In other words, the linearized 

equations are valid for small perturbations from the steady 

state, An excellent discussion of the linearizing process, 
comparing the two common methods of Taylor series expansion 

and small perturbation theory is given by Graham and McRuer(5). 

t h 
In general, for the i component ■ of N components : 

(36) 2. (A. . 
J 

) (z -z *) 
J 

f . 
1 

where 

«7) Aij “ ’ k = 2 

Linear variables (dimension less) were 

(38) <?j = Cj - Cj* 

(39) 

(40) r . = r . - r .* 
J 3 3 

With these new variables, the system 

y • • • y N 

defined as fo1lows: 

equations became: 

(41.) fB 
A
1XCB + 

A
12^C 

+ A13e + A14°C 

eft = fG A21^B + A22^C + A23® + A24GC 

do — — — —. — 

<45> 3t " f8 = A31SB + A32cc + A33e + V9* + A359i 

TtC = fec
= A41^B + A42^c + A430 + A44GC (44) 
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of §qns.(27 - 3^) respectively. 

However, due to the definition of the dimensionless var¬ 

iables and the optimum steady state, 2^? = (Z*-Z*)/AZ = 0* so 

that all 2=2. By differentiating* as shown in eqn. (37) > 

the coefficients were found to be: 

=Q= -(1 + 2Fj*) 

A 

A - 

21 Ax C 

A22 = + F2*> 

A 
• 1 AT 

(49) k = (F1*MAH1AxB)/(pCAT) 

A32 = (F2*MAH2AXC)/(pCAT) 

A = -^ofc + EVc*F2*iE2> 

A 
U AT c 

34 QpC AT 

A = -=--1 
35 AT 

_ V Qc ■ U ■ AT 
43 Q VcQc(pC)c ATC 

_ V Qc ■ U 

A = V Qc U 2V Qc 
44 “Q Vc Qc (pC) c " *Q VC 

and 
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If a sinusoidal disturbance is applied to the feed stream 

temperature, the temperature can be described by this expres¬ 

sion: 

(50) = A sin(wt) + 

o r 
(51) ®i = AlT sin(wt) 

i 
where A is the amplitude of the input sine wave. 

Taking the Laplace transform of the linearized equations 

results in the following set of simultaneous algebraic equa¬ 

tions: 

(52) 
(
S
-
A
HKB 

OJ 
i—l 
<
 

-Al3
e + ° = 

0 

(53) “A2l^B + ^S“A22^ 

II 

o
 +
 

|o> rO 
CVJ 
C
 i 0 

(54) 
"A3l^B "A32^C +(S-A55)9- A540C = A,c0. 35 l 

(55) 0 + 0 -A450 +(S-A44)0c= 0 

Hence, the transfer function of the linear system relating 

output (£ ) to input (9) is given by: 

(56) G (s) = 

(s-A11) 0 
"a13 

0 

"A21 
o -A23 

0 

~A3 l 
A ' 
35 (S

-
A
35

) 
-A.., 

34 

0 0 
"A43 

(
S
-A44) 

(S-A1;l) 
~ A12 "A13 

0 

~A2 1 
(S-A22) 

■A23 
0 

1 >
 

V_
hl I—

1 

“A32 (S
-
A
33

) 
-A3/ 34 

0 0 
-A43 (

S
-A44) 

where 

(57) = _A_ A AT. *35 AT 
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The IBM 1620 was programmed to solve these determinants 

in order to calculate the gain and phase angle of the linear 

system ( the gain being the complex ratio of output to input)0 

A graphical representation of the phase angle and gain is 

shown in Fig.3- 

Some consideration of this transfer function seems to be 

warranted in view of the fact that the determinant in the 

numerator of eqn.(56) contains an identically zero minor. 

This condition results from the choice of steady state oper¬ 

ating point as the optimum point. Linearization about some 

point other than the system's optimum point does not result 

in this condition. 

Observe that the numerator determinant; when expanded; 

yields a polynomial in s: 

(58) 
2 

a2S 
+ a. s + a 
1 o 

where 
(59) a2 = A23A35 

(60) al A35^A13A21 + A23^"A11 

and (61) a = 
o 

A35A44^A11A23 “ A13A21 

A*4» 

Insert the expressions for the various coefficients to 

obtain: 

(62) AX1A23 = -(1 + 2F1*)pai -\2y 

(63) A13A21 = -F1*p(2X.1 + X2) and 

with (64) 0 = AT/(AxcT*
2) 

(65) 
*1 = 

X
B*

F
I*

AE
I 

(66) \2 = XC*F2*AE2 

Therefore; the last term in the expression for a^ reduces 

and 
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to: 

(67) 0(-X1 + (1 + 3F1*)X2) 

But, from the steady state equations: 

(68) *c* = «B*(T41pa«) 

and 
(6 9) F * =     r2 1 + 3F±* - A 

where, as before: 

(7°) 4 = ff^ 

Hence , 

(71) \2 = ^/(l + 3*!*) 

o r 
(72) a Q = 0. 

By expanding the expression given for G(s), replacing s 

by jw and combining like powers of j, an equation of the 

following form may be obtained: 

(73) G(jw) =  £ 
P0

W(W - jPx) 

-r 2 2 (w + P2w + p^) + jw(p4w + P5) 

where the p. are constants 
J 

Observe that the limit of G(jw), as w-*0, is equal to 

p6
JW- 

The phase angle associated with this complex quantity is 

given by: 42 2 2 

P-,(w + Ppw + P,)+ w (PA
W + Pc) 

(74) l|r = Arctan ( ^ g   g ~) 
-w(w + pgw + P5)+.P1

W
(P4

W
 + P5) 

Therefore, 

(75) lirrtgf = + 90°, lead 

(76) ♦ = -180°, lag and 
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So, at low frequencies the linear system transfer function 

is proportional to jw, whereas at high frequencies it is pro- 

2 
portional to 1/w 0 Thus, in electrical engineering terminol¬ 

ogy, this linear system is a lead-lag network* 

NUMERICAL VALUES FOR THE SYSTEM PARAMETERS 

These values, characteristic of a pilot plant size CSTR, 

were used in all numerical calculations: 

V = 50 liters 

V 5 liters 
c 

Q = 10 liters/minute 

Qc 
= 1 liter/minute 

M = 1 mole/liter 

pC = 500 cal./liter°K 

•Oc = 1000 cal./liter°K 

u = 300 cal./°K minute 

Tc • c l = 
2 92 * 5 °K 

x* = 350 °K 

T' = 3 60 °K 

AHX = 20,000 cal./mole 

AH2 
= 10,000 cal./mole 

AE x = 14,000 °K 

AE2 = 7,000°K 

XA = 
0.025 

F1* = 2.000 

The Routh-Hurwitz stability criteria (6) was applied to 
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the linear system equations. In this analysis, the determin¬ 

ants were solved with all parameters except the molar density 

specified. The stability limit thereby determined was: 

(77) M < 3 moles/liter 

Therefore, M was chosen equal to 1 mole/liter to insure 

stable operation. A Van Heerden plot (16) of the system is 

shown in Fig.l, indicating that there is but one possible 

steady state operating point. In calculating these curves, 

an input temperature of 337°K was assumed. This is the value 

of T^ necessary in order to have T = 350°K = T* at steady 

state. 

The various coefficients in the system equations were 

calculated from the above values. 

Pa rame ter z* Z 1 Az 

Fi 
2.0000000 6.0754652 

F2 0.4000000 0.6971637 

XB 
0.1750000 0.06231378 -0.1126862 

xc 0.2500000 0.22306935 -0.0269307 

T 350.00000 360.000000 10.0000000 

T. 
1 

337.00000 345.268020 8.2680200 

T 
c 

300.00000 3OI.3O435 1.3043500 

In order to use the analog computer most effectively, 

scale factors were introduced - eg: aV, where V is the sys-* 

tem variable and a is the scale factor chosen to permit: 

-io < av < +io 

since 10.00 volts is the maximum computational voltage on the 

TR-10 computer. 
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The following working equations for the computer were 

obtained from eqns.(27), (28), (29), (32) and (33)* 

(78) ddt9) = 0. lOy(Asinwt)-1.0600 (Y6)+|0.11434(6r1) + 

(79) 

^0.11103 (Xr2) 

- 6r x = 78.843-^(0. laCB.Kg1)+7.8843|(aCB) - 

12.244-|(Kg1) 

(80) = -(aCB)+0.50734|(6r1)+0.49265j(Xr2) 

(81) = (pCc) + 1.0614|(6r1)-2.0614i(Xr2) 

and (82) -(Xr2) = 1.80l3-|(£g2) -0.19404|(3Cc)- 

1.9404^-(0.10PCc-£g2:) 

where a> |3, v, 6, K, and £ are scale factors for CB> 

9, r2’ gl’ and g2y respectively. 

The mechanization shown in Fig.2 depicts the circuit em¬ 

ployed to simulate the CSTR system. Note that the equation 

for coolant stream temperature, eqn.(30) was not included in 

the circuit due to the twenty amplifier limit imposed by the 

TR-10. The 9^ coefficient in eqn.(29) has a numerical value 

of only 7.826x10 A check on the 231-R computer at Baytown 

indicated that the replacement of eqn.QO) by an average Tc 

introduced no appreciable error. 
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VAN HEERDEN HEAT BALANCE 

Figure 1 

Eqn.(ll): 0 = ^-(T^-T*) -^2_(T*-Tc*) H—kAH^-^+A^Rg*) 

S O y 
heat generated =[‘^'(AH1R1*+AH2R2*)|a 

and 

heat removed = *-T*) - - Tc*)]c( 
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ANALOG COMPUTER CIRCUIT 

Figure 2 
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OBSERVATIONS ON SYSTEM BEHAVIOR 

During the analog computer study of this system, there 

was no indication of system instability. As shown in the 

Van Heerden plot, the system had only one possible steady 

state, stable operating point. 

In order to establish that the system was indeed optimum 

with respect to the concentration of C at T*, a step input 

was applied to the steady state system. The new steady state 

point, achieved after the transients induced by the step 

change had died out, indicated a lower concentration (ie: Cg 

increased) for both positive and negative step changes in 

the input. (Note that since Ax is negative, an increase in 

Q is equivalent to a decrease in the concentration of C.) 
Li 

Also, the integrated values of Cr, > Cr and 0 were checked 

while sinusoidally varying 0^. The average values of 0 and 

Q were positive, whereas the average of Q was negative - 

indicating that, on the average, T > T*, and xc < 

xc*‘ 
In general, the linear system duplicated the behavior of 

the nonlinear system at low amplitudes and high frequencies. 

The largest differences between the two systems occurred at 

low frequencies (w < 1) and high amplitudes (A > 5). As in¬ 

dicated on the phase angle vsQ frequency and gain vs. fre¬ 

quency graphs, there is apparently a parametric family of 

curves characterized by the amplitude of the disturbance. 

Due to a combination of hardware limitations on the analog 
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computer and the nature of the system being studied, it was 

exceedingly difficult to obtain values for the nonlinear sys¬ 

tem at low frequencies, Hence, there is considerable doubt 

about the character of the nonlinear system in the region 

0 < w < 1. 

System errors fall into several categories: inherent 

static and/or dynamic errors due to computer hardware, inac¬ 

curacies in setting potentiometers,static errors in function 

generator settings, errors in data readout, and the like. 

(See Fifer(4), Rogers and Connolly (13) or ofher analog texts 

for discussions on errors and error estimation.) 

In this study, all potentiometers were set with a four 

place digital voltmeter. The function generators were set 

by a visual-graphical technique suggested by Mr. E. A. Clarke 

of Humble Oil and Refining Company. In general, the kinetic 

exponential functions which were generated were smooth, mono- 

tonically increasing functions. Using ten straight line 

segments to approximate these curves, static errors were 

visually minimized. Maximum displacement from the desired 

curve was about 0.04 volts. All initial conditions were 

zero with the sole exception of the cosine generator in the 

harmonic oscillator loop. A digital voltmeter check of the 

initial condition outputs of all amplifiers showed that no 

static errors greater than 0.001 or 0.002 volts existed. 

Data readout on the digital voltmeter was assumed error-free. 

Some indication of the overall system error is given by 
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the difference between linear and nonlinear curves at high 

frequencies. A figure of 5% is felt to be conservative. 
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CONCLUSIONS 

Analog methods are well suited for the study of problems 

associated with chemical process equipment design. Though 

considerable effort is necessary to obtain solutions whose 

overall accuracy is of the order of one percent, it is rela¬ 

tively easy to get solutions whose accuracy is as good as 

most available kinetic data ( 5 - 10%). Hence, qualitatively 

analog computers are an extremely valuable tool for process 

dynamics studies, and at the present time, their accuracy is 

as good as typical engineering data. 

The hardware limitations of the PACE TR-10, however, 

place severe limits on the problems which may be effectively 

'handled. An installation containing about 100 amplifiers 

would seem to be a minimum requirement for investigating a 

CSTR with control loops, multicomponent feed stream, and 

realistic kinetic expressions. 

The particular CSTR observed in this study exhibited 

decidedly nonlinear behavior for thermal disturbances larger 

than 5°K from its steady state operating point. The nonlin¬ 

earity manifested itself in a family of gain and phase angle 

curves. In general, as the disturbance amplitude increased, 

the gain decreased and the phase angle shifted in the direc¬ 

tion of increasing lag. These effects were most apparent in 

the frequency range 0.5 < w < 2. System behavior at frequen¬ 

cies less than 0.5 was not conclusively determined, although 

the gain curves seem to go toward zero, and hence approach 
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the linear system characteristics at both high and very low 

frequencies of disturbance. 

The nonlinear effects, as shown in Fig.3, are such that 

no simple expression for the Kochenburger describing function 

can be formulated in terms of frequency-, amplitude-, and 

system-dependent quantities. 

The gain values (Fig. 3) were obtained by dividing the amplitude 

of the sine wave which best represented the output by the amplitude 

of the input disturbance. (see Appendix III) 
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APPENDIX I 

TABULATION OF RESULTS 

w A 1|/ , . A Tlinear 
Gain.. ilf . 

lin. Tnon1. 
Ga in 

Ratio, n 1 
Ave r. 

V 
0.500 1.000 39.541785° "0.098947 38.352 8" 0.097423 14.48 7o 

0.900 1.000 5.941507 0.135247 5.3434 0.136849 8.56 

1.000 0.500 -1.343149 0.138754 -I.36I6 0.138764 4. 18 

11 1.000 " " -2.1225 0.140260 7.05 

11 5.000 " " -8.6127 0.138781 42.8 

11 1! II " -13.6182 0.143479 39.9 

11 10.000 » " -26.9506 0.124952 81.2 

11 II II " -34.1933 0.119977 83.8 

11 20.000 " " -41.2736 0.098593 133. 

1.200 1.000 -14.67234 0.141026 -14.0732 0.142865 7.50 

1.500 1.000 -31.90362 0.136402 -31.6621 0.137622 5.30 

11 II II -31.5035 0.137100 5.25 

2.000 0.500 -54.72355 0.119082 -53.3367 0.120282 6.99 

11 1.000 " " -71.6626 0.121557 2.63 

11 II II " -54.8449 0.119879 3.34 

II 20.000 " " -65.2944 0.102592 . 57.5 

2.500 5.000 -72.10316 0.099679 -72.3362 0.097337 10.6 

11 10.000 " " -75.1268 0.099014 H
-1 

00
 

• v>
l 

II 11 11 " -74.3915 0.098429 21.5 

3.000 1.000 -85.63422 0.082453 -85.7372 0.082869 1.57 

3.500 1.000 -96.38647 0.068272 -97.1608 0.06874'5 1.45 

4.000 1.000-105.08828 0.056902-104.0412 0.056233 7. 12 

It 5.000 " " -105.2714 0.056032 4.21 

II 10.000 " " -112.9037 0.055011 5.76 
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APPENDIX II 

ANALOG COMPUTATIONAL TECHNIQUES FOR CHEMICAL SYSTEMS 

Simulation of a chemical process on an analog computer 

is, in some ways, considerably more difficult than the simu¬ 

lation of other types of processes. Hence, "...when thinking 

of the possible use of an analog computer in chemical prob¬ 

lems, one must be prepared to exercise more initiative and 

skill than is required when applying the computer to more 

compa tible investigations. "(14) 

The first of these peculiarities which arose in this 

study was associated with the expression fot the Arrhenius 

kinetic term - the exponential in T. For a one order of 

magnitude change in T, f(T) changed three or four orders. 

Scaling became quite difficult, and the accuracy of the re¬ 

sults suffered greatly when, over two-thirds of the range of 

T, f(T) remained less than 10% of its maximum value. It soon 

became clear that some change of variable was necessary. 

The philosophy of approach to such problems which was 

evolved during the course of this study was based on two 

concepts; accuracy increases as the percentage of available 

voltage range which is used increases, and static errors are 

easier to evaluate and to eliminate if the majority of cir¬ 

cuit elements have zero initial conditions. Thus a variable 

which, during the course of the solution, covers a range of 

2X volts, where X is the reference voltage of the computer, 

will be using the maximum available voltage range, and hence 
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any dynamic errors will be smaller when expressed as a per¬ 

centage of the variable's maximum value. Large excursions 

of a variable during the solution of a problem also increase 

the accuracy of data readout, whether it be by X-Y plotter 

or digital voltmeter. 

As shown earlier, dimensionless variables were defined 

with these thoughts in mind. The result: a typical kinetic 

function, when transformed, varied from 8.5 to -4.8 volts 

while the driving function, a dimensionless temperature, 

varied from -10 to 10 volts. This same problem might have 

T 
been attempted with YQQ- varying from 3.4 to 3*6 volts, while 

-13 -9 
exp(AE/T) varied from 1.2x10 ^ to 3*7x10 , or almost four 

orders of magnitude. Texts on analog computational methods 

such as Soroka (15), Korn and Korn (10), Karplus (7), Rogers 

and Connolly (13) and Fifer (4), seldom, if ever, discuss the 

advantages of replacing the actual system variables with a 

carefully chosen set of dimensionless parameters. 

In the particular system considered in this study, a 

problem arose with regard to the multipliers. At low frequen 

cies, the phase angle approached zero. In this neighborhood 

the output of the two multipliers only varied one or two 

volts, even when the input signals varied 15 to 20 volts each 

Since all available amplifiers had been used, there was no 

way to correct this situation. As a result, noise generated 

in the circuit became dominant, or at least significant, in 

the multiplier output signals at low frequencies. 

The noise problem was also quite acute in the amplifier/ 
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summer which formed the reaction term r^. Generally, the 

inputs to this summer required high gains. The only alterna¬ 

tive found wes not to scale r^ to full range, but to be sat¬ 

isfied with a four or five volt swing. This permitted reduc¬ 

tion of the input gains from 10 to 1, with a corresponding 

decrease in the amount of noise generated. 

Are the. filtering characteristics of the system such 

that the higher harmonics will be damped out - permitting the 

use of the first harmonic to represent the output? This is 

perhaps the first question which arises when contemplating 

the use of the describing function technique. While using 

the Humble computer, which had an adequate supply of ampli¬ 

fiers, some attempts were made to measure the third and fifth 

harmonic content by nulling the lower harmonics with an aux¬ 

iliary sine wave oscillator. This program was not pursued 

sufficiently far to permit any quantitative conclusions. 

However, the observations which were made at one set of para¬ 

meters (A = 1, w = 0.8) indicated a third harmonic content 

in the £ wave of less than Tn the opinion of the staff 

members in Humble’s Analog Group, a system such as the one 

studied, in which every feedback loop contains an integrator, 

is a low pass filter. 



38 

APPENDIX III 

DATA ANALYSIS 

Denote the output waveform by f (t), with an individual 

point on the wave being f^„ Approximate with the following 

expression: 

(1) f^ = A* sin(wt^ + i|r) 

Hence, the residual or error term is given by: 

(2) V - f^ - A* sin(wt^ + i|/) 

The least mean square criteria for minimum v is: 

(3) - A' sin<wti + t))2 = 0 

(4) |jSi(fi ■ A* + l|f))2 =0 

Therefore, 

(5) 2T,^ (v) (-sin (wt. + tj/)) = 0 

and (6) 2E^(v)(-Al cos(wt^ + f)) = 0 

or 
(7) (f ^s in (wt^ + i|/) ) = ^S^sin2(wt^ + f) 

and (8) E^f^cos (wt^ + i|r) = A'I^S in (wt^ + i|t)cos(wt^ + ij/) 

Rearrange these two equations and solve for A;: 

(9) A' 
E. f . sin (wt. + \|0 
II i Y 

2 
E^sin (wt^ + t|f) 

E. f . cos (wt. + it) 
ii N l Y 

E^sin (wt^ + t|/)cos(wt^ + \[f) 

Expand the sin (a + b) and cos (a+b) elements in terms of 

sin(a), cos(a) ^ sin(b) and cos (b) ; replace f^sin(wt^) by e 

2 
f.cos(wt.) by e } sin (wt.) by e , and s in (w:t. ) cos (w t. ) by 
li^. 15 1 i 
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(10) A' = 
E.e,cos\[r + S.e_sint 

1 1 Y l 2 Y 

2- 2 
E^(e^(l-sin \|i) + 2e^s infcos i|j + sin ij;(l-e^)) 

and 

(11) A* = 
E.e.cosif - S.e.sini 

x 2 T l 1 

E^(e^(l-2sin iji) + (l-2e^) sint|;cos t|r) 

Finally, replace with E^, i = 1, 2 , „ „ „ , N and j = 1, 

2, 3, and 4; 

(12) A' = 
E^costy + EgSintJl 

2 2 
E^(l-2sin \|r) + Nsin \J/ + 2E^s int|rcos i|j 

and 

(13) A* = 
E^cosi); - E in\|f 

. 2 
E^(l-2sin \|f) + Nsini|fcos\[f - 2E^s iruj/cos \j/ 

Since these expressions equal the same quantity, A*, equate 

and solve for tan|: 

(14) \Jj = Arctan ( 
E1E4 ~ E352 

E1E3 + E2E4 
NE -> 

1 

Using the IBM 1620, the analog output data (from the 

digital voltmeter) was analyzed employing eqns.(l3) and (14). 

Provision was included in this program to calculate each 

residual, to determine the data point with the largest resid¬ 

ual, to calculate the average deviation from the computed 

sine wave, and to determine the quadrant of the phase angle. 

Two tests were run to gain some feeling for the preci¬ 

sion of the above procedure. In the first test, data was 

obtained from a table of sines and cosines (4 figures). This 
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data was selected to give a gain 

o
 o
 

1—1 
m

 
o and a phase angle o 

45.0° (first run) and V
O
 
o
 

o
 o
 
o
 

(second run) . Ten points were 

used in the first and twenty -five ; in the second run. The 

results a re tabu la ted be low . 

Run 1: 10 data sets Gain = 0.9752 l|f = 44.6123° 

Run 2 : 25 0.9999 89.9999 

24 0.9999 89.9999 

15 0.9999 89.9999 

10 0.9998 89.9997 § 

In the second test, the data sets obtained from the non 

linear system at A = 1.000 and w = 1.000 were recomputed 

several times, with the following results: 

50 data sets Gain = 0.1402 ljf = 2.1225°, 4th qd 

49 0.1405 2.4291 

48 0.1409 2.7326 
© 

O 

40 0. 1436 5 o 4585 § 

A 207o reduction in the amount of data resulted in a 

change of phase angle of 3*3° and a gain change of O.OO3. 

On the basis of these tests, it was concluded that fifty 

sets of data were sufficient to calculate the angle and gain 

§ Following each run, the most erroneous set of data was 

removed and the remaining data was recomputed. 


