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ABSTRACT 

SOME NEW TECHNIQUES FOR THE DESIGN 

OF RECURSIVE DIGITAL FILTERS 

toy 
Tzu-tai Charlies Kao 

Two new digital filter design techniques are proposed 

for obtaining the transfer function, in the z-domain, of a 

recursive digital filter which is to simulate the performance 

of a given continuous filter. 

The first one which we refer to as "frequency method" 

is obtained by minimizing the expected value of the squared 

error at the sampling instants when the input signal is band- 

limited. The resultant digital filters will have the best 

frequency responses in the Nyquist frequency range. The 

second one which we call the "spline method" relies on the 

approximation of the convolution integrand associated with 

the continuous filter by a simple cubic interpolating spline. 

The best approximation properties of the spline interpolation 

and the approximation error are studied in the context of the 

problem under consideration. Some numerical results obtained 

on a Burroughs 55°0 digital computer are presented which 

illustrate the frequency responses of the resultant digital 

filters. 
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CHAPTER I 
1 

INTRODUCTION 

The design of a digital filter which will properly ' 

simulate the performance of a given continuous filter 

constitudes one of the most important problems in morden day 

processing of continuous signals. The attention of this 

thesis will be restricted to the simulation of linear, time- 

invariant and asymptotically stable continuous filters. 

The input signals, we assume, are known only in a statistical 

sense as in many practical situations. 

Frequency domain techniques for the solution-of this 

problem usually invoke the derivation of an appropriate 

transformation from the s-plane to the z-plane which will map 

the transfer function H(s) of the continuous filter into the 

transfer function D(z) of the corresponding digital filter. 

Of these techniques the ones most commonly used are the 

impulse invariant method and the bilinear transformation 
f i 

method1 . The merits and limitations of both these methods 

will be discussed in the next chapter. 

A time domain approach for the derivation of the digital 

[L\ 
filter characteristics was given by Vich who used the 

Gregory formula to obtain approximations up to any desired 

order to the convolution integral corresponding to the 

continuous filter. He derived D(z) corresponding to a given 

approximation by taking the z-transformation of the summation 

apprpximating the convolution integral. His zero order 

approximation (rectangular approximation) leads to the same 

result as the impulse invariant method. Harrison and Leon [5] 
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used a similar approach to the deduce difference equations 

that describe the digital filter in the time domain, these • 

equations depending on a free parameter the value of which 

is to be selected empirically. 

In this thesis, two different kinds of methods are 

developed. In Chaper III, we assume that the input signal 

is band-limited and the optimal digital filter is obtained 

by minimizing the expected value of the squred error. 

Greaves and Cadzow^l have shown that if the spectrum of 

the continuous filter is also band-limited, then the optimal 

digital filter is the same as obtained by impulse invariant 

method. Unfortunately, no system with rational transfer 

function is band-limited. So some compensating schemes are 

established and two numerial examples show the improvements 

in amplitude and phase responses obtained. 

A time domain method based on the approximation of 

the convolution integrand associated with the continuous 

filter by a simple cubic spline is given in Chapter IV. 

After integrating and taking z-transforms of the resultant 

sums, we develop a formulation which gives the transfer 

function D(z) of the desired recursive digital filter. 

The reason for employing cubic spline is that the time domain 

design involves a numerical quadrature, and it follows from 
r6i 

Schoenberg*sL J Theorem that the approximation (of the 

convolution integrand) by an interpolating spline leads to 

a result which is optimum in the sense of Sard^^. This 

scheme also naturally possesses the other variational and 

convergence'properties pertaining to splines. The approximation 
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error analysis given in Chapter IV reveals that the accuracy 

obtained, for the input signal x(t) having some degree of 
fol 

smoothness, is high. We also know1 J that the spline 

approximation is relatively insensitive to round-off errors. 

All our theoretical conclusions are also confirmed by 

numerical calculations performed on a Burroughs 5500 digital 

computer. Some results by conventional design methods are 

also presented for comparison. 
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CHAPTER II 

BACKGROUND . 

2.1 Notations, Definitions and Problem Formulation 

(a) Continuous-time Signal x(t) 

x(t) is a real function of the real, continuous variable t. 

Actual signals are necessarily time-limited, but consider¬ 

ation of theoretically band-limited signals will not be 

precluded. 

(b) Discrete-time Signal Xn 

xn is a sequency of numbers usually obtained by sampling 

continuous time signal x(t) v/ith sampling interval T. So 

xn = x(nT) with nel, where I is the set of integer. 

(c) Nyquist Frequency <^t\ 

oJn is twice the highest pass-frequency of a band-limited 

spectrum. For practical purpose, <On may he equated to twice 

the cut-off frequency (or half-power frequency) of the 

continuous filter. 

(d) Sampling Frequency 

If sampling interval is T, then cos = 2TT/T, TO avoid 

excessive "folding error", sampling frequency must be greater 

than or equal to Nyquist frequency. 

(e) Laplace Transform Pair Denoted by ot f.„T and JL 'I..,} 

The unilateral Laplace transformation and its inverse 

for causal, continuous-time functions ares 

F(s) = } f(t) e“st dt = ff (t)} (2.1) 

-f joo ^ 
f(t) = l/2iTj S' F(s) esi: ds = <£ | F(s) (2.2) 
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(f) Z-transform Pair Denoted by Zf.,.\and Z~M-.-l 

The z-transform and its inverse for causal, discrete 

time functions are s 

CO 

ZK1 “ fn 2"n - Fd(z> (2.3) 

Z~1{Fd(z)] = l/2nj <f>Fd(z) zn_1 dz = fn (2.4) 

F^(z) will exist provided the magnitude of the value of z is 

strictly greater than max lim (absolute value of f )^n; 
n-*°° n 

where T is a circular contour, centered at the origin, such 

that r lies entirely within the region of convergence of F^(z). 

(g) Continuous Filter H(s) 

A continuous filter is generally characterized by a 

differential equation. The transfer function H.(s) of a 

continuous filter is the Laplace transform of its impulse 

response h(t), or equalently, the ratio of the Laplace 

transform of the zero-state response Y(s) to that of the input 

X(s). 

Thoughtout this thesis, the continuous filters are assumed 

to be causal, linear, time-invariant and asymptotically stable 

and have the transfer function of the forms 

_m 

H(s) = 
a_ + a, s + • • • + a s o l m 
b^ + b^s + •+ V n 

with m < n (2.5) 

(h) Digital Filter D(z) 

For a digital filter, the transfer function D(z) is the 

z-transform of its weighting sequence (digital impulse 

response) dn, or equivalently, the ratio of the z-transform 

of the output sequence Y(z) to that of the input X(z) and 
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is of the forms 

oWi*-1 * **" + <^m 2 

p0+ piz‘
1- + '-'* + |3n z“

n 

(2.6) 

The digital filter is called non-recursive if and only if 

= 0 for all i = 1,2,..., otherwise it is called recursive. 

Only recursive filters employ a feed-back mechanism. Both 

recursive and non-recursive digital filters are characterized 

by difference equations. 

(i) Frequency Response 

The frequency response of a continuous filter is the 

value of the transfer function H( j<o) with w = 0 to M and that 

of a digital filter is the value of the transfer function 

DCe^40^) with = 0 to °°. A continuous filter H(s) is called 

band-limited if and only if H(jco) = 0 for a) > W and W 

is a constant. The interval (-W,W) is the passband. The 

frequency response of digital filters, being periodic in 

nature, can never be band-limited. In digital filter design, 

it is very often desired to compare the frequency response 

of the digital filter with that of the continuous filter which 

we want to simulate in the frequency range from <0 = 0 to 

*0= to /2. Hence, only in this frequency range we shall 
s 

compare the frequency response of both filters. 

(j) Error in Time Domain and Problem Formulation 

The error en is defined to be the difference between the 

continuous and digital filter outputs at the sampling 

instants. See (Fig. 1), where S,p denotes the sampling device 

with sampling interval T. So 
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Fig. 1. Model for System Error 
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xn = x(nT), 

yn = y(nT), 

e 
n (2.7) 

The expected value of the squared error e is 

The purpose of this thesis is to find a digital filter 

to minize I (Chapter HE), or to minize en (Chapter W). 

Quantization and rounding errors are neglected throughtout 

this thesis. 

(k) Cubic Spline S(t) 

Basically, cubic spline is made of piecewise cubic 

functions interpolating a set of sampling points with 

continuous first and second derivatives. More details will 

be discussed in Chapter H. 

2.2 Some Conventional Digital Filter Design Techniques 

Because of the extensive work done in the area of 

continuous filters, it is often desirable for the digital 

filter to simulate a given continuous filter. Various types 

of frequency transformations from the s-plane to the z-plane 

have been developed which transform the continuous filter 

transfer function H(s) directly into the z-planel^'^,^,®'9 ] 

The most frequently used two of them which will be compared 

with our results are stated below: 

(a) Bilinear Transform Method 

The basic aim is that, if the analog transfer function 

H(s), s is replaced by a rational function of z which maps 

the imaginary axis of the s-plane onto the unit circle of 
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the z-plane, then the resultant digital filter DB,p(z), 

evaluated along the unit circle, will take on the same set 

of values H(s) evaluated along the whole imaginary axis. 

The ideal transform is s = (In z)/T and the resultant digital 

filter is not realizable. Using the first order rational 
o z i 

function of z to approximate (In z)/T gives s = ^ 

and this transformation is refered to as the Trustin 

transformationAn improved pre-warped method is developed 
Z by letting s = w , where w is a constant. In this thesis, 

we choose w to set the frequency response of the figital 

filter be the same as that of the continuous filter at 

co=cO^. For low-pass filter,cO^ is the half-power frequency 

and for band-pass filter,co^ is the all-pass frequency, 

therefore: 

DBT(Z) = H(s) : s = 
COD z—1 (2.8) tan (a)^/ 2) z+1 

(b) Impulse Invariant Method 

Impulse invariant method introduces a digital filter 

with an impulse response equal to the sampled impulse response 

of a given continuous filter via the correspondence: 

m a^ m a. 
H(s) = 2 

i=l 3 + 3i 
* 2 

i=l 1 - e“siT z IT= Hd(z) = D
IE<

z> 

(2.9) 

for distinct poles. To be completely general, we should 
a. 

include terms of the form ^ 1 ^y which corresponds to 

ai L. (-D 
(s + S. )3^ 

5-1 J-l a. 
I 

V mi! 3SJ-I ! . e-SiI 2-l 

For complex poles, we have 

(2.10) 
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_o ip v _1 
s a    1 - e (cosbT) z   

(s + a)2 + b2 1 - 2e"aT(cosbT) z-1 + e”2aT z“2 

 b  _ _  e~~a^(sinbT) z~^  

(s + a)2 + b2 1 - 2e"aT(cosbT) z"1 + e~2aT z”2 

(2.11) 

(2.12) 

This method is equivalent to taking the z-transform of the 

sampled impluse response h(t) of continuous filter. 

(c) Inherent Defect in Conventional Digital Filter 

Design Techniques 

Because the frequency response of digital filter is 

periodic with respect to the sampling frequency a) and no 

frequency response of a realizable continuous filter is band- 

limited and periodic, only in the Nyquist frequency interval 

is it possible for the frequency response of the digital 

filter to approximately duplicate the continuous filter's 

response. However, even in the Nyquist frequency interval, 

there exist some inherent defects in the two design techniques 

mentioned above s 

First, for the bilinear transform method, v/e map the 

whole imaginary axis in the s-plane onto a finite interval 

in a nonlinear manner. It requires that all of the infinite 

zeros of the continuous filter be mapped into the Nyquist 

frequency. The output of the impulse invariant method will 

be exact if and only if both the continuous filter and the 

input signal are all band-limited. Unfortunately, all 

continuous filters with rational transfer function are not 

band-limited. So the impulse invariant method will inherently 

induce "folding error". This error becomes serious when 

sampling frequency is less than the Nyquist rate. The phase 

characteristic of this method usually is not good either. 
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CHAPTER III 

A NEW FREQUENCY DOMAIN DESIGN TECHNIQUES 

3.1 Mathematical Development 

Referring to Fig. 1, H(s) is the transfer funtion of a 

given continuous filter. The poles of H(s) are assumed to be 

in the open negative s-plane except there may exist one pole 

at the origin and there is at least one zero at infinite. 

The expression for the error en in terms of the continuous 

filter impulse response h(t)t discrete weighting sequence dn 

and excitation signal x(t) is 

CO OO 

e = | 2 x(nT - kT) dv - J* x(nT - t) h(t) dt I (3.1) 
n k=0 x 0 

It is assumed that the signal x(t) is a member of a band- 

limited stationary stochastic process. The expected value 

of the square error may be expressed by 

2 
k=0 

2 * (kT - iT) dv 
i=0 xx K 

OO OO 

,-22 d, S $ YV(kT - t) h(t) dt 
k=0 x 0 x* 

+ 7fd> -t) h(t) h(t) dt do (3.2) 
0 0 xx 

where (t) is the autocorrelation function associated with 

the signal x(t). Since the third term is independent of the 

digital filter weighting sequence d^, it may be dropped in 

the minimization process. Thus the optimal digital filter, 
* 

whose z-transform is denoted by DQp(z) is the filter which 

renders the following index a minimum. 
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I = l/2iTj £ [DU"1) D(Z) $XX(Z) “ 2D(z_1) fliXH(z)] ^ f (3.3) 

where ffixx(z) = z{«Vxx(kT)} 

°° -I 

iXH(z) = Z U XX(kT “ t) h(t) dtJ 

$xx(s) ■ ^Hcx^} . 

Minimization of (3*3)» as first introduced by Greaves and 

f 3 1 Cadzow1J i, yields the necessary condition which must be 

satisfied by the optimal digital filter D (z), 
op 

S (z) D (z) - $ (z) xx op XH 
J 

z F(z) (3.*0 

The quantity F.(z) is an arbitary function of z whose poles 

lies outside the unit circle. However, to find a rational 

approximation of the spectrum $ (s) by empirical estimates 
AA 

is tedious therefore limit the use of (3*^)« 

3.2 Optimal Filter for Band-limited Spectra 

Since the spectral density function $ (s) is band-. 
XX 

limited, i.e. $ (= 0 as cO > W, and cO > 2W, 
XX f «r b 

(z) can be written as 
XH 

Wz) “ Z{>*H ®Xx(s> «(s)}] 

T 2 ®xx^S “ 3n*°s) 
H(s ~ 

s=(ln z)/T 

1 °° 1 °° 1 
= ^ n=^xx(S ~ jnas) 1 TIT R(s " ls= (In z)/T , 

(3.5) 
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rH(s) for |S| < <^ /2 
where fl(s) = J 

L 0 for ISI > uj/2 
o 

H(z) = 2{oe-;LfHts)}} 

Hence 

$XH(z) = T H(z) 

Substitude into (3»^)» the necessary condition becomes 

(Dop(z) - T Ba(*)) = p(a) ' (3.6) 

Since the spectrum is band-limited, $ (z) has an essential 

singularity at z = 0, thus one condition for the left-hand 

side of (3»6) to be a function having no poles inside the 

unit circle is 

Dop(z) = T 8d(z) , (3.7) 

If the frequency response of H(s) is approximately 

band-limited within the frequency interval (-^, ^), then 

R(s) ~ H(s). Under the specific condition that both SB (x) 
XX 

and H(s) are band-limited, DQp(z) which is given by T times 

the z-transformation of the impulse response of continuous 

filter yeilds a good approximation. This is equivalent to 

T times the digital filter obtained by impulse invariant 

method. . (3*7) also shows under this condition, the optimal 

filter is independent of the signal. ♦ 

Usually , we are given a band-limited signal X(s) 

whereas H(s) is not band-limited. The impulse invariant 
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method will induce "folding error" and is a poor approximation 

of DQp(z). So we try to compensate the digital filter 

D(z) = T H(z) by adding several simple terms in z~^. From 

(3*7)* we know the optimal filter is 

(z) = T Hd(z) 

By definition, 

(3.8) 

hn = 3T
1 { T H( 3 )} | ^nT *' 

*S/) “<**> e3“’nT 

= H(jco) d^nT d - r/2 H(J«>) di“nT dco 
—00 —CO 

- J* H( j<a) doi] 
*i/2 J 

= T h - £ Re{ JT H(j«o) dco} 
<*4$ /2 

where Redenotes "the real part of". 

Since this is a causal . system, we have 

denotes the Inverse Fourier Transformation 

t 
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a0 = ?Re U/2 
HU<J) dlJ} 

OO “) 

a «|Re{j* H(j<o) e^nT d«oJ, n=l,2,... (3.10) 
n " luy2 

Vz) = z1^ 
= Z<T hn - aJ 

= T H»(z) - ( a0 + ax z
-1 + a2 z'

2 + ... ) (3.11) 

The proof that an converges to zero as n approaches 

inifinity is given in Appendix. So an is a decreasing 

sequence and will vanish as approaches to infinite. 

In practical cases, we may truncate it for all n greater 

than a positive integer N because of all digital computers 

have finite memory. The polynominal G(z)=Sa^z”1 is a 

compensating sequence and some numerical examples in the 

next section will indicate it really improves the frequency 

response• 

3.3 Examples 

Two examples are given to illustrate the method. Let 

us assume that the input signal is band-limited up to^=2. 

We select/Os=4, T=TT/2 and<0^=1 which is defined by (2.8). 

Example 1 

Corresponding to a continuous low-pass filter having 

the transfer function 
t 

H(s) = , (3.12) 

we obtained the digital filter transfer function according 



16 

to (3.11) and denote it by Dp^(z) as the compensating 

coefficients an's are truncated at i=J^ , i.e. an=0 as n>3 

Then, 

Dp^(z) = T Hd(z) - (aQ + ax z"
1 + ... + a^ z**'9). (3*13) 

By (3«10)» we have aQ=0.645» a^=-0.l43, a2=0.0698, a^=-0.0455* 

• • • G*tc • 

By the bilinear transform method, according to (2.8), 

we have 

The impulse invariant method gives a digital filter 

Djz) L-rj (3.15) 
1 - e z 

The frequency responses of these transfer functions 

are shown in Figs.'2 and 3* The amplitude responses of 

these functions are normalized at ^ = 0, 

Example 2 

Suppose a bandpass filter 

H(s) = -p    (3.16) 
s + s + 1 

is given. According to our calculation, the coefficients of 

Dp (z) are aQ=0»540, a^=—0.1726, SL^=0»08^2i a^=—0.0347, ... etc. 

(3.14) 

(3.17) 

DH<z) = 
1-2 

(3.18) 
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This time we normalize the amplitude responses at<tf=l. 

The harmonic responses are shown on Figs. 4 and 5» 

The improvements of the harmonic responses of the 

resultant digital filters are easy to see from the diagrams 

even if we calculate the DF<g(z) with 9 just up to 3« If 

more terms are taken, the frequency responses should be 

closer to those of the continuous cases. 

♦ 
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CHAPTER IV 

TIME DOMAIN APPROACH BASED ON SPLINE APPROXIMATION 

4#1 Description of the Method 

In this Chapter, we try a time domain approach based 

on the spline approximation to minimize en in stead of 

E | en^}» This corresponding to a best approximation scheme 

is needed to interpolate the convolution integrand 

x(nT - t)h(t). 
[4] 

Vich has used the Gregory formula to obtain 

approximations up to any desired order to the convolution 

integral corresponding to a continuous filter, i.e. when x(t) 

and h(t) are expanded around the sampling instants by their 

Taylor series, then, upon integration, the convolution 

integral is 

nT n , 
X x(nT - t) h(t) dt = T xn_k hk - -g xn hQ + x0 hn 

" rl(in-l _Ao) " S(in-22 +AO2) ' •" 

-here A k
rtl = Ak+1

r - 
"H 

4k° = xn-k hk 

He has investigated the convolution approximation problem 

for differences up to order two and has shown that it is 

possible to relate the higher order approximations to the 

impulse invariant method by 

V20 = ™d(z) + V*> (4.2) 
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where CL (z) is a well-defined function of z“\ i.e. 
r 

■*Vo(B) = THd(z)’ 

^(z) = THa(z) -|h0, 

IV2(z) j. THd(z) - || h0 

= THa(z) - ^ hQ 

(4.3) 

(4.4) 

T —1 
+ 12 hi z * (4.5) 

. T - -1 T . -2 
+ Z hl Z ~ 2? h2 Z ' .(4.6) 

We will show his method is a special case of our development. 

Assume x^(t) is hounded and absolutely continuous and 

x^q+1)(t) is bounded, where q > 1 is a positive integer 

including zero. The impulse response h(t) is exponentially 

stable as we assume H(s) = D(s)/N(s), where D(s) and N(s) 

are polynomials and the order of D(s) is less than N(s). 

The zeros of N(s) are all in the open negative s-plane. 

Referring to Fig. 1, the steady-state response of the 

continuous filter at time nT, assuming that it has been 

operating from t = -°°, is expressed by 

m 

y(nT) = J* h(t) x(nT - t) dt. (4.7) 
0 

Define 

f(t,n) = h(t) x(nT - t). (4.8) 

Then 
m 

y(nT) = S A, , (4,9) 
k=0 K 

where A^ is the area under the curve f(t,n) on the interval 

[kT, (k+l)T] . See Fig. 6,a, 



zk 

f(t,n) 

(a) Actual Area 

f(t,n) 

Fig. 6. The Approximation of the Convolution Intergrand 
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Ak = J* 
K kT 

(k+l)T 
f(t,n) dt. (4.10) 

The time domain approach in the derivation of the 

equations for a recursive digital filter depends on a 

suitable approximation to the area A^. 

• [4l 
As pointed out by Vich J, the rectangular approximation 

to A^ gives the same result as the impulse invariant method. 

In fact, if y(nT) denotes the output of the digital filter 

at time nT, we have, in the case of rectangular approximation, 

y(nT) = 2 f(kT,n) T = T 2 h(kT) x(nT - kT). (4.11) 
k=0 k=0 

Taking z-transforms of both sides, we obtain for the digital 

filter transfer function D(z) 

D(z) = = THd(z)* 
(4.12) 

where X(z), Y(z) and H^(z) denote the z-transforms of the 

sequences x(nT) , y(nT) , and h(nT) . 

Our method is based on the interpolation of the values 

f(kT,n), k = 0,1,... by a simple cubic spline S(t). 

Let mfc = S'(kT) and abbreviate f(kT,n) by ffc. Then as 

in[12,p. 12] we express the spline on the interval 

kT,(k+l)T , k = 0,1,... by 

Sk^ " t2 ^k+l " " *k^ " ^ “ tk'2(tk+l * ^ 

+ - t>2 - V + T] 
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f 

* “^r[(t ■ V2 2(tk+i -*)+ TI* (4.13) 

where we have used the notation (t) to indicate that it 

stands for the closed form expression for S(t) on the interval 

[kT,(k+l)T] expressed by the right hand side of (4.13). 

Setting S£_^(kT) = S£(kT), k = ly...y leads to the 

requirement 

mk-l + fmk + mktl “ T ^fk+l f^_2_)» k — 1,..* . (4.14) 

The constants m^, k = 0ylf...y completely specify the 

spline S(t). They are obtained in terms of the values f^, 

k = 0,1,..., and two end conditions. Conventional procedures 

[12,Chap.It], which apply to finite meshes with k = 0,..., N, 

would combine the equations (4.14) and the two end conditions 

into a single (algebraic) vector equation the solution of 

which, by matrix inversion, would yield the required values 

of the (N+l) constants m^. Since in our case the mesh is 

infinite, we arrive at the desired result by using the 

particular structure of (4.9) and (4.10) and resorting to 

the z-transformation. 

Thus, by means of (4.13), approximating in (4.10) by 

K = f 
K kT 

(k+l)T 
sk(t) dt 2 ^fk + fk+l^ + 12 ^mk 

mk+l^ 

(4.15) 

we get 

y(nT) = 2 A. 
k=0 ' 

oo 

2 f. 
= 0 

T . . TZ m. 
2 O 12 O 

(4.16) 
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For the two end conditions, we have 

mQ = f*(0,n) (4.17a) 

= h * (0) x(nT) - h(0) x*(nT) (4.17) 

= f*(°°»n) (4.18a) 

=0, (4.18) 

where we have invoked (4.8) and the fact that h(t) and h'(t) 

vanish as t tends to infinity. 

Replacing (4.8), (4.17) and (4.18) in (4.16), we obtain 

00 2 
y(nT) = T S h(kT) x(nT - kT) + [y^ 4*(0) - ? h(0)J x(nT) 

k=0 

2 
- h(0) x’(nT), (4.19) 

which when z-transformed leads to the equation 

2 
Y(z) = TH,(z) + [— h'(0) - | h(0)] X(z) 

4(0) Z {x*(nT)} . (4.20) 

If the input signal is known, then the term Z{x*(n.T)} 

in (4.20) is known, and we obtain for the transfer function 

of the digital filter 

D(z) = THdU) + f! h• (0) - | h(0) - h(0) . 

(4.21) 
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However since in general the input signal is not known 

a“priori, we have to replace x*(nT) "by its estimate* obtained 

by a finite difference approximation* This will lead to the 

replacement of the last term in the right side of (4.21) by 

a compensating polynomial in z“\ this polynomial being 

dependent on the method adopted for the approximation of 

x'(nT). 

Fill If we use the backward difference method1- , a finite 

number of points x(nT), x((n-l)T),..., x((n-5)T) are 

interpolated by a J order polynomial in tf and the 

derivative of this curve at nT is the estimate of x'(nT). 

Note that may be as high as q since we have assumed that 

x(q+l) is bounded. The (approximate) expression for D(z) 

will depend on the order of the polynomial chosen. 

The zero, firet, second, and third order polynomial 

approximations to x'(nT) are respectively 0, (xn - xn_^)/T, 

(-3xn + 4xn_1 - xn_2)/2T, and (llxn - 18*^-+ 9xn_2 

-2xn_^)/6T, where x^ = x(kT). When these expressions are 

substituted in (4.21), they lead to the following four 

alternate expressions for the transfer function of the 

digital filter: 

*We do not consider sampling x'(t) since this is difficult 

to implement with hardware. 
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DQ(Z) = THd(z) - | h(0) + — h' (0) , (4.22) 

D1(z) = THd 
,2 

12 (z) + h(0) + ^ h* (0) + ^ h(0) z"1 » 12 (4.23) 

D2(Z) = THd(z) + h(0) + J2 h'(0) + £ h(0) z"1 - h(0) z 2,’ 

(4.24) 
2 

D.(z) = THd(z) + jg h*(0) “ T h(0) + % h(°) z 1 

- | h(0) z"2 + jg h(0) z”3 

= THd(z) + aQ3 + a13 z"
1 + a23 z“

2 + z“3 . (4.25) 

The transfer•function corresponding to a higher order 

approximation may he obtained in an analogous fashion. So 

in general the digital filter transfer function obtained by 

our method will be 

DSJ(Z) = THd(Z) + (aod + aM a-1 + ... + aj5 a‘J) 

= THd(z) + (z), S < Qt (4.26) 

where the coefficients a^ of the polynomial G^(z) are 

calculated as above. Comparing (4.26) with (3»11)» we find 

they have the same structure but the coefficients of a.' s 
J 

are different. 

An interesting fact to be gleaned from these results 

is that Vich*s transfer function^ Dy.-^z) Dy2(z) Dy.^(z) 

may be obtained from our equation (4.16) with f^ = 0 and 



• 30 

fg in (4.16) replaced respectively by its backward difference 

estimates 0, - fQ)/T, and (-3fQ + 4f1 - f2)/(2T). Thus 

they follow, as particular cases, from our present 

representation. 

If we don't want to estimate x'(nT), natural spline 

approximation seems to be one solution, that is, in the two 

end intervals, we apply a first order polynominal to 

interpolate f(t) and simple cubic spline to approximate f(t) 

for all the other intervals, After integration and summing 

up all the areas £, , we have 

y(nT) = 
oo 

T S 
k=0 

T T 
fk " 2 f0 + 12 ml 

OO 

T S f,_ - 
k=0 

21 f + X h 
12 I0 + 12 V (4.27) 

since m1 = (f^ - fQ)/T. 

'.'■..After z-transformation, the resultant digital filter 

transfer function is 

%SU) = THdU) h + 
12 no 

X V, 
12 hl 

(4.28) 

This is the same result as Yich's second order approximation. 

4.2 Best Approximation Property and Error Analysis 

Since our purpose is to minimize en and our spline 

approximation is done in time domain, the performance of the 

resultant digital filter must be investigated in time 

domain too. The frequency response of the digital filters 



31 

given by (4.22 - 4.25) are generally very good in low 

frequency range as will be shown by some numerical examples 

in next section. 

From (4.19),it is clear that y(nT) approaches to y(t) as 

T approaches to zero with nT = t. The question is how fast 

it converges or what order en will be, 

Let [0,°°) denote the class of real valued functions 

g(t) such that g^^(t) is absolutely continuous on [o,00) for 

V= 0,1,..., j-l and g(j)(t) 6 L2[0,°O). 
A 

By our restrictions on x(t) and H(s), f(t,n) 6 [0,«>). 

Hence according to Schoenberg's Theorem ^ , the interpolation 

of f(t,n) on the mesh A(T) ={o, T, 2T ...}■ by a simple cubic 

interpolating spline S(t), with S'(0) = f'(0,n) and 

S*(°°) = f'(°°,n), lead to an approximation of the functional 
m oo 

/ f(t,n)dt by J* S(t)dt which is optimum in the sense of 
0 0 

Sard^'^ , i.e. if ^-denotes the class of functions 

g(t) 6 462[0,«0 interpolating f(kT), k = 0,1,..., then 

i* 
0 

f"(t,n) S"(t)|2 dt = min J* 
gii)« ^ 0 

f"(t,n) - g"(t)|2 dt 

(4.29) 

Since we want to reconstruct the output y(nT) with only 

the knowledge of the value of the convolution integrand 

f(t,n) at the sampline instants, we should use a smooth 

curve to interpolating all the sampled points and then 

integrate the area under it to give the estimated output 

y(nT). Among all the interpolating functions with continuous 

first derivative and bounded square integral of the second 

derivative, the cubic spline is the smoothest such function 
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D I 12 
in the sense that f | g"(t)| dt is minimized, where g(t)f 

a 

This best approximation property may also be presented 

by the fact that the spline approximation minimizes the 

Peano kernel K(t) associated with the operator 

A (f) = S f(t) dt [153 i.e. if f(t)£ Cr(a,b), the operator 

<j^(f) is approximated by another operatorG(f) = 2 B]c ^ 

subject to the requirement that (p) = © (p) for every 

polynomial p of degree 1^-1 or less* Our spline approximation 

gives one such operator by taking 

©s (f) - d (s) (4.30) 

where s is the interpolating spline of degree 2^-1 with the 

knots kT, then the value of © (f) will be a linear combination 
s 

of f(kT), i.e. the same as the output yn of the digital filter 

D (z). Let 
s 

, b I 
e = J* f(t) dt - E B. f(kT) 

1 a k * 1 

= | (f) - © (f) 

= | ? K(t) f(V)(t) dtj f (4.31) 
a 

where K(t) is the Peano kernel given by 

K(t) = W-l')1! ( ^ - © >C [ (r - t)5"1 ] and 

IT +v _ - t as r > t 
^ 10 as r < t (4.32) 
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(A - 6 )c means that the operator ( <>4 - <8 ) is applied 

to the function within "brackets considered as a function of 

X • The best approximation to $4 is considered to be the . 

operator which minimizes the quantity 

b ? 
J = £ KT(t) dt (4.33) 

a 

Schoenberg's Theorem shows that (B gives the minimal s 

value of J. The spline interpolation gives the optimal 

approximation of the output in this sense. This we call 

optimality in the sense of Sard. 

The following error analysis will show that en is of the 

order of T^ if cubic spline is used, while en is of the order 

2 
of T if rectangular rule is used in approximating the 

convolution integrand. 

We have assumed the sampling frequency is greater than 

Nyquist rate and neglected the quantization, round-off and 

truncation errors that may result from the realization of the 

filter on a digital computer. So we consider only and 

separately the error of approximating the derivative of the 

input signal by a finite difference method and the convolution 

integrand by a simple cubic spline. 

For the first part, if the bounds on the and 
. "til. 
W +1) derivatives are known, then a bound on the error 

e(nT) resulting from the replacement in (4.19) of x'(nT) by 

an 3 order interpolating polynomial, if x(t) £ C^+1(-°o,t) 

is given by (see [13]»P»366) 
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e(nT) < j 
)
 (nT) 

3-1 (3) J-l 
max 

+ (V;,lL kd/dt> ^(J,)(5)]|max T
15
. &•■*) 

In approximating the integrand f(t,n) "by a cubic spline 

the following bound of Ahlberg, Nilson and Walsh Cl2,Th.3«10.l] 

is applicable provided we introduce the additional restrictions 

that x^^(t) is bounded and absolutely continuous for V = 2,3 

and x(iv)(t) bounded on (-°°,nT]. Under these conditions 

f (t,n) & 4^^r° ,°°) and we have 

sup 
t <£t0,«) 

(t) - S 00 (t) f(t,n) 
dt* 

dt] 

U = 0,1. (4.35) 

According to the equation (3»12.2) of the above 

s'12" 
reference , the additional restriction that 

f(t,n) 6 C4[o,«>), which is equivalent to requiring that 

x(iv)(t) £ C4(-°°,nTj , leads to a tighter bound of the form 

sup 
t 6 [0,«) 

f^(t,n) - S^(t) = OCT4”^), X) « 0,1,2,3,4 

(4.36) 
4-P 

the coefficient of T being proportional to 

|f(lv)(t,n)|L = sup|f(iv)(t,n)| , 0 < t < ». 

By integration of (4.36) we obtain fovp= 0 

I (k+l)T (k+l)T 
e. = / f(t,n) dt - X S(t) dt 
-K | kT kT 

0(T3). • 

(4.37) 
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We now proceed to evaluate the coefficient of T-*. By- 

Taylor's Theorem with a remainder, we have 

y(nT) = f f(t,n) dt 
0 

CO (k+l)T r 3 f (p) A1r 
s S L 2 

K 
YN f 

k=0 kT p=0 P! 

3 f <30 
2 

k=0 

( £ 
xk 

p=0 
TP+1 

f(iv)/# \ . 

-—~ (t - kT)4]dt 

kT < fk < (k+1)T, (4.38) 

By (4.16), the output of our digital filter is 

^n ” kfQ 2 ^fk + fk+l^ + 12 ^mo 

00 

jJ0 2^
fk + fk+l^ + 12 ^fk 

,2 

fV+1)] 12 uo 

+ 12 (mo " moo^ 

k=0 f
2 ^fk + fk+l^ + 12 (fk " fk+l^]* (^*39) 

the last equality following from the end conditions (4.17a) 

and (4.18a). 

By'expanding fk+1 and fk+1 in Taylor series about kT, 

we obtain from (4.39) 
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y(nT) = 

co 7 f (p) f 
2 11 fk+ h + \ < 2 tP X - 

(iv)cfk) 
k=0 2 'P:0 pJ 

4! 
k' T5) 

P ? „ (1+p) f(iv) 
, i Jk  mP 

1 

12 ( 2 
p=0 P* 

T^ + <*k> 
v ?3>] 

00 

= E 
k=0 

-Pi 4?H fin f (iv) / \ 

[ f , + h t2 + % t3 + £K ^ >> + - k - r ., v k' m5] 
+ 154 T J’ 

(4.4o) 

The first four terms of (4.40) agree with those of 

(4.38). Hence these two expressions lead to 

e = | y(nT) - y(nT) | = ~ T5 

00 

2 f 
k=0 

(iv) (4.41) 

J=_ m 5 
00 

T-3 2 non - - SUp 
k=0 kT<f<(k-KL)T 

lf(iv)(*>|. 

By our restrictions on x(t) and h(t), there are positive 

constants A and B, with B < 1, such that 

sup lf^v^(£)l < AB^ and thus, we have 
kT< ^ <(k+l)T 

e < 
720 (I-B7 

(4.42) 

For example, if H(s) = l/(s+l), and |x^(t)| < a, y= 0,..,4, 

*-T 
we may set A = 16a and B = e . 

So in general 

M 
- - 720 (4.43) 

where M is a suitable constant. 
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The same method will show the error corresponding to 

the output by using rectangular rule is of the order of T . 

e v/ill be samll if T«1 and |x^^(t)| is small too, for 

- 0,...,4. If not the case, the spline approximation is 

not, in general, a very good approximation. Therefore the 

harmonic response of Dg(z) at high frequency may not proferm 

well , however, in low frequency range, the response 

should be excellent. 

4,3 Examples 

We take the same examples as in Chapter IE and v/e will 

not normalize the amplitude response. The results by Vich's 

method all also included for it is a special case of our 

development and denoted by Vz)- We denote our results 

via spline approximation method by Dg^(z). Figs. 7 and 8 

show the frequency response of the amplitude and phase 

characteristic curves of the digital filter corresponding 

to a low-pass continuous filter with transfer function 

l/(s+,l). Figs. 9 and 10 are the frequency response of the 

resultant digital filter corresponding to a band-pass 

filter with transfer function s/(s + s + 1). In both case 

T = TT/2. 

There is very close agreement of the frequency response 

especially at lower frequencies for transfer function obtained 

by our method. 
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CHAPTER V 

DISCUSSION AND CONCLUSION 

5.1 Comparison with Other Methods 

The results obtained by the presents methods and those 

by the bilinear transformation, impulse invariant, and Vich's 

(up to third order approximation) methods are summarized in 

Table I. For convenience, we call the method developed in 

Chapter m as the "Frequency method" and that in Chapter If 

as the "Spline method". The resultant digital filters are 

denoted by Dp(z) and Dg(z) respectively. 

As we can see, both Dp(z) and Dg(z) are the combination 

of the digital filter obtained by impulse invariant method 

multiplied by T and a compensating polynominal G(z)=£a.z”^. 
n i 1 

Since G(z) contains finite terms in z , no poles of G(z) are 

outside the unit circle therefore G(z) is asymptotically 

stable. The impulse invariant method will always induce a 

digital filter which maintains the stability of the continuous 

filter. Hence Dp(z) and Dg(z) will be asymtotically stable 

if H(z) is. 

The sturcture of Dp(z) and Dg(z) is shown in Fig. 11.. 

Unlike in the case of the control system, the compensating 

scheme here represents a feed-forward compensation with time 

delay instead of a feed-back compensation. 

5.2 Conclusion 

Two digital filter design techniques corresponding to 

a given continuous filter with some restrictions on the input 
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signal are developed. Each of the techniques provides a 

transfer function which is a combination of the transfer 

function designed by the impulse invariant method multiplited 

by T and a compensating polynomial in Z~^. Therefore the 

filter’s stability is inherently sustained and the digital 

filter is realizable. 

If we want to minize e with the input signal band- 

limited, the result, by "Frequency Method", is expected to 

give the best shape of the frequency response if sufficient 

number of compensating terms are taken. In our numerical 

example, we just calculate the coefficients up to order 3 and 

the improvement is obvious. The inconvience of this method 

is that we have to employ numerical integration to find the 

a^*s and sometimes this procedure does not converge very fast. 

For the spline approximation method, the two examples 

show that the harmonic responses are very good at lower 

frequencies. Also by error analysis in the time domain, 

spline function appears to constitude a particularily suitable 

mathematical construct with which to pose and solve problems 

in the processing of continuous waveforms with some degree 

of smothness, in terms of their sampled value. The only 

difficulty in this method is that we have to estimate the 

first derivative of the input signal if it is not analytically 

known. If natural cubic spline is used, the digital filter 

will be the same one as designed by Vich's second order 

approximation method and we need not to approximate the 

derivatives of the signal. Employing higher order polynomial 

spline or generalized spline to our problem leads to an area 



of further research 

When the input signal is not band-limited, the "optimal 

filter" will be dependent both on the signal and the continuous 

filter, therefore, it has no general form. After comparing 

the frequency responses of our methods with those of some 

conventional methods, it appears that our results are 

usually better than that of the impulse invariant method and 

in some frequency ranges, our results are better than those 

obtained by the bilinear transform method. 



TABLE I 

l±5 

DIGITAL FILTER TRANSFER FUNCTIONS 

OBTAINED BY FIVE DIFFERENT APPROAGHS 

Method 
Digital Filter 

Transfer Function 

Coeff. o: 
G^ (z)=i 
a 
0 

f the ] 

3.0+ai z" 
al 

Poly. ( 
1 + • • .+c 

a2 

^(z) 

a3 

Bilinear 

Transformation 

DBT(Z)=H(W) 

OOD Z-1 

tan(«^T/2) z+1 

Impulse 
Invariant = zthn} 

Cx 

Frequency- 
Method 

TD^z) - Gp(z) JKfFj} X(F2] 3K{F3) 

0 order tVoU^TDjjU) 

Vich's lst order 
Dy x (z )=Dv,q( z )+Gv,( z) -f h 

2 o 
Method 2nd order Dy 2^Z)z ^ V2^ ^ ^ Ji h 12 o 

T V, 

12 hl 

3rd order DV3(z)=IWz>+G6<z> h 
8 no Z hi 

-T h 
2¥ n2 

0 order D
SO
(Z)=TD

II
<Z)

-
,
-
0
O 

c-r,nv,« 1st order Spline Dsl(z)=TDn(z)+G((z) °o-fro 
T h 
12 ho 

* 

Method 0 , , 2nd order DS2(Z)=TDII(Z)+G1(Z) G -?h 
0 O 0 

T », 
Z ho 

-T h 
24 ho 

3rd order DS3(Z)=TDIIJ(Z)+G3(Z) Gn^n o 72 o 
T 
Z ho 

T . 
“a ho 

T V, 
ho 

* 

Xi is an operator with 

x 
2TT 

cOp/2 eo 

S F (*>) d<o+ S 
-oo n “J® /2 

F (<o) dco 
n 

where 

jconT 
Fn = H(jco) e 
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Total 5 

Fig. 11. The Structure of the Compensated Digital Filter 



APPENDIX 

To prove lim a = 0, let's define a function 
n*-eo 

W 
a(t) = T[h(t) - ^ S H(jco) ejtot d^], (A.l) 

-W 

where W =cO /Z, By the assumption of the transfer function 

H(s) we made, the partial fraction of H(s) is of the form: 

m 
H(s) = £ H.(s) 

i=0 

m 
= £ 

i=0 

bi 
s + si 

where bi's are constants 

s. = 0 
and { 1 L si = Cl + > o 

i = 0 
(A.2) 

1*6 

h(t) 
m 
£ h.(t) 
i=0 1 

m ~s. t 
= £ b. e 1 

i=0 1 
(A.3) 

Define 

P(t) = cf,“1{p(>>)) where 

l P(j*) = 1, P(j«) = 0 

M < w 

M>W, and 
(A.4) 



w 
fi(t) = #F {w 

Hi(jai) dc° 

= “
1
£H1( ja» P( (A.5) 

By. Time Convolution Theorem , we have 

f^t) = S p(r) h^t -v) dr, i = 1,2, • m (A.6) 

fQ(t) = S P(C) b dc « b , i = 0. (A.7) 
c»00 

Since lim p(t) = 0 and lim f.(t) = 0 for i = 0, we-have 
t+ °o t*00 1 

lim f. (t) = 0, 
t-**00 1 

i = 1,2,...,m (A.8) 

. . m m 
lim a(t) = lim .T [ 2 b. h. (t) - S f. (t)] 
t+°° t*°° i=i 11 i=0 1 

= T(h0 - b0) 

= 0 (A.9) 

Proof that lim a„ = 0 in Chapter HE is obtained 
n*-00 n 

directly from the relation 

an = a(nT) (A.10) 

Q«EIDI 
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