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ABSTRACT 

FREQUENCY DEPENDENCE OF THE SENSITIVITY 

IN CONTINUOUSLY EQUIVALENT NETWORKS 

Gabor I. Ugron 

The purpose of this paper is to examine sensitivity and its 

frequency dependence in continuously equivalent networks. First, 

continuously equivalent network theory and different methods of 

sensitivity calculations are presented. Then, recent results on 

minimum sensitivity networks are discussed and, as an extension, 

the frequency dependence of the sensitivity in equivalent networks 

is studied. As a method of calculation a new development using linear 

graph theory is applied. This allows efficient, repeated sensitivity 

calculation for different frequencies using a digital computer. 



INTRODUCTION 

In recent years sensitivity to parameter change has become 

quite important in network design. As a tool in sensitivity con¬ 

siderations the theory of continuously equivalent networks has been 

developed and proved to be useful in the synthesis of networks in¬ 

sensitive to larger element tolerances. Although the subject of 

equivalent networks - introduced by Cauer [1] in 1929 and by Howitt 

[2] in 1931 - has long been of academic interest, it was only recently 

that a useful differential approach to the problem was proposed by 

Schoeffler [5,15]. Given a network with the desired network function 

(driving point or transfer function), Schoeffler used the theory of 

equivalent networks to develop two sets of differential equations whose 

solutions at any value of the independent variable give, respectively, 

the elements of an equivalent network and the sensitivity of the net¬ 

work function to changes in each of the elements. Then, defining the 

sum of the squared magnitudes of the sensitivities as a performance 

criterion, the method of steepest descent was used to find the network 

with minimum sensitivity to element tolerances for a given frequency. 

This work presents some recent study in this area. Schoeffler1s 

results for minimum sensitivity networks are discussed and, as an 

extension, the frequency dependence of the sensitivity of continuously 

equivalent networks is examined. As a method of calculation an 

analysis method resulting from linear graph theory [13] is used. The 

above performance criterion is applied recursively to show that a 

network which is less sensitive for a given frequency than its 
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equivalent counterpart will stay less sensitive for all frequencies• 

In particular, sensitivity behaviour in the critical frequency regions, 

where the performance criterion becomes infinite, is examined. A 

new property of the sensitivity of equivalent networks is predicted, 

namely, that for a given frequency the vector sum of the sensitivities 

in different equivalent networks is a constant value. Finally, some 

ideas for further extension of the obtained results and for future 

study in the field of sensitivity analysis are suggested. 
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I. CONTINUOUSLY EQUIVALENT NETWORKS AND THEIR GENERATION 

1.1 Equivalent Networks by Linear Transformation of Variables 

The subject of network equivalence is one of the most interesting 

and useful aspects of the network synthesis procedure. A possible 

approach to the solution of the problem makes use of the idea of 

subjecting the network variables to a linear transformation re¬ 

stricted only by the desired invariance of specified driving point 

and/or transfer impedances [1,2]. 

The method may be developed equally well for the loop or node 

methods of characterization of the network in terms of sets of 

parameters and independent variables. If a lumped,linear, passive, 

time invariant RLC network is defined by its equations written on 

a node basis'*’, then in the time domain the parameter matrices C, G 

2 
and H , together with the node voltage variables v^, ..., v^ and 

their indefinite integrals Y , the fluxes, determine the three 

quadratic forms 

F = vfc G v (1) 

T = C v (2) 

V = | 2t HY (3) 

where t denotes transpose and Y = J v • dt, representing the 

stored energy and loss functions of the network. If the variables 

are subjected to the linear transformation 

V1 = allVl + a12V2 + ••* + alnVn 

"*■ Nodal development yields simpler results for computer applications. 
2 -1 

The notation H will be used for L , i.e., inverse henries. 
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V1 + a22V2 + (4) 

with the matrix 

a 
11 

a 
In 

A (5) 

a 
nl 

a 
nn 

then the parameter matrices in the quadratic forms (1), (2) and (3) 

are replaced by [3] 

The quadratic forms T, F and V do not lose their positive 

semidefinite character as long as matrix (5) is real and nonsingular. 

It should be recalled that it is this positive semidefinite character 

which assures the positive real character of the driving point im¬ 

pedances associated with the network [21]. Hence the positive semi¬ 

definite property of the forms T, F and V may be regarded as the 

fundamental necessary and sufficient realizability criterion. Thus, 

if the matrices C, G and H are derived from a given physical net¬ 

work, the transformed version of this network to which matrices (6) 

pertain must be realizable. 

C' = Afc C A 

G' =AtGA (6) 

H' = Afc H A 
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By proper choice of the transformation matrix A certain 

driving point and/or transfer functions can be held invariant. For 

example, if the kth row of A is the kth unit vector (all zeros 

except for the kth entry which is unity), the driving point admittance 

at the kth terminal pair is invariant to the transformation. If 

two rows are so chosen, the driving point admittance at each port is 

invariant and also the transfer admittance between the two ports. Thus 

it is possible to maintain desired transfer functions invariant to the 

transformation [4]. 

1.2 Continuously Equivalent Networks 

a). Formulation of the problem 

The theory becomes more useful if we imagine a transformation 

from a given network to one whose elements differ by only a small 

amount, and then pass to the limit. Let 

A = U + Ax B (7) 

where U is the unity matrix, the elements of the matrix B are 

arbitrary and x is an independent variable. Suppose that the 

given network is described by its nodal admittance matrix Y , 

where 

Y = Y(x) = G(x) + s C(x) + (8) 

Note that G, C, and H are symmetric. Then applying the trans¬ 

formation (7) to equations (6) yields a new matrix Y(x -f Ax) given 

by 
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Y(x + Ax) = Y(x) + [B*" Y(x) + Y(x) B] Ax + (Ax)2[Bt Y(x) B] (9) 

Rearranging terms gives 

Y(x + Ax) Yfej. = Bt + Y(x) B + Ax tB
fc Y(x) b] 

Z-iX 
(10) 

In the limit, as Ax approaches zero, there results the matrix 

differential equation 

= Bfc Y + Y B 
d x 

(ii) 

where the initial conditions are given by the admittance matrix for 

the original network, Y(0). Note from (7) that any row of A which 

is a unit vector implies that the same row of B must be identically 

zero. That is, to maintain invariancy of the transfer function T^k, 

b . = b. . =0 for all i, the driving point admittances Y.. and Y. , 
ji ki JJ kk 

are then also held invariant. When j = k (i.e., only a driving 

point admittance is to be held invariant), B need contain only a 

single row of zeros. 

b). Solution of the Matrix Differential Equation 

Although at first sight and in view of (8) the set of equations 

2 2 
in (11) consists of 3n equations, only 3(n + n)/2 of the equations 

are independent, since the nodal admittance matrices of an RLC net¬ 

work are symmetric. In order to place the elements of the network in 

evidence it is more useful to convert the differential equations into 

another set whose variables are the elements of the network. This 

can be done (assuming no coupling between the elements) by considering 

that the entry in the ith row and jth column (i ^ j) of the 

admittance matrix is the negative of the admittances connected 



between the ith and jth nodes, and each entry on the diagonal 

is merely the sum of all admittances attached to the corresponding 

node. 

The general solution to this problem will follow the procedures 

presented in [6]. However, it should be noted that the final 

equations 5-23 and 5-25 on p. 86 in that book are not correct. The 

correct development has the following form: 

Recall the matrix differential equation to be solved 

= BC Y(x) + Y(x) B (12) 

Expanding Y into its component matrices yields 

= Bfc G + G B (13) 
d x 

= Bfc C + C B 
d x 

(14) 

d H 
d x 

= B1 H + H B (15) 

Equation 

elements 

(13) may be further expanded in terms of the network 

(assuming conductance g ^ between nodes j and k) 

n 
E 
k=l 

*lk "®12 "®13 

n 

-®21 E g2k 

k=l 
-&23 

n 

-g3l 

• 

"®32 
k=l 

• 

-«nl -§n2 “®n3 

"®ln 

”^2n 

n 
E 
k=l 
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bll b21 b31 **• bnl 

n 

2 gik 
k=i lk 

“g12 g13 ••• “Sln 

b12 b22 b32 "• bn2 -g2i 

n 

2 g2k 
k=l 

g23 '•* "g2n 

b13 b23 b33 ■" bn3 X -g31 

• 

"g32 

n 

^ ••* 
k=l 

g3n 

• 

• 

bm b2n b3n 
• • • b 

nn 

• 

• 

-gnl -gn2 "gn3 

n 

•• ,S,Snk 

m 

k=l 

+ 

+ 

n 

"S12 
-g., _ . , -s b b b ... b °13 “In 11 12 °13 In 

n 

"g21 
w 82° 

"S2n 
b^ b„„ b &23 21 22 23 *•* °2n 

n 
“g31 

• 

"g32 y . •« 
"S3n 

V b b b . , ^ h i B3k 

k=l 
f\ 31 32 33 

• • • 
3n 

• 

• n 
• 

“gnl ■gn2 
-e „ .., r • . E Snk 

b b b ... b 6n3 
k=l 

nl n2 n3 nn 

(16) 

where g ^ . Solving explicitly for the above-diagonal elements, 

we obtain 
n n n 

gjk ^ bijgik _ bkj gki+ ^ bikgji" bjk gji (17) 

& ft 

where j £ k. 

For the diagonal entries 



9. 

n n n n n 

.E1 
gik + gkk 

1=1 
£k 

■\ksik - 
i=l .2, bik gik + bkk 

1=1 
^k 

s gki i=l K1 
-Eb 
i=l 
& 

ikBki 

(18) 

Since , equation (18) may be written as 

n n n 

.Z. gik + gkk 
i=l - 2bkk = gik - 2 

i=l 
.2 bikgik 
i=l 
•jfek 

(19) 

Solving for g^ and substituting from (17) for g.^ results in 

%k ■2 b 
n n n n 

kk .S gik " 2 ^ik^ik 
E [ 2 b 

1=1 i=l i=l m=l 1 

*k 5^k tk 

n n n 
E g + E b 

- non - 
g - b 

mk im ik E 8lm 1 

m=l m=l m=l 
& 

ik 

mi&mk 

(20) 

Hence, in general, the differential equation for the conductances 

of the network will be of the form 

d G 

d x 
= M G (21) 

where G = g g g 
L 1 2 &3 g. , with i ranging from one to i=r(n + n), 

■MJ 

since elements are assumed between all nodes. The matrix M has 

elements which are linear combinations of the b.. and therefore, 
ij 

are arbitrary. Some of the b_ will be zero by the requirements of 

invariance of network functions. The remaining b^ are arbitrary 

and may be chosen to yield some optimal network. Note that given B, 

equation (21) gives linear homogeneous differential equations, greatly 

simplifying the computational problem. Taking the Laplace transform 
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of both sides of (21) yields 

s G(s) - G° = M G(s) (22) 

[s U - M] G(s) = G° (23) 

Since det | s U - M | can never be zero in s, equation (23) can 

be directly solved for G(s) 

G(s) = (s U - M)”1 G° (24) 

and g (x) can be obtained. A similar development applies to the 

c.(x) and the h.(x). 

c). Selection of the Matrix B 

Since the b^ are arbitrary except for those constrained to 

be zero by invariancy conditions, many different equivalent networks 

may be generated. However, in many cases, proper choice of the b_ 

makes it possible to predetermine whether a network element will de¬ 

crease or increase as x is increasing from zero to some positive value. 

Note that equations (17) and (20) are valid only as long as no element 

is zero or negative^. Since for each step each element changes only 

by a small amount, only those elements which are zero or almost zero 

could possibly change sign. To prevent an element from becoming negative, 

its derivative must be zero or positive. In an analogous manner, in 

order to decrease, keep constant or increase the value of an element, 

its derivative has to remain respectively, negative, zero or positive. 

^ As an element becomes zero, it must stay zero and an additional 
constraint is required. This constraint can be derived by setting 
the corresponding element equal to zero in equations (17) or (20). 
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These requirements give rise to algebraic constraint equations which 

will decide the values of the b^. By these means one can selectively 

reduce the number of elements present or grow positive elements across 

2 
nodes . The extent to which a network permits adjustment while main¬ 

taining a prescribed equivalence is, in general, not yet known. In 

any case, the given network must have some redundancy to allow adjust¬ 

ment of the elements. For example, in a canonic network [22] it is 

impossible to adjust element values and still maintain invariancy. 

It should be pointed out that invariancy of a network function 

may be violated at any discrete value of x for which the network 

function becomes an indeterminant ratio. This will occur, for ex¬ 

ample, when all elements connecting any node vanish simultaneously. 

This is, however, a degenerate case of little interest. 

2 
An illustrative example is presented in Appendix I. 
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II. SENSITIVITY OF CONTINUOUSLY EQUIVALENT NETWORKS 

II. 1. Sensitivity and its Definition 

When a passive network is to be synthesized to meet some specific 

characteristics, continuously equivalent transformation yields an in¬ 

finite number of realizations which will satisfy the requirements. 

One of the criteria by which the different realizations may be judged 

is that of sensitivity. We may describe sensitivity as the effect 

that changes in the characteristics of individual network components 

have on some overall characteristics of the network. Consider the case 

of a network function T (a driving point or transfer function). In 

general, T is a function of the frequency and the network elements. 

Defining the sensitivity of the network function T to changes in the 

ith element a^ by the relation [7,8,9] 

_ 6 (In T) ai 6 T 
l ~ 6 (In a.) ~ T * 6a« 

i i 

(25) 

one can determine how much the value of the network function T at 

a frequency changes when the value of the element a^ changes. 

If the given network is now subjected to a continuously equi¬ 

valent transformation, the elements vary continuously with x, but 

the network function T, being held invariant, remains constant. This 

will not be true, however, for the sensitivities. As the elements 

change values, the sensitivity of T with respect to changes in the 

elements changes also. As a performance criterion of the network, 

minimum sensitivity could be required, i.e., to choose the free para¬ 

meters of the transformation so that networks which are less sensitive 

to element changes result. 
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II. 2. Sensitivity Calculations 

As soon as the network function T becomes somewhat involved, 

sensitivity calculations are not trivial any more and represent a 

serious problem. The purpose of this section is to present briefly 

different methods and aspects of sensitivity calculations. First, it 

is often desired to calculate the sensitivity function of a large 

number of response variables as a function of a single parameter; a 

solution to this problem is presented in the first subsection. How¬ 

ever, different methods are necessary, if the sensitivity function of 

a single response variable to changes in a large number of parameters 

is required. Two different solutions to this problem will be discussed 

in the second and third subsections. All three methods can readily 

be performed on digital computers yielding the sensitivities of a 

network without excessive computation. 

a). Leeds1 First Method of Sensitivity Calculation [10] 

The method of this paper uses the linear graph theory of the 

electrical network problem to obtain sensitivity functions with respect 

to network parameters, i.e. resistances, capacitances, inductances and 

current gain. However, since the method is completely general, it can 

be equally well used to analyze any linear system. 

In the paper it is shown that the differential equations of the 

sensitivity functions of all the response variables are obtained as a 

solution of an auxiliary electrical network, having the following pro¬ 

perties (see Fig. 1): 
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1. The network duplicates the original network except that all current 

sources are open circuited, all voltage sources are short-circuited 

and a single current source, added in parallel to the element whose 

sensitivity is desired, drives the network. 

2. For resistors and inductors this controlled current source has 

the value I^(t)/A where A is the size of the element and 1^ 

is the current through the element in the original network, for 

capacitors the source value is -I^(t)/A.^ 

3. The resulting branch voltages and currents in the auxiliary network 

are, respectively, the voltage and current sensitivities of the 

network with respect to variation of the parameter A. 

The importance of this result lies in the fact that the sensitivities 

of a network can be obtained without excessive numerical differentiation. 

This also permits the use of standard digital computer network analysis 

programs [11,12] for calculation of the desired sensitivity functions 

without having to reprogram. 

b). Leeds' Second Method of Sensitivity Calculation [13] 

If the sensitivity function of a single response variable to 

changes in a large number of parameters is desired, a slight modifica¬ 

tion of the above procedure can be used with the only restriction that 

the network in question be reciprocal. For the sake of simplicity the 

result will be derived only for voltage sensitivities, however, it 

could be equally well done for the current sensitivities. 

Consider A-C sensitivity. Define voltage sensitivity of a network 

with respect to a particular element M as 

1 
For simplicity the positive source value is used in the figures. 



jg= aiB/dA 

Eg= dEg/dA 

FIG. 1 
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E' 
6 E 
6 M (26) 

Recall from the previous section how to obtain sensitivities in an 

auxiliary network. The property of reciprocity as applied to linear 

networks states that if an excitation is applied at one pair of ter¬ 

minals in a given network, and a response is measured at some second 

pair of terminals in the network, interchancing the points of excitation 

and response does not change the ratio between these quantities [14]. 

Therefore, in the auxiliary network, placing the same current source 

of value I^/A parallel with element B, the branch voltage in element 

A will be the voltage sensitivity with respect to element A (see 

Fig. 2). The same reasoning is true for element C (see Fig. 3). 

Consider now the case where in the auxiliary network a current 

source of unity value is placed parallel with element B (see Fig. 4). 

Obviously, the voltage E* does not represent the previous voltage 

sensitivity 6E-/6A any more, neither is E* equal to 6E_/6C. 
B C B 

Nevertheless, they are proportional to the voltage sensitivities, the 

constant of proportionality being, respectively, A/IA and C/l . 

Therefore, in the general case, to get the sensitivity of one response 

function (in the above case it is that of the voltage E_ across 

element B in the original network) with respect to all elements: 

1. Place a current source of value 1/0 in the auxiliary ne twork 

parallel with the element of which the response function is 

required. 



1a/A 

1— 

“1 

B 

_r 
E’b= dEg/dA 

+ E>dEB/dA 

1a/A 

FIG. 2 PROPERTY OF RECIPROCITY FOR ELEMENT A 

IN AUXILIARY NETWORK 



Eg s dEg/dC 

Ic/C 

FIG. 3 PROPERTY OF RECIPROCITY FOR ELEMENT 

C IN AUXILIARY NETWORK 



= 6Eg/dA • A/IA 

FIG. 4 AUXILIARY NETWORK WITH UNITY VALUE 
CURRENT SOURCE 
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2. The voltage across any other element in the auxiliary network 

multiplied by the current through the same element in the original 

network and divided by the element value itself will give the 

voltage sensitivity. 

3. Repeating this will all elements the voltage sensitivity of all 

elements with respect to the single response function can be 

obtained. 

Note that again sensitivity can be obtained without excessive 

differentiation and the same general network analysis programs [11, 

12] can be used effectively. 

c). Schoeffler!s Sensitivity Calculation [15] 

The method formulated by Schoeffler is closely related to the 

method of generating continuously equivalent networks. 

Modify the definition of the sensitivity function (eq. 25), i.e., 

consider the logarithmic change of the network function T as a 

function of the network element a. 
i 

6 (In T) = 1 6 T (27) 
^i 6a. T 6 a. 
1 x 

The two definitions are related by the simple expression 

S. = Q. a. 
x l 

(28) 

Forming the vectors 

V 
Sc “ (Qc1’ (29) 
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= (Q
H1’ 

Q
H2’ •**

) 

these satisfy the following system of differential equations 

dx 
= -M** 

d^c t 
dx 

= -M 

d^H t 
dx 

= -M 

Hence, the differential equations for all the sensitivities are of the 

form similar to (21), i.e. equations for one kind of element do not 

involve the other element kind. 

The significance of this method is that the differential equations 

for the sensitivities will be similar to the differential equations 

for the elements, hence the same transformation matrix M can be 

used for both the element equations and the sensitivities. Note that 

in both cases the differential equations are first order linear homo¬ 

geneous with the elements of the transformation matrix B as the 

free parameters. 

If these six sets of equations for the three element kinds (R, L 

and C) and the sensitivities are integrated simultaneously, the sensi¬ 

tivities are obtained without excessive computation. The given network 

and its sensitivities serve as initial conditions for these differential 

equations'*'. The actual sensitivities are then determined by (28). 

1 
Note that each of the initial sensitivities must be calculated first. 
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II. 3. Minimum Sensitivity Networks 

By the very statement of the problem to realize a network function 

T in such a way that some sensitivity criterion is minimized, there 

must be more than one realization of T, all of which are then equi¬ 

valent in this sense. This freedom in realization occurs in the case 

of equivalent network transformation through the use of redundant 

passive elements yielding a noncanonic network, but it could also be 

achieved by the use of active elements [16]. 

In general, little is known about generating equivalent networks 

with redundant elements to minimize sensitivity. A computer approach 

by Schoeffler [15] makes use of this redundancy of the network, i.e., 

the free parameters in the transformation matrix. A performance criterion 

defined by 

n n 2 
§ = Z S S* = E | S | (31) 

i=l i=l 

where * indicates conjugate chosen as a measure of optimaltiy of 

the network. This criterion, essentially the sum of the squared 

magnitudes of the sensitivities is then minimized applying the method 

of steepest descent [17]. 
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III. FREQUENCY DEPENDENCE OF THE SENSITIVITY IN CONTINUOUSLY EQUI¬ 

VALENT NETWORKS. 

In the last section the concept of minimum sensitivity was intro¬ 

duced. Then a method was presented to find the minimum sensitivity 

network in a set of continuously equivalent networks. However, this 

method assures minimum sensitivity only at a single frequency. 

Since in most network applications a frequency range is considered, 

immediately the question arises: What is the frequency dependence of 

the sensitivity? In other words, if we minimize the sensitivity at 

one frequency, will the network stay minimum sensitive at all frequencies 

These questions will be examined in the following. 

III. 1. Schoeffler^ Example [15] 

To illustrate his method of sensitivity minimization Schoeffler 

considered the realization of the driving point admittance*^ 

YOO - 65 V 22g2 + 18 (32) 
5s + 12s 

yielding a Foster LC canonic network (network A in Fig. 5). Then 

applying the method of steepest descent resulted in the sequence of 

the three networks B, C and D (see Fig. 5), all having the same 

driving point admittance Y. Note that an additional inductance and 

capacitance appear in the networks B, C and D, but of such nature 

that a loop of inductors and a loop of capacitors are formed. Graph 

1 
In his paper this function is stated, incorrectly, as the driving 
point impedance. 



NETWORK A 

E I St l2= 23.4 

NETWORK B 

El Sil2* 179 

NETWORK C 

E 1 Sil2= 11.9 

NETWORK D 

El Svl
2 =5.52 

FIG. 5 SGHOEFFLER*S EXAMPLE FOR SENSITIVITY MINIMI¬ 

ZATION (ELEMENT VALUES IN FARADS AND INVERSE 

HENRIES) 
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theory [4] shows that in this case the number of finite, nonzero natural 

frequencies of the network does not change and the same network res¬ 

ponse can be retained after the changes have been incorporated. 

Consider the sensitivity at the single frequency, ID = 1.5. 

According to Schoeffler the sum of the squared magnitudes of the sen¬ 

sitivities of the input admittance to changes in each of the elements, 

§ is 23.4 (see eq. 31) in the original network A. This value is 

reduced at each step, resulting in $ = 5.52 for network D. 

Ill. 2. Discussion and Extension of Schoeffler1s Results 

a). Method of Sensitivity Calculation 

Leed!s second method [13] was used to calculate sensitivities 

in Schoeffler*s networks. The relation between the voltage sen¬ 

sitivity obtainable by the above method and the sensitivity of the 

driving point admittance with respect to changes in the network 

elements can be obtained as follows. 

Consider Schoeffler*s sensitivity definition 

Sk= Y 
6 Y 
6 a, 

(33) 

Using ECAP [11] or GENA [12] the input admittance Y can be approximated 

by considering the network in Fig. 6. According to the figure, if 

| R | « | Z | , where Z = 1/Y is the driving point impedance, 

then 

and 

E = E + E ~ E o R — 

o 

(34) 

(35) 



FIG. 6 

NETWORK Y 

$ by 
Schoeffler 

$ by 
Leeds' Method 

A 1.0 23.4 23.03 

B 0.92 17.9 33.36 

C 1.04 11.9 20.16 

D 0.98 5.52 19.14 

TABLE I. 
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since the value of the voltage source EQ is unity. Then 

6 Y _ _6__I _ _6_ . ER si. 5 ER 
6a^ 6a^ 6a^ ' R ' R 6a^ 

(36) 

and 

s . S_Y 
k Y 6 a. 

k 

\ _1 
I ' R 

ifs 
6 ak 

(37) 

giving the relationship between the voltage sensitivity 6E /6a and 
K. K. 

the sensitivity of the input admittance 6Y/6a^. Denoting the element 

voltages and currents in the auxiliary network by the index * , the 

sensitivity of the input admittance according to (37) is given by 

Therefore, to obtain the sensitivity : 

1. Multiply the voltage across element a^ in the auxiliary 

network by the current through the same element a^ in 

the original network; 

2. Divide the so obtained result by the voltage across R, 

resulting in Schoeffler*s sensitivity function . 

b). Comparison of the two results 

Using the element values given by Schoeffler the sensitivities, 

input admittance Y and the function § have been calculated for 

the four networks A, B, C and D in a frequency range of f = 0.01-100 

(see Fig. 7). Then, in Table I, Schoeffler*s results and the values 

of $ obtained by Leeds* method for u) = 1.5 are compared. Obviously, 
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they disagree. According to Schoeffler, the most sensitive network 

is A and sensitivity is minimized by a factor of more than four in 

network D. In our case network B is the most sensitive one with 

a maximum minimization factor of 1.7 in network D. Furthermore the 

input admittance Y, theoretically equivalent and equal to unity in all 

four networks, does not remain constant either, the variation in 

network B being even 8$. How can this be explained?'*' 

Consider a set of equivalent networks, all having the same network 

function T(s) given by 

T(s) 
(s-s1)(s-s0) ... (s-s ) 
  111 21   El = T(a a 
(s-s2)(s-s4) ... (s-sm) V 2’ 

, a., s) (39) 

where a^, a^ denote the elements and s = <j + jcjo . It 

can be easily shown that the sensitivity of T with respect to 

element a^ is given by 

s = \ #_dT V£i(al’ a
2> •••> aj> s)  (40) 

i T da. (s-s-)(s-s0).. .(s-s )(s-s0)(s-s,)...(s-s ) 
l ' 3 v m/N 2/v N ny 

where f. is some function of the elements a. and s. Note that 
l i 

any element sensitivity will have the same denominator and therefore 

so will the function §. Furthermore, since T(s) is constant in the 

set of networks, this denominator will appear in the sensitivity function 

$ of each equivalent network. The significance of this result is that 

the function $ will have the same set of poles in each equivalent net¬ 

work, given by the poles and the zeros of the network function T(s). 

A private communication to Schoeffler (May 19, 1965) on the dis¬ 
agreement of the results remains unanswered. 
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According to our calculations, however, in Schoeffler’s networks 

the position of the poles of $ shift slightly among the networks, 

especially in the case of network B. Furthermore, in the critical 

frequency region f =0.1 - 1.0 several crossings occur between the 

different § curves (see Fig. 7). Assuming Schoeffler's results to 

be correct, the explanation lies in the supposition that the element 

values used by Schoeffler in his calculations were more exact and have 

been rounded off for his paper. Since the network is extremely sen¬ 

sitive in this frequency region (and especially at U) = 1.5!), any 

round off errors in the element values might lead to radically different 

results. This is believed to be the reason for the disagreement of 

the value of $ at u) = 1.5 and for the nonconstant Y values in 

the different equivalent networks. 

Outside of this critical area the curves are smooth and Schoeffler!s 

sensitivity minimization for (JU = 1.5 seems to hold for all frequencies. 

c). Another performance criterion 

According to equation (25) the sensitivities of a network are 

complex quantities. Although in most network applications the mag¬ 

nitude of the sensitivities is of interest, it is useful to examine 

the performance criterion 

n 

Y = 2 S. (41) 
i=l 1 

i.e., the vector sum of the sensitivities^. Using again the networks 

in Fig. 5, first in Table II the element sensitivities and the two 

1 
Note that the poles of Y are given by the zeros and the poles 
of the network function Y. 
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criterions, Y and § , in network A and D are compared for 

different frequency values. 

One important result is apparent: The vector sum of the sen¬ 

sitivities for a given frequency is a constant value in equivalent 

networks. (Again, a slight difference can be noted in the critical 

frequency region). This result is not unexpected, since the sensiti¬ 

vities are those of the driving point admittance Y, the network function 

which is held invariant throughout the equivalent transformation. There 

is still a variation in Y , as a function of the frequency, as it can 

be seen in Fig. 8 . Note that for these LC networks the sensitivities 

are always real. 

These results put Schoeffler*s minimization procedure in a more 

meaningful light. Comparing the element sensitivities in the original 

network A and in Schoeffler*s minimum sensitivity network D, we 

can see that although the sum of the complex sensitivities is the 

same in both networks, the spread between the individual sensitivities 

is less in network D. This difference is the cause for the sensiti¬ 

vity minimization in Schoeffler!s sense, i.e., the sum of the squared 

magnitudes of the sensitivities will evidently be greater in network A 

than in network D. 

In general, if the number of elements is increased by equivalent 

transformation, Y will remain constant but Schoeffler’s sensitivity 

function § will always be reduced, because the spread between the 

sensitivities will be less. In other words, in different equivalent 

networks, to arrive at this constant vector sum,with increasing ele¬ 

ment number the length of the individual element sensitivities could 
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be shorter than those in a network with less elements. However, the 

eventual gain in individual element sensitivities is lost in the in¬ 

creased number of elements. Since the sensitivity is that of a function 

which is invariant in the different equivalent networks, the overall 

sensitivity function Y remains the same. 

A canonic network (network A) with no redundancy will therefore 

always be more sensitive in Schoeffler!s sense. Adding redundant 

elements (networks B, C and D) will reduce the spread between the 

sensitivities reducing Schoeffler*s sensitivity function § . Obviously, 

the minimum sensitivity network is to be found among those with the 

2 
maximum number of N elements. For these networks the minimization 

procedure selects the one, where the combination of the sensitivities 

is such that the sum of the squared magnitudes is minimized. 

d). Sensitivity in equivalent networks with constant transfer 

function. 

To justify the obtained results, two more cases have been examined. 

First the sensitivities of two equivalent LC networks with con¬ 

stant voltage transfer function (see Appendix I) have been calculated 

and compared. Then a similar RC network has been used to establish 

whether the results hold also for networks with sensitivities having 

arbitrary directions in the complex plane. 

Case 1: Equivalent LC networks 

Consider the two equivalent networks E and F in Fig. 9, having 

the same voltage transfer function "£2^ 

2 
N = -jj(n + n), where n = number of nodes. 

2 
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T21(S) =-^  (42) 
5s + 8 

According to the developed theory network F should be more 

sensitive in Schoeffler^ sense, since it has fewer elements. Table 

III'*’ contains some comparison between the network sensitivities and 

the sensitivity functions ¥ and §. In Fig. 10 and 12 the frequency 

dependence of the functions § and Y is shown. Note that again, 

all sensitivities point in the direction of the real axis and the 

sensitivity function Y is constant in both networks. Furthermore, 

network E is less sensitive throughout the frequency range f = 0.01- 

100, even around the critical frequency f ~ 0.201, since exact network 

element realization is possible. 

Case 2: Equivalent RC networks 

The transfer function, realized by the equivalent networks G 

and H (see Fig. 11), is given by 

T21(s) “ 5s + 
(43) 

Again, the sensitivities of this function in the two networks are 

compared in Table IVand the corresponding sensitivity function § is 

shown in Fig. 13. Note that again, the network H with fewer elements 

is more sensitive, but the vector sum of the sensitivities is constant 

for a given frequency in both networks. However, since the element 

sensitivities have different directions, the sensitivity function 

1 
Compact notation is used for the negative powers of ten, i.e, 
2.9-3 + j 1.23-2 stands for 2.9 X l(f3 + j 1.23 X 10"2. 
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as a function of the frequency will be varying in length and in 

direction in the complex plane (see Fig 14). 

III. 3. Conclusions 

Based on these experimental results it seems that if a given 

network is transformed by means of equivalent transformation while 

maintaining some network function invariant, the vector sum of the 

sensitivities of this function with respect to the network elements 

is a constant value for a.given frequency for all equivalent networks. 

However, for networks with more elements the spread between the indi¬ 

vidual sensitivites will be less and the sum of the squared magnitudes 

of the sensitivities will be reduced for all frequencies. In this 

sense, Schoeffler^ minimization procedure, originally derived for a 

single frequency, works for all frequencies as well. In other words, 

if for a given network the sensitivity is reduced at a single frequency, 

the network will remain less sensitive for all frequencies and no 

crossing of the sensitivity curves of different equivalent networks 

is expected. However, exception must be made for critical frequency 

regions of the function § , i.e., for frequencies where § becomes 

infinite. In the vicinity of these points the sensitivity becomes 

extremely high and any change in the element values will radically 

change the shape of the function $. Unless exact network realization 

is possible, there is no sense to compare sensitivity functions in 

these regions. 

The property of continuously equivalent networks, that the 

sum of the element sensitivities is a constant for a given frequency, 
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suggests a more useful performance criterion using weighted sen¬ 

sitivities. In practical network realizations resistors of great 

accuracy are available while capacitor and inductor values are more 

prone to fluctuate. Therefore, instead of simply minimizing the 

spread between the element sensitivities, a performance criterion 

could be chosen where the capacitor and inductor sensitivities have 

more weight than those of the resistors. A minimization of this 

function will yield an equivalent network with an equally distributed 

sensitivity to element tolerances. 

For example, in an RC network, if 1$ resistors are available, 

while the capacitor values can be varying within 10$, the sensitivities 

with respect to changes in capacitors could be required to be ten 

times smaller than those of the resistors, yielding the sensitivity 

function 

§ = S I Sc I2 + 10 s I SR I2 (44) 
i=l i i=l i 

This function could then be used in the minimization procedure. 

The same philosophy applies if changes in element values due to 

temperature changes are expected or if one specific element sensitivity 

should be minimized. 

Several questions remained unanswered in the course of this 

investigation. First, although all the examples seem to justify the 

obtained results, no analytic proof has been found to show that the 

sum of the sensitivities must be a constant value in continuously 

equivalent networks for a given frequency. 
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However, it has been proved that the poles of the sensitivity 

function Y are constant in all equivalent networks and they are 

given by the poles and the zeros of the network function that is held 

invariant. It is strongly felt that this is a first step for the 

general proof and future investigations should begin at this point. 

Second, it can be shown that the minimum of the function 
n 2 ■ n 

§ = Z x. which is subject to the condition Z x. = constant, 
i=l 1 i=l 1 

occurs when 

constant 
x.    
i n 

i = 1, 2, , n (45) 

this condition is far from being fulfilled in Schoeffler's "minimum" 

sensitivity network. This raises the interesting question whether 

Schoeffler!s procedure will yield the true minimum of the function. 

Or are we bounded away from the true minimum by an inauspicious 

choice of the arbitrary entries of the transformation matrix B? 

To be able to answer these questions with any degree of certainty, 

more work will have to be done in this area. 
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IV. FURTHER APPLICATION OF THE THEORY 

The theory of continuously equivalent networks and its application 

is far from being complete. It could be used in many ways in optimal 

network design, i.e. design of networks with prescribed driving point 

and/or transfer functions plus minimum number of elements or minimum 

element spread, etc. After a network with a desired network function 

has been designed by network synthesis techniques, the network is 

transformed continuously to a more nearly optimal network by a proper 

choice of the arbitrary inputs. Sensitivity is one, but not the only 

possible performance criterion. Besides the simplest criterion of 

reducing a chosen element to zero, certain elements can be forced to 

preselected values. In this case, defining the function 

*00 = S [g 00 - g6.]2 (46) 
i=l 

where g^ is the desired conductance, we can see that in order to 

decrease §(x) for some Ax > 0 , the condition 

U ¥ 
dx 1 n 'x=0 

= 2 E 
i=l 

[gl - gp g^o) < o (47) 

must be fulfilled. But is known and gjCO) can be written in 

terms of the g°!s and b1 s from equation (21). Thus 

d § (x) 
d x 1 

‘X =0 

n 
E 
i=l 

digo <0 (48) 

where d. is a linear function of the b*s. 
i 
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In a similar fashion, to reduce the element spread, one could 

define the function 

n - 2 
*<x) = 2 (g. - g) (49) 

i=l 

where g is the average of the elements 

1 11 

g = - Z g. 6 n . - 6i 
i=l 

(50) 

Thus § is a mean square measure of the deviation of the elements 

from their mean, and if § is minimized so is the element spread. 

Consider the case where it is required to minimize the cost of a 

network [18]. Define the tolerance of the network elements as 

X. 
l 

A. 
i 

a. 
i 

(51) 

where a. is the nominal and a. the actual element value. 
10 i 

Assuming that the cost of the network elements, C, is inversely 

proportional to the tolerance and can be approximated by 

n 
c = 2 C ( fi) n (52) 
i=l A. 

1 

where c^ and JJL are constants, this cost is minimized for different 

criterion functions. 

Another criterion of interest is the number of elements. For 

example, in an LC network it may be desirable to minimize the number 

of inductors (see Appendix I). A possible measure of the deviation 

from the optimum is a weighted sum of the inductance values. Since 

all the inductances are positive, the weightings can be chosen to 
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emphasize any particular element or group of elements, 

example 

$(x) = a^ + a2H2 + a^ + a H5 (53) 

where the a^ are arbitrary weighting factors. Using equation (21) 

for the derivatives of the elements, the derivative of §(x) with 

respect to x becomes 

d”x = b31*-H3^al + a3^ + H5^a3 + a2^ + b32*-H3^a2 + a3 ~a5^ + 

+ H5(a3 - a2 - a5)] + + H5C
a
3 “ a2 + 

a
5)] (54) 

To minimize d $/d x, i.e. to maximize the rate of descent, choose 

b31[H3(al + a3} + H5(a3 + a2)] < 0 (55) 

b32tH3(a2 + a3 “a5^ + H5^a3 ~a2 " a5^ < 0 (56) 

and 

b33[H3(2a3) + H5(a3 " a2 + a5)] < 0 (57) 

It should be noted that the weighting factors are arbitrary and can 

be freely changed during the course of a solution. In general, any 

error criterion may be used which can be formulated quantitatively; 

arbitrary inputs are then chosen to transform the given network into 

a more desirable one. 

The theory could also be extended to active network synthesis. In 

this case the nodal admittance matrix Y is not necessarily symmetric 
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and could be of the form, for example 

Y = 

n 
2 g 

k=l 
lk ’12 

n 

"Sl2 ^ g2k 

"g13~8m _g23 

-g In ’2n 

“g13 + gm "g14 

-g 23 

n 
£ g 

k=l 
3k 

-g 3n 

5ln 

’2n 

(58) 

Note that the equality Y*~ = Y does not hold any more and thus the 

development of the matrix differential equation (11) has to be altered. 

A different approach to the equivalent network theory has been 

developed by Calahan [19,20]. It considers the question of how to 

restore the original network function, i.e. how to align the element 

values until T(s) is precisely realized, extending the theory to the 

state equations. The theory is then applied to filter design and to 

the alignment problem in active filters. 
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APPENDIX I 

Given a network (Fig. 15), it is desired to reduce the number 

of inductors required to realize the same voltage transfer function 

T2^• Assuming capacitances across all nodes (although some of value 

zero) equation (11) yields 

CL + C, + C.. 
14 6 

- C, 

- C, 

C0 + C, + C 
2 4 5 

- C, 

- C, 

- CP 

C3 + C5 + C6 

0 0 b31 
C1 + c4 + c6 - C4 

1
 

 

V
O
 

O
 1 

= 0 0 b32 
X 

- C4 
c
2 + 

c
4 + C5 

0 0 b33 

1 

1 n
 

- C5 C3 + °5 + C6 _ 

C., + c. + 
14 6 - C4 

1
 

 

V
O
 

O
 l 0 0 0 

C4 
c
2 + 

c
4 + C5 - C5 

X 0 0 0 (ID 

-C6 - C5 °3 + °5 + C6 
b31 b32 b33 
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This equation rewritten gives 

al 
0 0 b31 

0 0 
“b3l"b32“b33 C1 

0 0 b32 
0 

“b3l"b32"b33 
0 

°2 

fi3 
0 0 b3l'fb32+2b33 

0 b31+b32’fb33 b31+b32+b33 C3 

64 
0 0 0 0 b31 b32 C4 

S 
0 0 

“b32 
0 b33"b32 "b32 C5 

fi6 
0 0 

"b31 
0 

-b31 b33_b31 C6 

(21) 

A similar set of equations can be developed for the inductors. In 

order not to grow an inductor where one is not present, we require 

d H,(x) d H,(x) 
—^  = —r2  = 0 for all x 

d x d x 
(31) 

which will be satisfied if b^ = 0 (from eq. 21). Note that 

coefficients multiplying elements assumed zero need not be made zero. 

Then, in order to prevent the immediate growing of negative 

elements, there must exist a Ax > 0 such that C^(Ax) > 0, 

C2(AX) > 0 and C^(Ax) > 0, i.e., it is required that 

d (^(x) 

d x 

d C~(x) d C„(x) 
> 0 —^ , >0 

x =0 
d x 

'x=0 
d x > 0 

x=0 
(41) 

This implies + h^ = 0. With b^ = 0 this gives the 

32 b33 ' 
condition b 
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Finally, to decrease K^(x) for some value Ax > 0, the 

condition 

d H5(X) 

d x I <0 
x=0 

(51) 

must apply. This implies 

"b32 H3 + (b33 " b32) H5 < 0 (61) 

or 

b33 (H° + 2 H°) < 0 (71) 

or 

b33 < 0 (81) 

Note that any one of the can be chosen arbitrarily, 

since scaling all b*s is equivalent to scaling x, as one can 

see from equation (21). Choosing b^ = 1 and therefore = -1, 

then proceeding as shown in equation (16) yields 

1 0 0 1 r% © 
s + 1 0 0 C3 

111 n ° 
(s+l)(s+2) s + 2 (s+l)(s+2) C5 

0 0 — c“ s + 1 6 

(91) 

A similar set of equations applies for H^Cs), H^(s) and 

Hg(s). Note that C^, an^ are missing, since according to 

. . • 
equation (21), C^, and Cg are independent of them. The reason 
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for this lies in the fact that the derivatives C are never functions 

of elements connecting the port terminals where invariancy is re¬ 

quired . 

Solving (91) and observing that C° = 0 results 

C3Cx) = C| 
-x n e =0 (101) 

C5(x) - C° 
-2x , _0 , -2x -Xv 
e + C° (e -e ) (111) 

C6(x) - C° 
-x 

e (121) 

Substituting these values in equation (21) and integrating yields 

for the remaining elements 

Cx(x) = C° = 0 (131) 

C2(x) = C° = 0 (141) 

c4(x) = c° + C° (1 - e"x) (151) 

A similar development for the H's yields the following 

equations 

H^x) = H° (161) 

H2(X) = H° + H°(l - e"
X) ‘ (171) 

H3(X) = H° e
-x (181) 

H4(X) = H° + H°(l - e"
X) = 0 (191) 
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H5(X) = H°(e‘
2x - e'X) + H° e‘2x (201) 

VX) " H6 6_X “ ° (211) 

Going back to the original requirement, namely, to reduce the number 

of inductors, one can see that H<-(x) would become zero for 

H|(e'2x - e'x) + e‘2x = 0 (221) 

or 

i + H° x, = In 3 5 
h ~5!— (231) 

A similar observation shows that C^-(x) would also become zero for 

x = In 
c u 

C5 +C6 
(241) 

A proper choice of the initial element values will result in 

= xc , i.e. in the simultaneous disappearance of both elements. 

Choosing 

H° = 1 Henry 
-1 

C£ = 1 Farad 

H° = 2 " C° = 1 " 

«3 =2 C6 = 2 

H° = 1 

will give x^ = xc = In 3/2, yielding the two equivalent networks 

in Fig. 9, both having the same voltage transfer function • 



Gll 0 0 0 CI2 Co' 

0 ®22 G23 C = CI2 0 C23 

0 ®23 ®33 °I3 C23 0 

FIG. 16 
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APPENDIX II 

Program to Generate Continuously Equivalent Networks 

1. General remarks 

(a) . Equivalent network generation has to be carried out separately 

for each kind of element. 

(b) . Elements are assumed between all nodes (although some of 

them may have zero value). The number of nodes is defined 

by NNODE. 

(c) . The initial element values are read in matrix form. Off 

diagonal elements of the matrix contain the value of the 

admittance between the corresponding nodes. Diagonal 

elements have the value of the admittance between the 

corresponding node and the reference node. Note that the 

matrix is symmetric. (See example in Fig. 16). 

(d) . Initial value of the independent variable x is assumed 

to be zero. 

(e) . The size of the integration step is defined by DELT, the 

number of integration steps by NSTEP. For each step the 

independent variable x and the element values are printed. 

(f) . If between two integration steps an element becomes negative, 

the value of x is detected for which this element reaches 

zero value. This value of x and all the corresponding 

element values are printed and the program ends at this 

point regardless of the value of NSTEP, since an element 

becoming zero implies new constraint equations for the 
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transformation matrix B. 

(g) . The transformation matrix B and the matrix containing 

the initial element values both have the dimension (NNODE 

X NNODE). 

(h) . A flowchart and a typical computer printout (see networks 

in Appendix I) is presented in Fig. 17 and Fig. 18. 

2. Description of the subroutine NIODES 

NIODES, available as a FORTRAN IV source deck^ solves a system 

of N(N < 39) simultaneous first order ordinary differential equations 

using the Adams-Moulton me thod with Runge-Kutta starter and partial 

double precision arithmetic. The system of differential equations for 

the elements of the network, given in equations (17) and (20), is 

represented in subroutine DERIV which is called by NIODES. Since the 

number of independent equations for one element kind is given by 

(n + n)/2, where n is the number of nodes, with the present sub¬ 

routines the network to solve is restricted to have 8 or less nodes. 

1 
Written by Gary Lastman and Wallace Fowler (University of Texas) 
for the CDC 1604, modified by Mary F. Wheeler (Rice University) 
for the IBM 7040. 
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• PROGRAM ID GENERATt CONTINUOUSLY EQUIVALENT NETWORKS 

• STEP • O.SOOOOOOOE-Ol 

C C1 • 1 > C(l,2) Cl 1•31 CI7.2I CI2,3I Cl),31 

• INITIAL VALUE 0. 1.0000000 00 0.200000C 01 0. 1.0000000 00 0. 

X- O.SOOOOOE-Ol 0. U.1097SAD 01 0.1902A60 01 0. 0.8120540 00 0. 
x« 0.100000E-00 0. 0.1190330 01 0.1809670 01 0. . 0.6465180 00 0. 
X» 0.1*00008-00 0. 0.1278*80 01 0.172142C 01 0. 0.5010390 00 0. 
X- 0.2C00C0E-00 0. 0.1367540 01 0.1637A6C 01 0. 0.3734990-00 0. 
X- 0.250000E—00 0. 0.1447400 01 0.155760D 01 0. 0.2619910-C0 0. 
x« 0.300000E-00 0. 0.IS18360 01 0. 148164(5 01 0. 0.1647990-00 0. 
x- 0.35CC00E-00 0. 0.1*90620 01 0.1A0938C 01 0. 0.80380)0-01 0. 

x« 0.4C0000E-00 0. 0.1659360 01 0.I34064C 01 0. 0.7347400-02 0. 

x- 0.405465E-00 0. U.1666670 01 0.133333C 01 0. 0. 0. 

• • ZERO ELEMENT VALUE •• 
•• NEW CONSTRAINT EQUATIONS HuSf bE APPLIED •• 

• PROGRAM TO GENERATE CONTINUOUSLY EQUIVALENT NETWORKS 

• STEP - 0.50000000E-01 

011,11 Gf1,2) 0(1,3) G(2,2> GI2,)) Gl 3,31 

• INITIAL VALUE l.CCOCCOO 00 0. 0. 0.2CG0C00 01 l.COCCCOO 00 0.2000000 01 

X- O.SOOUOOE-Ol 0.1000000 01 -0. -0. 0.2097*40 01 0.8120540 00 

o
 

*
 

rsi 
O
 

&
 • 

O
 01 

X* 0.100000E-00 0.1G0C00C 01 -0. -0. 0.21903)0 01 0.646*180 00 0.180967C 01 

x» 0.15C000E-00 0.1000coo 01 -0. -0. 0.2278580 01 0.5010390 00 0.1721420 01 

x» 0.2CCC00E—00 O.IOOOOUO 01 -0. -0. 0.2)62540 01 0.3734990-00 0.16)7460 01 

X- 0.250000E-00 O.lCOOGOO 01 -0. -0. 0.2442400 01 0.2619910-00 0.15*7600 01 

X- 0.300000E-00 O.ICOOOOI) 01 -o. ,-o. 0.2518360 01 0.1647990-00 0.1481640 01 

X* 0.3*00006-00 0.1CCCCUD 01 -0. -U. 0.2590620 01 0.8038030-01 0.1409380 01 

X- 0.4C00006-00 0.1000000 01 -0. -0. U.2659360 01 0.7347400-02 0.1340640 01 

X- 0.405465E-00 O.ICOOOOI) 01 -0. -0. 0.2666670 01 0. 0.1333330 01 

• • ZENO ELEMENT VALUE • • 
•• NEW CONSTRAINT EQUATIONS MUST HE APPLIED •• 

FIG. 18 
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