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ABSTRACT 

TEMPERATURE DEPENDENCE OP THERMOELECTRIC FIGURE OP MERIT 

AND MAXIMUM THERMAL EFFICIENCY OF A THERMOELECTRIC GENERATOR 

IIUA QUEN TSERNG 

The expression for the dimensionless figure of merit 

of a semiconductor of given carrier mobility and lattice 

thermal conductivity expressed in terms of reduced 

temperature has been numerically evaluated for various 

scattering indices. The results are presented graphically 

enabling the temperature dependence of the figure of merit 

to be found. 

Theoretical upper limit of maximum thermal efficiency 

of a given material with fixed cold and hot junction 

temperatures is considered and presented graphically. The 

general rules for material selection are discussed. 
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I• Principles of Thermoelectric Energy Conversion 

1.1 Introduction 

Although the discovery of thermoelectric effects dates 

back to the early part of the nineteenth century, application 

of these phenomena to poorer generation and refrigeration was 

limited by lack of understanding of the properties of the 

materials used. The recent development of semiconductor 

technology has made new materials available for use in thermo¬ 

electricity. The revival of interest in thermoelectricity 

is, in large part, due to the technical exploitation of Joff6 

(1) who has reviewed the physical properties involved in 

construction of a thermoelectric device based on N-type and 

P-type semiconducting materials. It has been shown that 

similar criteria govern the selection of suitable materials 

for generators and heat pumps. This work will be chiefly 

concerned with thermoelectric generator. 

It has been shorn by Joff& (1) that a "figure of merit" 

Z for a thermoelectric material may be expressed in terms of 

the transport coefficient as 

where 

(1/) 

S = absolute Seebeck coefficient 

°s/= electrical conductivity 

K = total thermal conductivity 
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Por reasonably efficient thermoelectric generators Z should 

be as large as possible. However, because of the involvement 

of ZT in the expression for thermal efficiency of an infinite- 

stage generator, particular attention x<rill be given to the 

so-called ’’dimensionless figure of merit’’ in the following 

discussions. 

The factors S, and K entering into the expression 

for ZT are all functions of the Perm! energy in the material 

which is itself dependent on the carrier concentration and 

energy band structure. By expressing ZT in terms of reduced 

Fermi energy, the temperature dependence can be investigated. 

Moreover, the theoretical upper limit of maximum ‘efficiency 

for any given material with known carrier concentration and 

fixed cold and hot junction temperatures will be determined 

for various carrier scattering mechanisms. 

1.2 The thermoelectric effects 

There are three basic kinds of thermoelectric effects 

governing the performance of a thermoelectric device: 

(a) Seebeck effect - the generation of thermoelectric 

voltage in a circuit of two conductors, the junctions 

of which are at different temperatures 

(b) Peltier effect - the generation or absorption of 

heat at the junction of two different conductors 

during the passage of electric current 

(c) Thomson effect - the generation or absorption of 

heat in the volume of a conductor with a temperature 

gradient during the passage of current 
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Associated with the various effects, there are three 

coefficients known as Seebeck coefficient (S), Peltier 

coefficient (TT) and Thomson coefficient (T). The three 

coefficients are not independent, hovrever, and are related 

through Kelvin’s relations: 

S (1.2) 

dS = T 
dT T 

(1.3) 

(1.2) and (1.3) are the basic equations for thermoelectric 

effects. In general, S, TT andT are temperature dependent 

1.3 Analysis of a thermoelectric generator 

Our analysis of the thermoelectric generator will be 

based on the model Illustrated in Pig.1-1. 

Heat 

Th 
L 1 Te 

RL 

Figure 1-1. Thermocouple as power generator 

It has been shown (1) that the efficiency of a thermo¬ 

electric generator in the case of temperature independent 

physical parameters can be expressed as 
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Tc. sj 1 + ZT — 
Th / 1 + ZT + 

1 

(Sa) 
T h 

where 

Z = 

S 2 SPN 

(A/Kpfp +V%f^) 

T + T 

T = 
h 

(1.4) 

(1.5) 

(1.6) 

Z is called the figure of merit for the combination of 

materials P and N. In the derivation of j> , the dimensions 

as well as load resistance have been optimized, hence the 

dimensions of the two materials do not enter into these 

expression. Therefore in this work ^ would refer to the 

maximum efficiency. 

The first factor represents the thermodynamic efficiency 

(i.e., Carnot efficiency) of a reversible engine, and the 

second describes the reduction of this efficiency as a 

result of Irreversible losses due to heat conduction and 

Joule loss through the expression for Z. It can be seen 

from the expression for £ that in order to obtain maximum 

efficiency the material should have as large a value of ZT 

as possible in the temperature range of interest, 

1.4 The figure of merit 

The dependence of Z on the concentration of the charge 

carriers at constant temperature can be represented schematically 

in Pig.1-2 
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Fig.1-2. Dependence of Z on extrinsic charge carrier concentration 

Goldsmid (2) quotes the following expression for the 

transport coefficients of an N-type semiconductor with 

spherical constant energy surface and energy dependence of 

relaxation time of the form T(E,T) = ap(T)E
p 

n 
2 m *kT 
( ~2— 

3/2 

) tyh (1.7) 

o- = 
2 1 £ nap(kT)P(p + 3/2)P 

3 m* (ini) 
U-8) 

s = - I fl? .* - n = - 2s (6 - f) 
e MP + 3/2)Pp+^ 

e 5 
(1.9) 

K e -2- ~ 
(P
+
5/2)2V3/2 (lj. 

3o| P (p+3/2)Pp+& 



= LT 
O* 

(1,11) 

L = |(P^7/2)Fp+5/2 __ f(pf5/2)Fp4.3/2 

l (P+3/2)Fp+.\ ** (p+3/2)Fp+| > 
(1.12) 

where Fr (h is the Fermi-Dirac integral defined by 

(1.13) 

f 
5C 
kT 

is the reduced Fermi energy 

In order to see the variation of the various coefficients 

with extrinsic carrier concentration n, we x^ill first make 

the assumption that non-degenerate statistics applies and 

p = - (i.e.» lattice scattering). In this case, it can 

be shown that 

(y - ne/tQ (1.14) 

S = - £ ( 2-f) = -— (2 - In 21 ) (1.15) 
e e Nc 

L = 2 (K)2 (1.16) 
e 

ICe = *LT - 2<f) VCT (1.17) 
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. 2rnn*kT 3/2 
where N. - 2( 2 ) is the effective density of states 

C h 

of the conduction band 

z«4= classical value of carrier mobility (independent of n) 

S^a- _ - In urc) 
n®/^c 

Ke + K1 (|)2KX + ZneyUT 

(1.18) 

The above expression for Z clearly shows that there is an 

optimum n for maximum Z. Pis.1-2 has shown qualitatively 

the dependence of Z on n. The maximum in Z occurs at carrier 

19 —1 
concentrations of the order of 10 y cc . The exact value 

of optimum carrier concentration will depend on effective 

density of states, mobility and lattice thermal conductivity. 
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II* Theoretical Calculations of Thermoelectric Figure 

of Merit 

2»1 General expression for the dimensionless figure of merit ZT 

The expression for Z In the non-degenerate situation 

has been treated in Sec.1.4. For present-day materials, it 

has been shorn that the carriers should be partially degenerate. 

The general expression for ZT as function of reduced Fermi 

energy can be obtained by combining the three transport co¬ 

efficients. The following expression results (3) 

ZT (I - S)2 

A+ —I.Z 
Af(H 

(2.1) 

where 

f(|) 
FP+-|*^ 

(P + |)t 

\= 0.8952 ( IQ^c 
lO2!^ m 

3/2 

<-£-) 
300 

5/2 

(2.2) 

1P__±._3/2) t 
(3/2)1 

- ap(T)(kT)
p 

e 

KJL in watts/cm°C 

2 
in cm /volt sec 

In the above derivations the following assumptions have been 

made: 
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(a) N-type material with Fermi level positively upward 

from the conduction band edge 

(b) Extrinsic material with spherical constant energy 

surface 

(c) Relaxation time of the form 

T(E.T) = ao(T)E
p 

(d) Single band conduction 

(e) The doping can be adjusted xd.thout changing the 

mechanism which scatters the charge carriers and 

determines the mobility. 

The expression for ZT applies equally well to P-type 

materials provided f is replaced by - f- where £^is the 

reduced energy gap E^/kT. 
o 

Figures 2-1 and 2-2 have presented graphically the 

maximum of ZT with respect to reduced Fermi energy for various 

values of material factor and scattering index. From these 

curves, one can calculate the optimum carrier concentration 

for any given material at any given temperature* For the 

best thermoelectric materials discovered so far, \ never 

exceeds a few tenths at any given temperature and hence the 

optimum Fermi level must lie in the partially degenerate 

region. However, it is believed that as the material science 

progresses, higher values of X could be achieved, and we 

would be able to operate the thermoelement in the non¬ 

degenerate region. For any material, mobility is roughly 

inversely proportional to the energy gap while the lower limit 
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of energy gap is set by the onset of intrinsic conduction, 

for power generation purpose, it is found that semiconductors 

with energy gap of the order of 1 eV are promising xtfhen effect 

of energy gap on mobility, effective mass and melting point 

are considered. 

2.2 'Temperature dependence of ZT 

The temperature dependence of the figure of merit can 

be discussed on the basis of the general expression for ZT. 

V/e shall consider the temperature dependence of a given 

piece of material in which the amount of doping does not 

change with temperature. In view of the fact that for an 

efficient generator, the temperature difference between the 

hot junction and cold junction must be as large as possible, 

it is necessary to investigate how ZT will teary with temperature 

along the thermoelement. 

Ure (4) has investigated the approximate temperature 

dependence of the conventional figure of merit Z for a 

broadband semiconductor with fixed carrier concentration. 

No assumptions will be made in our investigation in this work 

except those made in the derivation of ZT. 

Define a standard temperature 

T„ 
„ 2/3 

(r2-) ( 
4TT 

2m|k 

(2.4) 

where 

n = carrier concentration 
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= effective mass of electron e 

k = Boltzmann constant 

h = Planck constant 

For given T0, the carrier concentration can be calculated 

as follows; 

n = 2.9 x 1019(2l)3/2(^-)3/2 /cm-1 (2.5a) 
m 300 

= 5.6 x 
1< m* 3/2 3/2 

(TQ) m 0 
/cm* (2.5b) 

Further, the carrier concentration as function of reduced 

Fermi energy can be expressed as 

n JL. ( 
2irm|kT 

h2 

3/2 

M (2.6) 

From (2,k) and (2.6) the following relation can be deduced: 

1 =  1  (2.7) 

which is dimensionless and may be called “reduced temperature11 

The variation of the hole and electron concentration in an 

N-type semiconductor with the reciprocal absolute temperature 

is presented in Fig.2-3 
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Fig.2-3» Variation of the hole and electron concentration 

in an N-type semiconductor with the reciprocal absolute 

temperature 

For thermoelectric device, it is usually necessary to 

operate in the extrinsic, or exhaustion range as the 

Seebeck voltage would be higher for conduction by carrier 

of one type. The presence of minority carriers will 

seriously reduce the Seebeck coefficient and increase the 

electronic thermal conductivity due to the transport of 

ionization energy. As a result, ZT is greatly reduced. We 

will discuss this in more detail later. In the exhaustion 

range, essentially all the impurity atoms are ionized and 

the extrinsic carrier concentration remains practically 

constant in this temperature range and equal to the number 
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of donor levels per unit volume Nd. The exhaustion range 

is roughly proportional to the forbidden energy gap E-.. 
s 

For practical purpose this range is quite large. All 

the experimental work in this field has been chiefly 

confined to this range. We shall assume that the carrier 

concentration is constant in our temperature range of 

interest. For this assumption to be valid, there must be 

some limitations on the energy gap of the material used. 

We will discuss this later. 

As argued in Sec.2.1, ZT is a function of reduced 

Fermi energy and material parameter A• Using A and p as 

parameters, we could construct curves showing ZT as function 

of T/Tq, the reduced temperature. Hot*ever, A is, in general, 

temperature dependent, one can not see the effect of temperature 

variation on ZT if such curves were drawn. Redefine A in 

terms of reduced temperature and A , the material factor O 

at T = TQ 

\ = 0.8952 ( 
10 -3 ra* 3/2 

C-S2.) (_e) ( 

1°
2K

1O 
m 

T 5/2 T 
_2_) (£. 

300 T. 

5/2+(3-* 

A0<—:1 
To 

5/2 +(3 — oC. 

(2.8) 

where 

10"^ m* 3/2 T 5/2 
A= 0.8952 ( (-2. ) 

m 300 102K 
(2.9) 

lo 

It has been assumed that the mobility and lattice thermal 
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conductivity vary with temperature according to simple 

power law and that the effective mass is temperature inde¬ 

pendent . Thus 

It should be noted that the value of mobilityyt/jQ to be used 

in the above expression should be the low carrier concentration 

mobility (i.e., classical value of mobility) no matter how 

the material is doped! The values of oC and (3 will depend 

upon the scattering mechanism of the carriers and lattice 

phonons. Assuming that is approximately inversely pro¬ 

portional to T, Chasmar et al (3) gave the temperature 

dependence of as follows: 

(2.10) 

is independent of temperature (i.e., « T°) (2.12) 
V 

* =A0(4-) 
5 

P = 3/2 ionized impurity scattering 

high temperature, polar optical mode lattice scattering 

A=X (-JL.) 
3 

o T P = 1/2 
o 

acoustic mode lattice scattering X = X (~3L_) 
2 

o p = - 1/2 
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scat ter I ng in the lead salts A = X (—£-) p = - 3/2 
O rp xo 

p = 0 could correspond to low-temperature optical mode 

scattering or neutral impurity scattering which are only 

of Importance at temperatures well below room temperature 

and need not concern us here. 

Figures 2.4 and 2.5 show the figure of merit 23? as 

function of reduced temperature for lattice scattering and 

ionized impurity scattering. From these curves, we conclude 

that (a) for lattice scattering ZT is linearly proportional 

to T and hence Z is Independent of temperature! (b) for 

ionized impurity scattering, the temperature variation of 

ZT is stronger (c) for a given value of T/TQ ZT with ionized 

Impurity scattering is larger than with lattice scattering 

in conformation v/ith Joffds prediction. Experimentally, 

the temperature variation of ZT is sometimes found to be 

different from those shown in Figures 2.4 and 2.5» Any of 

the follotdng effects would alter this temperature dependences 

(a) The effective mass may be a function of temperature (b) 

The band shape may be nonparabolic (c) The energy dependence 

of the relaxation time may change with temperature, because 

the scattering mechanism may change with temperature. 

2.3 Material parameters temperature dependent 

The variation of ZT with temperature described in Sec.2.2 

enables one to predict theoretically the effect of temperature 
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varlation on ZT if material parameters are known. In 

this section we will discuss in more detail the factors 

that affect this variation, since temperature will limit 

the figure of merit ultimately. 

Pig.2-6 Variation of Seeheck coefficient with temperature 

(1) Seeheck coefficient 

Drabble et al (5) have shown that for two-band conduction, 

the Seebeck coefficient is given by 

se(^f shfr~h 

Ofe Vft 
(2.13) 

where SQ and are the electron contribution to conductivity 

and Seebeck coefficient, assuming the holes to be absent. 

The reverse is true for S^ and 0^. Since Se and S^ are 

opposite in sign, the presence of minority carriers will 

reduce the Seebeck coefficient. As we are interested in 

the temperature at which minority carrier effect first becomes 

important, it will be assumed ^ s0 that 
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°h S ^ S + su 
e O'e h 

(2.14) 

In order to get a quantitative description of the temperature 

dependence of S when intrinsic conduction taking place but 

without going into mathematical complex!ety* we will further 

assume a non-degenerate situation prevails in our temperature 

range of interest. 

Se = - | [(p + 5/2) - f ) (2.15) 

Sh “ - !(- <P + 5/2) - fB - f J (2-16) 

where is the energy gap in kT units. 

Since lattice scattering predominates p = - § 

Se = - |( 2 - f ) (2.17) 

Sh = - | (- 2 -f- fs) (2.18) 

S =; - - f ) -|b (2 + f + y (2.19) 

In terms of effective density of states and carrier concentrations 

s
 2 ~ S f (2 - In S )• - *£(2 + In £ + £_) (2.20) 

V No n/^e Kc >s 

For a semiconductor with donor levels per unit volume and 
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Nd>>n^» Nd<No wilere ni is the intrinsic carrier concentration, 

Smith (6) has shown that the carrier concentrations are 

given approximately by 

n = I'l/v/ N 
a Nd “ 

HI 2 
NQN^. exp (r r|) ® n* (2.21) 

i- N-j n 3 N * E «■% 
S~ - I f (2 - In -&) - (-1) ;L_h (2 + In -& + -&)1 

Kc % Nc kT ^ 

S - |^(2 - In 2s 
N. 

t) - 
VvA N, d & 

N. 
d 
A e 

(2 .+ ln«j“* + jg)exp( - §)} (2-22) 

The above expression gives us the following information about 

the temperature dependence of S: (a) at the temperature 

range at which extrinsic conduction predominates, S increases 

with temperature, because Hc increases as T*^ while Nd is 

essentially constant (b) the maximum of S would occur at a 

higher temperature in the more heavily doped material because 

ni^Nd wou-^ t>e smaller for more heavily doped material at 

same T (c) the larger the energy gap Eg, the higher the temperature 

at which the maximum would occur because of the negative 

exponential dependence of the second term on E (d) to offset 
O 
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the effect of intrinsic carrier, the mobility ratio between 

the majority and minority carriers should be as large as 

possible. 

Figure 2.6 shows the variation of Seebeck coefficient 

with temperature. Based upon the above reasoning, the 

maximum in the temperature dependence of S is usually 

associated with the onset of intrinsic conduction, which 

would occur at a higher temperature in the more heavily 

doped material because of decrease of the relative number 

of minority carriers. Therefore, it is advisable to over 

dope the material at high temperature to compensate the 

effect caused by intrinsic conduction. 

(2) Thermal conductivity 

For two band conduction, the thermal conductivity is 

given by 

K = Keo + Kev + % + Kj. = Ke + ICl (2.23) 

where 

Kec = electronic thermal conductivity arises from the 

electrons in the conduction band 

Kev = electronic thermal conductivity contributed by 

valence band 

— thermal conductivity due to transport of ionization 

energy (ambipolar diffusion) 

K-, = lattice thermal conductivity 
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It has been shown by Drabble et al (5) that, for non¬ 

degenerate situation, the effective Lorenz number for mixed 

conduction when lattice scattering predominates is given 

approximately by 

Fig,2-7 Variation of thermal conductivity with temperature 

K ££L K ev *i 
O-T zOsy 

e <I)2— 
6 

(K 

+ O-^)2 
(4 

E 2 
+ -£) 

kT 
(2.24) 

Assume 

L~ 2(f)2 + (|)2-^4 
O'e 

Ep. 2 
(4 + -&) 

kT 

rt,v,2 ,Y\Z, I Erv.2 N_NV yU. E„ 
^2(-) + {^) (4 + -&) — =2L~ exx>(- -&) 
“* e e kT H 2 ^ kT 

(2.25) 

Since L increases nearly exponentially with increasing T 

xfhen intrinsic conduction is taking place, K will increase 

very rapidly with temperature as 0*also Increases with 

temperature because of the increased number of carriers for 

conduction 
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Fig. 2-7 shows qualitatively the temperature dependence 

of K. At lou T. Kx predominates and K varies more or less 

as 1/T. At high T, Kfl predominates and increases very 

rapidly. The minimum in K indicates the occurrence of 

intrinsic conduction. 

(3) Electrical conductivity 

For two band conduction the electrical conductivity is 

given by 

Os ne/^ + pe/^ (2.26) 

N N E 
~ Kde// + -S-^e/L exp(- -f) (2.27) 

a e % n 

Figure 2.8 shows the variation offwith T. In the lower 

temperature region where extrinsic conduction takes place, 

the carrier concentration is nearly constant, hence & has 

the same temperature dependence as which varies with 

temperature as T~p, where p lies between 3/2 and 5/2 for 

most materials. However, the Intrinsic conduction will 

finally cause Oto Increase with temperature, because the 

number of intrinsic carriers Increase exponentially with T, 

while mobility varies only with negative power of T. 
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I 
e 

 ► T 

Fig. 2-8 Variation of electrical resistivity with temperature 

Combing all three quantities o- , S and K yields the following 

expression for ZT 

zr = 
Kx +Ke 

Assume « Ke 

ZT ~ 
K e 

jr 

L 

O-T 

(2.28) 

j(2 - 
. MCHv4 

V " Nd2 yU0 

(2 + ln^ + ^)eip(- |§)j 

NrHv/^h E 2 s, 
2 + -2-S -iL. + ■-£) exp(- -g) 

M/.2 Ae kT kT 

(2.29) 

Since intrinsic conduction causes S to decrease and L to 

increase, the result would be a decrease of ZT. The dependence 
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of ZT on T is presented qualitatively in Figure 2-9. Note 

the maximum in ZT shifts in the direction of increasing 

temperature with increasing doping. The effect of doping 

on the optimum temperature can be seen from the general 

expression for ZT above. The Increase in L would be smaller 

for more heavily doped material (i.e., for larger Nd) at a 

given temperature, if intrinsic conduction takes place. 

Fig.2-9 Variation of ZT with temperature 

From Fig.2-9 it can be seen that, instead of monotonically 

increasing with temperature as predicted in Sec.2-1, ZT 

decreases above a temperature determined by energy gap, the 

ratio of mobilities of electrons and holes. The larger the 

energy gap, the higher the temperature at which the material 

can be used provided the material has reasonable value of A • 
o 

2.4 Evaluation of AQ for any given material 

The parameter \Q used in the study of temperature 
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dependence of 2T is a material property which can be. evaluated 

experimentally for any given material. Prom Hall effect 

and cyclotron resonance experiments, the values of carrier 

concentration n and effective mass of a given piece of material 

can be determined. Prom, these data the standard temperature 

T0 can toe calculated. The value of A, can then toe obtained 

from the measured value of S, O' and K for any specimen of 

the material of essentially extrinsic electrical conductivity 

in the following manner: 

From (2.1) 

Denote the measured values of S, 0- and K by S', ^ and 

K*, we have 

(!>
2
<S-6)

2 

or 
(g)2( f -S)2 

(2.30) 

<§)2(? -S)2 = s*2 (2.31) 

(2.32) 

or (2.33) 
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1 

\t(f) 
(2.3^) 

Eliminating f gives \as a function of S* and (K*/o-*T0)* 
It can be computed conveniently by assuming various values 
‘ 2 

of and (K'/CN'TQ) and computing AQ and (1 - $) • 
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III Theoretical Maximum Efficiency of A Thermoelectric 

Generator 

3.1 Efficiency calculation of thermoelectric generator 

with temperature varying parameters 

The exact calculation of maximum efficiency in the case 

of temperature dependent physical parameters was hot possible, 

because one can not solve the heat conduction equation 

derived by Domenicali (7) in closed form. Joffd (1) indicated 

that the "average parameter figure of merit” 

should be used In the efficiency expression but withuyt 

giving any Justification. Borrego (8), assuming the temperature 

no load condition, has shorn that, to the first-order of 

approximation, the expression for maximum efficiency is given 

by 

i 

2 

distribution along the; thermal elements is the same as under 

M - 1 
(3.1) 
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T‘ = [ 

f 
2JT, 

PK 

h 
TSdT 

T, 

T, 

h 
SdT 

fT, 
h 

T fKdT 

T 
h fKdT 

(3-3) 

(3.4) 

where Z* and T* are the average figure of merit and average 

temperature appropriate for the case of temperature dependent 

parameters. It can be shorn that these expressions reduce 

to Joff&s expressions when the parameters are temperature 
_ J2. 

Independent. It should be noted that Z 4 S / pjj- In general. 

If we know variation of parameters with temperature, the 

integration can be carried out easily. 
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3.2 The thermal efficiency of an infinite-stage generator 

By simple theory, for N generators In cascade, the 

efficiency can be written as 

- (1 -^Xl -?2> <1 -?„) (3-5) 

tshere 

^.= 6(1)  i. (3.6) 

Ti 

is the efficiency of the ith generator and 

§ 
(1 + ZJTJ) - 1 

£ (T,)   ^~Si  (3.7) 1 (1 + Z^)* + 1 

is the “reduced efficiency11 of the ith generator* 

The efficiency of the generator with an infinitesimal 

temperature difference of dT across it is 

Cl + ZT)^ - 1 dT 

(1 + ZT)^ + 1 T 
(3*8) 

= ^(T)~ (3.9) 

For infinite stages in cascade, we have to integrate (3*9) 

from the first stage to the last stage 

= -e(T) a 
<11 T 

(3.10) 
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qN 
qo <li 

^ A 
q0 

h 

c 
€(T) 

dT 
T 

Th g(T) & 
®0 T 

(3*11) 

where q^ Is the input heat and qQ is the outgoing heat. 

By definition the overall efficiency is 

1-i (3.12) 

: 
q
N 

Prom (3.H) 

<exp( 

N 

(3.13) 

Prom (3.12) and,(3*13) we have 

?“= 1 - exp[-J^e<T) ft] (3.14) 

where ^ refers to the maximum efficiency for infinite staging. 

For our purpose, we can write (3.14) in the following form 

<^
P°= 1 - exp [- 

a* 

& % 

(2-) 
T 

(3.15) 
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where TQ is the standard temperature defined in Sec.2.1 

and is rewritten here for reference purpose. 

(3.16) 

In our integration of (3*15) TQ is assumed to be constant. 

Denote the Integrand In (3*15) by «*/*„>. thus 

P.(2L) „ 4JL±M -1 . JL- 
To y r + zT +1 (£.) 

(3.17) 

Since we do not have ZT as function of T/TQ in analytical 

form, we can only obtain P(T/Tq) as function of T/TQ 

graphically by using the curves in Figures 2.4 and 2.5. 

The curves of F(T/TQ) vs. T/TQ thus obtained are presented 

in Fig.3*1 and Fig.3*2 for ionized impurity scattering and 

lattice scattering respectively. It is observed that these 

curves exhibit maxima for T/TQ between 2 and 3 in Fig.3.2 

and for T/TQ between 1.8 and 2.3* For ionized impurity 

scattering the various curves approach the same value for 

T/T0 greater than 2.6 Indicating that the value of F(T/Tq) 

is rather insensitive to T/TQ in this temperature range in 

contrary to the case of lattice scattering. We shall discuss 

this influence on the maximum thermal efficiency. 

Keeping the reduced cold junction temperature fixed, 
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2%an be plotted as function of T/TQ with \Q as parameter. 

As an illustrative example, we set TC/TQ = 1 and integrate 

(3*15) graphically. The results thus obtained are shorn 

in Pig.3.3 and Pig.3.4. Alternatively, Fig.3*5 and Pig.3.6 

show the variation of maximum thermal efficiency with material 

factor A with T/T^ as parameter. The results thus obtained o o 
are the upper limit on the efficiency obtainable with a 

given material over a given temperature range for a given 

doping. The results have taken into account the temperature 

dependence of the material parameters. 

These curves have shorn that (a) with ionized impurity 

scattering the efficiency is higher as compared with lattice 

scattering for same values of XQ and temperature difference 

between the two junctions (b) for both types,of scattering, 

increases very rapidly with increasing XQ for given T/T0 

and A between 0 and.0.01. Since the best materials discovered o 
so far have X values falling in this range, even a small o 

increase in \ would result in a considerable increase of o 
(c) the higher the value of T/TQ, the higher will be the 

efficiency for a given Increase of 

3-3 Carrier concentration optimization 

The works carried out in previous sections have been 

chiefly concerned with the theory of the temperature dependence 

of thermoelectric figure of merit and maximum thermal efficiency 

of materials. In order to be able to achieve high efficiency 

the problem of carrier concentration optimization has to be 
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consldered. As argued by Borrego (9). the criterion of 

using the conventional figure of merit as quantity to be 

maximized is unsatisfactory because it gives no solution 

to the problem of determlng the optimum constant carrier 

concentration if the material parameters are temperature 

dependent. In this case, the quantity 

JL 

. z* a JE_ (3.18) 

fK . .. 

should be maximized xvith respect to the carrier concentration 

in the given temperature range. 

= o (3.19) 
an 

ds - 1/2 s ^ =s o (3*20) 
dn j?j£~ an 

(3.20) Is to be satisfied by the optimum constant carrier 

concentration and can be solved only if the dependence of 

S, and K on n over the specified temperature range are 

known. Borrego (9) has solved (3«20) for the case of a 

non-degenerate extrinsic semiconductor. 

3.4 Evaluation of materials for thermoelectric generator 

In Sec.3.2 the maximum efficiency for a given material 



with' given temperature difference between hot and cold 

junction was predicted. It was assumed that the reduced 

cold junction temperature Tc/T0 =1. If Tc is given then 

the carrier concentration or doping level can be calculated 

using (2.5a). For example, if 1' = 300°K» m* ^ m, n = c e — 
19 >3 

2.9 x 10 /cm . The material can then be doped to this 

concentration and the maximum efficiency attainable with 

this material can then be predicted. By evaluating \ o 
at TQ = Tq, the maximum efficiency can be obtained using 
Fig.3«3 or Fig.3*^ if we Imow the hot junction temperature 

and the scattering mechanism of the charge carriers. One 

point should be stressed, however, that in using Fig.3.3 

or Fig.3.^. we must be sure that the materials remain 

extrinsic through the temperature range. 
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IV. Development of High Temperature Thermoelectric Materials 

4.1 General rules for material selection 

The foregoing analysis indicates that the efficiency 

of a thermoelectric generator, besides being dependent upon 

the temperature difference between the two junctions, will 

aiso depend on the figure of merit Z, which is a material 

property. In order to complete our discussion on thermo¬ 

electric generator, we shall investigate the general rules 

with which the materials having the highest value of Z can 

be found. 

(a) Electrical properties? The quantities S and Mn 

the expression for Z are electric properties of the material. 

Energy gap To avoid intrinsic conduction, Eg ~ h or 

6 kT^, where T^ is the hot junction temperature. In finding 

Pig.4.1 Bandgap-operating temperature chart for TE materials 
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any potential material for high temperature thermoelectric 

generation, use may be made of the bandgap-operating 

temperature chart (10) shovjn in Pig.4.1. Most materials 

have negative temperature coefficient of the energy gaps 

E (T) = E 1 (T = 300°K) -o(.T (4.1) g g 

where Eg* and oL are the experimental values of the given 

material. Knowing the melting point of the material, we 

may set Tu = 0.9 T (for most materials the thermal con- 

ductivity at melting point is mfinimum), and determine 

E (Th). the ^ine connecting A and B crosses the line 

Eg = 4 (or 6) kTh solid solution of A-B exists which may 

possess favorable thermoelectric properties at this temperature. 

(b) Thermal properties: 

Lattice thermal conductivity can be reduced 

by solid-dolution alloying, due to disorder scattering of 

lattice phonons. Solid-solution alloys are promising in 

this respect. 

Melting point The melting point should be high, 

but is limited by the condition that high melting point is 

associated with high K-^ when same series of materials are 

compared. 

(c) Atomic weight 

Goldsmld (2) has shorn that, for both covalent and 
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ionlc compounds, the experimental values of/^/K.^ increase 

roughly exponentially with increase in the mean atomic 

weight of the compound. Hence materials with high atomic 

weight should receive particular attention. 

4.£ High temperature thermoelectric materials limitations 

The high temperature limit of thermoelectric materials 

may be considered on the basis of chemical stability, 

melting points, energy gaps etc. Although materials in 

liquid phase have been used for thermoelectric power, 

generation, the prospect of its applicability remains to 

be investigated. Hence the melting point may set the high 

temperature application limitation on a given material. 

For high temperature application, the energy gap must be 

sufficiently large for minority,carrier effect to be 

negligible. Also at high temperatures, special attention 

must be given to the chemical stability of a given material. 

4.3 Trend in the development of new materials 

Eecent development in new thermoelectric materials 

have shorn that rare earth compounds (11, 12, 13) and 

Ge-Si (14) alloys have favorable electrical and thermal 

properties. The intensive research in this area has brought 

encourging results that they are the best thermoelectric 

materials discovered so far. However, the details of the 

transport mechanism have not been wfell established. Re¬ 

fractory rare earth compounds and Ge-Si alloys are being 

used at temperature as high as 1500°K* In view of this fact, 

the development of new high temperature material should follow 

this line. 
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V. Conclusions 

The efficiency of a thermoelectric generator depends 

on the figure of merit of the thermal elements. The 

figure of merit consists of three macroscopic quantities 

S, (Mnd K. S and O-can be controlled to some extent by 

doping agent* For materials of present interest, the 

lattice component of thermal conductivity is an important 

part of the total thermal conductivity. K^, is dependent 

on the structure of the lattice of the solid. As the 

temperature varies, all three parameters vary with temperature 

but in a different manner. The investigation of the 

temperature variation enables us to see how the figure of 

merit varies while temperature is changing. Theoretically, 

we found that for both ionized impurity scattering and lattice 

scattering, the dimensionless figure of merit increases 

monotonicaliy with temperature if the sample remains extrinsic 

and the doping level is fixed. With ionized impurity 

scattering in the low temperature region the efficiency 

would be higher than with lattice scattering. It is concluded 

that, due to irreversible losses, the maximum thermal 

efficiency would hardly exceed 15 % for present materials 

available. However, it is felt that as the material science 

advances, future material may be able to generate power 

from thermal energy xiith efficiency exceeds 20 %* The de¬ 

velopment of these materials should be the major task in 

this field for the years to come. 
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