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Abstract 

Title-: The Synthesis of Any Boolean Function Using Majority 

Logic 

Author: John C. Cole 

The= synthesis of Boolean functions using various 

physical devices is a real life problem for the electri¬ 

cal engineer. In this work Boolean functions are intro¬ 

duced using several geometrical representations, and some 

interesting properties are noted. A suboptimal, direct 

method of synthesis of any function is presented and dis¬ 

cussed, Examples of hand application of the algorithm 

are given. Two direct attempts of completely mechanical 

usage of the algorithm are presented. 
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Introduction 

In the last half century Boolean algebra has progressed from a mathematical 

curiosity to a useful tool of the electrical engineer. The designers of increasingly 

larger and more complex systems have a real need for a language to express the 

logical relation between events in the system. Boolean algebra has fulfilled this 

need. 

Elements of the algebra consist of (1) variables, represented by upper case 

letters, (2) two binary operations called the "and" operation and the "or" opera¬ 

tion, represented by a multiplication dot and a plus sign respectively, and (3) an 

unary operation called the complement, shown as a superscript C after a variable. 

Boolean algebra is a binary valued algebra, with the domain and range of variables 

and functions being the set (0,1). Tables defining the results of the three opera¬ 

tions are 

A A A 

0 1 

0 0 

0 1 

0 1 0 1 

0 1 

1 1 

A.B A+B Ac 

Thus, A.B has the value 1 or is "true" if and only if both A and B have the value 

1; otherwise it has the value 0 or is "false." Similarly A+B has the value 1 if and 

only if either A or B or both are 1. A is 0 when A is 1 and vice versa. 



Consider the problem of controlling a light by two switches so that either 

switch can turn the light on and off. One verbal solution of the problem is to 

connect the switches so that the light is on when both switches are either up together 

or down together; otherwise the light is off. Expressing the statement algebraicly 

one writes 

L = (S1.S2) + (S,J.S^) 

where L means "the light is on" 
Sj means "switch 1 is up" 

S2 means "switch 2 is up" 

means "switch 1 is not up" 

means "switch 2 is not up" 

Parentheses are needed since, if they are not used, the grouping of the 

variables with the operations is ambiguous. However, in this paper it shall be 

assumed that logical "and's" take precedence over logical "or's." Also, fol¬ 

lowing the usual convention, we shall omit the dot in writing logical "ands"; 

two variables written together mean the same as two variables with a dot between 

them. Thus, the function previously given can be written without ambiguity as 

L = S1S2 + S1S2’ 

The electrical engineer is interested in finding an electrical circuit which, 

in a sense, generates a particular Boolean function. The process of finding such 

a circuit is cal led synthesis. For the simple function previously given, a synthesis 

using switches is shown in the following figure. 
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Switches are only one member of a group of circuit elements which may be used 

in constructing circuits. Resistors, transistors, diodes, and magnetic cores have 

come into popular use with the introduction of electronic computers. However, 

logical designers have found it convenient to work directly not with the individual 

circuit elements but with combinations of the elements, referred to commonly as 

logical elements. The term majority element refers to one of these logical elements. 

The purpose of this paper is to introduce a synthesis procedure using majority 

elements which goes beyond those already developed. Chapter 1 discusses the various 

representations of Boolean functions which, it is hoped, help the reader to under¬ 

stand the synthesis problem. In Chapter 2 majority elements are introduced and 

their characteristics discussed. In Chapter 3 two methods of synthesis are discussed 

and the proposed synthesis algorithm is introduced and discussed. Two examples 

showing the use of the algorithm are presented in Chapter 4. Chapter 5 discusses 

two methods which would allow completely mechanical usage of the algorithm. 



Chapter 1: Boolean Functions 

A Boolean function f represented in block diagram form is shown in figure 1.1 on 

the fol lowing page . X ^, ... ,X^ are the inputs of the function . They are binary 

valued, taking on values chosen from the set (0,1). f(X^, ...,X^) is the output or 

value of the function f. f(Xj, ...,X^) also takes on a value from the set (0,1). For 

certain combinations of inputs it takes on the value 0, and for other combinations it takes 

on the value 1. The number of different possible combinations of inputs is clearly 2n, 

where n is the number of inputs, and n is called the order of the function f. For n=2 

one of the possible combinations is Xj = l, X2~0. 

The usual representation of Boolean functions is the algebraic one. Since it pro¬ 

vides no significant insight into the nature of a specific Boolean function beyond the 

representations which will be presented, discussion of the algebraic representation and 

algebraic manipulations will be limited to that presented in the introduction. The 

various other forms in which functions may be represented have advantages and dis¬ 

advantages over each other and the algebraic one. However, as a group they possess 

two distinct advantages over the algebraic form: (1) They break the function down 

into a combination of single simple structures, providing the logical designer with more 

insight into the nature of the function; (2) They express the function in a standard 

form suitable for input to a digital computer. 

Each of the possible combinations is called a minterm. The 2n minterms form a 

partition over the input space; that is to say, any possible set of input values is repre¬ 

sented by one and only one out of the total minterms. Thus, a function is completely 

specified by a list of those minterms which produce a 1 at the output. Minterms not 
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on the list produce a 0 output. The following three function representations are 

simply methods of showing which minterms are on the list. 

Minterm Map 

The disgram representation is perhaps the most frequent in the literature and the 

most useful in conventional synthesis techniques. It allows the designer to see 

patterns of minterms in a function. Variations of the diagram have been associated 

with Venn, Marquand, Karnaugh and others. The term minterm map has also been 

applied to it. A two variable minterm map is shown in figure 1.2. 

The fundamental property of a minterm map is that half of the map is assigned 

to a variable and the other half is assigned to its complement. The area of the map 

assigned to a variable is the region for which the variable has the value 1, and the 

other half is the region for which the variable has the value 0. Half of the map is 

assigned in such a manner that it overlaps the area assigned to every other variable 

and its complement. Thus, every point on the map corresponds to a set of input 

values (minterm), and all minterms are represented on the map. Minterm maps of 

three and four variables are shown in figure 1.3. 

To specify a function on a minterm map one simply marks those areas on the 

map which correspond to minterms on the 1 list. For example, the map of the 

symmetric sum function f(Xj,X2) = + X^X^ is shown in figure 1 .4. 

Since the number of minterms is 2n and each minterm may or may not be pre- 
2n 

sent on the list, the total number of functions of order n is 2 . One can see that 

the number of functions increases quite rapidly as n increases. 
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Function Designator 

Each minterm consists of a logical "anding " of al I input variables, each either 

complemented or uncomplemented. Notational ly, 

n 

Minterm = "j J” 
k=l 

Bk'where Bk" xkor Bk “ xk 

Consider the four variable minterm X^X^X^X^. If each variable in uncomplemented 

form is replaced by a 1 and each in complemented form by a 0, an n-digit binary number 

is formed, in this case 1001. One can easily see that each minterm forms one and 

only one binary number, and that an n-digit binary number corresponds to one and only 

one minterm. Thus, a one-to-one mapping between the numbers in the rage 0 to 

2n-l and the nth order minterms exists. Notationally, to get the minterm number, j, 

n-1 

d.21, where d. = 
ifB.+,=Xi+^ 

J) if B-+) = X,+ , 

i=o 

The four variable minterm map with the variables ordered A,B,C,D is shown in figure 

1.5, with corresponding areas numbered with their minterm number. 

The function designator is defined as, a vector whose elements denote those 

minterms which are present in the function. The function designator is calculated by 

F.D. = D = (d.) where d. - 
I I 

C 1 if m.6 0 

"^0 if m.^ f 

j = 0,l,...,2n-l 
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For the two variable symmetric sum function 

f(x1,x2) = x1x2 + x^ 

II II 
mQ m o o 

F.D. = (do/d17d2,d3) = (1, 0, 0, 1) 

N-Cube Representations 

Instead of ordering the minterms on a one dimensional scale as is essentially done 

by the function designator, each variable may be assigned an axis in an n-dimensional 

coordinate space. A minterm is represented by a point in this space, the coordinates 

being the values of the inputs for that minterm. Since the inputs take on value 0 and 

1, the minterms form the corners of a unit n-cube in the n-dimensional space. A 

function is specified in this representation by choosing those minterms which belong 

in the function and marking them differently from those not in the function. In this 

paper those minterms belonging in the function will be denoted in the diagram by 

circles filled in darkly. For example the n-cube representation of the symmetric sum 

function X^2 + XjX2 is given in figure 1.6, and the function X] + X^X^Xg is repre¬ 

sented in figure 1.7. 

Functions with dimensionality greater than three are impossible to represent 

on paper with variables in their proper perspective. For this reason the n-cube 

representation has been largely neglected in the literature. Although it is not 

useful for practical pencil and paper synthesis for functions above order 3, the 

abstract idea is significant in better understanding synthesis using majority elements. 
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Chapter 2: Majority Elements 

In recent years logical elements based on a "majority decision principle" have 

been introduced to the logic designer. Two which have been found practical and 

economical for use in commercial design are magnetic core logic and transistor- 

resistor logic. The logical behavior of these elements is expressed by a mathematical 

model, commonly referred to as "the majority element". A comparison between the 

characteristics of the devices and the model will not be given here. 

The majority element of n variables is a logical device having n Boolean inputs, 

Xj,X2/...,X , and one Boolean output. The device itself is completely charac¬ 

terized by a vector containing n + 1 parameters, (Wj.,Wn,T) called the weight 

vector. W,,Wn,.. .,W are called weights and T is called the threshold. The 

output of the element is 

n 

and a schematic representation is given in figure 2.1 . 

The domain of the variables and the range of the function are the set (0,1). This 

selection of values is done without any loss in generality. Any function which may be 

synthesized using for the domain the set (0, 1) has an equivalent synthesis for the domain 

(a,b), for any a and b which are distinct. A proof will not be presented, but the fact 

will become obvious from following geometrical arguments. 
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The n-cube representation of Boolean functions clearly shows the fundamental pro¬ 

perty of a majority element. The equation 

W.X. + W0X0 + ... + W X -T = 0 
11 2 2 n n 

defines a hyperplane in n-space. The half space for which 

W,X. + W0X0 + ... + W X -T > 0 
II 2 2 n n 

is separated by the plane from the half space for which 

W,X, + W0X0 + ... + W X -T < 0 
II 2 2 n n ^ 

Thus, the majority element separates minterms which correspond to corners of the 

n-cube which lie on one side of the plane from those which lie on the other side. 

The diagram in figure 2.2 shows a three variable function which has the value 1 

for two minterms and 0 for the others. 

A Boolean function is said to be linearly separable if and only if the corners 

of the n-cube which correspond to the minterms in the function may be separated 

from the others by a hyperplane. Thus, a majority element synthesizes linearly 

separable functions. Clearly, not,all functions are linearly separable, the simplest 

being the two dimensional symmetric sum function, XjXg + XJXJ. Figure 2.3 

shows the n-cube representation of this function. The function is not linearly 

11 



separable since one cannot construct a line (hyperplane in this space) which separates 

the black corners from the light corners. 

The majority element defined above has a unique output for each minterm 

applied to the input. Thus, a majority element, whose internal parameters are the 

weight vector W and whose inputs are the vector X, defines a binary function. It 

is convenient to think of the function in terms of the function designator and to 

define a function Maj(W;X) as the function designator of the majority element with 

weight vector W. For example, the two variable majority function 

Maj((l,l,l);(X1,X2)) 

has the value (1,0,0,0). This function is the "and" function; the minterm representa¬ 

tion is XjX2* 

One interesting property of the majority function is that 

Maj(W;X) = Maj(kW;X) 

where k is any positive constant. The property follows from considering the set of 

inputs corresponding to minterm m., for any i. For that set of inputs the output of 

the left majority element is 1 if and only if ^ W.X.-T > 0. Since multiplying 

each side of the inequality does not change the sense of the inequality, the right 

majority element must also have a 1 output for that set of inputs. A similar argument 

holds if the left majority element has the value 0. 
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If the weight vector is multiplied by a negative constant, then the majority func¬ 

tion for this weight vector is the complement or dual of the original function, provided 

no minterm has W.X.-T = 0. The argument again is similar to that given for 
••• I I 

the first property. 

The majority function may be considered as mapping the Boolean function space 

into the weight space. In the two variable case, with the weight vector normalized 

so that the last element T is 1, a mapping is easy to represent and is shown in figure 

2.4. Figure 2.5 shows the mapping for T = 0, and figure 2.6 shows the mapping for 

T= -1. 

The points which lie on a line which separates two regions belong to one of the 

two regions. The lines which separate two regions are the locus of all points in the 

weight space for which W.X.-T is zero for one minterms, m.. Clearly m. is 

the minterm for which the functions differ, since on one side of the line for that minterm 

y W.X.-T ^ 0 and on the other side ^ W.X.-T ^ 0. 
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Chapter 3: Synthesis Using Majority Elements 

Majority elements can have as their inputs the outputs of other majority elements, 

in addition to the Boolean variables. Thus, networks of majority elements can be 

formed. The synthesis of Boolean functions is the process of finding a network of 

elements whose final output is the desired function. 

From economic and realiability considerations (which the author will not present) 

it is desirable to pick a network which is "good" in some sense based on these consi¬ 

derations and which at the same time produces the desired function. Since a practical 

synthesis procedure cannot generate all possible syntheses of a particular function, 

the meaning of "good" necessarily must be an integral part of the procedure. 

Those functions which are linearly separable can be synthesized with only one 

majority element. Clearly these functions can also be synthesized with two or more 

elements. However, from an intuitive economic viewpoint, it seems quite reasonable 

that one majority element synthesis is more desirable than the two or more majority 

element synthesis. So the number of majority elements in a synthesis is a quantity 

to be minimized. 

Functions which are not linearly separable require more than one majority element 

for synthesis. The general form of a network of majority elements not having any 

closed loops consists of a number of groups of levels of elements, each level of elements 

having for inputs the Boolean variables plus the outputs of all majority elements in all 

lower levels. For example, the first level has only the variables as inputs, the second 

level has the Boolean variables and all outputs from the first level, and so on. The 

final level has only one majority element, whose output is the function synthesized. 

16 



The type of networks which will be considered in this paper have only one 

majority element in each level. Figure 3.1 shows a schematic diagram. The 

reasons for considering only this type of network are two fold. First, the network 

is simplified in that it has only one dimension; a majority element is uniquely 

specified by its level alone. Secondly, any other structure of majority elements 

not having feedback is but a special case of this general structure. Functionally, 

the structure is expressed by the equation 

fk(X) = Maj(W1,W2,...,Wn+k_1,T;X,f1,f2,...,fk-1). 

Progress in Boolean function synthesis using majority elements has followed 

two main directions - linear programming and exhaustive search. A complete 

discussion of these two is beyond the scope of this work and will not be under¬ 

taken. However, a short discussion of each will be helpful in understanding the 

reasons why the author seeks yet another method. 

By far the larger amount of effort has been in using linear programming. 

Basically, linear programming is a method of maximizing or minimizing a linear 

function of n variables under the constraints of m linear inequalities. In applying 

this to synthesis using majority elements, each minterm generates one inequality 

of the form 

Z W.X. - T ( > or ^ ) 0 

where the X's are the inputs corresponding to that minterm. The function to be 
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minimized is ^ |W.| + JTJ , with the restriction that the W's and T are integers, 
i 

Thus, the variables are Wj, W^W , T and the number of inequal ities is 2n . 

Linear programming is successful in finding that set of values which "solves" 

the inequalities and at the same time minimizes the objective function, provided 

that the set of inequalities is consistent. It is useful in synthesizing these functions 

which may be synthesized with one majority element. Tables have been generated 

by numerous people (Minnick^, Muroga, Toda, and Kondo^, Winder^) listing 

up to seven argument threshold functions and their corresponding majority element 

weights. A limitation of the method is simply that functions which are not linearly 

separable cannot be synthesized using this method. 

Joel Cyprus^ used an exhaustive search technique to find optimum syntheses 

of all significant Boolean functions of up to four variables. By optimum Cyprus meant 

that synthesis which minimized (1) the number of majority elements, and then (2) 

the maximum sum of the absolute value of the weights and threshold over the majority 

elements. Only networks with one majority element in each level were considered. 

Again, the weights were only allowed to take on integral values. By analyzing 

syntheses, beginning with the most optimum and getting progressively less optimum, 

he generated a table of optimum majority syntheses of functions up to four variables. 

Motivation for finding yet another method of synthesis comes from the fact that 

neither of the methods just described is complete in the sense that it provides the 

logic designer a method of synthesizing any Boolean function with majority elements. 

Linear programming synthesizes only those functions which are linearly separable. 

The search method for functions of more than four variables requires a prohibitive 

length of computation time, even for the latest generation of computers. In 
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addition, the table generated by exhaustive search does not include any functions 

which are only partially specified, which have one or more minterms for which the 

output is immaterial. The designer must search through the syntheses of functions 

for all possible combinations of the "don't care" minterms and pick the optimum 

synthesis. In this work the author seeks to explore a direct method of synthesizing 

any Boolean function using majority elements. 

The distance between two functions is defined as the number of minterms for 

which the functions differ. For example, the distance between the functions 

(0, 1,0,1) and (1,0,0, 1) is two. The majority realizability of a function is the 

minimum number of majority elements needed to synthesize that function. Thus, 

all linearly separable functions have a majority realizability of one. 

The synthesis algorithm can be stated as follows: Let g(X) be the function 

to be synthesized, where X represents Xj 7X2/. ../X^ . 

Define Maj(W^,X) to be the majority function nearest to g(X) in the sense of 

distance previously defined. Define g ^(X) to be Maj(Xj ,X). Then: IF, for k=l ,2, ... 

9k(X) i g(X) let Ma j(Wk+1;X/g ... ,9|<(X)) 

be the majority function which is nearest to g(X) and let g^+^(X) be this function. 

OTHERWISE, the process terminates with g^ as the desired function and 

with g j(X),g2(X), .. . ,g^(X) as the majority function in the synthesis. 

Informally, the algorithm simply states that each majority element added is 

chosen to be that one which gives that function closest to the desired function. 

The process stops when the desired function is realized. 

A practical method of determining the closest function has not been found for 

the general case. The obvious method is to omit inequalities in the linear programming 
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formulation in groups of one, then two, et cetera until a consistent set of inequalities 

results. Clearly the firet function found is the closest function. The difficulty with 

this method is that in general it requires a prohibitively long search before a con¬ 

sistent set is found. The author has investigated two methods of search which attempt 

to find the closest function in a somewhat direct manner, neither of which was en¬ 

tirely successful. The methods and observations about them are explained in Chapter 

5. 

Hand applications of finding the best function are, at best, time consuming and 

heuristic. For functions of order three and less the best function can be found by 

inspecting the n-cube representation of the desired function. Hand applications of 

the algorithm using this technique on a second and third order function are found in 

Chapter 4. 

The procedure must converge to the desired solution, since each majority element 

added can at the very least add or subtract one minterm from the function of the pre¬ 

vious majority element. The question which needs to be answered concerns the speed 

of convergence, which means: How good is the synthesis in terms of majority realiz¬ 

ability? 

The author believes that the synthesis formed by the use of this algorithm is 

quite good. First, the procedure calls for each element in the synthesis to be the 

best possible one with all the previous outputs as inputs along with the Boolean 

variables. In a sense, the procedure tries to converge at once, and if it cannot 

accomplish that, it picks the closest to the desired function which it can. Simply 

from the method of the algorithm it appears that a synthesis would be good compared 

with the optimum synthesis. 
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Secondly, hand applications on all representative functions of two and three 

variables result in syntheses equality optimal to those of Cyprus. Hand application 

on several four variable functions generated syntheses which were optimal in the 

sense of majority realizability; both required the same number of majority elements 

for synthesis. Thus, in the absence of a proof that the algorithm generates an 

optimum synthesis, it seems quite reasonable to suspect that at least a good synthesis 

is made. 

At any point in the synthesis the closest function in general will not be unique. 

It may be necessary to generate all syntheses formed by taking each closest function 

and completing the algorithm for each. Hand calculations have shown this to be 

unnecessary. In all but the simplest cases it is sufficiently difficult to find one 

closest function by hand. In the simple cases all syntheses are equivalently optimal. 

The possibility exists, however, that for some functions equivalent syntheses are not 

generated. 

Testing of the algorithm has been limited to application to fairly simple cases. 

If an efficient method of finding the closest function were available, then a digital 

computer could be used to synthesize all four variable functions using the algorithm. 

The results thus obtained could then be compared with the optimum syntheses of 

Cyprus. From the results of this comparison the goodness of the method of synthesis 

could be better judged. This work remains to be done. 

To the authors knowledge the statement of this algorithm is original. A heuristic, 

intuitive procedure was mentioned in Minnick's paper, but it was not explained. Also, 

the concept of majority element mapping the function space into the weight space has 

not been seen by the author in any previous work. 
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Chapter 4: Examples of synthesis algorithm application 

Example 1: 

Two variable function - For the two variable function I will take the symmetric 

sum function, X^2 + X^2* This function and its dual are the only two variable 

functions which are not linearly separable. The 2-cube representation of the function 

is shown in Figure 4.1. Four possible closest majority functions may be found and 

they are represented in Figure 4.2. The vector normal to each line denotes the 1 

side of the line. 

Picking the function in the first diagram of Figure 4.2 as g^, we have 

g j(X.|, X2) = . The weight vector corresponding to this is W = (-2,-2,-1). 

The inputs X^ and X2 along with g^ can be represented in a 3-cube, Figure 4.3. 

The two black spheres can be separated from the light spheres by a plane whose inter¬ 

section with the faces of the cube is shown. The weight vector for this plane is 

W =(2,2,4,3). Then g2(X^ ^2) is X^X^ + X^2» Since g2 = g, the function to 

be synthesized, the process terminates and the complete synthesis is given in Figure 

4.4. 

Example 2: 

The three variable function to be synthesized is g = g(Xj,X2,X2) X^X^X^ + 

X<1X2X3 + X1X2X3 + X1X2X3* This function and its dual may be considered the 

most difficult function of three variables to synthesize, since half the minterms are 

in the one group, and no two of these minterms are adjacent. The 3-cube representa¬ 

tion is shown in Figure 4.5. 
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The closest majority function here is - X^2X^ + X^2X^ + XjXjXg + 

w'*^ we'9^ vector W = (2,2,2,3). The distance between and 

g is two, with XjXjXg being in g^ but not in g and X^XjX^ being in g but not 

in gj. There exist similarly three other closest functions, each of which leaves 

out of g j one of the other minterms of g. 

The 4-cube representation of the input space of the next majority element 

cannot be shown on paper. I shall therefore describe my thought process behind 

choosing the elements of the weight vector. Basically in this majority element 

I want to add X^X^X^ to g^ and remove from it XjX2X^. If the synthesis is possi¬ 

ble, the three weights for the input variables must be the same, since the variables 

are symmetrically represented in g ^ and g. Choose = Wg = -2. When 
3 

all inputs are 0 then W.X. = ^or °^er cases the sum is -2 or less, and 

i=l 

for X^XjXg it is -6. Choose -1 as the threshold so that with g^ = 0 only X^XjX^ 

will appear as g2* Now if 4 is chosen for the weight of g^, W^, then 
3 
^ W.X. + ^4^1 *s 9rea^er than f°r minterms of g^ except X^X2Xg. So 

i=i 
the output of the second majority element with W = (-2,-2,-2,4,-1) is the desired 

function. Figure 4.6 shows the complete synthesis. 
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Chapter 5: Closest Function Search Techniques 

Both of the methods of closest function search investigated by the author are 

based on the idea of adaptive elements introduced by people in the field of pattern 

recognition (Nilsson^, Koford and Groner^^). The basic behavior of an adaptive 

majority element is shown in Figure 5.1. 

A set of patterns derived from the minterms comprise the inputs. They are 

applied one at a time in a training sequence to the majority element and its output 

is observed and compared with the value of the desired function for that minterm. 

The adaptive majority element has adjustable weights which are made to change 

according to some rule based on the actual output and what it should be. The two 

methods investigated differ in the rule for evaluating the change in the weight 

vector. 

For this discussion it is convenient to use for the domain and range of variables 

and functions the set (-1,1). Here the value of the function for a particular minterm 

is 

-1 if T W.X.-T < 0 
i i ^ 

1 if 3T W.X.-T > 0 

where the X's take on the value 1 or -1. The reasons for making this change are 
i 

threefold. First, statement of the methods is made simpler. Secondly, the literature 

has changed to this convention because of its symmetry. And thirdly, it gives a 

clear meaning to negative weights; a negative weight with a variable is equivalent 

to a positive weight with the complemented variable as input. A generalized 
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training sequence consists of an infinite list of input patterns in which each pattern 

appears infinitely many times. 

The training sequence for Boolean functions consists of the list of patterns ordered 

in some way and then repeated again and again in the same order. Each pattern is 

a vector with n + 1 dimensions - the first n being the elements of the minterm and 

the last being -1. 

p. = (m. i -1) r i ii 

Each pattern is a modified form of a minterm and p 2n + k = * Associated with 

each pattern is the desired output for that pattern, either a 1 or a -1 . Call it 

V. corresponding to pattern p. and minterm m.. Let V be the vector whose elements 

are V., a vector of length 2n. 

First Method 

The initial weight vector W is set initially to zero. Then elements from the 

k 
training sequence are applied to the majority element sequentially. Let W be 

the weight vector after the kth operation . Then 

W1 k + 1 

Wk Wk.pk + , >0, Vk = 1 

or 0, Vk = -1 

wS>k+|rfwk.pk+I $ 0, Vk = i 

Wl<-pk+1ifWk.pk+I > 0, Vk = -1 

where the operation . is the usual dot product. 
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In other words if pattern p^ is classified in the wrong group by the weight vector, 

then the weight vector is changed in such a way as to try to correct the error. 

For an example let us use this method to synthesize the "and " function. The 

training sequence and the corresponding V are given at the beginning of the calcu¬ 

lations, shown in Figure 5.2 on the following page. 
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1 
Pi 
p2 

P3 
P4 

(-i/ i,-D 
(1,-1,-D 
(1, i,-D 

& 
vi 
v: 

1 
1 
1 

Training sequence Correct output sequence 

W. wj_i .P| Output V. 

0 (0, 0, 0) 

1 (-1,-1,-D (0, 0, 0) 0 
2 (-1, 1,-1) (0, 0, 0) 0 
3 ( 1,-1,-D (0, 0, 0) 0 
4 ( 1, D-D (1, 1,-1) 0 
5 (-1,-1,-D (1, 1,-1) -1 
6 (-1, i,-D (2, 0, 0) 1 
7 ( 1,-1,-D (1, 1, 1) 2 
8 ( 1, D-D (1, 1, 1) 1 
9 (-1,-1,-D (1, 1, 1) -3 

10 (-1, i,-D (1, 1, 1) -1 
11 (+1,-1,-D (1, 1, 1) -1 
12 ( 1, i,-D (1, 1, 1) 1 

Figure 5.2 - Calculation sequence for "and" function 
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As can be seen, on the third pass through the patterns the weights have con¬ 

verged to the desired values. A hyperplane has been found which classifies all 

points on the proper side. 

Indeed, convergence to the proper hyperplane is assured by a theorem in 

Nilsson^. If the patterns contained in the training sequence are linearly separable, 

then this method of search will find the separating hyperplane in a finite number 

of passes through the training sequence. Application of this method to patterns 

which are not linearly separable was not found in the literature. It was hoped, 

however, that this method would converge, in some sense, to the hyperplane which 

"best" separates the patterns. 

The meaning of convergence in the case of non-separable patterns is not as 

clear cut as in the separable case; for there can never be a pass through the patterns 

for which the weight vector remains constant. At least one pattern will be classi¬ 

fied incorrectly. So convergence in the case must be taken to mean that in some 

place in the calculation the number of errors in classification has reached the mini¬ 

mum possible for that function. 

In order to test this idea, a program was written for the Rice University Computer, 

which gave as output the calculations for each pattern in the training sequence. A 

number of three and four variable functions were tried and the results from the pro¬ 

gram scrutinized. Closest functions were found for some functions but, alas, not 

for others. The author could see no way to change the method for the better, and 

so the method was dropped and the second method investigated. 

Second Method 

In the first method each pattern in considered individually and, if it is incorrectly 
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classified, the hyperplane is shifted in such a way as to correct the error. Then the 

next pattern is considered. No guarantee is made that in trying to correct the 

classification of one pattern, errors are not created in some other patterns. 

For this method, instead of changing the weight vector after each incorrectly 

classified pattern is discovered, suppose we wait until after all the patterns of a 

pass have been examined before we change the weight vector. In implementing 

this method on the Rice Computer a formulation using matrices and vector was dis¬ 

covered and found convenient. 

Let A be a matrix whose rows are the pattern vectors. A is then a 2n by n + 1 

matrix. Let B be the function designator (using 1, -1 for the elements instead of 

1,0) of the function to be synthesized. If C is a vector, define Major (C) to be a 

vector of the same length, whose elements are the following: the ith element of 

Major (C) is 1 if the ith element of C, c., is greater than zero. Otherwise it is 

-1. 

A W is a vector whose elements are p. .W. Major (A W) is the function 

designator of the function synthesized by the majority element with weight vector 

W. 

Define the vector E by the equation 

E = 1/4 (Major(A W) - B). 

E is an error vector with a 1 where the pattern is incorrectly classified in the 1 group, 

a -1 where the pattern is incorrectly classified as -1, and a 0 where no error is made. 

Then the product E A is the total correction to the weight vector after one pass through 
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the minterm. Putting this all together, the formula for calculating the next weight 
• i • 

vector W in terms of the present vector W is 

w1 + 1 = w1 - 1/4 (Major (A W') - B) A 

and the number of errors, ne, at each stage in the calculation, the distance between 

the majority function synthesized at that stage and the desired function, is E . E, where 

again . is the dot product. 

Again, a program was written for the Rice Computer using this adaptive method. 

It was applied to a number of functions and the results at each interation in the pro¬ 

cedure were printed out. 

As in the previous method, whenever the function was linearly separable the 

method found the separating hyperplane in a relatively few interations. However, 

for any non-separable function, the weight vector soon went into a limit cycle, 

cycling through a pattern of weight vectors. In no sense observable to the author 

did the method converge to or around the closest function. 

The number of variants on these two methods is almost as large as the imagination. 

However, unfortunately none of those investigated would find the closest function. 

The problem yet remains to be solved. 
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