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Abstract 

An Analysis of an K-Plane Three Port Waveguide Circulator 

by 

Byron Dean 

A field analysis is made of a three-port, H-plane waveguide 

circulator with a full-height cylindrical plug consisting of con¬ 

centric sleeves of magnetized ferrites and dielectrics, in any 

combination, centered in the waveguide junction, to yield a concise 

set of equations that completely characterizes the junction. These 

equations can be conveniently used to design “good” circulators by 

solving for particular configurations of the full-height cylin¬ 

drical plug, assuming some criterion of "goodness1*, and can also 

be solved for a scattering matrix for the junction under any given 

configuration. Two variations of the form of these equations, one 

exact and one approximate, are examined. It is observed that the 

strategy of analysis employed can be extended to other junction 

field problems. 



I. Introduction 

An m-port circulator is defined to be an m-port network 

junction such that a signal entering port 1 will emerge at port 2, 

a signal entering port 2 will emerge at port 3, etc., and a signal 

entering port rn will emerge at 
rrt-l 

m-PORT CIRCULATOR 

Figure 1 

port 1. In the higher frequen¬ 

cy ranges, U.H.F. to microwave, 

3- and 4-port devices have been 

made in stripline and waveguide 

which operate to a good approx¬ 

imation as circulators over a 

band of frequencies. These de¬ 

vices, which are being made with ever improving characteristics, 

are designed primarily by semi-empirical, trial-aad-error engi¬ 

neering techniques. Paralleling, but still lagging the active 

designers, are those who are attempting to analyse and "explain" 

the circulator in an attempt to obtain a workable recipe for de¬ 

signing a circulator on paper. The etforts or these men consist 

of increasingly complicated analytical approximate analyses, all 

attempting to converge on the essentials of circulator operation. 

Auid1 and Montgomery and Dicke2 examined the network and symmetry 

properties of the circulator* Bosnia* Fay and Comstock* and 

Konishi5 assumed a resonant cavity in the junction and synthesised 

circulators from the results of this analysis. And Davies and 

Tyukov7 both did brute force boundary value solutions to the 

junction fields and then obtained approximate scattering matrices 
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for a given circulator configuration from their analyses. These 

papers cover the major contributions toward circulator analysis 

and represent collectively all the important points of view to 

date. This thesis will now attempt the next step in this series: 

obtaining design criteria that can be used to predict "good" 

circulator configurations. 

II. Analysis 

This thesis will analyze the class of 3-port H-plane wave¬ 

guide circulators as they are most commonly encountered in analy¬ 

sis. The goal will be to arrive at a set of equations, approxi¬ 

mate if necessary, which are simple enough to be easily handled 

for design work, e.g. widebandlng, and yet correct enough in con¬ 

tent not to be purely academic. A strategy of analysis is used 

which is sufficiently general to permit a successful analysis of 

a large class of multiport stripline or microwave devices with 

cylindrically symmetric junctions. Extensions of the strategy 

used hopefully will be obvious. 

The particular class of circulator configurations to be 

analyzed, illustrated in Fig. 2, consists of a symmetrical H-plane 

junction of three waveguide ports. A full height cylinder, con¬ 

sisting of concentric sleeves of various materials, which are . 

assumed to be either dielectrics or ferrites for the present, 

is located in the center of the junction. The interfaces of 

these different materials are located at radii aj» and it is 
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3-PORT SYMMETRICAL H-PLANE WAVEGUIDE CIRCULATOR 

Figure 2 

assumed that all ferrites are magnetized in the direction by 

a d.c. magnetic field H. Normalized dimensions and coordinate 

systems to be used are also illustrated in Fig. 2. 

We assume that a TE^mode electromagnetic wave is incident 

to port 1 and travels in the z direction with a frequency y, 

which is below the cutoff frequencies of all higher order modes. 

8 
Assume that the Polder permeability tensor adequately describes 

the ferrite sleeves. Thus we have the form of the fields in the 

three different regions of the circulator: I. the ferrite sleeves 

in the cylinder* II. the dielectric sleeves in the cylinder* 

and III. the Tg,0 mode in the waveguide arms. There are also 

higher order cutoff modes in the waveguide arms* but an explicit 

equation for these modes will not be needed. These fields in 

these different regions are: 
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Now we match these separate fields at all of the interfaces 

of the different regions using the boundary conditions for dielectric 

interfaces. To do this at the outermost sleeve we must transform 

the TEl# incident wave mode fields from Cartesian to cylindrical 

coordinates and evaluate these expressions along the dotted arc 

of radius 1/V3T shown in Fig. 2 to get 

I. r / TIAJMJX i i . *1 
HA = ) C/0* D 4 \ |3.o 5 00* e 

ii T » B*AW»\ . i i n 
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And, since it is only the tangential components of the fields 

that we need for the boundary conditions, we may delete the Hr 

expression and write the remaining expressions in the form 

, HAWI6 i \fi,» =5 $ ♦ \<*>t 
E = co* \ "VT ] & 
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We are now in-a position to solve the boundary conditions 

for the fields of the junction. Observe that there are an infinite 

number of equations, n = 0, 11, £ 2,... ,to° , within the cylindrical 

region, but that we can satisfy the boundary conditions for each 

of the n equations separately. The boundary condition on the 

inner side of the innermost sleeve of the cylindrical region can 

be used to fix one of the constants of each equation. (Note, if 

this inner radius equals zero, we have a plug in the center of 

the cylindrical region, which implies that the coefficient, of 

Yn(kr) equals zero.) Similarly, when we match the fields of the. 
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first interface, we will determine one of the constants of each 

equation in the second sleeve. Continuing in this manner we will 

finally have in the outermost sleeve of the cylindrical region, 

which we assume to be some sort of dielectric, the field equations 

E, -- B.I J.Urt • £ a
Wl 

Hi - v 2- B.,1* n~ Y.V'W.M'] e * 0e^L. 

Cn/Bn is taken to be the determined constant in these expressions. 

Now we evaluate these fields at r= l/-{? and simplify them so 

that we can use the dielectric interface boundary conditions to 

match these fields with the fields in the waveguide arms to obtain 
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where we have introduced new symbols for convenience. We take 

j*o> £n* and £n to be the undetermined coefficients and observe 

that c0, bQ, and <1^ are uniquely determined in terms of these. 

The coefficients tip, an» and CQ will be determined when we match 



these fields to the fields in the waveguide arms. To do this, we 

rewrite the fields in terms of three different cylindrical coordi¬ 

nate systems, one- for each waveguide arm, such that the z axis in 

each system is the z axis of the respective waveguide; i.e,, each 

waveguide arm has a coordinate system like that of port 1 in Fig. 2. 

We now match the fields of the cavity to the fields of the waveguide 

arms by matching the fields in each coordinate system over the 

range -60° - 9 - 60°. We assume that we will need an infinite 

number of evanescent modes in each respective arm, but that these 

are all TEm0 modes, and that we can express each of these modes as 

an infinite series in cos n6 and sin n0, when they are evaluated 

along the arc of radius 1 /-$ shown as a dotted line in Fig. 2. 

Thus the fields Ey® and H ™ for the TE r„ waveguide mode are given by 

This formulation is not necessarily a unique one and except in par¬ 

ticular junction configurations cannot necessarily be assumed to 

be a Fourier series. For the present, assume it has been obtained as 

a best least squares fit to the given equations. Now we observe that 

in each coordinate system the above TEm0 fields are even functions 

of 0 when m is an odd integer and are odd functions of 0 when m 

is an even integer, and that we may therefore take e* = h^ - 0 

when m is an even integer and = g* = 0 when m is an odd integer. 

We can now write the total waveguide fields as 
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where is the amplitude of the TEwe mode fields. 

Now, when we match the fields in each coordinate system, we 

observe that the coefficients of the sin nd terms must be equal; 

and since we have an infinite number of variables for each arm, 

we can satisfy this condition of the match with the even number 

subscripted ara coefficients. These amplitudes do not enter into 

any of the input-output field expressions if we assume that the 

arms of the junction are 'Sufficiently long", which we do. We can 

now consider all the sin n9 terms to be matched and drop them from 

our expressions. The only expressions remaining are those contain¬ 

ing cos n0, the coefficients of which must satisfy 
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where c^, j^, and m^ are the amplitudes of the evanescent TEW0 

modes for m 3 and odd at ports 1, 2, and 3, respectively, 

I AM \ AM \ ouX 

®n , ]2n and en , h 
ovi 

ZXi XXL are the series coefficients of the fields 



of the incident and reflected TE|0 mode fields in the waveguides, 

respectively, and £, P, and M are the amplitudes of the outgoing 

waves of the three ports, respectively. It is assumed that there 

is only one incident wave, at port 1, and that it has unit amplitude. 

Using our assumption of "long" waveguide arms, the lossless condition, 

and the analog of Kirchhoff's current law, or alternatively 7*H = 0, 

all of which must be satisfied by the junction, we obtain the 

equations 

1 ■- 1 = Q ♦ p ♦ ft 

Using these equations we simplify our boundary equations to obtain 

2 1V* ""O er •* <x« * = e*** + (i- e*0"* 
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Now we assume that Em* ® 2. and observe that we 

can determine each of these constants so long as we have not over* 

constrained a„, £n, a0, and M by this assumption. Our equations 

are now 

Wi> \ im . \ ovdt 
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Using the n-equations-n-unknowns algorithm we observe that when 

n = 0 these equations determine a0 and M and that once M is deter* 

mined we can determine all the an and cn coefficients. Therefore 

we have solved the system of equations, thereby obtaining a solution 
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to our boundary value problem. This implies that we have obtained 

"the" solution to the junction, from the uniqueness theorem. 

With this solution we have greatly simplified our problem of 

circulator design. Now the variables we are interested in, namely 

£, P, and M, are contained in only four equations: 

i » a * P * 

1 = Ql V 

Using the expressions obtained previously for a0 and c0 when we 

assumed a dielectric in the outermost sleeve of the cylinder, and 

combining the last two equations, we obtain 

QP+Cm + YAP *o 

where 0o/Bo depends upon the circulator configuration. 

We are now in a position to pose the problem of circulator 

synthesis: What C0/B0 will give us a "good" circulator? For 

example, a "perfect'1 circulator requires £ =* 0 and \P\a 1, which 

implies that M = 0 and also that 

We will therefore have a perfect circulator if we are able to 

synthesize such a C0/B0. Observe that, if we wish to manipulate 

C o 
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the impedances of the waveguide arms with irises, etc., we can vary 

the e^’s and h'0*s in our synthesis procedures. However, for now we 

will assume straight waveguide arms and try to optimize the junction 

cylinder configuration to obtain a wideband circulator. To do this 

\ ©*A , i i* , , | wl , 
we need analytical expressions for e0 , ec , h 0 , and h0 that 

are reasonably accurate over a wide range of frequencies. The 

problem is that we have required only that the coefficients eh and 

h^ be the coefficients of a possible but not necessarily unique 

e_ series representation of the TEt0 waveguide fields along the 

radius l/ifSl We have said that we could take these coefficients to 

give a best least squares cos nfl. sin nft fit to the fields which 

could be done on a computer; however, it is preferable to obtain 

these e0 and h0 coefficients in analytic rather than numerical form. 

Accordingly we may attempt either or both of two routes. The first 

would be to construct a good fit using a truncated series. From 

the approximations of Davies*’ and their verification by Davis and 

Q 
Castillo, retaining terms up to n = 3 in the series should be 

sufficient to obtain reasonably accurate approximation to the fields. 

The second would be to try to make our series a Fourier series in 

some sense. However, there are a few theoretical consistancy 

questions that we must clear up first before we can do this. 

Pursuing the first method, in an attempt to obtain an approxi¬ 

mate truncated series, we can observe by plotting that the follow¬ 

ing expressions are reasonable approximations and that their 

accuracy can be increased indefinitely by the addition of higher 

order terms 
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and, when these approximations are put into the TE,0 expressions 

for and H#, we obtain, after considerable trigonometric simpli¬ 

fication, 
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for the incident TE,0 waveguide fields. Proceeding similarly we 

can obtain the approximation to the TEW outgoing waveguide fields 

by making the usual changes in our expressions for the TE,# incident 

fields, i.e., replace £ by -£, etc., to get the same expressions as 

the above except that ^ is replaced by -j[ for all terras located 

inside the square brackets. Thus it is only the real parts of the 

expressions in the square brackets that we are concerned with, and 

we obtain 

Li im \ oui -\ 
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which, when substituted into our C0/B0 equation yield 

C. _ - * .PlSHd)* U\7ft-\.66TA 

as our result^ which is merely one possible result obtained via 

the first route. 

\ 

If we pursue the second route and attempt to interpret e0 

and h*as Fourier coefficients, we observe that we must know the 
■wO 

fields over the entire 2TT radians of the junction. We now refer 
6 

the reader to the elegant argument put forth by Davies preceeding 



his equation (16) concerning the symmetry properties of the symmet¬ 

rical junction. Following his arguments concerning the calculation 

of the Fourier coefficients of the junction fields, we observe that 

we may be able to calculate these coefficients, knowing the fields 

over only one waveguide port at the junction. Thus we need consider 

only the quantities 

of our synthesis equation. These integrals will not be evaluated 

here. 

This completes the analysis of the circulator, in the theo¬ 

retical sense. We have obtained our "simple,, design equations, 

and have studied two possible variations to these design equations, 

to for the first time give the designer a handle and a yardstick 

for circulator construction. It should now be possible to apply 

our known techniques of synthesis and optimization to tailor the 

circulator to our needs. 

• 000 0 AB 

which when evaluated can be used to determine the e'0»s and h'6
fs 



III. Conclusion and Observations 

We will now make some semi-quantitative observations on the 

design of a wideband circulator. We assume a configuration consis¬ 

ting of a central conducting post of radius a0» a ferrite sleeve of 

outside radius a, surrounding the post, a dielectric layer of outer 

radius ax surrounding the ferrite, and finally an air gap extending 

out to a radius of l/^IT. We choose this configuration because it is 

simple enough to be instructive, and because it has known wideband 

properties that we can attempt to explain. We observe that as we 

match the fields in each layer for n = 0, we can obtain an expres¬ 

sion for C0/B0 in each layer, working from the smaller to the 

larger radii, in terms of the C0/B0 ratios of all the inner layers 

and of the material properties and geometries. Each of these 

successive C0/B0 expressions is outwardly of the same form as our 

,,optimum,, CQ/BQ, except for the C0/B0 expression in the ferrite 

sleeve region, which has a rather pathological frequency dependence. 

With the goal of making this expression as insensitive to frequency 

variations as possible, we see that we can make Co/B0 = 1 in the 

ferrite by choosing the conductor radius a0, such that 

Jo l Kj (\o 1 = — Vo l 

which implies a very small value for a0. We observe that this 

analysis has assumed a perfectly conducting pin, and that the 

radius predicted for this pin is of the order of magnitude of the 

skin depth of silver. The analysis should therefore be extended to 

allow for the finite conductivity of the thin pin before constructing 
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a circulator using this design approach. 

Using this value for C0/B0 in the ferrite sleeve, we obtain 

for C0/B0 in the air gap 

Y„tW*lOo'UvO + Yo^n^\0.^tu,V 

where subscripts indicate geometrical regions, e.g. i_ implies the 

region a *. a ± a .in the junction, and 
“i 

fC.\ . J.U1.U 

v-^7^lo<M ‘X'avui »*^Vawi 

Comparing this expression with our optimum C0/B0, we see that it is 

of the same form as our optimum C0/B0 and that by a suitable choice 

of geometries the expressions in square brackets can be manipulated 

to make C<j/B0 nearly optimum over a band of frequencies. This 

remains to be done, and will not be attempted here. 

In conclusion, the goals of this thesis have been attained and 

may be summarized as follows: 

(1) Completion of an analysis of a 3-port H-plane junction 

with a cylindrically symmetric junction, resulting in: 

(2) A Scattering matrix for this circulator, 

(3) An optimization criterion for designing perfect circulators, 

(4) Approximations on (1), (2), and (3), 

(5) A semiquantitative argument for the thin-pin wideband 

circulator, 
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(6) A strategy of analysis that advances the theory of general 

cylindrically symmetric junctions. 
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