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ABSTRACT 

ON THE BANG-BANG.CONTROL OF 

SECOND ORDER SYSTEMS 

by 

K, P. Sriram 

The applicability of the Laplace transformation for the determi¬ 

nation of the time optimal control of low order linear stationary 

systems is presented. The method -- which can be interpreted as re¬ 

quiring a control whose transform in combination with the initial 

conditions places zeros at the poles of the open-loop transfer function 

-- is used to derive both established and new results for the second 

order system. Results are presented which enable one to determine 

switching times of the bang-bang control from the times of transition 

between preselected null reading state measurements -- practically a 

more accurate procedure than precise state measurements. Some suit¬ 

able numerical examples are presented. 
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Chapter I. INTRODUCTION 

Before 1958, the analysis and design of linear systems was generally 

carried out by classical frequency domain methods. By use of suitable 

compensation, the frequency response of the system was modified so as to 

meet certain specifications. This might have meant having a certain 

gain or phase margin or alternatively, having a desired pole- zero con¬ 

figuration. The common feature of all these methods was that they did 

not explicitly consider the system performance as a function of time. 

Since 1958, a number of factors have lead to a gradual abandonment 

of these techniques. There has been a growing interest in a broad class 

of problems involving the transfer of a system from a given initial state 

to another desired state in finite time subject to certain performance 

criteria, and classical frequency domain methods are not adequate to 

solve such problems. As a consequence of this, almost invariably time 

domain techniques have been used to obtain a solution of these problems. 

Wide use has been made of the Calculus of Variations and Pontryagin*s 

Maximum Principle. These involve the solution of a set of differential 

equations with suitable boundary conditions. While it cannot be denied 

that transform techniques, based as they are upon the principle of super¬ 

position, are unsuitable for solving nonlinear control problems, the 

belief that they cannot be used for finite time problems in the case of 

linear stationary systems can only be termed a misconception. It is the 

purpose of this thesis to show that transform techniques are applicable 

to certain finite time problems. 

The advantages of transform methods should be obvious as represen- 
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tation of linear systems is easier in the frequency domain than in the 

time domain. For example, by taking the Laplace transform, a linear 

differential equation can be reduced to an algebraic equation, which can 

be solved explicitly. Inversion then gives the time domain solution in 

terms of the initial conditions. Similarly, partial differential equa¬ 

tions may be reduced to ordinary differential equations by taking a 

transform. 

One finite time problem of interest is the transfer of a system from 

a specified initial state to an equilibrium state, say the origin, in 

minimum time. It is well known that when there is an amplitude constraint 

on the control, the control is bang-bang [2, 3, 4, 5 and 6], i.e., it is 

always at its limiting values. In [2] for instance, the time optimal 

control of simple systems like the double integrator and the undamped 

second order system are considered. Since the control is bang-bang, the 

problem reduces to a determination of the switching times. 

To see what this means in the frequency domain, we ask ourselves the 

question, "What is it that characterizes finite time problems?" The 

obvious answer to this is, "The control and the response are identically 

zero outside a finite time interval." 

This fact, as will be shown later, dictates that the Laplace trans¬ 

form of both the control and the response be free of singularities in 

the finite complex s plane. This requirement leads to the condition 

that the combination of the control and the initial conditions must be 

such that they produce in the frequency domain zeroes at the poles of 

the open loop transfer function. 
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The physical interpretation of this is interesting. The system 
* 

has resonances, which may be real or complex, at the poles of the open 

loop transfer function and the control is chosen so as to lead to a 

cancellation of these poles. In other words, the control forces the 

characteristic modes of the system to go to zero. 

In Chapter II, the concept of entire functions is considered and 

applications are made to first and second order systems. Using the 

transform procedure, the optimum switching time for the first order sys¬ 

tem is obtained, which may be verified by time domain methods. The 

optimum switching curves for the second order system are in agreement 

with those obtained by other methods [2,6]. 

In Chapter III, a method is given whereby the optimum switching 

times for second order systems may be obtained from a time difference 

between null-reading state measurements. To be explicit, the times at 

which the system crosses two given lines (which can, in practice, be 

obtained by null sensitive measurements) are used to determine the opti¬ 

mum switching times, and in the case of the underdamped system, the 

number of switches required, from a pre-computed table. Some examples 

are presented. 

The sensitivity of the switching times to variations in the time 

difference mentioned above is obtained. The procedure is satisfactory 

due to the inherent high degree of accuracy obtainable with time measure¬ 

ments and is of practical interest due to the ease with which null 

sensitive measurements may be instrumented. 

Finally, there is a short discussion of the results obtained and of 

possible future extensions of the transform technique. 



Chapter II, 

FINITE TIME CONTROL AND THE LAPLACE TRANSFORMATION 

2.1, Entire functions. The major results of this chapter in which the 

Laplace transformation is used on finite time control problems follow 

from the theorem below: 

THEOREM: If f(t) is a bounded piecewise continuous function of 

t on 0 < t < T and is identically zero for t > T, then the 

Laplace transform f(s) of f(t) , 

CO X 

f(s) = J e‘Stf(t) dt =f e"Stf(t) dt , (1) 
0 0 

has no singularities in the entire finite complex s-plane. [Such 

a function is called an "entire" or "integral" function.] 

It is easy to prove this theorem, and in fact, it follows from a 

more general result by Copson [7], according to which any function ex¬ 

pressible as a finite integral whose integrands are regular (analytic) 

functions of s and continuous in the variables of integration is a 

regular function. 

It may be easily shown that the result is also valid for functions 

which are piecewise continuous. All we have to do is to break up the 

range of integration into several pieces, over each of which the inte¬ 

grand is a continuous function of the variable of integration. By the 

theorem of Copson, each of the integrals thus obtained is an entire 

function, and hence their sum is also entire. 

2.2. First order systems. For motivation, consider the application of 

this theorem to find the time optimal control for a first order system. 
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We want to find an f(t), subject to the constraint |f(t)| < 1 , such 

that the system 

+ax = f(t) (2) 

is transferred from the state x(t=0) = x^ to the state x(t=T) = 0 in 

minimum time T. It is well known that the optimum control has |f(t)| = 1 

and hence it must be of the form 

f(t) = 6[u(t) - u(t-T)] 

2 
where 6 =1 and 

(0 , t < 0 
u(t) ={ 

{1 , t > 0 

With x(s) = J* x(t)e dt , 
0 

(2) becomes 

x(s) 
Xo + 1 

s + a 

(3) 

(4) 

(5) 

(6) 

(7) 

Since x(t) is to be identically zero for t > T , it is necessary from 

the theorem that x(s) be entire. Thus, we must have 

XQ + f(-a) = 0 . (8) 

Using (3) , 

f(s) = | [1 - e-sT] (9) 

T2 

and f(s) ~ 6 [T - s -| ] (s small) (10) 

So that f(s) is regular at s = 0 and is hence entire (as it must be 

from the theorem). 

Using (8) and (9) , 
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A r, aT, 
0 [1 - e ] = ofXQ 

which for a solution with T > 0 requires 

x 
o 

x 
o 

and 

T = i log [1 + a I x I ] 
a 1 ol 

(ID 

(12) 

This result can be checked by any of the time domain methods. 

The physical interpretation of (8) and (9) is interesting. The 

system has a "resonance" at s = -ct . T, the switching time is chosen 

so that the overall transform x(s) does not have a pole at this reso¬ 

nance. In this sense, finite-time control is really pole-cancellation 

control. 

2.3. The double integrator. To continue to exploit the above method, 

consider the problem of bringing any initial state of the double inte¬ 

grator 

d2x 
= f(t) (13) 

dt 

to the origin in minimum time. The control f(t) is once again sub¬ 

jected to the constraint If(t)1 < 1. Here, with x(t=0) = x and 
i i _ 0 

dx 
(t=0) = , the Laplace transformation yields 

[sx + v + f (s) ] 

x(s) =  ?  . (14) 

s 

In order for x(s) to be entire, [SXQ + VQ + f(s)] must have a double 

zero at s = 0, so that 

[sx + v + f(s)] = 0 
o o v ' s =0 

and (15) 
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— [sx + v + f(s)] = 0 
ds L o o v ' s=0 

It can be shown that here, the optimum control has |f(t)| = 1 and 

that at the most, two switches are required to transfer any arbitrary 

initial state to the origin. Thus take 

f(t) = 6 [u(t) - 2u(t - Tx) + u(t - T2)] ) (16) 

or tr ^ 6 

f(s) = J [1 - 2e'TlS + e"T2S] * (17) 

where 6^ = 1 . « 

2 ST2 
Now, f(s) ~§ [2TX - sTx - T2 +-~ +   ] (s small) , (18) 

so (15) requires 

VQ + 6 [2TX - T2] = 0 

and 2 (19) 

XQ - 6 [TJ 3 ] = ° 

From (19), the switching times and may be calculated. = 0 

implies that the initial states are on the switching curve. Substitut¬ 

ing = 0 in (19) gives the parametric equations 

and 

v - S T = 0 
o 2 

T2 

xo - 6 -| = 0 

(20) 

(20) yields 

6 

and 

(21) 

2 (22) 
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Figure 1. 

Switching Curve for the Double Integrator 
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(22) is the equation of the switching curve and is the usual parabola 

[2] shown in Fig. 1. 

2,4. Second order overdamped system. The same procedure may be 

applied to the second order overdamped system 

d x r dx . 
—o + 2 £ — + x = f(t) 
dt QC 

where 

x(s) = 
[xQ(s + 20 + VQ + f(s)] 

s2 + 20+1 

(23) 

(24) 

Entirety of x(s) requires that [XQ(S + 2Q + 
V
Q + f(

s)] have zeroes 

at - Q + /~^2 ~ . Once again, it can be shown that at the most two 

switches are required to bring any arbitrary initial state to the origin. 

Taking 

1 "T1S ”T2S 
f(s) = j [1 - 2e + e ] 

we get 

1 (C +/T2-,)T (C+/72~:)T 
+\+^ I1 - 2e c c_12i 

= 0 

i (c-jjTzn (Q-rrr~)T 
V^^)+Vo+lTr[1-2e C +e C_1 2] 

C -1 
= 0 

Putting T^ = 0 and elimination of 

C+/72T 
[1 +Xo C 

gives the switching curve 

_ c_/c^i 
= [! +XQ +vo(C+v^71)

] C (25) 
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2.5.* Undamped second order system. .In the cases considered so far, 

the open loop poles were real. The concept of entire functions can be 

extended to cover complex poles, as the undamped second order system 

considered next shows. 

d2x 
+ X = f(t) . (26) 

at 

As in (24), we get the transform x(s) as 

[sx + v + f (s) ] 
- / N o o v J 
X(s) =     

8+1 

Since |f(t)| = 1 , let us assume there is only one switch at time 

and see what states can be brought to the origin. In other words, 

(27) 

-sT 
f(s) = | [1 - e 1] (28) 

2 2 
with 6 =1. Now, x(s) must be entire and s +1 has zeroes at 

+ i. Hence we get the conditions 

e -iT1 
ix + v + %(1 - e ) = 0 

o o J 

and (29) 
iT 

-ix + v + 4(1 - e ■*") =0 
o o -i ' 

Equation (29) yields a real solution for if and only if 

(x -l)^+v^=l ; v <0 , 6=1 
o o ’ o ’ 

or (30) 

(xQ + l)
2 + = 1 , VQ > 0 , 6 = -1 

This is a portion of the switching curve shown in Fig. 2(a). 

Let us now see what initial states can be brought to the origin in 
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Fig. 2a. 

For one 

permissible switch 

For two 

permissible switches 

Figure 2. 

Switching Curves for Undamped Second Order System 
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two switches. Here, 

-T.s -T s 
f(s) = — [1 - 2e + e ] 

s 

and the entirety of x(s) requires 

ix + v + 4- [1 - 2e 1 + e 2] = 0 
o o 1 

(31) 

and (32) 

-ix + v + 4 [1 - 2e 1 + e 2] = 0 
O O -1 

This has real solutions for the regions shown in Fig. 2(b) where the 

appropriate boundary curves are 

2 2 
(x + 1) + v = 9 x o - o 

and (33) 

(x + 3)2 + V
2
 = 1 N o - o 

In this case, the poles were on the imaginary axis. The same pro¬ 

cedure can be used for underdamped systems where the roots of the charac¬ 

teristic equation have both real and imaginary parts. An example involv¬ 

ing optimum switching of an underdamped system will be given in the next 

chapter. For the underdamped system, as in the undamped system, the 

number of switches required to bring any initial state to the origin in 

minimum time depends upon the initial state. 



Chapter III, 

OPTIMUM SWITCHING TIMES 

3«1. Methods of determination. The determination of the exact optimum 

switching time is a problem frequently encountered in the bang-bang 

control of servo systems. One method which could be used is to have 

accurate state measurements and to compare these measurements as time 

progresses to the precomputed switching. This is an extremely compli¬ 

cated procedure to instrument and suffers from the major drawback of 

state measurements — their inherent inaccuracy. Consequently, a great 

deal depends upon how accurate a state measurement we are able to make. 

Time, on the other hand, is a quantity which can be measured to a higher 

degree of accuracy than the states of a system. Consequently, a method 

of switching based upon time measurements could be expected to be more 

accurate than one based upon state measurements. 

It is possible to obtain the optimum switching time in terms of 

some previously measured times at which the system has crossed from one 

preselected region of the state space to another. This is shown for the 

second order system. These regions could, for instance, be defined by 

a pair of straight lines through the origin of the state space, in which 

case it is necessary only to measure the times at which the system 

crosses these two lines when subjected to an input of the proper sign, 

i.e, the times at which the components of the state vector are in a 

prespecified ratio to each other. In practice, this would be a null 

measurement, i.e., the determination of the time when a particular quan¬ 

tity goes to zero. The optimum switching time is uniquely determined by 
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these times and the damping ratio of the system. 

3,2. Second order underdamped system. Consider the second order 

underdamped system governed by the differential equation 

d^ . or dx , x: / 

—2 + 2C TT + x = f(t) 
dt 

(34) 

The switching curve for this consists of segments of spirals as 

shown in Fig. 3 [5], It can be shown that the points P^ are given by 

„ nrr cot a (n+l)n cot or 
z - e - e 

P = 
n TT cot a (35) 

1 - e 

where Cos a = Q , the damping ratio of the system. Consider a trajec¬ 

tory in negative time -T starting at point Q on Fig. 3 with f(t) 

= -1. Then 

(* + 1) 
x = -1 - 

and 

e= sin ( ^l-C2 T a) 

(36) 

, (x + 1) 
dx o CT ,  

= v = ——e* sin ( /TZT T) 
dt /I<r l-C 

If now a straight line x = kv is considered in the (x-v) plane, the 

time at which the trajectory in negative time intersects the line is 

given by 

(x + 1) , 

-1 - - — e*7 sin ( /I" 2 T - a)= k ° 
/TT2" i-C 

(x- + rT , ^ 
e" sin ( T) 

l-C 

So if P > x > P , then At > T > At, where 
n+1 — o — n u — — l 

CAt, 
e “'[sin ( At^-a) + k sin ( / 2 At^)] 
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/ r\ (■* -TT Cot Qfv 
/l.j-2 (1 * e ) 

0 nrr cot o' (n-HL)rr cot a 
2 - e - e 

and 
CAt 

(37) 

u 
[sin ( /Atu - o') + k sin ( /1_^2 Aty)] 

t 5- n cot cs?v 
C1 " e ) 

2 _ e(n+l)TT cot a g(n+2)n cot a 

Consequently, if the system is initially above the line x = kv , then 

with time progressing in the normal sense, the zone and the number of 

switches required are determined by the relation 

At > t0 - t. > At, 
u — 2 k — t 

where At and At have already been defined and t and t„ are 
n '0 k 2 

the times at which the trajectory crosses the line x = kv and v = 0 

respectively. 

Instead of choosing v = 0 and x = kv as the reference line, any 

pair of lines x = k^v and x = could have been chosen. Letting 

t be the time at which the trajectory crosses the line x = k v, 
i 1 

the optimum switching time t^ is obtained as a solution of the 

equations 

-ct. 

-i + [(xo+l) sin ( /^T2 + a) + vo sin ( /^2 t^)] 

-Ct, 

= k 1 [_(xo+1) sin ( ~ Vo sin ( /T7 tk1 - (38> 



(16) 

Figure 3. 

Switching Curve for the Underdamped Second Order System 
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”Cfck 
2 

-1 +7^T [(xo+1) sin (^T^c2 \*x) + v
osin (V3 

2 
= k2 / 2 Sin ^ ^1-^Z tk2^ ' Vo Sin ^ ^1-C,2 fc

k2 “ ’ 

(39) 

“Ct* 

-i + ^ ^Xo+1^ Sin ( c* + <*) + VQ 
sin ( /1_^2 tyJ] 

= P + I e^T S’* 
n /^ 

in ( y^TT - a) - e ^ ^ sin (nn - a) | , (40) 

and 

-ct, 

^-~2 t(x0
+i)sin (v/li^ t*) + vQ 

sin (y\fc* -«)] 

,CT 
I Bin/ 2 T | y——z 

b i-C 
(41) 

where T is a parameter generating the switching curve. Note that (38) 

and (39) enable us to solve for x and v in terms of t, and 
o o 

t, . Furthermore, n may be obtained by the method outlined earlier. 

2 
Simultaneous solution of (40) and (41) then gives the optimum switching 

time t^ . 

For convenience, consider = 0 and = 00 . The upper limits 

of t^ - t# , where t^ and t^ are the times at which v and x are 

zero respectively, for the first few zones of a second order underdamped 

system for different damping ratios are given in Table I. 

3.3. Second order overdamped system. Consider next the second order 

overdamped system 
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■ + 2C ^ + x = f(t) ; C > 1 (42) 
dt 

The switching curve for this has already been derived (25). Using the 

method outlined in Sec. 3.2, it is possible to solve for the optimum 

switching time tf in terms of the times t- and tn at which 

x = 0 and v = 0 respectively. The final result is 

2 + 
6 

C(ti“t*) +v/^2_1 (t?v-t2) 

sinh ( /^2_1 (t^-t^) - a) 

C + '//-l 

/PCI 
2 + -k 

sinh { v/^2_1 (t2-tx) - a) 
(43) 

For a given system, the damping ratio is fixed, so that once a set 

of values of the optimum switching time as a function of t^ and t^ 

have been calculated, all that is necessary to get the optimum switching 

times is to look up the table if precalculated values after measuring 

t^ and t^ . This is of course a simple case when the system is ini¬ 

tially assumed to be in the second or fourth quadrants, above and below 

the switching curve respectively. This can be extended by the measure¬ 

ment of the times at which the trajectory crosses any pair of lines, as 

indicated earlier. The accuracy of prediction will be greater, naturally, 

if the two reference lines are further apart. In Table II, the optimum 

switching time is given for different values of t^ for t^ = 0 and 

£ = 1.05. The results are plotted in Fig. 4. 

3/4. Sensitivity. Let us now obtain an expression for the sensitivity 



TABLE II 

for 

Switching time t^ for Different Values of t 

a Second Order Overdamped System, (t^ =0, £ = 

t2 (sec.) 

0.02 

0.04 

0.06 

0.08 

0.10 

0.12 

0.14 

0.16 

0.18 

0.20 

0.22 

0.24 

0.26 

0.28 

t* (sec.) 

0.0344 

0.0695 

0.1053 

0.1417 

0.1789 

0.2168 

0.2556 

0.2951 

0.3355 

0.3768 

0.4191 

0.4623 

0.5066 

0.5520 

2 

1.05) 

0.30 0.5986 
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Figure 4. 

Switching Times tu for Different Values of t~ 
2 

For a Second Order Overdamped System 

(tx = 0 , C = 1-05) 

0-6 • 

or 

0.6-- 
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Figure 5. 

Switching Curve for the Double Integrator 
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of the optimum switching time obtained by the method outlined above to 

variations in the time measurements and see how it compared with the 

sensitivity for methods based on state measurements. For motivation, 

consider the double integrator. 

dt 

The switching curve for this is well known [2] and consists of 

parabolas through the origin as shown in Fig. 5. Starting from a point 

P (XQ , v ) in Fig. 5, with f(t) = + 1 , the switching time is given 

by 

<xo+ v*+ -i> = - i <v0 + c
*>2 (44) 

Here t^ and t^ as defined in previous sections are given by 

. 2 

X + V t. + TT~ — 0 
o o 1 2 

and (45) 

vo + t2 - 0 

Solution of (45) for , v^ and substitution in (44) gives 

t2~ C1 
fc* = t2 + ~pT~ (46) 

The sensitivity coefficients are 

at, 

at" 
i_ 
/ 2 (47) 

and 

at, 
aF = 1 +/2 (48) 
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Also 

fc* t2[1 +/2 " t. /2 

giving, for small values of , 

At, 1 + 
£L 

i+k- 1 

At, 

(49) 

/ 2 t/2 

Since , (49) may be written as 

ic* 1 4t
2 

£ (1 +75> <rq> ■ 

Compare this with results from state measurements. 

(50) 

fc* - - f t c; +1 v* o 2 o 
(51) 

and 

at. 

dv 

bt 
* 

dx 
= + 

2 - y 7T~z 
-x + -r v 

o 2 o 

(-D 
- y 71 2 -X + - v 

o 2 o 

(52) 

(53) 

Notice that the sensitivity of t^ with respect to time measurements 

is, from (50), only dependent upon the accuracy of the time measurements, 

On the other hand, the sensitivity of with respect to state measurements 

also depends upon the point at which the state measurements are taken. 

For and v^ small or near the switching curve, the sensitivity is 

quite high. In addition, as has been mentioned earlier, time measure¬ 

ments may be made with a higher degree of accuracy than state measure¬ 

ments. 



Chapter IV. 

CONCLUSIONS 

The applicability of the Laplace transformation to determine the 

time optimal control of a second order system has been demonstrated. 

The same procedure may be used for higher order systems. Extensions of 

the above.procedure to distributed parameter systems-- which can be 

represented far more simply in the transform domain than in the time 

domain-- are being considered. In addition, the general finite time 

control problem is being re-examined by means of the entire function 

concept, when the performance criterion is not minimum time but, say, 

minimum energy or minimum error integral. 

Another promising prospect is the application of transform tech¬ 

niques to system parameter estimation, where a time integral may be 

transformed, by Parseval's theorem, into an integral over all frequen¬ 

cies. Work in this direction is being undertaken. 
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