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ABSTRACT 

THE EFFECT OF DISPERSION ON OPTIMUM RESIDENCE 

TIMES OF CHEMICAL REACTOR SYSTEMS USING 

PERTURBATION EXPANSION TECHNIQUES 

by Jack Attia 

In this paper a mathematical study is made of the 

effect of dispersion on the optimum residence time of the 

axial dispersed tubular reactor with non-linear kinetics. 

For this purpose it is shown how perturbation techniques 

can be used to obtain analytical solutions to the non-linear 

dispersion equations. Following Kipp [7] the consecutive 

reaction system A + B •> C is used exclusively, where B is 

the desired intermediate product. The optimum residence 

time is defined as that which maximizes the yield of B. 

As a natural extension to the work mentioned above, 

Pontryagin's principle is applied to the same system to 

illustrate how one would go about obtaining a best tempera¬ 

ture profile along the axis of the reactor. It was found 

that when dispersion is introduced in the problem, for 

el > e2 t^ie °Ptimum policy is restricted as for the ideal 

case to either of 0 or T*, where 0 and T* are the lower and 

upper boundaries of the admissible set 0 <_ T T*. 
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NOMENCLATURE 

Capital Letters 

A 

A] 

A. 

B 

C 

D 

D, 

D m 

H 

H(T) 

H(T,t) 

K, 

Reaction component 

Frequency factor appearing in k^ 

Frequency factor appearing in k2 

Reaction component 

Reaction component 

Axial mixing coefficient, expressed as a dif¬ 

fusion coefficient 

Known value of D corresponding to operation with 

V = vk 

Coefficient of molecular diffusion 

The Hamiltonian defined by equation (56) 

The Hamiltonian at any given point in the 

reactor regarded as a function of temperature 

only 

The Hamiltonian regarded as both a function of 

temperature and time along the reactor 

Zeroth order Bessel function of the first kind 

First order Bessel function of the first kind 

Zeroth order Bessel function of the second 

kind 

v 



First order Bessel function of the second kind 

L Length of tubular reactor 

Pe Peclet number 

R Radius of the tube 

Material source term for component i 

T Temperature 

T* Upper temperature limit 

TQ Optimum temperature along the reactor when 

ei < e2 

Correction term, due to axial mixing, to the 

ideal case optimum temperature along the 

reactor when < e2 

V Average velocity in the axial direction 

Known value of the average velocity for which 

D = Dk 

X Tangent vector to the hypersurface g^ = 0, 

i = 1 to 4 

Small Letters 

a^ Correction to the ideal case concentration of 

A due to axial mixing 

b^ Correction to the ideal case concentration of 

B due to axial mixing 

c. Feed concentration of A 
A0 

vi 



Feed concentration of B 

Concentration of component i 

Activation energy appearing in 

Activation energy appearing in k2 

Function describing the law of motion of the 

state variable y^, i=l to 4 

Auxiliary function in Pontryagin's Maximum 

Principle describing the law of motion of yp 

Hypersurface describing the boundary conditions 

on the state variables, i = 1 to 4 

Number to be determined experimentally defined 

by equation (23) 

Kinetic rate constant in r^ 

Kinetic rate constant in ^ 

Optimum kinetic rate constant in r^ when e^ < e 

zeroth solution 

Correction term to the ideal optimum kinetic 

rate constant in r^ due to axial mixing 

Optimum kinetic rate constant in ^ when e^ < e 

zeroth order solution 

Correction term to the optimum kinetic rate 

constant in ^ due to axial mixing 

Numerical parameter indicative of the order of 

the reaction B -*■ C 

Numerical parameter indicative of the order of 

the reaction A -»■ B 



r 

r 

r 

ci 

1 

2 

t 

t opt 

w 

x 

y 

y± 

*0 

z 

Rate of formation of ith. component 

Reaction rate for A B 

Reaction rate for B C 

Time along a point in the reactor which moves 

with the mean speed of flow, measured from t = 0 

at the entrance of the reactor 

Time, as defined by t, at which the concentration 

of B is a maximum in an isothermal reactor at T* 

with feed concentration C. , CR 
A0 ^0 

The difference between the nominal residence 

time and the time along the reactor t at any 

given point in the reactor 

Dimensionless axial coordinate 

Integration variable 

State variable defined by equation (51), 

i = 1 to 4 

Auxiliary state variable in Pontryagin's Maximum 

Principle defined by equation (55) 

Axial coordinate 

Greek Letters 

a Ratio of the reaction rate constants 

Y Dimensionless axial mixing coefficient 

Dimensionless axial mixing coefficient when 

D - D]( 

Vlll 



Defect boundary layer term of ith. component 

<f>^ Dimensionless concentration of i 

<j>^Q Dimensionless concentration of i, zeroth 

order solution 

<j>.Q Dimensionless concentration of i, first 

order solution 

Dimensionless concentration of i at t = 0, 

not the same as feed conditions 

X Vector of the adjoint variables 

X^ Adjoint variable corresponding to state 

variable i 

X. Adjoint variable corresponding to state 
x0 

variable i, zeroth order solution when e^ < 

r, B Numerical parameters in the expression for 

H(T) 

r(t),g(t) The same quantities regarded as a function of 

time along the reactor in expressions for 

H(T,t); define d by equations (64) and (65) 

0 Nominal residence time of the reactor 

r Dimensionless residence time variable used to 

fix L/V optimum when T is constant, defined 

by equation (8) 

Dimensionless residence time when V = V^, a 

constant 

IX 



To 

T1 

T t 

T it 

5 

^Bopt 

C 

Optimum dimensionless residence time, zeroth 

order contribution when V and T are constant 

Optimum dimensionless residence time, first 

order perturbation term when V and T are 

constant 

Optimum dimensionless residence time, first 

order perturbation term when L and T are 

constant 

Optimum dimensionless residence time, contri¬ 

bution to the constant velocity first order 

term due to variable velocity operation when 

T is constant 

Integration variable 

Optimum dimensionless concentration of B 

Axial mixing coefficient used in the problem 

when T is not constant, not dimensionless. 

Special Symbols 

B. C. Boundary condition 

In Natural logarithm 

| | Absolute value 

£ Less than or equal 

< Less than 

> Greater than or equal 

x 



> Greater than 

r~ 
vs. 

V 

Square root 

Versus 

The del operator 

Dot product 

xi 



I. INTRODUCTION 

The design and operation of reactors has received 

much attention in the past decade and it is rapidly develop¬ 

ing into a rational and synthetic field. The study of an 

isothermal tubular reactor with piston flow and a super 

imposed effect of longitudinal dispersion and reaction sys¬ 

tem A -»■ B C by perturbation techniques, was begun by Kipp 

[7]. We have extended Kipp's [7] work to include several 

examples of non-linear reaction kinetics in isothermal 

reactors and optimization of temperature profiles in the 

presence of dispersion. 

The model used by Kipp [7] characterizes non-ideal 

flow patterns in a tubular reactor by using the similarity 

between mixing and diffusion. In flow systems that do not 

contain a cascade of stirred tanks it is customary to relate 

the spread in residence times to an apparent value of the 

longitudinal dispersion coefficient D. Taylor [1] showed 

that this longitudinal dispersion coefficient is related to 

the flow parameters by 

2VR 
D 

192 D   m 
2VR 

which is the Peclet number. The equation that describes the 

1 



system is the dispersion equation. 

Solutions to the dispersion equation for a first 

order irreversible reaction were given by Wehner and 

Wilhelm [16] and by Adler and Vortmeyer [18] for a revers¬ 

ible reaction. Kipp [7] treated the system A -* B C with 

linear kinetics. 

Numerical solutions for a single reaction with non¬ 

linear reaction rates have been obtained by Casberry and 

Wendel [2], Douglas and Bischoff [3], Levenspiel and 

Bischoff [4], Fan and Bailie [5], and McGinnis [6]. An 

approximate solution for a reaction of the form A -»■ B ■+ C 

with non-linear kinetics was given by Tichacek [8]. However, 

he used a reactor of infinite length which simplifies treat¬ 

ment of the problem and does not describe fully the nature 

of the approximation in reactors of finite length. Parish 

[12] has dealt with this same system with non-linear kinetics 

and applied perturbation techniques to it in a rigorously 

correct manner. But his work was descriptive only. No one 

has presented analytical solutions to the non-linear disper¬ 

sion equations. 

As Kipp [7] has discussed, perturbation techniques 

and its mathematical justification is a topic that is yet in 

its infancy. It is an empirical method for obtaining solu¬ 

tions to problems that contain a parameter characteristic of 

a property of the system and which is small in magnitude. 
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If when the parameter goes to zero there exists an exact 

solution to the system then one guesses that the effect of 

the term containing this small parameter could be approxi¬ 

mated in the solution in the form of a 1st order perturba¬ 

tion term. That is, we assume an expansion of the form 

2 
$ = <f>o + Y^l + Y $2 + • • • 

and insert it in the differential equation and boundary 

conditions. We then reason that if the differential equa¬ 

tion is to be satisfied identically, that is for any y, then 

all terms of the same order must disappear identically. The 

result is then a set of simpler differential equations and 

boundary conditions that need to be solved in order to obtain 

the solution to the system. If difficulties are encountered 

with order relations then a new revised solution is assumed 

that will eliminate them. 

In a boundary-value problem such as the one presented 

here, difficulties in obtaining a solution arise because of 

the boundary conditions. Both boundary conditions cannot be 

satisfied by a 1st order expansion. It is then necessary 

to- construct two solutions, one satisfying the differential 

equations and boundary conditions at the inlet and the other 

satisfying the differential equations and boundary conditions 

at the outlet and blend the two together to obtain a solution 

that is valid over the entire region. This technique is 
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given by Goldwyn [9] and is called the defect boundary layer 

technique. 

The question of finding the best temperature profile 

for a tubular reactor with dispersion can be solved by using 

the conditions for optimality formulated in the Maximum 

Principle [10]. It is illustrated how perturbation tech¬ 

niques could be used in the analysis of the system. 



II. SOLUTION OP THE NON-LINEAR 

DISPERSION EQUATIONS 

A general component material balance for a tubular 

reactor with non-ideal flow requires [7] 

V v c. x VDVc. + r + S. 
1 c- 1 CD 

where D is the diffusivity matrix 

S. is the source term 
l 

V is the fluid velocity 

If we assume 

There are no sources of material within the system, 

The reaction mixture is treated as a single phase, 

The mixture is of constant density, 

There is bulk flow in the axial direction only, and 

radial symmetry, 

The dispersion coefficients are constant, 

The time average velocity of the fluid is constant 

over the tubular cross-section and independent of 

axial position, 

There is no variation in properties in the radial 

direction, 

5 
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The system is at steady state. 

Then the differential equation describirg the ith component 

mass balance is 

- D (2) 

where D is the dispersion coefficient rc is the rate of 

formation of ith component/unit volume. If no longitudinal 

dispersion occurs in the inlet and outlet connections, 

(z < 0 and z > L) respectively, we have the following bound¬ 

ary conditions 

at z = 0 V = V Ci - D 
dc • 

'■'l 

Hz- 

which for a finite value of D involves a discontinuous de¬ 

crease in c at z = 0. A similar relationship should apply 
1 dci 

for z = L. However, when D is finite and is negative 

because of chemical conversion this equation would mean that 

the outlet concentration c- is higher than the value of 
1L 

in the reactor at z = L. As Danckwerts [11] pointed out, 

this is against physical intuition so that the proper bound¬ 

ary condition must be 

D Hz 0 at z = L . (4) 
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Wehner and Wilhelm [16] proved that equation (4) is correct 

when there is no dispersion at z < 0 and z > L. Van der Laar 

[17] discussed the boundary conditions in the more general 

case where dispersion occurs outside the region 0 < z < L 

as well. 

If we let the two consecutive reactions be irrever¬ 

sible and have non-linear rate expressions 

Then the differential equations and boundary condi¬ 

tions for the system are 

n+m > 2. (5) 

(6) 

with B. C. [VcA - D ^ ]0 - VcA 
0 

dc 
A 

D dz 0 
L 
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D 
B 

dz‘ 

dc„ 
. B . , m . n 
+ V as- + k2cB‘klcA 

0 

dc 
with B. C. [Vcfi - D B 

Sz- b - VcB0
= ° 

dc 
D 

B 
dz 

= 0 (7) 

where we have assumed that only component A enters the 

reactor. At this point we introduce dimensionless variables 

♦ A = 
B 

zklCA, 
n-1 

"Af 
B c, , X = 

DklCA, 
n-1 

Lklc A, 
n-1 

k2cA, 
m-n 

Y = x = 
V 

V 
a = (8) 

where x is a dimensionless residence time variable which 

will be used to fix the optimum L/V when T is constant and 

known. Then in dimensionless form (6) and (7) become 

- Y 
d<|>. 
A + wn 

dx ^A 0 

with B. C. 

d<k 

^A ' Y dx '^0 
1.0 
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d<J) 
A 

dx = 0 

^ B ,m ,n 
' Y ^2" 

+ dT + = *A 

d(J> 
B with B. C. [<j> y 30 

= 0 

d(|> 

- Y 
B 

dx 
= 0 

(9) 

(10) 

(11) 

For T = TQ = constant we can obtain the effects of disper¬ 

sion on the optimum T by assuming an expansion 

(12) 

^B (13) 

which for n = 2 and m = 1, by substitution into the origi¬ 

nal differential equation and boundary condition, leads to 

* 
1 

x+1 (14) 

x 

. e-« f e!>LjX . e-«F(x) C15) 

B0 JQ (y+1) 2 

and 
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(16) 

<j>B = e"aX(G(x) + 1) 
al 

(17) 

where 

x 

However, we have used the B. C. at x = 0 only. Our solu¬ 

tion as it now stands has a defect in it as a consequence 

of the singularity of the differential equation (9) and 

(10) for y equal to zero. We can overcome this problem by 

assuming a revised solution of the form 

where <J>. > K > 4>T> > <!>*> are the functions previously found 
A0 A1 ^0 1 

Parish [12] has shown that for any order kinetics 

(T-X) 

■ - rc (T) e T 

+A = +A0 
+ f+Aj + 

and 

l 
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. . the expansion (12) and (13) becomes 

*A 
21n(x+l)-l 

^ J 
(x+ir 

+ [e 

(T-X) 

Y ] (18) 

<f>B = e~aX F(x) + ye'aX(G(x) + 1) 

+ y [ae aT F(T) 
(T+1)

2 
(19) 

It is necessary for optimum production of B that: 

d $ 
B (T) 

dx = 0 (20) 

In applying (20) we need to differentiate between two 

cases, one being when the velocity is known and constant 

leaving L as the control parameter in x, and the other 

being the constant L case with V as the control parameter 

in x. 

If V = known and constant 
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d 4>n d *Bn 
d‘f,B1 d^B B  ^0 

dx + Y [" dx dx ] 

Perturbation analysis can be used to solve our equation as 

follows, 

let x = XQ + y x^> then 

d <|> B 
d $ 

B, 

(Tn + YT,) = dx ^l0 Tll^ dx 
T0 

d<^B, d^j B 

d2<j> 
B, 

+ yx 
1 dx2 

= 0 (21) 
T0 

and XQ is of course given by the zeroth-order term 

d 4> 
B, 

dx = 0 
To 

while x^ is given by 

d d 
Bi 

[ -3   + —] dx dx Jx, 

d2<j> 
(22) 

B, 
[  T- 1T dx1 T0 

For the case of L = known and constant we need to delineate 



a relationship between D and V, 

13 

( JL. ) = r L 
C Dk J C Vk 3 (23) 

where at and j are known, then 

= ( I_ )2 ( _k = 2-j j-2 
Yk Tk 

1 T J k (24) 

with yk and xk as known constants. It is true then that 

= *B0 + (V^k^’^Bl + V 

Following the same procedure as previously, that is, dif¬ 

ferentiating, setting our result equal to zero and substi- 

... i 
tut mg x = xQ + yx , leads as expected, to the same zeroth- 

order term, however, the first order term becomes 

x’ = [ 

(j-2) <f> B1 

d2<j> W 
B, 

dx4 

d(j> B1 dip 
B 

dx 

d2 <j) W (25) 
B, 

dx4 
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I £ we split T’ into 

T T"(j-2) + T1 (26) 

where x^ is the contribution to the optimum T due to dis¬ 

persion where V = constant and known, then the task of cal¬ 

culating T* simplifies considerably. 

Inspection of (26) leads to the conclusion that 

there are cases where the presence of dispersion or axial 

mixing may make it desirable to reduce the residence time 

necessary to achieve maximum production of B. The locus 

of boundary points over which this would occur is given by 

which T' <0. 

The contribution for linear kinetics is given by 

■ fef (2 

Since the relationship yielding x" for this case is so 

simple we do not show a table of calculated x" vs. a . 

x' = x"(j-2) +xx = 0 

For the case in question, that is A n => C 

(28) 
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determined the optimum dimensionless residence time for an 

ideal tube when T is constant. The solution to the above 

can be easily obtained by a plot of 

d\ 
CLT 

= T 

as a function of xQ. Application of (22) and (25) yield 

and x" respectively. 

T1 

2-41n 

{1- ae 
- ax. 

"aTn * 
(x0 + l) + ae U(G(x0) + l)(x0+l)

3 

F(Xq) (3(x0 + l)2-a(x0 + l)3)-a(x0 + l)} 

(29) 

' -«T0 [ (G(XQ)+1) (XQ + 1)
3
] 

T 
M
 - e  ~  (30) 

Figure 1 is a graph of the ratio of the first order pertur¬ 

bation term x^ vs. the ratio of the reaction rate constant 

a. Table 1 shows the values of x^, xQ and x" obtained in 

the computations as a function of a. 

If we again apply the same techniques to our origi¬ 

nal equations (9), (10), (11) and (12) with n = 1 and m = 2, 

we get 

-x 
<j)A0 = e 0 < x < x (31) 
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CM 

O 
< 
O 

n 

a 

l'ig. 1 Effect of Dispersion on Optimum T 

for Axial Dispersed Tubular Reactor. 
Reaction System: 

Kici ̂
 11- 

K 2 C li C 
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TABLE 1 

SUMMARY OF OPTIMUM T CALCULATIONS 

^1CA ^2C B A —  >- B L b 
— C 

a T0 T1 x" 

0.1 3.060 2.350 1.80 

0.2 2.126 1.958 1.50 

0.3 1.713 1.760 1.42 

0.4 1.465 1.627 1.38 

0.5 1.297 1.543 1.37 

0.6 1.740 1.496 1.30 

0.7 1.079 1.445 1.28 

0.8 0.999 1.403 1.26 

0.9 0.938 1.388 1.24 

1.0 0.889 1.383 1.22 

1.5 0.700 1.340 1.18 

2.0 0.591 1.321 1.14 

2.5 0.5 30 1. 335 1.10 

3.0 0.477 1.372 1.08 

3.5 0.438 1.394 1.07 

4.0 0.395 1.388 1.06 

4.5 0.364 1.403 1.05 

5.0 0.358 1.465 1.04 

5.5 0.323 1.482 1.03 

6.0 0.328 1.5 35 1.02 
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TABLE 1 Continued 

a T0 T1 T" 

6.5 0.307 1.547 1.02 

7.0 0.269 1.610 1.02 

7.5 0.284 1.647 1.02 

8.0 0.263 1.665 1.02 

8.5 0.252 1.710 1.02 

9.0 0.266 1.691 1.02 

9.5 0.245 1.741 1.02 

10.0 0.243 1. 796 1.02 

20.0 0.132 2.012 1.06 

30.0 0.099 2.356 1.08 

40.0 . 080 2.754 1.12 

50.0 .068 3.135 1.20 

60.0 .059 3.438 1.26 

70.0 .053 3.952 1.30 

80.0 .048 4.414 1.40 

90.0 .044 4.922 1.45 

100.0 .040 5.091 1.52 
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<t> B, 

(2 /a) K1 (2 - I x (2 /^T*) ^ (2 1 

a (Ix (2 /a) KQ (2 Jae~*) " I Q (2 Kx (2 /a) ) 

(32) 

where Ij_ and Ki are Bessel functions of the 1st and 2nd 

kind respectively. 

* 
-x 

xe 
-x 

e 
(33) 

<|>B = (exp[ 2a<j)B dy]) (P (x) + 1) (34) 

where 

P(x) 

X 

G (y) exp [ 

' 0 

5 
2a<}>B d^]dy 

and 

G (x) = xe X + 2a 4> B, 
- 2 cx <J> B, 

e"x - 2e"X 

and finally 

-(T-X> 

+A (r)e Y 
Ao 

(35) 
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- (x-x) 

*R - [♦„ 2
(T) - ♦, (T)]e v (36) a u0 AQ 

completes the solution for (j>^ and <J>g. 

The root of (37) determines 

"T0 . { [C^cz/C^j-Ipa/T7")] }. 

{C1KQ (2i/cte"T°) -1Q C2 /e" °) } 

I1 C2 

= 0 (37) 

where = 
Kx(2 /a) 

Applying (22) and (25) determines and T" as 

2ot*Bn*B, 
= 1 . [  5—- ] 
10 T0 T0 

T" = - 

t 4*B -I T al T0 
- T 

Toe 
0 

A plot of the ratio of the 1st order perturbation term to 

the zeroth order solution T^/TQ VS. the ratio of the reac¬ 

tion rate constant a is given in Figure 2, while Table 2 

details the value of t1, T" and TQ obtained in the computa¬ 

tions . 
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Fig. 2. F.ffect of Dispersion on Optimum T 

for Axial Dispersed Tubular Reactor 
Reaction System: 

A- 
^2^'B 1 ---> B C 



TABLE 2 22 

SUMMARY OP OPTIMUM x CALCULATIONS 

a T0 T1 

0.5 1.649 1.465 

1.0 1.299 1.360 

1.5 1.129 1.349 

2.0 1.019 1.356 

2.5 0.939 1.369 

3.0 0.879 1. 386 

3.5 0.829 1.401 

4.0 0.789 1.419 

4.5 0.759 1.443 

5.0 0.729 1.459 

5.5 0.699 1.470 

6.0 0.679 1.489 

6.5 0.659 1.505 

7.0 0.639 1.518 

7.5 0.619 1.5 30 

8.0 0.609 1.549 

8.5 0.589 1.558 

9.0 0.579 1.574 

9.5 0.569 1.588 

10.0 0.559 1.601 

20.0 0.429 1. 789 

x M 

. 800 

. 784 

.775 

. 772 

. 768 

. 767 

. 766 

. 765 

. 761 

. 760 

. 759 

. 758 

. 759 

. 760 

. 760 

. 760 

. 761 

. 766 

. 767 

.768 

.778 
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TABLE 2 Continued 

a T0 T1 x" 

30.0 0.359 1.947 . 788 

40.0 0.319 2.065 . 782 

50.0 0.299 2.091 .766 

60.0 0.269 2.259 . 772 

70.0 0.259 2.247 . 784 

80.0 0.239 2.401 . 794 

90.0 0.229 2.439 . 810 

100.0 0.220 2.498 . 840 
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Por n = 2, m = 2, the differential equation for A 

is the same as for n = 2, m = 1, and <f>^ is of course given 

by the same solution delineated previously. However, <|>B 

now becomes 

CXH-I) _ Cl) 

.. , k = vT 

° CIi¥)(x+l)-
k - (^ 

(38) 

4 B. 

x 

exp -[ | 2cuf>B dy] (P(x) + 1) 

0 0 

(39) 

where 

P(x) 

x 

[exp 

0 

2 a(J> 
B, dy] G(Ods 

and 

2 J G(x) = 2<j>. <K - 2a<J>B [ 4>. - ot <f> B ] - (—pp) 
A0 A1 ^0 A0 b0 x 1 

- (—) 

^B 
=
 [^(T) " “♦■R2 CT ) ] e Y 

B (40) 

completes the solution to 4>B. 

TQ is determined from 



25 

and 

Figure 

and TQ 

(T0 + 1) 
- CX 4> B, = 0 (41) 

T0 

T1 = ‘ ai^B ^ T ^0 + iy x A0 A1 ^0 T0 U (42) 

^B U (T0+1) 
"l T0 

-2 T 0 
(43) 

3 is a graph of T^/TQ VS. a and Table 3 shows T' 

vs. a. 

For any order kinetics n > 1 and m = 1 

4> A = [x (n-1) + l]1/1"11 (44) 

= [x(n-l) + l]1/1_n 

+ rlB_')ln [x(n-l) +1] -1 
"-1 [x (n-1) +1]-1 

♦ Y [ T (n-1) +1] -n/n"1 e'
(TY 5 C45) 

. " OtX p / \ 

^BQ “ e Fn^ ’ 

F (x) = n v J [y(n-1)+1]dyn^F n ea^ (46) 
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3. Effect of Dispersion on Optimum x 
for Axial Dispersed Tubular Reactor: 
Reaction System: 

A- 

kA 
B- 

K2CB > c 
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TABLE 3 

SUMMARY OF OPTIMUM x CALCULATIONS 

2 kA 
-> B' 

K2CB 
-> C 

T0 T1 T 
tl 

0.5 1.829 2.003 

1.0 1.369 1.812 

1.5 1.149 1.706 

2.0 1.019 1.651 

2.5 0.929 1.616 

3.0 0.859 1.586 

3.5 0.809 1.575 

4.0 0.759 1.546 

4.5 0.729 1.55 

5.0 0.699 1.545 

5.5 0.669 1.532 

6.0 0.649 1.536 

6.5 0.629 1.534 

7.0 0.609 1.529 

7.5 0.589 1.520 

8.0 0.579 1.532 

8.5 0.559 1.517 

9.0 0.549 1.524 

0.539 1.529 

1.36 

1.22 

1.18 

1.12 

1.10 

1.09 

1. 08 

1.07 

1.06 

1.04 

1.03 

1.02 

1.02 

1.02 

1.02 

1.02 

1.02 

1.02 

1.02 9.5 
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= e‘aX (Gn(x) + 1) (47) 

where G (x) nv J 

x 

0 

2n- 1 

]1_n 

- al/Cn-D+lJ-htii.)1” -bL(n-l)-M]-l }] 
n 1 [y(n-l)+l]n/n_1 

-(—) 
= ^Ao

n(T) " a^B0^
T^ 6 Y (48) 

TQ, and T" can be obtained from 

__ l-2n 
OtT A -j 

T
0 + 1 - ae UFn(T0)[x0(n-l) + l]1'n = 0 (49) 

2 
_ 2n - ^T[l + ln(T0(n-l))] 

T1 Den 

- ax, 
ae 

1- 2n 
1-n [T0(n-l) + l]i J1 [Gn(T0) + l]-n] 

Den 

with 
- ax, 

Den- [(n-l)-a[T0(n-l)+l]-ae 
0Fn(T0)[(2n-l)(x0 (n- 1) +1 ]n/n_1 

- a[TQ(n-l)+l] 

l-2n 
1-n 

-at, 

0 “(Gn(T0)*l] 

c-T0[T0(n-l)]
n/1'n+,no,(a-l)Fn' (xn)+e “T°P„" 

- axj 

n v‘0‘''w *n ^O- 

(50) 
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The complexity of the physical system being studied 

prevented an exact analysis of the way in which axial mix¬ 

ing affects the course of a reaction. The solutions pre¬ 

sented are expected to be valid approximations for small 

values of y. Unfortunately no definitive experiments have 

been performed to mark the limitations of this analysis. 

Kipp [7] has mentioned that a quantitative criterion for 

the validity of a perturbation solution might be that <j>Q and 

<j>l are of the same order of magnitude and that y is, at most, 

one order of magnitude less than the order of <{>Q and <|>^. 

That is, in more general terms that 
Y <i> 1 , 

* 0 
is not greater than 

0 (.1). This criterion is referred to as the ratio test. 

The ratio test appears to be a conservative criterion when 

comparison with numerical results are made. The one numeri¬ 

cal check that was made was in the way of a comparison with 

the results obtained by Fan and Bailie [5]. The values 

calculated for the concentration of A by their exact method 

with n = 2, K, = 1 = CA , agree well with those found by 
i AQ 

the method used here as long as the value of y is less than 

.1, as would be expected. 

It is evident from the following that perturbation 

techniques are useful for designing reactors in which 

axial mixing is to be held within certain limits, rather 

than in interpreting data from reactors in which there 

has been excessive axial mixing. It should also be borne 
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TABLE 4 

PERTURBATION EXPANSION SOLUTION COMPARISON FOR <f>A 

Y = .1, C. = 1.0 L/V = 0.5, K, = 1.0, n = 2 
A0 1 

^A ‘f’A 
Exact Numerical Perturbation Solution 

0.0 .905 .900 

0.1 . 850 . 834 

0.2 .780 . 788 

0.3 . 740 . 741 

0.4 . 701 .697 

0.5 .656 .658 
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in mind that the methods presented here are limited to 

straight pipe reactors and are invalid for reactors which 

have curves or bends. In curved pipes, mixing is known to 

be much more severe and is difficult to analyze quantita¬ 

tively. 



III. EFFECTS OF DISPERSION ON THE OPTIMUM 

TEMPERATURE PROFILE 

For T not constant optimum operation can be ob¬ 

tained by either of two approaches. One could ask for an 

optimum yield in a fixed L/V or alternatively one could 

determine the temperature profile along the reactor which 

would produce a given yield of the desired substance in 

minimum L/V and determine the minimum L/V as a function of 

the yield. It is a fact that the solution to both of these 

problems leads to the same temperature profile. We chose 

to illustrate the first case. If we let 

0 

then we can rewrite our system equations (6) and (7) by 

defining 

*1 

^2 

^3 

^4 

4 A 

C 
d<^A 
dt 

<I>B 

C dt 

33 
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so that 

f 1 dt c 

f 2 
_ ^2 _ y2 

dt C 
+ kiyi 

n 

, dy3 y4 
t3 dt 5 

f4 " 
^4 + k m 

2y3 - V 
n (52) 

where k^ and k2 are functions of the control parameter T. 

with B.C. [y1-y2]t_o'i*0 = 0-= §i 

y2]t=e = °- = «2 

y3"y4h=0 = °- = «3 

y4h=e = °- “ g4 

and t is time along a point in the reactor which moves with 

the mean speed of flow measured from t = 0 at the inlet. 

The fundamental problem can be formulated as follows: 

Among all the admissible controls T = T(t) which 

transfer the phase point from the position y^(0) to y^fe) 

find one for which the functional 

y3(e) 

0 

(Vin - V3
m> dt 

' 0 

(54) 
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takes on the greatest value. 

If we define an auxiliary function f^ by 

f 0 
% 

3t~ 3 
(55) 

y0 (°) = 0 

then Pontryagin’s Maximum Principle [10] gives the solution 

by means of a set of adjoints 

n 
dA. 

= "-I 

9f. 

3 = 1 8y3 
X . 
3 

(56) 

and a Hamiltonian 

n I -F 

H = l ifi (57) 
i = l 

where for the best control T = T(t), H is maximized at 

each point along the reactor. 

The system of adjoints is then, for n = 1, m = 1 

dip 
jjr- = zero (58) 

AQ (0) = 1 implies AQ(X) = 1 

and 
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dX, 

Ht~ = - kjt* 0 + X 

dX 2 (Xi + X2) 

dt c 

dX, 

dt " k2 (XQ 

' 

V 

dx4 (x3 + ^4) 

dt~ ~ 

With the boundary conditions on the adjoints given by the 

transversality conditions 

X CO) • A CO) = 0 (59) 

X(e) • x(e) =0 

Where X is the tangent vector to the hyper surface gi(y^, 

y2,...yn) 
= 0, defined by equation (53), i = 1 to 4, de¬ 

scribing the boundary conditions on the state variables 

y^. Application of the above leads to 

[X± + X2]Q = 0 (60) 

[X3 - X4]0 = 0 

xx Co) = o 
X3 (G) = 0 

Consider now our Hamiltonian 
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+ 
(A3

+
X4) (61) 

For the range of interest 0 < T < T* the optimum policy 

must be either in the interior or on the boundaries (no 

stationary maximum). 

If we define r = ♦ A., - x4, and 8 = X0 - *4, 

then we can prove that for ej > e2 there is no stationary 

maximum H. The Hamiltonian can be rewritten as 

H(T) k1(T){y1r 
3k2(T) 

' y3 'ik'1 (T) 
} + f(^i>yi>c) (62) 

and hence, if 

0 
kfCr) = Axe 

iyT and k? (T) = 
then 

T2r9H. T ^ Pk- (T)e9y_ T Wi.,y.= k1(T)e1,ry1 - -|i(T); ^ } (63) 

From our adjoint equations: 

r ° g dg . 5 dw2 dw + k2 B = °» w = 0_t and 0 £ w <_ 0 (64) 

af * ei0 1.0 



The equation for g is of the same form as the dis¬ 

persion equation for the depletion of a reactant g with rate 

of reaction We know then that g remains positive over 

the interval 0 £ t £ 6 no matter how the temperature varies. 

When the Hamiltonian is given by an equation of 

the form (62) with g positive over the interval 0 <_ t <_ e, 

then for e^ > the only possible stationary value of the 

Hamiltonian is a single minimum at a finite value of the 

temperature. The argument is as follows: 

For r < 0 the contribution to H(T) due to r^ and 

?2 is negative and H(T) is monotone decreasing. For r > 0 

we must investigate the two cases, e-^ > an^ < e
2 > 

separately. For e^ > then k2/k^ decreases with increas¬ 

ing temperature, so if the sign of the Hamiltonian or its 

derivative changes sign with increasing temperature it will 

do so from negative to positive. The frequency factors 

and A2 in the two rate constants may be such that there is 

no stationary value and the Hamiltonian is monotonic de¬ 

creasing with increasing temperature. 

It is clear that there is no possibility of a 

stationary maximum. If the policy is on the boundaries, 

then the problem should reduce to that of the isothermal 
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optimum residence time. A proof of it is not given here. 

If the optimum control is in the interior, then 

^ X . ,y. ^X0 + X2"X4^ ’ ('X0'X4^) ^T^y. 
1 ’71 71 7 ] 

= 0 

(I!H, 
aT2 Xi,yi 

< 0 

Since 

r 
1 

= A^e 
-e 

1/T 

r 2 A2y3e then 

T 

ln[ 

erez 
X0*X2~X4-jylel 

XX0"X4-)y3e2 

T > 0 , 

which implies that when XQ - X^ > 0 there is a solution 

only if XQ - X^ + X2 > 0 and it is the optimum T only if 

ez/ei > 1, and when XQ - X^ < 0 there is a solution only 

if XQ - X ^ + X 2 < 0, and it is the optimum T only if 

< 1, and for XQ - X^ = 0, depending on the sign of X2 we 

use either T = 0 or T = T*. 

Only X2 and X^ need to be known at every point 

along the trajectory when T optimum is in the interior. 
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A perturbation solution can be obtained by again 

setting 

<)>B 

X . 

= <K + C an 

= <f>g + t b. 

X40 + c X41 

and 

X2 X20 + 5 X21 

T0 + « V 

where a Taylor expansion can be used for ^(TQ + C T^) and 

^2 (T0 + ^ Tf) to also expand k^ = k^Q + k^ and k2 = k2Q 

+ k2^. Substitution into our system equation yields 

dA 

dt + k10 *A = 0 

0 

= 1.0 

d<J) 
B, 

dt 
+ k20<()B 

0 
k10*A 0 

B, = 0 

dX 10 
7Tt“ “ k10 ^X0_X10 + X30^ 



*10 (®) 0 

41 

"3T k20^X0+X30^ 

X
3O(0) = 0 

and H = (*Q 
+

 *30"*10) ri0" C*0
+X30) r20 

which agrees with what Jackson [13] obtained for a tubular 

reactor with no dispersion. The first order system is 

given by 

da^ 
cTF" + klOal + klla0 = 

dt' 

with 

df 
v0 

11 dt 
0 

db1 

dt~ 

d2<J, 
+ k0, <j> 

21yBQ 
+ k20bl k10 ^A, kll<f>A 

B, 

0 dt' 

d*B ^0 
dt 

t=0 t=0 

dA 
41 

~3t ^X0"X40-)k20"k21 ^X0“X40') 
d2 A 

dt 

40 
2 
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dx 
40 

dt 
t=0 

41 t = 9 

dx 
40 

~St - O 0 + X 2 l'X 41-^10" ^X0 + X20“X40^11 

d2x 

dt 

20 
2 

dx 20 
dt t=e 21 t=e 

with 

d2<f) 

dt 

B 

2 
0 d2X 20 

dt' 

d2X 

dt 

40 
2 

obtained from the zeroth-order solution and T^ 

from (^2l"X41-) <}>A0
elk10+ (X0 + X20_X40') alk10el 

+ (xo"X20"X40^A0
kll" (-X0'X40-)e2k21<))B0 

+ ^41
e2k20<!>B0‘

bl(-X0“X40-)e2k20 

obtained 

The second boundary condition on the adjoints has not been 

met. The defect boundary layer term in this case is given 

by: 



4 3 

h 4 
e 

t=0 

t 

dx2 

<It~ 

e 
t=0 

t 
C 

and that for <j>^ and <j>g is 

<P rr (9)e 
lA 

1> 
h 

rr (0)e 



IV. CONCLUSIONS 

1. It was found that first order perturbation 

terms could be negative in cases where the control 

parameter in T was the velocity, implying that it might 

be necessary to reduce the optimum residence time to 

achieve maximum production of B in certain cases depending 

on the properties of the reactor. 

2. For e^ > the optimum control was found to 

be on the boundaries of the admissible set 0 <_ T .< T* 

when T is the control parameter in the optimization prob¬ 

lem, implying that the introduction of dispersion or axial 

mixing does not change the optimum policy for e^ > 

44 
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