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ABSTRACT 

This study is concerned with the elastic buckling strength 

of a simply-supported tapered I-column subjected to uniform axial 

compression and end moments which are proportional to the depth. 

The governing differential equation are derived and then these 

equations are solved numerically for a wide range of parameters. 

The results are presented in three sets of curves. A design 

procedure for such members is proposed. 
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N 
CHAPTER I 

INTRODUCTION 

A tapered I-column, as shown in Figure 1, is frequently- 

used in structures, especially- in the legs of rigid frames for 

light weight buildings. At present, such members must be 

designed by the use of formulas derived for prismatic members. 

A convenient and efficient means for the design of such members 

is needed. This thesis contains a study of the buckling strength 

of a tapered member of bisymmetrical I-type cross section under 

a common loading and with simple boundary conditions. A design 

procedure for this special case is proposed. This constitutes 

the first step in the development of a general design procedure. 

In this thesis is presented a theoretical investigation of 

the. stability of a tapered I-column which has flanges of constant 

cross section and a web of a tapered depth. The column is 

subjected to axial thrust and end moments. The ends are ’'simply 

supported"; that is, lateral and vertical displacements are 

prevented at the ends, and the web is supported to prevent 

rotation about the longitudinal at the ends while the flanges 

are free to rotate. The applied end moments are assumed to be 

acting in the plane of the web and to be proportional to the 

depths of the member at the ends. Therefore, the stresses in 

the flanges are constant with respect to the longitudinal 

position. This case may be used to provide a conservative 

approximation to the critical stress for other loading conditions. 

It may be noted that the additional moments caused by the interaction 

of the axial thrust and the vertical deflection has been neglected 

in this analysis. 

Under the assumed loading, as either the end moments or the 

thrust or both increase, a pondition is reached at which a slightly 

deflected and/or twisted form of equilibrium becomes possible. 

The load at this initial deflected equilibrium position is the 

critical load. The column may buckle in many ways. Due to the 

practical properties of the column considered herein, we are only 

concerned with the following cases: 
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1. When the I-column is acted upon by axial thrust alone, 

it buckles in the weak plane (plane of the flanges) without 

twisting; the buckling is the Euler's load, designated as Pg. 

2. When the I-column is acted upon by end moments alone 

it buckles by deflecting laterally and twisting; the critical load 

is denoted by M^. 

3. When both thrust and end moments are acting on the column, 

it buckles by deflecting laterally and twisting; the critical load 

is a function of both P and M. The critical load for this case 

is conveniently represented graphically by an interaction diagram. 

Much work in the analysis of the lateral buckling of columns 

results in the drawing of interaction curves. Such curves have 

been worked out for columns of rectangular cross section under 

unequal end moments by F» DlMaggio [l], and for I-columns with 

unequal end moments by M.G-. Salvadori [2], They can also be 

obtained from Timoshenko's [3] solution for prismatic I-columns 

with thrust and equal end moments, as shown herein. 

Although much of the work on lateral buckling has been done 

on columns of constant cross section, very little has been'1* done 

for tapered members. Lawrence N.H. Lee [4] has a paper in the 

Journal of the Franklin Institute of 1956 dealing with the torsion 

of tapered I-columns. Later he also published a brief theoretical 

solution for the lateral buckling of a tapered column of 

rectangular cross section which is subjected to pure bending [5]. 

Besides these, an experimental investigation and analysis was done 

for welded contilever wedge beams (only laterally loaded) by 

Krefeld, Butler and Anderson [6], All the three papers mentioned 

above were dealing with a tapered member which can be described by 

a set of straight lines emanating from one common point. In 

other words, both the flanges and the web are tapered for the 

I-column. In this respect, the work presented here is the first 

investigation on an I-column which has constant flanges and 

tapered web. 
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CHAPTER II 

DERIVATION OP GOVERNING EQUATIONS 

2.1 Introduction 

Consider the tapered I~column shown in Figure 1. The 

longitudinal coordinate is denoted as z. Points on a cross 

section are defined by the x,y coordinate system, in which the 

origin is at the centroid, the x axis is the major principal 

axis and the y axis is the minor principal axis, as shown in 

Figure 2. The x,y coordinate: system moves as the cross section is 

displaced. The displacement of the cross section is defined by the 

u , v , A coordinate system, where u and v are the horizontal 

and vertical displacements of the shear center, and (5 is the 

rotation of the cross section about the shear center axis. 

Positive directions of all quantities are indicated Qn Figure 3« 

Obviously, the displacements u , v , and A are functions of the 
3 S V 

longitudinal coordinate z. 

The following assumptions are made. The displacements are 

assumed to be small so that the curvatures are adequately described 

by the second derivatives. The material of the member is assumed 

to be elastic, homogeneous, and isotropic. The' member is assumed 

to be only slightly tapered so that wedge beam theory is not 

necessary. The simple curvature-moment and moment-stress 

relationships of the common Bernoulli-Euler's beam theory are used 

for the analysis of the bending about both principal axes. Shear 

deformations are neglected in the bending analysis. The cross- 

section is assumed to remain undistorted during the buckling 

phenomenon. Additional assumptions are stated in the following 

derivation. 
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The shape of the member is idealized as follows. Both flanges 

are prismatic; however, the two flanges are not necessarily of equal 

area in the following derivation, although the numerical solutions 

are restricted to cases of equal flanges. The web plate varies 

along the length in depth. The area, however, is constant. 

Therefore, one may visualize the web as composed of a large number 

of fibers which run the full length of the column and which spread 

out as they go from the shallow to the deep end. The vertical 

distance of any fiber from the centroid, y , is given by the 

equation 

y = 0(z) yQ (II - 1) 

where yQ is the distance of fiber from the centroid at midspan. The 

taper function 0 (z) is a linear function of the longitudinal 

coordinate z and has a value of unity at midspan. 

The moment of inertia about the major principal axis I is 
-A. 

given by the following equation Ix= I y2dA 

Hence, by equation (il-l), 

2 / 2 

Ix = 0 J y^ dA = 0 1^ (II-2) 

2 
Thus, the moment of inertia I at any section is simply 0 times 

.A. 

the value at midspan, I 
xo 

The moment of inertia about the minor principal axis I is 
«y 

assumed to be uniform over the length because it is almost entirely 

a function of the flange areas, and the flanges are prismatic. As 

in the case of prismatic beam it is assumed that the ratio I /I 
J 

is small 
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The applied moments at each end are proportional to the depth 

at the ends. Since the bending moment diagram is linear, the 

bending moment M at any section may be expressed as 

M = 0 (z) Mc. (II-3) 

where MQ is the bending moment at midspan, equal to the average of 

the two end moments. Note that the moments due to the interaction 

of the thrust with the vertical deflection are neglected. Since 

the ratio I /I is small, the moments which are neglected would be y x
0 

rather small. However, a method of correcting for this effect is 

presented later. Moment is considered positive when it produces 

compression on the top fiber. Axial thrust is positive when it 

produces compression in the member as shown in Figure 1. 

The normal stress in any fiber is given by the expression 

cr P 

A 

M .• $ 
I 
x 

where cr is the stress, positive when compression. 

When the values of M, y, and I are expressed in terms of their 
JL 

values at midspan, by equations (II-l), (II-2), and (II-3), we 

obtain 

cr' 
P 
A 

M y o^o 
(II-4) 

In equation (II-4)> both P and A are uniform; therefore the stress 

in each fiber is also uniform over the length. Thus, the 

assumed loading conditions on the member produce in each fiber 

a stress which is invariant with respect to the longitudinal 

coordinate z. 

In the following derivation the equilibrium method is used. 



6 

2.2 Disturbing Forces 

Consider that the member is composed of an infinite number of 

fibers of area dA. Each fiber transmits a thrust o- dA. In the 

buckled position the interaction of this thrust with the curvature 

produces a fictitious horizontal force dq given by the 

following equation [7] 

J 2 
dq =-crdAS_! (II-5) 

dz 

where u is the horizontal displacement of the fiber from the 

unbuckled position. The fictitious force q is positive when it 

acts in the positive u-direction. The horizontal displacement u 

may be expressed in terms of the coordinate system for the entire 

section as follows (see Figure 3)s 

u = us + (y - y) (3 

where y is the distance from the center of gravity to the shear 

center. 

The values of y and y may also be expressed in terms of the value 

at midspan by equation (II-l) to give 

u = us + (y0 - y0) 0 £ (ii-6) 

where yQ is the distance from the center of gravity to the shear 

center at midspan. 

The total fictitious disturbing load in the whole section 

may be obtained by integrating the components given in equation 

(II-5) over the cross section area. Thus 

or, by equation (II-6), 
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or, 

crdk 
a2u. 

dz‘ 
+ (y0 - y0) 

a2(00 )) 

az
2 ) 

«. ■ ' p 

a2ua |r-a
2(00) + M a2(0& ) 

dz dz dz 
(n-7) 

Also we have the fictitious distributed load acting in the 

vertical direction 
.2 

dq., = - rdA , 
y
 dz 

where v is the vertical displacement of the fiber from the 

unbuckled position. The fictitious force a is positive when it 
«y 

acts in the positive v direction. The vertical displacement v 

may be expressed in terms of the coordinate system for the entire 

section as follows: 

V = vs - X £ 

Notice here that x is independent of z. We may now express dq 
«y 

in terms of the coordinate system of the whole section, 

( d2ys 
dq = - cr dA —jj® - x 
y \ dz^ 

Both dq and dq produce a disturbing torque m , which, according 
x y z 

to our sign convention, can be written as 

mz = f d(ix (y - y) “ f d(ly ' x k k 
We may express m in terms of the coordinate system of the 

z 

whole section as follows: 
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mz = - 0 f (y« - y0) (777 + (y0 - y0) —o-dA 
dz 

+ I x 

'A 

d2v. 

dz 

d2e 
—5& - x S-6J <rdA 
dz^ dz / 

mz = .0£im / r_2 
dz 

yo<rjA - 2y0 f yo0-^+ y
0
: <r- dA 

'A 

- 0 
d2u 

dz 
dA - 

” o 
'A /A 

y IT«A - y 
o •'o f <r-dA) 

Jk ' 

dV 
s 

dz 
x £r dA - x2 cr dA 

/ 
dz 

/A 

Thus we have the following,expression for the disturbing torque 

2 

mz = * <Mo+ y0 
p) -0 ^f1 (p y0

2 + 2y0
Mo 

it f yo3 dA + T2 

d2(S { Mo 

dz I I 
x yQ dA 

PI 
 Z 
A 

"o J& 

(H-8) 
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2.5 Resisting Forces 

Whenever the member is bent, internal resisting forces are 

introduced. Let r^.and r2 be the horizontal resisting forces 

produced in the bottom and top flanges. Then by the ordinary 

bending theory, 

where ^ and u2 are the horizontal displacements of the centers 

of the bottom and the top flanges respectively. Resisting forces 

r^ and r^ are positive when they act in the negative u-^ direction 

and u2 direction respectively. If we express and r2 in terms of 

the coordinate system of the whole section by substituting 

and also express the location of the shear center of an I-section 

as follows, 

r± = El 

U1 = us + h>(* 

u
2 = 

u
s - 

I 
0 h I ^ o 

(II-9) 

y 

then we can write 
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r± = El 

(H-10) 

Since and r2 are the only resisting forces in the horizontal 

direction, using q^ to denote the resisting force in the horizontal 

direction, we have 

The resisting torque is provided by the torsion of the member as 

well as due to the action of rn and r0. Let m' be the resisting 

torque. Then 

We may use the expressions of hj^ and h2 in equation (II-9) and 

rl> r2 -*-n eQ.ua'tioa (11-10), and substitute in the above equation: 

or, 

(11-11) 

- El s 
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or, 

Let 

Then, 

2, EVW 0 dlMi 
Ty ? dz4 

m' c djg. +   
2 dz2 1 

-w 

El I 
yl y2 . 2 

—17“ ho 
(H-12) 

m1 - - 0 4 + 0W 0 
dz^ dz4 

(11-13) 

2.4 Equations of Equilibrium 

The disturbing and resisting forces in every element of the 

member are in equilibrium when the member is subjected to the 

critical load and is deflected into the corresponding buckling 

mode. That is, for equilibrium of horizontal forces, 

q' 
x 

= q X 

and for equilibrium of torsional forces, 

m' = m 
z 

(11-14) 

(11-15) 

The quantities q* and q in equation (Ilf-14) may be 
x x 

expressed in terms of the applied forces and displacements by 

equations (II-7)> and (11-11), the following equation is obtained: 

d^u 
El. 

y- dz4 

= - P 
d^ 

dz2 

+ p y d .(Ml + M. 
dz 

d2«3E) 
dz 

(11-16) 
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Similarly, by equations (II-8), (11-13), and (11-15): 

,2. 

Cw 0 -0^ = 0 
dz4 ~ dz2 ^ dz2 '**° 

(»« + y0) 
p 

- 0 ■d-2^f) |P yn
2 + 2 y M - 

M 

dz 
"o )A L 

PI 
* xrt 
V dA +

 —° 

+ [ *2yo*A-^ 
(11-17) 

2.5 Boundary Conditions. 

u = 0 , 
s J p = 0 

also 

d2u. 

dz 
= 0 and 

and 0=0 

.2 
d u^ 

= 0 

But 

y2 ui * us + IT 
ho , 

V 

yi 
us - u3 - r“ 

ho 

du, du_ Y0 A 

IT ■ 35s + if \ fe W, 
«y 

du2 du
s ~y. 

dz dz 
a h i 

iy “o az ^P^- 

d^U-j 

IT" 

d2u -I + Jz h cm 
dz y dz 

= 0 

a2u. d2u 
S 

dz dz‘ 
h djlM = 0 

So 

dS 

dz2 
= 0 

dz2 = 
and 0 



13 

CHAPTER 3 

SOLUTION OP EQUATIONS 

3.1 Equations for Bi-Symmetrical Members 

Numerical solutions have been found for the members which have 

equal flanges. In this case, the. axis of the center of gravity of 

the cross sections and shear center axis coincide, so that y is 

zero for each cross section of the member. Hence the equations 

(11-16) and (11-17) are simplified as follows: 

Equations (III-l) and (III-2) stand for the case where both axial 

thrust and end moments are acting on the member. 

When only axial thrust is acting on the member, the terms 

containing M0 drop out and the governing equations are simplified 

as follows: 

(III-l) 

and 

(HI-3) 

and 

(III-4) 
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When only end moments are acting on the member, the terms 

containing P drop out and the governing equations are simplified as 

follows: 

d4u 
EIr 57“ - M 

0 da2 
(III-5) 

and 

CW 0 ^ 
dz4 

i2n d2U 
- C = M 0  1 

da2 0 da2 
(III-6) 

Since the boundary conditions are that of simple supports, 

that is 

(i) no deflection at ends 

(ii) the end sections of the web are prevented from 

rotating while the flanges are free to warp there. These conditions 

give u5= u” = 0 at both ends and (3 = (<?($' = 0 at both ends. We may 

integrate the equations (III-l), (III-3) and (III-5) twice and then 

apply these boundary conditions. These three equations then become' 

EIy dz2 = - Pus + Mo (0p) (III-7) 

El 
y 

d2u 
s 

dz^ 
- - Ju5 (III-8) 

EIy 

C
G
C
M
 

C
M
 

rd
 

= Mo(06) (III-9) 

Dimensionless Form of Equations 

For convenience in solving the equations, we may transfer 

then into dimensionless form. In doing this, we let 

us = M and z = L £ (III-10) 
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Then 

d2u 5 = 

L2 7f 

<Ol£l = 1_ d4(0f) 

dz i,4 d5
4 

d2(0p) _ 1_ d2(0g) 

dz^ IT d -f 

d£g _ 1_ d2ft 

X? i2 

Then the equations (III-7) and (III-2) for the case where both axial 

and end moments are acting can be written as follows: 

El h 

-V* 77 - -p VP + MoWf> 
d 
2n 

d^ 
(III-ll) 

and 

°*? d4i 

c 
sii.L(r! 0i£m+r2 ufe) 

d5 4 L2 dy L2 d^2 L2 \ xo d*5 2 y d^2/ 

(III-12) 

where r‘ 
o 

A 
and r 

I 
-Z 
A 

We may recall that C = 
w 

El I h 
y, y2 o. 

For the member of equal 

flanges, C 
El h ‘ 

y o 
'w 4 

convenient to use the following parameters: 

Later on we will find it is more 
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d 

r 

CL 
C 
w -ai 

A = ^ 
r 
xo 

Also let M = Pe , and o o 

e = 

>. = PI/ 
El 

By the use of these parameters, equations (III-ll) and (III-12) 

then can be written as follows: 

and 

d^ 

d*5‘ 
2 = -A(^) + Ae (0^) (III-13) 

0 OM 
d-$4 dy 

4 |Ae 0 
- * * ^)) 

(III-14) 

Equations (III-13) and (III-14) stand for the case when both 

axial thrust and end moments are acting on the member. 

Similarly, for the case when only axial load is acting on the 

member, equations (III-8) and (III-4) can be expressed in these 

parameters as follows: 
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d2tf 

and 

- tt-f +9J£MI 
d^ d ^ < 

(III-15) 

(III-16) 

For the case where only end moments are acting on the member, 

equations (III-9) and (III-6) are expressed in parameters as follows: 

and 

A£ (0p) (III-17) 

.0 die 
d-^4 d-^ 

Ut (III-18) 

Equations (III-13) through (III-18) can be used to solve' for the 

buckling loads once the leading conditions and the properties of 

member are given. Buckling loads have been determined for a wide 

variation of the parameters. Before attacking these equations, it 

would be helpful to have an idea of the range of the parameters. 

This idea will give us guidance to what values of the parameters 

should be taken for the calculation. 

(A) The taper function is represented by the ratio of the 

depth of the member at the deep end to that of the shallow end, 

and is denoted by ^ has a lower limit of 1. Practically, ^ 

scarcely exceeds 3. 

(B) =(sa/ kas a ranSe zero to infinity. 

(C) It is shown in the AISC Steel Handbook that 

has its value in the narrow range from 0.39 to 0.42. Por°most 

practical purposes it is taken to be 0.4. 

I 
_ -JL. (D) It is also shown in the Steel Handbook that yU. = -j 

has a range from 0.03 to 0.40. 
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5.5 Finite Difference Solutions 

Equations (III-15) through. (III-18) are solved for the 
•X* 

specified values of parameters hy the finite difference method. 

In using the finite difference method, first, we divide the 

member into eight divisions along its longitudinal axis to calculate 

its critical load. Next, we divide the member into six divisions to 

calculate its critical load. Then, a more accurate value of the 

critical load is obtained from the results of both the eight and six 

division solutions by the method of extrapolation [8], If we denote 

Pg and Pg the critical loads obtained by six division and eight 

division solutions respectively, then the improved value of the 

critical load is given by the following extrapolation formula: 

P = 2.28571 P8 - 1.28571 Pg (III-19) 

The range of parameters in the calculation has been selected 

in the following way: 

(A) Solutions have been obtained for <^5 = 1.0, 2.0 and 5*0 

(B) The value of has been taken from zero to 400, and the 

curve shows that the critical load is a linear function of 

beyond this range. 

(C) Calculations have been worked out for JA- = 0.051 0.20 and 

0.40. 
(D) The value of V is taken as 0.402 = 0.16 

The results are presented in the following chapter. „ 

* See Appendix B for the details in solving the equations. 
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CHAPTER IV 

PRESENTATION OP THE RESULTS 

In the previous chapter we have formulated the equations for 

the calculation of the critical loads. 

We notice that when the member is acted upon by the end moments 

only, equations (III-17) and (III-18) show that the critical moment 

parameter AE = M ly^EI is a function of £) and oC only. 

Hence we have obtained the critical values of ;\e as a function of 

L/a = for different values of . The results of this 

calculation are given in Table 1 and curves of xe vs. L/a are given 

in Figure 4 for three values of which cover the practical range. 

In the range of L/a shown the curves are almost coincident. For 

practical purposes, a single curve would be sufficient. It may be 

noted that the mode shapes corresponding to the three taper ratios 

are not alike as the lateral deflection and rotation shapes become 

more skewed as the beam becomes more tapered. From Figure 4, for 

a given member with dimensional and material properties known, the 

critical M oE can be calculated. 

When the membe r is acted upon by the axial thrust only, equation 

(III-15) gives us the Euler's buckling load with 

PEL
2/EIy = *2 

and equation (III-16) gives the torsional buckling load 

> = PplVEly • 

We notice that' Pg is a constant and P^ is a function of and 

L/a as well as of /*- . Hence we have calculated the values of 

Pp /Pg as a function 6f L/a for different values of and JUL . 
The results of this calculation are shown in Table 3 and curves of 

Pp/P-g vs. L/a for different values of ^ and JA. are shown in 

Figures 6, 7 and 8. 

and 
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When both the axial load and end moments are acting on the 

member, the critical load is a combination of P and M . We notice 
p o 

from equations (III-13) and (III-14) that A = PL /BI as well as 

2 y • 
Ae = MoL

2/hoEIy are functions of $ , ^ , and JUL . In other words, 

the critical MQ is a function of P, J2f, o( , andJX . Hence we may 

calculate the critical MQ fop different values of these parameters. 

But there would be very many curves to draw for each case and it 

would not be convenient to apply so many curves in looking for the 

critical load for a practical problem. One way to get around this 

difficulty is to draw the interaction [2] curves of P/P^ vs. Mo/Mog 

with a new parameter I^/Pg. Since we know that Pp is a function of 

§ , c* , and JJL ,' introducing a new parameter Ij/Pg, we may expect to 

eliminate some of the parameters such as JT, ^ , or . The 

calculations have shown that this expectation is justified. In Table 

4, it is shown that for = 3.0, for a specified value of P^ /P^, and 

if tie value of /L is fixed (hence L/a is fixed by Figure 8), the 

calculated M0/MQ.g has only a negligible difference between the value 

of the tapered member and- the non-tapered member from Timoshenko’s 

solution. Hence the interaction curves of P/Pg vs. ^0/^0g Figure 

9 is based on Timoshenko's solution for a non-tapered I-column.,- In 

Figure 9 are shown these curves of different values of Pp/P^,. And the 

results of the calculations of MQ/Mog for P/Pg from 0.1 to 0.9 and 

for different values of P /Pg are tabulated. In Table 5, the data 

has been calculated from Timoshenko's solution. 

In the assumptions we made in Chapter II, we mentioned that the 

moments due to the interaction of the thrust with the vertical 

deflections were neglected. A means of making this correction is as 

follows: Instead of finding MQ/Mog for a given P/Pg on the interaction 

curves, we suppose that actually MQ/(MQE(1—P/P^)) is found on the 

curves. Hence the corrected ^0/^0g is "khe value given by the 

interaction curve times a factor (1-P/Pg). This method of correction 

has been used often in practical work. 



21 

TABLE 1 

VALUES OP >e = MQL^/ h0EIy 

L/a £ = 1.0 J = 2.0 £ = 3.0 

0 4.93 4.93 4.93 

1 5.18 5.20 5.24 

2 5.85 5.92 6.03 

3 6.82 6.94 7.12 

4 7.99 8.14 8.35 

5 9.28 9.44 9.66 

6 10.64 10.80 11.00 

7 12.05 12.19 12.37 

8 13.50 13.62 13.76 

9 14.97 15.06 15.06 

10 16.46 16.52 16.58 

11 17.97 17.99 18.01 

12 19.48 19.47 19.44 

20 31.80 31.50 31.16 
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TABLE 2 

VALUES OP MOEL///EI C"
7 

y 

jr = i.o JT = 2.0 (i ♦ o
 

CD OD CD 

10.36 10.40 10.47 

5.85 5.92 6.03 

4.55 4.63 4.75 

3.99 4.07 4.18 

3.71 3.78 3.86 

3.55 3.60 3.67 

3.44 3.48 3.53 

3.38 3.40 3.44 

3.33 3.35 3.37 

3.29 3.30 3.32 

3.27 3.27 3.27 

3.25 3.24 3.24 

3.18 3.15 3.12 
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TABLE 5 

VALUES OP M/ME POR THE INTERACTION CURVES 

(ACCORDING TO TIMOSHENKO'S SOLUTION POR A NON-TAPERED I-COLUMN) 

1.0 2.0 3.0 *-4 #0 5.0 

0.1 0.900 0.925 0.933 0.937 0.939 

0.2 0.800 0.849 0.864 0.872 0.876 

0.3 0.700 0.771 0.794 0.805 0.811 

0.4 0.600 0.693 0.721 0.735 0.742 

0.5 0.500 0.612 0.645 0.661 0.671 

0.6 0.400 0.529 0.566 0.583 0.593 

0.7 0.300 0.442 0.480 0.498 0.508 

0.8 0.200 0.346 0.383 0.400 0.410 

0.9 0.100 0.235 0.265 0.278 0,286 

^/PE 

12K. 
6.0 8.0 10.0 15.0 20.0 

0.1 0.941 0.943 0.944 0.946 0.946 

0.2 0.879 0.883 0.885 0.888 0.890 

0.3 0.815 0.821 0.824 0.828 0.830 

0.4 0.748 0.755 0.759 0.764 0.767 

0.5 0.677 0.685 0.689 0.695 0.698 

0.6 0.600 0.608 0.613 0.620 0.623 

0.7 0.515 0.523 0.528 0.535 0.538 

0.8 0.416 0.424 0.429 0.435 0.438 

0.9 0.292 0.298 0.302 0.307 0.309 
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FIGURE 1 A SKETCH OP THE TAPERED I-COLUMN 
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FIGURE! 2 COORDINATE SYSTEM 
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c ^ XT (7) * 
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fiber 
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Section C-C 

FIGURE 3 RELATION BETWEEN COORDINATES 
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FIGURE 9 INTERACTION CURVES 

P/PB vs MO/MoB 

M /M T3. 
o' oE 

POINTS ON THE CURVE Pjj/PB = 2.0 ARE THOSE 
WHICH HAVE THEIR J~ = 3.0 AND jU = 0.40 

o ARE FOR THOSE L/a =1.62 AND x FOR L/a =2.70 
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APPENDIX A 

A SUMMARY OP IMPORTANT NOTATIONS 

u: displacement of a fiber of the column in direction of u-axis 

^ ^ : non-dimensional expression of u 

ss ^ : non-dimensional expression of z 

@ : rotation of the column about the longitudinal axis 

h: depth of the column 

P: critical axial thrust with end moments 

Pj,: critical axial thrust without end moments 

M: critical moment with axial thrust 

M^: critical moment without axial thrust 

1,1: moment of inertia about x-axis, y-axis 
y 

r .r : radius of gyration about x-axis, y-axis 
x y < 
C: Saint-Venant torsion constant of the column 

El h 2 
  . warping constant of the column 

L: length of the column 

Subscript "nought", e.g., hQ, MQ etc., represents the property at 

mid-section of the column. 

Subscript "s", e.g., u, represents the property of the shear center 
s 

axis of the column. 

PARAMETERS: 

a2= i r = X. 

oi ^ CL2 cx = — = — 
a w 

$- 
h R 

o 
2 

A- 
V 

X, 

hT 
0: taper coefficients (e.g.,h=0hQ) taper function , 
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APPENDIX B 

DETAILS IN SOLVING THE EQUATIONS 

BY FINITE DIFFERENCES 

For the member which has equal flanges, the governing 

equations, in dimensionless form, are given in equations (III-13) 

and (III-14) as the following 

2 

= -A(^) + ^e(0p) 

and 

0 A- 0 
d^ / 

(B—l) 

(B—2 ) 

This set of simultaneous differential equations is solved by the 

finite difference method. First order finite differences are 

used for the second and fourth derivatives [9] in (B-l) and (B-2), 
that is, at the k division point, 

£2 Vl ~ 2fk + W 
^ 

d2(* _ Pk-1 ~ 2Pk+ Pk+1 

' (i)2 

d2 (0(M _ ^k-1 ?k-1 ~ 2 ^ k + ^k+l@ k+1 

15 ' (if 

a4(et= 0k-z(i-2 - 4 + 6 ~ 4 ^A-n + K.A.z 
rq -o 4 ,i \4 
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where n denotes the number of divisions we take in the length of 

the member; also by applying the finite difference expression to 

the boundary conditions at the ends, we have 

Po - Pn = 0 

to" U-0 

i\-l - - fl * >(n-l - - ?n+1 

Here the subscript o designates the left end of the member and n 

designates the right end of the member. 

Equations (B-l) and (B-2) can be written as the matrix equations: 

and 
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\ 

n-1' +2 

r 

= 4 A 

'-2 fi\ 

f2 

* / 
ln-1 

(B-4) 
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Equations (B-3) and (B-4) may be written in matrix form as 

follows: 

[C-J [If] = A 1 5? [0
P
] - ^ 

1 (B-5) 

and 

[P i] [f] = e [P2] [if] - 4 if [P3] [p]| (B-6) 

Premultiply equation (B-5) by [C-J-1 and equation (B-6) by 

[F^] "S the following equations are obtained: 

[/[] =X[C1]-1| ^ [0p] - ^ [•{] 

and 

[(J] = [Pi]"1! 4 c [P2] [f] - 4 If [P5] [p] 

(B-7) 

(B-8) 

Equations (B-7) and (B-8) were solved by a process of 

successive approximations by the following procedure: 

(1) Assume a set of values of if and which approximate the 

mode shape, as well as possible. Denote these assumed values as 

If* and |3*. 

(2) Substitute yf* and * into the right side of equations 

(B-7) and (B-8) and evaluate. Column matrices [a] and [b] are 

obtained; that is 

(B-9) 

and 

[a] = [G1] 1 | ~2 [0(3!*] " \ ^ J 
[b] = [P-L]"1 j 4 e [P2] [if*] + 4 f [Fj] [ p*] j (B-10) 

(3) Computed mode shapes yf ' and p> ' are now determined from 
equations (B-7) and (B-8). That is 

[yf' ] = *»[&] 

[f] =^[b] 

(B-ll) 
and 

(B-12) 



40 

(4) The computed mode shapes must he identical to the 

assumed mode shapes. Thus 

[*[']= A [a] = [yj*] (B-13) 

and 

[f*] = x[b] = [£>*] (B-14) 

At each panel point the value of necessary to satisfy this 

equality can be determined from both equations (B-13) and (B-14). 

Thus at the k^*1 point, 

* 

X= — (B-15) 
ak 

and * 

\= -I52 (B-16) 
Dk 

The values of X determined by equations (B-15) and (B-16) are 

computed at each panel point. If these values of x. are equal, the 

assumed mode shapes 1^ * and (i * are correct and the value of 

determined by equations (B-15) and (B-16) is the corresponding 

eigenvalue. 

(5) If the values of X. found at the panel points do not 

agree satisfactorily, new mode shapes are assumed and the process 

is repeated. It has been shown many time that if tie mode shapes for 

the next trial are assumed from the calculated mode shapes of the 

last trial in the following way, 

^-*|*^next = ^last 
and 

^*^next = tb^last 

then the procedure converges to the lowest value of x and the 

corresponding mode shapes. 
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The procedure described above applies to the general case where 

both axial load and end moments are acting on the member. A little 

modification has to be made in the following cases: 

When each member is acted upon by end moments only, in this case, 

=r 0, -Ae 5^ 0 

The matrix equations (B-7) and (B-8) become 

[»[] = [C1]“
1 j 

' 1_ 

r? [0f]} (B-17) 

and 

1 
1 

1 
»
 C\i [^] = Xe [FjT1 

l4 (B-18) 

Equations (B-17) and (B-18) can be combined into one equation by 

eliminating from the two equations. Thus a new equation is formed 

to solve the critical load, 

[^] = U.e)2 (B-19) 

To solve this equation, the procedure is as follows: 

(1) Assume a set of values of p which approximate the mode 

shape, as well as possible. Denote these assumed values as ^ ♦ 

(2) Substitute 0 * into the right of equation (B-19) and 

evaluate. Column matrix [a] is obtained; that is, 

(3) 

(B-19). 

H = [I^r1 | ^ [0 *] j (B-20) 

Computed mode shape Q1 is now determined from equation 
That is, 

] = U.)2 [a] (B-21) 
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(4) The computed mode shape must be identical to the assumed 

mode s hape. 

[^'] = Ue)2 [a] = [p*] (B-22) 

At each point the value of Ae necessary to satisfy this equality 
th 

can be determined. Thus, at the k panel poinu 

U*)2 (B-23) 

The values of determined by equation (B-23) are computed at each 

panel point. If these values of .^e are equal, the assumed mode 

shape is correct and the value of :^e determined by equation (B-23) 

is the corresponding eigenvalue. 

(5) If the values of Ae found at the panel points do not 

agree satisfactorily, a new mode shape is assumed and the process is 

repeated. 

When the member is acted upon by axial load only, in this case, 

\ £ Qf = 0 

The matrix equations (B-7) and (B-8) become 

(B-24) 

(B-25) 

Equations (B-24) and (B-25) are two independent equations. These 

two equations are solved independently by the procedure very much the 

same as that which we have described above. Equation (B-24) may be 

solved to determine the critical load for Euler buckling in the 

horizontal plane, Pfi and equation (B-25) may be solved to obtain the 

torsiol buckling load P^ , 

[C1]-
1{- ^2 [■?] j 

and 

[(*] = [Fx] 
-1 

- 4 if tV tf)j 
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