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ABSTRACT 

In this thesis, a steady-state hydrodynamic analysis 

of density currents, or flows of silt-laden sea water adjacent 

to the bottom of the ocean, is presented. The density current 

is considered to be analogous to the turbulent free-convection 

boundary layer encountered in heat transfer. 

A similarity solution in which the maximum velocity, 

the depth of flow and the sediment content at the bottom are taken 

to be proportional to a power of the distance measured along the 

bottom, is used to solve the integrated form of the momentum 

equation and a sediment transport equation which is derived 

in the thesis. 

The resulting equations from the hydrodynamic analysis 

are applied to the density current considered to have occurred 

after the 1929 earthquake in the Grand Banks region off New¬ 

foundland, Values of the sediment content, depth of flow, and 

predicted velocities corresponding to the observed velocities 

for this current are obtained, 

The author has concluded that since the results obtained 

for the Grand Banks earthquake seem reasonable, the treatment of 

density currents as turbulent boundary layer flows is justified. 
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I. BACKGROUND 

A. HISTORICAL BACKGROUND OF DENSITY CURRENTS 

Density currents as described by Bell are gravity flows 

of a liquid or a gas through, under, or over a fluid of approximately 

equal density. Fresh water from a river spreading out over the 

surface of the ocean and cold air moving relative to hot air are 

examples of such flows. In all instances of density currents, two 

like fluids are involved, both being gases or both liquids. That is, 

they are identical fluids, except for slight differences in specific 

gravity which are attributable to temperature differences, dissolved 

matter, or suspended sediment. 

In this paper, only density currents-along the bottom of 

the ocean where the difference in specific gravity results from sus¬ 

pended silt will be considered. In this case, the silt-laden sea 

water moves with respect to the overlying sea water. In the past, 

such flows have been considered as agents for carving submarine 

canyons, and for the transportation and distribution of sediments 

over the ocean bottom. 

2 
Daly , in an attempt to explain the existence of sub¬ 

marine canyons, was the first to expound the existence of density 

❖Numbers denote items in the bibliography on Page 55. 
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currents due to turbidity in the ocean. He reasoned that during the 

times of the lowered sea level of the Pleistocene, large areas of 

unconsolidated, fine-grained deposits on the continental shelf 

and slope came within reach of wave action; consequently, large 

quantities of sediment were thrown into suspension. This heavier, 

denser water then started to flow out from the coast and down the 

continental slope to the deep sea. On the way down, these currents 

gathered speed and eroded furrows in the slopes until after frequent 

repetition, the submarine canyons were cut out. For quantitative 

support to his principal, Daly calculated the velocity of the current 

using the formula 

in which "v" is the velocity of the current, "m" is the hydraulic 

mean depth (area of the cross section divided by the wetted perimeter), 

**s-'* is the axial slope, "d" is the effective density, and “c" is a con¬ 

stant of proportionality. Conservative estimates of the various values 

led him to suppose that a velocity of 70 cm/sec may have been obtained. 

He is of the opinion that this may have been sufficient for the erosive 

3 
work that was performed. Kuenen conducted tank experiments to test 

the general validity of the principle. He found that a suspension will 

flow down a slope without appreciable mixing with the overlying clear 

water; however, due to the small scale of his experiments, the velocity 
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was too low to support the silt over a long distance. However, he 

did prove the validity of Daly's equation by using a dense solution of 

salt. 

Density currents caused by the. inflow of muddy water 

have been found to exist in lakes. In Lake Mead these currents 

have attained a velocity of 27 cm/sec along a very slight slope. 

Had the slope in the lake been equal to that of a submarine canyon, 

the velocity would have been 170 cm/sec. 

The most convincing evidence of the existence of density 

currents in the modem ocean is the interesting, experience of 

4 Captain Jacques - Yves Cousteau. While, he was on a deep sea 

photography expedition into a canyon, his submarine vessel dis¬ 

lodged some mud on a shelf of a canyon wall, causing an avalanche 

which, in turn, generated a density current. The density current 

proceeded across the canyon to the opposite side and up the adverse 

slope. As the current rose on the opposite side, it lost its momen¬ 

tum and was forced from the slope, forming a mud cloud which 

engulfed the vessel for a heightiof 800 feet above the floor of the 

canyon. 
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B. DENSITY CURRENTS AND THE BREAKAGE OF 

SUBMARINE TRANSATLANTIC CABLES 

The breakage of. transatlantic cables after the 1929 

5 
Grand Banks earthquake* according to Heezen and Ewing , is 

an example of a large oceanic density current. Of particular 

importance is that the breakage of the cables served to measure 

the current's progress and to give evidence of its force. 

The earthquake occurred south of Newfoundland. In 

this area* all cables from North America to Europe lay either 

on the continental shelf, on the continental slope* or in the 

adjacent deep sea basin. All the cables lying high on the contin¬ 

ental slope in the vicinity of the epicentral area of the earthquake 

broke instantaneously* while the cables lying down the slope and 

on the ocean floor broke in an orderly sequence for 13 hours 

and 17 minutes following the earthquake. The time of each 

cable interruption was recorded* and the locations of the breaks 

were found by electrical resistance measurements from the 

shore ends of the cables. Figure 1# shows the profile of the area, 

the location of the cables, and the time of breaking of each cable 

after the earthquake. The velocities were determined by drawing 

tangents to the time-distance curve (Figure 2). Both figures 

^Figures are arranged in sequence be ginning on page 57. 
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5 
are taken from the paper by Heezen and Ewing. 

The explanation of the cable breaks offered by Heezen 

and Ewing is, briefly, that the earthquake shook the continental 

slope to cause mud slumps. These slumps started down the slope 

and by the incorporation of water generated a density current. 

The' density current continued down the slope and into the basin, 

breaking each successive cable shortly after contact. 

In their paper the mechanism by whidi the density current 

6 
could break a cable was hot discussed. Kuenen , in an attempt to 

relate the velocities of the current to those given by Heezen and 

Ewing, has concluded that breaks occurred shortly after the cur¬ 

rent reached the Cable and were caused by gradual abrasion ("sand 

blasting") in the current. 

The author has found the drag force to be of sufficient 

magnitude to break the cables in tension. Since the cable would 

be lifted from the bottom until the pressures at top and bottom are 

in equilibrium with the weight of the cable and since the diameter 

of the cable is small in comparison with the depth of flow, an 

estimate of this drag force was obtained by considering the drag 

on a cylinder surrounded by water moving with a uniform velocity. 

The velocity used for the estimate was twelve knots,' corresponding 

to the velocity of the density current at the last cable. It was found 
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that the drag on a one-inch cable is 67 pounds per foot of length. 

If the density current was 200 miles wide, corresponding to the 

section carried away, the total drag would be 3, 524 tons. 
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C. SUMMARY OF PREVIOUS WORK 

In the past, the, study of density currents in the ocean 

has been pursued with the objective of proving that such flows do 

exist. Consequently, most of the investigators have performed 

experiments which would give qualitative results that supported 

their theories. 

The application of the Chezy formula for steady flow in 

an open or closed channel to density current flow by Daly^ repre¬ 

sents the only analytical work which has been done. The formula, 

v f c Vsmd, 

relates v, the velocity of flow; s, the slope; m, the hydraulic mean 

depth; and d, the effective density. The constant of proportionality, 

c, is related to the external and internal friction. 

After proving the validity of the equation in the laboratory, 

Kuenen^ tried to find the value of the constant, c, from data on 

density currents in rivers and lakes. For rivers, the value of 

1/2 c was found to be from 600 to 800 m ' /sec., while for lakes it 

1/2 ranged from 300 to 400 m /sec. From this, he concluded that 

in density currents along the continental shelf, the value would be 

400 ra}^!sec. 

More recently, Keunen has used Daly's equation to esti¬ 

mate the size of the density current after the Grand Banks earth¬ 

quake. In the formula the effective density was taken to be 0.6. 
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This value was used because recent marine, sediments contain from 

60 to 80 percent water by volume. With the use of 400 m*^/sec. 

for the value of c, the depth was thus found for each cor responding 

velocity. His results are compared with the author's in Section 

in. 
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II. THE PRESENT STUDY 

A. THE PROBLEM 

From a hydrodynamic standpoint, a density current 

is the flow of a fluid with suspended particles in which the 

particles propel the fluid down a sloping bottom while the fluid 

(sea water) supports the particles by turbulence. The roles of 

both the fluid and the particles are very essential to the flow. If 

the flow is not turbulent, the particles will drop but of the fluid 

and the motion will stop. On the other hand, without the sus¬ 

pended particles the motion does not start. 

The flow of a density current is very similar to a 

free-convection boundary layer flow. In both cases, the motion 

is restricted to a layer near the boundary. That is, the velocity 

in both cases varies from zero to maximum to zero within this 

boundary layer for all points along the boundary. This simil¬ 

arity is shown pictorially in Figures 3 and 4. As a result of the 

similarity in the two flow situations, the density current was 

treated as a turbulent two-dimensional boundary layer problem. 

In order to justify this method of treatment, the analysis 

was applied to the density current which existed after the Grand 

Banks earthquake. The observed velocities as given by Heezen 

and Ewing were used to estimate the sediment content and the 

depth of the current from the relationship obtained in the analysis. 
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With the coordinate system as shown in Figure 3, the 

boundary conditions tor the problem are 

1) u=v-0 at y = 0, 

2) u=0 at y = ^ (x), 

3) 

o
 II 

u aty= 6(x), 

and 4) 

ur o 
o II 
c at y = 0. 

Here u is the velocity in the k-direction (taken along the bottom), v 

is the velocity in the y-direction (normal to the bottom), c is the 

amount of sediment content, and (x) is the depth of flow. * 

For the flow of a fluid near a solid boundary, the first boun¬ 

dary condition would state the no-slip condition at the wall, where 

y is zero. However, in our problem where the bottom is made up 

of a bed of movable particles, this boundary condition requires that 

y be zero at the highest level in the bed at which the velocity is 

zero. The second boundary condition defines the depth of the den¬ 

sity current as that point above the bottom where the velocity is 

zero. 

The third and fourth boundary conditions follow from the 

assumption which was made that the sediment content c varies as a 

continuous function in the y-direction from a maximum at y= 0 to 

zero at y= 5 for all values of x. The author has found from library 

research that the sediment content in streams and rivers varies in 

*A table of notations is on pages 53 and 54. 



12 

this general manner; however, near the bed the distinction between 

suspended sediment and tire particles moving along the bottom 

cannot be made; thus the variation of suspended sediment in the 

vicinity of the bed is unknown. The present assumption effectively 

includes both the suspended sediment and the particles moving 

along the bottom in what is denoted as the sediment content c. 

The problem that the author has attempted to analyze 

is a two-dimensional turbulent boundary layer flow with the above 

boundary conditions in which the driving force is caused by sus¬ 

pended sediment. 
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B. THE MODEL OCEAN BOTTOM PROFILE 

In making the hydrodynamic analysis of the density 

current which existed off the coast of Newfoundland, the variation 

of the slope of the profile was eliminated by assuming a represen¬ 

tative model, which is shown in Figure 5. The model contains 

two regions: The horizontal bottom region representing that part 

of the profile from the second cable seaward, and die sloping 

bottom region representing that part of the profile from the edge 

of the continental shelf to the second cable. The angle of inclina¬ 

tion of this second region is 0.6 degrees. This value was obtained 

by taking a weighted average of the continental slope and continen¬ 

tal rise regions. The expression used for the determination of 

the value was 

d\ — tan' j fQnct'i + fan -+-dat<xn<=><s | 
d, + dt + dj 

The distances dj, d^, and d3, and the angles and ri3» are 

shown in Figure 5. 

The horizontal bottom region represents a portion of the 

actual profile in which the slope is very small (less than 1:440), and 

the velocity of the density current is dying out. Thus, in this region, 

the driving force due to the presence of suspended sediment should 

be much smaller than the frictional force at the bottom and was 

therefore neglected in the analysis. 
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In the sloping bottom region both the driving force due 

to the presence of the sediment and the frictional force at the bottom 

are acting. 
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C. ANALYSIS 

The Navier-Stokes equations of motion and the continuity 

equation of fluid dynamics were used in the analysis of density cur¬ 

rents . The Navier-Stokes equations of motion are a statement of 

Newton's second law of motion for a fluid system. The law of 

conservation of mass is the basis for the continuity equation. 

Since the study was restricted to a two-dimensional, steady- 

state situation, only the equations for motion along the bottom (x- 

direction) and normal to the bottom (y-direction) were considered. * 

These equations are 

In these relations the dependent variables, u, v, P , and 

p are functions of Only the space coordinates, x and y. The variation 

of the dependent variables with time is present only because the flow 

is taken to be turbulent; that is, mean flow quantities are taken to 

be independent of time. Furthermore, in making a two-dimensional 

analysis, it is assumed that the motion in the z-direction is zero; 

therefore, the z-component of the equation of motion has been 

neglected, and the dependent variables, u, v, P , and p do not vary 

in this direction. 
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The continuity equation for two-dimensional steady- 

statei motion can be .written.as 

The density, p, in equations 1, 2, and 3 is the density of the mixture 

of the sediment and sea water; and it is therefore a variable. The 

variation is due to the change in the amount of suspended sediment 

and not, as in the case of a gas, to compression or expansion. The 

equation (3) solved for is 

uk+,is3- 
If the density is + c in which is the density of the sea water 

and c is the difference due to the suspended sediment and if c is 

small in comparison with f>0 , then 

j- 

The term in the order-of-magnitude expression comes from 

— || ; which appears only as a result of the presence of the turbu¬ 

lence. The factor JL comes, from the usual boundary layer approxi- * im K * * 4 ' 

mations that derivatives in the x-direction are of order f- if deriva¬ 

tives in the y-direction are of order 1, and the velocity v in the 

y-direction is of the order j if the velocity u in the x-direction 

is of order 1. Here L is a characteristic length in the x-direction 

and S is the boundary layer thickness, which is much smaller than 
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L. Therefore* the term is very small; it is zero if a par¬ 

ticle maintains its density* In this study* it was assumed that a 

particle does maintain its density* therefore the continuity equation 

is 

du. dor- o (4) 
Sx> by ' 

which is the same as that for an incompressible fluid. 

With the use of the continuity equation* and with the 

assumption that the viscosity is constant for simplicity* the compo¬ 

nents of the equation of motion can be reduced to the forms 

u.du. -f- /vdicl = pT- LL /dlc +. <3 (L 1 
b%> ( die. / I by? bx>y 

(5) 

and 

(6) 

From Figure 3, with the coordinates as chosen* the body 

force terms X and Y are defined by the relations 

X = g sin «*, 

and Y = - g cos<^. (7) 

In this analysis of density currents* the following 

boundary-layer approximations were made: 

A) The acceleration of the flow in the y-direction should 

be very small. Therefore* the pressure term|£ was taken to be 

- cos <*., which equals the body force component Consequently* 
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the y-component of the equation of motion (6) is neglected. 

B) The pressure term is evaluated above the density 

current. It was assumed as in boundary layer flows that the 

pressure field in the surrounding fluid is "impressed" on the den¬ 

sity current. Thus, the pressure term is , 

-|| = f.g since. (8) 

C) The term is neglected in favor of the term £_*£ in 

the equation of motion (5). Although the depth of the density current 

is unknown, it must be much less than 450 miles, the distance which 

the density current traveled along the bottom. Thus, the velocity 

variation with x should be much smaller than with y, since u varies 

from zero to maximum to zero in a y-distance equal to only the depth 

of the current, while the variation of u with x occurs over a distance 

of 450 miles along the bottom. 

Through the use of these approximations and the expression 

for the body term X from equation (7), the equation of motion (5) 

becomes 

?[fg* * (9) 

The concentration of suspended sediment, c, is defined 

as the difference between the local density in the flow region and the 
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density of the sea water above the density current* or in symbol form 

C(x,y.)= (o- £>,> (10) 

With this definition the equation of motion assumes, the form 

(ID 

For small values of the concentration c, the term c 

can be neglected in favor of the term plbu, + b(u%d(u/v)l so that the 

equation of motion (11) becomes . 

fiL f" bu? ■*- dfu/vj]= C <2 5//7c*. + A<- . (12) 
' L at -pzr dp J * ' 

This equation states that the. rate of change of momentum of the sea 

water equals the driving force due to the sediment less the viscous 

term. Thus, as in free-convection heat transfer problems, the only 

consideration of the density variation is in the driving force term. 

: in order to support the sediment against the body force, 

-g cos ex , the flow must be turbulent; therefore, the velocity compo 

nents can be written as 

- ZL-+- u? 

and /j/— AT + sir* (13) 

Here the barred quantities denote average or mean velocities and 

the starred quantities, u* and v*, are rapidly fluctuating or eddy 

velocities. By definition the average velocities for some fixed point 
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tt*T 

/V~ dt • 

The time interval, T, is sufficiently long to enable the average 

quantities, u and v, to be independent of time. 

If the expressions for u and v from equation (13) are 

used in the equation of motion (12), and if a time average of the 

entire resulting equation is taken, the equation of motion in turbu¬ 

lence form reduces to 

In this expression the bars on the mean quantities have been dropped. 

The momentum equation in terms of the dependent variables u, 8 , 

and c can be obtained by integrating the equation of motion with 

respect to y from zero to 8 » 

It is 

In obtaining this form of the momentum equation, the boundary 

conditions 

u*/r* 
It* J 

j. (14) 

(15) 

a o at y = 0 

and u = 0 at y= 6 , 

were used. Also dLff dy.J has been neglected because it repre¬ 

sents a slow rate of variation of a small quantity. 
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D. DERIVATION OF THE SEDIMENT TRANSPORT 
EQUATION 

velocity at points along the bottom, another equation in addition 

to the momentum equation (15) is needed. 

balance for a small element of the flow region as shown in Figure 

6. For steady-state; conditions, the rate at which sediment is 

going into the element must equal the rate at ■which sediment is 

leaving the element. Thus from the figure, the sediment balance 

yields 

J^CU</^:+ JeK^S/not +■ <?£ hx. 

In order to relate the concentration and depth to the 

Such an equation is obtained by considering a sediment 

Here 

cKg sin <* = rate at which sediment is entering or 

leaving across the vertical boundary due 

to gravity. 

Q. 
D 

= rate at which sediment is being deposited 

per unit length of x. 

and Q = rate of pick-up of sediment from the 
B 

bottom per unit length of x. 

Dividing by A x and allowing it to approach zero reduces the sediment 
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transport equation to 

£( £cud«j) + d_( JjSK^stnotd.*) - <p6- <?0 , (16) 

If the rate of deposit due to gravity, Q , is equal to the 

rate at which sediment is being picked up from the bottom, Q , and 
6 • ■ B ■ 

if the angle c< is very small, the term jLf|cK£sin*dif) can be 

neglected in favor of the term <jL( fcu-dy] . Under these conditions, 

the sediment transport equation becomes 

£(lcu-^) = 0 

or 

)cu.dy. - constant. 

Thus, when the angle of inclination, cx, is small and the net flux of 

sediment from the bottom is zero (Q = Q ), the flux of sediment 
B D 

is constant across any line perpendicular to the bottom. 

For the general case, the sediment transport equation 

can be written as 

r 
J ClLdy = G(t,) . (17) 

The function G(x) is related to the deposit and pick-up of sediment 

from the bottom and the angle of inclination of the bottom with the 

horizontal. 
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E. SIMILARITY SOLUTIONS 

"Similarity" solutions for boundary layer flows are those 

for which the velocity profiles at all points along the boundary can 

be made congruent if they are plotted in coordinates which have 

been made dimensionless with reference to scale factors. 

With the use of maximum velocity Un and the depth of 

flow 6 as scale factors for the velocity and y-coordinate, respect¬ 

ively, the boundary conditions on the dimensionless velocity, ifcn of 

f r& -° 
* 

Consequently, the dimensionless velocity^ varies with increasing 

?f from zero to unity to zero for all values of x. hi a like manner, 

if the concentration at the bottom cQ is used as a scale factor for 

c 
the concentration, varies with increasing ^ from unity at the 

bottom to zero for all values of x. In this study, it was assumed 

that a "similarity" solution existed. That is, in the solution of 

the momentum equation (15) and the sediment transport equation 

(17), it was assumed that u and c were expressible as functions of 

A 
(18) 

Co = 

8 = BXb
f 

x and y according to the relations 

. F(l) , 

and C - Ca (P(y) , 

and 
1 Sto) ^ 

the density current are 

ft-0 

and 
■ft"0 

where 
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Thus Umt s t and CQ are each taken to be proportional to a power 

of x. In free convection flows with similar velocity fields and 

boundary conditions* the maximum velocity and boundary layer 

thickness are proportional to powers of x and it seems reasonable 

to proceed on this assumption for a density current. 

The boundary conditions for the velocity profile, F 

and the sediment profile, <p{^), are 

F'Co) - O y F( I) = d> x 

<p(o)~ L and 0(fl=o. 



25 

F. APPLICATION OF THE MOMENTUM EQUATION TO 

THE SLOPING BOTTOM REGION AND ITS SOLUTION 

The substitution of the similarity variables for the velocity 

u and the concentration c into the momentum equation (15) and the 

sediment transport equation (1?) reduces these equations to 

fJVjSjj'lFtyfj’i’ cjjpsj[W)^ - (19) 

and 

C0l/n,S J G(x).. (20) 

Here is the shear at the wall, u. . It was assumed that ini 

was zero or that the velocity approached zero smoothly at 6 

In solving the momentum equation (19), a method was 

7 
used which has been proven successful by Eckert and Jackson in 

solving the integrated forms of the momentum and energy equations 

for the problem of turbulent free-convection heat transfer along 

a vertical plate. In the heat transfer problem, profiles for the 

velocity and temperature were assumed, and an empirical relation 

for the shearing force at the wall was used. The accuracy of this 

procedure was indicated by good correlation between the resulting 

expressions for heat transfer parameters and the corresponding 

expressions from experimental investigations. 

The author, in a similar manner, assumed profiles for 
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the velocity and concentration, and used Von Karman's shear ex¬ 

pression for forced turbulent flow along a flat plate for the shearing 

force at the bottom in the solution to the momentum equation 4 (19) • 

■ ■■■ , . The expression , which Eckert and Jackson used, 

was assumed for the velocity profile. With this profile the velocity 

varies1 as that for turbulent forced flow near the wall since the term 

near unity for small values of y . Therefore; the velocity 

variation in the density current with this profile is equivalent to 

the velocity variation 
*/ 

OL * U., ^ 7 

in a turbulent boundary layer multiplied by the function (1-y)1 to 

yield zero velocity at the point pr==-* . 

That is, 

u.=u, Y'/7 ('-if 

in which vu^ is the equivalent free stream velocity. This function 

has a maximum at ^=jf, and one can determine that the maximum 

velocity U is given by 
m ' CKoVt 

Um ~ O.S9f <*., . 

In terms of the maximum velocity, the expression is 

U=U» 

and therefore (i-^T. (22) 

In assuming a representative concentration profile, the 
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author felt that the distribution of sediment for density currents 

should be similar in shape to those found in rivers and streams. 

It was found that in general the distribution of sediment in both 

rivers and streams is maximum near the bottom and decreases 

with distance from the bottom; however* this variation with depth 

is a function of the particle size. For small particles the profile 

is almost uniform* while the distribution for large particles de¬ 

creases to zero at the surface. Without any information on the size 

was used. 

The lack of information for the frictional drag along a 

bottom consisting of movable particles led to the use of the ex¬ 

pression* 

for this shear. This relation* which was employed by Eckert and 

Jackson, is Von Karman's formula for the wall shear in tur¬ 

bulent flow. In this expression u is the velocity at any point y above 

the plate. In turbulent flow along a flat plate, the velocity variation 

can be expressed as: 

for which Uj is the free stream velocity. With this expression* 

of particles that existed in the density current* the profile 

(23) 
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Von Karman's shear formula can be written in terms of the free 

For the density current profile the maximum velocity is 0. 591 

times the equivalent free stream velocity; thus, in terms of the 

maximum velocity U and the depth S of 
m 

the density current, the expression assumes the form: 

With the velocity profile (22), the sediment profile (23), 

and the expression (24) for , the momentum equation (19) becomes, 

after performing the indicated integration, 

In this expression the values of the integral for Ffy) and <p(y) are 

stream velocity u^ and the boundary layer thickness 6 as: 

Furthermore, for small concentrations, ^>&|0 » and thus the ex¬ 

pression for the shearing stress is 

0.3134- ■ 

i0*aeo)dL(v£ls) = (o.i2r) ^ s,»* - 
. O S' f' J n 

0.0 565 Vt, 

and 

With the employment of the definitions 

C„= D)c!, 
S » 6 x b and 
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the momentum equation (25) becomes 

0.3134- : 
Ov3lo[za*+b) A B (Si /ZS dS/O* josz 

e+b 
-0,0565 ffl- 

(26) 

For a similarity solution to exist this equation must hold for all 

values of x; hence, each term must be multiplied by the same power 

of x. Under this requirement two equations for the exponents result. 

They are 

£l + 5fc> = 4 

e=ScZ(Z —/. (27) 

If die definitions of U , S , and c are used in the sediment m o 

transport equation, it takes the form 

ABD f lF(Vj'lPfyl d\ ~ 
O 

The condition of similarity requires that this equation must hold 

for all values of xj thus, the function, G(x) must be proportional 

to x raised to the ^ power, wherea + b + e. That is, the flux 

of sediment is a power function of x. Furthermore, if ^ is negative, 

sediment is dropping out more rapidly than it is being picked up 

from the bottom. If ^ is positive, more sediment is being picked 

up than is being deposited. 

hi order to determine the exponents a, b, and e from 
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equation (27) and the relation 

f = a + b+e, 

which comes from the sediment transport equation, p must be 

known. No reliable experimental information seems to be avail¬ 

able for choosing an appropriate value of ^ ; hence the choice 

of values of the parameter is decided by considerations regarding 

the sediment flux and concentration. The exponents a* b, and e 

in terms of 6 are 

and 

b 

e = 
7 

(28) 

Under similarity conditions each term of the momentum 

equation (26) must be the same power of x; therefore* the x’s can be 

removed from the equation and the momentum equation is reduced 

to an expression relating the constants A, B, and D. It is 

C. H 34 — **fs6 I/A 

(0.320) A 8 (za-t-b) = BDym* (o.»E5) - 0.0565 ^ 

By use of the definitions 

Uni A 'Z? * A zffe1 , 

COL = (3P) 

and &£ - B xt = B 

equation (29) can be used to find an expression relating the concen¬ 

tration of sediment* maximum velocity and depth of flow at any 
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point Xj along the sloping bottom region. This equation when solved 

for the concentration is 

>• aus’4*M^[‘ ^ ' % ' ( J(- / J 
C* 

/ \ 
/ z • 

or 

0.3)34- a p st3i 

Z Coi= ^x)00= 800jjg&t*)(* 0.0565,' 
(31) 

Therefore* in the sloping bottom region in which (X =■ 0. 6° the 

concentration can be found at some point x. if the maximum velocity 

the depth of flow 5^ * and the exponent ^are known. 
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G. APPLICATION OF THE MOMENTUM EQUATION 

TO THE HORIZONTAL BOTTOM REGION 

In this region only the shearing force at the bottom is 

acting to change the momentum of the sea water ; therefore* in 

the absence of the driving force term ), the momentum 

equation (19) is 

% - <32> 
v 

By substitution of equation (22) for the velocity profile and the 

expression (24) for the shearing stress the momentum equation 

becomes #.3/3* -e.ost>36 y4 

« 320 £(Vt S) - -aosustf, {^) ■ 

Differentiation after introducing the expressions 

Vm^ATf 

and &= B % 

leads to 
(o.320)(za.+b) A2B x!ta*b'' 

-s.rstSt '4 
- O.osbs/JULJ (33) 

The conditions of similarity require that the equation be 
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homogeneous in x. This yields the equation 

a^b-^4- A + 5^ - (34) 

for the exponents a and b. 

This equation aloneis insufficient for the determination 

of both a and b. Furthermore, the sediment transport equation 

yields another equation, 

^ = a, + b-+-e ^ 

but at the expense of two additional unknowns ^3 and e. 

A second relationship between a and b was found from the momentum 

equation with second order terms included. 

With the assumption that the viscosity is constant, the 

equation of motion (1) for the horizontal bottom region can be 

written in the form 

pi if* “tr fe) */*■ fc*# • 
In this expression the body force term and the pressure term 

have not been included because their sum is proportional to sine*, 

which is zero. Furthermore, the term |g- is present only as 

a result of the turbulence. That is, average quantities are not 

functions of time. 

By use of the definition of the concentration (10), the 
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equation of motion can be rewritten in the form 

/v-du- ot /fl1' & ^ (35) 

In this equation the assumption has been made that the concentra¬ 

tion is small to obtain the approximation 

fk* ■&['-£] • 

Equation (35) can be simplified by considering the order 

of magnitude of each term and ultimately disregarding all but the 

first and second order terms; For this simplification, the author 

used the boundary layer approximation that 

«•* off} if U=0[l] 

in which L is much greater than & . Furthermore, since the 

inertia term nr and the viscous term ju are 
a* ay. ay*- 

of equal order of magnitude, then M must be of order for this 
\° 

method of treatment. With these order of magnitude values, the 

equation of motion (35) can be reduced with the aid of the continuity 

equation iik <3/V_ o 
w dy 

(36) 

which contains only the first and second order terms. The order 
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of magnitude of the term was notr considered here because it 

represents the variation of a turbulent quantity, and when the time 

average of the equation is taken, it will be eliminated. Actually, 

the author has found from a more complete order-of-magnitude 

analysis that the assumption that a particle maintains its density 

is invalid when considering second order terms. That is, the 

continuity equation is of sufficient order of magnitude to introduce 

another term in this expression; however, it serves only to deter¬ 

mine the value of the exponent e and does not affect the similarity 

solution. 

and 

Introducing^ the expressions 

u = TE + u* 

v •“ v + v* 

into equation (36) and taking a time average leads to 

dlld-u d(unr) - JUL jfa - juc . 
a* ^ '(T ay* '/f0

z Sy*- *%*■ lax ^ / 

Integration of this equation with respect to y from zero 

to 6 and the introduction of the similarity variables (18) yields 

(?7 Tj 

Here the shearing stress Vw was taken to be 

r- = >^ro= o‘os6s{f0+c) Tg (^) 
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For the sloping bottom region* the turbulent term 

was neglected; however* in this case with the second order terms 

included, its effect must be considered. If the intensity of tur¬ 

bulence* _  ST 
I = a* 

Uz 

does not vary in the x-direction, the turbulent term would not intro¬ 

duce a new equation for the exponents since it would be to the same 

power of x as 

By introducing 

U»= A%*-> 

S - 8 %b , 

and C0 =• 0%e 

into the momentum equation (37) and by assuming that the intensity 

of turbulence is not a function of x* it was found with the condition 

of similarity, that 
OL--I , 
b=» , 

e = o , 

and p = o . 

These values for a and b must satisfy equation (34) because the 

first-order terms are still present in the momentum equation. 

The depth of flow S was related to the velocity U with 
m 

the employment of only the first order terms in the momentum 



37 

equation. That is, the author used, the second order terms in the 

momentum equation only to find the values for the exponents a and 

b. With a = -1 and b = 1 equation (33) becomes 

0.3)34- O.0Sb34 

(0.-5ZO) A 6 = 0.0565 ( M7 */4 
(38) 

With the use of the equations 

= A — A 

and Si = B B %i 

expressions for the constants A and B can be obtained from equation 

(38). They are 

S.S61 ,»/4 
5,66 Vm,lL [y^j (39) 

and _ _ _j  / )) \'4 

p * (40) 

Therefore, if both the velocity U and the depth £ are 
m 

known at some point in the horizontal region, the constants A and 

B could be determined from the equations (39) and (40). Further¬ 

more, since the values of the exponents a and b are known, the 

velocity U = Ax and the depth S = Bx would be determined. 
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H. APPLICATION OF ANALYSIS TO HORIZONTAL 
BOTTOM REGION 

Since the depth of flow of the density current is not known 

at any point in the horizontal bottom region, equations (39) and (40) 

cannot be solved. However, by using the observed velocities of the 

density current at the second and third cables, the distance be¬ 

tween the cables, and the theoretical velocity variation 

an expression for A was found. It is 

A - 

[4»“ tfcj (41) 

With this value of A, the depth of the density current at each cable 

' was found by using equation (39). 

Furthermore, the distance x can be found by use of the 

theoretical relationship 

the value for A from equation (41), and the velocity of the density 

current at the second cable. That is^ x„ can be found from the 
2 

equation . 

(42) 

Corresponding values for x , x , and x , were found with the distance 
3 4 5 
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x and the measured difference between x and other points. For 
2 2 

example* the value of x would be 

*3= %& + Ax] . 
(43) 

Theoretical velocities for the density current at each cable were 

then found with the value of A from equation (41) and these theoreti¬ 

cal distances, A comparison between calculated velocities and 

those observed are given in Section XU. 
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III. RESULTS 

A. Horizontal Region 

By measurement of the distance between the second and 

third cable in Figure 5, the distance ^ was found to be 

l3 5 1 
Axj = 7.72 x 10 feet. 

2 

By use of this distance and the observed velocities U and U , 
m2 m3 

which are 

U 

and 

m2 

Um3 = 

67.6 ft/sec 

27 ft/sec, 

the constant A was found from equation (41). That is, 

A - I 4 
u 

m3 

1 
U 

*35.4 x 10^ ft2/sep. 

m2 

The substitution of this value of A into equation (39) leads to the 

expression 

2.76 x 10 
1 U . mi 

4 

(44) 

for the depth . Here and throughout this section the kinematic 

-5 2 
viscosity was taken to be 1.079x10 ft /sec which is the value 

for ^ of water at 70 F(Ref. 8) # 

6 ,2 Through the use of A = 35.4 x 10 ft /sec and the 
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observed velocity 

U = 67.6 ft/sec, 
m2 

the theoretical distance x^ can be found from the relation 

U m 
A . 
x 

That is, 

x _ A _ 
U. m2 

35.4xl06 = 5.24xU)5ft. 
67.6 

By use of this value and the measured distances between the 

second cable and the other cables* each distance x , x , and x can 
3 4 5 

be found. That is, 

i 
x — x -+• AX] ~ 5.24 x 10 + Ax1 
i 2 c 

(45) 

Then, through the use of these theoretical distances and the value 

6 2 
35.4 x 10 ft /sec for A, die theoretical velocities follow from the 

relation 

6 2 
U = A = 35.4 x110 ft sec . 

1111 "*• : . J 1 (5.24 x 10 + sxj ) ft. (46) 
■ ..... 2 

. In Table I the observed velocities are taken from Figure 1. 

The depths estimated by Keunen are taken from Reference 6. His 

estimates were made by use of. Daly's equation 

v **. cVs m d, 

1/2 
in which he used 0.6 for the effective density d, 400m /sec for c, 

the value of the slope at each cable for a , and the observed velocities 
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(Figure 1) for v. The hydraulic mean depth m was taken to be 

1/2 <5 The author has converted to the English system of 

units for comparison. 

The values for the horizontal region results are tabulated 

in Table 1 on the following page. 
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B. Sloping Bottom Region 

By use of equation (31) with c< = 0.6°, the percent 

sediment content or % CQ was found for two points along the sloping 

bottom region for various value 8 of ^ • 

1. The Point Xg. 

This point is at the junction of the horizontal bottom 

region and the sipping bottom region (Figure 5). Equation (31) 

is 

IZCJL. = - fti 
-te-XiU 

9 sin* 

In this expression the value for the distance x was the measured 
2 

distance from die continental shelf to the second cable (Figure 5). 

The values for the velocity and the depth & ^ were taken from 

Table 1. The measured distance from the continental shelf to the 

second cable is x - 13.6 x 10 feet. From Table I, U - 67.6 ft/sec 
2 m2 

and S - 410 ft. 
2 

The values for the percent sediment content for point x^ 

are tabulated in Table II. 

2. The Point x . 
0 ?'■ 

The point x is the point on the sloping bottom region which 
0 

would correspond to the point on the actual profile at which the maxi¬ 

mum slope of the continental region terminates (Figure 5.) The 

author , considered this point because he felt that it should be in the 

region where the mud slump is beginning to change into a density 
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current. 

Equation (31) is 

(Zc-L,r #K9-r)(^) +O.OB*(*P)*] . 

The distance x in this expression is the measured distance from 

the continental shelf to the end of the maximum, slope (Figure 5). 

The velocity Unin and the depth S were found by the relations 

s.W 

mo 

and 

tyno " ^ ) 

it=£ 
(47) 

The expression for the velocity U can be obtained by 
zn.2 

writing the relation (30) 

U - Ax'® m 

from the analysis of the sloping bottom region for the two points XQ 

and x_ and by eliminating the constant A from the resulting equations. 
m 

That is, 
U W» O’* 

SB+I 

In a similar manner the expression for Sg can be obtained by writing 

the relation (30) 

8= 8 7L = B 

for the points x and x and by eliminating the constant B. 
..* ; ' ■ 1 O' • 'm: ' * ’ •: 

In these egressions x^ is the distance from the continen¬ 

tal shelf to the second cable (x.,^ 13.62 x 10® ft. ). The velocity 
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U and the depth S are the values from Table 1. That is. 
m2 2 

U _ = 67.6 ft./sec. 
m2 

and 6 2 = 410 ft. /*«€. 

Thus, with measured from the profile (Figure 5), the velocity 

Umo and the depth5Q can be obtained for a given value of ^ . 

Furthermore, the % cQ can then be found from Equation (31). 

The values for the percent sediment content for point x 

are tabulated in Table m. 



TABLE IX 
Tfce Point XQ 

p 
a 

%~*a 

b 
J — x^ 

e 
C0 -v. x® 

2 Co $ C*ovg. 

Vivas.'- x? 
n-r 51+1 Q i.4 

^ SLfrfe, 
w 

cn ?ft,»6 
Eq. 31 

0 1/14 11A4 *6/r 9*0 1.13 

6/5 1/2 7Ao 0 11*0 1*37 

5/3 2/3 a/3 1/3 12*0 1*50 

13/5 1 3/5 1 13*0 1.63 

TABLE in 
The Point XQ 

f 

KL«X ~ X? 

*5% 
(ffc/sec) 

from Eq* 4? 

4 

(ft) 
tvcm Eq. 47 

#C0 

from Eq. 31 

$ csvg. 

0 55 44 104, 13.0 

6/5 16 56 11, 1.37 

5/5 10 62 4.4 0*55 

13/5 4 75 0.7 0,03 

^Ca„6 — 'f0/ ft f Vfy) = o. I2.S %C„ 
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IV. DISCUSSION OF RESULTS AND CONCLUSION 

The values obtained for the depth and sediment content 

ail seem to be reasonable. That is, the calculated depths are ap¬ 

propriately expressed in feet and not in miles or inches. Further¬ 

more, the values for the sediment content are higher than those 

found in streams and rivers where the sediment content is usual¬ 

ly less than one percent. This would be expected since the observed 

velocities of the density current are much higher than those of rivers 

and streams, and consequently, the sediment carrying capacity of 

the density current would be greater. Also, since large drag for¬ 

ces are associated with velocities, the density current's erosive 

power uouid be greater. 

The velocity variation Ur- 3. from the horizontal bottom 

region analysis agrees with the decrease of the observed velocities 

with distance; however, the accuracy of this variation as indicated 

by the excellent correlation between the theoretical velocities and 

those observed is considered to be rather coincidental. An attempt 

was made to find the exponent a of the relation U ~ xa by con¬ 
ns 

sidering observed velocities at three cables and the distances between 

the cables. This attempt proved to be unsuccessful except when 

working with the cables 3* 4, and 5. Here the exponent was found 

to be -0.08. Although this value depends on rather crude estimates 

of velocity and distance, it is known with enough certainty to indicate 



49 

that the velocity is not decelerating as rapidly as the analysis 

with the driving force neglected would imply. It was found that 

a sediment concentration of only 30 percent is needed at the second 

cable to make the driving force equal to the frictional term. Also, 

this concentration for equal sizes of the two terms decreases with 

distance in the direction of flow. Since the range of values for the 

sediment content at the second cable is from 9 to 13 percent, the 

neglect of the driving force may be too much of a simplification. 

One might suppose that three-dimensional effects could be respon¬ 

sible for this smaller deceleration* However,' consideration of the 

kinetic energy dissipated by horizontal spreading reveals that its 

effect would cause more, rather than less, deceleration. 

Although the values obtained for the depths are only es¬ 

timates, their increasing size indicates what should be occurring in 

the actual situation. That is, since the velocity is decreasing and 

the flow is losing its momentum, the density current should be 

growing in size. The behavior is somewhat similar to that of a free 

jet. 

Kuenen'a estimates of the size of the density current, 

based on Daly's formula, are of the same order of magnitude as 

those found by the author; but Daly's formula is derived from the 

Chesy formula for uniform flow in an open or closed channel, and 

its application here to a flow -which is decelerating is incorrect. 

Furthermore, because Kuenen assumed a value for the sediment 



50 

content and a rather arbitrary value for the constant in Daly's 

formula* the present author is of the opinion that the values cal- 

culated in this thesis with the driving force neglected are more 

representative of the actual situation. 

In the sloping bottom region the % c0 is given for various 

values of the exponent £ . The particular values used have physi¬ 

cal significance in relation to the concentration and the flux of 

sediment. 

The value ^ - 0 corresponds to constant flux. This 

implies that the net rate of pick-up and deposit from the bottom is 

cero. in this case the concentration is decreasing (e = *6/7) because 

the volume flow rate is growing as indicated by (he fact that tire 

product of the maximum velocity and the boundary layer thickness 

is increasing with x. 

With 6/5 the concentration is constant in the x-direction 

and the flux is increasing. That is, more sediment is being placed 

in suspension while volume flow rate Is increasing at the same rate, 

and thus a constant density of the mixture of sediment and water 

is obtained. 

The remaining two values, ^ = 5/3 and 13/5, were 

considered because all (he variables, U , S, c , and the flux are m o 

increasing. The author felt that this might be the situation when the 

density current is being generated. 
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The author feels that the constant flux with. Q =• 0 is 

more representative of the situation that Heeasen and Ewing have 

described* In this case* the sediment content is very large* and 

the velocity is very small at the beginning of flow where the situa¬ 

tion corresponds to a mud slump; then as the flow proceeds down 

the slope with increasing velocity the sediment is distributed over 

a greater depth, resulting in a density current* 

In conclusion* the author feels that since the order of 

magnitude of the values obtained for sediment concentration and 

depth seem correct* a density current can be analyzed in the same 

manner as the heat transfer problem of a turbulent free-convection 

boundary layer. 
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APPENDIX <3s Notation 

A, B, D, K 

a, b» e, •• 

c ........ 

L 

g 

P 

Q. 

t 

u 

u. 

U m 

v 

X 

y 

a 

X 

Y 

G< 

s 

Constants 

Exponents 

Concentration of sediment in mass 
units per unit volume of fluid 

Concentration of sediment at y 0 

Characteristic length in x-direction 

Acceleration of gravity 

Pressure 

Flux of sediment 

time . 

Velocity in x-direction 

Equivalent free stream velocity 

Maximum value of u in boundary 
layer 

Velocity in y-direction 

Distance directed along bottom of 
ocean 

Distance directed normal to bottom 
of ocean 

Distance directed across bottom 

Body force in x-direction 

Body force in y-direction 

Angle between x-axis and horizontal 

Boundary layer thickness or depth 
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V 

A 
)> 

Too 

Non-dimensional coordinate in 
y-direction 

Absolute viscosity 

Kinematic viscosity 

Local density of fluid 

Density of sea water 

Shearing stress at bottom 

Subscripts 

i, 1. 2. 3. 4» 5 Cable numbers (Figure 5) 
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TIME BETWEEN EARTHQUAKE AND CABLE BREAK 
VS FIGURE 2 

DISTANCE FROM (00-59) CABLE (from Ref. 2) 
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! 
U-0 C-o 

cKg sin °< = rate at which sediment is entering or leaving 
across the vertical boundary due to gravity, 

QD - rate at which sediment is being deposited 
per unit length of x, 

Qg = rate of pickf-up of sediment from the bottom 
per unit length of x. 

SEDIMENT FLUX LEAVING AND ENTERING ELEMENT OF DENSITY CURRENT 

FIGURE 6 


