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NOTATION 

X, y, z Right-hand coordinate system 

u, v, w Linear displacements in the x, y, z direc¬ 
tions, respectively 

e Rotational displacement about z axis 

q Mass density of bar material 

A Cross-sectional area of bar 

E Young*s modulus of elasticity 

G Shear modulus of elasticity 

I Area moment of inertia about x or y axis 

J Polar moment of inertia about z axis 

P*i 
Force as defined within text, i = 0 

&Z1 
Strain terra as defined within text, i = 0, 

1,2,3,4,5,6 

*1> f2 Force components 

a, b Defined within text 

r Radial distance of given longitudinal fiber 
from neutral axis of bar 

R Radius of bar 

Angle of curvature 

L Length of bar 

^y* *z Force as defined within text 

Mx> My Bending moment 

Mz Torsional moment 

P, k Excitation frequencies 

v 



NOTATION 

(Continued) 

T(t) Function of time, t 

Z, f, g Functions of z 

T Maximum applied torque 

P Maximum applied longitudinal load 

vi 



INTRODUCTION 

The motion of a rotary drilling string, in the 

drilling of an oil well bore hole, is a subject of com¬ 

mon interest in the oil well manufacturing and drilling 

industries. On occasions, vibrations have been known 

to reduce the useable life of the surface equipment 

(e.g. swivel, traveling block, drilling line, derrick, 

etc.) of rotary drilling rigs. Moreover, these vibra¬ 

tions have been suspected, in some instances, of reducing 

the useable life of the subsurface drilling equipment 

(e.g. drill pipe, tool joints, drill collars, rock bit, 

etc.). 

In most cases, vibrations in the surface equipment 

can be controlled, at least to a certain extent. How¬ 

ever, vibrations in the subsurface equipment present a 

more complex problem, mainly because the exciting source 

is usually at the bottom of the hole, several thousand 

feet below the earth's surface. An addition to the com¬ 

plexity of the problem is the effect of the following 

variables: 

1) The variable properties of the extremely long 

string. 
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2) The friction between the string and wall of the 

hole. 

3) The motion of the drilling fluid on the inside 

and outside of the string. 

4) The fact that a perfectly straight vertical 

hole is impossible to drill. 

Previous studies have been made of torsional, longi¬ 

tudinal, and lateral vibrations that occur in rotary 

1 2* 
drilling strings. * However, these analyses consider 

such small motions that no coupling exists, and the 

solutions reduce to well-known classical solutions. Be¬ 

cause of the multitude of variables that exist during the 

process of drilling, an exact mathematical analysis of 

the motion which actually occurs would probably be too 

involved to be useable. 

Perhaps the most practical approach to date, to the 

vibration problem is by the use of models. Using di¬ 

mensional analysis methods, Woods^ has designed a model 

for studying vibrations in rotary drilling strings. 

♦Numbers denote items in the Bibliography. 



This model is being constructed by one drilling tool manu¬ 

facturer. In connection with this work, a better under¬ 

standing of the mathematical principles of coupled vibra¬ 

tions might be of fundamental interest. For example, 

would it be possible to excite longitudinal resonant 

motion, as a result of torsional excitation, at frequencies 

different from the torsional natural frequencies? 

It is the writer*s purpose to derive the differential 

equations which describe the motion of a cylindrical bar 

performing torsional, longitudinal, and lateral vibrations. 

The equations are to be derived retaining lower order non¬ 

linear terms, in order that the coupling effect of the 

vibrations may be included. These equations, in a some¬ 

what simplified but not completely linearized form, will 

be used in finding the resonant frequencies of a bar under 

torsional excitation with one end built-in and the other 

end either pinned or free. In addition, for the case of 

a free end, it will be shown that a longitudinal forcing 

term of a different frequency gives rise to a forced 

longitudinal motion at this frequency. This motion can 

be superimposed on the previous case for a free end, even 

though the equations are non-linear. 



DERIVATION OP EQUATIONS OF MOTION 

Kinematic Relations; Force And Moment Resultants 

In deriving the equations of motion, it is necessary 

to establish the relationship between the deformation of 

the bar and the forces which cause this deformation. 

This requires the application of Hooke*s law once the 

strains have been determined from the kinematic rela¬ 

tions assumed for the deformation. 

Consider the deformation of a small Incremental 

length of bar, subjected to longitudinal, lateral, and 

torsional displacements. Let the element be located in 

a right-hand coordinate system as shown in Figure 1. It 

is assumed that during deformation: (l) the cross- 

sections remain plane and normal to the neutral axis; 

(2) the deflections are small; and (3) Hooke*s law is 

obeyed. These assumptions relate the strains in the 

various fibers to the deformation. 

Consider a fiber of the element located at radius 

r from the longitudinal axis. The component of the 

elongation of this fiber resulting from longitudinal 
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displacement alone, can be seen in Figure 2. The strain 

associated with this elongation is 

e2, = lim (AZ+AW ) - A Z 
x
 AZ->0 AZ (a) 

= w* 

where the prime indicates differentiation with respect 

to z. 

If, in addition to the longitudinal elongation, the ele¬ 

ment is rotated as shown in Figure 3* the fiber will 

stretch an additional amount due to twist. From the 

geometry of the element, the strain associated with the 

elongation resulting from twist is 

'Zg = lim 
AZ-*O 

= lim 
AZT>0 

\T(AZ+AW)2 + (rAQ)2 - (AZ+AW ) 
Az+Aw 

(AZ+AW) jl + (rA8 \ 2I*“ - (Az+Aw) 
L VAZ+Aw / _J 

= lim 
AZ->0 i[1 + fe)J 

—* i 

‘ * fe)'T 

- 1 

I 

For small deflections, 

1 



1 
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and since w* « 1 

0>) 

The elongation of a fiber, resulting from lateral de¬ 

flection without twist,can be determined by considering 

Figures 4A and 4B. If, in Figure 4A, we superimpose 

point 0* on 0, as shown in Figure 4B, the geometry indi¬ 

cates that the strain associated with elongation due to 

lateral deflection is 

e = n™ + (Av)^ + (AU)^ - (AZ+AVI) 

Assuming small displacements, and retaining lower order 

non-linear terms, 

= lira 
Az-M) 

or 

i(v*)2 + i(^’)2 (c) 



z 

FIGURE 4B 
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The final strain component associated with the elonga¬ 

tion is from bending. Assume, for now, that all bending 

takes place in one plane, for example the x-z plane as 

shown in Figure 5. Then the strain due to elongation 

of a thin strip of fibers located a distance x below the 

longitudinal axis can be vjritten as 

ezJf = A
lim (a+x)A# - AS 

4 As->0 AS 

= lim aA# + xAjtf - As 
As-*-0 AS 

Since 

e 

aAjtf - AS, 

z4 
= lim 

AS-*- 0 A, S 

or 

where a is the radius of curvature in the x-z plane. If 

one recognizes the fact that bending also occurs in a 

thin strip in the y-z plane, then there will also be 

strain due to this elongation, or 

e 
z5 

= £ 
b 

where b is the radius of curvature in the y-z plane. 

For a single fiber, common to both strips, its strain 



r 

FIGURE 5 
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may be written (for small deflection) as the sum of ez^ 

and e» , or z5 

eZ£ “ £ + X. (d) oab 

Since small deformations were assumed, the approximate 

total strain of a given fiber, originally in the axial 

direction, may be represented as the sum of equations 

(a), (b), (c), and (d); 

ez - w*+g(u* )2+4(v* )2+j(re*)2+x+£ (e) 
0 a b 

Consider a longitudinal force Fzacting along the 

fiber to cause a strain as given in (e). Since the 

angle between the fiber in its strained and unstrained 

positions can be approximated by r0* for small lateral 

deflections, we can divide F„ into its two components, z0 
or 

f, « cos (re')*F2&Fz 1 zo 0 

and 

f0 = sin (r0«)*F„« re*Fz 2 / z0 zo 

The force f-^ represents the projection of the force 
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F_ in the z direction. The force f0 represents the z0 * 
projection of the force Fz^ on the face of the element. 

Using Hooke's law, one can sum the forces in the z 

direction by integrating f^ over the cross-section of 

the element, or 

fi =/E %34 

= /E jw»+^(u* )2+~(v» )2+J(r0« )2+x+^J dA 

For dA = rdrd0, and for a bar of radius R, 

Ep ri R p 2tr 
f'+j(u*) +:jr(v* )~j +E^ g(r0' ) »rdrde 

+E/’K dA + is/y; dA 
la lb 

Note, by the location of the neutral axis, that 

E /*x dA = E f v_ dA = 0 
la lb 

then 

£± = EA |w'+£(u' )2+j(v' )^j+ E(e» )^ff ^ r3di 

= EA jw'+i(u* )2+^(v' )^ + E(e»)2 TfR4 
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Since I = TTR^ = area moment of inertia about a diameter 
~T" 

of the bar., and f^F-, s F = axial force, 1 <6Q £» * 

p2 = m Q';,+i(u,)2+5(v* )2J + EI(©*)2 

j-w,^(u.)2+l(v,)2 +i(et)2J = EA (f) 

Similarly, one can obtain the total twisting moment about 

the 2 axis, by adding to the conventional moment, the 

effect of force f2, or 

M„ = fGr0**rdA+E J4(re*)2*r0f*rdA 
i A 

Evaluating I«l2 for dA = rdrd©: 

Mr 

R 2Ji R- p 2; 
= /"Gr©**r*rdrde+E _/4(r0') •r0,‘r*rdr.y 

0 0 0 * 0 

2Jtf 
"d© 

R R 
= 2TrG0l r^dr+E tf (©* )3^ r5dr 

= irR^ , G0» + ITR^ . R2 . E(0*)3 
2 2 3 

2L 
Since J = TfR = area polar moment of inertia about the 

~2— 
longitudinal axis of the bar, then 

M 
2 

JG0* JjL+E (e*)2-^ J 
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Assuming E (0*)2 R2 <Cl, 
G 3 

Mz& jGe* (g) 

By using eZQ, one can also determine an expression 

for the bending moment at any section of the bar about 

the x or y axis. These can be written as 

M « f E e„ xdA 
y 1 20 

and 

ydA 

Evaluating M : 
<y 

My = ^Ex^+^u* )2+^(v* )2+|(r0')2+x+^j dA 

Prom the definition of neutral axis, this reduces to 

My = _/EX2 dA 
A a 

Since I is defined as y*x2 dA, 

For small lateral deflections, the radius of curvature 

a can be approximated as 
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where the double prime denotes differentiation of u twice 

with respect to z. 

Therefore, 

- EIu” (h) 

Following a similar procedure, is evaluated as 

Mx« - EIv” (i) 

Derivation Of Equations 

Consider an incremental length of bar (as in Figure 

1), while simultaneously undergoing longitudinal, lateral, 

and torsional displacements. Using D*Alembert*s prin¬ 

ciple, the element can be equilibrated, by balancing the 

forces which cause these displacements, with the inertial 

forces of the element. Such an element in equilibrium 

is represented by the free body shown in Figure 6. It 

is noted that the effect of both rotatory inertia and 

lateral displacements due to vertical shear has been 

neglected. 



z 

Mzz 

FIGURE 6 
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Again assuming small deflections, one can sum the 

total forces in the x-direction, which gives 

= 
F
X2 " 

Fxx " QAAZU = 0 

or 

P - Fx = qAu 
x2 X1 
A Z 

where the dots indicate the second derivative of u with 

respect to time, t. 

Taking the limit asAz approaches zero, 

lim Fxo " FXi = ^ F* = QAu 
Az^O d i © z 

* z 

or 

V = qAu (j) 

Similarly, by summing forces and moments in the other 

directions, 

y 
= qAv 00 

V = qAw (1) 

V = qj© (m) 

V = Py - VFZ (n) 

V 
= Px - u'P2 (0) 
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Differentiating (n) and (o) with respect to a, 

Mjt" “ V - (v*Fz) (p) 
d 2 

and 

V - V - JL. (U«Pz) (q) J dz 

Also differentiating (f), (g), (h) and (i) with respect 

to a, 

F « = EA d fw»+J(u«)2+4(v»)2+i (e«)2l (r) 
3 ~Tz 1— . c A J 

Mg« a GJ0" (s) 

M* « -EIu"” (t) 
V 

« -EIV
,,M
 (U) 

Substituting equations (s), (r), (t), and (u) into equa¬ 

tions (m), (1), (q), and (p), respectively, 

= qAw 

GJ0” = qJ0 

EA j_ri'j»+j(u')2+J(v»)2+I (0»)2 

d z L .. A J 

-EIu!!"+EA iL.^u*j^w«4^(u*)2+^(v«)2+i (0*)^ 

= qAii 

-EIV
mm+EA [w.+i(u. )2+^(v* )2+^ (©* 

(I) 

(II) 

(III) 

qAv (IV) 
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Thus, equations (I), (II), (III), and (IV) are the 

differential equations for the small vibrational motion 

of a cylindrical bar. These equations contain lower 

order non-linear terms which retain the coupling of the 

motion. An exact solution of these four equations, for 

a given set of boundary conditions, would be quite in¬ 

volved, if not impossible. However, with further sim¬ 

plifying assumptions, the equations may be reduced to a 

more useable form for specific problems. This is dem¬ 

onstrated in the following section. 



SOLUTIONS OF THE EQUATIONS OF MOTION FOR SPECIFIC CASES 

Simplification Of The Equations 

In the previous section, the equations of motion 

for the coupled vibrations of a cylindrical bar were de¬ 

rived. These equations consisted of one linear equation 

(I), and three non-linear equations (II), (III), and (IV). 

The determination of any solutions for the equations in 

their present form, as mentioned previously, would be 

extremely difficult, if not impossible. Two assumptions 

can be made which will allow reduction of the equations 

to a more useable form. 

First, assume that lateral motion of the bar occurs 

only in the x-z plane. This assumption eliminates equa¬ 

tion (IV) from further consideration. Second, assume 

that this lateral motion, in the x-direction, is small 

enough that^(u*) may be neglected as compared to w*. 

Now, using these assumptions, a simplified form 

of the original differential equations of motion can 

be written as 
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GJe" = qje 

EAw"+EI c>_ (9')2 = qAw 

(IA) 

(IIA) 

^u* £w«+I (0*)^Jj = QAU (IIIA) 

Application of these equations to determining the 

possible steady state forced vibrations of a cylindri¬ 

cal bar will be demonstrated for three specific cases. 

Case 1 - Fixed-Pinned Bar; Torsional Excitation At 
Pinned End 

The equations of motion (IA), (IIA), and (IIIA) will 

first be applied to the case of a bar which is built-in 

at one end and pinned at the other end (see Figure 7A). 

The pinned end is constrained to prevent longitudinal 

motion, but is free to allow torsional motion. A torsional 

forcing function T cos pt is applied at the pinned end. 

Physically, case 1 may be described as the motion 

of a shaft which is built-in at one end and supported by 

a frictionless radial type bearing at the other end. To 

this shaft, a periodically varying torsional load is ap¬ 

plied at the bearing end. 

The boundary conditions for case 1 are 



e*oe-r- Tr\ Dnr*Tr T rnc pf 

FIGURE 7A CASE I 

/I 

^ 1 ^ • L_ 

x 

FIGURE 7B CASE 2 

T cos pt 

| 
^ 1 - 

L —n 

FIGURE 7C CASE 3 

P COS kt 

— z 
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1. e (o,t) = o 

2. 0* (L,t) w T_ cos pt 
GJ 

3. w (0,t) « 0 

4. w (L,t) = 0 

5. u (0,t) = 0 

6. u (L,t) = 0 

7. u*(0,t) « 0 

8. u" (L,t) = 0 

Beginning with the linear differential equation (IA), 

one can easily determine a solution of this equation by 

separation of variables. This solution can be written in 

the following forms 

0 (z,t) = Z(z) • T(t) (1-1) 

Since only the steady state forced vibration is of 

interest, assume a harmonic function for T(t). Then 

(1-1) reduces to 

0 - Z cos pt (1—2) 

Differentiating 0 twice with respect to z and t, one 

obtains: 

0" = Z" cos pt (1—3) 

and 

0 = -Zp2 cos pt (1-*) 
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Substituting (1-3) and (1-4) into(lA): 

GJZ" cos pt + qJp2Zcos pt = 0 

or 

Zn + Z = 0 (1-5) 
G 

Equation (1-5) is an ordinary homogeneous linear 

differential equation, and its solution can be written 

as 

Z (z) = cos p \W z + C2 sin P\j£ z (1-6) 
u ^ G 

Substituting (1-6) into (1-2), and letting £ = as 
G 

9(z,t) = (C^ cos ap z + C2 sin ap z) cos pt (1-7) 

Applying boundary condition 1 to (1-7): 

0(o,t) = 0 = cos pt 

then 

cx = 0 

Hence 

9(z,t) = C2 sin ap z • cos pt (1-8) 

from which 

9*(z,t) = C2 ap»cos ap z • cos pt 

Applying boundary condition 2 to (1-9)s 

0*(L,t) = T cos pt = Cp ap«cos apL-cos pt 
GJ 

(1-9) 
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from which 

C2 » T (1-10) 
GJ ap cos apL 

Substituting (1-10) into (1-8): 

9(s,t) =* T  . sin apz . cos pt (l-ll) 
GJ ap cos apL 

Thus, equation (l-ll) represents the steady state forced 

torsional motion of the bar of case 1. Note from (1-11) 

that if 

cos apL = 0 (1~12) 

then torsional resonance (i.e. theoretically infinite 

rotation) occurs. Equation (1-12) is satisfied when 

apL = 1T_, 2*, ...., (2n+l)ir 
2 2 2 

or, since a = 5. , 
G 

Pn = 2n+l TfvKr n = 0,1,2,3,  (1-13) n 2 h\ 

Hence, to avoid torsional resonance of the bar for case 

1, the forcing frequency p must not equal any of the pn 

frequencies as given in (1-13). These frequencies 

actually correspond to the natural torsional frequencies 

of the bar for the given set of boundary conditions. 

Now using equation (l-ll), we can extend the prob¬ 

lem to include the effect of the torsional motion on the 
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longitudinal motion of the bar. From equation (l-ll), 

differentiating 0 with respect to z, 

9* =  T ap . cos apz . cos pt (1-14) 
GJ ap cos apL 

Substituting (1-14) into (IIA), differentiating, and 

simplifying: 

EAwn-qAw = -El <) 17 T \ cos2 apz*cos2 pt] 
cos apL/ J 

= fEI 
(, 

T 
GJ cos apL )• 

2 cos apz • sin apz 

• ap cos2 pt 
C. 

El ap/ T \ • sin 2apz • ( 
VGJ cos apL/ 

or 

EAw"-qAw = M sin 2apz • (l+cos 2pt) 

+ ^ cos 2pt) 

(1-15) 

where 
2 

M = El ap ( T 1 
2 lGJ cos apL/ 

Try, as a particular solution of equation (1-15), 

Wp (z,t) = M sin 2 apz • T(t) (1-17) 

Then, from (1-17), 

w " = -4M a2p2 sin 2apz • T (1-18) 
Sr 

and 
•• •• 

Wp = M sin 2 apz • T (1-19) 



22 

Substituting (1-18) and (1-19) into (1-15): 

-4EAMa2p2 sin 2 apz • T - qAM sin 2apz • T 

= M sin 2 apz • (l+cos 2 pt) (1-20) 

or simplifying, 

qAT + 4EAa2p2T => -1-cos 2 pt (1-21) 

Therefore, a particular solution of (1-15) has now been 

reduced to determining a solution of (1-21), an ordinary 

non-homogeneous linear differential equation. Try as a 

particular solution of (1-21), 

T(t) = C3 + C4 cos 2 pt (1-22) 

from which 

T = -4p2 cos 2 pt (1-23) 

Substituting (1-22) and (1-23) into (1-21): 

-4Cij. qAp2 cos 2 pt + 4EAa2p2 (C3+C4 cos 2 pt) 

= —1—COB 2 pt (1-24) 

Comparing coefficients of similar terms on both sides 

of (1-24) and substituting a2 = £, one obtains 
G 

C3 = - G (1-25) 

4qAp2E 

and 

c4 = “ G (1-26) 
4qAp2(E-G) 

Substituting (1-25) and (1-26) into (1-22): 
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T(t) = - G - G , cos 2 pt 

4qAp2E 4qAp^(E-G) 

= G (- E cos 2 pt-1 \ (1“27) 

4qAp2E' E“6 ' 

Now substituting (1-27) into (1-17)> one obtains the 

particular solution for VJ as 

wn(z,t) = MG . sin 2apz E cos 2 pt-1) (1-28) 
P 4qAp2E V E-G / 

Note that wp=0 at z=0; thus, (1-28) satisfies boundary 

condition 3. 

For the solution of the homogeneous part of equation 

(1-15)^ or 

EAw" - qAw = 0. (1-29) 

try a solution of the form 

Wfc(z,t) = f(z) + g(z) cos 2 pt (1-30) 

Then 

whM ~ + e" cos 2 (1-31) 

and 

w, = -4gp2 cos 2 pt (1—32) 
h 

Substituting (1-31) and (1-32) into (1-29): 

EA(f" + gn cos 2 pt) + 4g qAp2 cos 2 pt = 0 (1-33) 

Equation (1-33) is satisfied if 
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EAf” « 0 (2-34) 

and 

EAs" + 4g qAp2 = 0 (1-35) 

The solution of (1*34) can be written as 

f(z) » (1*36) 

(1-37) 

Applying boundary condition 3 to (1-36) and (1-37)> one 

obtains 

k-j a a 0 

Then substituting f(s) and g(s) into (1-30), equation 

(1-30) becomes 

wh ” lc23 * Ic4 * sin 2 kps * 003 2 pt (1-38) 

Hence, the complete solution for w(z,t) in equation 

(1-15) is found by adding (1*28) and (1*38): 

+ kgs + kij. sin 2 bps • cos 2 pt 

MG f E \ 
4qAp2E\E~G/ 

(1-39) 



Applying boundary condition 4 to (1-39)5 

w(L,t) - 0 = f~- MG / E \ain 2 apL+kh sin 2bpL cos 2pt 
L4qAp2ElE-Gj J 

+ f- MG . sin 2 apL+k2L (l-4o) 

L 4qAp2E 
Comparing coefficients of similar terms, equation (l-4o) 

is satisfied if 

kg = MG . sin 2 apL (l-4l) 

4qAp2E L 

and 

kA = MG / E \sin 2 apL (1-42) 
4qAp2E*E-G/Sin 2 bpL 

Substituting (l-4l) and (1-42) into (1-39)? 

w(3,t) = - MG / E \(sin 2 apz-3in 2 apL*sin 2bpz)cos2pfc 

4qAp2E'E”G' sin 2 bpL 

-h MG (z sin 2 apL - sin 2 apz ^ (1-43) 

4qAp2E \ L 

Substituting M from (1-16) into (1-43)? 

«(z,t) = El T2 ap . G r- E 
2G2J2 COS2 apL 4qAp2E|_E'"(* 

- sin 2 apL . sin 2 bpzlcos 2 pt+js sin 2 apL 
sin 2 bpL L 

isin 2 apz 
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Replacing a and b with their respective values, 

o \[5 
w(z,t) = T2! ™q  

SG^J^Ap cos*p^c[ L P — ( L E-G ' 
Sin 2P Z 

\Ta v 
sin 2p ”G L . sin 2p ^c[ zj cos 2 pt 

sin 2p\f£ L 
E 

E 

+ js sin 2p 

L ’G 
L - sin 2T \1§Z] 

(1-44) 

From equation (1-44), one observes that longitudinal 

resonance occurs if the following equations are satisfied: 

cos p^cfL => 0 (1-45) 

and 

sin L = 0 (1-46) 

Equation (1-45) expresses the previously obtained 

resonance condition for the torsional natural frequencies 

as given in (1-13). However, equation (1-46) indicates 

that longitudinal resonance might also be excited by 

torsional excitation at frequencies different from the 

frequencies given by (1-13). Equation (1-46) is satis¬ 

fied if 

2pvT|
,L = 1T, 2tt, .... mTf 
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from which 

pm = HLH \(¥ ms 1,2,3.... (1-47) 
2 L »q 

Thus, equations (1-13) and (1-47) specify the fre¬ 

quencies pn and PJU at which longitudinal resonant motion 

results for the torsional excitation of case 1. 

We now have steady state solutions, to both equations 

(IA) and (IIA), which satisfy boundary conditions 1, 2, 

3, and 4 of case 1. Applying these two solutions to 

equation (IIIA), we can reduce (IIIA) to a linear partial 

differential equation with variable coefficients. Solu¬ 

tions to the resulting equation, satisfying boundary condi¬ 

tions 5 through 8, can be found, but the procedure is 

quite difficult and will not be pursued here. However, 

the fact that the three original equations, two of which 

were non-linear, can be reduced to linear form is somewhat 

significant. 

In view of the fact that equation (IIIA) can be re¬ 

duced to linear form for any given solutions of (IA) 

and (IIA), we will assume that uSO for the remaining 

applications of the equations of motion. Therefore, 

(IIIA) is identically satisfied, and only equations 

(IA) and (IIA) must be satisfied for any specific case. 



28 

Case 2 - Cantilever Barj Torsional Excitation At Free End 

For case 2, consider a cantilever bar with a tor¬ 

sional excitation T cos pt at the free end (see Figure 

7B). The boundary conditions are (assuming uso): 

1. 9 (0,t) = 0 

2. 0 (L,t) = T__ cos pt 
GJ 

3. w (0,t) = 0 

4. w* (L,t) + I |e* (L,t) ^]= 0 

Since the boundary conditions 1, 2, and 3 for case 1 

are identical to those of case 2, the results of case 1 

that were obtained before the application of boundary 

condition 4 can be used. Thus, from case 1, w(z,t) was 

determined as 

w(z,t) = f~ MG ( E \sin 2 apz-rkj, sin 2 bpz cos 2 pt 
I 4qAp^E\E-G/ J 

(1-39) + P MG . sin 2 apz+kozl 

[_4qAp2E J 
Differentiating (1-39) with respect to z: 

w*(z,t) = -2 ap MG( E \ 
4qAp^E U-G) 

cos 2 apz+2 bpkij. cos 2 bpz cos 2 pt *] 
~-2 ap MG cos 2 apz+kp*~| 
4qAp^E J 

(2-1) 
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Also, 0(z,t) from case 1 was determined as 

0(z,t) = T  . sin apz . cos pt (l-ll) 
GJ ap cos apL 

Differentiating (1-11) with respect to z: 

0*(z,t) = apT  . cos apz . cos pt (2-2) 
GJ ap cos apL 

Substituting (2-1) and (2-2) into boundary condition 4: 

+ - aMG cos 2 apL+ko 
L 2qApE -i 

+ if T \2 cos2 apL * cos2 pt = 0 (2-3) 
A\GJ cos apL/ 

The last term on the left side of (2-3) may be written 

I /T \2 (1 + cos 2 pt), 
2A \ GJ/ 

hence equation (2-3) can be written as 

C- aMG ( E \cos 2 apL+2 bpkircos 2 bpL+I fT \2|cos 2pt 
2qA^lE=G/ 2A\GJ/ J 

+ F- aMG cos 2 apL+k2+I (I \2”1= 0 (2-4) 
L 2qSpE M\Gj) J 

Equation (2-4) is satisfied if 

p- aMG ( E \cos 2 apL+2 bpkii cos 2 bpL cos 2 pt 
L2qApEvE-G/ J 
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and 

k0 ~ aMG . cos 2 aoL - I_ 
* 2qApE 2A {hi (2-6) 

ubstituting (2-5) and (2-6) into (1-39): 

w(z,t) = f- MG ( E \ sin 2 apz+f aMG / E \cos 2 apL 
( 4qAp2EVE“cV L4bqAp2E'E“G'003 2 bPL 

/T \2*jsin 2 bpz Ceos 2 pt 
AGJ/ J J 4bAp cos 2 bpL\ 

+ f - MG sin 2 apz-t-T aMG cos 2 apL 

(. 4qAp2E L2c3ApE 

•«a>i (2-7) 

where, from (1-16), 

M = El ap ( s V 
2 VGJ cos apL/ 

Equation (2-7) defines the steady 3tate longitudinal 

motion of the bar for case 2. Examination of this equa¬ 

tion, shows that resonant longitudinal motion is excited 

if either 

cos apL = 0 (2-8) 

cos 2 bpL = 0 (2-9) 

As in case 1, equation (2-8) expresses the condition 
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for the torsional resonant frequencies as given in (1-13). 

However, longitudinal resonance at torsional frequencies 

different from (1-13) can also occur if, from (2-9), 

2 bpL = 0, Tf_, 3tf ,   (2,1+lL 
2 2 \ 2 r 

or 

Since b = .fcf , 

P, = f2.i+1) jL.\iir i = o,i,2,3, — (2-10) 
J \ 2 / 2 L Mq 

Thus, equations (1-13) and (2-10) represent the fre¬ 

quencies pn and p. at which longitudinal resonant motion 

results for the torsional forcing function of case 2. 

Case 3 - Cantilever Bar, Longitudinal Excitation At Free 
End 

Nov/ the equations of motion will be applied to a 

cantilever bar, which is subjected to a longitudinal 

forcing function, P cos kt, at the free end (see Figure 

7C). It is assumed that P is well below the Euler buck¬ 

ling load of the bar. In addition to the previous as¬ 

sumption that uSO, it is also assumed that 0^0 for 
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this particular case* With these assumptions, equation 

IA is identically satisfied, and equation IIA reduces to 

EAw" = qAw (3-1) 

Equation (3-1) represents the classical linear 

partial differential equation describing the longitudinal 

motion of a bar. The boundary conditions for case 3 are: 

1. w (0,t) = 0 

2. w* (L,t) = - P cos kt 

The steady state solution to equation (3-1)> satisfying 

the boundary conditions, can be written as 

w(z,t) = -P 

C03 \Jg & 
sin >vJcf kz • cos kt (3-2) 

Equation (3-2) indicates that resonant longitudinal 

motion will result if 

\ 

cos ^c[ kL = 0 (3-3) 

Equation (3-3) is satisfied if 

k± = (21+1^ TL\[ET i = 1,2,3, .... (3-^) 
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Thus, represents the longitudinal exciting frequencies 

at which longitudinal resonance occurs. As might be ex¬ 

pected, these exciting frequencies actually correspond 

to the natural longitudinal frequencies of the bar for 

the given boundary conditions. 

The relatively simple solutions to the motion of the 

bar for case 3 are not particularly significant. However, 

note that these specific solutions may be superimposed 

on the solutions for case 2, to obtain the solutions for 

a bar subjected to both torsional and longitudinal forcing 

functions (under different frequencies) at the free end. 

This superposition is somewhat unusual since the expression 

for w(z,t) of case 2 was determined from a non-linear 

equation. 

In Figure 8, the amplitude-frequency results for 

cases 1, 2, and 3 are shown. Excitation frequencies, 

which result in resonant motion for each particular case, 

are given as well as related natural frequencies. Only 

plotted since these frequencies are of more practical 

the lower frequencies (less than 

use. 
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DISCUSSION 

A search of published literature on the subject of 

combined longitudinal, lateral, and torsional vibrations 

of elastic bars failed to furnish an exact check to the 

differential equations of motion (I), (II), (III), and 

(IV). However, several papers indicated that these 

equations are probably correct. Several of the more 

significant of these papers and their results, as applied 

to the present problem are mentioned. 

Goodier^ observed an increase in the torque re¬ 

quired to twist a thin elastic strip under tension as 

compared to the same strip under no tension. He stated 

that this effect may be evaluated as the moment about 

the longitudinal axis resulting from tension in the 

directions of the twisted fibers. In the derivation of 

our equations of motion, inclusion of such an effect 

resulted in the terms containing 0* in equations (II), 

(HI), and (IV). Even though the terms containing 01 

are probably very small, it was demonstrated for two 

specific problems, cases 1 and 2, that the term could 

theoretically give rise to resonant longitudinal motion 

for a given torsional excitation. 
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Hoff-' investigated the constant velocity buckling of 

elastic columns under axial compressive loading. Our 

equations of motion, for 0 = vs 0, reduce to Hoff*s equa¬ 

tions when l/2 (u*)2 is neglected as compared to w*. 

Hoff*s method of solution is not applicable to our problem, 

since his axial loading was assumed to be a linear func¬ 

tion of time. 

The most complete papers on coupled vibrations were 

found in German publications. Weidenhammer^*? investigated 

the lateral stability of a bar, pinned at one end and 

simply supported at the other end, with a periodically 

varying axial load at the simply supported end. His 

equations of motion reduce to our equations with 0S 0. 

Weidenhammer presented methods for determining both the 

steady state and transient lateral motions at specific 

forcing frequencies. These frequencies were in the 

neighborhood of twice the fundamental natural frequency 

of lateral vibrations. Of particular Interest was his 

procedure of determining the lateral non-linear motion 

of the bar by using the method of slowly varying phase 

and amplitude.? It appears that this method, although 

involving complex principles of non-linear mechanics, 

might be useful in extending the application of our equa¬ 

tions of motion. 
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To summarize, even though the previously mentioned 

publications indicate the probable correctness of the 

equations of motion (I), (II), (III), and (IV), there 

is still an obvious need for experimental verification. 

It i3 the writer*s hope that these experimental tests 

may be performed in the near future. Such tests may 

Indicate that the simplified equations of motion (IA), 

(IIA), and (IIIA) are sufficiently accurate for de¬ 

scribing the steady state forced vibrations of a 

cylindrical bar for most cases. If experimental re¬ 

sults justify the use of the simplified equations, then 

the analytical method presented in determining the 

motion for three specific cases may be applied. 



BIBLIOGRAPHY 

1. Bernard, J. P., "La Dynamique du Train de Forage," 
Proceedings of the Third World Petroleum Congress, 
Section II, 1951.. PP. 193-205. 

2. Main, W. C., Discussion of paper by R. S. Grant and 
H. G. Texter, "Causes and Prevention of Drill 
Pipe and Tool Joint Troubles," Drilling and 
Production Practice, American Petroleum Insti¬ 
tute, 1941, pp. 43-44. 

3. Woods, H. B., "The Design of a Model for Studying 
Vibrations in Rotary Drilling Strings," 
Unpublished Master1s Thesis, Rice Institute, 
1953, 3U pages. 

4. Goodier, J. N., "Some Observations on Elastic Sta¬ 
bility," Proceedings of the First U. S. 
National Congress of Applied Mechanics, 1931, 
PP. 193-202. 

5- Hoff, N. J., "The Dynamics of the Buckling of 
Elastic Columns," Journal of Applied Mechanics, 
Volume 18, No. 1, 1951, PP. 68-74. 

6. Weidenhammer, F., "Nichclineare Biegeschwingungen 
des Axial-Pulsierend belasteten Stabes," 
Ingenieur-Archiv, XVIII Band, 1950, pp. 315- 
330. 

7. Weidenhammer, F., "Das Stabilltatsverhalten der 
nichtlinearen Biegeschwingungen des Axial- 
Pulsierend belasteten Stabes," Ingenieur- 
Archiv t XXIV Band, 1956, pp. 53^68^ 


