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NOTATIOH
2*,

©,

Cylindrical coordinate©.

Z

^T, °e, °z
r

Radial, tangential, and
vertical normal stresses.

z

Only nonzero ©hearing stress of
the problem.

r

<°o

Density of the overburden, in
psl per foot of depth.

?f

Density of the fluid which
fills the hole, in psl per
foot of depth.

D

Depth of the bore hole, in feet.

P

Pressure, in psi.

r

Poisson*s ratio.

&

Radius of the bore hole.
Ratio of the radius of the
region of rock formation
considered in the problem to
the radius of the bore hole.

&

f't

Stress ftinetions, each a
function of r and z only.

V

Function of r and z; frequently
used to represent <p and f at
the same time.

S#

Lengths of the arms of a
network.

A

v

INTRODUCTION
The problem in oil well drilling is to produce
stresses which exceed the ultimate strength of the rock in a
localized area of the bottom of the bore hole, thereby
producing chips which can be removed from bottom and brought
to the earth’s surface.

In the main these stresses are

produced by the action of a drilling tool acting over small
areas of the bottom in turn, but the stresses produced by
the tool are superimposed over stresses, which may be of
considerable magnitude, resulting from the weight of the
overburden and the fluid filling the hole.

At depths

normally encountered in drilling, the physical properties of
the rock under these pressures are greatly different from
their properties observed at atmospheric conditions.
Cunningham^ has studied the effect of hydrostatic
pressure on the rate at which a drilling tool penetrates a
formation.

Using a miniature rock bit under controlled

conditions of speed of rotation and load on the bit, he
drilled small rock samples while they were subjected to a
uniformly distributed hydrostatic pressure.

With other

conditions held constant, these tests showed that an increase
in the hydrostatic pressure caused a marked decrease in

* Numbers denote items in the bibliography on Page 37

2
drilling; rate.

The data obtained from such tests make

possible a much closer prediction of drilling rate in
particular rock formations under field conditions.
A limitation of the test equipment that Cunningham
recognized and noted is that a uniformly distributed
hydrostatic pressure of the rock sample is not a true
representation of the loading in the field, but to have more
closely represented the loading would have resulted in adding
complexity to the test equipment.

The approximate loading in

the field is more closely represented by Figure 1(a)# where a
cylindrical region of rock formation, concentric with the
bore hole and containing the lower portion of the bore hole,
is considered.

The radius of the bore hole is denoted by a

and the outer radius by ka.

A uniform hydrostatic pressure

f0D is assumed to exist in a region of rock before a hole is
drilled into its neighborhood.

The density of the overburden

po may be taken as one psi per foot of depth.

When a hole is

drilled into the region, a fluid column in the hole replaces
a portion of the overburden loading.
fluid
used.

caR

The density of the

vary considerably depending on the fluid being

For example, the density of water is approximately

0.44 psi per foot of depth and, for typical drilling rauds,
the density is higher.

In some cases, a gas might fill the

hole.
^Diagrams are arranged in sequence beginning on Page

Op

sJ c>

•

It is evident that the body of rock as represented in
Figure 1(a) is not in vortical equilibrium; after a hole is
drilled into the region, the stresses at the outer boundaries
must somehow readjust themselves.

If the outside dimensions

of the region being considered are quite large compared with
the hole radius a (k »1), the adjustments are distributed
over large areas and may be expected to be small in magnitude.
Therefore, an approximation for the actual adjustments may be
substituted with neglible effect on the stresses much nearer
the hole.
By subtracting the loading of Figure 1(c) from the
loading of Figure 1(b), the total loading of Figure 1(a) is
obtained.

Since the stress condition resulting from the

loading of Figure 1(b) is known to be a normal compressive
stress in any direction, the principle of superposition may
be employed to obtain the stress condition resulting from the
loading of Figure 1(a), if that from the loading in Figure
1(c) is known.
If tlie theory of elasticity is applied to the problem
of determining the stresses in the rock formation near the
bottom of the hole, it must be assumed that the rock in its
environs behaves essentially like a homogeneous, isotropic,
impervious elastic medium.

Under these assumptions, a

system of differential equations, derived from equilibrium
and compatability of strain requirements, may be applied and
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stresses determined by means of a numerical network-solution
employing relaxation methods.-*5

In order that such a

solution be tractable, the bottom of the hole must be assumed
to be considerably more regular in shape than it actually is
in practice.

The true shape of the bottom of a hole being

drilled into the earth will depend on many things —* the type
of tool being used, its condition as to dullness, etc.
Nominally, however, it can be approximated by a horizontal
plane as shown in Figure 1.

Gomumm

DIFFERENTIAL EQUATIONS

Differential equations applicable to an isotropic
elastic body which is a solid of revolution, free of body
forces, and subjected to an axially symmetric loading
system so that axial sections remain plane were derived by
Southwell6 to facilitate solutions of this type of problem
by relaxation methods.

Allen6 describes the application of

these equations and relaxation methods to the problem of a
finite length hollow shaft loaded with a band of uniform
pressure applied on a portion of the outer diameter.
Employing cylindrical coordinates, the nonzero
stresses are expressed in terms of two stress functions
and

f

in the forms

■ ft? *ih[t
i 2$ 1
r dr

rrz
where

p

1 2#

r 32 >

is Poisson*s ratio for the material, taken to be

0.25 for rock in the work that follows.

The stress

functions are each a function of r and z and must satisfy

simultaneously tlie equations

| hQ ~bZ<P __

T?£2

3r

■ FaT

Sj/'
3r2

_ x M 4. - ?!#
r 3r 3zz 2>z2

+

3?

-

over the region of rock being considered

BOUNDARY STRESSES
The region of rock to be considered is represented in
Figure 2.

Because of symmetry, only one-half of the axial

section is considered.

Linear dimensions have been non-

dimensionalized by dividing by the hole radius a, and
pressures and stresses are multiplied by a2.
ordinate system has been chosen as shown.

The co¬

A pressure P acts

within the hole and vertical equilibrium is provided by
assuming that a uniformly distributed pressure P/k2 acts
over the lower surface 1®.
Along boundaries

7SET

and

BIT,

if k is taken large, the

effect of the bore hole will hardly be felt and the stresses
along these boundaries will be very small.
and cre along

7ST

The stresses

crr

are taken to be zero, crz must be -P/k2

because of the loading, and small values of r_ which result
from these assumptions are accepted as having negligible
effect on the solution.

Along SB, ry2 is specifically

chosen to be zero so that vertical equilibrium is not
violated.

Otherwise, along SRT stresses are specified to be

negligibly small.

Boundary C2T is a typical horizontal section

through the hole well-removed from the bottom if k is large.
Assuming that the effect of the bottom is small, the thickwalled cylinder equations may be applied to predict stresses
1 7
along CD. *
T/hen the external radius is allowed to
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approach infinity and the outside pressure is aero, the
thick-walled cylinder equations reduce to simply

r

r

= - <re

= - £ .

Also, cr e 0 along SU, and, although not specified,
must be small.
Along US’ and ISF, the boundaries of the hole, the
stresses normal to each surface is -P and the shearing
stress is aero.
must be finite.

Along <51T, the axis of symmetry, stresses

BOUNDARY VALUES OF THE STRESS FUNCTIONS
Making use of the boundary stresses summarized in
Figure 2, the stress functions
much of the boundary.

and

p

In fact,

p

can be evaluated over

can be evaluated every¬

where on the boundary, and <p can be evaluated everywhere
except along the wall of the hole 15E and along the bottom
155.

Along 7®, for example, the condition

= P/k^, from

the third of equations (1), requires

l
r 3r
and, integrating the expression
(3)

along

~SS.

The constant of integration has been chosen

arbitrarily to be zero.

Justification for the arbitrary

choice is demonstrated by noting that an addition of a
constant value A to

pt

everywhere, in no way affects the

values of the stresses in equations (1) provided a constant
value -A/(l -

y)

<p.
condition rrz

is added everywhere to

Similarly, along BC the
last of equations (1) requires

= 0 and the
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or ij/ is constant on 1ST.

But, from equation (3), ^ is found

to be P/2 at B, where r » k; therefore, mailing ^ continuous
at B requires

f = |p
all along In this manner, the first of each set of
boundary conditions in Figure 2 can be integrated along
boundaries SB, BE, and EB to determine ^ as shown in Figure

Now, considering the axis of symmetry BIT, equations
(1) show that, if the stresses are to be finite as r
approaches aero, and ^ must approach zero in the limit.
In each of equations (2), the second term is of the
indeterrainant form 0/0, and L*Hospital's rule gives
Z3
Dr* r=o

lim
r-*-o

(4)
lim
r^o

i ^

i-tr dr

r-o

Equations (2) then reduce to

tsZ bZ

2

^H

0

in the limit as r approaches zero.

Thus, both stress

functions are linear functions of z along the axis, and,
since tjj has been established to be zero at A and O, it must
be zero all along S3T.

Inspection of the first and second of
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equations (1) shows that the quantity
t + (i-r) <p

must also approach aero as v approaches aero; therefore, ^
must be aero along (57T.
Seeking the boundary values of <p, boundaries HI and
STS5 are again considered.

First, note that addition of the

first, second, and third of equations (1) gives

°r

_ 5 dg

+

°z ~ 4r 2r

with jj taken to be 0.25.

(5)

Applying the boundary conditions

along M, equation (5) becomes
_ £
2

k

_ ,

5_ dg

4r dr

which can be integrated to give

2 Pr
5k
along US’,

The constant of integration has been chosen to

make <p zero at the axis of symmetry.
Similarly, the use of the boundary conditions along
TO in equation (5) results in

0

5 dg
4r dr ’

or |^=0, and <p is constant along The constant value
can be determined noting that the first three of equations
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(1) can also be used to write

(f

+

if)-

Again malting use of the boundary conditions and substituting
« 0, gives

But,

ijj

« P/2 along CU, and solving for

<p

gives

<p = !pAlong 5C, only one boundary condition has been
definitely specified, and it has been used to determine
along this boundary.

In a general way, however, all

stresses have been supposed to be small along 5C, and any
arbitrary distribution of stresses which meets this specifi¬
cation might be used with little effect on stresses much
nearer the boundaries of the hole.

leather than choose an

arbitrary condition on the stresses, however, it is
convenient to simply say that the stress function

<p

varies

linearly between its previously determined values at B and C.
In any case, such an assumption would give reasonable
starting values for

(j)

in the numerical work to follow, but

there is justification for letting the values stand in the
final solution if the resulting stresses at BC are small.
On the boundaries of the hole the second of the sets

13
of boundary conditions cannot be integrated to give values
of <p along US' and J2?T,

Boundary values for both stress

functions are summarised in Figure 3.

FINITE-DIFFERENCE EQUATIONS
Having investigated the boundary conditions, the next
step in the solution is the replacement of the differential
equations (2) by a set of finite-difference equations which
relate the values of the stress functions at the nodes of a
network covering the region of rock under consideration.
The region is defined numerically by the choice k = 17.

For

k large, the value of cr' along 7®, for example, has been
assumed practically negligible, and for k a 17, referring to
Figure 2,

Since the value of or. is but 0.35% of the value of the
applied pressure P, the choice for k is deemed acceptable.
From Figure 4, it is seen that this choice for k
results in two 16 X 16 squares in the region to the right of
r = 1.

These squares can be conveniently divided into

square networks, 4 X 4, 2 X 2, IX 1, etc.

This choice

facilitates the progression to finer and finer networks in
the vicinity of the corner of the hole, point E, where
expected discontinuities in the stresses make a finer net¬
work necessary.
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General Node in a Square Network
In general, nodes in a square network will appear in
the pattern shown in Figure 4(b).

Nodes designated 1, 2, 3,

4 are arrayed at equal distances h around a central node, 0.
Orientation is such that node 1 is in the positive zdirection from node 0, and node 2, in the positive rdirection.

Subscripts will be used to designate values of

the variables at correspondingly numbered nodes.
If v(r,z) represents either stress function, finitedifference approximations can be developed permitting
finite-difference equations to be written for equations (2).
Finite-difference approximations in terms of nodes in a
pattern 0-1-2-3-4 are commonly used in approximate numerical
work, and the particular ones of interest here are listed
below:

/Sir)
rl0 '

U

2>V)
z

'br L

_
~

2h

*

+ \r4-2 ir0
hz

(6)

lTt i“ IJ3 - 2If©

These expressions can be derived by expanding v(r,z) in a
Taylor*s series about 0, evaluating the series at the
adjacent nodes in turn, and combining the results in a
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manner indicated by the coefficients of the terms of
equations (6).

In each case, terms of higher orders must be

neglected, giving rise to errors which are reduced as h is
made smaller and smaller.
Replacing the derivatives in equations (2) by their
finite-difference approximations (6) and grouping terms,

(7)

+ 2ft -

- V, = 0.

Special Interior Nodes
At certain nodes of Figure 4(a), adjacent nodes are
not arrayed in the regular pattern of Figure 4(b).

Along

the string r «* 1, for example, the increment to the left is
unity and to the right it may be either 2 or 4 in the coarse
networks.

The area of transition from a square network,

4X4, to a finer network, 2X2, is marked by nodes having
adjacent nodes arrayed in irregular patterns like those of
Figures 4(d), 4(e), and 4(f).

Nodes of these types require

special consideration in writing finite-difference approxi¬
mations .

Nodes along r a 1,

In the pattern of Figure 4(c),

which represents the array of nodes about a central node on
r = 1, the irregularity is seen to exist in the r-direction
only.

The last of the finite-difference approximations (6)

applies here, but special consideration is required in
writing the approximations for the r-derivatives.
Holding z constant and expanding in a Taylor* s series
about node 0, Vg and

vA

are evaluated as follows:

(8)

But, since <p and ijv are both zero along the axis, v^ can be
taken to be zero and still stand for either stress function.
For the case where g = 2, the first of equations (8) is
multiplied by 1/6 and the second, by 4/3.

Addition,

neglecting terms of fourth and higher order, gives

Similarly, for g = 4, the first equation is multiplied by
1/20 and the second, by 6/5, and the resulting finitedifference approximation is

Making use of the finite-difference approximations,
finite-difference equations can be written for these special
nodes.

Substituting as indicated into equations (2) and

regrouping terms give

0

for g = 2, and

for g = 4.

Nodes in area of transition to finer network.

The

nodes in the boundary area between coarser and finer net¬
works occur in one of the irregular patterns at the bottom
of Figure 4.

The pattern of Figure 4(d), for example,

represents nodes designated by x* s in the upper half of
Figure 4(a).

Since the irregularity is seen to occur in the

z-direction, the regular finite-difference approximations
for the r-derlvatives apply.
mations for

The finite-difference approxi-

in terms of surrounding nodes is given by
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Again, this approximation is found by the usual method of
evaluating v(r,z) at each of the surrounding nodes and
combining the results as indicated by the coefficients of
the terms in the equation (9).

Evaluation of the series at

nodes 9 and 10 requires that the Taylor* s series be written
in two variables.

The finite-difference equations for the

nodes designated by x*s can now be written:

It can be shown that equations of the same form as those of
equation (10) apply to nodes designated by x*s in the lower
half of Figure 4(e).
Figure 4(e) represents the pattern of nodes surround¬
ing nodes designated by o*s in Figure 4(e).

Using a

Taylor’s series in two variables to evaluate v(r,z) at these
nodes, the following finite-difference approximations result

A
dr2 '

O

0
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Inspection shows that the first two approximations suffice
for expressing the first of equations (2) in finitedifferences.
equations (2).

All three must be used in the second of
After substituting and grouping terms,

+ 2<P0 - f, -

f3

=

which must be satisfied at nodes of the type designated by
o* s.

The pattern of Figure 4(f), representing the array of
nodes about a node designated by #*s, is irregular only in
that the increment in the z-direction is twice that in the
r-direction.

The regular finite-difference approximations

(6) apply if 2h is substituted for h in the last approxima¬
tion, and the resulting finite-difference equations for
nodes designated by ^’s are

+

2

fo -

f,

-

f3

= 0.
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Note that a node of the finer network occurring at the
midpoint of one of the z-arms is not used in writing the
approximations in this pattern.
Nodes on the Boundaries of the Hole
At each node on the boundaries Elf and E2T, where the
value of

(f)

could not be determined, a single finite-

difference equation must be written relating the value of

<p

at each boundary node to the values of the stress functions
at surrounding nodes.

Difficulty is seen to arise when the

conventional pattern of Figure 4(b) is applied at one of the
boundary nodes, because node 4 of the pattern falls outside
the material when applied to a node on
outside when applied to a node on

EE.

EE,

and node 3 falls

In each case, the

unused boundary condition enables the "fictitious" node to
be eliminated from the finite-difference equations.
Nodes on the Wall of the Hole.

On

EE,

the boundary

condition cr <= -P cannot be integrated to determine the
r
values of
on the boundary. Using the first of equations

(j)

(1) and the finite-difference approximations (6), the
boundary condition requires that
(%

- &) +
2hr0

1%

-

$(%+ H]=
r0

-p
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be satisfied.

The expression is seen to involve two

fictitious quantities ^ and

ijj

But, the finite-difference

equations (7) must also be satisfied, and they, too, involve
fictitious quantities.

The three equations can be combined

to eliminate the two fictitious quantities, and the result,
remembering that rQ = 1 and

^

^

(fz + fzj - (z + ¥ + f2) f0

Z

^ = -P, is
+

P(T

+h

“ ') = °-

(11)

This relationship gives the value of ^ at a node on the
wall of the hole in terms of the value of each stress
function at the node immediately to the right, so the
increment h in the expression is the increment between nodes
0 and 2.

Equation (11) must be satisfied infinitely close

to the corner of the hole (point E) and is therefore used
in evaluating

(j)

at the node at the corner in the finite

networks.
Nodes on the Bottom of the Hole.

As finer networks

are brought into play in the vicinity of the corner of the
hole, nodes appear on the bottom of the hole between points
E and 0.

From the boundary condition 0^ = -P, ij/ was found

to vary as r2 from point 0 to E.
| ~bd>

bottom of the hole,

- -p ^ » 0, and the second of

equations (2) reduces to

3z2

Therefore, along the

_ aV2

3z -
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The first of equations (2) can then be written

^r2

3z2

r ar

or, in finite-differences,
fa +

<P4 - Z<P0
z

h

_

^2 ~

4k

Vi

+

2hr„
—o

+

2

fo

h'

where y/0 is a fictitious quantity.

_

- 0,

(12)

The fictitious quantity

can be eliminated using the second boundary condition which
specifies that
ft - fe
Zhr0

=

0

(13)

Now, the node at rQ = 0 need not be considered since the
values of both stress functions have been determined there,
so equation (13) yields simply ^ «=

The fictitious ^

can be replaced by <^, and equation (12) becomes

hzTjfz + h £]^-z?°

^-pr°z= 0

+ z

2
after a grouping of terms and noting that ^ « PrQ/2.

RELAXATION PROCEDURE
Having developed finite-difference equations for each
type of node which will be encountered, a coarse network is
chosen, a numerical value assigned to the pressure P, and
the process of satisfying the equations at each node of the
network by relaxation methods is begun.

The general plan is

to determine values for the stress functions in a coarse
network and to use these values as starting values at
corresponding nodes of a finer network.

Starting values for

the new nodes of the finer network, which will bo spaced
between nodes of the coarser network, will be obtained by
Interpolation.
Reference is made to Southwell^ and Allen® for
detailed treatments of relaxation methods.

Briefly, the

methods, as applied here, involve assuming initial values
for the stress functions over the area, calculating
residuals (the amounts by which the finite-difference
equations are violated at each node), and systematically
adjusting the values of the stress functions from node to
node until the residuals are everywhere reduced to values
acceptably near sero.
At each interior node, two finite-difference
equations relate the values of the stress functions at that
node to the values at surrounding nodes.

From these
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equations, residuals are defined.

For example, finite-

difference equations (7) apply at a general node, and
residuals at such nodes are defined by

f>

-

fi

F

f> = ^

+ +

(' -

+

(' -

%

+

2rj

f2

+

('

+

('

4

‘fa’

+

2rJ

+

£Jt4 - 4%

‘ftt

(14)

+ 2fo- f, ' f3
Similarly, F^Q and

are defined at special interior nodes

from the finite-difference equations that apply in each case.
At each node on the boundaries of the hole, F^q, only, is
defined by the use of the single finite-difference equation
which applies.
In the process of adjusting the values of the stress
functions to reduce the residuals to zero, several time¬
saving techniques are available.

Inherently, the methods of

relaxation offer complete freedom of action.

General rules

have been developed, but deviation from these rules is
encouraged if it can be turned to an advantage in a
particular problem.

A general outline of the procedure

applicable here is given by Allen5 in his discussion of the
previously-mentioned similar problem.
The expressions for the residuals, as typified by
equations (14), will exhibit considerable variety over the
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area when appropriate numbers are substituted for h and rG
at each node.

Because of this, when work has progressed to

a network containing many nodes, there is an advantage in
preparing a relatively elaborate relaxation worksheet with a
diagram superimposed on each node point, keying the
relationship of the values at the node with those of
surrounding nodes.

These diagrams serve as guide posts

during the process of calculating residuals and adjusting
values of the stress functions, relieving the computer of
continual mental calculations of the coefficients in the
expressions for residuals.

The worksheet need be prepared

only once on an opaque material for a particular network,
and the pencil work can be done on any number of pieces of
tracing paper laid over the master sheet.

If reproduction

equipment which makes white prints upon which pencil can be
used is accessible, the master can be prepared on tracing
material and the required number of prints made.
The process of evaluating the stress functions at
each node must continue on finer and finer networks until
sufficient accuracy is obtained.

The final network employed

here contained nodes at 1/64 increments in the vicinity of
the corner of the hole, and a portion of this network is
shown in Figure 5.

Convergence is slow because of suspected

discontinuities in the stresses at the corner, and a
particularly fine network is required in its vicinity.

CALCULATION OF THE STRESSES
When the values of the stress functions have been
determined at each node of the network, the stresses are
calculated from equations (1) replaced by their finitedifference equations.

At a regular node in a square

network, the finite-difference approximations

are used, and equations (1) in finite-differences are given
by

(15)

At special interior nodes and on the boundaries, where one
or more of the nodes of the regular 0-1-2-3-4 pattern is
missing or is fictitious, the methods used in the section,
"Finite-Difference Equations", are used to express the
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derivatives in finite-difference approximations:
At special interior nodes, the finite-difference
approximations are given as follows:
Figure 4(c),

-r-!—- \jz +
g(s-H) * 9

=
W/o

?zlo ~

\r0 ,

ir, - tr3 ,
' ?h
’

Figure 4(d),
2h

’

i2h(8ui'8'r‘>

Figure 4(e),

/cur\

'Bo-\
32 J0
Figure 4(f),

<rs
=

+ ir +ir

2

4“ir9',rio);

+ ^ - "7 - ^a) *

IT, -ir3 .
2h
’

/<Mn
Ur/0

if2 - ir4
2h
’

/^J\ __

V\ ~

VSzJo 2h
Along the bottom of the hole, node 3 is fictitious,
but since a z-derivative is used only in the last of
equations (15) and, since the shearing stress r _ is known
to be zero along the surface, no special consideration need
be given here.
But, on the wall of the hole, node 4 is fictitious
and is used in both of the equations for unknown stresses.
Again, the fictitious values are eliminated in the manner
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used in writing the stress function governing equations (2)
in finite-differences.

First, writing the second of

equations (2) in finite-differences in the form

+

(& % - z%) - £ (tz -

n) + (H ■
h2

a.

= 0

where h is the increment between nodes 0 and 2, the equation
can b© simplified, remembering that along the wall rQ « 1,
fQ - P/2, and

(f2 +

50

and the result is

- P = 0.

I (t, - %)

Rearranging gives

¥z~ ^4

=

h+ 2.

2f2 - P -

(16)

and it follows that

kl =

'h-%. _ _
h(h + 2j
2h

-^iyi

(17)

The last term inside the brackets is given by
-h‘

1 - - (f

2 (<P,

+ (f3 (18)

where ± is the increment in the s-direction which may or may
not foe equal to h.
The boundary condition 01 « -P along the wall, using
A
the first of equations (15), gives

(?2 “ fj + (^2 ~ ft)
/P
3 V) \ _
p
P
2h
1,2+4 %)- -
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Substituting from equation (16), and rearranging, gives
1

& - 4>4 =

,,

t .2

VC + 2h -2

- h + 2.

h+2

This expression can now be used in the second of equations
(15), and, after grouping terms, the result is

kl

=

-

l
4h(h+Z)

2

fs '

^(Ma

" ? (3I,Z+611+2)1 4 I 4V

(19)

Equations (17) and (19), together with equation (18), give
the unknown stresses at nodes along the wall of the hole.
Finally, attention is given to the stress equations
as they apply along the axis of symmetry.

First, consider

the last of equations (1) as r approaches zero:

\im
r—o

rrz _-

But, since
O*

r

T4

I/m
r-^o

_L W -

t±-

r 7ft!

r=o

= 0 all along the axis, the shearing stress

must be zero along the axis.

Similarly, inspection of

the third of equations (1) shows

to

Bra

- to i-rfr) -

or, in finite-differences,

fz + 'h
h

2

-

r-o

9
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1

Remembering that ^

is zero along the anis of symmetry, and

noting that ^

from the condition,

)

W

Urj0

= <9z

~ ^4

0,

2h

along the axis of symmetry, equation (20) can be written
simply

(20)
Note that, if the node at the center of the bottom of the
hole is considered, \b

is given by

Ph
%

2

TI
z

r-h

and the boundary condition

2

= -P is satisfied when

substituted into equation (20).
In the same way, the first two of equations (1) are
investigated to show that
nm
r-*-o

<K

~

II m
r-^o

01

-

8 V2

+

Z 3r2]r^0

'

or, in terras of finite-differences, the stresses at the aids
of symmetry are given by

5
8
hz

+

'
2

+ >Ki - 2f„

P

Usine

<po - fQ = 0, = f2, and ^
= (°s)0 = w (f & - Vz)

along the axis of symmetry.

RESULTS
The stresses calculated for the pressure P equal to
1,000 are given in Figures 6-9.

The area presented is

that which is of particular interest in the immediate
vicinity of the bottom of the hole.

At greater distances

from the bottom, stresses are either of nearly neglible
value or have substantially the values given by the thick
cylinder equations.

The curves shown superimposed over the

area were obtained by means of cross-plotting using the
values of the stresses calculated at each individual node.
The means by which the stresses can be determined in
the rock formation near the bottom of a deep well, consider¬
ing the loading due to overburden, is shown by the following
example.

Consider that a 9-inch diameter hole has been

drilled to a depth of 8,000 feet using a drilling mud that
weighs 10.2 pounds per gallon.

What are the approximate

stresses in the rock formation near the bottom of the hole
due to the overburden and the fluid column, assuming that
the density of the overburden is one psi per foot of depth?
First, a uniform loading of 8,000 psi over all
surfaces of a region of formation produces normal stresses
equal to -8,000 psi in all directions.

Subtracting the

stresses produced by a loading of P = D(1 - ^ ) psi applied
only to the surfaces of the hole gives the results of the
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combined loading of the overburden and fluid column.

The

density of the fluid column is given by
PJP
=
v

= 0.53 psi/ft of depth,
(331 cu. in/gal)

f

from ^hich
P « D(i - ff) « (3,000) (1 - 0.53) « 3,800 psi.
If the values assigned to the curves of Figures 6-9 are
multiplied by 3.8 psi, the stresses due to P equal to 3,800
psi result.
The total stress condition resulting from the
combined loading of the overburden and fluid column can be
pictured in Figures 6 - 9 by relabeling the curves.

If o'*

is the value assigned to one of the curves of a figure
representing normal stress, then it will be relabeled:
cr

=s

(-8,000 - 3,8 cr*) psi.

For example, a curve labeled 500 on any one of the three
figures showing normal stresses becomes a -9,900 psi curve.
Since a uniform hydrostatic pressure produces no shearing
stress, the values in Figure 9 are simply multiplied by
-3.8 psi.
Since linear dimensions are non-dimensionaliaed in
the figures, the diameter of the hole can foe taken to be 9
inches and all other dimensions scaled to it.

Increments

indicated along the bottom of the hole become 1-1/8 inch
increments.

CONCLUSIONS
The results as indicated in Figures 6-9 show that
the choice for the size of the field area resulting from
making k « 1? was adequately large.

The stresses in the

formation around the hole above the bottom approach the
values determined from the thick-walled cylinder equations
quite rapidly.

The stresses become small at relatively

short distances from the hole in radial and dov/nward
directions.
Stresses are seen to have their maximum values at the
corner; indeed, the stresses could reasonably be expected to
be infinite at an absolute sharp corner.

The values of the

stresses in the vicinity of the corner are presumably of the
order of magnitude of the stresses that would exist if an
undetermined fillet radius were present at the corner.

The

use of still smaller networks would give results closer to
true stresses for a sharp corner.

Since convergence is slow

using the relation expressed by equation (11) and the value

jj

P/2 for i t a search for new finite-difference equations for
the corner node might be justified before additional work
is done.
The stresses in the formation along the axis of the
hole were estimated by Jones-*- using a known solution for the
stresses resulting from a distributed load over a circular
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portion of the plane boundary of a semi-infinite solid.
Since such an analysis largely neglects the effect of the
wall of the hole, agreement with the numerical solution
would hardly be expected; however, similarities do exist
between the two solutions.

For example, both solutions

indicate that cr and cr. change from a compressive value at
the bottom to a maximum tensile value a short distance
below the bottom, decreasing toward zero at greater
distances.
More information concerning the action of drilling
tools on the bottom is needed for a fuller understanding
of the drilling problem.

When information is developed,

the stresses caused by the drilling tool can be superimposed
over the stresses resulting from the static loading to
investigate loads at which yielding occurs in the rock.
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