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Introductlon 

In an elementary study of a two dimensional nozzle, the 

transition from subsonic to supersonic flow is assumed to 

take place along a straight 3,lne perpendicular to the axis of 

the nozzle at the point of smallest cross-sectional area, A 

few theoretical investigations of this transition phenomenon 

havo been made, E. Sauer (ref, 2) has obtained an approxi¬ 

mate solution by the use of a series solution for the poten¬ 

tial flow equation in the vicinity of sonic flow. This solu¬ 

tion predicts a parabolic shape for the critical curve (i.e. 

locus of points at which the fluid velocity is equal to the 

sonic velocity). Since there exists an analogy between the 

flow of a compressible fluid and the flow of water in an open 

channel, the purpose of this work is to obtain experimental 

verification of Sauer’s theory using this hydraulic analogy. 
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Theory 

The basis of Sauer's (ref, 2) theoretical solution to 

the problem of transonic (transition from subsonic to super¬ 

sonic) flow ia the application of a series expansion for a 

scalar potential function. This potential function used in 

conjunction with a steady flow potential equation gives on 

approximate solution for the velocity distribution in the 

transonic region. 

In general, particles of an inviscid fluid are lrrota- 

tional in behavior. If $ is a velocity vector, then lrrota- 

tionallty can be expressed as 

curl v » Vx v « 0 * (1) 

The fluid is in a conservative or potential field whenever 

the curl of the velocity vector is zero, i.e. the flow is ir- 

rotational* Therefore, there exists some scalar potential 0 

such the curl of the gradient of 0 is zero. The partial de¬ 

rivative of this potential in any direction Is equal to the 

negative of the velocity component in that direction. If we 

let v„ and v be the velocity components in the x and y di- 

rectlons respectively, then 

: . , . . V3C “ " , .. (2) 
and 

vy “ " iy • O) 
If we assume that the fluid has constant specific heats, 

no field forces, and no visoosity, them it can be shown that 

the steady flow potential equation for a compressible fluid 
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Is (raf. 

(4) 

whoro o is the velocity of propagation of o small dlotur- 

banoo in the fluid. 

This potential equation can he acn-dissoasionali zed by 

Introducing 0 end V as dimensionless velocity components, 

U and V may be oppressed as 

If 1: la the ratio of tho specific host at constant pressure 

to the spoolfic boat nt constant volume, then c* is defined by 

tho relation (ref, 3) 

The physical moaning of c* In the velocity of propagation of 

a small disturbance In a fluid at a point where tho fluid 

voloolty lo equal to this velocity of propagation, 

J?ow# taking tho axis of symmetry of the nocslo as tho 

x-axls of a coordinate system whose origin Is at the point of 

sonic velocity on tho x**axie (figure 1), the dimensionless 

voloolty components V and V may be represented in tho region 

of the critical curve by 

U e» v/o* (5) 

end 

(6) 

(7) 

U O 1 + u (8) 

and 

V O V . (9) 

Tho quantities u and v will bo small since near the orlticul 
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curve v 
y 

to o , 

Is approximately zero and v 
x 

Is approximately equal 

If equations (5), (6), (?), (8), and (9) are substi¬ 

tuted Into equation (4) and if higher order terms in u and v 

are neglected, tho potential equation can bo expressed as 

(k+l)u a o • (10) 
o * d y 

Taking advantage of symmetry with respect to the 

x-axis, let the potential function bo approximated by a 

series such that 

-$/<?« x 4* fQ(x) + y
2fg(x) + y^fj^(x) + ... (11) 

Then, 

U n 1+u *B 1 + f’ + y2f' y^f* 4- , (12) 
O*o X 0 2 Q 

and 

V= T = ^ « 2yf2 4- 4y3f4 + /..;• (13) 

Therefore, from the potential equation (10) 

(k+l)(tg + y2fj + ...)(f” + y2f”+...) = 

2f2 + 12^^ + ... (14) 

If o( is the rate of change of velocity on the x-axis 

near the origin, then from equation (12) 

f* (x) ssofx . (15) 
o 

At the throat (point of smallest cross-section) of the 

nozzle, o( is a small quantity (ref, 3)* 

By equating the coefficients of like powers of y in 

equation (14) and relating these coefficients to f^(x), 

these relations may be substituted into equations (12) and 



(13) to obtain 

(16) 

and 

v » (k-KL) <X2xy + Il£|pd.3tf3y3 + , ,t (17) 

By definition,.along the critical curve the fluid 

velocity is equal to c** Using equations (3), (6), (8), and 

(9), we obtain ' ‘ , 

(1+u)2 + v2 a* 1 
(18) 

for the equation of tho orltical curve, Sine© u, v, and cx 

are small quantities, an approximate solution for tho criti¬ 

cal curve may be obtained by letting u =■ 0 in equation (16), 
i « 

If higher order terms are neglected, this gives 

This equation shows that the critical curve is parabolic, but 

the origin of the coordinates of this curve have not been lo¬ 

cated with respect to the nozzle, 

By the use of equation (17), the approximate relation 

is obtained for any point near the sonic region where v » 0, 

Since v «» 0 on the nozzle walls at the point of narrowest 

width, then from equation (20) 

where £ is the distance from the origin to the throat and y^. 

is one-half of the throat width* 

From geometry (figure 2), the radius of ourvature of 

the nozzle wall at the throat, is approximately 

(19) 

(20) 

-€ «* - (21) 



1/Qv/Ox), By differentiating equation (17) with respect to 

x, wo can obtain 

« 1/ V (k+l)Hty^ (22) 

The critical or sonic curve is now completely deter¬ 

mined and is a function only of k, throat width, and radius 

of curvature of the wall at the throat* 

Rewriting equations (19) and (21) in a dimensionless 

form using equation (22), **e obtain 

It should be noted that these equations apply to an in- 

viscid, lrrotatlonal, compressible fluid which has constant 

specific heats. Field forces were neglected, Tho potential 

equation was solved using small, dimensionless, perturbation 

velocities. The potential function was represented as a 

series with higher order terms neglected. 

(23) 

and 

JL". 
yt 

<210 
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Apparatus 

The us© of a water table for tbo solution of certain 

compressible fluid flow problems is based upon a simple 

analogy between gas flow and water flow in an open channel. 

As mentioned earlier, the steady flow, compressible potential 

equation for an ideal fluid in two dimensions is 

V20 - —§ . ViV0)2 « 0 . (4) 

This equation is a second order, quasl-linear, partial dif¬ 

ferential equation. Solutions can be obtained by the method 
< 

of characteristics or by assuming solutions of the potential 
r y

 ■ 

function 0, 

Now, as a separate problem, let us consider the case of 

an incompressible fluid flowing over a flat plate. If field 

forces, friction, and vertical accelerations are neglected, 

the steady flow potential equation for the free surface is 

(ref, 1) 

V20 - <SJL ,V(^)2 » 0 , (25) 
2gh 

vfhere g is the acceleration due to gravity and h is the 

height of the fluid surface above the plate. The potential 

0 in this case is, related to the velocities in a piano par¬ 

allel to the plate. The quantity Vgh is the velocity at 

which a small surface disturbance will be propagated (ref, 1)* 

A comparison of the two potential equations, (4) and 

(25), shows that they are very similar. If these potential 

equations are non-dlmensionallzed in terms of their respect 

tive velocities of propagation, c and Vgh, the equations 
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will be identical* Velocities in the t*jo flow situations are 

now analogous. 

In order to extend the analogy, relationships should 

also be determined for the continuity and energy equations. 

The continuity equation is obtained from the conservation of 

mass and the energy equation from the conservation of energy. 

Tlie two dimensional, compressible, continuity equation 

for steady flow is 

V. ((>v) e 0 (26) 

where p is the density of the fluid. 

Hie steady flow continuity equation for the incompress¬ 

ible fluid v?lth free surface is 

V. <hv) » 0 . (27) 

The velocity in this equation Is parallel to the plate. 

Since the velocities in both cases have already been . 

shown to be analogous, then £> and h must be analogous also. 

This relation may be expressed in a dimensionless form aB 

£_ = iL • (23) 
e. ho ' 

The subscript o is used to denote properties of a fluid at 

stagnation conditions, i.e. properties when the fluid veloc¬ 

ity is zero. 

If we further restrict ourselves to on Ideal gas, then 

the energy equation for adiabatic compressible flow is (ref.3) 

kRT + kHTo, (29) 
k~l 2 k-1 

where lc Is the ratio of the specific heat at constant pres- 



sure to the specific heat at constant volume* The constant 

R Is the universal gas constant. The energy equation for the 

incompressible flow with free surface is (ref. 1) 

h + » h . (30) 
2g O 

If the energy equations are made dimensionless in terms of 

the ratio of velocity to maximum velocity, then we obtain 

But, for reversible adiabatic flow of an ideal gas 

l32) 

Therefore, comparing equations (28), (31), and (32), k must 

be equal to 2 for the analogy to be correct*-• J “ 

It can now be seen that, if the variations in depth are 

determined experimentally for an incompressible, free surfaoe, 

fluid flow problem, the analogous compressible flow problem 

can be solved. - • 

Briefly summarizing this analogy, the potential equa¬ 

tion for the compressible flow case is 

V20 - -SL| • ? (VJS)2 « 0 - - (4) 

and for the incompressible case is ‘ 

V2J* - . 7M2 « 0 . (25) 
zgn 

These two equations, when non-dimenslonalized in terms of c 

and Vgh respectively, showed that velocities would be anal¬ 

ogous. 

Conservation of mass led to 
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Conservation of energy gave 

(3D 

The final condition came from a thermodynamic relation, 

equation (32), for isentropic flow of an Ideal gas which 

showed that k is equal to 2, 

At the critical.or sonic curye, In the compressible 

flow case, the ratio of fluid velocity to propagation velo¬ 

city is one. In the comparable incompressible flow with a 

free surface, the fluid velocity has to be equal to -*/gh. 

The ratio of depths In the hydraulic analogy whioh is 

related to conditions at the critical curve in a two dimen¬ 

sional nozzle can be determined from the energy equation 

(30). Since the critical velocity is Vs*1* substituting this 

velocity into the energy equation leads to 

The determination of the locus of points at which this depth 

occurs will locate the critical curve in a nozzle* 

The basic apparatus used for experimentation in this 

hydraulic analogy is a device known as a water table. This 

water table is simply an open channel used in connection with 

the necessary tanks, pump, and valve such that a regulated 

uniform flow of water may be circulated through the channel. 

The channel in the Blco Institute's water table (figure 3 and 

4) consists of a piece of one-half inch plate glass, ten feet 

long by four feet wide, with sides of aluminum plate. Glass 

h « 2h /3 
- o (33) 
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was chosen for the floor of the channel since the transpar¬ 

ency of glass permits the use of unrlorneath lighting for 

photographic purposes. It was felt that a four by ten foot 

channel would be large enough for most purposes. The chan¬ 

nel is supported on a steel framework which is mounted on 

pivots and screws (figure 5) so that the slope of the chan¬ 

nel may be varied if desired, A stilling tank (figure 5) 

is also mounted between the framework. The overflow from 

this tank empties onto the glass plate. Water is admitted 

at the bottom of the tank through a perforated pipe. As the 

water rises to the top of the tank, it passes through a 

series of screens in order to produce uniform flow condi¬ 

tions in the tank. The water flows onto the glass plate with 

essentially uniform depth and velocity across the width of 

the channel* At the end of the channel the water flows over 

a weir and empties into a large tank which serves as a sump 

for a 1000 GPM centrifugal pump used to recirculate the 

water (figure 6), The flow rate is regulated with a globe 

valve. The pump and adjacent pipe are connected to the rest 

of the system with rubber hoGo to reduce the transmission of 

vibrations. Another section of rubber hose (figure 5) per¬ 

mits the vertical motion of the table,- 

On either side of and parallel to the channel are 

traoks (figure 4), Those tracks guide a carriage (figure 7) 

which moves above the channel parallel to the flow.' At¬ 

tached to a lead screw on this carriage is a dial Indicator 
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whlch can be moved parallel to the channel floor and trans¬ 

verse to the flow, A probe fastened to tho dial indicator 

can be moved up and dov/n to measure water depth. 
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Experlmental Procedure 

Tho purxjose of the experiment was to determine the 

profiles of the critical curves for various nozzle configur¬ 

ations. The water depth at which the critical velocity oc¬ 

curs was 3hom in equation (33) to be two-thirds of the depth 

at which the velocity is zero. An examination of equations 

(23) and (2*0 shov/s that it Is sufficient to change only the 

ratio one-half of the throat width to the radius of curva¬ 

ture of the nozzle wall at the throat in order to obtain dif¬ 

ferent critical curves; 

The nozzlos used in this experiment were constructed 

using strips of polyethylene to form the nozzle walls. The 

polyethylene was in the form of long strips one-quarter inch 

thick and four inches wide. Two six foot strips of this 

plastic wore bent to fona arcs of a circle and were fastened 

to the glass plate by means of suction cups as shown in fig¬ 

ure 8. A cardboard template was used to obtain the proper 

curvature. Ho attempt was made to have a properly designed 

nozzle shape past the throat since only flow in the throat 

region was being investigated. Any disturbance downstream 

from the throat could not affect flow in the throat once the 

equivalent of supersonic flow had been reached. Three dif¬ 

ferent throat widths were used: six, twelve, and eighteen 

Inches. A radius of curvature of twenty-four inches was 

used for the nozzle walls in each case. Figure 9 shows the 

twelve inch nozzle in position in the ohannel* 
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Tho stagnation depth of the water for each flow rate was 

measured at the upstream side of the stilling tank, Tho dial 

Indicator was thon set at tho critical depth of two-thirds of 

the stagnation depth. The measuring probe was then moved 

downstream from tho nozzle throat. The probo was set at an 

arbitrary reading (y) measured transverse to the flow direc¬ 

tion. The probo was moved upstream until contact was made 

with the water surface. The distance (x) along the nozzle 

axis was then recorded. This procedure was repeated for ad¬ 

ditional settings of y until a profile of the critical depth 

across the throat region had been si*ept out. 

Flow rate was adjusted so that the critical profiles 

using three different stagnation depths were determined for 

each nozzle. 

Some trouble was experienced from small ripples caused 

by capillary action due to surface tension. In an effort to 

reduce this difficulty, the water was made more "wet" by the 

addition of a commercial wetting agent, "Calgon", and by ad¬ 

ding some liquid soap. The ripples wero lessened but still 

continued to cause trouble throughout the experiment. 
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Results 

A tabulation of the observed data appears in the ap¬ 

pendix. For a clearer presentation of the re3ult3, tvio forms 

of plotted curves are drawn. In figures 10, 11, and 12, are 

shovm the experimentally determined critical curves for the 

different nozzle widths and stagnation depths. The curves 

ore shorn along with the corresponding theoretical curve in 

their correct relationship to the nozzle axis. The theoret¬ 

ical curves are computed from Sauer's theory according to 

equations (23) and (24) with k equal to 2# 

Since in all cases the experimental curves were down¬ 

stream from the theoretical curves, a secondary form of pre¬ 

sentation was chosen. In figures 13, 14, and 15, the experi¬ 

mental points are superimposed over the appropriate theoret¬ 

ical curve. The point In common in the superimposed case 

was chosen as the point where the critical velocity is 

reached on the nozzle axis* 

The large deviation of some of the points near the 

walls was caused by capillary waves present at the walls. 

The assymmetry of the curves apparently was csiused to a 

large degree by the effect of the surface of the polyethyl¬ 

ene strips. In addition to some surface scratches on the 

polyethylene, it was noticed that the water did not wet the 

surface of these strips. The combined effect was numerous 

ripples originating at the walls. In the cases of the six 

and twelve inch nozzles (figures 10 and 11), the top por- 
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tiona (as drawn) of the curves are further downstream than 

tho bottom portions. When the eighteen Inch nozzle was con¬ 

structed, the two polyethylene strips were Interchanged, As 

can bo seen in figure 12, the assymiaetry was also reversed. 

This effect was attributed to a possible difference in sur¬ 

face finish of the plastic. 

The general downstream shift of all of the curves 

could be caused by a boundary layer film on the glass plate. 

A boundary layer would malce the water flow at a greater depth 

than predicted. A boundary layer on the nozzle walls would 

effectively change the radius of curvature of the walls. 

Since the slope of the free surfaoe of the water is small, 

an error of a few hundredths of an inch in measuring the 

depth could easily move the location of the critical curve 

one- or two-tenths of a foot. 

Figures 13, 14-, and 15 show that there Is close agree¬ 

ment between experimental and theoretical results as far as 

shape Is concerned. There is very good correspondence of 

one-half of each of the experimental curves with the predicted 

shape, 

The hydraulic analogy worked very well for predicting 

the shape of the sonic curve for the Ideal gas but was inac¬ 

curate In locating this curve. 
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Concluslonn 

The results of this experimental Investigation of the 

critical velocity profile in a two dimensional nozzle are 

substantially In agreement with the results as predicted by 

Sauer’s theory. The points of discrepancy between the 

theoretical and observed curves are apparently due to errors 

In experimental technique. The assymraetric shape of the 

curves was definitely caused by the model and could be elim¬ 

inated by a better control of surface finish and contour. 

The displacement of the curves downstream probably cannot 

be eliminated. Errors due to boundary layer effects seem to 

be inherent to this hydraulic analogy* 

i 
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SIX INCH NOZZLE 

Seal©: ■ 
0.10 ft. 

Fisure 10 



TWELVE INCH NOZZLE -28- 
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EIGHTEEN INCH NOZZLE 

Figure 12 
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six INCH NOZZLE 

& 

 Theory 
Scale : i , 

O.lO ft. 

Figure 13 



TWELVE INCH NOZZLE -31- 
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EIGHTEEN INCH NOZZLE 

Theory 

Scale: t i 
0.10 ft. 

Figure 15 
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s lx Inch Ho: szle 

Badlus of curvature of throat « 2 ft. 

Throat location =» 5.637 ft. along axis of channel 

Center line of nozzle « 2.408 ft. 

Number of run 1 2 3 

Stagnation depth, In. 1,41 2.43 2.44 

Critical depth, in. 0.95 1.62 1.63 

y X X X 

ft. ft. ft. ft* 

2.153 5.612 5.643 5.648 

2.203 5.633 5.665 5.6|6 

2.253 5.654 5.682 5.676 

2.303 5.667 5.698 5.694 

2.358 5.676 5.705 5.706 

2.408 5.680 5.710 5.704 

2.458 5.680 5.709 5.704 

2.508 5.667 5.704 5.701 

2.558 5.664 5.697 5.684 

2.608 5.644 5.678 5.668 

2.658 5.630 5.687 5.6 73 



Twelve Inch Nozzle 
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Hadius of curvaturo of throat «* 2 feet 

Throat location a 5.58? ft. along axis of channel 

Center line of nozzle » 2.408 ft. 

Number of run 1 2 3 

Stagnation depth, In. 0.80 1.83 2.43 

Critical depth 0.53 1.22 1.62 

y X X X 

ft. ft. ft. ft. 

1.958 5.587 5.552 5.501 

2.008 5.621 5.557 5.539 

2.058 5.650 5.585 5.575 

2.108 5.678 5.618 5.597 

2.158 5.699 5.643 5.623 

2.208 5.716 5.664 5.641 

2.258 5.732 5.677 5.662 

2.308 5.746 5.691 5.666 

2.358 5.749 5.700 5.672 

2.408 5.752 5.704 5.676 

2.458 5.753 5.704 5.676 

2,508 5.750 5.698 5.670 

2.558 5.744 5.690 5.669 

2.608 5.732 5.672 5.654 

2.658 5.714 5.668 5.646 

2.708 5.704 5.643 5.630 

2.758 5.669 5.621 5.598 

2,808 5.640 5.581 5.56 9 

2.858 5.623 5.554 5.537 
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Eightoon Inch Nozzle 

Badlus of curvature of throat « 2 ft. 

1‘hroat location as 7.854 

Center line of nozzle = 

ft. along 

2.400 ft. 

axis of channel 

Number of run 1 2 3 

Stagnation depth, In. 1.10 1.46 1.88 

Critical depth, In. 0.73 0.97 1.25 

y x X X 

ft. ft. ft. ft. 

1.650 7.034 7.805 7.769 

1.725 7.84? 7.833 7.811 

1.300 7.899 7.880 7.866 

1.875 7.944 7.931 7.916 

1.950 7.988 7.971 7.953 

2.025 8.032 8.008 7.982 

2.100 8.059 8.040 8.012 

2.175 8.087 8.066 8.037 

2.250 8.104 8.088 8.059 

2.325 8.125 8.107 8.065 

2.400 8.134 8.108 8.067 

2.475 8.134 8.108 8.064 

2.550 8.122 8.090 8.054 

2.625 8.111 8.074 8.034 

2.700 8.087 8.056 8.010 

2.775 8.050 8.C16 7.972 

2.850 8.015 7.972 7.926 

2.925 7.953 7.912 7.866 

3.000 7.887 7.870 7.807 

3.075 7.811 7.784 7.725 

3.150 7.877 7.012 7.687 
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