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Abstract 

SUPERMEMORY GRADIENT METHOD 

FOR MINIMIZING UNCONSTRAINED FUNCTIONS 

by 

EDWARD E CRAGG 

A new accelerated gradient method for finding the minimum of a function 

f(x) whose variables are unconstrained is presented. The new algorithm can 

be stated as follows: 

k 
x = x + 6x , 6x = - a[g(x)/|g(x) |] + ') 6. [6x./16x. |] 

1=1 

where x is an n-vector, g(x) is the gradient of the function f(x), $x is the change 

in the position vector for the iteration under consideration, and 6x^ is the change 

in the position vector for the ith previous iteration.' The quantities a and 8. are 

scalars chosen at each step so as to yield the greatest decrease in the function; 

the scalar k denotes the number of past iterations remembered. 

A test problem was considered, that of a quartic involving n = 4 variables. 

Convergence to the minimum was attained in 18 iterations for k = 1, 12 iterations 

for k = 2, and 4 iterations for k = 3. The computing time was 4.7 secs for k = 1, 

4.5 secs for k = 2, and 2.7 secs for k = 3. 
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I. INTRODUCTION 

In Ref. 1, the memory gradient algorithm for finding the minimum of a 

function f(x) whose variables are unconstrained was presented. Compared with 

the ordinary gradient method, this algorithm lias the advantage of high speed 

since it produces quadratic convergence. In this thesis, a generalization of 

the memory gradient algorithm, called the supermemory gradient algorithm, 

is investigated. While the memory gradient algorithm is based on remembering 

one previous iteration, the supermemory gradient algorithm is based on 

remembering k previous iterations. The added complication is the need for a 

(k + 1)-dimensional search at each iteration as opposed to the two-dimensional 

search required by the memory gradient algorithm. Nevertheless, since the 

number of iterations is reduced drastically, it is hoped that the supermemory 

gradient algorithm may lead to a reduction in computing time. This is precisely 

the case, as the following analysis shows. 



2 

2. DEFINITIONS 

The following definitions are used throughout the paper: 

(a) The symbol x denotes the position vector 

1 
x 

2 
x 

n 
x 

whose scalar components are x ,x ,...,xn. 

(b) The symbol f denotes a scalar function of the vector x, that is, 

(1) 

f = f(x) (2) 

(c) The symbol g denotes the column vector 

g(x) = 

df/dx 

df/dx^ 

(3) 

df/dx 
n 

whose components are the first partial derivatives of f with respect to the scalar 

1 2 n 
variables x ,x ,.. .,x . This is the gradient of the function f. 



(d) The symbol H denotes the square matrix 

H(x) = 

d2f/dx*dx* d2f/Sx*ax2 .... S^f/ax^x11 

a2f/sx2ax1 a2f/ax2ax2 .... a2f/ax2axn 

sVaxV1 92f/9xnax2 .... a2f/axnaxn 

(4) 

whose components are the second partial derivatives of the function f with respect 

to the scalar variables x*,x2,.. .,xn. 

(e) The symbol x denotes the nominal point. The symbol x denotes the 

point following x. 

(f) The symbol 6x denotes the displacement leading from a point to the 

next point. Therefore, the following relation holds: 

x = x + 6x (5) 

(g) The symbol 6x^ denotes the ith displacement preceeding 6x. 

Therefore, 6xj is the displacement immediately preceeding 6x, is the 

displacement preceeding 6x^, and so on. 
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3 • STATEMENT OF THE PROBLEM 

The purpose of this paper is to find the minimum of a function 

f = f(x) (6) 

whose variables are unconstrained. The basic idea is to construct corrections 

fix leading from a nominal point x to a varied point x such that 

f(x) < f(x) (7) 

Therefore, by an iterative procedure (that is, through successive decreases in 

the value of the function), it is hoped that the minimum of f is approached to any 

desired degree of accuracy. 

We consider corrections fix having the following form: 

k 
fix = - a [gOO/ |g(x) |] +£ B. [fix./1 fix. |] (8) 

Pj = 0 , i = 1,2,...,k (9) 

the algorithm (8) reduces to the ordinary gradient method. If 

k = 1 (10) 

the algorithm (8) reduces to the memory gradient method of Ref. 1. In this 

reference, it was shown that the convergence properties of the memory 
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gradient method ore better than those of the ordinary gradient method and the 

Fletcher-Reeves method (Ref. 2). In this thesis, the case k > 1 is considered 

in an attempt to improve the memory gradient method; the resulting algorithm 

involves the consideration of several previous displacements and, hence, is 

called the supermemory gradient method, 
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4. SUl’ERMEMORY GRADIENT METHOD 

We introduce tlie following definitions: 

Y
0
=a* u0=-g(x)/|g(x)| (H) 

and 

Y. = 8. , u. = &c./|6x. I , i=l, . ..,k 
l l l l 1 l' 

(12) 

We note that is a unit vector having the gradient direction, u^ is a unit vector 

having the direction of the displacement Sx^, is a unit vector having the 

direction of the displacement 6X2* and so on. If Eqs. (8), (11), (12) are combined, 

the displacement vector becomes 

6x = ) Y.U. k 11 
(13) 

Hence, the position vector (5) at the end of any iteration becomes 

x = x + ) Y.u. k 11 

(14) 

For each point x, Eq. (14) defines a (k + l)-parameter family of points x, for 

which the function f takes the form 

k 
f(x) = f(x + £ Y^.) = F(Yq, YJ» • • • > Yk) 

1=0 
(15) 

4.1. Properties of the Algorithm. The greatest decrease in the function F 

occurs if the parameters Y^ satisfy the following necessary conditions: 

F 0 , i1^)>l»«..»k 
Yi 

(16) 

where the subscripts Yj» i = 0,1,..., k, denote partial derivatives, 



7 

We note that 

Fy =gT(x)u., i=0,l,...,k (17) 

where the superscript T denotes the transpose of a matrix. Therefore, Eqs. (16) 

become 

gT(x) Uj = 0 , i=0,l k (18) 

and show that the gradient g(x) is orthogonal to each of the vectors u^, u^, ..., u^. 

Because of (11)-(12), we conclude that g(x) is orthogonal to g(x) as well as every 

previous displacement 6x , 6x , ..6x . 
•L Z JK 

T ~ 
If Eq. (13) is premultiplied by g (x), the following result is obtained: 

k 

gT(x)6x = Y Yig
T(x)u. (19) 

i=0 

which, in the light of (18), implies that 

gT(x) 6x = 0 (20) 

Therefore, g(x) is also orthogonal to the correction 6x. 

The first variation of the function f(x) is given by 

6f = gT(x)6x (21) 

which, because of (13), can be rewritten as 

k 

6f=Y Y.gT(x)u 
i=0 

(22) 
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and, in the light of (ll)-(12) is equivalent to 

k 

6f = - a | g(x) | + ^ YjgT(x)u 
i=l 

(23) 

For' the previous iteration, Eqs. (18) become 

gT(x)u. =0, i=l,2 f • • • f k+1 (24) 

Therefore, the first variation (23) becomes 

6f = - a|g(x)| (25) 

and is negative for a >0. Equations (18), (20), (25) summarize the general 

properties of the algorithm. They are valid regardless of the function f(x), 

as long as it is continuous and has continuous first derivatives. 

4.2. Summary of the Algorithm. For any iteration except the first k 

iterations,the complete algorithm can be summarized as follows: (a) for a given 

nominal point x, the gradient g(x) is known; the vectors 6x^, i=l ,2, ..., k, are 

known from previous iterations; therefore, the vectors u^,, i=0,1,.. ,,k, are 

known; (b) the optimum values of the multipliers > i=0, 1,...»k, must be 

determined by solving Eqs. (16), as in Section 5; (c) once the multipliers are 

known, the correction 6x to the position vector x is determined using Eq. (13); 

and (d) the new position vector x is computed through Eq. (5). 

4.3. Starting the Algorithm. Of course, operations (a) through (d) imply 

that the vectors 6x., i=l, 2,..., k, are known from previous iterations. Since 
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this is not the case for the first k iterations, some assumption concerning 6x^ 

or Yj must be made in order to start the algorithm. If N denotes the iteration 

number, the simplest assumption is represented by 

yl = ° , V2=0 Yk = ° for N = 1 

Y2=0 ,Yk=0 forN = 2 

(26) 

Yk = 0 for N = k 

For N = 1, the system (16) must be replaced by (26-1) and 

F =0 (27) 
Y0 

which is equivalent to stating that the first iteration is a gradient iteration. 

Analogously, for N = 2, the system (16) must be replaced by (26-2) and 

F =0 , F =0 (28) 
Y0 Y1 

which is equivalent to stating that the second iteration is a memory gradient 

iteration. Finally, for N = k, the system (16) must be replaced by (26-k) and 

F = 0 , F =0, F =0 (29) Y0 Y1 Vl 
which is equivalent to stating that the kth iteration is a supermemory gradient 

i 

iteration of order k - 1. 
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4.4. Restarting the Algorithm. In the memory gradient algorithm (Ref. 1) 

and in the Fletcher-Reeves algorithm (Ref. 2), restarting the process every 

AN = n or AN = n + 1 iterations has proved helpful. Since the supermemory 

gradient algorithm is a modification of the memory gradient algorithm, it is 

worthwhile to investigate the effect of restarting on terminal convergence of 

the supermemory gradient algorithm. 
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5. SEARCH TECHNIQUE 

The next step is to solve Eqs. (16) for the optimum values of the parameters 

Vj, that is, those values which yield the minimum of the function (15). Clearly, 

the supermemory gradient method requires a (k+1)-dimensional search, while 

the ordinary gradient method (k = 0) requires a one-dimensional search and the 

memory gradient method (k = 1) requires a two-dimensional search. While several 

kinds of multidimensional search can be imagined, the one described here is based 

on quasilinearization with built-in safeguards to ensure that the function decreases 

at every step of the iterative search. 

Let the corrections to from arbitrary nominal values y* be denoted by 

If quasilinearization is applied to Eqs. (16), one obtains the linear algebraic 

equations 

6y. = Y. - Y* » i=0,1 
l l l 

f • • • t k (30) 

+ F Ay, +F =0 
Vk k Yi 

(31) 
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where all partial derivatives are evaluated at Y*. Next, we imbed Eq. (31) in 

the more general equations 

Vo6Y° + Vi 6vi + • • • • + \vk\ + * 0 
'0 

Y ^Y0 Y ^Y l * . . . + F by + naF = 0 Y1Y0 U YlYl 1 YxYk 
Yk pu Yj 

Vo670 + FY,_Y, 8YI+,,,,+F
VV^ + PUF . = 0 YkYl YkYk k ' \ 

where M denotes a scaling factor and p a direction factor 
such that 

(32) 

p=±l 

Equations (32) admit the solutions 

(33) 

6Yi = PUAY., i=0,1 k 
(34) 

where AY. , i "0,1, ...,k, are the solutions of Eqs.(31). The direction factor P 

is determined in such a way that the first variation 

k 
6F= V F «Y 

4 Yi 1 

is negative. Prom (34)-(35), we obtain 

(35) 

6F = up Y F AY. 
Yi 1 

\ 

(36) 
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Therefore, (36) is negative if the direction factor p is chosen as follows: 

k 

p = - sign [ £ Fy AY.] (37) 

■«) Yi 

5.1. Evaluation of the Derivatives. The partial derivatives appearing in 

Eqs. (31) are given by 

F =gT(x)u., 
Yi 

i=0,1,..., k (38) 

and 

T ~ 
F = u. H(x)u , i, j =0,1 k 

i j J 
(39) 

If tlie matrix H(x) is not explicitly available, the second derivatives cannot be 

computed with Eqs. (39). In this case, one can use the following second-order 

difference scheme: 

FY.Y. = 2e + ^ ' gT(* " 6ui^uj ’ i* J = 0,1 k (40) 

where e is a small number. 

5.2. Implementation of the Search. To perform the search, nominal values 

Y? must be given to the multipliers. Then, one computes AY^ with Eqs. (31) and p 

from Eq. (37). Next, one sets u = 1 and computes 6Y^ with Eqs. (34) and y with 

Eqs. (30). If the following inequality is satisfied: 

F(Y, 
0,Y1’ 

...,Yk)< F(YJ,YJ, ...,Y*) (41) 
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the scaling factor p = 1 is acceptable. Otherwise, the previous value of |i must 

be replaced by some smaller value in the range 0 < p £ 1 until Jncq. (41) is met; 

this can lie obtained through bisection, that is, by successively dividing the value 

of u by 2. At this point, the search step is completed. The values obtained for 

become the nominal values y* for the next search step, and the procedure is 

repeated until a desired degree of accuracy on y. is obtained. In the absence of 

better information, the first step in the search procedure can be made with 

y* = 0 , i=0,1, . ..,k (42) 
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6. NUMERICAL EXAMPLE 

In order to compare the present method with the memory gradient method 

and the ordinary gradient method, a numerical example was carried out. The 

function to be minimized is the following (Ref. 3) 

f(x) = 100(z - y2)2 + (1 - y)2 + 90(w - u2)2 + (1 - u)2 

+ lO.lC(z-l)2 + (w - l)2] + 19.8(z - l)(w - 1) (43) 

and exhibits a relative minimum as well as an absolute minimum at the point 

y = 1 , z = 1 , u - 1 , w = 1 (44) 

where f = 0. This function is a particular case of (6) if one sets 

1 
X y 

2 
X z 

3 
= 

X u 

4 
X w 

» — 

(45) 

The nominal point chosen for starting the descent process is the point 

y =-3, z =-1, u =-3, w = -l (46) 

where f = 19,192. The following convergence criterion was adopted for stopping 

the descent process: 

-13 
f(x) £ 10 (47) 
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mill is approximately equivalent to an accuracy of l() in each of the coordinates 

involved. Concerning a particular iteration, the search for the optimum values of 

the multipliers Yj was terminated when the inequality 

)’ F1 < 10"l° (48) 
i=() Yi 

is satisfied. Tlie first derivatives of the function F with respect to the multipliers 

y were computed analytically through Eqs. (38). The second derivatives were 

computed both analytically through Eqs. (39) and numerically through Eqs. (40) 

*8 
for e = 10 .No significant difference was noted. 

Computations were performed using double-precision arithmetic on the 

Rice University Burroughs B-5500 computer. The program was written in the 

extended ALGOL language. The ordinary gradient method (k = 0), the memory 

gradient method (k = 1), the generalized memory gradient method (k = 2), and 

the supermemory gradient method (k = 3) were investigated. The ordinary gradient 

method did not converge in 100 iterations to the desired degree of accuracy (47). 

On the other hand, the remaining methods converged. For k = 1, k = 2, and k = 3, 

these cases were considered: (a) no restart, (b) restart every n iterations, and 

(c) restart every n + 1 iterations, where n = 4. If AN denotes the number of 

iterations performed before restarting, case (a) is characterized by AN =00, 

case (b) by AN = 4, and case (c) by AN = 5. The number of iterations N 

-13 necessary to satisfy the inequality f £ 10 and the associated computing time T 

are shown in Tables 1-3. The computing time T is defined as the dedicated 

processor time employed doing numerical calculations in binary form; therefore, 

T does not include any time related to input-output operations. 
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Table 1. Memory gradient method (k = 1) 

AN = • AN = 4 AN = 5 

N 34 21 18 

T (secs) 7.6 4.9 4.7 

Table 2. Generalized memory gradient method (k = 2) 

AN = 00 AN = 4 AN = 5 

N 20 13 12 

T(secs) 6.7 4.6 4.5 

Table 3. Supermemory gradient method (k = 3) 

AN = • AN = 4 AN = 5 

N 4 4 4 

T (secs) 2.7 2.7 2.7 

For the memory gradient method (k = 1), the best run was obtained for 

AN = 5; convergence was achieved in 18 iterations and 4.7 secs. For the generalized 

memory gradient method (k = 2), the best run was obtained for AN = 5; convergence 

was achieved in 12 iterations and 4.5 secs. For the supermemory gradient method 

(k = 3), no restart was necessary; convergence was achieved in 4 iterations and 

2.7 secs. 
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7. DISCUSSION AND CONCLUSIONS 

Iii this paper, a new accelerated gradient method for finding the minimum 

of a function f(x) is presented, f being a scalar and x an n-vector. The new 

algorithm, called the supermemory gradient method, can be stated as follows: 

k 

x = x + 6x , fix = - ag(x)/ |g(x) | + ^ P.6x./15x. | (49) 
i=l 

where a and 3^ are scalars, chosen at each step so as to yield the greatest decrease 

in the function f; the scalar k denotes the number of past displacements 5xj 

remembered. The above algorithm is a generalization of the memory gradient 

algorithm and its principal objective is to reduce the computing time required for 

convergence. This is precisely the case, as the numerical example of Section 6 

shows. 

An interesting characteristic of the supermemory gradient algorithm is that, 

for k = n - 1, it provides a step-by-step, automatic transition from the ordinary 

gradient method (needed to start the algorithm) to full-quasilinearization (achieved 

when N = n). The full-quasilinearization algorithm takes over under priviledged 

conditions in that the previous iteration steps have already brought the function to 

the vicinity of the minimum. 

* 
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