
RICE UNIVERSITY 

THE EFFECTS OF UPSTREAM MASS INJECTION 

ON DOWNSTREAM HEAT TRANSFER 

by 

W. Robert Wolfram, Jr. 

A THESIS SUBMITTED 
IN PARTIAL FULFILLMENT OF THE 

REQUIREMENTS FOR THE DEGREE OF 

Master of Science 

Thesis Director's signature: 

Kay, 1969 



ABSTRACT 

THE EFFECTS OF UPSTREAM MASS INJECTION 
ON DOWNSTREAM HEAT TRANSFER 

by 

V/. Robert Wolfram, Jr. 

This study was performed in order to determine the effects of up¬ 

stream mass injection on downstream heat transfer in a laminar non¬ 

reacting boundary layer. The study differs from numerous previous 

investigations in that no similarity assumptions are made. A numerical 

technique known as the method of integral-matrix analysis is used. 

This approach is a recent outgrowth of the method of integral relations. 

The complete coupled set of non-reacting laminar boundary layer equations 

with discontinuous mass injection was solved for this problem using the 

integral-matrix technique. The effects of mass injection on heat trans¬ 

fer to both sharp and blunt-nosed isothermal flat plates were studied 

for a Mach 2 freestreara. The amount of injection and the length of the 

injected region were varied for each body. Heat transfer rates were 

found to decrease markedly in the injected region. A sharp rise in 

heat transfer was found immediately downstream of the region of injec¬ 

tion followed by an asymptotic approach to the heat transfer rates 

calculated for the case of no injection. An insulating effect was 

found to persist for a considerable distance downstream of the injection 

region. The distance required for this insulating effect to die out 

was found to depend on the length of the injection region as well as the 

rate of injection. 
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NOMENCLATURE 

Ay Ay = coefficients defined by equations (1|0) 

Bg* By B^ = coefficients defined by equations (l*U) 

C1, Cg, Cy Cu 
83 coefficients defined by equations (U5) 

c « product of density and viscosity normalized by their freestream values 

dQ, d^, dg = coefficients defined by finite difference relations (3U) 

D.J2 = binary diffusion coefficient 

f = stream function 

g = the velocity ratio specified at a control node 

h ■= static enthalpy 
p 

Hj. = total enthalpy defined by = h + u /2 

k ** thermal conductivity 

«* mass fraction of the ith species 

= molecular weight of the mixture 

)JZi - molecular weight of the ith species 

N = Schmidt number = ju /P D.,„ 
sc '12 

P » dummy variable 

p = static pressure 

qn = local heat transfer rate for the zero injection case 

= stagnation point heat transfer rate 

￼» Pw
v
w 

= 1,12138 rate of injection 

N = number of nodal points across the boundary layer 

N «= Prandtl number = C M/ k 
pr p 
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p 
« local wall heat transfer rate (BTU/ sec-ft ) 

R = universal gas constant 

r ■= local radius of curvature of the surface 
c 

s = streaMd.se distance measured along the body 

T = static temperature 

u =. velocity component on the streamwise direction 

v = velocity component normal to the surface 

Xj ** mole fraction of the jth species 

y = distance measured normal to the body 

= normalizing parameter 

fi = pressure gradient parameter defined by equation (21) 

\ - transformed coordinate normal to the surface 

/JL = viscosity 

jt- collision integral 

p - density 

0* = characteristic molecular diameter 

f= transformed streamwise coordinate 

Superscripts: ' denotes partial differentiation with respect to £ 

Subscripts: 

00 = boundary layer edge 

1 = ith chemical species 

j “ jth chemical species 

1 = 1th streamwise station 

m = mth iteration 

n = nth nodal point from the surface 

w = wall 
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I. INTRODUCTION 

The following study was undertaken in order to determine the effects 

of upstream mass injection on the downstream heat transfer properties 

of a supersonic laminar boundary layer. High velocity lifting entry 

vehicles require considerable ablation or mass injection cooling in the 

stagnation region in order to overcome the large heat transfer rates 

produced by the severe thermal environment during entry. This injected 

mass remains in the boundary layer as the flow accelerates around the 

body. However, additional mass injection or even thermal sampling may 

be taking place on the afterbody of the vehicle. Therefore, it is 

desirable to determine to what extent the insulating properties of the 

upstream injection persist downstream in the boundary layer flow. 

The study has further application in such problems as injection 

cooling near the leading edge of high-speed airfoils. In this case 

it is desirable to keep the actual region of injection small due to 

structural considerations. Downstream persistence of an insulating 

effect from injection would then be highly beneficial. 

The laminar boundary layer with mass injection has been the subject 

of numerous investigations in the past. Most of these studies have 

treated flow in the region of injection and flow over an impermeable 

surface downstream from the injection region as two separate problems. 

The solutions obtained required some type of matching of solutions at 

the interface between the injection region and the downstream region. 
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Solutions for the injected region have usually been of the simi- 

(1 \ 
larity type. Such a solution was obtained by Low' , who performed 

a classical similarity analysis for the compressible laminar boundary 

layer with continuous fluid injection. This solution has often been 

cited as the "exact" solution and has usually formed the starting point 

for studies of flow downstream from an injection region. However, 

similarity requires the rather restrictive assumption that the rate of 

coolant injection, m , be proportional to some power of the distance w 

from the leading edge. In this case the power was (*^g). Otherwise, 

(2) 
boundary conditions cannot be transformed properly. Lee and Sundell' 

showed experimentally that A is nearly constant with distance for the w 

case of ablation of Teflon from an Apollo-shaped body. This result 

casts serious doubts at least on the validity of the similarity 

assumptions. 

(r>\ 
More recently, Smith & Clutter' ' developed a finite difference 

solution to the laminar boundary layer problem. Their numerical 

procedure was reported to contain the capability of handling arbitrary 

distributions of mass injection. However, their investigation was di¬ 

rected more toward other aspects of the boundary layer problem and no 

applications to mass transfer cooling were presented. 

The downstream region has been studied mainly by use of the Karman- 

Pohlhausen integral approach. Rubesin and Inouye^ used this method 

with a seventh-degree polynomial approximation to the velocity and 

temperature profiles. They matched their profiles to Low's solution 

at the interface by assuming shear stress and boundary layer thickness 
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to be continuous at the junction. Libby and Pallone^ used sixth- 

degree polynomials but introduced additional parameters to insure con¬ 

tinuity of mass, momentum, and energy at the interface. The profiles 

were allowed to change discontinuously at the interface but the para¬ 

meters were not made functions of distance. The solution is, therefore, 

valid only for a short distance downstream from the injected region. 

Howe^ used a finite difference scheme in the downstream region 

but again matched to Low's solution at the junction. In comparing his 

results with those of Rubesin and Inouye and Libby and Pallone, he 

found significant differences among the solutions. All three studied 

the rise in wall temperature along an insulated plate. Howe's results 

fell in between the optimistic results of Libby and Pallone and the more 

conservative findings of Rubesin and Inouye. 

Chung^^ and Cresci^^ have followed similar procedures for 

axisymmetric bodies. Chung assumed seventh-degree polynomial profiles 

while Cresci used exponential profiles. 

(9) 
Pallone has also studied wall temperature rise along an insulated 

plate, using Low's solution in the porous region. His analysis is 

significant in that it more nearly follows the method of integral 

relations used in the present analysis. Instead of integrating across 

the whole boundary layer, as is done in the Karman-Pohlhausen approach, 

he subdivided the boundary layer into N separate strips. Integration 

of the governing equations was then performed across each strip, using 

a polynomial to represent the integrand over each individual strip. 

This resulted in far greater accuracy than is possible with the more 
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gross momentum-integral method. The resulting ordinary differential 

equations were integrated numerically and the results compared well 

with Howe's finite difference results. 

The present study differs from the previous ones in several respects. 

First of all, many of the restrictive assumptions of previous investiga¬ 

tors were relaxed. No similarity was assumed for the region of injection, 

thus allowing arbitrary distributions of mass injection. Mass injection 

was taken to be constant over the first portion of a planar body, followed 

by a region of zero injection. The complete nonsimilar, compressible 

laminar boundary layer equations were solved by use of the integral- 

matrix technique^This method is a recent outgrowth of the method 

(11) 
of integral relations . Both the injection and downstream regions 

were solved together as one problem. 

The effects of mass injection on heat transfer to an isothermal 

plate were studied. Both sharp and blunt-nosed configurations were 

considered and the results compared. 
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II. ANALYSIS 

The equations that govern the physical system under consideration 

are the two-dimensional, steady-state, non-reacting, laminar boundary 

layer equations. 

Continuity: ± (0 

Streamvd.se Momentum: pu 4. Otr ^ — -h — «iL f 
?u <)S + 6? + as " Ty SyJ (z) 

Normal Momentum: ^ ' SP ) _ 
*YJ S " IT (3) 

Species Conservation: (4) 

Ejerar: f>« %Lt = ± (/U + k IT ) 

+ If) (5) 

where is the mass fraction of the ith species, is the binary 

diffusion coefficient,/* is the mixture viscosity, k is the thermal 

conductivity, and is the total enthalpy. 

It should be noted at this point that thermal diffusion is 

neglected and no internal generation of species is assumed. Also, as 

the radius of curvature, r , will always be large compared with the c 

boundary layer thickness, the term (§y)s (equation (3)) becomes approx¬ 

imately equal to zero. Therefore, it may be concluded that there is no 

normal pressure gradient, and the pressure becomes a function of 

stream:vise distance only. In all cases of interest to the present study 

the system was assumed to be a binary mixture of 78.8)6 Ng and 21.2% 0^ 

by volume. 
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The boundary conditions are as follows: 

1. u = 0 
w 

2. in = p v .a given function of s 

3. Tw = a given function of s 

U. K. » given 

5. Edge conditions are specified functions of s 

^(s), p^(s), Tw(s), Ki<w(s) 

where subscript "w" denoted the '.rail (i.e, y=0). 

The transport properties are treated in accordance with kinetic 

theory^ ^ with slight modifications reported in reference (10). 

Equal diffusion coefficients are assumed with given by the following 

relation: 

D/iL -Z.6Z8 x/O 
-3 7 

•JLrti 
CcwZ/sz c) <T6) 

where T is the temperature in degrees Kelvin, p is the pressure in atm., 

M „ is the molecular weight of the reference species, OZ-fis the charac- 
rex 

teristic diameter of a molecule of the reference species (angstrom units), 

and is the collision integral for the reference species, either 

Og or Ng since the binary diffusion coefficients are assumed equal for 

both species. 

The viscosity is obtained from the Sutherland-!.’assiljewa 

approximation: 

where 

with 

A* l &L 

C/,/> 

- a 

DI = 1.0 * /. 385 2I*L SL 1 PXiMi DIZ 

(7) 

(8) 

(9) 

where x. = mole fraction of jth species (i ^ j). 
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The thermal conductivity, k , is treated as the sum of the mono¬ 

tonic thermal conductivity and a contribution from the internal degrees 

of freedom: 

. . mono 
k = k + k 

where k 
2 trtano 

(IO) 

<70 

with 
O 

ki = OsR/^-yni)^ Oz) 

and D* ' - 1,0 + /.065 x /. 385 1 Pxi y>u D,z Os) 

The contribution from the internal degrees of freedom is given by: 

'* 3 " " ' ' 04) 
/HI 

- £ <kt -krn L*t 

where 
i # **0n° ki - kc = p D, 72 7n i 

Pn (Cn Os) 

The temperature dependencies of , h , and entropy are obtained 

(13) 
from curve fits of JANAF experimental data . 
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TRANSFORKATE ONS: A modified Levy-Lees similarity transform is used with 

non-similar terms being retained in the equations. The transformed 

The quantity is a stretching parameter determined during the 

numerical iteration. It is used to keep the boundary layer thickness 

relatively •uniform in the transformed plane. This is mainly a numerical 

convenience in that a uniform placement of nodal points across the 

boundary layer can be set in advance for all problems. The parameter 

c<H(f) is determined by specifying the velocity ratio at a certain nodal 

point in the boundary layer. 

Applying these transformations to equations (2), (Ij.) and (5) yields 

the results: 

variables $ and f are given by^^ 

o 

07) 

where 
“-Moo 

A good choice has been g = 0.80 at the 5th of seven nodes. 

A stream function is also defined and is given by: 

08) 
O 

Os) 
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where * denotes 

and where r 

and p = 

_a_ 

: PoeyU. CO 

o ^eo 

TKTf 

(2.0) 

(21) 

The quantity y3 therefore is a pressure gradient parameter. 

Species: fK! + c ^ = 2 ? f f' - ic/ i| ] CZ2~) 

Energy: */// + -f [ 1&, + r' , i l' 
*M 1 <*« A/« A/sc J 

< gl <Z3) 

The boundary conditions are similarly transformed to give: 

4, = - (2 f)"'/z 

fco ££coy^.*o 

X-1 =• o * 

■foo ~ °<H 

•f 
// 

0O ® 0 

^2.4; 

(25) 

(2 6) 

(2 7) 

The quantities Htw> HW K^w, and K^, are specified functions of |r. 

INTEGRAL MATRIX PROCEDURE: Following the method of Kendall & 

Bartlett^ ^ the transformed equations are put into integral matrix 

form. The details of this procedure are presented only for the 

momentum equation. The handling of the species concentration and energy 

equations is completely analogous and is omitted in order to avoid 

needless algebraic complexity. 
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The transformed momentum eouation is: 

fto 
e 

= 2 (V iil 
? 

f " 2+ __ x/Z 

J f J C/9) 

The boundary layer is divided into N-1 strips at a given stream- 

wise station s. These strips are bounded by N nodal points. In the 

final numei-ical solution N = 7 was used. The points are designated 

where n «* 1 at the wall and n = N on the boundary layer edge. 

Let PR represent any of the 

quantities £(*?„), f'(£«), 

f"(fc.), or f ••«(*„), Pn+1 

can be related to P by means n 

of a Taylor series expansion 

about • 

ir | PK.eeSTR.EAM 

T—7—r—T—rWAU 

Pn + , = £ + ft <£$ + ft " C$kY 
2/ + ft 

/// (JkT 
31 + ft 

(JkX 
4i 

(28) 

where Sk = “ h.n 

The highest order derivative of the dependent variable f which 

appears in the boundary layer equations is f,M. Therefore, the series 

is truncated at the next highest derivative, fM,,. The quantity f * *1 * 

is considered to be constant between and . 

f 
//// 

/// 

Si (2S) 
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Therefore the truncated Taylor series exoansions for f , f1 , fM 

n n n 

become: 

The foregoing is an implicit set of relations giving ffl + ^, 

f' , -j f1' and f"' , .. as functions of b . This is known 

as a "spline fit" and serves the same purpose as finite difference re¬ 

lations in usual numerical analyses. However, in this case the func¬ 

tions join in a continuous manner at the nodal points, thus requiring 

fewer nodes for the same relative accuracy. The variables H. and K. 
v 1 

are treated in the same manner. 

Derivatives in the streamwise direction are represented by the 

conventional three-point backward difference relations: 

f 
' H + \ 

(33) 
where 

where is any dependent variable and.^ is the variable evaluated 

at the previous streamwise station. 

(3 5) 
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The momentum equation can now be integrated at constant J across 

each strip to obtain equations of the form: 

f + [if]”., + ^ 
*~l M-t >1-1 

= Ca'jlL . ,, 

Jr a)-f3^rrJ‘! 
>1 — I 

(36) 

, >1 

The integral J -f -f J £ 
H —/ 

can be integrated by parts to give: 

fVj* - - <v« 
M- i 

The remaining integral is expanded in a Taylor series, 

\rpj<i ^ -a'p'+frp)c4r- 

* (f>% 2 £>'+ f» 

_ ft/ p"'+ 3 f„" P'V 3 f„'VV £» ^ 

+ ft 6 i"p'+ + X"p) (-0 

(37) 

- (to CP"'* loCrl 0 * *90*' ‘ff (SS) 

where P may be any dependent variable. The same truncation criterion 

has been applied as in previous Taylor series expansions. Using the 

formula (38) with P = f>, the integral bee ones : 

/, ,1 ,/ , , '/ ,UI , M 

■f Ak = £ A + ■£, ^2 + f„ <^3 4 /I* C39) 

5! 

“"o'" (Si)' 

n- I 

A ■ si - *: 9- + r 0 - c gO ■ 

^ - -(»)'[$ -f:q. + C&f+£ (0) j 
(+0) 

where 
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A - M
5
 f - f" r'Vs«)* + r"' 5<r^] ^3 (o <y 1 5 t, -t, + *»-» 5-04 J 

/I4 

420 

« r<T413 f ^ _ x" il , r'" 5«0* . ("' (S*)%1 
^*ZJ is* % 30 + +M -5^- +%-, ~TSE\ 

(+0) 

Z 52: 

Now consider the integrals of the streamd.se derivatives using 

the finite difference approximation. 

n-/ ft — ) 

~ f (<Jo4-g 
+ <4 6-/ (+0 

n-i 
Integrating the second integral on the right hand side by parts 

yieldsi 
/ = 2*/ -f' 

/1-/ 
</4 

•£ ^./ ^ + J, j f + <4 f •£ 
*~7 n-/ n-l 

y\ 
+ ^ I ^'2 * ^ + <^/ ^-/ -f ^ <4 -f L, (42> 

These integrals are of the same form as equation (38) and can be 

expanded in a Taylor series in like manner with the result: 

zC[i'*£1 _ l"J± 
s ^ 5 

where 

•f a'7£c ~ [4» + fe-/f ^^z^-zi' 

+ 2 „ A, "by Az + ^3 4- *£*_, AjJ 

+ 2 [f„ B, + £ 8j + -C s3 + ft* J (+3) 

B, « St fc. - + c3 +c, Cgf] 

-tttf ft -c, H ^xm'+o <g] } M 

63 - 
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V
-j 

)i 

OQ c* ft * c» Hgf c. 
] 

2 52 J 
(*+) 

and 
c> ~ d> -f J f7 

^ 7j7-Z,M 
) 

+ j i'// 

c3 - d, 
f 

- d- C,« 

Finally, a similar procedure applied to the third streaimd.se 

integral yields: 
zj, *'z &Td* ‘ (<*•+ -i)x 

r r' . r" rm ,N 1 
[ % A * & At + A3 4 ^ tAAJ (46) 

f n It remains to evaluate j ~ This can be done by approximating J“ 

as a cubic between n-1 and n» The four coefficients are evaluated by 

matching the cubic approximation to the value of and £-^r) at 

adjacent nodal points. The function can then be integrated exactly 

across the strip to give: 

( U — / JL. (oo ^ Sk. . A fto P«_ _ foo F M-I \ C S S * J “ ( ft, + sr, / *r + ( "er -p—; 7^ 
H-t 

This approximation vdll not be quite as accurate as the preceding ones 

since the derivatives are not necessarily continuous at each node. 
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Substituting the previously derived formulas into the momentum 

equation yields: 

The real power of the integral-matrix method comes from the fact 

that integrals of functions rather than the functions themselves and 

their derivatives are approximated. Since integrals tend to be much 

smoother functions, the approximations give much more accurate results 

than can be attained by approximating the functions directly. 
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MATRIX SOLUTIONS PROCEDURE; A completely analogous procedure is applied 

to the species conservation and energy equations. The resulting matrix 

of equations contains 3(N-1) conservation equations over the N-1 intervals, 

7(N-1) Taylor series expansions, 10 boundary conditions, and the O(H 

constraint. These contain 10 N + 1 variables, i.e., the primary variables 

f, Hj., and KA and their derivatives at each nodal point and c(H . These 

equations are solved through use of a generalized Newton-Raphson 

iteration procedure. 

This can best be illustrated for the arbitraiy functions and F^. 

Suppose F.j(x, y) and Fg(x, y) are complicated functions of x and y. 

Further suppose x, y represent the solution to the equations F^ = 0, 

Fg ** 0. One can expand the functions in a Taylor series to first order 

terms. 

where x , y are the values of x and y after the mth iteration. If 
m m 

x, y are replaced by ym+.j, the equations (U9) yield: 

F, (x, y) = o ~ + (x- x„) 

Fz (y.,y) - o = f\(xM) y„) + (x -x»*0 
(4$ 

where 

and the subscript m denotes the quantity evaluated at x^, y^ 
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In matrix notation, 

if I i£ Jx lm Jy L 
X 

I ^*1 
lm L AY* 

- „ _ 

(51) 

Notice that the coefficient matrix and the right hand side are 

functions of x , y only. Therefore,/ax ,AJ can be calculated in terms m m 'ram 

of F.j and Fg and their derivatives evaluated at y^. 

-1 r* 
A Xtn ifl 

dX / m 
if 1 
Jy lm 

X 

-f, 

AYm if 1 if. I 
dx In, Jy L 

The quantities /Jx ,4y represent corrections to be added to x , y 
^ m m m m 

to give new values of the dependent variables x^+^, ym+^. A solution 

is obtained by guessing x^, y^, calculating the corrections, obtaining 

x2> ^2* e^c* The procedure continues until F^ and F^ approach zero or 

until the corrections become arbitrarily small depending on accuracy 

requirements. 

Obviously this procedure may be extended to any number of variables 

and equations. This has been done in the present study with excellent 

results. 
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The linearized momentum equation becomes: 

[ t*„ (tr + c " + + 4 fjt-i + 4 

+ 

f BC/.H sk)4P„., 

+ ^ ft. - ||BL) - 2 /"/./s * J. - 4 V*., ♦d1^.ax 
\ •* ~l o^f/ J 

[ A,A-f„ + AzA-f„ + A3 Af„ + A -f"-, ] 

_ / °I'ne.y^r f* A. . (•" » r‘" rm ~t 

( )[ ^A> t ^2 4 "£i ^3 + -^,.1 A+JAO/,, 

~ 2 £B, A-f„ + Bz A-f„ ■+ 33 A-f„ -+ S) A— -error (53) 

The quantity "error" is simply the momentum equation (U8) evaluated 

after the mth iteration. Similar expressions may be derived for the 

species and energy equations. 

The solution for this set of equations has been programmed for 

digital computations. Convergence has been very rapid, usually in 

three to four iterations for the first streamwise station. Downstream 

stations converge in one or two iterations since the upstream solution 

is used as a first guess for the next point downstream. An entire 

case including discontinuous mass injection is routinely solved for 

twenty streamwise stations and seven nodal points in approximately one 

and one half minutes on a Univac 1108 computer. 
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III. RESULTS AND DISCUSSION 

Calculations have been performed for several planar bodies with air 

into air injection. Plates of one and five-foot lengths with both 

sharp and blunt leading edges have been considered. Freestream conditions 

were held constant for all cases with Me3 2.0, P*, = .01*28 atm., and 

T* = liji*20R. Furthermore, only isothermal surfaces at 750°R were 

considered. Graphs are plotted with qw/Qs^. as the ordinate, where 

is the local heat transfer rate at the wall while q , corresponds to 

the heat transfer at the stagnation point for the case of no injection. 

In the cases of plates with sharp leading edges, is the stagnation 

point heat transfer for a geometrically similar body with a blunt leading 

edge. The abscissa is the distance from the leading edge of the plate. 

Figures 1, 2, and 3 present the results for a one-foot plate with 

a sharp leading edge. In each case, the injection is distributed over 

the first 10, 20 and 1*0% of the plate length while holding the total 

mass of injectant constant. It is observed that increasing the total 

mass of coolant injected in successive cases increases the magnitude 

of the cooling effect but leaves the shape of the curves relatively 

unchanged. 

In the injection region, the heat transfer is observed to decrease 

relative to the no injection case as the distance from the leading 

edge decreases. This is followed by a sharp rise in heat transfer 

immediately downstream from the point where injection stops. Finally, 

the curve approaches the no injection heat transfer rate asymptotically 

at larger distances downstream from where injection stops. 
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The mathematical model actually predicts a discontinuous jump in heat 

transfer at the termination of injection. This is due to the fact that 

no internal heat conduction is permitted in the isothermal wall. In 

reality, such conduction would occur and the wall could not be held 

exactly at a constant temperature. The curves have been drawn smoothly 

to a cusp as a compromise at this point. 

It can be observed that the length needed for recovery to the 

zero injection heat transfer rate depends on the length of the injection 

region as well as the coolant injection rate. As the length of the 

injection region increases, so the distance required for recovery 

increases. The physical reasoning behind this fact is felt to be as 

follows; the persistence of any insulating effect downstream from in¬ 

jection is due to the presence of extra mass in the boundary layer. 

This mass causes both a thickening of the boundary layer and an 

increase in the total heat capacity of the boundary layer. Further¬ 

more, the boundary layer naturally grows with distance from the leading 

h 
edge at a rate roughly proportional to x2 where x is the distance from 

the leading edge. Thus, at points downstream from injection cutoff, the 

boundary layer will naturally be thicker and grow more slowly than at 

points upstream. Therefore, the extra thickening due to injection dies 

out more slowly at downstream points than at points near the leading 

edge. In this way, the heat blockage due to injection can persist for 

greater distances when the injection region is longer. 

Figures U, 5, and 6 present similar results for a five-foot plate. 
Comparison of results for the one and five-foot plates shows the lack 
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of any direct scaling. This is due to the highly nonlinear equations 

that describe the system. The boundary layer thickness does not scale 

directly with the geometric dimensions. Thus the five-foot plate is more 

strongly affected by proportionately equal mass injection than is the 

one-foot plate. Figure 7 presents the same results as Figure 6 but in 

the form of a ratio of heat transfer with injection to heat transfer with 

no injection. 

Figures 8 and 9 show typical velocity and temperature profiles. 

The profiles in the injection region show a basic difference from those 

downstream in that the injection region profiles exhibit a reverse 

curvature near the wall. Injection rates large enough to cause negative 

heat transfer rates usually caused the numerical solution to become 

unstable as profiles became nearly vertical at the wall. The actual 

prediction of boundary layer blowoff is not possible though since one 

of the basic assumptions of the laminar boundary layer equations is 

violated under blowoff conditions. The profiles recover their 

characteristic laminar shape a short distance downstream from the end 

of injection as the slow injected air is accelerated in the boundary layer. 

Figures 10 and 12 show heat transfer rates over the leading edge 

of one and five-foot blunt plates. The pressure distribution over the 

leading edge was taken from the experimental results of Gowen and 

Perkins^k\ injection was limited to the first 2$g° of the circular 

arc. The qualitative nature of the results is the same as the sharp 

plate cases. The increase in heat transfer over the stagnation heat 

transfer at about 7-g° has been observed experimentally by Rose, et. al. ' 
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This initial rise may be due to the high initial acceleration of the 

flow away from the stagnation point. This causes an actual thinning of 

the boundary layer for a short distance downstream. 

The abrupt change in slope at 15° is more difficult to explain. 

It is not certain if this is a physical phenomenon or a numerical 

instability. The solution is very sensitive to the pressure gradient 

parameter in this region. 

Figures 11 and 13 show the downstream effects of stagnation point 

heat transfer. In figures 1U and 15, the injection region extends over 

75° of the radius. The results are qualitatively the same as before 

though the magnitude of the effect is much larger. At the end of the 

plate, the heat transfer is still about 18;£ lower than the zero injection 

case as shown in Figure 16. 
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IV. CONCLUSIONS 

The effect of upstream mass injection on downstream heat transfer 

in a laminar boundary layer has been investigated for supersonic flow 

over flat plates with both sharp and blunt leading edges. The complete 

set of nonsimilar boundary layer equations was solved using the integral 

matrix technique. In cases with large mass injection rates, an insulating 

effect has been found to persist for a considerable distance downstream 

from injection cutoff. Furthermore, the length of the injection region 

has also been found to have a substantial effect on the distance required 

for the heat blockage effects due to injection to die out. For a given 

total coolant mass, longer injection regions were found to require pro¬ 

portionally longer distances for the local heat transfer rate to approach 

a given percentage of the local zero injection heat transfer rate. 
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LIST OF FIGURES 

1. Heat Transfer to a 1 - foot Sharp Plate with Small Rates of Injection 

2. Heat Transfer to a 1 - foot Sharp Plate -with Moderate Rates 

of Injection 

3. Heat Transfer to a 1 - foot Sharp Plate with Large Rates of Injection 

1*. Heat Transfer to a 5 - foot Sharp Plate with Small Rates of Injection 

5. Heat Transfer to a 5 - foot Sharp Plate with Moderate Rates 
of Injection 

6. Heat Transfer to a $ - foot Sharp Plate with Large Rates of Injection 

7. Reduction in Heat Transfer to a 5 - foot Sharp Plate with Large 
Rates of Injection 

8. Velocity Profiles along a 5 - foot Sharp Plate with Injection 

9. Temperature Profiles along a 5 - foot Sharp Plate with Injection 

10. Heat Transfer to the Leading Edge of a 1 - foot Blunt Plate 

11. Downstream Heat Transfer to a 1 - foot Blunt Plate 

12. Heat Transfer to the Leading Edge of a 5 - foot Blunt Plate 

13» Downstream Heat Transfer to a 5 - foot Blunt Plate 

11*. Heat Transfer to the Leading Edge of a 1 - foot Blunt Plate 

15. Downstream Heat Transfer to a 1 - foot Blunt Plate 

16. Reduction in Heat Transfer Downstream on a 1 - foot Blunt Plate 

with Injection in the Stagnation Region 
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