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ABSTRACT 

A method of analysis is presented for the dynamic response 

of large machine-foundation systems. The general case of several ma¬ 

chines on a common flexible mat is considered. 

The origin and types of machine exciting forces are discussed. 

Particular emphasis is given to the unbalanced inertial forces in re¬ 

ciprocating gas compressors. It is with this type of machine that most 

serious foundation problems occur. 

The soil is assumed to be homogeneous and isotropic with 

both inertial and elastic properties. While this simplification is 

not compatible with the observed properties of most soils, it gives 

satisfactory results for this application. 

An outline of a theoretical method of vibration analysis is 

presented which can be adapted for use with a computer. The method 

is applied to the general machine-foundation system. 

An example analysis is made of a single engine driven gas 

compressor and its foundation. The natural frequencies and amplitudes 

of motion are calculated. 

Recommendations are made for the practical application of the 

analytical procedure based on the present limitations on the accuracy 

of dynamic soil data. 
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NOTATION 

Area 

Geometric Compatibility matrix 

Foundation soil contact area 

Typical foundation member designations 

Damping matrix 

Damping constant 

Distance 

Young's Modulus 

Force 

Shear Modulus 

Force vector 

Moment of inertia 

Unit matrix 

Imaginary unit (i = >J -1 ) 

Polar moment of inertia 

Stiffness matrix 

Structure soil spring constant 

Unit soil spring constant 

Length 

Mass matrix 

Moment 

Mass 
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P Force magnitude 

p Undamped normal coordinate 

q General coordinate 

R Radius 

r Eigenvector, mode shape 

S Member stiffness matrix 

s Member stiffness sub-matrix 

T Torque 

t Time 

V Shear 

W Weight 

X Mode matrix 

x Normalized modal matrix 

x,y,z Cartesian right-handed coordinate system 

y Complex amplitude 

y Displacement 

ot General angle 

o' Angle between reference crank and vertical 

oi, f3,v Beam on elastic foundation characteristic numbers 

3 General angle 

X Eigenvalue, undamped natural frequency 

V Angle between vertical and cylinder centerline 

9 Angle between crankpin and axis of cylinder 
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0 Beam angle of rotation 

4 Angle "between crank and reference crank 

cp Phase angle of resultant force 

tu Frequency of machine exciting force 

Superscripts 

f Foundation 

f Number of harmonic forcing functions 

h Horizontal 

i,j i^ column, row of matrix 

L Left side 

R Right side 

s Soil 

t Transpose of matrix 

v Vertical 

Subscripts 

b Bending 

c Crank 

cb Counterbalance 

k Number of engine or compressor cylinder 

p Reciprocating 

s Shear 



Vertical 

Primary 

Secondary 

Non-uniform shear 

Shear 

Non-uniform vertical 



X INTRODUCTION 

Most foundations of large machines are susceptible to 

vibration. They may be acted upon by a variety of disturbances 

that differ in both form and origin. The disturbances may be com¬ 

municated to the foundation through the soil from an outside source 

or associated with a set of forces or moments originating with the 

machine itself. In each case the disturbance excites the machine- 

foundation system and sets it into motion. 

The design of such a foundation should be based on an 

analysis of its dynamic behavior as well as the effects ctf static 

loads. Most research in this field, however, has been limited to 

studies of single machine foundations or systems restricted to mo¬ 

tion in only one or two directions. A practical method for analyz¬ 

ing the general multi-degree-of-freedom system consisting of several 

machines on a common flexible mat has not been developed. 

The responsibility for the installation of a large machine 

should be shared by both the machine designer and the foundation de¬ 

signer. However, the designer of a machine such as a gas compressor 

usually has limited experience in soil mechanics and cannot be re¬ 

sponsible for the ultimate design and location of the foundation. 

On the other hand, the background of most foundation designers is 

limited in the field of machine dynamics and vibration analysis. This 

division of responsibility is probably the main reason that progress 

in this field has been limited. 
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This investigation has "been directed toward developing 

a general method for analyzing the dynamic response of machine - 

foundation systems. The analysis is described in four sections: 

1. A brief review of the origin and type of machine 

exciting forces, 

2. a study of the dynamic characteristics of soils, 

3* an outline of a theoretical method of vibration 

analysis suitable for this problem which could 

be adapted for use with a computer, and 

4. the development of a procedure for setting up the 

equations of motion for a system of n machines 

on a flexible mat. An example problem illustrates 

the analysis procedure. 
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II MACHINE EXCITING FORCES 

Periodic dynamic forces and moments caused by unbalanced 

rotating masses, reciprocating masses, or both, are present in most 

machines with moving parts. The origin of the forces is internal; 

but the reaction on the machine and its supporting structure is the 

same as if they were externally applied. 

In non-reciprocating machines with rotating shafts such 

as electric motors, generators and turbomachinery excessive vibra¬ 

tions may occur at certain critical speeds even though the shaft may 

run smoothly at higher or lower speeds. Such vibrations are caused 

by static or dynamic forces which bend the drive shaft causing the 

center of mass to be displaced from the axis of rotation. Unbalanced 

centrifugal forces result from rotating the shaft in the deflected 

configuration. For both static and dynamic unbalance critical speeds 

coincide with a natural frequency of the shaft mass system. Natural 

frequencies of shafts can be closely approximated and it is possible 

by varying the shaft stiffness to cause the critical speeds to lie 

above or below the operating speeds of the machine. By this method, 

or by adding counter-weights in the case of unsymmetrical masses, the 

rotating unbalance in machines can usually be controlled. Even when 

machines vibrate unexpectedly due to some fabrication or design error, 

the trouble can often be eliminated or at least reduced by replacing 

defective parts or by rebalancing the system in the field. 

Most gas and steam turbines, centrifugal pumps and compres¬ 

sors, electric motors and other types of rotating machinery operate at 



- k - 

speeds greater than 1,000 revolutions per minute. The unbalanced 

inertial forces for these machines are relatively small unless they 

are operating at a critical speed. The frequencies of any unbal¬ 

anced forces are usually much higher than any of the natural fre¬ 

quencies of the machine-foundation system. The most frequent source 

of trouble comes from excessive vibration of individual structural 

members or piping with high natural frequencies. Foundation problems 

do not often arise with machines operating in this speed range. 

Inertial forces are inherent to the design of reciprocating 

machines. The forces result from the transformation of rotating mo¬ 

tion to or from reciprocating motion. Reciprocating forces are pro¬ 

portional to the square of the speed of the crankshaft and are maxi¬ 

mum at the highest operating speed. Rotating forces are maximum only 

at the critical speeds and may diminish with a change in speed. 

Reciprocating machines may be driven by reciprocating mo¬ 

tion as in an engine, by rotating motion as in a gas compressor or 

by a combination of both as in an integral engine driven compressor. 

The main reciprocating element in each of the machines is the piston. 

The main rotating element is the crankshaft. The connecting rod moves 

both in rotation with the crankshaft and reciprocation with the piston. 

A motion of the crankshaft, therefore, produces both rotating and reci¬ 

procating forces. 

Some or all of the inertial forces in a reciprocating machine 

may be balanced by arranging the shaft cranks so that the forces form 

a system in equilibrium. Another method commonly used is to introduce 
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additional forces which act opposite to the unbalance "by adding ro¬ 

tating counterweights to the crankshaft. The sizes and locations of 

the counterweights are determined hy the design of the machine, the 

operating conditions and the type of imbalance considered to he most 

objectional. The normal practice is to limit the horizontal unbal¬ 

ance at the expense of the vertical since the latter causes fewer 

problems with most foundations. 

Most engines with six or more power cylinders can be com¬ 

pletely balanced by arranging the cylinders opposite to each other 

to balance the reciprocating forces and by adding counterweights to 

balance the rotating forces. When engines drive integrally mounted 

compressor cylinders,however, complete balance is not often possible 

and unbalanced inertial forces of several tons in magnitude are not 

vncommom in larger machines. It is with the higher horsepower, low 

gas pressure, engine driven compressors that the majority of serious 

foundation problems occur. The integral engine driven compressor, 

therefore, will be used as an example machine in the development of 

a general method for investigating the response of machine-founda¬ 

tion systems. 

Figure 2-1 showsihe internal construction of a 2,000 brake 

horsepower, V type, engine driven, three stage, reciprocating angle 

"type gas compressor. A section through the machine taken next to the 

low stage compressor cylinder is shown in Figure 2-2. 

The transfer of power in this type of machine between the 

reciprocating and the rotating elements involves the transfer of peri- 
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odic forces. The gas pressure in hoth the power and compressor 

cylinders as well as the inertia forces vary during a cycle. This 

results in the transmission of periodic forces to the machine frame 

with consequent vibration and noise. The gas pressure acting on a 

piston reacts on the machine in the form of a couple which can he 

balanced by the use of a flywheel. A flywheel, however, cannot be 

used to balance the inertia forces. Unbalanced inertia forces, some¬ 

times called shaking forces, result from the acceleration and deceler' 

ation of unbalanced reciprocating masses and by the rotation of ec¬ 

centric masses. Figure 2-3 represents a single cylinder of an engine 

or compressor and shows the kinematics of piston, crank counterweight 

and connecting rod motion. 

Figure 2-3 Typical Cylinder Cross-Section and Kinematics 
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The crank is assumed to rotate in a clockwise direction with constant 

apgiiig.r velocity. The piston is constrained to move along a verti¬ 

cal line in a manner determined by the crank radius and the connect¬ 

ing rod length. The connecting rod moves in both rotation and reci¬ 

procation. This complicated motion of the connecting rod is usually 

simplified by assuming that the mass acting at the center of gravity 

is replaced by two masses; one of which is concentrated at the piston 

pin and the other at the crank pin. This simplification divides the 

connecting rod mass into one part moving in rotation with the crank 

and one part moving in reciprocation with the piston. This allows 

the inertia effect of the rotating parts and the reciprocating parts 

to be considered separately. 

The rotating masses consist of the counterweight, the crank- 

pin, the crahkpin web and about two-thirds of the connecting rod. The 

centrifugal forces created by these masses has the same magnitude for 

all positions of the crank. The resultant unbalanced rotating force 

is the vector sum of the product of the crank radius and square of the 

shaft angular speed for each of the rotating masses and may be expressed 

as 

fe = Ka R M
2 (W0 + Wcl)) (2-1) 

where K is a constant reflecting gravity and the conversion of angular 
St 

velocity to revolutions per minute (REM), R is the crank radius, N is 

the rotating speed, is the weight of the parts assumed concentrated 

at the crahkpin, and W ^ is the weight of the counterbalance or counter¬ 

weight . 
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Reciprocating masses are the piston, piston rod, cross 

head, and the remaining one third of the connecting rod weight. Ac¬ 

celeration of the reciprocating masses produces a periodic force on 

the crankpin which acts along the axis of the cylinder. The resultant 

reciprocating force, f , can he expressed as a Fourier series 
Sr 

f = K R N2 W (Cos 0 + C. Cos 2 8 
P * P 1 (2-2) 

+ C2 Cos 3 
9 + C3 Cos 4 9 + ) 

where is the weight of the reciprocating parts assumed concentrated 

at the piston, 9 is the position of the crank in degrees after head 

center and C^, Cg, C^ .... are constants determined hy the ratio of 

the connecting rod length to the crank radius. The magnitudes of the 

reciprocating forces vary with crank position and act at rotating speed 

or multiples of rotating speed. However, the C's for multiples of more 

than twice rotating speed are small enough to he neglected in founda¬ 

tion calculations. 

The resultant shaking forces are divided into two parts: 

the "primary forced' and the "secondary forces". The total primary 

force is composed of the vector sum of all the forces varying at crank¬ 

shaft speed. The secondary force varies at twice the crankshaft speed. 

The primary force, f^, and the secondary force, fTT, can he expressed 

as 

fT = K (W„ + W , + V Cos 9) 
I a ' c ch p ' 

fTT = K W ~ Cos 2 9 
II a p L 

where L is the length of the connecting rod. 

(2-3a) 

(2-3b) 
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Inertia forces resulting from the motion of reciprocating 

masses act along the axis of motion; in the case of a piston, along 

the centerline of the cylinder. The action of a rotating force varies 

with crank position. It is obvious, therefore, that the force system 

resulting from the many possible cylinder combinations and ratios of 

reciprocating to rotating masses must be resolved into components with 

respect to a particular coordinate system. The most convenient system 

is the one upon which the equations of motion are written, or, at least 

one that can be transferred to that system without difficulty. It is 

general practice among engine manufacturers to express all primary and 

secondary forces and moments as components in a vertical and horizontal 

plane. This practice is illustrated in Figure 2-4. Motion occurs in 

Figure 2-4 in the xz plane. The y axis coincides with the centerline 

of the crankshaft. According to industry practice, vertical forces 

act along the z axis and horizontal forces along the x axis. Vertical 

moments and couples act about the x axis in the yz plane and hori¬ 

zontal moments and couples act about the z axis in the xy plane. 

In previous examples illustrating the kinematics of a sin¬ 

gle piston, rod and crank, 9 was defined as the angle between the crank 

pin and the axis of the cylinder. The position of the crank is defined 

differently in Figure 2-4 which covers the general system with k pis¬ 

tons at various positions in the coordinate system. The angle «: de¬ 

fines the crank position at any time with respectto the z or vertical 

coordinate. 9 is the fixed angle between the crankpin and the counter¬ 

weight. defines the centerline position of each of k cylinders 
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Figure 2-k Machine Coordinate System 

with respect to the vertical. 

The rotating and reciprocating forces can he resolved into 

their horizontal and vertical components as follows: 

f\ = f , Cos Y, 
pk pk k 

f\ = f , Sin Y, pk pk k 

fl = f Cos « + 

(2-4a,b,c,d) 

fh = f Sin « + f . Sin (« + P) 
c c cb ' 

The superscripts v and h refer to the vertical and horizontal com¬ 

ponents respectively.- 

A set of general equations defining the total primary and 

secondary force system based on the coordinate system of Figure 2-k 

can now be written for a single crank with k cylinders. 
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k 
V 

FI = Ka iff Cos « + W . Cos (K + P) 
C cb V 

+ W Cos (« + Y, ) Cos Y, , P k' kJ 
k k 

k 

1 Tc 

The subscripts I and II designate the primary and secondary forces 

respectively. 

usually vary between one and eight. The cranks are numbered and the 

angular position of each one with respect to a single reference crank 

is defined by the angle <f). The angle between cranks is fixed. The 

angle between the reference crank and the vertical is ec. Figure 2-5 

illustrates a typical example of an engine compressor shaft with three 

pairs of cranks spaced at 120°. The reference crank is #1. The center 

of the coordinate system is on the centerline of the crankshaft and 

the center of the power cylinders. The location of the coordinate 

system is an arbitrary one selected for convenience. The center of 

the coordinate system is not necessarily at the center of gravity of 

the machine. 

The resultant unbalanced inertial forces for a machine with 

n cranks including power and compressor cylinders can be found by taking 

The number of cranks on a single engine compressor shaft 



14 - 

Figure 2-5 Typical Engine-Compressor Crankshaft 
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the summation of (2-6) for each of the n cranks. 

n 

Primary Vertical Force = 
v v 

FJ. = pT Cos 
In *1 

n 

Primary Horizontal Force 

Secondary Vertical Force 

Secondary Horizontal Force 

l _ = PT COS 
In I 

V V _ 
F = PxT COS 

Iln XX 

?■ + 
L *r XIn “ pn Cos 

(‘ + flv) 

(“ + v 
(2-6a,b, c,d) 

<“+ W 

<“+ W 

P is the magnitude of the maximum resultant force which acts in 

the direction indicated. These forces are available upon request 

from most engine manufacturers. The phase relationships between 

the forces, 9 , is usually available upon special request but not 

normally supplied. 

The inertia forces defined by (2-6) create moments about 

the horizontal and vertical axes. The equations may be written as 

the summation of moments in the vertical and horizontal planes for 

each crank. 

Primary Vertical Moment 

Primary Horizontal Moment 

Secondary Vertical Moment 

Secondary Horizontal Moment 

I 
1 

l 
1 
n 

I 
1 
n 

l 

& dn = £ C°* (' + W 

'in d„ * C°s <“ + W 

(2-7 a,b,c,d) 

£ndn = 1lC°s2<'+ W 

4„dn = “‘’if02 2 <“ + W 
M is the magnitude of the maximum resultant moment in each plane. 
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An analysis of the unbalanced force system of a machine 

based on (2-6) and (2-7) will indicate one of the following conditions: 

1. The resultant force is zero and the moment about 

the reference point is zero for all crank angles. 

This indicated complete balance. 

2. The resultant inertia force is zero, but the moment 

about the reference point is not zero for any crank 

angle. This indicates unbalance due to a couple. 

3* The resultant inertia force is not zero and the moment 

about the reference plane is not zero for any crank 

angle. This indicates that the unbalance is due to a 

single resultant force whose location can be found 

from x = M/F. 

4. The resultant force is not zero but the moment about 

the reference plane is zero for any crank angle. This 

indicates that the resultant effect of unbalance is a 

single force acting through the reference point. 

The imbalanced inertial forces and moments for a machine are 

taken with respect to a set of coordinates with their origin at some 

arbitrary reference point. The equations of motion for the machine- 

foundation system are written on the assumption that the exciting forces 

act in a coordinate system with the origin at the center of gravity of 

the system. It is necessary therefore to transfer the force system of 

the machine to the coordinate system representing the equations of motion 
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III DYNAMIC CHARACTERISTICS OF SOILS 

Three "basic approaches to the problem of predicting the 

behavior of soils subjected to vibrating loads have evolved from 

[41 
the more important investigations in this field. 

The three separate approaches may be summarized as follows 

1. The application of the exciting forces as a point 

load on a semi-infinite solid with a horizontal 

surface. The elastic material is assumed weightless 

and only the vertical normal forces are independent 

of Poisson’s ratio. This approach is based on the 

classical Boussinesq equations. 

2. A certain mass of soil is set into motion by the 

exciting forces and is considered to act as a 

part of the mechanical system. The soil is assumed 

to possess both inertial and elastic properties. 

3- The mass of the participating soil is disregarded. 

The motion of only the foundation and machine is 

considered. It is assumed that the mass and shape 

of the foundation and machine have the greatest in¬ 

fluence on the behavior of the system. The soil 

properties are taken into account as influence fac¬ 

tors which tend to bias the basic response of the 

machine-foundation system. 

The second general approach seems to be the most widely 

[^5] [p] 
accepted at the present time. Adrian Pauw and D. D. Barkan 



-18 - 

are among those supporting this theory. The discussion on the be¬ 

havior of soils subjected to dynamic loads which follows is based 

in the most part on the investigations of Pauw and Barkan. 

It is customary to simplify foundation calculations by 

making the assumption that the ratio between the unit contact pres¬ 

sure and the deflection is the same for every point of the bearing 

area. This ratio between pressure and deflection is called the 

foundation modulus, the coefficient of subgrade reaction or the 

soil spring constant and is usually designated as k. In its mathe¬ 

matical form, the assumption states that 

K - £ (3-1) 

where p is the contact pressure at any point and z is the de¬ 

flection or settlement at that point. 

The assumption that k is constant implies that the sup¬ 

porting soil is elastic and that it follows Hooke's law. This as¬ 

sumption is incompatible with the observed properties of most soils. 

Therefore, the results of any computations based on this concept 

must be regarded as approximate. At the same time, however, it has 

also been observed that in many cases this simplification may more 

nearly represent actual soil conditions than some of the more rigor¬ 

ous analyses. In addition, any assumed relationship between stress 

and strain other than Hooke's law involves some non-linear theory of 

elasticity operating with non-linear differential equations. The solu¬ 

tions for these equations for complex systems requiring a large number 
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of equations becomes impractical for routine design and analysis 

problems. Thus it is necessary to restrict a practical analysis 

by this simplifying assumption that soil follows Hooke's law. Sever¬ 

al empirical methods are used to evaluate such parameters as the 

ratios of foundation dimensions, areas and intensity of loading which, 

when coupled with experience and judgement, tend to reduce these re¬ 

stricting limitations and give satisfactory results for the majority 

of applications. 

The generalized relationship between stress and strain as 

defined by Hooke's law is valid only for homogeneous isotropic bodies 

in which no initial internal stresses are present. Poisson's ratio 

and Young's modulus can be applied only to bodies satisfying these 

conditions. Therefore, judging how closely a soil satisfies the con¬ 

ditions of Hooke's law requires an examination of its properties.of 

homogeneity and isotropy as well as its loading history. 

Most soil deposits are made up of various organic and in¬ 

organic particles surrounded by air or water containing minerals or 

gases. This skeleton like structure is less rigid than the indivi¬ 

dual particles of which it is composed. The size of the particles 

vary from several microns to several inches in diameter. A small cube 

of clay consisting of very small, closely spaced particles can be con¬ 

sidered to be homogeneous. A cube of the same size of sand or gravel 

would be non-homogeneous. However, if the dimensions of the sand or 

gravel cube were increased to several feet it would approach the same 
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degree of homogeneity as the very small clay element. Therefore, 

soil in general may he considered a homogeneous material only in 

volume elements having dimensions which are large in comparison to 

the size of the particles comprising the element. A stress or strain 

in such a material must he defined as an average stress over an area 

of deformation of a volume whose dimensions are large in comparison 

with the size of particles of the material. If the particles are 

satisfactorily uniform, a material with these characteristics may he 

considered to he homogeneous. 

Soil properties vary both horizontally and vertically. How¬ 

ever, since the particles are distributed in random order, the aver¬ 

age properties of the top of a volume element of soil as described a- 

hove are usually assumed to he isotropic. 

The results which were obtained from calculations based on 

Hooke's law and actual laboratory experiments have been compared to 

[2] 
evaluate the effect of initial stresses on soil. The tests indi¬ 

cate that a linear relationship exists in most soils between shear 

stress and strain. However, the results of shear tests on samples 

under different normal stresses show that the modulus of rigidity in¬ 

creases with an increase in pressure. This has been verified in field 

observations. This indicates that particularily for cohesionless 

soils, the modulus of rigidity is not a constant in accordance with 

Hooke's law but varies with the value of the applied normal stresses. 

Both field and laboratory tests show that the modiolus of elasticity 

also increases with an increase in normal pressure. 
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The vertical spring constant, , of a soil can he 

determined by load tests during which a concentrated load is trans¬ 

ferred to the soil through a rigid bearing plate. Data may be 

taken for a curve showing the relationship between load and settle¬ 

ment by measuring the settlement corresponding to each load incre¬ 

ment. A proportional limit may be established below which the pres¬ 

sure settlement relationship is linear. 

If the same plate were loaded with a pulsating force with 

a variable frequency and the amplitude of the forced vibrations 

measured, a dynamic pressure settlement relationship could be established. 

Field studies of full size foundations indicate that experi¬ 

mental values of k are much larger than those obtained from computa¬ 

tions in which values of k^ were found from tests with plates or small 

[2] 
foundations and adjusted to the larger area. Other field tests 

show that the value of k for large foundations changes at a much lower 

rate than indicated by similar computations. 

A great amount of study has been done in attempting to esta¬ 

blish the relationships between plate area and shape and foundation 

area and shape, static and dynamic load curves, the magnitude of test 

loads and actual exciting forces and the general correlation of test 

and calculated results. According to an analogy introduced in 1867, 

the soil under a foundation can be replaced by a bed of equally spaced 

and equally compressible springs, each of which is independent of the 

other. This theory is now recognized as incomplete because k is inde¬ 

pendent of the size of the loaded area. In actual practice, when a 
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uniform pressure acts on a foundation 'the normal stress under it is 

distributed non-uniformly. The vertical stress distribution under 

a rigid foundation is smallest at the center. The stress values in¬ 

crease with distance from the center to a maximum at the edge. There¬ 

fore, k in this case depends not only on the properties of the soil 

but also on the size and shape of the foundation. 

Soil stress is distributed uniformly but soil deformation 

varies for perfectly flexible footing loaded by a uniform vertical 

pressure. k^ is usually taken as the ratio of the uniform pressure 

to the average value of the elastic deformation. 

The experimental value of k has been found to vary no more 

F2l 
than about jfo for a rigid versus flexible footings.1 J It has also 

been shown that for a constant area, k^ will increase with an in¬ 

crease in the ratio of the dimensions of the sides of a foundation. 

Another study indicates that k^ decreases with an increase in founda- 

[2] 
tion area. The same studies show, however, that calculated values 

of k^ decrease at a higher rate than those established experimentally. 

Studies of forced and free vibrations of large foundations suggest that 

the actual values of k^ are much larger than those obtained from com¬ 

putations in which the value of k^ found for foundations of small areas 

were adjusted for a larger area. This lack of correlation between 

theoretical and experimental data is thought to be due to the relation¬ 

ship of the elastic constants of a soil, particularily the modulus of 

rigidity, to the normal vertical pressure. The properties of a uni¬ 

form soil vary with depth and the level of the water table. Also, the 
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larger the contact area of a foundation becomes, a greater depth 

of soil is affected by the contact pressure and the influence of 

deeper soil areas on foundation deformation increases. 

The elastic constants for a soil vary not only according 

to the relationships discusses above, but also with the type of load 

transmitted to the soil. The coefficient k^ describing the results 

of uniform vertical loads on a flat plate is not equivalent to the 

coefficient kg resulting from tests on a flat rectangular plate acted 

upon by an external moment which tends to bend the plate with respect 

to a horizontal axis, kg is defined as the non-uniform vertical 

spring constant. It is analogous to k^ and can usually be accurately 

[2] 
computed after k^ has been determined experimentally. Tests show 

that kQ increases faster than k with an increase in the ratio of the 
o u 

length of the sides of a rectangular foundation. 

A foundation subjected to either a dynamic or static horizontal 

force will translate in the direction of the force. Its location rela¬ 

tive to its original position is dependent on the magnitude of the force 

at that time. Based on the same assumptions governing the elastic settle¬ 

ment of foundations there exists a linear relationship between a hori¬ 

zontal displacement and the average shearing stresses developed along 

the foundation base contact area. Therefore, the coefficient kT is 

defined as the shear spring constant. Tests show that, just as with 

[35] 
k and kfl, k is a function of the foundation area. However, un- u o T 

like k^ and kg, kT depends not only on the ratio of the lengths of the 
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sides of the foundation hut also on Poisson's ratio. It has also 

been established that kT increases for a given soil with an in¬ 

crease in the normal pressure. This verifies the conclusions of 

the previous disucssion on the relationship of Poisson's ratio 

and normal pressures and the deviation of soil properties from those 

of an ideal elastic model. Another example of this difference is 

the variation of kT with the time of application of a normal load. 

Immediately after the normal load is increased, k increases. The 
T 

rate of change decreases after a period of several hours and approaches 

a constant value. 

A foundation acted upon by a moment about a vertical axis 

will rotate about the axis. The angle of rotation cc is proportional 

to the moment. Therefore, a new term k^ is introduced which is de¬ 

fined as the non-uniform shear spring constant. Tests have shown that 

[2l 
k^. is larger than kT. 

The various soil spring constants can best be summarized 

by referring to Figure 3-1• 

From Figure 3-1: 
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The symbols in (3-2) 

K , 
x’ 

V ke 
X, y, z 

A 
c 

are defined as follows: 

Structure spring constant for the axis 

or plane indicated 

Unit area spring constants 

Translation along x, y, or z axis respectively 

Rotation about x, y, or z axis respectively 

Moment of inertia about axis or axes indi¬ 

cated 

Soil contact area 

Figure 3~1 Coordinate System For Soil Spring Constants 
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A mechanical vibratory system approaches a condition of 

resonance as the ratio of the frequency of the exciting force and 

the natural frequency approaches unity. Theoretically the amplitude 

approaches infinity at resonance. This condition of course does not 

occur in practice and the amplitude of vibration remains finite for 

all conditions. This deviation from theory occurs in the case of 

foundation systems because of the wave damping effect of soil and the 

dissipation of energy into heat. Under these conditions soil proper¬ 

ties deviate from those of an ideal elastic body. The reactions of 

a soil depends not only upon displacements of the foundation but al¬ 

so upon its velocity. Since the velocities of foundations are rela¬ 

tively low, the soil damping reactions are proportional to the first 

power of the velocity of vibration. This type of damping effect is 

known as viscous damping or viscous drag. Even if the damping is 

known not to be visous, approximating it as such often leads to a 

practical estimate of the behavior of the system. 

The damping effect of the soil decreases the natural fre¬ 

quencies of a foundation. For very small values of c, the damping 

constant, the influence of damping on the natural frequency may be 

neglected. However, the effect of damping for most well designed 

foundations is of some consequence even for small values of c. Soil 

damping reaction have considerable effect on free vibrations and on 

the amplitudes of forced vibrations approaching resonance. 

The determination of the damping properties of a material 

may be performed by observing the damping of free vibrations of sam- 
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pies, from the amplitudes of forced vibrations at resonance or from 

hystersis loops. The method involving the hysteresis loop is the 

[2] 
most commonly used for sails. 

The amount of energy absorption by soils has been found to 

[2] 
be a fairly stable characteristic. Experiments have shown that the 

damping capabilities for both sand and clay do not depend on the rate 

of load application or the frequency of changes in the load. It does 

depend on the size of the foundation area in contact with the soil, 

the foundation mass and the properties of the soil. The characteris¬ 

tics and shape of the foundation itself have the greatest influence 

[2] 
on the magnitude of the damping resistance. Some of the factors 

involved are hard to evaluate analytically. For example, it is known 

that amplitudes of vibration of a backfilled foundation at resonance 

are usually several times smaller than those of an exposed foundation. 

Backfilling increases the total area of the foundation surface which 

dissipates additional energy into the soil. Experience has also shown 

that the resonance amplitudes increase with an increase in normal static 

pressure on the foundation base and decrease with an increase in the 

foundation contact area. This indicates therefore that damping decreases 

with static pressure and increases with contact area. 

A basic assumption in the classical theory of vibration is 

that the elastic elements of a mechanical system possess no inertial 

properties and that the mass elements are rigid and can act only as 

inertia. These assumptions are unfortunately not valid for any but 

the most simple examples of the machine-foundation system. 

For this application the weight of the elastic soil springs 
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cannot "be neglected. A common approach to the problem assumes that 

the mass of the foundation is increased by an amount such that the 

mass of the equivalent system incluedes an effective mass of the 

[■35] 
soil participating in the motion. J This additional mass is called 

the "apparent mass" of the soil. In the equations of motion the mass 

t? tt / f S if* "m" is replaced by (m + m ) where m is the mass of the machine and 

g 
foundation and m is the apparent soil mass. The mass moments of iner¬ 

tia must also be modified to reflect the inertial properties of the 

apparent soil mass. This approach is used in the work that follows. 
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IV GENERAL METHOD OF VIBRATION ANALYSIS 

The basic matrix equation of motion for a discrete mass 

system is 

M q + C q + K q = F (k-l) 

where 

M is the mass matrix, m.. is the force or moment at i 
ij 

due to a unit acceleration at j. The subsequent analysis 

assumes M to be a diagonal matrix. 

C is the damping matrix, c.. 
i J 

i due to a unit velocity at j 

degrees of freedom being zero. 

is the generalized force at 

the velocity of all other 

K is the stiffness matrix, k. . = k.. is the force at i 
ij Ji 

due to a unit displacement at j, the displacement or rota¬ 

tion of all other degrees of freedom being zero. 

q is a vector or column matrix of displacement coordinates, 

q^ being the displacement of the i^*1 degree of freedom. 

F is a system of generalized forces corresponding to the 

coordinate system q. If F is a periodic force, it can be 

expanded into a Fourier series, the response obtained by the 

method of superposition. 

The following matrix nomenclature is used in the analysis 

that follows. An upper case letter denotes a matrix. A lower case 
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letter denotes a vector. D subscript denotes a diagonal matrix, 

t superscript denotes the transpose of a matrix. I is the unit 

matrix. 

For free motions without damping (4-l) is reduced to 

M q + K q = 0 (4-2) 

Periodic solutions to (4-2) are of the form 

iXt 
q = re (4-3) 

where r is a constant vector called the mode shape and X is a 

natural frequency. If (4-3) is substituted into (4-2) 

K r = A.2 M r (4-4) 

or 

[K - X2 M] r = 0 (4-5) 

Non-trivial solutions of (4-5) are possible only if the determi¬ 

nant 

| K - X2 M | = 0 (4-6) 

2 
For an n-degree-of-freedom system there are n values of X which 

are referred to as characteristic numbers, eigenvalues or natural 

frequencies. Corresponding to each such value X there exists a 

vector r1 referred to as an eigenvector, characteristic vector or 

mode shape which is determined within an arbitrary multiplicative 

constant. Since the eigenvalue problem determines only mode shapes, 

not actual amplitudes, it follows that any other vector proportional 

to r is essentially the same mode shape and that r may be scaled 
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so that 

[x^] ^ M x = 1 (*t-7) 

where 
i i 

x = r 
(MS) 

-\/[ri]t M: r* 

x1 is referred to as the normalized mode shape for the i^ natural 

frequency. 

An important property of the mode shapes is orthogonality 

2 2 
which is established as follows: Let 1. and 1. be two different 

i J 

eigenvalues and denote the corresponding normalized eigenvectors as 

and x^ respectively. (4-4) may then be written as 

K x1 - X.2 M x^O, K xj - X.2 M x^= 0(4-7 a,b) 
i J 

If the transpose of (4-7 a) is post multiplied by x^ these follows: 

[K X'*'] ^ X^ = ^2 [M X^] ^ x ^ (4-8) 

but since M = and K = , 

[x1] t K x'5 = K2 [x1] ^ M xj (4-9) 

Also, if (4-7 b) is premultiplied by the transpose of x1 

[x1] t K xj = X.2 [x1] t M x^ (4-10) 
J 

If (4-10) is subtracted from (4-9), then 

' (4.2 - X.2) [x1] t M x^ = 0 (4-11) 

Since ( X.2 - X.2 ) ^ 0, then v i J 

[x^ ] ^ M x^ = 0 , i 4 0 (4-12 a) 
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and if (4-12 a) and (4-9) are combined 

[x1] t K xj = 0 , i / j (4-12 b) 

(4-12) shows that the mode shapes are orthogonal through both 

the mass and stiffness matrices. This can be physically inter- 

preted as stating that the elastic or inertia forces of the I 

"bh 
mode do no net work in the displacements of the j mode. 

The modal matrix, X may be formed by putting together 

all the normalized column matrices so that 

X = [ x1 x2  x1   x11] (4-13) 

where the i^ column in X has the same elements as x^. 

It follows from (4-7) that if the modes are orthogonal 

through the mass matrix, then 

X t M X = I (4-l4) 

Mode orthogonality accounts for the off-diagonal elements being 

zero. 

By letting i = j in (4-10) 

[x1] t K x1 = X2. 

and analogous to (4-l4) 

X t K X = [ X2.] D 

(4-15) 

(4-16) 

The special case of (4-l) in which F is a single har- 

f 
monic function of time g having the frequency is now considered. 

f i“ t 
M q + Cq + Kq = g e f (4-17) 
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g^" is a force vector, g^\ being the force amplitude on the i^*1 

degree of freedom. 

The solution of (4-17) consists of steady state vibrations of fre¬ 

quency o) and transient vibrations of the natural frequencies of 

the system. Transient vibrations are usually disregarded in the 

analysis of machine-foundation systems and only the steady state 

condition is analyzed. The steady state solution of (4-17) will 

be of the form 

q = y e^f*" (4-l8) 

where y^ is the complex amplitude of the resulting damped vibration 

in the i degree of freedom. Substituting (4-l8) into (4-17) re¬ 

sults in 

K y - My + i iof C y = gf (4-19) 

The coordinates may be transformed to the undamped normal coordinate 

system by multiplying (4-19) by X*" and making the substitution 

y = X p (4-20) 

where p is a column matrix of displacement coordinates in the un¬ 

damped normal coordinate system. The result of substituting (4-20) 

into (4-19) is 

X* K X p - u>f 2 X* M X p + i u)f X
t C X p 

= X1^ / (4-21) 

Substituting (4-l4) and (4-l6) into (4-21) gives 
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[ X
2
 ] D p - cuf

2
 ip + i ID ^CXp 

= X* g
f (4-22) 

where C X is not necessarily diagonal. For small damping the 

mode shapes are not affected appreciably hy the addition of damping. 

X^ C X is usually assumed to be diagonal for machine foundation 

systems, which results in (4-22) becoming 

[ \2 - «>f
2 + i <of X

t C X ]D p = X* g
f (4-23) 

The left side of (4-23) is diagonal and the modes are uncoupled. 

The i^*1 mode shape corresponding to the natural frequency may 

now be found. 

r lit f 
p. = XxJ -S.    

1 Xi2 " ( fr1]* cii xl ) (4-24) 

A transformation back to the original coordinate system is made 

by using (4-20) 

. y a*1]* /) x1 L , 2 2 

1=1 l 
+ i io„([xi]t C.. xi) 

f' li ' 

(4-25) 

It follows that the solution of (4-l), therefore, is 

1-ii < i  ri——l 1 <^) 
e 1 V 

where it is assumed that F is a periodic force which has been ex¬ 

panded into a Fourier series consisting of h harmonic terms. 

(4-26) is the steady state solution for an n-degree-of-freedom dis¬ 

crete mass system which is subjected to an external periodic exciting 

force. 
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V EQUATIONS OF MOTION FOR MACHINE-FOUNDATION SYSTEMS 

Large reciprocating compressor foundations are normally 

built as massive solid concrete blocks doweled to a single mat or 

to a continuous mat supporting several machines. The horizontal 

dimensions of the block are controlled by the size of the machine. 

The top of the block and the base of the machine are usually about 

six inches above the operating floor or platform level. The soil 

characteristics or frost line determines the depth of the mat. The 

number and spacing of machines is determined by the operating require¬ 

ments . 

The differential equations describing the motion of a con¬ 

tinuous foundation mat supporting several machines result in an infinite 

number of natural frequencies and mode shapes. Most of the motions 

are so small that they may be disregarded. Other motions are almost 

identical so that some of the individual particles may be lumped into 

a single body. The degree of accuracy of such external parameters as 

soil properties, construction tolerances of the foundation and machines 

and variations in operating practices also make exact analyses imprac¬ 

tical . 

The mass and rigidity of a large compressor and its founda¬ 

tion block make it possible to assume that they move together as a 

single rigid body. For single machines, the mat dimensions are usually 

such that it may be assumed to be a part of the same rigid body. Where 

several machines are supported on a single continuous mat, the machine 
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block and a section of the mat may be lumped to form a single rigid 

body connected to adjacent bodies by weightless elastic springs. 

A common type of machine-foundation arrangement consisting 

of u machines mounted on solid concrete blocks and doweled to a 

common structural mat is shown in Figure 5-1* Based on the simpli¬ 

fying assumption discussed above, the machines foundation and soil 

may be considered as an elastic system of lumped masses that are sub¬ 

jected to arbitrary time varying forces. The matrix equation describ¬ 

ing the motion of the system is 

Mq+Cq + Kq = F (4-1) 

The equations of motion are based on a generalized coordinate system 

whose center for each mass coincides with the center of gravity of the 

combined mass of the machine, foundation and soil moving with the sys¬ 

tem. This coordinate system and the possible translations and rota¬ 

tions for each mass are shown in Figures 5-2 and 5-3* 

Mass Matrix 

Figure 5-2 shows the foundation system divided into Units 1, 

2, .. u. Each unit in the system consists of one machine and block, 

a portion of the mat and a portion of the soil below the mat. The total 

mass of each unit is lumped together and treated as a single rigid body 

whose motion can be described by a coordinate system located at the cen¬ 

ter of gravity of the unit. Each unit has six degrees of freedom. The 

entire system has 6 u degrees of freedom and requires 6 u simul¬ 

taneous equations to describe its motion. 
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Figure 5-1 Common Machine-Foundation Arrangement 
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Figure 5-2 Possible Modes of Vibration For A Foundation 

Figure 5-3 The Generalized Coordinate System 
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The system mass matrix will he made up of u 6x6 dia¬ 

gonal sub matrices corresponding to each unit as follows: 

M = 

m 

m 

m 

u 
m 

where, for this system 

m 

M 
0X 

0 

0 
0 
0 

M 
O3' 

0 

0 

0 

0 
0 

Mz oz 
0 

0 

0 
0 

0 

0 
0 

0 

Jv 0 
jv 

0 O*2 JV 

xy 

0 
0 

0 

0 

0 

MV is the mass of the v^*1 unit and Jv is the mass moment of inertia 

of the vth unit. 

Damping Matrix 

The damping matrix, C, contains as elements the soil con¬ 

stants for viscous damping of the system. Damping resistance from 

the elastic elements of the foundation are usually minor in comparison 

and are neglected. 

The equations of motion can be greatly simplified by assuming 

that the off diagonal elements of C are zero. This practice is usually 

followed for foundation calculations with a very small percentage of 

inaccuracy. 

The damping matrix will be of the same form as the mass matrix 

and will be made up of u 6x6 diagonal sub matrices. 
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c 

where, 

v 
c 

c1 2 
C V 

c 
u 

c 

cv o o o o o 
X 

0 Cv 0 0 0 0 
y v 

0 0 c 0 0 0 
z 

0 0 0 cV 0 0 

0 0 0 c/V 0 
xz V 

0 0 0 0 0 c 

Stiffness Matrix 

The stiffness matrix is calculated form the relation 

K = At S A (5-1) 

where A is the geometric compatability matrix and S is the 

member stiffness matrix. 

© © © 
il 11/ 
II 1 1 i ! 

a b c <L i   
'Z. u. <Z.U.+ I 

Figure 5-^ Foundation Member Designation 
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A system of u machines and blocks on a common mat is 

shown in Figure 5-4. The foundation is divided into 2 u + 1 

members. Starting at the left end, member a is a cantilever beam 

connected to the first block. It has six independent displace¬ 

ment coordinates which are referred to a coordinate system whose 

center is located' at the beam neutral axis at the face of the block. 

Member b is the width of the block and is assumed to be a rigid 

footing with a coordinate system with six displacement coordinates 

at the centroid of the soil contact area. Member c is a beam re¬ 

strained at the face of blocks 1 and 2. Member c has twelve dis¬ 

placement coordinates. The same pattern is repeated for each block 

"til 
up to the u block which is connected on the right side with another 

cantilever beam. 

The first step in setting up the stiffness matrix is to 

calculate the elements of the member stiffness matrix. The elements 

of S, s , s , s , .., are the individual member sub matrices. A mem- 
cl D C 

ber sub matrix is written for each member. Figure 5-5 shows the three 

different types of members to be considered. The sub matrix is square 

symmetrical matrix. The elements s. . in the j column are found by 

calculating the forces necessary to hold the member in a deformed state 

resulting from a unit deformation in the j coordinate, the deforma¬ 

tions in all other coordinates being zero. 

Formulas are derived to calculate the reactions which result 

from a unit displacement in each coordinate for the three separate types 

of members. This involves in each case a particular solution for the 

general equation of the elastic line of a beam of finite length on an 
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Figure 5-5> Three Typical Foundation Members 
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elastic foundation. 

The definition of the soil spring constant was given 

as 

(3-1) 

where p is the contact stress at any point under a foundation 

and z is the displacement at that point. The contact stress can 

he shear stress caused by horizontal or rotational displacements as 

well as direct stress caused by a vertical displacement. It can al¬ 

so be a tensile stress if the value is less than an initial compres¬ 

sion stress. The definition for k is analogous for each case. The 

units of k are pounds per square foot per foot of displacement or 

Figure 5-6 Small Section-Beam on an Elastic Foundation 

Figure 5-6 shows a small section of a beam on an elastic 

V 

foundation. The upward acting shearing force, V, is considered posi¬ 

tive as is the corresponding bending moment, M, acting clockwise on 

the left side of the element. Assuming that the forces on the section 



are in equilibrium, a summation of forces gives 

E F = V - (V + dV) + ky dx 
y 

0 

and 

dV 
dx 

ky (5-2) 

The total deflection, y, of the element is the sum of deflections due to 

both shearing deformations and bending deformations. 

y (5-3) 

where y^ denotes the contribution to the deflection of bending moments 

and yg denotes the contribution to the deflection of the shear defor¬ 

mations . 

The slope of the beam due to shear, denoted by y is 

y = — V Y AG (5-4) 

Where H is a factor which depends on the beam cross section, A 

is the cross sectional area of the beam and G is the shear modulus 

of elasticity. (5-4) may be rewritten as 

djr H_ dV 
dx AG dx 

Substituting (5-5) and (5-2) gives 

Sifts = = 
dx^ AG dx 2 

0 

Using the known relationships for beams in bending of 

.3 , .4 d-’y 

(5-5) 

(5-6) 
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and substituting it into (5-2) gives 

(5-8) 

Where E and I are the modulus of elasticity and moment of inertia 

respectively of the beam. 

Adding (5-8) and (5-5) gives 

0 

or 

Hk 
AG 

+ 

The general solution of (5-9) is 

0 (5-9) 

y C1K1 + C2K2 + C
3K3 +C^ 

(5-10) 

where K, 

K„ 

K, 

K. 

Cosh cv x Cos P x 

Cosh Qf x Sin P x 

Sinh O' x Cos P x 

Sinh o' x Sin P x 

a pr7 ET 
1 WL IAG 

pr-7 Hk 
■ 4AG 

and C^, Cg, C^ and C^ are constants of integration. 

The constants of integration can be determined in terras of 

the generalized end conditions of the beam. 
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Figure 5-7 Generalized Beam End Conditions 

The team in Figure 5-7 has teen subjected to an unknown 

set of loads such that the end conditions at x = 0 are y , 6 , 11 o o o 

and VQ . The integrations constants in (5-10) can te written in terms 

of the conditions at the left end of the team. Putting x = L in 

the new equation, the values for y^, 6^, and can te determined 

for the right end of the team. The result will te four general equa¬ 

tions with eight unknown end conditions. Two of these conditions are 

known for each end for every case teing investigated. There remains 

then four equations with four unknowns which can te solved simultaneously. 

This method can only te used for teams without intermediate loads be¬ 

tween supports. Its main advantage is the simple interpretation of the 
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integration constants and the systematic order in which they appear 

in the equations. 

The general slope, moment and shear expressions are 

6x 
djr _H 
dx " GA 

' EIHk 

_ GA 
& 
dx 

El ] 
Mx 

Vx 

EIHk 
-AG“y ‘ 

EIHk d£ 
AG dx 

El 
dx2 

El d3y 

dx' 

(5-11 a,b,c) 

The substitution of (5-10) into (5-ll) for x = 0, gives 

the general equation for the elastic line in terms of the conditions 

at the left end: 

Y = y T ^ ~ Q—— -—— ~] Sinh o' x Sin 3 x + y Cosh ci x Cos 3 x 
x °L2C*3AG 

J
 ° 

Q f Hk or - a3 GA + 3 » 32 GA “1 „ , Q 6   r  > Cosh Qr x Sin 3 
O L r\ fir* l n/fi3 L —J 

+ e 

2 AG (Q,
3
3 + 0^3) 

Q23AG-3Hk-33AG 
(5-12) 

, | 3 ^ p AG - P Hk - AG | „. , „ Q 1 ^ r 5  Sxnh O' x Cos 3 x 
0 1“ 2 AG (a 33 + or 3) -1 

+ To [ e ^ - EI A g; 3 e EIHAS - e3 Emsl siiih a x Cos p x 
2 El kdQT (a 33 + O'3 3) 

+ V f El A or - O' G2 A2 - o'3 El AG + 3 o' 32 El HAG~j Cosh a x Sin 3 x 

2 El A2G2 (O' 3
3 + a3 3) 

•J 

+ M 
° [l"o~ EI J Sinh * x Sin 3 X 
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The equations for slope, moment and shear are found by 

substituting (5-12) into (5-ll). 

SUMMARY OF DERIVATIONS 
General Equations 

yx “ Vo 
4- 

Vo * Vo + Vo 
e 

X Vo 
+ 

Vo + Vo + Vo 
II 

Vo 
+ R,„6 + R,.M + R.„V 

10 0 11 0 12 0 

11 E13yo 
+ R,,0 + R.J1 + R..rV 14 0 15 0 16 0 

(5-13 a,b,c,d) 

General Constants 

h s K1 + M4 

R2 = CK2 + nc3 

R3 = -mk 

R4 = JK2 + FK3 

R^ = (Bff - P + Qp-QR-VT + VBS) Kg 

+ (a'+BP-QQ,-QRP + VS + VBT) K3 

Rg = (C 3 + D Q- - QC P - QD or + VCT + VDS) ^ 

+ (CQ'-DB-QCa+QDP + VCS- VDT) 

R^ = (QN or - N or - VNS) K2 + (QN 3 - N P - VNT) K3 

RQ = (J3 + FQ
,
-QJP-QF

q' + VJT+ VFS) KX 

+ (JQ'-Ff3-QJQ’+QF 8 + VJS - VFT) K4 

R9 = (W - LU - LPB) K± + (WB + LP - LBU) 

R10 = (WC - LCU + LDP) Kg + (WD - LPC - LDU) K3 

E1± = (LPN) K± + (LNU - WN) K4 
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R = (WJ - UU + LFP) Kg + (WF - LJP - LFU) K^ 

R13 = (TO o' - W P + LT - LBS) Kg + (W Of + TO P - LS - LBT) K3 

Rl4 = (WC P + WD cv - LCT - LDS) K± + (WC ci - V/DC - I£S + LDT) 

R15 = (LNS - TO or) Kg -t (LNT - TO P) K3 

E g = (WJ S + WF Qf - LJT - LFS) + (WJ a - TO 3 - US + LFT) K^ 

K^ - Cosh ct x Cos P x 

Kg Cosh ct x Sin 3 x 

K3 Sinh a x Cos 3 x 

K,. = Sinh ci x Sin 3 x 

B 

D 

Constants for Shear and Bending Deformations 

Hk - ci2 GA + P2 GA T Hk - cr GA + P GA "1 
L 2 a p GA J 

f Hk or - o'3 GA + 3 P2 GA "1 
2 GA (a P3 + c.'3 P) 

f 3 a2 P GA - P Hk - P3 GA -i 
2 GA { a p3 + Q-

3
 P) J 

= [ 

■[ 

•( o' p-5 + O'*5 P) 

P GgA2 - El H^k P + R a2 P EIHGA - P2 EIHGA 

2 El G2 A2 (o' P3 + a?3 p) 

EIH^ or - car G2 A2 - o'3 EIHGA + 3 « P2 EIHGA 

2EIG2A2 (a P3 + Q^P) 

] 

■] 

1 i 2 o; p EI 
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G
2
A

2 

L = El V = 
EIH 
GA 

Constants for Bending Deformations Only 

B = 0 

C = 1 
2 a 

D = 1  

2 a’ 

U = 0 W = 0 Q = 0 

T = 2 a3 V = 0 L = El 

The general equations of (5-13) can now he applied to the problem 

of calculating the reactions which result from a unit deformation in 

each coordinate for the three separate types of members. This involves 

the substitution of a set of known end conditions into (5-I3) for the 

particular solution required to set up the stiffness sub matrix. The 

results of each solution are shown in Table 5-1 Summary of Beam Formulas. 

The unit displacements and rotations in (5—13) resulted in opposing 

flexural stresses and vertical shearing stresses. Additional equations 

are needed for unit rotations that cause the beam to twist and develop 

opposing torsional shearing stresses. 

F = 

J = 

N = 

4 El O'3 

-1 

4 El O'3 

1 
? 

O' = 

P 

S 

4 

= 2 

K 

JET 

cfi 

2 
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The "beam in Figure 5“8 is supported on an elastic founda¬ 

tion and is subjected to a concentrated torque TQ at the left end. 

3 

Figure 5-8 Torsion Beam on an Elastic Foundation 

The fundamental formula of torsion is 

T = -GJfi d6 6 sr (5-14) 

where G is the shear modulus of elasticity and JQ is a function 

of the cross sectional area which may he approximated hy Grashaf's 

formula for rectangular sections 

J 
b3 d3 

'0 
3.6 (b2 + d2) 

(5-15)' 

Conditions of equilibrium exist between the applied torque and an 

elastic resisting moment of the foundation. 

Figure 5-9 Torsional Beam Resisting Moment 
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In Figure 5-9 an element dA of the foundation area is in contact with 

the soil a distance c from the axis of rotation. The total resisting 

moment is 

p A o 
Mx = - 6 k J c dA = -Ski (5-16) 

where I is the moment of inertia of the foundation area in contact 

with the soil with respect to the axis of rotation. I for a rectangu- 

1)3 
lar area of unit width is . The change along the length of the 

beam in the applied torque will be due to the resistance of the founda¬ 

tion moment. 

dT 

dx 
= - Mx 

From (5-14) and (5-16) this gives 

GJ 
d 9 k 0 b- 

dx 
12 

The general solution of (5-18) is 

T 

and 

6=0 Cosh v x + —. Sinh v x 
x o GJv 

T = T Cosh v x - GJ v 9 Sinh v x X o o 

where v = kb' 

12GJ 

(5-17) 

(5-18) 

(5-19a) 

(5-19b) 

Torques resulting from a unit twist of restrained and unre¬ 

strained beams are calculated by substituting the proper boundary con¬ 

ditions into (5-19)* The results are shown in Table 5-1* 
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SUMMARY OP BLOCK FORMULAS 

C/>5£ COORD. DISPL. fcoT AXIOM ^OU.C£ MOM6.UT 

7 1 0 K Ac 0 

7 1 0 K kc 0 

7 1 0 K Ac 0 

0 1 0 KI* 

D 1 0 Kli- 

5 0 1 0 

Table 5-2 



- 56 - 

The member stiffness sub-matrix for each type of member 

can now be written. Consider member a in Figure 5-5, the canti¬ 

lever beam connected to the left side of the machine block. The mem¬ 

ber sub-matrix for member a is 

s 
a yz 

Fxz 

'xy 

x y z yz 

pj° 0 0 0 

0 v-J 0 0 

0 0 0 

0 0 0 T^ 

0 0
 ^ 0 

0 

xz xy 

0 0 

0 0 

k 

*4 0 

k 
0 

The superscript in the above matrix refers to the case number in 

Table 5-1• The subscript specifies either right or left reaction 

in the same table. P is an axial force, V is an end shear and 

M is an end moment. 

The sub matrices for members b and c are prepared in 

the same way. 

y 

yz 

Fxz 

F 
xy 

x 

V 
y 

0 

0 

0 

0 

y z 

0 0 

p7 0 

0 0 

0 0 

yz xz xy 

0 0 0 

0 0 0 

0 0 0 

0 M?0 
yz 

0 0 

0 0 M t8 
xy 

0 0 0 
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The sub-matrix s for member c •will be a 12 x 12 matrix 
c 

divided into left and right end unit deformations. 

xL 

yL 

'zL 

yzL 

xzL 

s = P T 
c xyL 

‘xR 

yR 

'zR 

yzR 

xzR 

xyR 

_*L 

~p10 
L 

0 

0 

0 

0 

0 

-4° 

0 

0 

0 

0 

0 

yL ZL. yR ZR yz
R 

XZR 

0 0 

4 0 

0 ^ 
0 0 

0 -M£ 

^ 0 

0 0 

~4 0 0 -4 

0 

0 

0 

0 

4°° 0 

o -v: 

o 

o 

o 

o 

o 

0 -T 

0 0 

0 0 

0 

4 
0 

0 

0 

0 

4 

0 

0 

0 

0 

0 

0 

0 

0 

0 
^ 0 

o -vi o -v,2 
'R R 

0 

0 

A 
0 -pj-0 0 u 

0 -T| 0 

4 0 0 

0 

0 

0 0 

4 0 

0 < 0 
R 

4 
0 

0 

0 

4 
0 

0 

0 

4 
0 

4 
0 

0 

0 

0 

0 

0 

4 
0 

0 

4 
0 

0 

0 

4 
0 

4 
0 

V1 
R 

0 

0 

0 

4 
0 

-4 
0 

0 

0 

4 
The unit displacements of the system and the deformations 

of the individual members are related through the geometry compata- 

bility matrix which must now be written to complete the stiffness 

matrix K. The system unit displacements are measured with respect 

to the coordinate systems originating at the center of gravity of 

each unit or rigid mass. The deformations are determined with respect 

to a set of coordinates corresponding to each member. The member 

coordinates and the three typical members are shown in Figure 5-5 • 



58 

• 

PT.C-^ 

y i. 
jpr.A (PKC- $to£) 

j 

"^PT. * 

b0 

Figure 5-10 Block Displacement Points 
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a. 

Figure 5-11 Block Displacement Geometry 
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c. 

Figure 5-11 Block Displacement Geometry- 

Unit displacements along the system X, Y and Z sixes -will 

result in equal smd parallel deformations at the Points A, B and C 

as shown in Figure 5-10* Rotations about the same axes, however, will 

cause coupled displacements and rotations at Points A, B and C. The 

geometry for rotations about the X, Y and Z axes are shown in Figure 

5-11. The geometry compatability matrix can now be written on the 

basis of Figures 5-9 and. 5-10* 
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X Y z YZ xz XY 

A 
X 1 0 0 0 Aa 

X 
Aa 

X 

A 
y 0 1 0 -A* 

y 
0 . a -A 

y 
A z 0 0 1 -A* z Aa 

z 0 

A 
yz 0 0 0 A* 

yz 
0 0 

A xz 0 0 0 0 Aa 

xz 0 

A yz 0 0 0 0 0 AC 

xy 

B 
X 1 0 0 0 0 

B 
y 0 1 0 0 0 

B z 0 0 1 < < 0 

B 
yz 0 0 0 B* 

yz 
0 0 

B xz 0 0 0 0 Ba 

xz 0 

B 
xy 0 0 0 0 0 1 

c 
X 1 0 0 0 

<£ 
-cc 

X 

C 
y 0 1 0 0 Cc 

y 
c z 0 0 1 < < 0 

yzc 0 0 0 Cb 

yz 
0 0 

xzC 0 0 0 0 ca 
xz 0 

xyC 0 0 0 0 0 
c»_ 

The above 18 x 6 matrix is a typical geometry compatability 

matrix for one unit. The elements in A refer to Figure 5-10• For 

example Ba refers to the displacement at Point B along the x axis 

as shown in Figure 5"Ha* 
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Force Matrix 

The element g^ in the force matrix is the component of 

"fch 

the sinusoidal exciting force system which acts on the i degree 

of freedom. Machine forces are usually received from the manufacturer 

in the form 
h 

F = Z Pf Cos ( orf + cpf) 

f=l 

from which they must be transferred to 

F - y % 
f = 1 

to be compatible with the general equations of motion. 

Displacement Matrix 

The element is the amplitude of the displacement in the 

i^*1 degree of freedom normally measured from the position of rest. 

The units of measure of the elements of q are both linear and angular. 

For this application q is used in the form 

 
1

 

"x 

y 

Displacements in 

feet or inches 
z 

yz Rotations in 

xz radians 

4 _xy_ 
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VI EXAMPLE OF DYNAMIC ANALYSIS 

The first step in analyzing a machine foundation is to 

assemble the information required from the machine manufacturer, 

soil data and the general information required for any engineering 

design or analysis. The following data is required. 

1. The operating speed and possible operating speed 

range of the machine. 

2. The magnitude, type, phase relationships and refer¬ 

ence point of application of the machine unbalanced 

forces. 

3. The machine certified foundation drawings showing 

the dimensions and static load distribution of the 

machine. 

4. The weight or mass of the machine, its mass moments 

of inertia and location of the center of gravity. 

5. Elevations, locations and a description of the sur¬ 

roundings at the foundation site. 

6. A laboratory report of the soil characteristics and 

properties. 

Figure 6-1 shows a typical single machine foundation. The 

following information is used for the analysis of the example system. 
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Machine Data 

Operating Speed 250 RPM 

Weight, pounds 1^9,987 

Mass Moments of Inertia Jm = 70,250 lb-ft-sec2 
yZ ' ' 

J™ = 210,000 lb-ft-sec2 
xz ’ 

J™ = 202,750 lb-ft-sec2 
xy ' 

The superscript m designates machine properties 

Unbalanced Forces, pounds and foot-pounds 

= 11,700 Cos (0 + 90°) 

FJJ = Zero 

I 

II 

= 50,700 Cos (0 + 90°) 

= 6,900 Cos 2 (0 + 90°) 

FJ = 17,900 Cos (0 90°) = 7^,200 Cos (6 + 90°) 

5,700 Cos 2(0 - 90°) = 27,600 Cos 2(0 - 45°) 

For this example the reference point for the force system is assumed 

to he the center of gravity of the machine. Also, the center of 

gravity of the machine coincides with the centroid of the top of 

the block area and no eccentricity exists in the static foundation 

loads. Although this assumption is commonly made it is not normally 

a true one. No special difficulties are presented by taking the ec¬ 

centricities into account except to increase the amount of calculations 

From the above data the analysis proceeds in the following 

steps: 

Step 1 Check the static soil stress 

From Figure 6-1 the combined weight of the machine and founda 

tion are calculated 



- 66 - 

Machine 

Block 

Mat 

23.0 x 10.0 x 7-5 x 150 

25.0 x 12.0 x 1.5 x 150 

Total Weight 

149,987 

258,750 

67,500 

Soil Stress = 476,237 

12.0 x 25.0 

476,237 lbs. 

= 1,587 lhs/ft2 

2 
The allowable static soil stress is 3,000 lbs/ft . A 

ratio of 1:2 for static soil stress is the common rule of thumb for 

foundations.subjected to dynamic loads. 

Step 2 Determine the soil constants 

The soil constant can be found by using Pauw's method if 

the weight and dimensions of the foundation are known along with basic 

[35] 
soil data. The procedure involves the use of several sets of curves 

for the soil spring constants and apparant mass factors. 

Pauw's method skips the step of finding the unit soil spring 

constants and gives the total spring force or moment for a unit displace¬ 

ment or rotation of the foundation. For this particular foundation the 

following elastic soil constants will be used. 

Kx = 19,056 kips/ft 

K = 19,056 kips/ft 
y 

K = 51,451 kips/ft 

C = 56,170 lb-sec/ft 
X 

C = 56,170 lb-sec/ft y 
C = 112,220 lb-sec/ft 
z ’ 

Kyz = 1,110,063 kip-ft 

Kxy = 1,379,081 kip-ft 

K = 921,905 kip-ft 

yz 84,160 lb-sec 

Cxz = 93,516 lb-sec 

C = 74,813 lb-sec 
xy ' > 
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Ms = 16,099 lb-sec /ft 

jJz = 349,778 lb-ft-sec
2 

JS = 62,787 lb-ft-sec2 

xz 

Is p 
xy = 369,693 lb-ft-sec 

In the soil data above the K*s are the soil spring constants, 

s s 
the C's the damping constants and M and J the soil mass and moment 

of inertia respectively. The above soil constants are defined with re¬ 

spect to a coordinate system whose center lies at the centroid of the 

mat contact area. 

Step 3 Determine the system center of gravity 

Weight 

Machine 149,987 

Block 258,750 

Mat 67,500 

Soil 

Mass z. Mz 

4,658 11.0 51,238 

8,036 5.25 42,189 

2,096 0.75 1,572 

16,099 0 0 

30,889 94,999 

94,999 lb-sec 

30,889 lb-sec'^/ft 

The center of gravity of the machine-foundation system is 3*1 feet 

above the base of the foundation. 

Step k Determine the system moments of inertia 

The mass moment of inertia for each element of the system 

must be determined with respect to its center of gravity and transferred 
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to the system center of gravity. It is convenient to take the sum¬ 

mation of the system mass moment of inertia with respect to the base 

of the foundation and transfer the sum to the center of gravity. 

J with respect to the Y axis (J ) 
xz 

Machine 

Block 

Mat 

Soil 

70,250 + 4,658 x 11.02 

8,036 [10.02 + 7.5^ 

12 

+ 8,036 x 5.252 

2,096 f 12.0S + 1.5S 

12 L J 

+ 2,096 x 0.75£ 

633,868 

326,112 

26,724 

62,787 
1 2 

J with respect to base = 1,049,491 lb-ft-sec 

Transfer J to the system center of gravity 3*1 feet a- 

bove the foundation base 

J = 1,049,491 - 30,889 x 3.1S = 752,648 lb-ft-sec2 

xz 

The moments of inertia with respect to the X and Z axes are calcu¬ 

lated the same way as J 
J xz 

The inertia parameters for the system are: 

M = 30,889 lb-sec2/ft 
X 

M = 30,889 lb-sec2/ft y 
M = 30,889 lb-sec2/ft 
z 

J = 1,550,721 lb-ft-sec2 

yx ' ’ 

J = 752,648 lb-ft-sec2 

XZ 

J = 1,128,028 lb-ft-sec2 

xy ' ’ 
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Step 5 Write the system mass matrix 

The mass matrix, M, may be written from the inertia 

parameters as follows: 

M 

30,889 0 0 

0 30,889 0 

0 0 30,889 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

1,550,7210 0 

0 726,648 0 

0 0 1,128,028 

Step 6 Write the system damping matrix 

C 

56,170 00000 

0 56,170 0000 

0 0 112,200 000 

0 0 0 84,160 0 0 

0 000 93,516 0 

0 0000 78,813 

It is assumed that the mode shapes are not affected appreciably 

by the addition of damping. In this case the off diagonal elements 

T 
of X C X can be neglected and C may be written as a diagonal 

matrix. 
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Step 7 Write the stiffness matrix for typical member b 

The member stiffness sub-matrix can be written directly 

from s^ in Chapter V and Table 5-2. s^ is a diagonal matrix com¬ 

posed of the structure spring constants which are listed under Step 2 

of this example. 

s 
b 

0 

0 

0 

0 

0 

0 0 0 0 0 

K 0 0 0 0 
y 

0 K 0 0 0 
z 

0 0 K 0 0 
yz 

0 0 0 K 0 
xz 

0 0 0 0 K 
xy 

The geometry compatability matrix can be written from the 

member b sub-matrix from A in Section V and Figure 5-H • It 

is apparent from A that deformations in three degrees of freedom are 

coupled for unit rotations about the X, Y and Z axes. A rotation 

about the X axis in the XY degree of freedom will be considered first. 

Refer to Figure 5-H and the deformations of Point B. Let (z^ - z^) = z 

for this example. Small angles are assumed. 
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Sin 6 
yz 

B* 

z 

B = Z 

Tan 6 = B 
yz ~ 1 

B* 

B = 0 

B 
yz 

6 =1 
yz 

Also, "by inspection 

B 

Ba = z 

Ba = 
xz 

Z 

0 

1 

The geometry compatability matrix A can now be written 

A 

1 0 0 0 Z 0 

0 1 0 -Z 0 0 

0 0 1 0 0 0 

0 0 0 1 0 0 

0 0 0 0 1 0 

0 0 0 0 0 1 
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K ASA = 

19,056 000 59,074 0 

0 19,056 0 -59,074 0 0 

0 0 51,451 000 

0 -59,074 0 1,293,191 0 0 

59,074 000 1,562,209 0 

0 000 0 921,905 

x 10- 

Step 8 Determine the eigenvalues and eigenvectors 

For free vibrations without damping the generalized equa¬ 

tions of motion are reduced to 

[ K - 1 M] r = 0 (4-5) 

Non-trivial solutions are possible only if 

| K - 42 M | = 0 

which leads to 

|:K-X
2 M I = 

K 
x x 

0 

0 

0 

ZK 

0 0 0 

K -X^M 0 -ZK 
y y y 

0 K -xSi 0 
z z 

ZK 
x 

0 

0 

-ZK 0 (K + )-X2J 0 
yz y" yz y 

0 

(4-6) 

0 

0 

0 

0 

0 

0 

0 (K + IT K)-ldJ v 0 
' XZ X xz 

0 0 K -XCJ 
xy xy 
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The eigenvalues and the modal matrix of normalized eigenvectors for 

this example are given below 

i 1 2 3 4 5 6 

X1 21 46 4l 23 32 29 

M 199 442 389 217 303 272 

X 

1 
X 

51-5 

2 
X 

0 
x^ 

0 
4 5 

X X 

0 39.5 

6 
X 

0 “ 

y 0 9.5 0 54.0 0 0 

z 0 0 56.8 0 0 0 

yz 0 -7.9 0 2.7 0 0 

xz 4.9 0 0 0 -8.4 0 

xy 0 0 0 0 0 9-4_ 

The units for X and 4' are radians per second and revolutions 

per minute respectively. 

Step 9 Determine the system forcing functions 

The system forcing functions must be in the form 

i(«)_ + (iJ) 
g e v f yfy 

F = -Fv 

z 

F = Fh 

X 

Mx = MV + y FV + z F1 

M = M1-zFh-xFV 

y 
M =..Mh + yFh-xF1 

z 

where 
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The center of the machine coordinate system is 7-9 feet in the z 

direction from the center of the coordinate system on which the equa¬ 

tions of motion are based. 

The system forcing functions for this problem are: 

FI - 
-11,700 e + 3-lM 

- 
17,900 a l(26'l6t ' 1-5T) 

*1
 

H
 *
 

1! 5,700 e - 3-14) 

* - 
50,700 e 4(2^.l6 + 1*57) 

6,900 a + 0'10> 

II -141,410 e 1<26-l6t - ^ 

II -45,030 a - 3-^) 

II -74,200 e 1^'1^ ^ 

II M
 

-27,600 e i(52.32t - 1-57) 

The total forcing function is 

X 0 17,900 

y 0 0 

z -11,700 ei(26.!6
t + 3.14)+ 0 

0 0 

xz 0 -l4l,4io 

xy 0 0 

i(26.l6t 
e v 1.57) F 
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0 0 

0 0 

0 0 

50,700 ei(26.l6t + 1.57) + 0 

0 0 

0 -7k,200 

gi(26.l6t) 

~ 5,700 “ 0 

0 0 

0 0 

0 ei(52.32t - 3-14) + 6,900 

-45,030 0 

0 0 

0 
- - 

0 

0 ei(52.32t - 1.57) 

0 

0 

-27,600 

ei(52.32t + 

Step 10 Determine the amplitudes of motion 

The steady state solution of the equations of motion 

M q + C q + K q g e 
i(tu t + 0) 

(4-2) 

is 
q. y e 

i(oj t + ) 

0.10) 
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Where y is a column matrix of unknown amplitudes 

M 

y 
/ iT \ i 

g) x 
% 2 2 , . / iT _ i \ A. _iu + i (u (x Cx) 

1=1 l v ' 

y will first be determined a general g matrix. The y's for i = 1 

are listed below. 

51-5 

yi=l 

yi=2 

51.5 g x +4.9 gxzJ 
0 
0 
o 

4.9 
L 0 J 

x 10 
-8 

44l - + 1.51 i <u 

0 

r 

L
T

\ 

9-5 g,. - 7.9 girv j 0 ( 
L y yxj 

-7-9 
0 

x 10" 

_ 0 _ 

2116 - UJ
C 

yi=3 
[56.8 g2 ] 

0 
0 

56.8 
0 
0 

.0 J 

x 10 -8 

1681 - ur + 3.62 i U> 

*uk " [5+0 gy + 2-T g^J 
1 

0 
54.0 
0 

2.7 
0 

L 0 J 

x 10 -8 

529 - IU
2
 + 1.64 i i u> 
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yi=5 
[ 39-5 6X - 8.4 gxz ] 

39-5 
0 

o 
o 

-8.4 
0_ 

x 10 
-8 

1024 - ur + 0.82 i u) 

yi=6 [ ] 
" 0 

0 
0 -t 
0 
0 

-9.4 _ 

x 10 

84l - ur + 0.06 i u) 

A phase difference exists "between the unbalanced resultant 

forces in the machine being analyzed. This produces in effect seven 

different forcing functions each acting independently whose response 

on the system must be considered separately. The frequency of any one 

or more than one may cause the response of the system to approach a 

state of resonance. Since the equations of motion are linear, the 

seven solutions may be superposed directly to give the complete solu¬ 

tion. 

An inspection of the y's and g's in this example shows 

that many of the elements are zero. This simplifies the calculations 

and reduces the amount of work considerably. 

The complete soultion is 

m 
V i(oj t + g = 2, y e ' f yf' 

f=l 

where m is the total number of separate forcing functions. 
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First, consider the function 

x 

y 

z 

yz 

xz 

xy 

0 

o 

-li,700 

o 

o 

o 

i(26.l6 t + 3.14) 

Sf-l = yl P1 + y2 P1 + y3 
F1 + y5 P1 + y6 + P1 - y3 pl 

Sf=l 

£(56.8) (-11,700) J 

0 
0 
56.8 
0 
0 
0 

, 0 in“8 i(26.l6 t 
x 12 x 10 e + 3#l4) 

1681-684 + 95 i 

S gf=1 
1 

997 + 95 i 

+ 95 i 

0.10 Radians 

r =7 (997)2 + (95)2 = 1002 

a + b i = 997 

9 = tan"1 ^22 = 

0 
0 

45,296 
0 
0 
0 

10 
-4 i(26.16 6 + 3.14) 
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& f=l 

1002 e 

0 

0 

-^5,296 
0 

0 

0 

(0.10)i 

i(26.16 t + 3.14) 

sf=l 

0 

0 

-45.2 

0 
0 

. 0 

3.(26.16 t + 3.04) 
Inches 

sf=l 

0 

0 

-45.2 

0 

0 

Cos (6 + 174°) 

Sf=2* ®f=3 * * * Sf=6 can calcula'te<3- in the same way. The total 

response of the system is shown on the following page. 
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X 0 IN. 66.75 
y 0 IN. 0 
z -45.20 IN 0 

yz 0 RAD. Cos (0 + 174°) + 0 
xz 0 RAD. 0.52 
xy _ 0 RAD. 0 

Cos (6 - 258°) 

+ 

263.39 0 
0 -3.18 
0 Cos (0 - 86°) + 0 
0 0.22 

-4.66 0 
0 0 

Cos (6 + 90°) 

+ 

0 0 
55.09 0 
0 0 

0.22 Cos (0 - 74°) + 0 
0 0 
0 -4.14 

Cos (0 + 0°) 

+ 

18.64 0 
0 1.00 
0 0 
0 Cos 2 (0 + 178°) + -0.07 

-0.28 0 
0 0 

Cos 2 (0 + 3°) 

0 0 
O.55 0 

0 0 
0 Cos 2 (0 - 86°) + 0 
0 0 
0 0.13 

Cos 2 (0 - 135°) 

The actual amplitudes in each degree of freedom for crank angles 

at 45° intervals are shown in Table 6-1. 
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AMPLITUDES VERSUS CRANK ANGLE 

CRANK DISPLACEMENTS 

INCHES 
DEGREES y, Y 

ROTATIONS 

DEGREES 
IZ XZ XI 

0 0.0023 0.0015 0.0045 0.0003 -O.OO35 -0.0233 

45 0.0145 0.0051 0.0035 0.0002 -0.0230 -0.0162 

90 0.0178 O.OO56 0.0005 -0.0001 -0.0278 -0.0002 

135 _ 

180 

O.OI36 0.0029 -0.0028 -0.0003 -0.0192 0.0125 

0.0014 -0.0015 -0.0045 -0.0004 0.0008 0.0225 

225 -0.0143 -0.0051 -0.0035 -0.0002 0.0228 0.0175 

270 -0.0214 -O.OO56 -0.0005 0.0001 0.0308 -0.0002 

| 315 | -0.0139 -0.0029 
1 '  

0.0028 -0.0003 0.0194 -0.0175 

Table 6-1 



- 82 - 

VII CONCLUSIONS AND RECOMMENDATIONS 

The method outlined in the preceeding sections for 

analyzing machine-foundation systems was developed for use with 

a digital computer. To use it for practical problems, a computer 

program must be prepared which will set up the matrices in the e- 

quations of motion, find the eigenvalues and eigenvectors and solve 

for the amplitudes of motion. A program of this type will enable 

a structural engineer with a limited background in machine dynamics 

and vibration theory to make a trial design and have its dynamic 

characteristics checked by the computer. This should eliminate one 

of the main problems of machine foundation design. 

The major limitation to any theoretical analysis of this 

type is the uncertainty of the soil data. Work in this field is 

still in the formative stage. The response of sand can be reason¬ 

ably predicted. Clay, however, being a more plastic and non-linear 

material is more difficult to evaluate. 

Probably the best practical approach to a system involving 

several elements and more than one machine when soil data is uncertain, 

is to calculate the undamped natural frequencies and compare them to 

the frequencies of the exciting forces. If the two are relatively 

close, one or more parameters such as stiffness, mass or soil contact 

area should be changed and the frequencies rechecked. Design soil 

values can be changed slightly several times and the problem rerun 

to check the effect of possible errors in the data. Experience has 
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shown that unless resonance is approached excessive vibration of 

continuous mat type foundations that cannot be corrected will 

rarely occur. 

The problem of analyzing machine foundations requires 

much more field research and observations of operating equipment 

as well as more theoretical development. Nevertheless, the writer 

believes that the analysis procedures developed in this thesis will 

be an improvement over present practices. 
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