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I. INTRODUCTION 

A. Cooperative Systems 

The difficulties encountered in any attempt to 

construct a molecular theory of some physical system de¬ 

pend, to a large extent, upon the degree of interaction 

among the constituent particles. Strictly speaking, all 

real thermodynamio systems are "cooperative", meaning that 

they are composed of partloles (molecules, atoms, ions, 

etc.) interacting in such a way that the state of a chosen 

particle cannot be defined independently of that of other 

particles. In quantum-mechanical language, we say that 

the state function of a cooperative system cannot be fac¬ 

tored into a product of state functions for the individual 

partloles and that it is not meaningful to regard the 

energy of the system as a sum of particle energies. How¬ 

ever, there are some real systems of Interest which may, 

to a good approximation under certain conditions, be re¬ 

garded as assemblies of independent particles. For such 

"ideal" systems* the statistical mechanical problem reduces 

to that of calculating averages over all states accessible 

to a single isolated particle. This problem of finding the 

thermodynamio state of an ideal system, when it entails 

calculation of the average state of a particle much more 

*The classification of systems as ideal or 
cooperative according to the degree of interaction is 
apparently due to Fowler (.13. 
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complex than the hydrogen atom, has proved to be embarrass¬ 

ingly intricate. Needless to say, the corresponding problem 
20 

for a cooperative system containing 10 molecules is truly 

formidable. It is not surprising that the methods of 

statistical mechanics have been much more fruitful in their 

application to ideal systems than to cooperative systems. 

It is only for ideal systems that experimentally observed 

behavior has been satisfactorily explained in terms of mole¬ 

cular interaction, with the exception of certain perfectly 

ordered crystals which may be regarded as systems of inde¬ 

pendent normal modes of vibration and of monatomic gases at 

sufficiently low densities. In no case has a rigorous 

molecular theory of a change of state of aggregation been 

developed. Because all real systems are cooperative in na¬ 

ture and because the study of cooperative systems requires 

consideration of so many challenging mathematical problems, 

the theoretical treatment of cooperative phenomena is one 

of the most important and attractive problems confronting 

the contemporary physicist.. 
t 

B. Critical Phenomena 

Probably the most conspicuous feature of the behavior 

of bulk matter is the occurence, under certain conditions, of 

abrupt changes in various physical properties. A general 

characteristic of these phenomena, which are known to be a 

consequence of the cooperative nature of the systems in which 

they occur, is the coexistence of two or more well-defined 

"phases,,at sufficiently low temperatures [2l. Throughout 
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this paper the word "phase** will be used in a generalized 

sense, explained by the sentences to follow. At least two 

different types of phenomena have been recognized depending 

upon the nature of the phases involved: (l)they may be, be¬ 

cause of different physical properties, macroscopically dis- 

tlnot samples of matter (the most common situation, an 

example being liquid-vapor equilibrium); or (ii)they may be 

interpenetrating superlattices (as in certain alloys). As 

the temperature of any of these systems is raised, the 

differences between the phases become less pronounced until 

finally, at a critical temperature, some of the phases be¬ 

come identical. Any equilibrium process which takes place in 

a multiphase system, or which results in the formation of two 

or more phases, is associated with the appearance of discon¬ 

tinuities or singularities In certain thermodynamic functions 

or with macroscopic fluctuations. Vie shall designate all 

such processes as critical phenomena, although this term is 

often used to refer only to those processes taking place in 

the immediate vicinity of the critical point. The theory of 

critical phenomena is of great interest from both the aca¬ 

demic and practical points of view. Indicative of the in¬ 

adequacy of present theories is the fact that a number of 

rather fundamental questions concerning phase equilibria 

remain to be answered by even a purely phenomenologloal 

theory [ 3,4]. 
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C. Models Exhibiting Critical Behavior 

In attempting to develop a theory of cooperative 

phenomena, the investigator has the choice of studying 

realistic, and therefore very complex, models of physical 

systems or of studying greatly simplified models which are 

more amenable to mathematical analysis. At the present 

level of understanding, it is probable that the information 

obtained from a mathematically rigorous treatment of a com¬ 

pletely fictitious idealized model is the more valuable, if 

for no other reason than that the simple model, once analyzed, 

may serve as a test case for the approximate methods which 

are to be brought to bear on a more realistic model. To 

date, five such models have been devised and their thermo¬ 

dynamic properties predicted by means of a rigorous argu¬ 

ment. In each case the existence of critical behavior was 

demonstrated. One of these systems is the Bose-Elnstein 

gas, which has been shown [5a] to exhibit a phase transition 

even when molecular Interaction is negligible. This "Einstein 

condensation" is a purely quantum-mechanical effect. Of the 

others, three are special cases of the system with whloh 

this thesis is chiefly concerned; these will be mentioned 

later. The remaining oase is that discussed by Mayer and 

others [5a] who have found that a realistic model of a non¬ 

ideal gas may be shown to undergo a condensation to a more 

dense phase for certain values of the thermodynamic para¬ 

meters. Mayer's theory enables one to give a very good de¬ 

scription of the vapor phase, but, solely because of the intro¬ 

duction of approximations made necessary by a mathematical 
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lmpasse [63, it fails to provide a description of the con¬ 

densed phase or of the neighborhood of the critical point. 

F^om time to time, systems which are much less 

complicated than Mayer's model have been proposed as models 

for a wide variety of real systems and their thermodynamic 

properties have been calculated to various degrees of 

approximation. Examples of such systems are the Islng model 

of ferro- or antiferromagnetism [73 and the "s-regular 

solution" as defined by Guggenheim [8al. These systems 

have been extensively studied for a number of reasons. First, 

they are unique among the cooperative models studied to date 

in that it has been found possible, by means of classical 

statistical mechanics, not only to predict the occurrence in 

them of phase changes but also to describe their behavior 

over the entire range of the thermodynamic parameters, in¬ 

cluding a two-phase region. A second reason is that even 

though they are simple enough to permit an exact analysis to 

be made for a few special oases, the models behave in a manner 

very suggestive of the real systems they are supposed to re¬ 

present. It is entirely possible that the behavior of models 

of this type may help to elucidate the nature of phase 

transitions in general. 

A large class of these systems, including the examples 

Just mentioned, have many essential features in common: they 

are all lattice structures made up of two different types of 

particles; and all exhibit critical behavior involving the 

ooexistenoe of two phases of different composition. Thus, as 
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several Investigators have pointed out [7,9]i they are very 

closely related to one another despite their diverse appli¬ 

cations. In fact, it may be shown to be both meaningful 

and convenient to regard all of these models as speoial 

cases of a more general system, which, for reasons to be 

given later, is appropriately called the “order-disorder 

(abbreviated o-d) model of cooperative systems". It is 

this general system which we wish to discuss here. This 

thesis does not furnish a detailed calculation of physical 

results nor is it intended to serve as a review of the 

theoretical investigations which have been made of the o-d 

model. Rather, it consists of some comments prompted by a 

study of the problem which was made in preparation for a 

more extensive study planned to include generalizations to 

multicomponent systems, more complicated intermolecular 

forces, etc. Its chief aim is to present the o-d model, in 

a form slightly more generalized than hitherto, from a uni¬ 

fied point of view. The thesis might also be regarded as a 

very brief summary of the present status of the o-d problem. 
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II. THE GENERAL ORDER-DISORDER SYSTEM 

A. Description of the Model 

We consider an assembly composed of (r+1) different 

kinds of particles, its composition and extent being speci¬ 

fied by the quantities N° N*, ... N, where NS is the number 

of s-type particles present. The words "particle" and 

“composition" are used in a generalized sense. If two par¬ 

ticles are different, it is because either they represent 

two different molecular species or because they are the 

same type of molecule but exist in different internal states; 

i.e., have different dipole orientations, rotational states, 

etc. Correspondingly, the "composition" may have its usual 

chemical meaning, or it may be a measure of the total polar¬ 

ization, etc. The exact physical significance of the par¬ 

ticles depends upon the particular application being made of 

the assembly. As an example, we may cite the use of our 

assembly as a model for a magnetic system. Magnetism is be¬ 

lieved to be the result of an interaction between the elec¬ 

tronic spins associated with the atoms making up the magnet. 

Accordingly, we might associate with each atom of the system 

a spin capable of existing in any of (r+1) different orienta¬ 

tions, and correspondingly, our model would contain (r+1) 

different particle types. If we assign to each spin orienta¬ 

tion s a magnetic moment ms, (|ms|=m), then the magnetization 

or total magnetic moment is determined by the "composition" 

through the relation r 

M = 
S = 0 
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The particles of our general model are distributed among the 

N sites of a rigid space lattice, there being one particle to 

a site so that Z_ N = N. Thus, the particle density is a 
5*0 

constant, and the volume V is fixed by N according to the 
relation 

V = 'X NJ 

where is the volume of a unit cell. 

The microstate of a system of given N is determined 

by the composition and the particular arrangement of the 

particles on the lattice. Only those states of the assembly 

in which each particle is situated exactly on a lattice site 

are accessible. As we shall see presently, this last. 

restriction seriously limits the usefulness of our assembly 

as a model for any real system. For a given composition, {Ns}, 
r s 

the assembly may exist in any of Nl/TTN! distinguishable arrays. 
*cO 

Thus, a total of 
' M N 

I • ■ • Z 
M°cO Nr* 

£ Ms = M 
s*o 

different microstates may be realized. The microstates are 

specified by the index V and a quantity referring to the 
N 

state V will be denoted by a subscript V ;l, 2, ... (r+1) . 

The state V can also be specified by a set of occupation 

variables, •••%.$ ...fN*»{%JVwhere is the number of 

type s particles occupying lattice site i (either 0 or 1). 

We assume that the force aoting between two particles, 

one of type s, the other of type t, is independent of the en¬ 

vironment of the pair and is a function only of the relative 

positions of the particles. Furthermore, in the discussions 

; N!/TTN
5! = (r+ \)H 

:0 

l 
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to follow, we 3hall confine our attention to assemblies of 

particles which Interact with central forces only. Thus, 

the energy of interaction of an s, t-palr is 

where is the position of the type t particle relative to 

that of the type s particle. In our assembly R;.j is the lattice 

vector from site i to site J. The potential energy of 

interparticle force of the assembly in the miorostate V may 

be expressed as a sum of these pair-potentials: 

M-l N r r 

u. = IIIIIJ; UsldRilU 
c. < j 4t0 t*0 J (1) 

= l 

We also postulate the existence of a uniform external force 

field with which the particles may interact. The energy of 

interaction of an s-type particle with this field is -h$, 

and the effect of the field is assumed to be independent of 

the particle's environment. The total energy of the assembly 

in the microstate nJ is 

E„ = Uv- Z Ml = Uv- Z Ns„(hs-hJ "M * (2) 
SSO S-l 

8. Statistical Mechanics of the Model 

Let Pvbe the normalized probability that the 

assembly is in the state V , having the energy Ev and the 

composition [ N*j. We assume that the probability distribution, 

{p^j, is canonical [lo], which means that the values of 

various thermodynamic properties determined by a macroscopic 
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measurement on the system may be Identified with averages 

of corresponding quantities over all microstates. Thus, 

E =£p E„ is the internal energy of the crystal and Ns = 
V y 

Z p Hy is its macroscopic composition. The fact that the 
V V 

probability distribution is canonical also implies that 

the entropy is given by S = -k £ P P, D-Ol > where k is 

the Boltzmann's constant. The quantity E, regarded as a 

function of the macroscopic extensive variables which are 

needed to specify the thermodynamic state of the system, 

is of fundamental importance. We have as the extensive 

- o - r 
parameters the quantities S, N, N, ... N , but, because 

of the constraint of constant particle density, the N* are 
— O 

not all Independent. Henceforth, we will recognize N as a 
-0 £-S 

dependent variable determined by the relation N = N -Z.N. 

We may take, then, as our fundamental thermodynamic equa- 

tion, __ 

E =? ECS,N, M', ‘ * • Nr) . (3) 

According to the second law of thermodynamics, this func¬ 

tion has a minimum value when the system is in thermodyna¬ 

mic equilibrium. We may use this fact, together with the 

statistical expressions for E, S and{N5jgiven above, to find 

the[pjcorresponding to the equilibrium macrostate. 

At equilibrium E has a stationary value so that 

= X £»/$?„ = 0 
t/ 

where E is any variation in which S, N, and^.Ns] are held 

constant. The restraining equations are 



-11- 

Z<ip„ = SO) = o 
V J 

Is = -kZ C i + ) 5 = -kZ =0 , 

and 
$N

3
 * 5 N! 8p = o , s= r. 

V 

We now use Lagrange's method of undetermined multipliers to 

express this equilibrium condition: 

SE = 0/k$) SS - Z v^SN* + (i/|i)q \ 2 Pv 
3= I N V 

= I { E.„ + kfc - £ +, N!„ + Wf)<jN Up, = o, 
U ,v S«l 

where 4*s ] » and q N are constants in terms of which the 

Lagrange multipliers are expressed. Because the variations 

in the pv are independent, the coefficients of each Sp^ 

must vanish so that r 
p„ = exf ^ 1J, - Ev} exp C-w 

In order to find the thermodynamic interpretation to 

be given the Lagrange multipliers w6 must oonsider a general 

differential of Ej i.e., a macroscopic infinitesimal process 

in which ^Nsj , S, and N change: 

tJE = | (p„dE.„ + Ev^P,) . 

From equation (2) we have, using the definition 

(P„ 5 -aUv/dA| 
that 

=-(h0 + @) * 
Using this equation and the value of E obtained from equa¬ 

tion (4), we obtain 

dE = OM)dS - (0 + W0)dN + I ^,dKis . 

9 - x<P„ p, / ' 
(5) 
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Equation (5) Is to be compared with the corresponding 

thermodynamic equation, 

d§ = TdS -PdV + X p^dn1* 4 Z ^dX*, 
k t 

(6) 

which is applicable to any macroscopic system. Here T is the 
t, 

absolute temperature, P is the pressure, n is the number of 

moles of the kth component, p^ls the chemical potential of 
i 

the kth component, the X are any other extensive parameters 

needed to complete the phenomenologioal description of the 

system, and cfy is the negative of the force resisting a 

change in X*". An example of a possible X^c^pair is the 

magnetic induction B and the magnetic field H, H*dB being 

the work done on the magnetic field associated with the 

system. If it is believed that the molecular structure of 

the thermodynamic system under consideration is such that 

the system can be adequately represented by the order-dis¬ 

order model, then the extensive parameters are interpreted 

statistically as being certain linear combinations of the 

{Nsj. Having adopted this interpretation, and remembering 

that V ** TN, we are able to express equation (6) in the form 

r — s 
di = TdS -FdN - Z Fs dtf , (7) 

S=l 

where P and [Pslare determined bylp^and As an example, 

consider a pure magnetic crystal for which S, V, n(the total 
-w 

number of moles), and B are suitable thermodynamic coordinates. 

Equation (7) for the system under consideration is 

dB = TdS - PdV + p-dn + H • dB . 
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If the system Is Isotropic, if the relation between H and 

B is linear, and if the geometry of the sample is such 

that H is uniform throughout the orystal, then B **301, 

where M is the total magnetic polarization (magnetization) 

and >€ is a constant. We have already seen how an order- 

disorder model of a magnetic system nay be envisioned. If 
r 

we postulate suoh a structure, we identify B with^Z msN , 
S~0 

V withTrN, and n with N. Furthermore, equation (2) implies 
- - £ 

that H*dB = -z. h dN , where hs 
5 -xH*m. Using these relations 

SCO 

we may write 

dE = TdS - (rP+k0-)OdM - 

which has the form of equation (7)» We will not go through 

the exact argument by which coefficients of the same 

differential in equations (5) and (6) are identified with 

each other, but such an interpretation should be plausible[10]. 

Following this procedure, we see that (.'|p)=»kT in all cases 

and that, for the example Just given, (P « 'tP-p., and ^ =hs- h0. 

The condition that the probabilities, as given by 

equation (V), are normalized gives us the following useful 

expression: 

expqN = H e*P ~ ^ 3 s i^N * 

is the grand partition function for the system of N sites, 

and qN is the corresponding thermodynamic potential, identical 

with Kramer's q-potential [5b]. For cases in which the par¬ 

ticles cannot change type, but must be removed or supplied 
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by an external reservoir, may be regarded as the usual 

grand partition function. If the different particles re¬ 

present different states of the same molecule, ^ls a 

petit partition function. For intermediate cases, corres¬ 

ponding to systems which are recognized as mixtures macro- 

scoplcally and whose particles may exist in several states, 

i^Nis the semi-grand partition function. 

We may obtain an expression for q., as a function of 

the macroscopic extensive parameters by substituting equation 

(4) into the expression E = Ip E: 

E = IP„E„= 2(!iN
s„-l>|M^Pi/+<gSf>,= ZtN’+OI^S-l'/pXU, 

S«l S* I 

or 

I ^sM
S + S/k-ft 

(9) 

We assume that our system is homogeneous on a macroscopic 

scale. By application of Euler's criterion for homogeneity 

to equation (5) we find that 

E = TS - C(? + h0)N +£ 4SN
$
 . 

S«l 

Upon substituting this expression into equation (7)» we 

obtain 

CjN*p((? + hjN „ (io) 

Familiar examples of the thermodynamic potential are the 

grand potential, PV/kT, and the negative of the reduced 

Helmholtz free energy, -A/kT. For our system, because of the 
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restriction of constant particle density, qN may not have a 

familiar physical meaning. Equation (8) is important be¬ 

cause it provides the most straight-forward approach to the 

solution of the statistical mechanical problem. Its great 

utility derives from the fact that the knowledge of qN = 

q^^l^sU enables one to determine any other thermodynamic 

function of interest. This fact may be ascertained by 

differentiating equation (9) and substituting for dE from 

equation (5). The result is 

= ZN5<U^s) +((P+W0)d
N“E:cl^ , 

Whence, 

N
S = ,t*s ; <Ua> 

1 = - . (lib) 

Needless to say, the evaluation of the partition 

function is a very difficult mathematical problem, and many 

approximation;methods have been devised. Later we shall 

briefly review some of the work which has been done on the 

o-d problem, giving particular attention to a recently de¬ 

veloped technique which appears to have a wide range of 

application and which includes several of the earlier 

approximations as special cases. But, in order to introduce 

a feeling for the physical content of the equations presented 

at that time, it is perhaps desirable that the specific appli¬ 

cations which have been made of the model be discussed in more 

detail. This will be done in the section to follow. 
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C. Application of the Model 

Naturally enough, the system we have described 

lends itself for use as a model of a crystalline solution. 

Let us seek to determine the conditions under which our 

model is suited to the purpose of describing a mixture of 

(r+1) distinct chemical substances. Obviously, such a de¬ 

scription is possible only if a lattice structure can be 

attributed to the mixture and only over that range of the 

thermodynamic variables in which the lattice symmetry and 

spacing are approximately constant. Furthermore, if all 

microstates are to have the same lattice structure, then 

it must be that the molecules all have about the same size. 

These conditions are never rigorously satisfied, but there 

are a number of systems of low compressibility which undergo 

transitions from one crystalline phase to another without 

appreciable change in the lattice; viz., certain substitu¬ 

tional solid solutions such as a 50-50-alloy of copper and 

gold. 

In real crystals the particles do not remain at rest 

in their equilibrium positions but move about them in vibra¬ 

tory motion with frequencies determined by the nature of the 

forces between them. Hence, the distance between an s-par- 

ticle vibrating about site i and a t-particle vibrating about 

site j is not, in general, the magnitude of the lattice vec¬ 

tor Ry but is \ R- + r^jl ,-rij = r• - , where r. and r. are 

the displacements of the particles from the equilibrium posi¬ 

tions. The interaction energy of the pair may be developed in 

a Taylor expansion about the equilibrium separation: 
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UsidRcj +^j!)* UstdRijl) + r[j •Vru.si (IR^- + rCj-1)]r =o+ ••• . 

Using this expression with equation (1), we obtain the 

following expression for the total interaction energy of 

the crystal having particles distributed among the unit 

cells according to [^jwith vibration amplitudes ; 

U =■ U(R) + U (R + W . 

Here U(R) is identical with Uv of equation (1) and 

U(R+r,s ff s^‘{ni-vrust(
|Rij + n,.i)]Vo ^ 

VrVr Ust 0^i+njl)]r„ 
y *J CO 

The statistics of the o-d system are so difficult to work 

out when lattice vibrations are taken into consideration 

that a really drastic simplifying assumption is almost in¬ 

variably made; namely, that U(R+r) is independent of 

Some preliminary investigations of this point have been 

made [ll], and the results indicate that a variation in the 

order and composition has a striking effect on the frequency 

spectra of the lattice vibrations. There vjould appear to be 

little Justification for making the assumption beyond that 

of expediency. If the thermal oscillations are Independent 

of configuration, then a term exp [_- £>U(R+r)] can be factored 

from each term of the grand partition function &Nso that 

Z. 

where is the partition function for the normal modes of 

vibration in a pure crystal of any one of the components. 
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Within this approximation the thermodynamic functions of 

the mixture are those of the representative o-d system 

plus the corresponding functions obtained by differ¬ 

entiating is the "configurational grand partition 

function", E is the "configurational energy", etc. 

If none of the particles interact with an externally 

Imposed field, equation (6) becomes 

d£ = dU = TdS - PdV + i Ks . 
5=0 

To express the fact that N° is a dependent variable and 

that V = 'TN we write 
r 

dU = TdS + CjJlo-'tP) dN 

which corresponds to equation (7)« Accordingly, we have 

(p s o anc* A’s = p"s_ * 

We see that P is not operationally defined for our system. 

This situation is analogous to that which arises when one 

considers systems containing ions or other charged particles 

which interact with an electric field. There, a unit 

charge is intimately associated with a given mass so that 

the total chemical potential is JJL = + where <fi is the 

energy of a particle as a result of the field interaction 

and ji is the ordinary chemical potential; only the combina¬ 

tion (<£ + p-) can be found from experiment. Similarly, in 
_i — r-i 

the o-d system, a change in volume at constant N , ... N , 

and Nr cannot ocour without a change in N or N0 . Conse¬ 

quently (dE/dV)Si;i
,
r.ar must have the properties of a chemical 

potential. One may occasionally find a real system which is 

so slightly compressible that the jis are very large, causing 
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an experiment designed to measure them to be impractical. 

Such a system would, in effect, be one of constant par¬ 

ticle density. 

The foregoing considerations have been applied not 

only to substitutional alloys but also to certain liquid 

mixtures whose composition can be varied over a wide range 

with a negligible change in volume. The motive for treating 

a liquid as if its molecules were arranged on a lattice is 

that x-ray diffraction studies have shown that each molecule 

in a liquid is surrounded by a fairly well-defined average 

number of nearest neighbor molecules in such a way that the 

immediate environment of a molecule is, on the average, much 

like that in a crystal. The assumption of equation (12) is 

also made for these "quasi-crystalline" lattice structures. 

The vibrational partition function has a meaning analogous 

to that for the true lattice structures and is usually 
_ jg 

written £w = U where u is the "free volume" of a molecule 

in any cell [12]. 

A great deal of attention has been given to "regular 

solutions" l8al which are binary mixtures of the type Just 

described with the additional condition that only Interactions 

between nearest neighbors need to be taken into account. 

This condition is probably the least stringent of any im¬ 

posed. It certainly excludes electrostatic or other long- 

range forces, but it is a good approximation for crystals 

in which the forces are very short-ranged or in which the 

Interaction between like and unlike particles differs only 
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lf the two particles are nearest neighbors, as is true 

when the difference in Interaction arises primarily from 

the repulsive forces; l.e., when it depends on the rela¬ 

tive particle "size1*. 

We have already seen how the o-d assembly can be 

used as a model for a spin system. Of course, the approx¬ 

imation embodied in equation (12) must be made for these 

systems also. One example of this type of system which has 

been thoroughly investigated is the Ising model of ferro¬ 

magnetism [?]• It is of considerable historical Interest 

beoause the o-d system was first discussed in terms of it. 

The Ising model is binary: each spin may be aligned either 

parallel (s=l) or anti-parallel (s=0) to the magnetic field 

H. Here, too, it is postulated that only particles on 

nearest neighbor lattice sites interaot, the interaction 

energy being £J for an anti-parallel pair and -£j for a 

parallel pair. The energy of interaction with the field 

is -H*m(N - M° ) « -iH(N*- H° ) so that = -h0= H/4. 

Prom the example of the preceding sections we see that 

(P - TP-p, avid 4) = H iL 

and that, according to equation (9), q^is essentially the 

negative of the reduced Helmholtz free energy, i.e., 

^-(KA + HNM) . 

Other important spin systems are the infinite component 

"oontinuum" models Ll6]. In these the set of occupation 

variables j.5*jis continuous rather than discrete so that 

the sum over states in equation (8) is replaced by an integral 
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with the result that the mathematics Is greatly simplified. 

The general continuum model is one of those mentioned in the 

introduction for which a rigorous theory has been developed. 

Becently interest has been renewed in a model of a 

condensable gas which was first Introduced by Cernusohi and 

Eyrlng In 1939 [.133 * The o-d system is made compressible by 

the Identification of the particles of types 1 through r as 

material partloles ("gas'' molecules) while the type 0 par¬ 

ticle is designated as a "hole", meaning that a lattice site 

oooupied by a type 0 particle is vacant. Accordingly, the 

are the usual chemical potentials (assuming that there is 

no external field Interaction), <P is simply Pt; ^ is the 

conventional grand partition function; and qN is J3 PV. The 

molar volume of the lattice gas is 

\/='r/(X| + ,'-+Xr)=:'^/CI“Xt>) (13) 

where 

Yang and Lee [6]have shown how the results of the exact 

solution of the two-dimensional Ising model in a vanishing 

magnetic field may be applied to the two-dimensional binary 

lattice gas (corresponding to a pure real gas) having nearest 

neighbor interactions only. The theory of cooperative pheno¬ 

mena based on this model is only one of several "hole theories" 

of matter which have been developed. Rowlinson and Curtis 

have discussed these theories in some detail. Here again we 

substitute a lattice for the continuum of space. However, 

the feature of variable material particle density suggests 
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that somehow it might be possible to take into aooount 

lattice vibrations by determining the behavior of the 

lattice gas in the limit of vanishingly small lattice 

parameters. Kikuchi 15b suggests that the limiting 

process be carried out by successive superposition of 

Interpenetrating sublattices in such a way that the ori¬ 

ginal lattice symmetry is preserved while the number of 

sites made available to a molecule continually Increases. 

In this way he is able to solve exactly the problem of a 

one-dimensional fluid. It is felt that the lattice gas 

model, modified in some manner to Improve the working 

hypothesis expressed by equation (12), will come to play 

an important role in the development of a theory of co¬ 

operative phenomena. 

It has been generally recognized that all of the 

physical problems mentioned above can be transformed to a 

standard mathematical form, but each investigator has been 

concerned with a particular application of the o-d system 

and has couched his report in a language desoriptlve of the 

physical system whose behavior he hopes to desoribe. In 

particular, the terminology appropriate to the Islng model 

has been used in many important papers dealing with o-d 

phenomena. In some cases, as in the study of an alloy for 

example, one is Interested in the thermodynamic behavior of 

the system under conditions of constant composition. On the 

other hand, in the study of a system, such as the Islng 

model, whose composition cannot be varied arbitrarily by 
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external agencies, it is the constant behavior which is 

of most interest. Consequently, the mathematical equivalence 

of the various problems is sometimes obscured, and it has 

not always been made perfectly clear how the results of one 

investigation can be applied to the o-d system in another 

of its aspects. However, it should be realized that 

essentially the differences between the various models de¬ 

scribed in this section are merely differences in terminology. 

Depending on the nature of the Interparticle forces, 

we can distinguish between Wo types of binary systems: 

those in which a nearest neighbor pair of like molecules 

has a lower potential energy than an unlike pair, so that 

there is a tendency for the system to come unmixed at lower 

temperatures, and systems which exhibit the opposite ten¬ 

dency so that, as the temperature is decreased, the number 

of unlike nearest neighbor pairs increases. Exoept where an 

exact solution is possible, it has been found necessary to 

treat these tv?o classes of the o-d model by entirely different 

methods. For multicomponent systems the classification is, 

of course, much more complicated, both kinds of behavior 

being possible in the same system. 

Finally, we should mention the argument, often ex¬ 

pressed, that, even at best, the models are rather poor 

approximations and that the most sensible point of view is 

to regard the general o-d system, described in section 1IA, 

as simply a more or less artificial example of an assembly 

of interacting particles for which attempts to predict and 
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describe critical behavior within, the formalism of 

classical statistical mechanics have met with success. 

Whether or not there should be a deemphasis of the physi¬ 

cal significance attached to the results of a study of 

the o-d system, we can be sure that any comparison of 

those results with experiment is premature. 

In the past, attention has been confined almost 

entirely to binary nearest neighbor systems. A nearest 

neighbor o-d system is one in which the pair-potentials 

are given by 

^ f #> if He; < I 
U(|RJ) - if 2aM# 

* 
J to if Bc- >1) 

being the smallest lattice spacing; a is defined by 

5 ^ lf H*';< l 
aJ = < k If B;:» { 

l 0 if Hij-> i (14) 

The primitive unit cell of a three-dimensional nearest 

neighbor system is defined by a set of three non-ooplanar 

vectors, all having a length i and having directions such 

that each site has z sites surrounding it at a distance I . 

Any remarks made here which are not of general validity 

refer to the nearest neighbor system; in many oases the 

extension to systems having longer-range interactions will 

be obvious. At this point we shall derive an expression 

for of a nearest neighbor o-d system. This expression 

will be useful in the next section and an explanation of 

the physical significance of the parameters appearing in 



it will serve to summarize this section. First, we observe 

that is not an independent set because the relations 

; i =0, ... N, must be satisfied. We make use of 
S=o 
this fact to express the sum 

which appears in equation (l), in an alternative form. 

Substituting =1- we obtain 

ZfS'SjVst = Zl\\/„+ ZZ fj (Vjt - Vs$) 
s t i s St4S J 

= 2 Is; viS + 22 ul cv$t -V,.) + 5* 5j CV,1 - v«)}, 

where xve have assumed central forces in writing vst =vfc. We 

now sum this expression over all pairs of lattice sites to 

obtain 0 (we have dropped the index >>)• 

We have changed Indices on the coefficients of (vJt~ vJS), 

which is seen to be permissible from the fact that 

“ “ '• - ‘ 1 J aV;S| 
;=i i=i 

2 2 *Ci «s
; ! I Sj = 

i-i i‘i 

where oT is the number of s, t nearest neighbor pairs. It is 

also true that M 

2 a‘J * i z 
0=0 

th 
Therefore, the energy of the V microstate due to particle 

interaction is r-1 r 
I i % M!.VS5 + "2. *L ^ Jst 
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where 

Jst = ZVst " (Vss+Vtt) , (16) 

With the aid of equations (3), (9), and (15)> we may write 

the partition function in the form 

where the "activity" ys is defined as 

ys = exp p [^ + Us-lio-HC\/ss-Voo)/^5 y g 

and oi £exp ^» (ho" ZVeo/2 ) « 

For a binary regular solution y,5/= exp - 

"E (V„-V0o)/2]jand Jel=J = 2v0|-vflo-v() . If J is positive, then one 

or both of the symmetric pair energies are less than vol and 

if one is greater, it must be less than twice as great. 

This means that like particles will tend to congregate to¬ 

gether in systems characterized by a positive J suggesting 

that a separation into two phases might occur at a suffi¬ 

ciently low temperature. Systems having a negative J will 

exhibit the opposite behavior, each particle tending to 

surround itself with unlike particles resulting in the 

formation of a superlattice structure as will be explained 

later. J is the parameter called the "interchange energy" 

in the literature of regular solutions. It is so called be¬ 

cause the interchange of a type 0 molecule surrounded by 
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type 1 molecules with a type 1 molecule surrounded by 

type 0 molecules Increases the energy of the crystal by 

the amount 2 J. 

For the Ising model y = exp(pH) and J Is four 

times the ooupling constant for an anti-parallel spin 

pair; ot-exp ^(?J/2-H)/4. In this case a positive J 

characterizes a system which shows a tendency to orientate 

all its spins in one direction, becoming magnetized; i.e., 

which behaves as a ferromagnet. A negative J implies a 

tendency to form a spin superlattice as in an antl-ferro- 

magnet. 

For a binary lattice gas, y = exp (p.+ zJ/2), and 

J=-vu; probably only positive J systems are of interest in 

this application. At low enough temperatures one might 

expect an unmixing of holes and molecules (condensation) 

to occur. 

It has become common practice in discussing any 

o-d system to use the terms “ferromagnetic" and J'siitlferro- 

magnetic" in reference to the positive and negative J oases, 

respectively. 
I 
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III. SOLUTION OF THE ORDER-DISORDER PROBLEM 

A. Preliminary Considerations 

A superficial study of certain features of the 

o-d model is enough to lead one to anticipate the 

occurrence of critical phenomena and gives one some in¬ 

sight into the nature of the phases involved. Ideas 

gained in this way serve as a valuable guide in any attempt 

to solve the o-d problem. For this reason we shall make 

a qualitative examination of the binary o-d system before 

entering upon a discussion of the work which has been 

done on the problem. 

If the energy of interaction of a pair of nearest 

neighbor particles were Independent of the particle types 

(J=0) then the average configuration of the assembly would 

be a random distribution of the particles over the lattice 

sites. Such systems are called "ideal mixtures". The con¬ 

figurational energy of ideal mixtures is a constant inde¬ 

pendent of temperature and composition, and they could not 

be expected to exhibit critical behavior. In general, how¬ 

ever, the several kinds of particle pairs differ in poten- 
i 

tial energy so that the occupation state of any site is 

correlated with that of other sites. Thus, the a priori 

probability that a particular site is occupied by a type 1 

particle is simply N'/Njbut, once the occupation state of 

the given site is specified, one knows that the probability 

that another site, a finite distance away, has the same 
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occupation state is either greater than or less than the 

a priori value, depending on the sign of the interchange 

energy. The magnitude of these correlation probabilities 

is a measure of what may be called the degree of order of 

a particular configuration. 

This marked tendency for the particles to arrange 

themselves into an organized pattern - to form ordered 

structures - has important macroscopic consequences. The 

average values of correlation probabilities are.well de¬ 

fined macroscopic quantities which can be determined, for 

instance, from measurements made on the macroscopic fluc¬ 

tuations which may occur to an appreciable extent in the 

diffuse background of x-ray diffraction patterns when the 

distribution of nearest- and next-nearest neighbor pairs 

is non-random*. 

Equation (4) shows that as the temperature Increases 

the relative probabilities of the higher energy states in¬ 

crease until, at very high temperatures (ji^O), all micro- 

states are weighted equally. In this situation, the corre¬ 

lation probabilities have their a priori values - the 

crystal is completely disordered. Furthermore, at very low 

temperatures, we know that the system will be in its lowest 

possible energy state and that this state is one of perfect 

*Many different scattering processes contribute to 
the diffuse background, making the experimental determination 
of local order parameters very difficult. An interesting 
account of such an analysis may be found in reference £17}. 
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order, i.e., all correlation probabilities will be either 

1 or 0. In the ferromagnetic case the system would be 

expected to exist in two pure phases at the absolute zero 

of temperature, each phase serving as a particle reservoir 

for the other. In the anti-ferromagnetic case, on the 

other hand, the system would be expected to exist in a 

single highly ordered phase wherein each particle surrounds 

Itself as much as possible with particles of the other type. 

The strength of any correlation, then, should be a mono- 

tonioally decreasing function of temperature. 

In describing the o-d system, we must distinguish 

between the "microscopic lattice" which we have been using 

to help define the various miorostates which are accessible 

to the system, and the "macroscopic" or "crystallographic 

lattice" which specifies the periodicity and symmetry of the 

average state, as revealed, for example, by x-ray diffraction 

studies. As an illustration, consider a binary anti-ferro¬ 

magnetic system which is constrained to have the composition 

x=| at all temperatures and which crystallizes on a body- 

centered cubic lattice at a sufficiently high temperature. 

In the state of perfect order the same system will have a 

simple oublc lattice with the same lattioe spacing as the 

disordered crystal as'shown in figure 1. Systems of this 

type are termed superlattice structures; and the Bragg re¬ 

flections whioh are absent from the x-ray diffraction pattern 

of the disordered structure but which appear in the pattern 

of the ordered structure are called superlattice lines. 
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Fiaure. 1 
Unit Czll of & So-So Binary ^n^O^crroyviaLCjne.'tvc O-d Sysf^m 

Body - centered Cubic Microscopic. Lattice. 

Zero Lovx^-r&r^c. Order 

X-V&y ScaHerCncj Center* 

.* Scalers as if So®/° -type I 

l Sc**tt<rs as >f >Soy« fypfc l 

O : Scat-Hfrs as if < 5o& +>/pc I 

It Is characteristic of an anti-ferromagnetic system that 

its lattice may be regarded as a set of interpenetrating 

sublattices such that each sublattice is occupied by only 

one kind of particle in the perfectly ordered state.* In 

our example these interpenetrating sublattioes are simple 

cubic. These considerations lead us to the Important con¬ 

cept of long-range order, which is determined by the extent 

to which the ordering influence of a finite configuration 

of particles reaches to sites which are a great (strictly 

*There are combinations of r (the number of com¬ 
position variables) and lattice geometry for which the 
lattice sites cannot be grouped into sublattices in this 
way. An example is a binary system on the triangular 
net. 
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infinite) distance away. A suitable long-range order 

parameter for the type of anti-ferromagnetic system dis¬ 

cussed abovd is the quantity 

penetrating sublattices ( and (i ) which are occupied by 

type 1 particles. 

of long-range order is effected increases with increasing 

disorder. For example, an ordered nearest neighbor pair of 

particles should be a much more effective ordering influence 

than a disordered pair. According to equation (4), the 

degree of disorder increases with temperature as the prob¬ 

abilities of the higher energy (disordered) states increase. 

Therefore, as we raise the temperature of an ordered system, 

not only does the configurational entropy increase S—kfJLp^,), 

but also the heat capacity CM, LcM = T(dS/dT)N]. We are 

thus led to look for a sharp rise in the heat capacity versus 

temperature curve, possibly followed by a rapid drop when 

there is little disordering left to be done. In other 

words, a "positive feedback" operates during a disordering 

process, causing the potential energy rise necessary for a 

given temperature rise to increase with temperature. Another 

reason for expecting abrupt changes to occur as the temperature 

(19) 

6*and Spare the fractions of the sites of the two inter¬ 

It is apparent that the ease with which a disruption 
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is raised from absolute zero Is that sometime during the 

process there must take place a transition from one lattice 

symmetry to another, unless some long-range order persists 

to Infinite temperature. Symmetry elements are either 

present or absent and such ohanges are necessarily abrupt. 

Parameters such as *j , the macroscopic long-range 

order and the averages of the finite correlation probabll^ 

ltles, are important variables whose role in thermodynamics 

Is somewhat vague. These quasi-thermodynamlc variables 

are peculiar in that conjugate forces by which they could 

be controlled freely evidently do not exist. They do not 

seem to appear explicitly in the fundamental equation (3)? 

B. Application of the Statistical Mechanical Theory of 
Critical Phenomena to the Order-Disorder Model 

Having anticipated the existence of o-d transitions, 

we wish now to inquire into the manner in which such critical 

behavior is revealed through a statistical mechanical ana¬ 

lysis. Yang and Lee L6], in two important papers, have 

shown how a knowledge of the function-theoretical properties 

of the grand partition function, considered as a function 

of the activity y, reveals the existence and nature of the 

type (i) phase transitions which were defined in the in¬ 

troduction. They were able to apply their theory to the 

binary o-d system and to obtain the interesting result to 

be presented in this section. 

The general grand partition function for a single 

component system is defined as 
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(20) 

where N Is the number of particles in a fixed volume N, M(V) 

is the largest number of particles that can fit in V, and 

Q^V) is the canonical or petit partition function defined as 

QMCV) (21) 

where U is the potential energy of the N particles and d'tj 

is the volume element of the Jth particle. It will be ob¬ 

served that Ly) is a polynomial in y of degree M and, 
as such, it has continuous derivatives 3 Ly]^, j^v is; . 

also a smooth function of p> for any y. Clearly a finite 

system will not undergo perfectly sharp transitions according 

to equation (11). However, a macroscopic system is suffi- 
to 

olently large (N of the order 10 ) that its behavior is 

essentially that of the system in the limit of Infinite N. 

In this limit the density of the thermodynamic potential is 

given by 

Cl 5 Lim C'/v) 
V-*<* (22) 

In the grand canonical ensemble the particle density is 

given by 

p=L* yfn£vl'$''Cy>]p . <23) 
\J-9 0° ' 
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Yang and Lee proved that if U Is the sum of pair poten¬ 

tials u such that 

f + DO voV\en T(.j < a < ^ 
Uv,j i o IMU«VV rCj. > jj , 

and is finite elsewhere, then the following statements 

are true. The thermodynamic potential q and all of its 

derivatives are smooth raonotonlcally increasing functions 

of y in any region of the complex y-plane which is free 

of the roots of the equation =0. At a toot of this 

equation the derivatives may have discontinuities cor¬ 

responding to the existence of type (i) phase transitions; 

however, q is always continuous, although not necessarily 

smooth at a root. We know that the are all positive, 

which means that cannot have positive real roots, again 

showing that phase transitions are strictly impossible for 

finite systems. However, for infinite systems the roots 

may approach arbitrarily close to the real axis. For 

values of y at which they do so, one may find that p is 

unequal to the corresponding average <!p> obtained by differ¬ 

entiating for a finite value of V . 

Equations (20) and (21) are applicable to the bi¬ 

nary o-d model because it actually has only one independent 

composition variable, namely, the number of type 1 particles. 

Henceforth, we shall designate this quantity by the symbol 

n which is less clumsy than N1. If in equation (20) we 

replace N by n and V and M by N, we obtain the grand parti¬ 

tion function for the o-d model: 
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& =04" Z ynQ„ n 

The activity and the constant OC are defined by equations 

(18). Reference to equation (1?) shows Qnto be given by 

Qn(w)a z Jl(rt;n,JOe"’?J'Ar 6 (24) 
jf 

Here (n,-^) is the number of ways of arranging N particles 

when there are n type 1 particles and ^ unlike nearest- 

neighbor pairs. Corresponding to equations (23) and (11a) 

we have the expression 

X = Urn (n/M) = Oq/^y)p . 

A knowledge of the distribution of the roots of 

in the complex y-plane is obviously very desirable from the 

standpoint of predicting critical phenomena. Yang and Lee 

have also shown that this information can be used to de¬ 

termine the various correlations between the occupation 

states of the sites. Unfortunately the problem has not yet 

been solved for two- and three-dimensional systems. However, 

Yang and Lee were able to demonstrate one important feature 

of the distribution through a comparison of with the 

polynomial 

(?«x r.y1' 
lt*0 

in which the are formed from any set of real numbers , 

\Xa-b-\0 » ln tlie f°llowing manner: 
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pk = Dci CM-U)]] 

M-W w 
ZTTTT Xa;b, 

where a, ,...a^, b,,.. . bw.kls any permutation of the first 

N integers and the summation is over all such permutations. 

It is easy to verify that P, BP. , . It was discovered that k M*lf 

the roots of the equation 

<P- o 
are all on the unit cirole about the origin. That the 

distribution of the roots of is the same as that of (P 

may be easily demonstrated for the ferromagnetic case. 

We need only to note that 

gMSdN(i +y [CXaX,s"'Xw) + CXtiXii-Xx*) + 

+ CXNtXNl*** XN,N*»)] + •'* 3* * 

Here x^ is the Boltzmann factor corresponding to the inter¬ 

action energy of a type 1 particle on site i and a type 0 

particle on site j : - 

X{j — s ^ ^ \ J ^ 0 5 

where a’’J is defined by equation (14). This very useful re¬ 

sult shows that only one type (i) transition is possible in 

ferromagnetic systems and that, if such a transition does 

ooour, the critical activity will have the value unity. 

Thus, it is not necessarily true that . It 

is easy to show that outside of the possible two-phase region, 

X]^ kt regardless of temperature. First we note that in¬ 

terchanging the number of type 1 and type 0 particles in a 

configuration does not effect vA/*, therefore (Ny n,-*0 = 

Jl(N,N-n,^T) and Q« = QN-VV Having established this fact, 
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we proceed to evaluate (X)J'y-, : 

SMOT
nM <X>]v=1 - 2 ' 1 n*o 

r N N 
= — 12. n Qv\ + 2 m ^v*' 1 

2 tneo m-0 -* * 

If we chancre the index of the second sura to n=N-m and use 
M 

the fact that Q«=Qti-yi we obtain for 2. 1 1 ^ V\-o 

i[ I »Q» 4 1 mQ^l = \ [ l»Qv> 4 I CN-n)<3«l 
4 ^so n=o J 4 nto n-M 

=r ^ 2 N Qv\ 
4 Y\ s O 

= $„ c*"" N/2 •, 

and 

<X>]V=1 = \ 

Unit activity implies a zero magnetic field (equation (18)) 

for the Ising model, so that the Ising model in a vanishing 

magnetic field presents the same problem as the regular 

solution having a fixed overall composition of x«£. We 

know nothing about the distribution of roots in the y-plane 

for the antiferromagnetic case, but on the basis of our 

earlier considerations we should not expect to find a 

situation in which the roots close in upon the positive 

real axis. However, we were led to look for critical 

thermal behavior associated with the onset of a long-range 

order. A simple statistical argument has been often in¬ 

voked [8b, 18] to show how the behavior of simple anti- 

ferromagnetic systems of the type previously described may 

be obtained in terms of the behavior of a ferromagnetic 
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system when the activity of both systems Is held at the 

constant value 1. In the following version of this argu¬ 

ment we show how the customary restriction that v„+v +2v.“ 

4v0, -J =0 (as in the Ising model) may be avoided. 

C. Relation Between Ferro- and Antlferromagnetio 
Systems at Unit Aotlvlty 

Consider any o-d system on a lattice made up of two 

interpenetrating sublattices. As before, let 9* be the 

fraction of type 1 particles (O) on the oi sublattloe and 

be the fraction of type 1 particles on the p sublattloe. 

The overall mole fraction is then x^iH G^+Op). The degree 

of long-range order is specified by the parameter /] defined 

by equation (19)« For each configuration of the o-d system 

having a degree of long-range order fj , a composition x, and 

a number *AT of unsymmetrlcal nearest neighbor pairs, there 

is another configuration, obtained by changing the occupation 

states of every o(-site, which has a composition &(l-r)), long- 

range order (l-2x), and number of unsymmetrlcal nearest 

neighbor pairs §zN-W*. Reference should be made to figure 2. 

Figure 2 
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VJe define the quantity 

where co (is the number of configurations which have a 

long-range order rj and-^ unsymmetric&l pairs. It is clear 

that there exists a one to one correspondence between con¬ 

figurations related in this manner; therefore, we may write 

$ow consider two systems, identical except that for one 

J=j and for the other J=-j. 

-2 

^i-zx C-J) = e Qn(j) (25) 

If vie sum equation (25) over all compositions (all values of 

the long-range order parameter), we obtain the grand partition 

functions 

(26) 

The macroscopic long-range order is the averageiof rj over 

all configurations : 

<V-j 

and, using equations (25) and (26), 

<i>.j Z<i-woQntp = i-2xcj). (27) 
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Equation (26) shows that the difference between the thermal 

properties (energy, heat capacity, etc.) of two systems of 

this type, which differ only with respect to the sign of 

the Interchange energy, is a smooth function of temperature 

when both systems have the activity 1. It has been found, 

as expected, that antiferromagnetic systems do not have 

type (i) transitions. Therefore, for them x is always 

equal to =§. Equation (2?) shows, then, that is 

always zero for the ferromagnetic system corresponding to 

the antiferromagnetic system which is constrained to have 

the composition x=^. Equation (27) also shows that nega¬ 

tive J systems which form the simple superlattice structures 

previously described undergo type (il) transitions, involving 

the appearance or disappearance of long-range order, where 

the corresponding ferromagnetic systems separate into two 

phases. 

D. Methods of Solution 

As we have seen, the fundamental problem is the 

evaluation of q as a function of (i and y. Consider re¬ 

written in the form 

jp - £ Z e*p Ct-tt'VV] . (28) 
^ E Y\ 

The statistical weight (degeneracy) XL (E,n) denotes the 

number of states consistent with given values of n and E. 

In practice one rarely actually attempts to find the limit q, 
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but rather to find the largest term of the sum in 

equation (28) corresponding to a very large value of N, 

regarding this quantity as a good approximation to q. 

That this conventional procedure is justified may be veri¬ 

fied mathematically and the reasonableness of thus lnter- 
* 

preting SL (E,n), which is the degeneracy of the maximum 

term, as exp(S/k) may be ascertained from an examination 

of the equation (28). As shown by equation (15) the energy 

of any configuration of a nearest neighbor system is com¬ 

pletely determined by the composition and the number of 

unsymmetrical nearest neighbor pairs; therefore, the 

mathematical problem to be solved is the determination 
* 

of the combinatory factor -ft (n,J\f) defined in equation (24). 

Knowing this function, one may find the values of n and -V", 

interpreted as and(Mf), for which 

has a maximum value. 

Three basic methods have been brought to bear on 

this problem. Probably the method most often used is the 

maximalization of the thermodynamic potential with respect 

to various macroscopic variables {.5k ] , the problem being 

the determination of the number , of mlcroststes con¬ 

sistent with the given set of macro-variables. If one is 

discussing negative J systems, it is natural to use as one 

of the macro-variables a long-range order parameter such as 

(y\). The earliest and simplest theory of this type was that 
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of Bragg and Williams \l9, 5c] , in which ou (r},n) was 

approximated by the simple expression for the number of 

ways of arranging G^and 0p type 1 particles on the oi. 

and (2. sublattices respectively. Also, the assumption 

was made that the energy was proportional to . Thus, 

all finite ranged correlations were ignored. It has been 

shown [20] that the method is exaot for an o-d system in 

which the particles Interact with forces which are inde¬ 

pendent of distance. 

Of course, the finite ranged correlations must 

also be taken into account, particularly the correlations 

between nearest neighbors. The strength of the various 

correlations can be specified by the "distribution num¬ 

bers", which may be defined as follows. In the lattice 

we can distinguish various "figures” characterized by a 

definite shape and number of sites. A square net, for 

example, contains, besides the individual sites, nearest 

neighbor and next-nearest neighbor pairs, squares, square 

clusters of four squares each, etc. Each site may be 

occupied in (r-v-l) different ways and the more complex 

figures also exist in several different "configurations" 

or occupation states. As an example, a nearest neighbor 

pair may have any of four configurations, denoted graph¬ 

ically by 0-0 , x-X , o—X , and X-o . The last two 

occupation states are said to be equivalent because they 

differ by a symmetry operation only, and either of them is 

said to have a "multiplioity" of two. The figures are 
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indexed with a superscript which is chosen to be the 

number of sites in the figure when there is no danger of 

ambiguity. The number of type m figures per lattice cite 

is x™. The multiplicity of the configuration 1 of the 

figure m is X?. The distribution number p1? is the 

fraction of the type m figures which are occupied in the 

maimer 1; in other words, the number of type m figures 

per lattice site having the configuration i is />>7P7^ * 

The satisfy the normalization conditions 

The set ip? |for some figure n completely determines the 

distribution numbers for all figures which have a fewer 

number of sites. Thus, the probability x= pj, that a given 

site of a binary system is occupied by a type 1 particle 

is simply the sum of the probability that that site is part 

of a nearest neighbor pair having both sites occupied by 

type 1 particles and the probability that it is occupied 

by a type 1 particle while at the same time it is a nearest 

neighbor of a site occupied by a type 0 particle. 

Here p^=vAf/zM, and is the number of X-X pairs. 

Similar "consistency relations" hold for all subfigures of 

any figure. Quite often the p* are used to define order 

parameters which have the value unity in the perfectly 

ordered state and which may be scaled to vanish at Infinite 
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/ 

temperature. An example of such a parameter, which is 

often used in the description of binary o-d systems con¬ 

strained to have the composition X , is the short-range 

order 0" ,defined as 

2P2. -2KI-X) 
O' =  1J  

2(P*)o-2Xt'~X) 

where ( ^)Qls the value of p* in the perfectly ordered 

state. The usual oholoe for the variables [5^ is one or 

more variables such as the p^ , either with or without the 

long-range order parameter^). 

The theory was advanced when Bethe \_19l and Fowler 

and Guggenheim I.5cl developed independent methods, later 

shown to be mathematically equivalent, which took into 

account the distribution of nearest neighbor pairs. The 

essential feature of the method of Fowler and Guggenheim 

(the quasi-chemical method) is the assumption that ^(W,^fn) 

is proportional to the total number of ways that zN/2 

entitles can be divided into four groups of four different 

kinds of pairs: 

60 (Jf, , n ) = K (v)) 
(*Np* /I) I UNp*/2)! u NPV2) J 2 

(30) 

Obviously this expression is not exact because nearest 

neighbor pairs are correlated - the occupation state of a 

certain pair of sites is easily seen to limit the possible 

occupation states of the other pairs which share a site with 



-46- 

the first pair, so that tve cannot treat the pairs as Inde¬ 

pendent entities. The type of approximation embodied in. 

equation (30) Is inherent in all of the methods of this 

general type. At the end of this section we will return 

to this basic method when we discuss in some detail the 

pseudo-assembly method. ’ 

The second basic method consists of a rigorous 

expansion of the partition function in an infinite series. 

The first such treatment was that of Kirkwood [21^ , who 

showed the nature of the assumptions made in the earlier 

theories by developing the theory on a rigorous statistical 

mechanical basis. These expansions have been effected in 

many different ways. They are all useful only at very low 

or very high temperatures and converge very slowly at inter¬ 

mediate temperatures. Despite their slow convergence and 

the difficult nature of the calculations involved, these 

series are valuable in that they provide a means for testing 

the accuracy of the various closed-form approximate theories 

at high and low temperatures. These methods have been 

extensively reviewed [?, 8, 9» ill • 

All of the approximations mentioned up to now pre¬ 

dict a discontinuity in the specific heat at a certain 

temperature (the Curie point), and they were at first con¬ 

sidered fairly satisfactory. The first attempt at obtaining 

exact Information as to the position and nature of the 

singularity was made by Kramers and Wannier [22J. Their 

work, together with that of Montroll [23]» and Lassettre and 
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and Howe \.24] has shown that the statistical treatment of 

the binary o-d systems can in principle be reduced to the 

solution of the eigenvalue problem of a certain matrix. 

In considering the problem of the two-dimensional ferro- 

raagnet in the absence of a magnetic field, Kramers and 

VJannier were able to show that if the assumption that the 

crystal has only one point of singular behavior was made 

the exact value of the critical temperature could be given. 

They also asserted that the heat capacity very likely had a 

logarithmic infinity rather than a discontinuity. We have 

already seen that only one oritioal point is possible and 

that, therefore, the critical point was correctly determined 

by Kramers and Wannier. Their conjectures were completely 

confirmed by Onsager [2$\ when, using group theoretical 

methods, he obtained an exact solution to the problem for 

the square net. Since then a large number of articles 

have appeared which apply the matrix formalism to the de¬ 

termination of the exact partition function of the various 

two-dimensional Ising models for the case of zero magnetic 

field. The most important of these is the revision of 

Onsager's work in terms of spinor analysis by Kaufman [261. 

These results verified the conclusions reached earlier with 

regard to the nature of the transitions and the relation 

between the ferro- and antiferromagnetic oases. However, the 

findings showed that the various approximations which have 

been previously employed were appreciably wrong as regards 

the looatlon and nature of the Curie point. One of the great 
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advantages of the matrix method is that it not only enables 

one to find the usual thermodynamic properties but also to 

study the propagation of order throughout the lattice. This 

is because the characteristic veotors are related to the 

probability of finding various configurations of particles 

in the lattice. Asfakin and Lamb [27] and Kaufman and 

Onsager (28} have discussed in a very Interesting and 

thorough manner the correlation probabilities obtained by 

matrix methods. To date the matrix method has failed to 

provide solutions to the two-dimensional problem for values 

of y other than unity and to the three-dimensional problem 

under any conditions whatever. For this reason the various 

approximation methods are still very much in vogue. Prob¬ 

ably the recently developed pseudo-assembly method is the 

most valuable, and we will conclude this section with a 

discussion of its salient features. 

As previously explained we may approximate the thermo¬ 

dynamic potential by 

q co tp’jl + £4, p*s- o/Nipe tpi j • (3D 

As mentioned in reference to the quasi-chemical method, 

methemetleal difficulties prevent us from taking into acoount 

the correlations existing between small groups of particles 

and more distant sites, so that we are forced to approximate 

\ wl^h \ which is calculated under the assumption 

that the different configurations of the figure n are inde¬ 

pendent entities. Sven this factor cannot be calculated 
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exaotly. Klkuchl and Kurata ejb al (l5a,c3 suggested that 

the combinatorial factor be evaluated through the appli¬ 

cation of a correction factor to the expression which 

gives the number of distinguishable configurations possible 

in an assembly of xn N independent figures n distributed 

according to the distribution numbers The assumption 

is that the ratio of the correct value of to the 

number of arrangements of the assembly of xn N basic figures 

is the same as the ratio of the number of arrangements 

possible for an assembly of a''"xn N independent figures k 

to the number of arrangements possible for an assembly of 

amnx" N Independent figures m. awn is the number of m 

figures contained in an n figure. This reasoning is re¬ 

peated until the various assemblies have been analyzed in 

terms of independent lattice sites. The exact nature of 

this approximation is somewhat ambiguous, although the mo¬ 

tivation is clearly explained \l5o\ • Hljmans and deBoer 

in a series of five papers ^.291 have put the pseudo-assembly 

method on a much better basis by showing that the approxima¬ 

tions connected with the assumption of various basic figures 

very likely do form a logical set of successive approxima¬ 

tions which improve as the size of the basic figure increases. 

Their elegant formulation of Klkuchl*s method enables one 

to quickly write the equations which express the conditions 

for maximum q. They derived general expressions for the 

combinatorial factor and the energy in terms of the distri¬ 

bution numbers for the basic figure and for the sub-figures 
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formed by the overlap of the basic figure or of other over¬ 

lap sub-figures: 

Elp'J = N f ym ^ . 

£7 energy of the figure m when occupied In the 
% 

1 ^ manner 1. For example, = -h- and » (V0, -h,-h0). 

The y"1 are solutions of the equations (expressed In matrix 
form) =LXM^. 

For Instance, when the basic figure Is a nearest neighbor 

pair, y* and y2are found as follows: 

y!-wy* = 1 

y* =2/2 
Y = 1-2 

Because of the oonslstenoy and normalization relations, the 

do not form an independent set. Hijmans and deBoer 

show how such a set may be systematically chosen. Usually 

a convenient set consists of the distribution numbers for 

all those figures which have no sites occupied in the manner 

0, called wunoccupied". The independent variables are given 

in terms of the distribution numbers by the equations 

Here bk^ is the number of ways in which the ocoupled sub¬ 

figure k can be included in the sites ocoupled in oonfigura 

tlon 1 of the figure m. The matrix \\b*^jt \\ has some very 

interesting properties; its inverse IIB *^11 is easily formed 
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by changing the sign of the element b"1. whenever the 

difference of the number of sites in the figures 1 and k 

is odd* In this way we are able to express the distri¬ 

bution numbers in terms of the Independent variables: 

(33) 

Substitution of equations (32) and (33) into equation (31) 

gives the following expression for q : 

°[ * 9 \ \ P7 C-87 + JL P'7 ) ; 

^ where is calculated in the same way as £ except 

that (h0-h^- 4;) is substituted for -h^. q must now be max- 

imallzed with respect to the variables The maximaliza¬ 

tion is easily carried out with the aid of the identities 

-^= srf +^P
M

;U,BT|1< 

= 2 2 ymc^ +UP
m

;nltBT,u = o, (34) 
W\ t 

where we have used % B^
5
0. This identity may be verified 

by substituting equation (33) into equation (32): 

>k 

from which it follows that ^b^B1^ = For the particular 
i 

1
 • * 

case k=0 we have that 2 bo,i = 28*^ = • The equilibrium 

value of q may be simplified as follows. 
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q = q- Z S k ~ ^ N/M B"1, }, r *n . . 
“ ” k*o k w> i k sl<- ^ ^ ^Vt ^ (, -V L ) 

* w? f*0 ^ ^ HV. X *>k ($'3 -v Li p*? ) , 

Hijmans and deBoer make the following transformations 

B 
x\ 

<4m
k = "ft P”! "*,k and rfk • ex p ? B?jk0” (35) 

and 

The equilibrium relations given by equation (34) and q are 

easily obtained in terras of the ^^(as 

The consistency and normalization relations are expressed in 

terms of the ^^by means of the "sums over configurations", 

= 2 *7 TT
bJ,c o 

\as 

=i 
(36a) 

(36b) 

The consistency relations are 

X — = X dl*  
XI 'Z^'l Xk 

The normalization conditions are 

^2* 

, every k. 

I 
, every m* 

(37a) 

(37b) 

The use of these equations is outlined in the next section. 
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IV. ILLUSTRATION OP THE APPLICATION OP THE PSEUDO-ASSEMBLE 
METHOD 

» 

A. Binary Systems 

As an illustration of the pseudo-assembly method 

we will outline the solution of the binary nearest neighbor 

system, using the nearest neighbor pair as the basic figure. 

The notation is explained in Table I. With Hijmans and deBoer 
TaUe x 

we choose as independent variables the distribution numbers 

for the fully occupied figures: 

$. = P! = * 
wi 

The B-matrices are easily obtained: 

r i r "\ r 

r "1 r N r -N Po 
i -i 1 i 

Pi Xo 
= 

1 -1 l 
n O 1 -2 

p! 
» % 

X 0 1 
\ A p$ 0 O 1 

L. • L J 

Substituting the B*w in equation (35)» we arrive at the 

and^"i! 

V0 = X„ | 

q>j = P', /p'„ = X/X. , *)', = ejcp-p(4>+ 

/?'* -* > I*. ' V. eyP 

sets 
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According to equation (36) the equilibrium conditions are 

These equations, together with the consistency and normali¬ 

zation relations (equation (37))» enable us to obtain the 

thermodynamic potential and the composition in terms of the 

variable Cp together with an expression for ip in terms of 

activity and temperature. These working equations are 

y were previously Introduced (equation (18)). Equation (39) 

may be written in the form 

and the thermodynamic potential is 

<\ * U-J)/UXo-"! lL,y]\ + P Vi0. 

and 
w [Xo/lH ci+^)2/2 ], 

Xo * G+v?) /Cl+ 2cp + Kcpz) 

(■39) 

C4o) 
where 

The parameter P will be recognized as an activity; o4 and 

F CKjTj 4>) =• l + 

It is our task to solve this polynomial for , for various 

values of T and K ((3), in order to obtain q(K,r). It is 

entirely possible, of course, that some of the z roots of 
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equation (41) are not physically realizable or that they 

correspond to a minimum in q rather than a maximum. Once 

we know , we can find the equilibrium value of q and 

the distribution numbers. Then, by differentiating q, or 

through substitution of | into an expression for E, 

etc., we can obtain the thermodynamic functions. The Ip^ \ 

will enable us to say a little about correlation prob¬ 

abilities; e.g., the are a direct measure of the degree 

of local order. 

Phase transitions will be recognized by the 

occurrence of two or more Identical maximum q* s for a given 

K , n pair. Inasmuch as uniquely determines the compo¬ 

sition, local order, energy, etc., different values of 

must give the same value of q in a multiphase region. It 

is known that the roots of a polynomial are continuous 

functions of the coefficients, so that, unless the multi¬ 

phase region exists at all temperatures, there must be a 

critical temperature and activity at which two values of 

become identical; l.e., at which the polynomial F(.q>) has 

a multiple root. Accordingly, we examine Fu^) for double 

roots. At a double root F=dF/d{p=0, or 

rq>(l+q>)* = ru-l)cp(.H-^)2'2 + Ttl+^)Z”-U-l)K(l+Kv$/’2 

leading to the following equation for double roots 

KM)
1
 +LH-KU-2->)‘{

>
 + I 

=
 (42) 

Yang and Lee have proved that the activity must have the 

value unity at the critical point corresponding to the value 
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K for r . Equation (42) Is easily solved by inspection 

when P =K : 
V 

, any coordination number. 

The subscripts number the roots. Substitution of this 

value into equation (42) yields the following value for 

the critical K : 

= L*/C-E-2.)TZ . (43) 

It is interesting to note that this value of K is identical 

with the quasi-chemical result ^7l» 

It should be noted that we have not yet shown that 

a transition between type (i) phases actually occurs; nor 

can we be sure beforehand that this approximate treatment 

will give the exact critical activity. For illustrative 

purposes we shall examine the problem further for the par¬ 

ticular case z=4, that is* for the square net. It is not 

expected that the nature of the solutions should vary 

significantly with different coordination numbers. Equation 

(41) becomes 

=q>4 + C3-l<)^?+ Cl~3IC",)<4-K~?=0 (44) 

_ -i 

when z=4 and \ =K . When we solve the quadratic equation 

resulting when equation (44) is factored by the term (<(>*- K ), 

we obtain the other two roots for the case F =K 2 . They are 

= Z i K"3 ± ^-S)z-4/K ) >*-4. (45) 
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Roots for other values of the activity are much more diffi¬ 

cult to find. The analytic expression for (K,P) seems 

too ponderous to be useful, and it is probably best to 

resort to numerical methods for the general solution of 

equation (44). In Figure 3 the variable ^ (ferromagneticu 

oase) is plotted as a function of a reduced temperature 

parameter , 

(■* = *-' ), 

for various values of the parameter P . As the absolute 

temperature varies from 0 to ^ ^ varies from 0 to 1. 

In the antiferromagnetic case, K is a more convenient 

temperature parameter. 

functions of ^ and T . Therefore, it must be that a 

critical region will be recognized by van der Waals-type 

isotherms; i.e., it will be a region of thermodynamic in¬ 

stability [30*3l"l where 

Thus we are led to look for loops in the q versus x curve. 

The q versus curve is found more directly, and it will 

serve Just as well because ^ is a monotonically increasing 

function of x according to equation (40): 

It is obvious that and, therefore, q are smooth 

and < 0 

s _ l 4- KoQ2 
< 0 . 



FIGURE 3 
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A necessary condition for the existence of loops is that 

q(<9) have two stationary values, 

as shown in figure 4. To 

examine the stationary values of 

q we equate the derivative (3q/a^)^ 

to zero and solve the resulting 

equation for . Following this 

procedure we again obtain equation (42): 

<p*Z + -C2-2)J<f>* + ^ = o (42) 

The roots of equation (42) are, for the z=4 case, 

<£* ss l- - \/(4^-00*“^ 

cp* - | + /(4^TH>M') . 

(46a) 

(46b) 

Thus, there is a region over which q=q(c$ , P) has stationary 

values. Interestingly enough the values of cp equal to 

at which the extrema occur are the multiple roots previously 

found. An examination of (tf'q/dsf)^ shows that equation (46a) 

defines the loous of those points (^,^,P) at which q exhibits 

a maximum, and that equation (46b) is the locus of points 

at which q exhibits a minimum. Both brahches together bound 

a region of thermodynamic instability wherein (Sq/^X )^ < 0, 
v, 

(see figure 3)» We observe that for cp to be real the dis¬ 

criminant (4^-1)(a£-l) must be greater than or equal to zero. 

Thus, if is less than one, it must be at least as small as 

The condition that be real is always met when is 

greater than one. However, a physically meaningful must 
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slso be positive and equation (^2) has a positive root 

only when there is an alteration in sign, which is not 

the case unless We conclude that multiple roots 

(loops) in q(^>) can occur only in the region 

(K £ Kc). Thus, there is no possibility of phase transi¬ 

tions for antiferromagnetic systems on the basis of this 

approximation. This fact is not surprising when one con¬ 

siders that only short-range correlations have been taken 

into account. However, the results of this investigation 

may be applied to negative J systems by means of equations 

(25) and (27). 

The activity as a function of X should also show 

Van der V/aals loops ^30l, and the usual analysis shows this 

to be the case, the extrema occurring at the same found 

above. 

The following statements, which are easily verified, 

will serve to complete the description of the unstable re¬ 

gion. As is increased from zero, both the difference 
# ¥r and the excursion of the q-x loop continually 

decrease until they vanish at . For each value 

of r there exists a quadrupled-valued analytic function 

<J} = (>^ ). One branch, Q t , is always negative and 

hence not physically meaningful. The second branch 1B al- 
r 

ways real and positive; it runs smoothly from U? x (1) » 1 
p 2 

at infinite temperatures to ^z(0) = 0 if , or in¬ 

creases without bound if f >>€*. The other two branches 

constitute a complex conjugate pair in the region ^ « 
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p r 
As decreases the imaginary parts of and ^4. diminish 

while their real parts approach each other until, at the 

locus of double roots branches 3 and 4 cross and come onto 

the positive real axis. Upon further decrease in the 

roots diverge but remain real aid positive. One| of these 

branches, , determines the unstable states of activity 

r ; the other branch determines metastable states, as will 

now be explained. 

If our method of solution does not lead to thermody¬ 

namic inconsistencies, such as the prediction of two different 

compositions for the same phase, then it must be possible 
v Y 

for every value of to find two points, (>0 and 

such q(<^) = q(^fj). The locus of points would then 

be the phase separation or coexistence curve. The rigorous 

value of the critical activity T = YC>0 is ^ which means 

that the rigorous coexistence curve is given by equation (45). 

The point (3 jV = u,) was tentatively identified as the 

critical point. It is now obvious that the identification 

was correct, for all of the other solutions of equation (42) 

lie on the locus of branch points and therefore represent un¬ 

stable thermodynamic states. To show that "Y =>^ifor all 

we need to prove that both values of equation (45) give the 

same value of q. In carrying out this straightforward but 

rather laborious calculation t32], one proves not only that 

q(^s) ss q(U^) but also that the compositions of the coexisting 

phases are complementary; l.e., that x(^) = l-x(^3). The 

composition of the phase dilute in component d is 
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(2.A/yz + z) (A ■+ \fhz-yz) 

where 
A = \lX-3) 

The calculation [32I of heats of transition, heat 

capacities under various conditions, etc., is straightfor¬ 

ward but will not be given here because the equations de¬ 

rived thus far suffice to show that this method is equiva¬ 

lent to the quasi-chemical treatment, the results of which 

have been given elsewhere \.19l* 

Before turning to another application of the pseudo¬ 

assembly method it might prove interesting to derive the ex¬ 

act solution for the one-dimensional nearest neighbor o-d 

system. The method under discussion is adequate for the pur¬ 

pose, inasmuch as the choloe of the nearest neighbor pair 

as the basio figure allows all possible correlations to be 

taken into account and because the pseudo-assembly approxi¬ 

mation is valid in this case \_15o]. 

When z=*2, equations (38) and (39) become 

(47) 

and 

The solution of equation (47) is 

u? = \ Ur - \ -v VcKr-ol + 4r ], 

so that the partition function is given by 

=(d/2.)[*r + l + y<KT-0l + 4T] • 
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Boots of equation (42) are complex when z=2, showing that 

phase transitions do not occur in the one-dimensional sys¬ 

tems. There is a region over which the derivatives of q 

are quite sensitive to changes in T, however [?]. 

B. Ternary Systems 

As an illustration of the great utility of the 

pseudo-assembly method, we shall show how the equations 

describing the thermodynamics of the three component system 

(r=2) are derived on the basis of the same approximation 

made In the previous discussion. Table II establishes the 

notation. As before, we choose as the independent variables 

“Table IE 

Sites • Nearest Ne£$K\>or Pairs «-• 
E>»sVr\buKon 

Coirf^urakon 
I>is*fn’bu-Vion 

M a Mul-f i plio'^y 

o Pi l 0-0 p*. l 

X ?! 
1 o-x t? Z 

• i 
o—• P5 

z 

X-* Pi z 

x-x 1 
o—• Ps 1 

the distribution numbers for those configurations which do 

not Involve a type 0 particle: 

?3=P
2

S -pj . 
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The equations (32) are easily written by inspection: 

* “I 
1 " 1 1 1 Vo" 

0 1 0 

f, 
* J 0 0 | p1 

ir* j 

— 

1 ' \ \ \ \ \ 0 
- - 

Po 

Vi 
O
 

r°
 0 

2-P? 
A 

2fj 
\ \ 0 0 2-Pi 

ft 0 1 0 0 
el 

r 10 
S5 1. . ft. 

The matrices II b^H are very simply inverted by the method 

of Hijmans and deBoer: 

1 -1 -1 

0 t 0  
 » 

0
 

O
 

■\ -1 1 1 
*■ 

1 

O
 1 0 

1 -1 0 -2 

l o o 

I 

The variables and <rj’^ are written as before and are 

listed below. 
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< = p!-Xo 1 ^ l s I ^ o s = Po ^vf^exppv... 

^', = p!/Pl = Xv/Xo , tj'.-tKp piL-w-M 

‘PL”PL/P!,=XX/X. J 

= pz/p»s<-e, , ^ =«p ^IL-I,-^, +«.,-«..] 

= pt /Po =—t-6t 1 =exp?lVo-k-'V,+\)oa-\)~^ 

^ =PoPs/pzPt , Y|\ = «Xp ?\\l..+ V),i-U»i-\)oij»K" 

= Po P * /cp^1 1 v)\ = -e.*p P W»» + ')«-2A>»< ] s x 2 

(-f>\ = ?o PsAPl)1 1 'Is =«-Xp ? [Voo + u^-iV^^ICj 

In order to reduce the amount of writing, we shall hence¬ 

forth restrict our attention to the lattice gas whioh should 

show all the essential features of the general model. For 

the lattice gas 

Vst ~ O unless to'B' S &y\d t ^ 0 

V\s “ l^.oL =• 0 

I'o = Ao = I 

^* "* ^ \ t ) -) 1 = “ V) II ^ J 3 ^ 
Also we define 

r, =- y, C1 “i1, =*i: 
f\ ^ y* Klih -H"*)'* . 

One may use equation (33) to compute the Ip^in 
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terms of the variables ^ and with these equations obtain 

Immediately the consistency and normalization equations; 

or, one may use equation (37) to obtain 

x,= + t 
and 

X 2 = 90^1' + t^5 + • 
The equilibrium conditions, equation (3^)» require that 

= K,. , K., , 

r, = W’* CLU* , ««d = . 

The thermodynamic potential which we have previously iden¬ 

tified as the reduced pressure is given by the same expression 

as before because the y^are simply geometry factors that are 

not affected by the value of r. 
tnJ 

We should like to find P=P(T, V, x)* for several 

different kinds of systems (characterized by different ); 

in particular we want to describe any phase transitions which 

may occur. Here, again, we expect continuous isotherms with 

critical regions in which the systems are unstable with re¬ 

spect to diffusion. The necessary condition for stability 

with respect to diffusion (30] is 

) £ O and 
ax W,r, 

^0 

#We underline the symbol for a property which refers 
to the overall system when it is necessary to distinguish be¬ 
tween the corresponding properties of one phase of a two 
phase region. 
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where x is the fraotion of material particles which are of 

type 1; i.e., x is the mole fraotion of substance 1 in the 

"real11 binary mixture: 

The molar volume V is given by equation (13). 

Vie shall do no more here than to summarize the 

working equations for the particular case of the square net. 

The solution of these equations should present no particular 

difficulties [.32], and no doubt it would prove worthwhile 

to complete the investigation. Indeed, it would be exceed¬ 

ingly Interesting to find out whether or not this system 

could be shown to exhibit a retrograde condensation on the 

basis of this approximation. 

X =X\/U,+XJ = XV/0~Xo) 

pPsl2-l)UX0-U/2)lnCk= inU0V <Q*) 

ri oc. /x,)3^4- = | 
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