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ABSTRACT 

The Motion of a_ Sphere in an Accelerating Fluid Inside a_ 

Cylindrical Tube, and an Application to the Seating of 

Prosthetic Aortic Heart Valves 

by 

Charles Max Fry 

This work is concerned with the motion of a rigid 

sphere which is accelerated by an accelerating fluid inside 

a cylindrical tube where both the sphere and the fluid are 

initially at rest. The investigation is valid for laminar 

flow and slow sphere motion relative to the fluid. 

In Part I an exact solution of the Navier-Stokes 

equation is obtained for the flow of an incompressible 

Newtonian fluid in a cylindrical tube under the influence 

of an imposed pressure gradient which increases linearly 

with time. Then a one-dimensional momentum balance is used 

to solve the same problem. Also, since the exact solution 

does not converge well for very small times, a small time 

solution is derived using Laplace transform techniques. The 

solutions are compared graphically and approximate regions 

of validity for each are obtained. 

In Part II the motion of a sphere is studied where the 

sphere has been placed in the fluid of Part I before the 

fluid motion begins, so that both the sphere and the fluid 

are initially at rest. A lower bound is found for the 

velocity of the sphere with respect to the tube for each 

of the solutions for the fluid velocity of Part I. The 

results are applied to the problem of the mechanism of 

seating of prosthetic aortic heart valves. 
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Nomenclature 

6L 

Jo 

E 

E 

Jlya. ~ 

XTr - 

K - 
U+. - 

- slope of pressure-gradient-time curve 

- sphere radius 

/>**-#* 
- * j, £— - non-dimensionalizmg constant 

IfyU. 

- friction factors 

- drag force 

component of gravity along z-axis 

modified Bessel function, first kind, order p 

Bessel function, first kind, order p 

wall-correction factor 

T 
L 

syyt. - 

/yti, - 

'trl* - 

f - 

f = 
r,e,* - 
R - 
ft* = 

■t - 

U. = 

modified Bessel function, second kind, order p 

distance between pressure probes 

slope of the pressure-time curve 

mass of fluid displaced by the sphere 

mass of the sphere •* 

static pressure 

- static pressure neglecting gravity effects 

cylindrical coordinates 

- tube Reynolds number 

tube radius 

T&RJZL 

time 

vr~ •'1/^ - velocity of sphere with respect to the fluid 
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AT 

ir 

A 
s 
A 

0 
<PM 

/V3' 

't 

T 

fluid velocity 

bulk fluid velocity 

Bessel function, second kind, order p 

zeros of zra 
M-E 

/?s 

A 

dimensionless gravity parameter 

ratio of fluid density to sphere density 

ratio of sphere radius to tube radius 

viscosity 

“ dimensionless fluid velocity 

bulk dimensionless fluid velocity 

“ - dimensionless sphere velocity 

fluid density 

sphere density 

- dimensionless time 

stress 

A - dimensional spatial variable 



Ill. 

Introduction 

In this paper we attempt to describe the motion of 

the sphere utilized in prosthetic aortic heart valves 

such as the Starr-Edwards and Cutter valves in which a 

sphere is contained in a cage and which close by means of 

the sphere coming to rest against a circular orifice. 

Interest in this problem has arisen from the suspicion that 

prosthetic valves damage red corpuscles and in some patients, 

cause hemolytic anemia after an extended period of use. It 

is thought that red corpuscles may be damaged when the sphere 

strikes the valve seat and stops the blood flow. In order 

to determine the magnitude of the forces between the sphere 

and the seat, it is necessary to know the velocity of the 

sphere and the blood as functions of time, the knowledge 

to which we devote this work. 

We are interested here in the description of the fluid 

and ball motion when a prosthetic valve is operating in 

pulsatile flow. For the case of an aortic valve, as the 

left ventricle contracts blood is forced though the valve 

orifice into the aorta pushing the sphere to the top of 

the cage in the open position. Then as the left ventricle 

relaxes, there occurs a backflow from the aorta which pushes 

the sphere toward the seat and closes the valve. It is this 

backflow portion of the cardiac cycle with which we are 

concerned. 

At the end of the contraction of the left ventricle, 

the aortic and left-ventricular pressures are essentially 

the same. Then, as the left-ventricle relaxes, the left- 

ventricular pressure drops very rapidly while for a short 
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time the aortic pressure remains essentially constant; 

thus the difference in pressure between the aorta and the 

left ventricle increases very rapidly. This pressure 

difference may be represented as a linearly increasing 

function of time. We can also consider the pressure grad¬ 

ient which this pressure difference sets up in the aorta to 

be a linearly increasing function of time. 

The problem of the blood motion which arises naturally 

here is contained in Part I and consists of three different 

solutions of the problem. First, the Navier-Stokes equation 

for the problem is solved exactly. Then a one-dimensional 

momentum balance analysis is presented. An unfortunate 

property of the exact solution of the Navier-Stokes equation 

is that it does not converge well for small time; therefore, 

in an effort to find a suitable solution for small time, 

the Navier-Stokes equation is again solved using Laplace 

transform techniques and small-time approximations. All 

of these solutions are compared over appropriate time intervals. 

Once the solution for the blood motion is obtained, 

the sphere motion is derived assuming that the velocity of 

the blood averaged over the aortic cross-section is unchanged 

by the presence of the sphere. The problem is essentially 

that of a rigid sphere moving in a moving fluid inside a 

cylindrical tube. Since we use the average fluid velocity 

we may superimpose the sphere velocity and the average 

fluid velocity. Then the problem becomes that of a sphere 

moving in a still fluid. 

Early investigators such as Oseen (1), Ladenburg (2), 

and Faxen (3) and also many later investigators such as 
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Happel (4), Brenner (5), and Wakiya (6) have studied this 

problem and derived correction factors due to wall-effects 

for the drag of the spheres. Each of these investigators 

used the method of reflection to obtain a solution to the 

problem. Later, Haberman (10) solved the problem using 

Stokes* stream function and derived a correction factor due 

to the presence of cylindrical walls to Stokes' law for the 

drag on the sphere. We have employed Haberman's results 

in this work because the approximate correction factor 

which he derives is a function only on the ratio of the 

sphere radius to the tube radius. This fact makes Haberman's 

result quite attractive in that it produces no analytical 

difficulties. Happel and Brenner (11) have compared 

Haberman's correction factor to others and have found good 

agreement among them. 

In all of the above works, the sphere and fluid motions 

are steady. In this study, there exists a complication that 

these motions are not steady. Indeed, the sphere accel¬ 

erates with respect to the fluid. This difficulty is 

reasonably well overcome by physical reasoning as described 

in Part II. 



1. 

PART I 

The Laminar Flow of an Incompressible Newtonian Fluid in a_ 

Cylindrical Tube under the Influence of an Imposed Pressure 

Gradient which Increases Linearly with Time 

A. Solution of the Navier-Stokes Equation 

The equation of motion for the laminar flow of an 

incompressible Newtonian fluid with constant viscosity is 

the Navier-Stokes equation given by 

*0* 

/ dt (1) 

This equation may be written, for cylindrical coordinates 

in the direction of the z-axis, in the form 

~Jr r 
3AJ^ 

~~Q6 
■f -^5 

32 J (2) 

+ 

which assuming =• K/Q — O $ reduces to the form 

Also, the equation of continuity, 

r dr-V jr 

(3) 

^9 , (4) 



which, in cylindrical coordinates, is given as 

2. 

reduces, for an incompressible fluid with 
/l/7 ^ s 0 , 

to the form 

32 ~ ° ' (5) 

Combining Equations (3) and (5), we have 

Equation (6) may be exploited to study the laminar flow of 

an incompressible Newtonian fluid in a cylindrical tube 

with the assumptions that the tube is very long and has 

rigid walls. 

The pressure gradient and gravity terms of Equation 

(6) may be combined by defining the quantity 

f ~/>$e2' <7> 

Then Equation (6) may be written as 

This equation has been solved by Szymanski (12) and appears 

in abbreviated form in Bird, Stewart, and Lightfoot (13) 
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for the case in which the fluid is initially at rest and 

a constant pressure gradient is suddenly impressed across 

the system. We shall solve Equation (8) for the case in 

which the pressure gradient increases linearly with time 

according to the relation 

= CL ■t 
(9) 

where CL is the proportionality constant. Equation (8) 

may now be expressed as 

/ 7T - ** -y-L 
L- -2 
r <? 

(10) 

subject to the conditions on that 

Cr3o) =o } (o^r^R) 

(11 a, b, c) 

and that 

where R is the radius of the tube. The last condition 

is a consequence of the symmetry of the velocity profiles. 

It is desirable for the sake of generality to render 

Equation (10) dimensionless. This is readily accomplished 

by multiplying the equation by the expression 

and defining the dimensionless variables 

M, 
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(12 a, b, c) 

and 
1r 

where (j> = dimensionless velocity, 

f = dimensionless spatial variable, 

and = dimensionless time. 

In terms of <f> , T , and “2? , Equation (10) is given by 

£& 
<?*r 

(13) 

subject to the conditions on 

Equations (11) that 

following from 

and that 

(14 a, b, c) 

Equation (13) is a non-homogeneous second-order partial 



differential equation and cannot be directly solved in its 

present form. It can, however, be transformed into a 

homogeneous equation by assuming a solution in the form 

<p(s,£) «=■ + 4?0~4jr) ~ 
3_ 
Jh (15) 

Substituting this assumed solution into Equation (13) 

and rewriting the initial and boundary conditions for 

§ Cs, t) , we have, for the transformed problem, 

where 

3$. fC g L5
 Qf - O (16) 

<£ 0,z)= o (17 a, b, c) 

and Oj't) = 

Equation (16) may now be solved by assuming a product 

solution of the type 

Cf) 7~&) (18) 

Substitution of this relation into Equation (16) yields 

dT 4 J*Oi\ 
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Separation of variables gives 

J&\ 
~T d't t&i f dfC $ df J (19) 

We may separate the left and right-hand sides of this equation 

by setting each side equal to — oi. , where od. is a positive 

constant, to form the ordinary differential equations 

and 

(20) 

• (21) 

The solution of Equation (20) is easily found and is given 

by 

T~Cc c (22) 

where C0 is the constant of integration. Equation (21) 

is a form of Bessel's differential equation and has a 

solution of the form 

($) = c, (<*£) +- c^ya 
(23) 

where ^s) is the Bessel function of the first kind of 

zero order, yMs) is the Bessel function of the second 

kind of zero order, and Cj and are constants of 

integration. Finally, combination of Equations (18), (22) 
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and (23) gives 

$.(?>■£) = C. e""* "7f, i-C^y^sj] • (24) 

We now apply the conditions of Equations (17) to 

solve for the constants of Equation (24). Applying first 

the condition, Equation (17 c), we have 

11^) - c. e~^ c,* ^Co) -c^y,o%^° 

which requires that 

c, y,0>) = o . 
But since TJCo) is equal to zero and y&s)*- — ^ as 

if O / must equal zero. 

Now applying the boundary condition, Equation (17 b) 

we find that 

lOj z) = c. cr** r[f/-J; 60/=0 

which after defining 6 = c.c, , becomes 

 0£
a~ ^ 

= 23C776*0 c = 0 
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This condition is satisfied in a meaningful way only if 

is zero since the solution B = 0 is a trivial solution. 

is equal to zero for t = 2.405, = 5.520, 

= 8.654, etc. There are an infinite number of zeros 

of 776-0 ; hence there are an infinite number of solutions 

which satisfy the differential equation and the boundary 

conditions. Thus the complete solution for MCSj,*) is 

given by the expression 

= it: B^ZT0 ^()e 
/n. *7 

(25) 

Finally, the initial condition, Equation (17 a), 

yields the relation 

- 

“O 3 

/i jf. V.- -fj-r /i, — 

Multiplying both sides of this equation by 07 

and integrating over £ from 0 to 1, we have 

f0 4r6-&+ 

B 
/n 

3T (*„£) s) £ J? 
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which may be rewritten as 

Q
 JQ 

= %r, s~f. J:fedo:&jr)fj,. (26) 

Each term on the left-hand side of this equation may be 

integrated by parts to give the results 

where we have used the property of Bessel functions of the 

first kind that 

A (28) 

We must now integrate the right-hand side of Equation 

(26). It has been shown by Wylie (14) that if the solutions 
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of the Bessel equation satisfy boundary conditions in the 

form 

s-& 
where A"c* and 2^’ are constants, then these solutions 

form an orthogonal system with respect to the weighting 

function over the interval ( JJ*( ) . These boundary 

conditions may be rewritten, again using the property of 

Bessel functions given by Equation (28), in the form 

For our problem in which r = 0 and &C. takes on values 

( yyn. = 1, 2, 3, . . ) , we have 

Ac T0 fj - Be C^jrJ = o (<='>*-) 

which, after noting that 

T, $?s) = - 076<fJ , 

becomes 

/4~i C77 

Now for our problem, we have £f = 0, and ^ = 1; 
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thus the boundary conditions become 

4, JJa 0) + Co) — o 

and 4jj. ZT0 (^yyr4) ~f~ SA CT— O 

Since = 0, and o;<ro= 0, the boundary 

conditions are satisfied if 

A, - ^ = * • 

Thus the solutions T.(<, s) and form an 

orthogonal system with respect to the weighting function i? . 
Because of this property of orthogonality, all terms on the 

right-hand side of Equation (26) vanish except those for 

which /»<.=/*, , and the integral 

Jo £ £s 

may be written as 

SJ ■ 
The value of the integral 

for the case where ^ A 0 and 4 = 0 is shown in Wylie (14) 

to be equal to 



^r+,0<^--A ^C< 

Thus, for our case, we have 

So • (29) 

Now, combining Equations (26), (27), and (29) and solving 

for the coefficients , we have 

+■ -2- j30) 

Using the Bessel function identity given by 

X^, d^r) = (ks) - C£o_, £<f0 , 

Equation (30) may be simplified to the relation 

07 
(31) 

Finally, by combining Equations (15), (25), and (31), we 

have the complete solution of Equation (13) as 
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+ '*6-s'$ + ^0-^) -t •(32) 

The dimensionless velocity profiles 0C£.-t) have been 
computed for several values of the parameter "2r , and the 

results appear in Figures (1-4) of Appendix "B". 

We may find an expression for the bulk fluid velocity 

by averaging over the cross-section of the 

tube according to the relation 

<Pi (?) = <PCS^ (33) 

Substituting Equation (32) into this expression and performing 

the indicated integrations we obtain 

<Pi (?) ~ /£> 'Zfi e ~ ^ . 04) 
^ ^ -2, /x 

A plot of against 2T appears in Figures (5 and 6) 

of Appendix "B" . 

B. One-dimensional Momentum Balance 

In an effort to compare the foregoing analysis with 

other methods of solution for the velocity of the fluid, 



we shall solve the same problem using a one-dimensional 

momentum balance approach. From Newton's second law of 

motion, 

14. 

where = the sum of the external forces acting on an 

element of fluid 

M = mass of fluid in the element 

and Vg = bulk fluid velocity. 

Referring to the schematic drawing, imagining an elemental 

disk of fluid with a shear stress at the wall, 

the sum of the external forces is given by 
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where is the wall shear stress. Substituting into 

Equation (35), we have 

Dividing by we get 

J^i 
L - ~ **- -^ -/•/■ sit •-» 

which becomes, in the limit, as A?-*~0 

f T£'-it--w (36) 

The term has been expressed by Bennett and Myers (15] 

J-SJ-S- 

as 

7r — C-T — (37) 

where zf" is the Fanning friction factor given by the 

equation 

u 
y= (38) 

for laminar flow where Re is the tube Reynolds number 

defined as 

(39) 
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The wall shear stress is by combining Equations (37), (38), 

and (39) found to be given by 

(40) 

which when substituted into Equation (36) yields 

J'l'j 
/> IT 

Defining as before in Equation (7) the quantity 

f-f-'/>?•* > 

we have that 

/> ^ = - eVL - 
'Mi Mg A 

which, upon incorporation with Equation (9), becomes 

(41) 

with the initial condition Vi = 0 for ir = 0. We can non- 

dimensionalize this equation as before by the definitions 

given by Equations (12 a, c) to get 

ct tr 
+ g<pk (42) 
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where at "t = 0, fib = 0. 

Solution of Equation (42) subject to the initial condition 

yields 

x (43) 

Equations (34) and (43) are compared in Figures (5 and 6) 

of Appendix "B". It is evident from the curves that there 

is very good agreement between the bulk velocity found by 

exact analysis and that found by a one-dimensional momentum 

balance. 

C. Solution of Navier-Stokes Equation for Small 

It is an undesirable property of the infinite series 

of Equations (32) and (34) that they do not converge 

rapidly for very small values of ^ . By making use of 

Laplace transform techniques, another solution for the bulk 

fluid velocity may be found, for small values of ^ at 

least, which is not in series form and, therefore, presents 

no computational difficulties. 

Taking the Laplace transform of Equation (13) with 

respect to , we have 

which, after employing the initial condition given by 

Equation (14 a), yields 
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This equation may be rearranged to read 

5 
2- J*<p 

df' + f 
J<P 

dr 
-sf3-# 

with the conditions that 

and that 

££Z (44) 

(45 a, b) 

Setting the left-hand side of Equation (44) equal to zero, 

we obtain the homogeneous equation, 

r «*• (P— / r ^ ^ °~(p =■ C . (46) 

ds*- ^ 5 dr 

This is Bessel's equation and has as its solution 

4> Cs,s) = c, X t ^o.KoC<47) 

where and /»; are the modified Bessel functions of 

the first and second kinds, respectively, of order zero and 

Ct and Cx. are t^ie constants of integration. 

The particular solution of Equation (44) is given by 

<PrO,d) s3 
(48) 

Adding Equations (47) and (48), we have, as the general 
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solution of Equation (44), the relation 

0 C^s) = c,T. (\tf f) + 
(49) 

Applying the condition given by Equation (45 b), we have 

Av) = c, t/T 1, Co) -c^Js ff'Co) = © 

where = 0. But the Bessel function KG**) is defined 
as 

K. C^s) = x 1 &CVSj) + o)/,Ci^rjj ; 
as and since r,C^s) = 0 for £ =0, and y,Ciss)^- 

J> O , we have the result that JCXtes) -*■ «=> as 

Therefore, we must have ^7 =0; hence, 

0 Cf,s) - c, X„ (\CC£) i- (50) 

Now, applying the boundary condition Equation (45 a) we 

have 

JOA = c, X, CVs) + * o 

which upon solving for yields 

S*X. CVS) 
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The final solution is then given by 

<PCs,$ = -flf/ X. 
X.O&. 

(51) 

Hildebrand (16) lists as the approximation of Tjx) for 

large X the relation 

Zc(x) 

Then Equation (51) becomes, for large 

for J ^ 0. 

We can write this expression as 

JL- * -0-s)\FT 

which, by the convolution theorem, has as its inverse 

transform, for small , the relation 

for g ^ 0, 
where and are the inverse transforms of the 
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functions 

and 

.jffe) - ~h 

AM - 

respectively, and are given by 

F, = t 
and 

/- = c-W 
and the convolution F if- F is defined as 

F, te-v')Fi&dJ't' 

where 't is a dummy variable. Substitution of pt and 

FL. f^om above into Equation (52) gives 

0(f,t) ^ Jt ~7ff' ('tr-'b')erSL(-^=)J-2:,A53) 

If we now expand in a Taylor expansion about the 

point 't' = 0, we have 

a. 

<t>(e,r) = <fiCf,o) + 't + <t>±t&to) + 2- (54) 

To evaluate and we employ from Churchill (17) 
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the generalized Leibnitz formula for the differentiation of 

an integral containing a parameter. Then we have from 

Equation (53) 

Then Equation (54) becomes, for very small values of , 

provided that ^ ^ 0. We observe that this relation does 

not involve the spatial variable ^ , and, thus, may be 

looked upon as representing the bulk fluid velocity 

of Appendix "B". 

Equation (55) becomes especially significant when the 

one-dimensional momentum balance analysis is applied assuming 

that the shear stress at the wall is small enough for us to 

neglect its effect on the motion of the fluid. Proceeding 

and ^ - 

) 
(55) 

for very small *2r . Equation (55) is plotted in Figure (5) 

in this direction, we can rewrite Equation (41) 

as 

which after nondimensionalization becomes 

& - = v't 



which we see is identical to the solution of the Navier- 

Stokes equation for small which, in turn, gives very 

nearly the same results for small as the one-dimensional 

balance including frictional effects. It is evident that 

the frictional effects are negligible compared to the inertial 

effects in the motion of the fluid for small values of . 

D. Discussion 

As can be seen from Figures (5 and 6) of Appendix "B", 

the solution for the bulk dimensionless fluid velocity 

given by Equation (43) agrees quite well with the solution 

given by Equation (34). It is also interesting to see how 

the friction factor given by Equation (38) for the one¬ 

dimensional momentum balance compares to the friction factor 

derived from the exact solution of the Navier-Stokes 

equation given by Equation (32). This comparison is accom¬ 

plished on the basis of a new friction factor derived 

in Appendix "A". Figures (1 and2) of Appendix "A" show 

how the friction factors found from the two methods compare. 

We see from these figures that for values of ’£'*/. 0 there 

is very little difference between the friction factor derived 

from the exact solution of the Navier-Stokes equation and 

that used for the one-dimensional momentum balance. The 

two friction factors do differ by very large amounts for 

smaller *£* , especially as "2? -> 0 . We also see that both 

friction factors become infinitely large as O and 

that both vanish as 't . The excellent agreement 

between these friction factors lends credence to the some¬ 

what surprising result that the bulk velocity expressions 

derived by each method are so much in agreement. 
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It should be emphasized that the solution for 

for small values of "t: is very approximate and is useful 

only for 'T" close to zero. It is difficult to say exactly 

how small must be for this solution to be valid. We 

have attempted only to compare this solution with the other 

two for small vetlues of in Figure (5) of Appendix "B", 

and, from this graphical comparison, we have arrived at 

approximate regions of validity for our computations. 

The results of this comparison are now given. 

E. Conclusions 

We see from Figures (5 and 6) of Appendix "B" that 

the small-^ solution, Equation (55), agrees extremely well 

with the one-dimensional momentum balance, Equation (43) 

for 't C^) Oo)~ while the exact solution, Equation (34), 

obviously becomes erroneous for our calculations where 

five-digit accuracy was maintained throughout. The curves 

seem to indicate that for values of ■t^a) oi>- , Equati ion 

(43) or (55) may be employed with little error, while for 

va lues of 't => C£)Oo)~' , the exact analysis result, Equation 

(34) should be used. It should be mentioned, though, that 

for large 'ir, ^ , Equations (34) and (43) do not give 

greatly different results. 
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PART II 

The Mechanism of Seating of Prosthetic Valves 

A. Analysis 

In the problem of studying the mechanism of seating of 

such prosthetic valves as the Starr-Edwards and the Cutter 

aortic heart valves, the investigator is confronted with, 

essentially, the problem of the motion of a sphere being 

accelerated from rest by a fluid which accelerates from 

rest within a cylindrical tube. We shall assume, as is 

essentially true, that the sphere is in some way constrained 

so that its center moves along the axis of symmetry of the 

tube. We shall also assume that the fluid velocity upstream 

of the sphere is given by the equations for the bulk fluid 

velocity of Part I. Thus, we tacitly assume that neither 

the sphere nor its constraining device has any significant 

effect on the bulk velocity of the fluid. Also, all of 

the assumptions of Part I are, of course, still applicable. 

The force F on a sphere accelerating rectilinearly in 

an infinite medium was derived by Basset (19) and has been 

rewritten by Odar (20) in the form 

(56) 

where ^ = velocity of the sphere with respect to the 

fluid, 
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dll 

= acceleration of the sphere with respect to the 

fluid, 

A = density of the fluid, 

A = viscosity of the fluid, 
b = radius of the sphere, 

and ' = dummy variable of integration. 
The first term of this equation is recognized to be the drag 

for Stokes1 flow. Each of the three terms of Equation (56) 

contributes to a force opposite to the relative motion of 

the sphere with respect to the fluid if the sphere is 

accelerating in a positive sense with respect to the fluid; 

i. e., if the velocity of the sphere with respect to the 

fluid is increasing. In the problem we are considering, 

the sphere does accelerate in a positive sense with respect 

to the fluid. Thus, each term of Equation (56) contributes 

to the total drag force on the sphere which, in turn, 

accelerates the sphere with respect to the tube in the 

direction of motion of the fluid. 

Now, Equation (56) is valid only when the sphere 

accelerates in an infinite medium. Here we are confronted 

by the complication that the fluid is confined in a cylindrical 

tube, a fact which greatly affects the pressure distri¬ 

bution around the sphere, and, hence, the drag on the sphere. 

Haberman (10) has studied the problem where both the sphere 

and the fluid move at constant velocities and the sphere 

Reynolds number is small, and has derived an expression for 

the drag on the sphere which he gives as 

- F = tXy*. Kll (57) 
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where /f is the wall-correction factor given approximately 

by 

/- O. 7S’f3'7 Z ^ 

/- X./os'o X +3.o3i*srX3 Z*'+ o. 70.1,03 Z*0 

where the ratio of the sphere radius to the 

tube radius. 

Equation (57) is seen to be the first term of Equation 

(56) corrected for wall-effects. There has been no work 

known to this author which concerns wall-effect corrections 

to the remaining two terms of Equation (56) which involve 

the sphere acceleration with respect to the fluid. It is 

also, obviously, very difficult to solve the equation of 

motion of the sphere analytically when these acceleration 

terms of Equation (56) are retained. We can, however, 

readily solve for the motion of the sphere if we exclude 

these two troublesome terms. The effect of doing this is 

to assume a smaller drag force on the sphere than is actually 

present. Thus, the velocity of the sphere with respect to 

the tube will also be smaller than it actually is, and, 

consequently, the velocity of the sphere with respect to 

the fluid is greater than it actually is. Thus, solving 

the equation of motion, we obtain a lower bound on the 

velocity of the sphere with respect to the tube and an 

upper bound on the velocity of the sphere with respect to 

the fluid. 

In the analysis that follows, it should be remembered 

that we are limited to small sphere Reynolds numbers; hence, 
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for fluids of interest, we are limited to small velocities 

of the sphere with respect to the fluid. For some cases 

this may be a very restricting assumption, but for all cases 

the assumption is at least valid for some time interval, 

however small. 

So, assuming that the drag on the sphere is given by 

Equation (57) and that the sphere is initially at rest at 

the location =0, and referring to the schematic drawing, 

V 

<L 

we may write the equation of motion of the sphere as 

with 

respect to the fluid, 

where 



-Z& = velocity of the sphere with respect to the tube, 
*** = mass of the sphere, 

and = mass of fluid displaced by the sphere. 

Equation (58) is subject to the initial condition that 

Jz 
Air = 0 at =0. 

Equation (58) may be rewritten in the form 

yyyts 

which may be non-dimensionalized to become 

dll' 
+ x ksif> = -^kstpdt) +■ 6-4* (60) 

where we haved defined the dimensionless parameters , 

jQ. , and & by the relations 

and 

' yU- £ 

«f = 7^ 

A 

(61 a,b,c) 

where A is the density of the sphere. The parameter 

is given as before by Equation (12 c) and £. is defined 



(62) 
£ = 4/<- 

A- 

so that 

^6*) -E <Pl&) • (63) 

The new initial condition is that ft = 0 at ^ = 0. 

Setting the left-hand side of Equation (60) equal to zero, 

we have the equation 

iJL + = o 

whose solution is given by 

(64) 

where n is the integration constant. 

B. Solution Employing from the Exact Solution of 

the Navier-Stokes Equation 

The particular solution of Equation (60) where 

is given by Equation (34), is given by 

> 73 
+ 

±. 
a- 

/ 

/D- 
(65) 



Adding Equations (64) and (65), we have for the general 

solution the relation 

31. 

A e. 73 XS 
— -S O 

m--I 

'b , 3. 6-s)/i - ?srs /a 
(66) 

Applying the initial condition, we find the constant /j to 

be given by 

4 73-v u , 

**< <!’&<£-IKS) £ 'm+wS 
+ -L. (67) 

/a. 

Equations (66) and (67) together constitute the complete 

solution of Equation (60) for the case where M*) i- 

given by Equation (34). 

Employing the definition for pit) , we may integrate 

Equation (68) to find the distance the sphere has traveled 

after any time in the form 



We may solve for theintegration constant & by applying the 

initial condition that 2? =0 when =0. Doing this, 

we get 

73 
(69) 

y/i ^ __ ^ 

where A is given by Equation (67). 

C. Solution Employinq from the One-dimensional 

Momentum Balance 

The particular solution of Equation (60) with Ate) 

given by equation (43) from the one-dimensional momentum 

balance is given by 

-2^ 

‘t'r' ~lx a-Arts) £ 
(70) 

m /t 

Then the complete solution is given by 

P ~ Ac 
9M'S -2* 

3D-(2-%'KS) + 

-f- )/£   L~ • (71 
?KSLI *'/* IKS M ‘ 

Applying the initial condition that at 't =0, (K = 0, 

we find the constant A to be given by 

A = -2KL   
3*0-%:KS) 

+-1-+-L 
fM'S /& 

(72) 
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Thus, Equations (71) and (72) give the complete solution 

of Equation (60) where is given by Equation (43). 

Integrating Equation (71) we find the distance 

that the sphere has traveled after any time to be 

(73) 

Applying the initial condition that at ■t = o, £ =o, 
we find B to be given by 

(74) 
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where is given by Equation (72). 

D. Solution Employing <t>iM from the Small- Solution 

of the Navier-Stokes Equation 

The particular solution of Equation (60) where 

<Pl&) is given by Equation (55), the small-time approxi¬ 

mation, is given by 

ftcs't + 0-i.)A + 
/& 

cmy (75) 

Thus, the general solution of Equation (60) is given by 

~AK£ 

+ 2-tr 
J _ 

fJCS 
*2r 

+ Jt _ (76) 

where si is, after application of the initial condition, 

found to be 

4 = - ur • <77> 

Equations (76) and (77) are the complete solution of 

Equation (60) for the case where <Pt> fc) is given by 

Equation (55). 

Integrating Equation (76) with respect to time, we 

obtain the distance traveled by the sphere after a time 7*" 
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to be 

r .MfL-t 
■ 3/0* /i * 

~f*Sf>f1 i + \jpf6 ~¥ + Cf*t) *} ■i + £. 
(78) 

Applying the initial condition that 

we find & to be expressed as 

= 0 at T*~ = 0, 

/?*4 
f/f'SyX- 

(79) 

In the preceding analysis it was assumed that the 

sphere Reynolds number and, therefore, the relative 

velocity of the sphere with respect to the fluid are small. 

Whether or not this is a good assumption depends of course 

on the properties of the fluid and the sphere for a parti¬ 

cular case. For example, for a fluid which has a relatively 

high density and viscosity and for a relatively light sphere, 

the assumption is probably quite good over the complete time 

range before the onset of turbulence. If, however, the 

fluid has a relatively low density and viscosity and the 

sphere is heavy, the assumption of a low sphere Reynolds 

number is quite restricting. The assumption does hold true 

for all cases over some time period, though, since both the 

fluid and the sphere are initially at rest. 

In our analysis we have solved for the smallest velo¬ 

city the sphere may have with respect to the tube, and, thus 
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its largest velocity with respect to the fluid. Thus, as 

long as the assumption of low sphere Reynolds number is 

valid for our solution, we know it is valid for the actual 

motion. So for cases where the fluid density and viscosity 

are high and the sphere is light, this conservative analysis 

should be quite useful. 

E. Application to the Seating of Prosthetic Valves 

For the problem of the seating of a prosthetic aortic 

heart valve in a living subject, we have the situation 

that, following the contraction of the left ventricle, the 

pressure in the ascending aorta is essentially equal to 

that in the left ventricle. As the left ventricle relaxes, 

the left-ventricular pressure drops very rapidly while the 

aortic pressure remains approximately constant until valve 

closure occurs. As the left-ventricular pressure decreases, 

blood begins to backflow into the heart until the valve is 

closed by the flowing blood. It is this backflow portion 

of the cardiac cycle that is of interest to us here. 

We shall assume that, initially, the blood is at rest 

in the aorta and the aortic and left-ventricular pressures 

are equal. As the left-ventricular pressure falls, we 

experience the onset of backflow which pushes the sphere 

toward the valve seat. We may use Equations (68), (73), or 

(78) to compute the dimensionless sphere velocity 

for desired values of £" if we can show that the pressure 

may be approximated as increasing linearly with time. From 

the data of Attinger (21) or Wiggers (22), it is seen that 

a pressure gradient increasing linearly with time appears 

to be quite adequate. 
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To evaluate the actual sphere velocity, we must, of 

course, know the values of all of the required physical 

properties of the valve sphere and of blood at body temper¬ 

ature. Also, we must know the value of X , the slope of 

the pressure-gradient-time curve. The difference in 

pressure, A £ , between two probes in the ascending aorta 

may be written as 

A/=xwtf- (80) 

where /)VL is the slope of the pressure-time curve from the 

onset of backflow until the valve closes. By letting )~ 

be the distance between the pressure probes in the ascending 

aorta, we may write the pressure gradient in the form 

y>n. , 
TT = T * (81) 

Thus, from Equation (9) we see that is given by 

L. 

The quantities /W and must be obtained from experiment. 

Knowing ^ , we can compute the bulk fluid velocity as 

a function of time from Part I. Then, by knowing the time 

elapsed from the onset of backflow until the valve closed, 

we can find the fluid velocity at the time of closure. 

This valve closure time could be measured from films made 

of an operating prosthetic valve, or, as an alternative, 

could be determined by solving for the time required for 

the sphere to move from the completely open position to the 
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completely closed position from Equation (68), (73), or 

(78). The former method is obviously more desirable 

than the latter. 

Dimensionless sphere velocities in the range of 

protheses appear in Figure (7) of Appendix "B". Two 

cases are considered, one for a neutral gravity sphere, 

£ = 1.0, and cne for a sphere made of silicone rubber 

with a specific gravity of 2.0 or £ = 0.526, where a 

specific gravity of 1.055 has been used for blood. In 

both cases, the gravity parameter A is 0, which holds 

for a horizontally-positioned valve, the usual position 

for aortic valve prostheses, since in this position 

For a reasonably light sphere, such as silicone rubber, 

this term is almost negligible in the equation of motion; 

so setting = 0 is not particularly restricting. 

F. Discussion 

In solving the differential equation, Equation (60), 

by using each of the three solutions for <zUC& of Part I, 

we have obtained three solutions for the dimensionless 

sphere velocity each valid over the same regions of 

as were determined in the conclusions of Part I. None 

of the solutions given by Equations (66), (71), and (76) are 

intended to accurately describe the sphere motion, but are 

intended instead to give a lower bound for the velocity 

of the sphere with respect to the tube. Then we at least 

know that the velocity of the sphere is somewhere between 

the maximum velocity of the fluid and the velocity which 

we have derived. But the inaccuracies inherent in the 

analysis due to our trying to describe the actual physical 
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situation in a way suitable for an analytical study are 

in all probability great enough to overshadow any inaccuracy 

due to our using the bulk fluid velocity. The fact that 

the arterial walls are not rigid but pliant probably causes 

enough inaccuracy to forbid the use of the fluid velocity 

$(*,*) given by Equation (32). Also,for small times, 

the bulk fluid velocity has been shown in Section C of 

Part I to be quite adequate since inertial effects predominate 

in determining the fluid motion. 

The quantity is that pressure difference which 

would be measured by a blood-mercury manometer. We can, 

however, obtain A £ by measuring the quantity 

which includes gravity effects, by making use of the 

relation 

f ~ f -ff* 
Then, it is true that 

A ? 

where A i? is the distance between the pressure probes. 

Figure (7) demonstrates the effect of changing various 

parameters in the equation of motion for the sphere. The 

sphere velocities were plotted for values of between 

0.001 and 0.01 since this is the range of for prosthetic 

valve operation. In general, for any given value of £* , 

the sphere velocity increases as the wall correction factor 

K increases. Similary, the sphere velocity also increases 

with an increase in the density ratio 
/°s 

Both 
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of these results are consistent with physical reasoning. 

We recall that the motion of the sphere has been 

determined after neglecting two terms of the equation for 

the drag on the sphere, Equation (56). Now, we can determine 

the acceleration of the sphere by differentiating the 

expression for the sphere velocity and compute the magnitude 

of the two neglected terms, which involve the acceleration 

of the sphere with respect to the fluid, and compare them 

to the first term. This has been done for the range of 

prosthetic valve application, and it has been found that 

for very small values of the last term of the equation 

predominates over the first and second, but has a diminishing 

influence for larger values of £ 

For values of in the range of prosthetic valve 

application the orders of magnitude of the first and second 

terms are equal while the third term is about an order of 

magnitude larger than that of the first two. However, this 

comparison was made for the terms of Equation (56) as they 

are written there with no corrections for wall effects. 

It seems reasonable to assume that the first term of Equation 

(56), the one we have used in our analysis, is affected 

more by the presence of the walls than are the other terms. 

Still, though, it seems unlikely that our results are very 

accurate for the range of “fcr for prosthetic valve oper¬ 

ation. 

For larger values of , however, the order of magni¬ 

tude of the first term is larger than that of the second 

and third terms, especially after the first term has been 

corrected for wall effects. So it is thought that the 
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present analysis is valid for larger values of Hr . This 

conclusion is supported by the comparative values of 01&) 

and PM for small and large Hr . For small Hr , there 

is a comparatively large difference between and 

while for large Hr > say H' = 1.0, there is good agreement 

between them. 

It may be concluded that the analysis of the sphere 

motion included here may be strictly valid only for values 

of Hr greater than about 0.1. It is thought, though, that 

the analysis may be better than the comparison of the terms 

of Equation (56) implies since the wall-effect greatly 

increases the magnitude of the first term. 

Unfortunately, there seems to be very little exper¬ 

imental data gathered to date which is suitable for use 

in the calculations necessary for the analysis of prosthetic 

valves. Most of the pressure measurements which have been 

made thus far have been simultaneous recordings of the left 

ventricular and aortic pressures. It is extremely difficult 

to apply these measurements to our work since the valve 

apparatus and the valve orifice affect the pressure drop 

from the aorta to the left ventricle. Ideally, it would be 

desirable to measure AJ between two points in the ascending 

aorta and calculate the blood velocity from these measurements, 

assuming that the bulk fluid velocity does not change very 

much at the valve. This should be a good rough approximation; 

however, the fluid velocity would, in actuality, certainly 

increase near the orifice causing the sphere velocity to 

increase. But because of the evident complexity of determining 

the effect of the orifice on the fluid and sphere velocities, 
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we propose to neglect this effect. 

It is a discouraging finding that this work cannot 

be brought to full completion until adequate experimental 

data can be obtained. It was hoped in the beginning that 

some estimate could be made of the bearing stress between 

the sphere and its seat as the valve closed by finding the 

magnitude of the almost instantaneous pressure rise behind 

the sphere as the valve closed. This "water hammer" effect 

is thought to be responsible for most of the force applied 

on the seat by the sphere. Knowing, then, the stress which 

red corpuscles undergo when trapped between the sphere and 

seat, it would be possible to determine whether or not 

these bearing stresses are large enough to cause suffi¬ 

cient damage to red corpuscles to result in the patient 

developing hemolytic anemia. It is hoped that we can, in 

the near future, secure experimental data which is suitable 

for use with the results of this analytical work. 

G. Conclusions 

We may conclude from Part II that we have derived an 

approximate lower bound for the velocity of the sphere with 

respect to the tube for this problem for any time up to 

the time that the sphere velocity with respect to the fluid 

becomes great enough to give a sphere Reynolds number which 

does not fall in the realm of Stokes' flow. Since we have 

used the results of Part I for the bulk fluid velocity, the 

three solutions for the sphere velocity are valid only for 

those ranges of for which their respective bulk fluid 

velocities are valid. Namely, for values of 

either Equation (71) or (76) should be used, with Equation 

$ 
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(76) being preferred since it involves fewer computations. 

be used. Although Equation (66) may yield somewhat better 

accuracy, Equation (71) may be preferred here since the 

analysis is very approximate anyway, and Equation (71) is 

more readily computed. 

In Figure (7) of Appendix "B", the expression for the 

sphere velocity found from the bulk fluid velocity which 

was obtained from the small- solution of the Navier- 

Stokes equation is used even though the value of goes 

that none of the solutions for the bulk fluid velocity are 

Equation (76) was used only for the sake of expedience. 

For , either Equation (66) or (71) may 

This may be justified by pointing out 
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Appendix "A" 

Comparison of Friction Factors for Part I, A, and B 

From Equation (37) we have that 

(A-l) 

Now, is defined by the relation 

Using the fact that Cn-i) = , we 

have, for the exact solution of the Navier-Stokes equation, 

(A-2) 

Differentiating Equation (32), and evaluating the result 

at = 1, we get 

■< :r-1 

77C<) C '•2t + 

/ 

(A-3) 

Now, since 

> 

Equation (A-2) becomes 

6 !&.) 

*sJf. / 
= -/ 

yft = / 
—o2£ + (A-4) 
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Combining Equations (A-l), (A-2) and (A-4) and Equation (34), 

we obtain 

/ = 
_ aji-. Cg %r, Aj e +21: 

S*e Cu 
- -fr) . (A-5) 

/ X4r 
+ _ xY 

/+j 

Defining 

(A-6) 

3* 

we have, after substituting from Equation (A-5), 

_L_ -O 

„ S e 

^<2 ~ 
C./& 

/   A, 
'-4—7 /O ^ C J,   

*t«-/ e>Vi. «3- ' • 

_/-Y 

(A-7) 

Where is derived from the exact solution of the 

Navier-Stokes equation. 

For the case of the one-dimensional momentum balance, 

Equation (38) gives 

which, when combined with Equation 

/>A -^3 

JiA<. 

/>*£ <Pi 

(39), gives 
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Employing the definition for 

01 

we have 

/ = J C£L 

<P 
/dr '*?'••• ~<L £• —. -o  i. 

(A-8) 

Ji. /-3- 

where /cA is /c from the one-dimensional momentum 

balance method. In Equation (A-8) we have substituted 

from the exact solution since the comparison must 

be made for the same average velocity in each case. 

Equations (A-7) and (A-8) are compared in Figures (1 and2) 

of this appendix. 
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Graphs 
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