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ABSTRACT 

The one-dimensional non-equilibrium flow of a pure 

monatomic plasma in a deLaval nozzle has been numerically 

calculated. The plasma has been considered as a mixture of 

perfect gases whose components are reacting chemically with 

finite reaction rates. Two simultaneous differential 

equations describing the gas dynamic behavior, coupled 

with non-equilibrium chemistry, have been derived. A general 

recombination coefficient which allows variation of both 

temperature and density dependence has been used. 

The numerical integration was started from an equilibrium 

flow of helium for which the stagnation temperature = 28,522 

°K, the stagnation degree of ionization = .50, and the 

critical mass flow rate = 1.35951 gm/sec. The nozzle used 

was quasi-conical with a half angle of 30 degrees and a 

throat area of 1/8 inch. The gas used was helium. 

The assumptions were that the flow was steady, inviscid, 

adiabatic, and one-dimensional; that there were no body 

forces present; that diffusion currents were negligible; and 

that chemical reactions with the nozzle walls were negligible. 

The results obtained specifically indicate that if the 

integration is started from an equilibrium flow in which the 

frozen Mach number is less than unity, there is a unique 

starting point for which the flow will become supersonic. 

The results also indicate that the effects of density 

dependence of the reaction rate can be significant. 

* 

n 
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I. INTRODUCTION 

1. Survey of Previous Work 

Only in recent years has the engineer become interested 

in the fluid mechanics of reacting gases. Only with the 

advent of hypersonic flight and high energy propulsion 

devices has it become necessary for him to delve in what 

was once the realm of only the theoretical physicist and 

chemist. 

The one-dimensional flow of a gas in a nozzle is one 

of the simplest processes which can be described by con¬ 

ventional gas dynamics; nevertheless, it yields perhaps 

more information about the nature of supersonic flow than 

do more elegant theories. In the same manner, the one¬ 

dimensional nozzle flow of a reacting gas mixture which 

is out of thermal equilibrium should yield considerable 

information about its non-equilibrium gas dynamic behavior. 

There have been several analyses of the flow of 

reacting gases in which finite reaction rates were con¬ 

sidered. Among the papers which treat molecular dissociation 

and atomic recombination there are several divisions. 

One-dimensional approaches using the ideal dissociating 

gas of Lighthill (5) have been presented by Bray (1) for 

nozzle flow and Bloom and Ting (11) for a general stream- 

tube flow. The latter considered transitions from equil¬ 

ibrium to near equilibrium and frozen to near frozen flows. 



Heims (6,7) has discussed the use of various recombination 

coefficients for the atomic recombination of oxygen. Also 

discussed was the effect of dissociation, coupled with 

molecular vibrations, on one-dimensional flow. Hall, 

Eschenroeder, and Marrone (14) studied the streamtube 

flow of air around a blunt body using rate coefficients 

for dissociation-recombination and ionization-recombin¬ 

ation estimated from spectrographic data. Emanuel and 

Vincenti (12) formulated the equations describing the 

one-dimensional flow of a general gas mixture in a nozzle 

and solved them using a model air. 

The one-dimensional flow of an ideal ionizing gas 

has been treated by Bray (13). The method used is similar 

to that of reference (1). 

Multi-dimensional flow of a reacting gas mixture 

has been discussed by Chu (3). He also outlined a scheme 

of solution using the method of characteristics. Wierum 

(2) has solved the Prandtl-Meyer flow of a monatomic 

plasma in which the non-equilibrium pressure distribution 

was assumed to be equal to the equilibrium pressure dis¬ 

tribution. 

2. Gas Kinetic Equations 

To study the flow of a reacting gas mixture, the gas 

dynamic equations must be supplemented by equations which 

describe the mixture composition as a function of space 

and time. Such equations arise from the fact that the 



thermodynamic state is a function of mixture composition. 

The equations of state 

3 

h = Vi(T, pi,.. .,pn) , (l.i) 

and 

P = P(T,p;,...pn) , . (1.2> 

contain the composition variables p>i (i=l,2,...,n), which 

are the mass concentrations of the mixture components. 

These composition variables, if the flow is not in equil¬ 

ibrium, depend on the r chemical reactions 

C<:; A; ly <• 
£. = ) <=/ 

n 

= (1.3) 

which are occurring in the mixture. From the law of mass 

action the chemical reaction rates in the forward and 

reverse directions, respectively, are given by 

R (1.4) 

(1.5) 

where Mi is the atomic or molecular weight of the i-th 

species. The proportionality constants kfj and k^j are 

the specific reaction rate coefficients of the j-th reaction 

respectively, and 

> 
(j = i—, r-) ( 

(1.6) 
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where Kpj is the equilibrium constant for the j-th reaction 

based on mass concentrations. Using (1.4), (1.5), and (1.6), 

with the conservation of mass equation, the species pro¬ 

duction equations are given by 

Vp: _ pi 
Dt p Dt 

ex' 
(1.7) 

in which the equilibrium constant 

(1.8) 

has been derived from statistical mechanics. In (1.8) 

0-; =. , (1.9) 

is a material constant, €L0 is the excess energy of the 
ground state over the arbitrary reference level €j *, is 

the degeneracy of the ground quantum state of the i-th 

species, \\ = Planck’s constant = 6.6242 x 10”^erg-sec, 

k = Boltzmann’s constant = 1.380474 x 10"^^erg/deg-molecule, 

m^ is the particle mass of the i-th species, T is the 

mixture temperature. 

* see reference (2) 
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In a monatomic gas which is undergoing ionization and 

recombination reactions, equation (1.3) is replaced by a 

single stoichiometric relation of the form 

A + ? A+ + e" -i- ? . (l.io) 

With the question marks, this equation is somewhat general. 

For reactions of the collision type, the question mark is 

replaced by a collision partner X, which, in a pure plasma, 

is either an atom, A, a positive ion, A1-, or an electron, e“. 

Then (1.10) becomes 

A + X 4? A+ e' +X (l.u) 

Assuming that the molar concentration (X) is constant, 

(1.11) becomes 

A W.£ k+ — 

A A + e , (1.12) 
where b 

K = (X) > . (1.13) 

Using Dalton's law of partial pressures, the equations 

of state (1.1) and (1.2) are given by 

and 
4. P + si.' 

■fcr. 

t-I 

(1.14) 

(1.15) 
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where the mass fractions, 

C; (1.16) 

have been used. However, for a monatomic plasma, the mass 

concentrations may be replaced by the total density jo 

and a composition variable c>< , the ionization fraction, 

which is defined as the sum of the mass fractions of the 

charged species, i.e. 

o< = c+ 4- C. = p*+p. 

p (1.17) 

With the assumption of electrical neutrality, namely 

it _ 
m+ m_ (1.18) 

the species mass concentrations are given by 

P* = p( 1 -°<) (atoms), (1.19) 

P+ = 
: pcxm+/rr)A (positive ions), (1.20) 

and 

P- = (electrons). (1.21) 

With (1.17 - 21) the equations of state (1.14 - 15) become, 

respectively, 

h = T + — n 22) M ' mA 
1 hiA > (1.22) 

and 

p = P(l+^tiAT , (1.23) 

where £ = 6^+60 , is the ionization energy ( G* = 0). 

The equilibrium composition equation (1.7), using (1.13), 
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(1.17-22), and the fact that = N0mi (N0 = Avagadro's 

is a material constant for the plasma. Similarly, the 

equilibrium composition (1.8) is given by 

which is the familiar Saha equation. 

With the state equations (1.22-23), the composition 

equation (1.24), and the gas dynamic equations, the one¬ 

dimensional non-equilibrium flow of a monatomic plasma 

through a particular nozzle may be solved. The remaining 

chapters describe a method of solution. 

where (1.25) 

(1.26) 



II. NON-EQUILIBRIUM FLOW OF A 
PARTIALLY IONIZED GAS IN 
A SUPERSONIC NOZZLE 

1. Gas Dynamic Equations. 

With the formulation of an appropriate composition 

equation (1.24), the problem of steady, one-dimensional, 

inviscid, non-equilibrium flow of a partially ionized 

gas in a nozzle may be solved using numerical integration 

techniques. The gas dynamic assumptions are as follows? 

(a) the flow process is steady, adiabatic, and inviscid; 

(b) diffusion currents are negligible; (c) the effects of 

external body forces are negligible; (d) chemical reaction 

with nozzle walls is negligible; and (e) the flow is 

essentially one-dimensional. 

With the nozzle axis in the x-direction, an hyperbolic 

area distribution 

A(x) = A* + pV , (2.i) 

is used, where the asterix denotes the physical throat 

(x=0). At large distances from the throat, the area 

distribution becomes indistinguishable from that of a cone 

whose half angle is given by 

cr = fan"'-%=. . (2.2) 
VTT 

For convenience, we define the non-dimensional length 
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which, when substituted into (2.1) yields a non-dimensional 

nozzle area 

A (2.4) 

The gas dynamic, state, and composition equations can be 

non-dimensionalized in a similar manner.* With assumptions 

(a) and (e), the momentum equation is given by 

u du 
d 

— O (2.5) 

Similarly the energy equation is given by 

dh_ 4. LUJU _ n (2.6) 

Its integrated form defines the stagnation enthalpy H as 

H = h 4- U.2 _ (2.7) 

For one-dimensional flow the continuity equation is 

P Lt A = p*U* > (2.8) 

which with (2,4) becomes 

pU.(l+Tr*) = p*u* _ (2.9) 

The equations of state (1.22) and (1.23) become 

|p = p(l +<x)T ) (2.10) 

and 

* A list of the non-dimensionalizing parameters is given 
in Appendix I. 
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h = f (' + <*)T +■ °< (2.11) 

Finally the composition equations (1.24) and (1.26) become 

CK thfo-^e 
KM»e upL P 

-X 
- (2.12) 

for non-equilibrium flow, and 

QCg 

I 
T 

5/* -y T (2.13) 

for equilibrium flow. 

With the above equations, the non-equilibrium flow 

problem is now completly formulated. By rearrangement 

these equations can be reduced to two simultaneous diff¬ 

erential equations of the form 

(2.i4) 

and 

3* =■£[*>, f*"*,k (?,«)]^ <2-15> 

where q is a symbol which represents any one of the variables 

h, u, T, p, or jD . These equations can be solved by 

numerical techniques. Once the solution to equations 

(2.14) and (2.15) is obtained, the other flow properties 

are obtained from eqs. (2.7-11). 

2. The Velocity of Sound for Non-Equilibrium Flow. 

In the non-equilibrium flow of a reacting gas mix¬ 

tures, a small disturbance propagates with the frozen 
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sound speed, c, given by 

(2.16) 

rather than the equilibrium sound speed, CL , given by 

e 

(2.17) 

An interesting phenomenon occurs as a result of this 

multiplicity of sound speeds. The Rankine-Hugoniot equation, 

shows that for equilibrium flow or for frozen flow the 

corresponding Mach number must be unity at the section of 

minimum area in the nozzle CE,=0). This is true since for 

on a slightly altered form; 

This relation shows that the frozen Mach number (u/c) 

cannot be unity at the physical throat ("?,=0) because, in 

general, dc< 0 at this point. Thus, an "imaginary throat", 

* This fact is discussed in some detail in reference (3). 

(2.18) 

equilibrium flow u^dp/dp = u^/o?- - Mg, and for frozen flow 
o 9 9 2 

u dp/dp = u^/c^ = Mf. However, when the reaction rate is 

finite, dp/dp £ c^ and the Rankine-Hugoniot equation takes 
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where u/c = 1, will occur somewhere downstream of the 

physical throat of the nozzle, 

3. The Recombination Coefficient kh. 

In most analyses, it is customary to regard as an 

empirically determined coefficient which depends only on 

temperature. However, such experimental data for ionized 

gases is still somewhat scarce. Some theoretical deter¬ 

minations are available. One such is the classical three- 

body recombination coefficient of J.J. Thomson (10), given 

by the expression 

•b   

where 
N, 

/z £7rr0m_ 
TOYl./ 3 m+ 

r. = 

(2.20) 

(2.21) 
3-fc.T 

is the maximum radius of approach for recombination, \ is 

the mean free path for electron collisions in the gas, and 

€ is the charge on the electron (4.80251 x 10"^esu.). 

At sufficiently high pressures, for which Y~0 — 

the recombination coefficient should reach a constant 

saturation value 

(2.22) 
N. IT mJ 3m* 

Massey and Burhop (15) have estimated this saturation 

pressure to be approximately 3.7 atm. for helium and 37 atm. 

for argon. 
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Another three-body recombination coefficient has been 

calculated by Pitaevskii (16) using the Fokker-Planck equation. 

This coefficient has the same form as that of Thomson, but 

is approximately six times greater for the temperature 

range in which it is applicable. It is restricted by limits 

of the theory used to temperatures below 1500 K for helium. 

Thus it is not applicable to the high energy plasmas that 

are considered in this work. 

Massey and Burhop (15) also discuss the radiation 

recombination coefficient which has been estimated from 

quantum theory. They assert that this coefficient is much 

less than that of three-body recombination, although the 

variation with pressure has not been considered. 

One effect which has been ignored in all of the theories 

of electron-ion recombination that have been discussed is 

that of the neighboring charges on the rate of recombination. 

In a dense discharge plasma, the long range interaction 

between neighboring charges may be quite important. 

The Thomson three-body recombination coefficient may 

be represented in terms of the non-dimensional temperature 

and density according to the following relation * 

k» = . C2-23) 

However, this coefficient has been found inadequate for 

the non-equiliibrium flow of the high energy plasmas 

* See reference (2). X* is a material constant with 
dimensions of time and values are listed in Table 2 of 
Reference (2). 
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considered here since it causes the flow to be essentially 

frozen in the nozzle. Due to the uncertainty about the 

density and temperature dependence of in general, 

it was considered desirable to determine what effect the 

variation of density would be on the non-equilibrium flow. 

For this purpose (2.23) is altered to 

k b MA £ 
T* Tb 

(2.24) 

where the constant L varies between 0 and 1. No tentative 

limits have been set on the constant b, however, it seems 

probable that it would be of order unity. With (2.24), 

equation (2.12) becomes 

dsi — tu p 
- r*Y- 

-T-1/ 2 
T - 

X U. 

where 

CN = VA*/p 

(2.25) 

(2.26) 

is a constant which depends only on the nozzle geometry, 

and 

=T*/&7m A (2.27) 

is a constant which depends only on the properties of the 

gas. 
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III. NUMERICAL SOLUTION AND CONCLUSION 

1. Differential Equations for One-Dimensional Non-Equilibrium 
Flow of a Partially Ionized Gas. 

Using equations (2.4-11) and (2.25), the differential 

equations (2.14) and (2.15), with q=h, become 

These equations have been integrated by the Runge-Kutta 

technique as modified by Gill (18) for use with an auto¬ 

matic digital computer. The computer used was an IBM 

1620 Data Processing System and the programming language 

was Fortran. An outline of the computations and the 

Fortran program are given in Appendix II. 

2. Integration Step Size. 

Equation (3.2) is one of a class of ordinary diff¬ 

erential equations, which occur in many physical problems, 

that are very difficult to integrate numerically. These 

equations have been called "stiff" equations since a 

typical example is the equation that describes the motion 

of a simple mechanical system with a stiff spring. A 

stiff equation is a differential equation in which the 

highest order derivative is multiplied by a small parameter. 

Problems governed by this type of equation in which the 

dh _ 
di- i 

(3.1) 

(3.2) 
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aforementioned parameter is zero at a particular point 

are called singular perturbation problems. This occurs 

at the starting point of the integration of equations 

(3.1) and (3.2), and will be discussed more thoroughly in 

the next section. 

It can be shown that equation (3.2) fits the defini¬ 

tion of a stiff equation by introducing the reaction time, 

into the steady state form of equation (1.24) to obtain 

The limiting case,T=0, represents equilibrium flow, in 

which circumstance (3.4) becomes the Saha Equation (1.26). 

Thus in any near-equilibrium flow T ~-'0, and (3.4) is a 

stiff equation. 

Emanuel (21) discusses the properties of stiff equa¬ 

tions which arese in the study of chemical reactions in 

flowing multi-component systems. He shows that the 

solutions of such equations consist of two parts. The 

first part, which represents the true non-equilibrium 

solution, is a transient part in which the solution decays 

rapidly toward a unique asymptote. In the second part, 

which is subsequent to the first part, the solution differs 

only negligibly from the asymptote. The use of the Runge- 

Kutta technique for the integration of stiff equations is 

T 
MA 

(3.3) 

(3.4) 
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also discussed by Emanuel„ Some important conclusions 

regarding the integration step size follow. Stability 

considerations impose a limit on the Runge-Kutta step size 

when the reaction time T is small. Stable integration is 

possible, however, when > U.T = integration step size); 

but in this case the truncation error will be inordinately 

large unless the numerical solution is quite close to the 

aforementioned asymptote. Thus, only after the transient 

region is completed are large integration steps, Ji/u.T >1> 

possible. A stability parameter B is defined such that, 

throughout the integration, 

A- < B 
uT 

For the fourth-order Runge-Kutta procedure used in this 

work B=5.6. 

3. Starting Procedure. 

Two difficulties arise in starting the integration. 

One is easily recognized by the observation that setting 

the term in brackets of equation (1.24) equal to zero 

results in Saha"s equation, the composition equation for 

equilibrium flow. For any flow which is very near equilib¬ 

rium, this bracketed term will be a difference of two 

nearly equal numbers, and a loss of significance occurs 

when the number of digits for computation is limited, as 

they are in the arithmetic register of a digital computer. 

However, this problem can be reduced somewhat by the use 

of double-precision arithmetic. 



18 

The other difficulty arises from the singular perturbation 

nature of the equations in the transition from equilibrium 

flow to non-equilibrium flow. This is illustrated by the 

discontinuity in the speed of sound, as discussed in chapter 

II, section 2. This effect is somewhat like the boundary 

layer effect in hydrodynamics. This transition has been 

treated by Bloom and Ting (11). They derived and solved 

the boundary-layer-like equations for the transition from 

equilibrium to non-equilibrium flow. However, they assumed 

the pressure distribution to be known. Nevertheless, the 

analysis of reference (11) brings out a significant fact 

that is useful in starting a numerical solution of this 

kind, namely, that at the instant the transition begins, 

the flow acts as if it were instantaneously frozen at that 

point. Thus, to start the numerical solution requires 

simply that dc^/dt, be set equal to zero at the starting 

point. The validity of this starting procedure will be 

discussed in part 4 of this section. 

4* Solution of a Particular Problem 

The method of solution just described has been carried 

out for helium flowing through the nozzle withs 

stagnation temperature, T0 = 28,522 °K, 

stagnation ionization fraction, o<0 = o50, 

mass flow rate, p*u* = 1.35951 gm/sec. 

The nozzle had a throat diameter of 1/8" and a cone half 
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angle of 30°. The corresponding nozzle constant is = 

.274963. The gas constant CQ = 1.16042 x 10“^. 

Two forms of the recombination coefficient were used; 

the Thomson coefficient for which, in equation (5.42), 

a = 1, b = 5/2, and another coefficient for which a = %, 

b = 5/2. The results of the solution using the Thomson 

coefficient are not illustrated completely since they are 

the same as those of frozen flow. 

5, Results and Conclusions 

The results of the non-equilibrium solution are illus¬ 

trated in Figures 1-5. Figure 1 is a plot of frozen Mach 

number versus area ratio for positions in the nozzle very 

near the physical throat (A/A* = 1). This plot shows that 

the "imaginary throat" predicted by equation (5.37) appears 

at an area ratio of 1.02275. Another important fact that 

is illustrated in Figure 1 is that for a particular recom¬ 

bination coefficient, there is a unique point upstream of 

the "imaginary throat" at which the integration may be 

started that will give a realistic supersonic flow solution 

of the non-equilibrium problem. For the recombination 

coefficient which varies asp%, this point occurs at an 

area ratio of 1.00712. It is interesting to note that if 

the integration is started at points downstream of the unique 

starting point, the solution is of the type shown by curves 

A and B, i.e., the frozen Mach number increases until it 



20 

reaches a certain maximum, then it begins to fall off and 

the nozzle acts as a subsonic diffuser. On the other hand, 

if the integration is started at a point upstream of the 

unique starting point, as illustrated by curve C, the Mach 

number increases until it surpasses unity somewhere upstream 

of the "imaginary throat". Then it oscillates about Mf = 1 

until it reaches the imaginary throat where it ceases to 

oscillate and continues subsonic if Mf<1 or supersonic if 

Mf>l. This effect is the same as if the integration were 

started with a mass flow rate that is greater than the 

maximum p*u* for choked flow. 

Although the results just discussed are somewhat academic 

for the nozzle configuration used in this solution, since 

the whole range of area ratios represented by the abscissa 

of Figure 1 are physically indistinguishable from the 

physical throat of the nozzle, there are some interesting 

implications involved. If a flow, initially in equilibrium 

with a critical mass flow rate for equilibrium, should for 

some reason deviate from equilibrium in the "subsonic starting 

region" shown, then the flow throughout the rest of the 

nozzle would be subsonic. Whether this happens or not would 

not be very difficult to determine experimentally since 

supersonic flow could be detected by the presence of a 

shock wave about a body injected into the flow. 
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Figure 2 is a continuation of the curves drawn in 

Figure 1 to show the frozen Mach number variation in the 

supersonic region. It is seen here that there is a consid¬ 

erable deviation from both the equilibrium values and the 

frozen values at only short distances from the throat. This 

deviation depends about equally on the velocity and the 

speed of sound deviations. 

Figure 3 is a plot of ionization fraction versus area 

ratio. This plot serves to vindicate the starting procedure 

that was used. The flow for k^ocp% was initially frozen 

at the integration starting point shown. However, it immed¬ 

iately returned to a near equilibrium value and remained so 

for several integration steps before a significant deviation 

from the equilibrium value occurred. The curve for k^jo , 

the Thomson coefficient, illustrates that the flow is essen¬ 

tially frozen from the starting point through the rest of 

the flow. 

Figure 4 shows the temperature variation with area 

ratio. The temperature decrease is seen to be much more 

rapid than that of equilibrium flow, and the deviation at 

an area ratio of only 1.36 is approximately 2500 K. 

Figure 5 illustrates the pressure variation with area 

ratio. It would seem at first glance that the deviation in 

pressure from that of the equilibrium value is smaller than 

other gas dynamic properties, since at A/A* = 1.36 this 

deviation is less than one atmosphere. However, at this 
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point, the deviation is 14 percent. 

The main conclusion to be drawn from this analysis is 

that the density dependence of the recombination rate 

appears to be more crucial than has been previously sus¬ 

pected, since a dependence of % in the rate coefficient 

yields a non-equilibrium flow that is fairly near equilibrium 

flow, whereas a linear dependence yields essentially a 

frozen flow. It might be pointed out, however, that this 

density dependence could be involved in the reaction partner 

concentration,(X), which has been assumed constant. 

This concentration could be estimated in a more exact 

fashion by assuming that there are two separate reaction 

partners Xj and X^ for ionization and recombination res¬ 

pectively, each of which can be represented by a linear 

combination of the species occuring in the mixture; e.g. 
h 

(3.5) 

(Xe) = ^ ^(X') (3.6) 

in which 

<rx , 

where the <rT. are the collision cross-sections for the i-th 

species undergoing two-body ionization reactions with atoms, 

and the are the corresponding quantities for three-body 

recombination reactions with positive ions and electrons. 

Since the collision cross-sections are probabilities, this 

formulation would introduce a most probable reaction partner 

into the reactions and would therefore predict the density 

dependence of the reaction more accurately. 
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FIGURE 2. Frozen Mach Number vs. Area Ratio 



FIGURE 3. Ionization Fraction vs. Area Ratio 



FIGURE 4. Temperature vs. Area Ratio 
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APPENDIX I. 

Non-Dimensionalizing Quantities, 

<& 
pressure = 

(-fe/£)Vz 

temperature = e/A 

density = 
6 

(g/m, )(*/£)* 

enthalpy = £/mA 

velocity = /£ /iriA 

length = ■/A* 

* The numerical values of these quantities are given, for 
several gases, in Table 3 of Reference 2. 



APPENDIX II 

1. Outline of Computer Program for Integration of Equations 
^3.1) and (3.2)a 

(1) Input 

(a) constants: CN> CQ» T* 

(b) rate coefficient exponents : a,b 

(c) initial state from equilibrium flow program, 

^1,5» hl,5> H» P*1** 

(2) Set Runge-Kutta Remainder functions; Qi, Q2» Q3 = 0 

(3) Calculate: 

(a) T = .4 (h -cx) / (1 + o<) 

(b) A = 1 +%2 

(c) u = y2(H-h) 

(d) p = p*u*/Au 

(e) characteristic reaction time: q-*= 

(f) integration step length: ^ = qj'u/C^ 

(4) Initialize Runge-Kutta Routine: set k = 2 

(a) set:^^5 = 

(b) set: his5= hlsl 

(c) set: °<l,5=0<i,i 

(5) Runge-Kutta Routine 

(a) set j = 1 

(b) If k = 2 input Runge-Kutta constants: j, C2j, C3j, 

(c) Calculate 

(di;/d%)j = 1 -*1,5 



A. 3 

u =/2<H-hj) 

T = .4 (hj -o<j)/(l+<^:j) 

p = p*u*/Au 

p = p(l +CKj)T 

(d) if k = 2, set (dcX/d5,)j = 0 

if k 2, calculates 

F(3,j) =(doc\ = CM f! Ul-ofO Te-1/1 

ldS,/j CQ L U 

(e) calculates 

Y(2,j) - /dhl = - 2 (H-ot^) TzCh, -*i) + 
(d^ Jimpicj iJ+s/ 

(f) set i = 1, calculates 

ARR - Cij ($F(i,j) ~ C2jQi) 

Y (i,j+1) = Y(i,j) + ARR * 

Qi = Qi = 3(ARR) - C3j,ftF(i,j) 

set i = i + 1 and repeat for i = 2,3 

(g) set j = j+1 and repeat (5) for j = 2,3,4 

(6) Calculates 

(a) A = 1 +^5 

(b) u = /2(H-h5) 

(c) T = ,4(h5 -<X5)/ (1+ °<5) 

(d) p= p*u*/Au 

(e) p = p(l +<X5) T 

(f) c = 7(5/3) p/p 

(g) Mf = u/c 

* Note that = Y(1,j) , hj = (Y(2,J), <*j = Y(3,J) 



(7) Output; h5, o<5, T, A, u, Mf, p, 

(8) set; k = k + 1 

(9) return to (5). 

Runge-Kutta Constants 

j 

1 .500000 00 

2 .292893 00 

3 .170711 +01 

4 .166667 00 

.200000 +01 

.100000 +01 

.100000 +01 

.200000 +01 

   

.500000 00 

.292893 00 

.170711 +01 

.500000 00 



A.5 

2. Fortran Program for Numerical Integration of Equations 
(3.1) and (3.2)1 

DIMENSION Cl(4), C2(4), C3(4) 

DIMENSION Y(3,5), Q(3), F(3,5) 

1 F0RMAT(6E12.6) 

2 FORMAT(2F6.4) 

3 F0RMAT(5El4.8) 

K=1 

READ 1, ON,CG,TAU 

READ 1, X,Z 

CNG=CN/CG 

51 READ 3, Y(1,5), Y(2,5), Y(3,5), HSTG, RUST 

Q( 1)=0. 

Q(2)=0. 

Q(3)=0. 

K0N=1 

T=.4*(Y(2,5)-Y(3,5))/(1.+Y(3,5)) 

A=1„+Y(1,5)*Y(1,5) 

VEL=SQRT(2.*(HSTG-Y(2,5))) 

RHO=RUST/A/VEL 

TAUPR=TAU*T**2.5/RH0/RH0 

H=TAUPR*VEL/CN 

52 K=K+1 

DO 56 M=1,3 

Y(M,1)=Y(M,5) 

DO 64 J=1,4 

IF(2-K)60,58,58 

56 



58 READ 1, C1(J), C2(J), C3(J) 

60 F(1,J)=1. 

A=1,+Y(1,J)*Y(1,J) 

VEL=SQRT(2.*(HSTG-Y(2,J))) 

T=.4*(Y(2,J)-Y(3,J))/(1.+Y(3,J)) 

RH0=RUST/A/VEL 

P=RHO*(l.+Y(3,J))*T 

IF(K-2)200,200,203 

200 ARATE=0. 

GOTO 202 

203 IF(X)204,205,201 

204 REX=1./RH0**(-X) 

GOTO 206 

205 REX=1. 

GOTO 206 

201 REX=RHO**X 

206 IF(Z)207,208,209 

207 TEZ=lo/T**(“Z) 

GOTO 210 

208 TEZ=1. 

GOTO 210 

209 TEZ=T**Z 

210 CRATE=REX/TEZ 

TOP=(1o-Y(3,J))*T**1.5 

UET=VEL*EXP (1 j, / T ) 

TOU=TOP/UET 

OUT=RUST*Y(3,J)/(VEL*VEL*A) 

A. 6 



DIF=TOU-OUT 

A.7 

ARATE=CNG*CRATE*DIF 

202 PHI=-2.*(HSTG-Y(2,J))/(3„*HSTG-4.*Y(2,J)+Y(3,J)) 

THETA=2.*Y(1,J)*(Y(2,J)-Y(3,J))/A 

F(2,J)=PHI*(THETA+ARATE) 

F(3,J)=ARATE 

DO 62 1=1,3 

ARR=C1(J)*(H*F(I,J)-C2(J)*Q(I)) 

Y(I,J+1)=Y(I,J)+ARR 

62 Q(I)=Q(I)+3.*ARR-C3(J)*H*F(I,J) 

64 CONTINUE 

A=lo+Y(l,5)*Y(l,5) 

VEL=SQRT(2.*(HSTG-Y(2,5))) 

T=O4*(Y(2,5)-Y(3,5))/(1.+Y(3,5)) 

RHO=RUST/A/VEL 

P=RHO*(l.+Y(3,5))*T 

VSON=SQRT(5.*?/RHO/3„) 

EMACH=VEL/VSON 

108 IF(SENSESWITCH 4)302,203 

302 PUNCH 1, Y(1,5), Y(2,5), Y(3,5), T, A 

PUNCH 1, A, VEL, EMACH, P, RHO 

303 IF(SENSESWITCH 2)400,52 

400 PRINT 3, A, EMACH 

GOTO 52 

END 


