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ABSTRACT 

What has been done in this thesis is to derive a numerical method 

to solve approximately the non-steady gas pipeline flow problem by assum¬ 

ing that the flow is isothermal. 

Under this assumption, the application of this method is restricted 

to the following conditions: 

(1) A variable rate of heat transfer through the pipeline is assumed 

possible to make the flow isothermal; 

(2) The pipeline is very long as compared with its diameter, the 

skin friction exists in the pipe, and the velocity and the change of ve¬ 

locity aYe small. 

(3) No shock is permitted. 
1 

The isothermal assumption takes the advantage that the temperature 

of the entire flow is constant and therefore the problem is solved with¬ 

out introducing the energy equation. After a few transformations the 

governing differential equations are reduced to only two simultaneous 

ones containing the pressure and mass flow rate as functions of time and 

distance. 

The solution is carried out by a step-by-step method. First, the 

simultaneous equations are transformed into three sets of simultaneous 

difference equations, and then, solve them by computer (e.g., IBM 1620 

; l 

Computer which has been used to solve the examples in this thesis). 

Once the pressure and the mass flow rate of the flow have been 

found, all the other properties of the flow can be determined. There¬ 

fore the entire problem can be solved. 
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I. Statement of the Problem 

There are various types of non-steady flow problems. However, no 

general solution has been found for such problems. Therefore, study of 

non-steady flow problem is usually restricted to certain simple cases. 

Even in such cases, exact solutions to the resulting differential equa¬ 

tions can scarcely be derived. 

The problem studied here is one of the simplest problems in the non¬ 

steady compressible flow. General features of this problem may be des¬ 

cribed below: 

A. One dimensional: 

The flow considered as that of a compressible fluid flowing in a 

transmission pipeline. The center line of the pipeline is regarded as 

the only independent spatial coordinate. The pipeline is not necessarily 

straight but is assumed to be constant in diameter or cross-sectional 

area. 

B. Frictional: 

Skin friction or viscosity exists and is assumed to be constant 

along the pipeline at any time during the entire flow. 

C. No body force: 

The difference of the elevation of any two sections of the pipe is 

assumed to be negligible as compared with the pressure and the velocity 

heads. 

D. Subsonic and no shock: 

The Mach number is assumed to be small. It is also assumed that 
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there is no abrupt increase of pressure. The first order derivatives of 

the properties of gas in the pipe with respect to time and distance are 

assumed to be continuous except at the boundaries. 

E. Perfect gas: 

The gas flowing in .the pipe follows the ideal gas law. 

With these restrictions, the general differential equations of this 

type of flow is derived and transformed into difference equations which 

can be solved numerically. A discussion of the method applied to the 

flow problem will be given at the end of this thesis. 
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II. Review of Steady State Theory of Compressible Flow in a Pipeline 

The basic theory of steady state gas flow in a pipeline has been 

fully developed and can be found in most books on gas dynamics. , 

Most] of the authors use the Mach number M, ratio of flow velocity to the 
T 

local sound velocity, as a parameter in formulating the flow equations. 

It is the most convenient quantity to use, since almost all flow proper¬ 

ties can be expressed in terms of it. It is also convenient to use it 

as a paremeter for tabulation of the flow properties. However, in the 

case of isothermal, flow and for cases in which the velocity is small as 

compared with the sound velocity, it is more clear to express the flow 

properties without introducting the Mach number. 

Hicks, B. L.., Montgomery, D. J., and Wasserman, R. H. gave four 

basic equations*. 

' These equations are: 

Conservation of Energy: C dT + VdV = dQ, 
_■ ■ P 

Conservation of Mass: d( § VA) = 0 

Equation of Motion: ■ -dP = (pVdV + PdF and 

Equation of State: d(P/R^T) = 0. 

These equations will be derived in this section. 

A. Governing equations 

(l) Equation of continuity: 

Based on the Law of Conservation of Mass, the mass flow-rate 

at any cross' section should be the same as at any other section. 

* "The One-Dimensional Theory of Steady Compressible Flow in Ducts with 

Friction and Heat Addition" in MCA Technical Notes No. 1336 (l9Vf). 
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Let: 

m = mass flow rate 

^ = density of gas 

u = velocity of gas flow 

A = inner cross section area of 
pipe 

D = inner diameter of pipe 

We have 

•m = ^uA = constant. (l) 

(2) Momentum equation 

From the figure "below, the summation of all the forces should "be 

equal to the rate of change of momentum. 

dx 4 
PA 

mu 

(p-t-dp)A 

1 

1 
r 
\ 

|-— m(u+du) 

Define the wall shear stress 

7~ f uc 

'W 

t 

2 * 

and: f = friction of factor. 

Let P = pressure of gas 

and x = distance along the pipe 

Then we have 

PA - (P + dP) A - 7" dx.TTD = - mu + m (u + du) 

or dP + fu2 dx + ^udu = 0 (2) 

(3) Energy equation 

From the Law of Conservation of Energy, for a steady flow, the energy 

equation can "be derived. 
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/ 

ibh —■ 
/ 

* 

v--tr)(h+dh) 

-f u2- j— f (u+duf 

*— d X — 

We have 

mh + j| u^ + 4dx = m (h 

hut m = ^- ^ 

Let 

4 = heat transferred into the pipe 

per unit time per unit length 

of the pipe 

h = enthalpy per unit mass of gas 

dh) + ^ m (u + du)^ 

The energy equation can then he reduced to the form 

^ ( ^udh + ^uW) = q&x 

(4) Equation of state 

From the ideal gas law,' we have 

P = ^RT, 

where R = gas constant 

T = absolute temperature of the gas 

(3) 

(4) 

B. Isothermal flow 

The static temperature is assumed to he constant throughout the 

pipe. 

From Equation (4): 

dP = RTd^ . 

Equation (3) becomes 

RTd^ + — ^ u^dx + ^ udu = 0, (2A) 

and from Eqn. (l) 
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u and du . M? 

Af2 ' 

Eqn. (2A.) "becomes 

RTd^ 
f /m\2 dx 
— (-) 
2D 'A' T 

or 

Integrating from xQ to x,we obtain 

or 

• i® (f -?0
2) - (f)S <!>2 <x - xo)= 0 

L, * 

f2 - ?o2 + 2 tf)2 -4 *°j;m (!)2 (x - xo) 

?2 = ?0
2~ <i>2 <x - ^ + 2 

Prom Equations (4-) and (5), we have 

m 
A 

(S^ [ 5 (x - xo) + 21x1 P ] ’ 

PS = P„2 + 2 (|)2 EPUx | - § (f)2 ET (x - xj , 

or 
2 2 

P = P - RT 
o 

and from Equations (l) and (5), we have 

) 

(5) 

(6) 

1 
u* 

(T) 
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III. Derivation of Basic Non-steady Flow Equations 

A. Equation of continuity 

The general form of continuity equation is 

a? 
3t + \7‘(?VJ = 0. 

For one-dimensional flow, the equation can he reduced to 

3? , d(?U) 
at + “ax ~u- 

where t is time. 

(8) 

(9) 

B. Equation of motion 

According to Newton's Law of Motion, the following statement can 

he made: 

r  

AT* —>4 f?u*+ 3X (fifiSxl 

1 

PA — 
1 

1 

1 

j .Tw 

' A (p+ lp
x *x] 

Net rate of 

change of x 

momentum 
^ =: 

( Net flux of x-momentum 

J into element plus net 

force in x-direction act 

within element ' ^ ing on fluid within element 

The x-momentum of fluid within element is 

?U2jTD*SK 

The mass flux into element at x is 

D2 
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The mass flux out at x + & x is 

f (f U2
J-J-D

2
C5X 

The net pressure force in x-direction is 

T'piP~ ~4-oz(P+ If SX] 
The net shear force in x-direction is 

Tw TT P S X 

For a steady state incompressible fluid flowing in a pipe, the relation 

between the wall shear stress and the friction factor is 

Tw TD£X= ^ ^X-J p2 , 

dp __ -f fu2 

dX 0 2 ’ 

7- _ ± fuz —
 4 ^2 ' 

Substituting all these terms in the above statement of Newton's law we 

} 
obtain 

3 (ftp , 3(fU2J _ _ 3P_ _ -f fu2 . 
9t 3X 3X D 2 

Combining this with Equation (8), we have 

pf^L-^u _i£L-±1}£ . > \ 3t ~r ax 0 2 
(10) 

C. Energy Equation 

By the help of the Law of Conservation of Energy, we can make the 

following statement: 
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Rate of change ^ 

6f the internal and 

Net flnx of the internal and the 

kinetic energies into element plus 

the kinetic energies. > / the rate of doing work on element hy 

of the fluid. . 

within element 

surface forces plus the rate of 

conduction of heat into element 

  SX~!   

r“" / .: ' 

Afu$- 
Apu - 

A$x 
is* 

<>(?£) 
dt 

ASx- a(f£; dt 

A(fU£ + ^<?U£)Sx] 

Alpu+0<(pu)$x) 

f 
The internal energy of fluid in the volume element is 

TT„2, 
f£-2pD 3* > 

where £ is the internal energy per unit mass. 

The kinetic energy of fluid in the volume element is 

p (i TT 2 s' 
) 2 ^ P • 

The fate of change in the internal and the kinematic energies of fluid 

within element is 

3 r ,0 r a ^ \ TT _^2 «<• 
+ f~2-)~4roSx . 

The net flux of the internal and the kinetic energies into element is 
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The rate of doing work on element by surface forces can be considered 

as follows: 

(1) by pressure force, it is 

~^W(Pu>Sx 

(2) by wall shear force, it is 

ITpSx Tw U-w 

But uw = 0, i.e., the velocity at the wall should be zero. Hence, 

the rate of work done by shear force must be zero. 

The rate of conduction of heat into element is 

4 , 
l 

Substituting all these terms into the above statement of energy conser¬ 

vation, we have 

Applying Equations (9) and (l0), the above equation may be reduced accord 
1 * 

ing to the following procedure: 

Rewrite the equation as: 

(r+£ )(§+ ^r)+HI?+Uw]+?[H+Uw] 2X 

IP ?u + 43_ 

TP2 

According to the equation of continuity and the equation of motion • 

00 



11 

3? , p 
at ^ ax ~u (9) 

and 

?( ̂ --tu dt u ax 
9u_\ _ _  £ fu2 

' ax p 2 (10) 

the energy equation can he reduced to 

P (4- (j ) —  p -A- O n^~f | A% 
H3t

+U3x'- r5x+y%+^ 
o P However, Q = h - — so that 

Equation (12) can also he written as 

«$*“■&■)+-ft#+“#)-(#+»$■) 

(12) 

(13) 

rvat 

-£pU
J_ + 

2D > W ' 3XT 7T0*-6 (14) 

or 

pfJh.4-U-^L) + | z(Mi (*? ap \ 
H3t^u?x/ + f bt + ax J \>tj~u'W) 

= ~^r 4- -^Y 0 
2P > jrp7 » (15) 

Again, hy the equation of continuity, Equation (15) may he reduced to 

?(4+wH-)=(^+ww)+if^44 
7TIT 

(16) 
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Pat h = / CpdT 
and assume C 

P 
= constant, then we have 

(IT) 

§F- ^(Cp(T-T„)] = crft* 

and 

2k - r 
3t p 3t 

Equation (l6) hecomes 

which is the final form of our energy equation. 

(18) 

(19) 

(20) 

D. Equation of State 

For an ideal gas 

P = ^RT (4) 
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IV. Isothermal Approximation 

Looking into the equation of motion and the energy equation, we can 

find that an isothermal case is the easiest one for solving the flow 

equations. 

In order to make the isothermal approximation possible, we have to 

assume a particular variation of q with x and t, to make the flow iso¬ 

thermal. Therefore, restrictions have to be made. These restrictions 

will be as follows: 

A. The pipeline is assumed to be very long as compared with its diam¬ 

eter. Sufficient area and time make the heat transfer nearly complete. 

B. In the equation of motion, the term containing the friction factor 

must be the predominant term rather than the pressure gradient, in other 

words, the energy dissipation is great, and the process may be considered 

constant enthalpy instead of constant entropy. Therefore the temperature 

variation is very small, if the gas is ideal. 

C. The velocity and the change of velocity of the fluid flow are small, 

that is, the total energy may be regarded as the enthalpy only. If the 

change of velocity is small, the enthalpy is nearly constant and hence 

isothermal. 

D. The first derivatives of the properties of the fluid with respect 

to time and distance must be continuous except on the two boundaries 

(or two ends of the pipe). Thus, shocks are being excluded since they 

are discontinuities 



The above restrictions having been made, we can treat the flow as 

isothermal, that is, the static temperature T, is a known constant. 

Therefore, we can leave out the energy equation and use only three of 

the four basic equations, that is, the equation of continuity, the equa¬ 

tion of motion, and the equation of state, to solve the flow problem. 

Several forms of perturbation method have been tried to solve these 
1 

equations analytically, but none of them can carry out a satisfactory 

solution. One of the perturbation forms is given in the Appendix. 

Therefore, we have to derive a set of difference equations and 

solve this problem numerically. 
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V. Dimensionless Forms 

Define the dimensionless quantities 

£ = X 
7 D 

X 

P
 

iXJ^ 

11 

SlCp 
II t = 7;5. 

o 

TT= J 2 
p II

 

o
^
 

o*
 fO
 

11 

\ o
 

1 

m 

•a° 

II 

? -Q?. 

E-UE-4° 

II T - ® To 

p*i P* 4 
n u II 

Substituting all these quantities into the basic equations and rearrang¬ 

ing, we can obtain the following dimensionless forms: 

A. Equation of continuity: 

3? , *(?u) n 

dt dX ~u 

dZ (21) 

B. Equation of motion 

1±L) = _]>P_ -f ?ux 

?X ' 2X ~0 2 ' 

tin +0PVU.3V_ ?u„2air 
p +  F5f 

The final form is 

-f 

P 2 

3\? I dir £ 
-G 2 

(22) 
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C. Energy equation: 

(-fir + U *L.)—2L + U*P, f . % 
d-t 1 " ax / — at + w ax + 2P * ~A 

By the same way, the dimensionless form of this equation is 

,2 

jp/A -f 
Cf ?, UoT° 

D. Equation of state: 

e=p_ ■ 

> RT ■' 
The dimensionless form is 

R = C -k"1 
.0 ' p It 

o = —k—JI 
fM CpTo 0 

E. Dimensionless equations for isothermal flow: 
t 1 « 

The Equation of continuity is 

(83) 

(24) 

- + 
aCfu) _ 0 

at ax 
(9) 

where u _ A 1 
W‘Af 

mRT 
AP. ' (25) 

and 

JR 
II (.*■) 

Equation (9) now becomes 

1 - + 
RT " at 

1dm . 
A ax " u (26) 
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or dll 

at 
M . o 

k 2 u 

u 3? 

(27) 

where T = T .a constant, 
o ' 

The Equation of motion is 

+ U. 
p(dU .. dU N _ _ -f fUl 

) l a-t **" u ax / ax p 2 

Substituting Equations (25) and (4) in the above equation and rearranging, 

we have 

am _ kh a~p 
at P + ±RT^^--UT€

]
& 

A 

j. h^- -|———-RT ^ — O 
< HdX ^ 2D A~l P ^ 

p ax 
£i 
2D A 

.2 

f‘ ax 

From Equation (26): 

3P   l_ n-f am 

at /4 ax 
Substituting in Equation of Motion* we get 

/ _i_pprJTL^n _p-r/U22f ££ 
^ at 1 p ax ax 

■m 3m m\2 ?p 

+ /fH- +4RTJF‘=0, ?x 2D 

(28) 

then, substituting the dimensionless quantities in this equation and re- 
tii 

arranging, we have the form 

d/H . 9 A-/ CpTo/f ,r. _ CpTof/U) 7 <^r 

/< ufir^Z rv £ uMir/Ja-y 

—i— JtL A. Q>To M — f) 
' K 2 U? Tf U 

Let a = 
k - 1 

C T 
_E_o 

2 
u 

(29) 
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then 

+ Orf_   r\ 
2 7T ~U 

i 

(30) 
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VI, Difference Equations 

Let m denote the location of a particular section, and let n denote 

a particular point in time. Then, also let j denote the total number of 

' t i • 

increments into which the length of pipe is sub-divided. 

'Tr(x,t)°r($,z)=Trm>n 
and =/U($,T)=/tUm^ 

A. Time derivatives may he approximated: 

97T Tm. »+l ~~JTyn,ri 
91 

(31) 

9M   /U-M, ft -hi /Ahi/ K\ 
9Z AZ 

(32) 

B. Distance derivatives may he approximated: t 

(l) At the left end, or upstream end, m = 0: 

91T  TTn+i, n — '7Ttn,n   — ~TCo,h 

_ 

9M   Mvr\+i, ft ~   //hn ~~ JAp/ft 
9^ A^ ~ 

(33) 

(3»0 

(2) All other sections, except two ends, m = 1 to j - 1: 

  'TTm+bft n 

9M -  JJtn+hh 
a? 2^ 

(3) At the right end, or downstream end, m = j 

(35) 

(36) 
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— T*>w ~ ITm-hri   1— Tfj-i,n 
3^ ^ (37) 

~2M     /C4f,n — M^->>n 
^ A ? 

(38) 

C. Difference equations for Equations (27) and (30): 

(l) At the left end, m = 0, 

Thus, from Equation: (27) 

ITo', n+i—ITo.h , >) M\>n ~ Mo>n   n 
*7 

+a — 

Solving for ITo/n'H'9 W® get 

lTo,„+,— U0ln “ $ (Mi,n /^0/H) (39) 

From Equation (30)/ we have 

J^o,h+r~M0/n _j_i n (Mt>n — M»>n 1 
L
 tji7nlC~ j 

+(/- a (MMflJh-H-TTM ^ Q k [7r°>n/ J t 2 To,* u 

Solving for yUo^H > we Set 

/""« = A- 0 - 2» ^ J - £ 
+0~aHt/](Tr«-Tr^ W| 

(2) For all sections except the two ends, m = 1 to j - 1: 
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Combining Equations (27), (30), (35) and (36), we get 

(3) For the right end, m = j: 

From Equations (27), (30), (37) and (38) we get: 

D. Solutions of the difference equations. 

(1) Selecting a proper number j and dividing the pipe length L by j, 

we get x and Zl ^ - the increments of distance^ 

where ^ = AX/P. 

(2) Selecting a proper time interval we get the dimensionless 

increment 
AZ = 

Both Items (l) and (2) will be discussed later. 

(3) For a given initial condition, we can calculate all 77L „ 3 fHjO 

and JUy\)os from the steady state formulas ; Equation (6), and the value 
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of a; and also determine the boundary conditions. 

(4) From Equations (39) to (44) for n = 0, we can find all the 

'77* s 8114 M, » s* 
''ttv / A'III) I 

(5) From Equations (39) to (44), we can now find all the 7L, s and 
rW/ 2> 

Mr»aB for “ ■ x- 
(6) If we; continue with this iterative process, we find the s 

and K|s at 
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VII« Examples of Numerical Solutions of Difference Equations 

Example 1. Air flowing in cast-iron pipe - A test of difference equations 

by Steady State flow condition. 

Cast-iron pipe: 
1 

Inner diameter D =6 in. 

L » 10,000 ft. 

^/D = 0.0017 

Length 

Relative Roughness 

Air: 

R = 1,720 ft-lb/slug-°R 

T = 70 F =530 R. 
.1 t 

The upstream or left end initial pressure is PQ . 

Let PQ = 2 atm. = k,230 lb/ft2. 

The downstream or right end .initial pressure is P^. 

Let P1 = 1.5 atm. = 3,175 lb/ft2 

From the table and figure for friction factors given by Kent's 

"Mechanical Engineers' Handbook", we can try a friction factor f = 0.025. 
I 

From Equation (6), 

* ■ •>(#)(■£ *H), 
or /4m.f P'-PJI  
Substituting all the given values in this equation, we get 

(6k) 

or 

4m. _ 2,800 
Tlf 21,400 

m = 0.527 slug/sec. 

slug/sec.-ft* 

The Reynolds' number is given as 

- 

' F 

R 
n 



2k 

rr ^ 
Assume JJ = 3.85 x 10"' lb- sec/ft at 70°F 

Jo 
R = ^ = 1»7 x 10" 
n 7TP ft 

From this Reynolds' number and the figure for the friction factor we find 

f = 0.023. 

From Equation (6A) we obtain 

m = 0.0268 slug/sec. 
o ' 

Equation (6) gives 

*x2-’o 2-R<#/(^+2/4) 
(6) 

where L is the pipe length measured from left end to section x. Equa-’ 
x P . 

tion (6) in this example can be made simpler, since 21n— is less than 
fL 

1$ of the value of 

Therefore, as a good approximation, we will assume that 21rip— is 
rx 

directly proportional to L , and so it may be combined with fL /D. 
X X 

After substituting all the known values in Equation (6), the pressure 

P can be found as 
x   

Px = 10
3J 17.9 - 7.83LX . 

U0”fp^=28.2tt/Sec. 

?uo * $$tf = 3-8 W«' 

TT'-frs 
ft ” 0.0268 

? -f = * 

a = = ix4o 

4 

for C =0.24 BTU/lb-°R 
P 
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Select, for instance, ^x = 500 ft and At = 0.1 sec. Then 

= 1000 and AT= 5»64. Thus, j = 20, for the initial condi¬ 

tion, n = 0: 

7TW,0= 10
3
 J 1.25 - 0.0288m 

Avo“ ^ 

The difference equations are now: 

(1) for m = 0 

TFo,n+i~ , 2 (39A) 

1 - 12-8fi’i4 
1^)-^ 

M°/n 
lTo,h 

■+O.OOS64(m>,r,-7T,,n)( 1 - llko(.^°'
nf ] (4OA) 

' IT0//17 J 

(2) for m = 1 to 19 

(4IA) 

- T3-9-^2 , JJ ir™,n J 7/^n (42A) 
+ 0.0282 £ 1 - n4o 

(3) for m = 20 

T*>,** = 7TUo (4-3A.) 

- 12.86 A0'*73.9 

* 00564 C1 -',u*° -1h„») <«*> 

From these equations and the initial values, and with the aid 

of a computer, (e.g., IBM 1620 Data Processing System, ;we find that the 

stable value for is 1.0478 instead of 1.00. This error is caused 

by the approximate calculation by a slide rule and the using of difference 

equations instead of differential equations. The stable values of pres- 
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sure and mass flow rate in "both dimensionless and dimensional forms are 

psia M lb/sec. 

listed in the following table: 

m ft. ir 
0 . 0 1118.0 

2 1,000 • 1092.0 

4 2,000 1065.3 

6 3,000 1037.9 
8 ' 4,000 1009.8 

10 5,000 980.9 
12 6,000 951.1 
14 7,000 920.3 
16 8,000 888.4 
20 10,000 821.0 

29-5 1.0^78 0.9 
28.8 

28.1 

2Jik 
2 6.6 
25.9 
25.1 
24.3 
23.4 
21.7 

The main purpose of working this example is to test whether the 

difference equations are stable, that is, whether or not we can use a 

difference equation instead of a differential equation. A discussion 

about the stability of these equations is given at the end of this thesis. 

This example not only tells us that this treatment is satisfactory but 

also gives us the error in calculation. These values of error might be 

used to correct the values which we worked out for the non-steady cases 

in the following examples. 

Example 2. Initially the flow is the same as that described in Example 

1. We suddenly drop the pressure to 15 psia at the downstream end; and 

examine what will happen along the entire pipe length. 

The procedure for solving this example is the same as that in 

Example 1, except the pressure at the downstream end is 15 psia, which 

corresponds to a dimensionless pressure 

Xc,n= Xo,o " i^=570 

The other formulas are the same as used in Example 1, provided that 
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we choose Ax = 500 ft and At = 0.1 sec. 

By the help of a computer, the conditions of the subsequent flow 

can he found. The computer results are too extensive to include here in 

detail, hut from these data, curves of 7T sad- may he plotted. 

Figure 2-1 shows the pressure distribution along the pipeline at 

different times. The difference between the new steady state and the 

pressure curve at any time may he easily seen from this figure.- The 

horizontal coordinate is either m or Lx, along the pipeline. 

Figure 2-2 shows the mass flow rate of the whole pipeline at differ 
• * * 

ent times. For a time interval 100 seconds, the mass flow rates at the 

two ends differ by only a few per cent. 

The new steady state can also he calculated directly by the steady 

state formula. 

From Equation (6A) in Example 1, 

( f = P:~Pt 
\1n?v 

*TTxo.25 v 4&0J9-T? 
“5 1720x530 (460 + 1.1 1720x530(460 + 1.14) 

423qJaW 
= 0.035 slug/sec 

or 

The pressure along the pipeline may he written in the following form as 

referred to the first example: 

77 m, stable = 10^ J 1.25 - 0.046m 
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wfeere m = 0 to 20 

and L = 0 to 10,000 ft. 

Example 3* The flow is initially the same as that in Example 1. We 

suddently cut off the flow at the upstream and at time t = 0.1 sec. and 

examine what will happen to the entire flow. 

To solve this problem, we only need to keep )T}o,r) = 0 and 

*20, h = 21*T psia, or; 

A,n- 0 

Vso,n = 821 

The other formulas are the same as those in Example 1, if we choose 

Ax = 500 ft and At = 0.1 sec. 

The computer data are again too extensive to be reported here. Curves 

plotted from these data show us clearly that the flow is a damped vibra- 
k * 

tion. Details can be found in the following four figures. 

Figure 3-1 shows the pressure distribution along the pipeline at 

different times. The disturbance of pressure during the vibration can- 
, t k 

not be seen in this large scaled diagram, ff and P indicate the dimen¬ 

sionless and the dimensional pressure, respectively. 

The horizontal coordinate indicates the sections m and the length 

Lx along the pipeling. 

Figure 3-2 shows the dimensionless mass flow rate JJ and the mass 

flow rate &■ at different time along the pipeline. The vibration of the 

flow can be seen from the locations of these lines. But Figure 3-3 and 

Figure 3-b show the characters of the vibration more clearly. 

Figure 3-3 shows the mass flow rate m, pressure P and the pressure 
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gradient A~B/AX . as well as the dimensionless values of these three 

quantities at the mid-point of the pipeline, that is at Lx = 5,000 ft 

or m = 10. The horizontal coordinate is the time coordinate measured 

from t = 0 to 200 seconds or n = 0 to 2,000. 

Figure 3-^ indicates values of m, P, and ^4 P/ x at the end of 

the pipe, i.e., at L = 10,000 ft or m = 20. 
X 

Some phenomena of this flow can he found from these figures: 

(1) The. greatest amplitude Of vibration of m is at the. downstream end. 

(2) The difference of the phases of the vibration of m is small. The 

downstream end leads the mid-point of the pipeline by about 2 seconds. 

(3) The period of vibration of m, P, and A?/ A* may be calculated 

from Figure 3-3 and Figure 3-4, that is 

Period = 52 seconds 

A?/ ^lt is not plotted in Figure 3-3 and Figure 3-4 because it is 

the slops of P-curve and may be estimated directly. 

The stable pressure is 21.7 psi and the stable mass flow rate is 

zero. 
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VIII. Discussion 

A. Remarks concerning the difference equations. 
i 

If we use the expressions 

3TT — TTUVH/H — 7Tm,n 

and 

—— A/.W+ lift— jArn ,y\ 

a? 
in the partial differential equations and keep Equations (31) and (32) 

the same for time derivatives, we encounter two difficulties in solving 

these difference, equations: 

(l) Any change or disturbance of the flow properties at upstream 

cannot effect the flow downstream, i.e., the effect is "uniflow". Only 

the downstream flow properties can have effects on upstream and these 

effects can never come back. This can be seen from the difference 
; I 

equations: 

TTm.m-f = TTm,n~& 

= um,„ ('I-2a ./n+'‘”r-A*-" of 
/ 7W ^ J 2 jr„„n 

+ o-a (4^SJ( 

in which, both Tfm,/7+/and /Un,,n+i have no relation with jUtn-Lft and 

~jTm-i/h > w^ic^ have disappeared from the difference equations. This 

property of the equations is not satisfactory to our flow problem, since 

the disturbance in the flow field can be transfered to both upstream and 

downstream provided the flow is subsonic. 

(2) When m = j (the section at downstream end) we need two values 
.. 1 , 

/Uf+i, n a
31*1 77^+/, in order to solve the'equations. But the point 

j + 1 is not in our pipeline, Hence, and If^.+-1,^ are 
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two unknowns. Therefore, each time we lose one value (one point) during 

' • • : 1 i • ' 

the calculation. This can he seen from the following diagram. 

, /Jm,n 

  7Th>, ~~ ifo'-i/ft 

^ 

an<^   Ah*),*i—M^-hh 

the diagram of the process of solving equations is 
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The diagram of the process which was actually used in the example is 

n 
2 

l 

0 

i 

B. Concerning the stability of the equations used in examples. 

There are two independent variables in our flow equations; time t, 
I I * 

and distance x. Therefore the choice of the values of Ax and At are 

arbitrary. 

One should bear in mind that the pressure waves propagate at a ve¬ 

locity equal to the velocity of sound. Therefore we may choose a value 

of Ax/ At approximately equal to the value of sound velocity. For 

instance, in our examples if we choose Ax - 500 ft, then /}t = 0.5 

sec. i.e., so that 

Ax/ /At = 1,000 ft/sec. 

If we use this value in our difference equations in Example 1, and 

work for JO or 80 cycles (equivalent to 35 to ^0 seconds), then tremen¬ 

dous errors will result. We can get a velocity many times as great as 

the velocity of light and an extremely great negative pressure. If we 

choose Ax = 1,000 ft and At = 1 sec., we still cannot get rid of this 
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trouble. 

Several tests have been made on these difference equations by the 

help of a computer. The results show that a ratio of to Z\t greater 

than I.67O ft/sec. the equations are stable. 

In working out our examples, 4x/Z\t has been chosen to be 

5,000 ft/sec. 



A. Trial of a Perturbance Method 

' From the assumptions in Section ht we can now try to solve the non¬ 

steady flow equations: 

Equation of continuity 

!£. . 3(fu> _0 

at ^ ax ~u 

Equation of motion 

p[2M.+u2M-)=~2L- Y(dt u 2XJ W 

Equation of state 
J 

P=fRT 

Additional Assumptions 

P = Pw (1 + sft(x,t)) 

m = mQ (l + m (x,t)) 

In order to evaluate the derivative 

helpful 

o g 
> KP KT 

(9) 

f fu2 

0 2 (10) 

(4) 

^l(x,t) « 1 (45) 

m(x,t)« 1 (46) 

easily, the following equations are 

RT I+Wx4. 
f5c I-*- f- 

t 
Substituting into Equation (9), we get 

_S_ , jfL n 

RT dt 't A 2* U (46) 
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Equation (10) is now, 

Tried™*t , (m of RT l + w* 
4 n ~r U ' ft l+f> ax 

 mo l-ftVt- dfl 
A I+fi at 

+((i +f) - 

. f (M°) RT 
T ZpVA7 px 

(47) 

If we-multiply Equation (47) "by Fx(l+p) and take only zeroth power terms 

in and their derivatives, the equation is reduced to a steady state 
1 , • ! 

form: 

Solving this equation gives the form identical with that of Equation (6): 

Px1 = P/-PT(-JjfiXi(x-X>)+2l»%] m 

If we take the linear terms of the derivatives of and p also in 

Equation (47), then we get, instead of Equation (48), the equation: 
>i i 

Wop dmKt f mofpT Wo p W | fp2 (Wof-prldf 
rj7RT_ax T?xn +('* rTb>r 

+(PK-(-^)TI i(fm= o 
(50) 
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Either or can be eliminated from Equation (46), hut no 
dt "X 

further reduction has been found possible to solve this equation simul¬ 

taneously with Equation (46). Therefore a numerical method was adopted 



Appendix B 

Symbols Used in This Thesis: 

Letters 

A 

a 

CP 

D 

f 

h 

k 

Lx 

• 
m 

m 

n 

P 

• 

q. 

R 

T 

u 

X 

8 
® 
? 
n 
TT 

Inner cross sectional area of the pipe 

k-l CPT° 
K ‘ (4 

Constant specific heat of gas per unit mass 

liner diameter of the pipe 

friction factor 
i , 

enthalpy of gas per unit mass 

Vcv=1-4 

Length of the pipe measured from upstream end to 
section X 

mass flow rate of gas 

Location of sections along the pipeline 
) 

Subsequence of time intervals 

Pressure of the gas 
i 

Heat transfered into the gas per unit time per unit 
length of the pipeline 

Gas constant 

Absolute temperature 

Velocity of gas flow 

distance along the pipeline 

Internal energy per unit mass 
i, 

Dimensionless temperature of gas 

Density of gas 

Dimensionless density of gas 

Circumference-diameter ratio of Circle 



IT 

T 
Ti/v 

V 

Dimensionless pressure of gas 

Dimensionless time 

. r 
Wall shear stress of pipe wall and gas 

Dimensionless velocity of gas 

Subscripts 

o Upstream initial condition or any fixed reference 

m Location dimensionless distance interval 

n Subsequence of dimensionless time interval 

x At iocation x or a function of x 

xt A function of x and t 


