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ABSTRACT 

The primary objective of this work was to experimen¬ 

tally determine the degree of ionization in a partially 

ionized gas flowing in a converging-diverging nozzle. 

Stagnation point Langmuir probes were employed for this 

purpose. Application of a theory of flow around a blunt, 

axisymmetric body, combined with experimentally determined 

probe characteristic curves, result in a value for the 

free stream degree of ionization at the point where the 

probe is located. 
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INTRODUCTION 

A partially ionized gas may be used for wind tunnel 

purposes when gas flows of high velocity and thermal energy 

are required. Such a gas flow will not be too useful for 

this purpose unless the properties of the flow are known. 

One of these flow properties, the degree of ionization, is 

of particular interest in this thesis. 

In the present study, partially ionized Helium was 

produced by passing Helium through an electric arc. It was 

then expanded to supersonic speed by passing it through a 

converging-diverging nozzle. It is the primary objective 

of this thesis to experimentally investigate the degree of 

ionization at the center of the nozzle exit plane. 

The degree of ionization is determined with the aid of 

impact probes at the location of interest. Two types of 

probes are required: a pressure probe and an ionization 

probe. The experimental data are then used with the results 

of stagnation point flow theory to arrive at the degree of 

ionization of the free stream at that location. 



NOTATION 

Letter Symbols 

a speed of sound 

A area 

B material constant (for Helium, B = 1.318 x 10 

atm-deg““^ ) 

c mean speed 

C Chapman-Rubesin function 

Cp specific heat at constant pressure 

d sheath thickness 

Da ambipolar diffusion coefficient 

DQ probe diameter 

-19 
e electronic charge (1.602 x 10 coul.) 

E ionization energy (for Helium, E = 5.649 x 10^ 

ca1/mole) 

f non-dimensional stream function 

F thrust 

g non-dimensional total enthalpy 

h enthalpy per unit mass; h^, enthalpy of recom¬ 

bination; h0, frozen total enthalpy 

I current 

Ip value of current reached at probe saturation 

j current density 

k Boltzmann's constant (1.380 x 10“^ erg/°K) 

m mass; m^, mass of Helium atom or ion = 

-24 
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M Mach number 

MFP mean free path 

n number density 

p pressure 

Pr Prandtl number (/UCp/A) 

rQ radius of ionization probe 

R universal gas constant; resistance 

RQ effective plasma resistance 

s transformed x coordinate; entropy per unit mass 

S Schmidt number 

T temperature 

u component of velocity in x direction 

v component of velocity in y direction 

V voltage; Vg, supply voltage 

Vp value of voltage reached at probe saturation 

x coordinate direction tangential to probe surface 

y coordinate direction normal to probe surface 

z non-dimensional concentration 

Greek Symbols 

o< degree of ionization 

jB pressure gradient parameter 

y ratio of specific heats 

<P wedge angle; <£ , boundary layer thickness 
2 

£<> permittivity of free space (8„85 x 10“^ G.9M1— ) 
n«m^ 

ij transformed y coordinate 



A 

A 
A 
O' 

thermal conductivity 

dynamic viscosity 

density 

shock angle 

stream function 

Subscripts 

d difference 

e electron 

g gas 

i ion 

p plasma 

s sheath edge 

w probe surface 

0 stagnation conditions 

1 free stream conditions 

2 conditions at boundary layer edge 

Superscripts 

* conditions at nozzle throat 
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EQUIPMENT AND PROCEDURE 

The experimental investigations reported in this 

thesis were carried out in a blow-down type wind tunnel, 

with partially ionized Helium as the working fluid. The 

partially ionized Helium plasma was produced by passing 

Helium through an electric arc. The power to support the 

arc was supplied by a 540 kw. D.C. generator. A high- 

frequency starter was used for approximately the first 

0.01 second of a test to facilitate striking the arc. The 

normal amount of power consumed during a typical test was 

41.0 kw. After passing through the arc, the flow of the 

partially ionized Helium was passed through an essentially 

converging-diverging nozzle into an exhaust chamber in 

which the pressure was between 20 and 250 microns of Mer¬ 

cury. A sketch of the arc chamber, nozzle, and a measuring 

probe are shown in Figure 1. 

Helium was supplied to the arc chamber from a reser¬ 

voir at 60 psig. The Helium was choked upon entering the 

arc chamber by a metering orifice used to measure the mass 

flow rate of supply gas. A 0.020 in. diameter orifice, 

which produced a mass flow rate of 0.081 grams per second 

at room temperature, was used. 

The arc was struck between two tungsten electrodes 

spaced 0.130 in. apart. The upper electrode was the cathode; 

it served also as the converging portion of the nozzle. The 

lower electrode was a tungsten cylinder mounted in a copper 
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Figure 1. Arc chamber, nozzle, and probe. 
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coil oriented so that a magnetically induced force would be 

impressed upon the arc causing it to spin. The gas entered 

the arc chamber tangentially and traveled in the same sense 

as the rotating arc. The effect of having the arc spin was 

to prolong electrode life as well as to cut down contamina¬ 

tion of the plasma. 

The diverging portion of the nozzle was constructed of 

teflon with a boron nitride insert near the throat. The 

throat diameter was 0.125 in. The diverging portion of the 

nozzle was essentially conical with an area ratio of 80 and 

an included cone angle of 60°. 

The voltage between the electrodes (arc voltage), arc 

current, supply pressure, stagnation chamber pressure, nozzle 

thrust, as well as the temperature, pressure, and ionization 

current and voltage measured by the probes, were recorded 

during the tests on a Minneapolis-Honeywell Model 1012 

Visicorder. This provided continuous graphical data for the 

duration of the tests. Tests averaged about 0.5 seconds 

duration. 

Stagnation pressure in the arc chamber was measured 

with a Statham type PA208TC strain gauge pressure trans¬ 

ducer. A hole drilled through the lower electrode connected 

the transducer to the arc chamber. Supply pressure was 

monitored with a Bourns Model 304 pressure potentiometer. 

Thrust imparted to the nozzle by the expanding gas was 

measured by means of a balanced lever arm. The arc chamber 
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was mounted on one end of this lever arm, and a counter¬ 

weight on the other end, with the fulcrum in the center. 

Deflections of the lever arm caused by the flow of gas 

through the nozzle were measured with a Statham Model LB2TC 

load cell which made contact with the lever arm above the 

counterweight. 

The probes used in diagnosing the flow will be dis¬ 

cussed in detail later. 

Numerical calculations were carried out on an IBM 1620 

Data Processing System. 
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THEORY OF THE LANGMUIR PROBE 

For nearly half a century the Langmuir probe has been 

employed as a means of obtaining experimental information 

from partially ionized gases. The probe in its simplest 

form consists of a conducting element which is raised to 

some potential with respect to a reference electrode. Such 

a probe, having one conducting electrode, is called a 

"single" probe. Measurement of the probe current as a 

function of the applied probe voltage results in a charac¬ 

teristic curve from which the electron temperature and 

electron and ion number densities may be obtained. When 

the probe element is positive, the current flowing in the 

probe circuit is carried by the electrons in the vicinity 

of the element; when the element is negative, the current 

is carried by the ions. The resulting curve obtained from 

a plot of current versus voltage shows that both the ion 

current and electron current will reach a saturation value. 

A typical "single" probe characteristic curve is shown in 

Figure 3. 

The theory demonstrates that the slope of the linear 

portion of the characteristic curve (between the points b 

and d of Figure 3) is inversely proportional to the electron 

temperature, and the saturation value of the total current 

drawn by the probe (ion current plus electron current) is 

proportional to the number density of electrons. It will 
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be assumed that the plasma under consideration is electri¬ 

cally neutral; that is, the ion density is equal to the 

electron density. 

Probe Immersed in a Stationary Plasma 

To illustrate the characteristics of a probe surrounded 

by a stationary plasma, imagine that the probe is inserted 

between the electrodes of a glow discharge tube. A simple 

circuit for such an investigation is shown in Figure 2. The 

probe voltage V can be varied from +%Vg to -%Vg» As the 

voltage is varied, corresponding values of probe current I 

are measured. A plot of corresponding values of probe cur¬ 

rent and voltage will be a curve similar to the one shown in 

Figure 3. 

a b 

Figure 3. Typical single 

probe characteristic. 

Glow 
ge Tube 

(i 
T 

Ty 
a 

1 1 1 |   

Figure 2. Single probe 

circuit. 
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The portion a-b of the curve indicates that the probe 

acts as a reflector of electrons. In this region the probe 

is highly negative and a space-charge-limited current flows 

in the probe circuit, and this current is carried by the 

positive ions. As the probe voltage is made more positive, 

the point b on the curve is approached. At point b, the 

faster electrons begin to reach the probe. More and more 

electrons reach the probe as the probe voltage is made more 

positive (the region b-c), until finally electrons and 

positive ions arrive in equal numbers (point c). This is 

called the current null point. Still more electrons reach 

the probe element as the voltage is made more positive, 

until plasma potential is reached at point d. From point 

d on, total ion and electron current is collected. The 

region d-e again indicates current saturation. 

If the portion of the curve b-c-d is linear on a plot 

of In (I) versus V, then the velocity distribution is 

Maxwellian and the Boltzmann relation may be used to 

calculate electron temperature. This is shown by the 

following analysis. 

The equilibrium solution of the Maxwell-Boltzmann 

integro-differential equation is 

in which e is the electronic charge, V is the potential 

between any points 1 and 2 in a plasma having local number 

(1) 
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densities of and k is Boltzmann's constant, and T is 

the absolute temperature. Equation (1) is commonly known 

as Boltzmann's relation. By assuming that the plasma is in 

thermal equilibrium, Tj = T£ = T, the plasma temperature. 

The current density j is given by 

j = xw = <2> 

where I is the probe current, ^ is the area of the exposed 

portion of the conducting element, n is the electron number 

density, and c is the electron mean speed -- if the particles 

being considered are electrons. Application of Equation (2) 

to Equation (1) results in 

p- = exp (r *-V/kTe)) O) 

in which Te is the electron temperature. 

If jw is the current density of the probe and j is 

the current density of the plasma, then by taking the 

logarithm of Equation (3), 

= A jF 
+ iat ■ (4) 

The slope of the curve In (jw) versus V is then e/kTg. 

Thus, a simple measurement of the slope of the linear 

portion of the characteristic curve immediately yields the 

electron temperature. 
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Double Floating Probe in a Stationary Plasma -- Determination 

of Electron Temperature 

The double floating probe consists of an insulating 

body containing two conducting elements, one of which may 

be termed as the reference electrode corresponding to the 

single probe case. A simple schematic of the probe circuit 

is shown in Figure 5. 

Figure 4. Typical characteristic 

of a double floating probe. 

Figure 5. Double 

probe circuit. 

The double floating probe characteristic (as shown in 

Figure 4) will be symmetrical about the origin if the probe 

elements (which will always mean the exposed portion of the 

conductors) are of equal area since the difference of the 

probe currents must be zero, and when one element reaches 

saturation, so must the other. The notation used in Figure 

4 will be employed. It will be assumed that the probe 

element is a conductor whose exposed surface is flush with 
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the insulating body and that this conducting surface area 

(A^j) is equal to the area of the sheath (Ag) which will form 

around the conducting element due to its charge. This 

assumption will be validated later. 

Using the Boltzmann relation together with the fact 

that j = I/As = I/Aw, the condition that the net current 

to the probe circuit must be zero gives 

- Aw i. [exp(eVi/kT«.') + e*F C4^4. / ; 

since Ipl = Ip2 = Xp. 

Defining Vj = V2 - V| and Id = Ie2 - Ip, after 

rearrangement and taking the logarithm, 

2. 1 k 

At Vd = 0, defines G = IO9/2IT 

- - 

(5) 

and define; 
R- 

e2/A p 

= % (for this type of probe) 

= dVd 
dlj 

(6) 

Taking the derivative of Equation (5), 

~!l - i R,\lf (Te in electron volts) 

= v*300 (Te in °K) 

The "ideal11 characteristic curve can be obtained from 

Equation (5) by rewriting as 

2Z 
2. 

¥*- = /+ ^(-e-Vj/k \) 
2. ) 
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using the relation that Ie£ = 1^ + 1^. The resulting 

equation for this ideal curve is 

T, ~ ^ 0V«I /**£)• (7) 

It is possible that a characteristic curve will not 

definitely indicate saturation since the plasma potential 

may increase with probe potential as the probe potential 

is increased (Figure 6). Thus, unless the probe area is 

extremely small, it is impossible to reach saturation. In 

this case, the lines a-b and a'-b' are extended 0.8 of the 

way to the line = 0 and drawn the rest of the way 

parallel to the axis. Ip is then read from the inter¬ 

cept on the Ijj axis. This method is developed and further 

demonstrated in Reference 3. 

Figure 6. Characteristic curve 

without definite saturation. 
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Determination of Ion and Electron Number Densities 

As was previously mentioned, it will be assumed that 

the number densities of ions and electrons are equal, or 

must be greater than the sheath thickness so that no 

ionization or recombination occurs within the sheath. 

The current is supplied to the probe by diffusion of ions 

or electrons across the plasma-sheath interface. Quantities 

referring to the undisturbed plasma will bear the subscript 

n^p = nep* ^-s also required that the mean free path 

Current density was defined as 

£ C.{p 

4- 
(8) 

where 

(9) 

is the ion mean speed. Solving for n^ 

(10) 

Since T^p may be taken approximately equal to the 

gas temperature, the number density is determined 

static 



21 

Application of Langmuir Probes to Measurements in High 

Velocity Flow -- Stagnation Point Probe 

Since Langmuir probes are so easily used in stationary 

plasmas, it would also be desirable to be able to use them 

to investigate high velocity plasma flows. However, when 

the plasma being probed is moving at high velocity, the 

sheath around the collecting electrodes will, in general, 

be appreciably distorted. In such circumstances, the 

theory developed for probes in stationary plasmas could 

not be reliably utilized. Thus, it appears that the most 

likely place to use such a probe would be at the stagnation 

point of a blunt, axially symmetric body. Here, one would 

be able to take advantage of the stagnation point boundary 

layer flow for which solutions already exist. Thus, the 

specific requirements which will be made as to the con¬ 

struction of such a probe is that it should have its col¬ 

lecting electrodes located at its stagnation point flush 

with the surface of the probe and the surface should be 

such that one would expect an essentially normal shock to 

occur in front of the conducting elements. 

In order to be able to make use of the results already 

available for the stagnation point flow of a binary gas, 

two assumptions are made. The first is that of completely 

frozen flow within the boundary layer (recombination rates 

are very low compared with diffusion across streamlines). 
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The second is that diffusion outside the sheath is con¬ 

sidered to be ambipolar (that is, the gas is a two com¬ 

ponent mixture of atoms and ion-electron pairs). In 

addition, the boundary layer in front of the probe is 

considered to be laminar. The analysis of such a stag¬ 

nation point Langmuir probe following that of Talbot 

(Reference 9) is reviewed briefly as follows. Free stream 

conditions will be denoted by the subscript "1" and con¬ 

ditions immediately behind the shock wave will bear the 

subscript "2." 

Figure 7. Stagnation point 

probe flow problem. 

The conservation equations for a laminar boundary 

layer for steady, axisymmetric flow ares 

Overall Continuitys 

(/our,') + 7^ = 0^ (U) 
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Momentum: 

/ Lil\ = 
)x + r ^ ) 

-th +> 
A, 

JL ( ^ \ 
^ v4 *j )\ (12) 

Energy: 

/> 

/ A\_ _L / \ *1 \ 
(M Jv + v- )ij )~ ^ ^ ) 

a>T 

+ 4,TjOol)*^V “ 3^ , 
(13) 

Species Continuity 

/*(“& **- = Tj.(/DA. , 
(14) 

in which the ion (or electron) concentration is defined as 

c* - 
m 

*C + *3 ) (15) 

and an enthalpy of recombination hR is defined by the 

relation 

dh — C. °*T +■ c/o< , (16a) 

The frozen total enthalpy hQ is defined by the relation 

OUJO 
m Cp otT + # (16b) 

The equation of state for the gas mixture will be the ideal 

gas law 

-jp- - />R.T = ”kT } (17) 

if the degree of ionization is so small that its effect can 
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be neglected. 

Multiplying the momentum equation by u and adding to 

the energy equation* making use of Equations (16) and (14), 

results in a new form for the energy equation 

(18) 

A transformation is now made to a new coordinate system 

for the purpose of reducing the partial differential equa¬ 

tions to ordinary differential equations. These new co¬ 

ordinates are defined ass 

^1. Z' if . 

^ = ^ J0 
r°/ > 

(19) 

This transformation is carried out by means of the 

following expressionss 

/Qtfz r0 

^ (2s),/2- ^ > 

e) y 

^ ri_ x A. = A ‘SA1'" + j* J 
(20) 

The continuity equation is identically satisfied by 

introducing the stream function such that 

y° a *y = V,'rr* (21) 



25 

The following non-dimensional quantities are also defined; 

f - ^/(£s)/z- 
i _ __ 

~ *2- ) 

. V„ 3 = 

h
'4.2 

According to these definitions, 

^ = "7^. + ^ f ^ J. 

Substitution of the above definitions into Equations (12), 

(14), and (18) result in the following equations. Primes 

will denote differentiation with respect to 7^; 

2s I? ^ ~ f*' ~ (“§ *') ■> (22) 

(cr)'f u"--%&(£-f2)} 

4' *(£V)/s~3yjc(i-i)f,f"]/ 

(23) 

(24) 

in which 

r = ^ 

S - _s±_ 

(Chapman-Rubesin function), 

(Schmidt number), 

The boundary conditions on -f (/*j) and ^ (1|) are 

fCo) = 0 , 3 W = I > 
f'M = 0 , g M = % , 

f ((°o) - I J 
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which arise from the conditions that at the probe surface 

u = v = 0 and T = Tw> and in the free stream, u = Ug and 

T = T2. 

It is now assumed that the pressure gradient terms on 

the right hand sides of Equations (23) and (24) can be 

neglected (Reference 8), G = 1, S = constant, Pr = constant, 

and s« 1 in the neighborhood of the stagnation point. Ac¬ 

cording to Reference 18, neglecting the pressure gradient 

terms has almost no effect on the solution, and, as a result, 

the equations are greatly simplified. The momentum equation 

becomes 

f+ f r =« , 
the energy equation reduces to 

<3“ + f s' = ° ) 

(25) 

(26) 

and the species continuity equation becomes 

Si (27) 

Equation (25) is recognized as the Blasius equation 

whose solution is tabulated in Reference 13 . The solutions 

to Equations (26) and (27) are (after Pohlhausen, Reference 

17) : pi r rii . n Pr 

° ^ , (28) 

M S 

H- (29) 

^Since^ has been defined differently here, the column 
headings should read: /2^, /I'f, f', and f 
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It is assumed that the effect of the sheath on the 

temperature distribution is small, so that 7. = 0 in Equation 

(28). The probe wall temperature Tw determines g(0). Ac¬ 

cording to Pohlhausen®s solution, 

//3 
= o. Pr . (30) 

Therefore, Equation (28) becomes 

3(^0 <j^ °'^7 
'/a 

(31) 

The lower limit in Equation (29) will be equal to the 

sheath thickness since the assumptions of ambipolar diffusion 

and a neutral plasma do not apply within the sheath. Be- 

cause the sheath is so thin, it is assumed that 2 (0) - 2 <7^ 

and that f - f fy), where ^ is the non-dimensional sheath 

thickness. Also, 

?'(o) * o . ¥-7 S * (32) 

as in Equation (30). Therefore, Equation (29) reduces to 

t/3 
H (*ii) = * M +■ O.f-7 5- . 

Usually, 2(0) <<2(7:), so that 

*( Jl *1^ j 

~ 0.+1 S 3 7^. , 

(33) 

(34) 

Similar approximations employed in Equation (31) give 
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o. *7 Vi 
+ ^ ( o') (35) 

or 

o,*n P 1/3 -*1 
Pr <7- 71 -f* 71 w (36) 

Using the facts that ^=y«x ^ = pressure gradient 

parameter having dimensions of sec“A), r = rQ at the 

stagnation point, and the equation of state, then the 

Equations (19) become 

(37) 

since S'V, 

and g(0) is small such that ^ (from Equation 

(28)), Equation (37) reduces to 

. ^ V3 / A-L \*/a a 
= 0•**>(» ?r C/x/) ) 

or 

Vi = Va,4(,? 1 , (38) 

in which cl' is the sheath thickness. For the pressure 

gradient parameter, the expression 

/ = 

9 sr, 

3T 
(39) 

is used. The sheath thickness is computed from the space 

charge equation at the saturation values of current and 

voltage (I and V ) 
IT r 
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1 L V w„ 
44. 

£ 

j A* /2e V',3\'/z~' 
v <? jf v. % ; 

in which £e is the permittivity of free space0 

(40) 



30 

ESTIMATION OF MACH NUMBER 

The specification of the free stream properties when 

the stagnation properties and the ratio of specific heats 

are known, requires the knowledge of at least one additional 

flow property. The decision was made to determine the Mach 

number of the free stream at the particular location of 

interest. Two methods were used for this purpose. The 

first required an impact pressure probe which is shown in 

Figure 8a. If the flow is supersonic, such a probe will 

measure the impact or stagnation pressure PQ2 in the region 

behind the bow shock wave. 

Free 
Stream 

(a) Pressure probe 

Probe 
Free Stream 
 *- 

(b) Wedge probe. 

Figure 8. Probes used for determining 

the Mach number. 
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If it is assumed that the flow in the free stream is 

isentropic so that Pq^ = Pq, or the stagnation pressure 

measured in the arc chamber is the same as that of the 

free stream, then, for a particular value of the specific 

heat ratio the ratio P^/^ol determines a free stream 

Mach number, and consequently enough information exists 

to specify the flow state before as well as behind the 

shock. With this information, if the flow is isentropic, 

the determination of the degree of ionization can be 

accomplished. 

The second method takes advantage of flow past a 

wedge as a means of determining the Mach number. In an 

effort to provide a check on the Mach number as determined 

by the impact pressure probe measurements, a stainless 

steel wedge, with a wedge angle of 5° on one side and 0° 

on the other (Figure 8b), was used as a probe. By measuring 

the shock angle O' and knowing the wedge angle c^, the Mach 

number was explicitly obtained from the relation 

sih 2<r — 7J* (V "h c'^0") 
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PROBE CONSTRUCTION. CIRCUITS. AND CALIBRATION 

Pressure Probe; 

The pressure probe consisted of a 0.250 in. diameter 

carbon rod with a 0.0935 in. diameter hole drilled through 

it along its centerline. It was connected to a Statham 

type PM5TC differential pressure transducer having a range 

of ±0.5 psid. The output of the transducer was recorded 

on the Model 1012 Visicorder. The schematic of the circuit 

used is shown in Figure 9. 

The calibration was accomplished with an inclined 

manometer; corresponding deflections of the galvanometer 

in the oscillograph were noted as the pressure was varied. 

The result closely checked with that obtained using the 

calibration circuit suggested by the manufacturer; the 

resistor Rj. in the probe circuit is used for this purpose. 

Pressure measurements were found to be reproducible. 
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Ionization Probe % 

The ionization probe (see Figure 10) consisted of a 

boron nitride cylinder containing two nickel electrodes. 

The outer diameter of the probe was 0.250 in. The boron 

nitride piece was mounted in a stainless steel tube so 

that all probes could be used with the same probe support 

arm. The electrode configurations used are shown in 

Figures 10b and 10c. The probe constructed as in Figure 

10b contained a thermocouple so that the wall temperature 

(Tw) could be measured. Variations in temperature were 

so slight that the thermocouple was not used in the other 

Probe- Boron 

(a) Section view - side 

© 
(c) 

Conducting element configurations 

Figure 10. Ionization probe 

(without thermocouple). 

The area of each of the collecting elements of the 
O 

probe of Figure 10b was 0.0215 cm . The elements of the 

2 
configuration of Figure 10c was 0.001297 cm . 

(b) 
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The circuit used with these ionization probes is shown 

in Figure 11, Voltages across the probe elements, resistance 

, and source were monitored during a test. To insure more 

accurate results, the collecting surface was cleaned before 

each test. 

Figure 11. Ionization probe circuit. 
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DISCUSSION OF TYPICAL TEST RESULTS 

Determination of the stagnation chamber properties 

required measurement of the stagnation pressure and mass 

flow rate. By use of a trial and error calculation, a 

stagnation temperature, which determined values of mass 

flow rate and stagnation chamber pressure in agreement 

with the values which were measured experimentally, was 

obtained. The method assumes that the gas flowing through 

the converging portion of the nozzle is in a state of 

thermodynamic equilibrium. A more detailed description 

may be found in the Appendix. 

Using Helium, with a supply pressure of 60 psig, a 

mass flow rate of 0.081 g/sec was measured. The average 

power input to the arc chamber was 41.0 kw; the average 

value of stagnation pressure was found to be 9.5 psi. 

For these values, the following chamber properties were 

computed; TQ = 10,100 °K, <X0= 1.057 x 10“
4, t = 1.265, 

and hQ = 1.25 x 10
4 cal/g. The corresponding properties 

at the nozzle throat were; p* = 4.63 psi, <x* = 9.80 x 10“^, 

v* = 5.12 x 10"* cm/sec, h* = 9.38 x 10^ cal/g, and K = 5/3. 

These results were obtained by averaging values measured 

in a large number of tests. Measured values of thrust 

using only the converging portion of the nozzle averaged 

about 60 grams; using an average value of = 1.47, F may 

be calculated (Reference 16) from the equation 
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JL 

to give F =62.0 grams. An equilibrium flow solution 

using the above values of stagnation chamber properties 

shows that does not change appreciably from until very 

close to the nozzle throat, where it then changes rapidly 

to 5/3, indicating that the properties probably are not 

uniform in the stagnation region. 

In addition to determining the expected average 

stagnation properties, it is also desirable to determine 

the free stream conditions at the nozzle exit plane. For 

this purpose, a traverse of the exit plane was made with 

an impact pressure probe. Under the assumption that the 

flow downstream of the throat is isentropic, the measured 

ratio of impact pressure to stagnation pressure corresponds 

to a Mach number of 9.6 on the centerline of the nozzle at 

the exit plane. This, however, disregards the effect of a 

boundary layer. 

The impact pressure survey (Figure 12) shows that the 

ratio of impact pressure to stagnation pressure remains 

essentially constant near the center of the exit plane. 

Assuming, then, that the flat portion is indicative of an 

inviscid core surrounded by boundary layer, a calculation 

which further assumes equilibrium flow in the core gives a 

free stream Mach number in the core of about 4.5. For a 
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completely isentropic flow having a free stream Mach number 

at the center of the nozzle exit plane of 4.5, the impact 

pressure would be 1.72 psi; values of 0.240 psi were 

experimentally measured. Thus, these pressure measurements 

tend to indicate that the expansion in the diverging portion 

of the nozzle is not an isentropic process. 

A wedge was placed in the flow, and photographs were 

taken. Such data, of course, can only be used to indicate 

qualitatively that the flow is either supersonic, within a 

range of Mach number, or that the flow is subsonic. The 

photographs taken indicate that the exit plane Mach number 

on the nozzle centerline was about 2-4. 

A check of the pressure probe reading at the center 

of the exit plane was made by using a larger probe. If the 

previous values of impact pressure were correct, then a 1/2 

in. diameter probe should yield essentially the same result 

as the smaller probe. A graphite rod of this dimension was 

used with a 3/16 in. diameter hole drilled through its 

center. Tests were run, and pressures of 0.245 psi were 

recorded. Thus, the values obtained by using the smaller 

probe appear to be correct, with the result that the Mach 

number at the exit plane cannot be firmly established by 

means of an impact pressure probe alone. However, as will 

be demonstrated below, only a reasonably good estimate of 

the free stream Mach number is necessary in order to carry 

out the analysis of the ionization probe. 
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Figure 12. Impact pressure survey 

-- nozzle exit plane. 

An ionization probe (Figure 10), having the same 

external dimensions as the small pressure probe, was placed 

in the stream at the exit plane. At each position in a 

traverse of this plane, a characteristic curve was plotted; 

four of these curves are shown in Figure 13. Each curve 

definitely indicated saturation. The curves for which the 

probe is located at the center of the exit plane and 1/8 in. 

off center indicate a uniform core, as obtained with the 

pressure probe, since their characteristics are nearly 

identical. The saturation value corresponds to a number 

density of electrons (and ions) of about 2.8 x 10^ cm“^ 

and an electron temperature of about 10,250 °K. The other 

two curves do indicate lower ion and electron number 
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densities, as would be expected within the boundary layer. 

Figure 13. Characteristic curves 

-- nozzle exit plane. 
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It was apparent that ionization probe measurements 

made on the centerline of the nozzle were more erratic in 

character than similar measurements made off the center¬ 

line. In the several series of tests on the centerline 

which were run, the fluctuations were almost always present. 

Each point plotted shows the deviation in the recorded value 

of probe current during each test, which lasted about 0.8 

seconds in this series. It should be noted, however, that 

these probe characteristics were reproduced in each of the 

several series of tests which were run. 

The ionization probe electrode configuration used for 

these tests was that shown in Figure 10c. The configuration 

of Figure 10b was used at first, but had to be discontinued 

for two reasons? first, the surface area of the collecting 

elements was somewhat large and thereby a large flow of 

current resulted in the probe circuit, and second, there 

were apparently interactions between the two plasma sheaths, 

indicated in the data by large current surges. 

The probe temperature was monitored by a thermocouple 

embedded in its surface. Temperatures were always in the 

range of 330 - 350 °K. A thermocouple was not used in the 

probe of Figure 10c for this reason. Such small variations 

have only a slight effect in the analysis of the data. 

Of considerable interest is a check on the validity 

of some of the assumptions involved in the theory. The 

numerical values reported correspond to M = 3 at the center 
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of the exit plane of the nozzle. The case outlined below 

assumes isentropic flow to exist in the core of the gas 

flowing in the nozzle* The case considering an entropy 

change is presented later* 

The mean free path was assumed to be greater than 

the sheath thickness to insure that there were no chemical 

reactions in the sheath. Calculations show that the mean 

free path is 4.24 x 10“^ cm* and the sheath thickness is 

2.278 x 10”^ cm. Therefores the assumption of frozen flow 

in the sheath appears valid. 

It was assumed that the sheath area was equal to the 

area of the probe elements. According to Talbot (Reference 
o 

9), one way of stating this is to say if d^dj_^< kpfdw — that 

is, the circumferential area of the sheath is small compared 

to the area of the conducting element. To reduce end effects 

to less than 10%, this statement can be written; 40d^< dw. 

This requires that dw >(40)(2.278) x 10"^ = 9.12 x lO^ cm. 

in the problem considered. Since dw = 4.06 x 10“^ cm., this 

requirement is satisfied. 

It is also expected (Reference 9) that if the dimensions 

of the conducting elements are small compared to the boundary 

layer thickness, the reflected ions or electrons will cause 

only a slight disturbance in the plasma. For this case, 

Vc = 0.206 and, according to the Blasius solution, the boun¬ 

dary layer thickness corresponds to ^ = 3.5. Thus, the 
O 

boundary layer thickness is 3.87 x 10 cm., and the probe 
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elements are 4.06 x 10"^ cm. in diameter, so that a dis¬ 

turbance might be expected. In addition, if probe currents 

measured are greatly in excess of free stream drift currents, 

this assumption that the probe does not greatly disturb the 

plasma is probably violated (Reference 9). The free stream 

drift current is = nilevil = 17.35 amps/cm^, while the 

probe current is jw = 2.74 amps/cm , so that according to 

this approach, the plasma is not appreciably disturbed. 

Although these two views seem to give different results, it 

would still appear that the assumption that the plasma is 

not disturbed is probably not completely invalid. 

The size of the collecting elements must be small so 

that it will be possible to reach a saturation value of 

current. In the free stream, ji-i = rniev^i = *il = vd 9 

A R» A 
in which R’ is the resistance of the probe circuit. If the 

free stream has an ion number density of the order of 10^ 

cm of speed 10 cm/sec, and the current is expected to 

reach saturation when the voltage is about 10 volts, the 

probe area should be A = Vp/CR'n^jev^^) - 10" crrr taking 

R' = 500 ohms. The areas used were 2.15 x 10~^ cm^ (Figure 

10b) and 1.297 x 10"^ cm^ (Figure 10c). 

Finally, the assumption of a laminar boundary layer 

would be legitimate if the free stream Reynolds number is 

less than the critical Reynolds number of about 10^. For 

Mach numbers in the range of 2 - 4, the Reynolds number 

based on the probe radius lies between 150 and 250, so that 

the assumption of a laminar boundary layer is valid. 
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The values of the degree of ionization at the center- 

line in the nozzle exit plane were calculated for the probe 

characteristic at that location for Mach numbers in the 

range of 2 - 8. The results are plotted in Figure 14. For 

the case considered, if the free stream Mach number is 3, 

the free stream degree of ionization is 2.08 x 10"^. 

Figure 14. Free stream degree of ionization 

vs. Mach number — center, exit plane. 

The second case must now be treated. In this analysis, 

the stagnation chamber pressure is assumed to be unequal to 

the stagnation pressure PQj ahead of the shock wave standing 

in front of the impact pressure probe. The pressure P0j is 
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calculated from the measured impact pressure using = 5/3 

at an assumed value of Mach number. With this result, the 

problem then proceeds exactly as before. 

The assumptions in the flow theory are again satisfied 

for this case. The mean free path (see Figure 15) is now 

larger due to a decreased value of P0j, ln addition, since 

P0j is lower, the degree of ionization of the gas calculated 

will be accordingly higher (Figure 14). A plot of boundary 

layer thickness <£ versus Mach number for both cases is also 

included (Figure 16). 

MFP, dt 

(cm. x 10^) 

50* 

40" 

301 MFP - Case I 

20* 

10- 

0  1 1 1 1 1 1 > 

2 3 4 5 6 7 8 M 

Figure 15. Mean free path and sheath 

thickness versus Mach number -- 

center, nozzle exit plane. 
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Figure 16. Boundary layer thickness 

vs. Mach number -- center, nozzle 

exit plane. 

The result of this second analysis is that the degree 

of ionization of the free stream at the center of the nozzle 

exit plane is approximately 5%9 virtually independent of the 

free stream Mach number. Such a high value could perhaps be 

accounted for due to the existence of a hot core in the 

plasma flow whose properties have not been completely 

specified. It may be concluded that these two cases give 

the limiting values for the degree of ionization of the 

free stream at the center of the nozzle exit plane. 
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CONCLUSIONS 

As a result of this thesis, only limiting values could 

be placed on the actual value for the degree of ionization 

(that is, at the center of the exit plane of the nozzle, 

0.27o-°<- 5%), which means that further refinements in the 

technique for determining the flow properties will be re¬ 

quired to be able to specify °<. Since the experimentally 

determined probe characteristics proved to be reliable, 

the flow properties, then, are the only quantities which 

still remain quite uncertain. Consequently, more special¬ 

ized equipment will be required to determine the flow state; 

once the state is established, this problem will then be 

solved. 
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EXPERIMENTAL DATA 

1. Pressure probe; nozzle exit plane traverse. 

Input Impact Pressure Stagnation Probe 
Test Power 

(kw) 
Stagnation Pressure Pressure 

(psi) 
Location 
(in. from 

centerline) 

1341 41.2 0.0239 10.11 0 

1342 38.0 0.0241 10.23 -1/8 

1343 38.0 0.0241 10.23 +1/8 

1356 38.2 0.0130 10.58 +1/4 

1345 37.0 0.0165 10.00 -1/4 

1348 39.4 0.0145 10.35 +1/4 

1350 38.7 0.00687 10.47 -3/8 

1358 39.0 0.00376 10.58 -3/8 

1354 38.5 0.00512 10.58 +3/8 

1352 39.1 0.00200 10.35 -1/2 

1353 39.4 0.00201 10.35 +1/2 



50 

2. Ionization probe: nozzle exit plane traverse. 

Test 
Input 
Power 
(kw) 

Stagnation 
Pressure 

(psi) 

Probe 
Current 

(ma) 

Probe 
Voltage 

(v) 

Corrected 
Probe 

Current 
(ma) 

Center - exit plane: 

1457 40.0 9.52 3.63 13.4 3.50 

1461 44.2 9.41 3.60 7.7 3.83 

1503 41.4 9.64 2.61-3.95 8.6 2.60-3.94 

1506 40.7 9.76 2.61-4.40 6.3 2.56-4.32 

1529 41.9 9.29 2.93-4.00 14.0 2.91-3.97 

1544 43.4 9.06 2.93-3.60 18.0 3.06-3.76 

1548 40.8 9.29 2.93-3.33 17.2 2.88-3.27 

1566 41.0 - 3.73 3.7 3.68 

1569 40.7 9.64 3.63 1.4 3.56 

1572 40.8 9.76 0.00-0.05 0.0 0.00-0.05 

1573 41.5 9.76 2.00-2.27 0.8 2.00-2.27 

1580 43.7 10.35 0.67-0.85 0.3 0.70-0.89 

1693 40.0 9.41 3.07-3.87 10.7 2.96-3.73 

1694 40.5 10.00 1.87-2.21 0.8 1.83-2.16 

1/8" off center: 

1644 41.7 10.11 3.47-3.87 16.2 3.39-3.78 

1645 42.9 10.00 3.47-3.65 8.1 3.49-3.67 

1646 41.7 10.11 3.33-3.73 4.6 3.25-3.64 

1647 42.9 10.00 2.80-3.39 1.7 2.81-3.41 

1648 44.5 9.64 1.33-2.13 0.6 1.28-2.04 
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Input 
Test Power 

(kw) 

1/4U off centers 

Stagnation 
Pressure 

(psi) 

1584 41.8 9.76 

1586 41.9 9.17 

1587 41.0 9.17 

1589 41.8 9.64 

1591 41.6 9.88 

3/8u off center; 

1596 41.7 9.52 

1598 43.8 9.52 

1600 41.4 9.64 

1601 44.1 10.00 

Probe 
Current 

(ma) 

Probe 
Voltage 

(v) 

Corrected 
Probe 

Current 
(ma) 

1.68-1.81 17.6 1.69-1.82 

1.57-1.92 8.7 1.58-1.93 

1.65-2.32 5.4 1.62-2.28 

1.15-1.28 2.6 1.16-1.29 

0.40-0.53 1.2 0.40-0.53 

0.27 17.9 0.26 

0.27 9.2 0.28 

0.19 5.7 o
 

o
 00
 

0.08 2.6 0.08 

Note; Probe current was corrected by multiplying each value 

by the ratio of power supplied during that test to the 

average power supplied in that test series. 

•4 
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APPENDIX 

Calculation of Throat and Stagnation Properties 

Thermodynamic equilibrium was assumed to exist in the 

stagnation region and in the converging portion of the 

nozzle. Since the most accurate measurements obtained in 

the laboratory were those of stagnation chamber pressure 

and mass flow rate, these quantities were used to fix the 

other properties. The procedure required assuming a value 

for TQ and solving for via the Saha equation 

a reduced entropy s0' using the Sackur-Tetrode equation 

The procedure involved a double iteration. First, the 

throat properties had to be determined accurately; then, the 

mass flow rate had to be calculated and compared with the 

value desired. The stagnation conditions as calculated 

above were used, and the following equations were used to 

iterate to Mach 1. The degree of ionization ®< was specified, 

then the corresponding properties were calculated from the 

relations s 

and hQ from the enthalpy equation 



) 
T = 

Q+«) k  

f (//0<) ” £^ T^< 

The method was to decrease oi from the stagnation value 

o<e in increments of ^
e/20 until M = 1 was exceeded. The in¬ 

crements were made successively smaller as M = 1 was ap¬ 

proached, until, finally, a very accurate result for the 

throat condition was obtained. The mass flow rate was then 

computed at the throat and compared with the value desired. 

If the answer was not in sufficiently close agreement with 

the given value, a new value of TQ had to be guessed, and 

the process began again. 


