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I. ABSTRACT 

The impact of a drill pipe on the wall of a "bore-hole is treated 

as a time dependent force acting laterally on the pipe assuming the 

existence of periodic motion. The impact force is estimated "by Hertz' 

theory of impact. The solution obtained must satisfy the constraint 

conditions to approximate the. impact action. 



II. NOMENCLATURE 

Material constants 

Young's modulus of pipe and rock, respectively 

Poisson's ratio of pipe and rock, respectively 

= mass per unit length of pipe 

= virtual mass added to the pipe 

^ = mass per unit volume of drilling mud 

= mass of mud contained in unit length of pipe 

p^1
 = mass of mud displaced hy unit length' of pipe 

6 = coefficient of restitution, dimensionless 

Quantities connected with pipe motion and forces acting on the 

pipe 

TL = Hertz' duration of impact 

TL = Lee's duration of impact 
zr = period of vibration 
Vm = velocity of mud flowing in the pipe 
Vp - lateral velocity of the vibration of the pipe 
VP' = velocity of pipe at the instant just before the contact 

of pipe and wall 

■fctO = actual impact forces as a function of time 

T(£)= normalized impact force function as a function of time 

Pwt)= impact force expressed as a function of both t and x 
maximum impact force for a given state of motion 

damping force 

inertia force 

fluid dynamic force 

normal traction acting on the pipe 

F ■ 
Ft, 
Fin' 

F*r 
N 



elastic deformation due to contact (impact) 

contact pressure distribution 

lateral flow velocity of mud caused by the forward motion 

of the pipe 

shear force 

normal traction at the upper end of the sample section 

length of the sample section 

semi-major axis of the contact area 

semi-minor axis of the contact area 

outer radius of the drill pipe 

inner radius of the bore-hole 

inner radius of the drill pipe 

thickness of the drill pipe 

mean radius of the pipe = ^ 

radius of curvature of the bent pipe 

dimensionless coordinate along the length of the pipe = 

dimensionless coordinate perpendicular to the length of 

coordinate whose origin is at the center of the contact 

area 

time measured from the instant when the pipe and wall 

establish contact 

time measured from the instant the mud point of the pipe 

span passes the central line of the bore-hole 



Ill. GENERAL ASPECTS OF TIE PROBLEM 

Transverse vibration of drill pipe is investigated here to yield 

some notion of the stresses induced in the pipe hy the motion. The 

problem is highly non-linear in nature not only due to the non-uni¬ 

formity of the drill string, inelasticity of the wall of the bore-hole, 

non-linearity of the various forces induced by the presence of the 

non-Newtonian drilling mud, etc., and also due to the motion itself 

if the wall is replaced by a spring. From an engineering point of 

view, a simple model constructed by neglecting all the non-linearities 

due to materials will reveal some aspects of the effect on stresses 

due to motion alone. 

Some similarities can be observed between the vibration of drill 

pipe and the simple one-dimensional mass-spring system with clearance 

if the elastic impact between pipe and wall is replaced by a non-linear 

spring (see Fig. l). In general, there is no assurance of the exist¬ 

ence of a simple periodic motion even for the one-dimensional simple 

system if viscous damping is included and an arbitrary force is applied. 

However, under certain conditions a simple periodic motion can be ob¬ 

tained. For instance, if the energy fed into the system is such that 

it balances the energy dissipation due to damping at any moment, then 

the system can be regarded as an undamped system. For such a system 

a simple periodic motion with fixed mode does exist. 

On the belief that a prolonged periodic motion deserves more atten¬ 

tion on account of the fatigue effect on the material, and also that 

a suitably constructed periodic motion selves as an average of some 

random or highly complicated motion over a certain range, this paper 

treats the case of simple periodic motion of the system. 
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A sample section of pipe which vibrates in a fixed mode, between 

two adjacent nodal points, is isolated from the drill string. This 

sample section is considered as being simply supported. The impact 

is considered as a time dependent force acting laterally on the pipe. 

Thus the impact problem is changed to a forced vibration problem under 

the assumption of simple periodic motion. However, the solutions ob¬ 

tained from the forced vibration system must satisfy a set of con¬ 

straint conditions in order to interpret it as the solution of the 

impact problem. 

IV. MATHEMATICAL MODEL AMD EQUATION OF MOTION 

If the drill string is considered as a uniform cylinder and the 

bore-hole is treated as a vertical straight hole, then the sample sec¬ 

tion and a typical pipe element can be regarded as shown in Figure I. 

In Figure 1, the lateral force term FL includes the impact force, 

the inertia force of the pipe and the inertia force of the fluid con- 

Fig. 1. Sample section, its one-dimensional 
parallel, and the forces acting on a 
pipe element. 



tained in the pipe. The equilibrium of forces acting on the pipe ele 

ment in y- direction yields 

where FL - ^ ( \/+ N |^) - O (i) 

V - -Spi U 
N = To-pg'x s To 

A) Fluid dynamic force Ff^. 

Due to the curvature of the pipe, the fluid flowing in the 

pipe will have a force acting on the pipe in the direction 

of the local normal to the center line of the pipe. The 

lateral component of this force is given by 

pfd= (3) 

The effect of Coriolis force of drilling fluid is of negli¬ 

gible magnitude [7], hence will not be considered here. 

B) Inertia forces in F. . 
in 

The inertia force tern includes that due to the mass of the 

pipe as well as that due to the mass of the fluid contained 

in the pipe. Hence 

C) The impact force P(x,t). 

The impact force is estimated by Hertz1 impact theory with 

the following assumptions, 

a) the geometric center of the area of contact is at 

the mid-point of the sample span, 

b) the cushion effect of the mud is negligible, 

c) the bore-hole wall is a smooth cylindrical surface 
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and rocks under high pressure behave as homogeneous elastic 

materials. The velocity of the pipe as it hits the vail is 

considered to "be within such a limit that the energy losses 

in the form of elastic waves as a result of the impact action 

is negligible. Then the impact action can be simulated by 

replacing the pipe by an equivalent sphere of mass mg mov¬ 

ing at the same velocity as the center point of the sample 

span. 

The total momentum of the pipe is given by 

which should equal to the momentum carried by the equivalent 

sphere, namely 

m_ (It >-L/2 

Hence, the mass of the equivalent sphere is given by 

B = M+pp) f. ($£)** 
l !*)*-*!& 

A rough estimate of m. can be made by taking 
c 

y = yQ Sin IE2£ . Si N &)t 
L. 

which gives 

me = (5) 

The Hertz* impact force is calculated from Newton's law 

of motion as 

FH = - meo( (6) 

o(. = rate of change of velocity of pipe 

during impact 

where 
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= rate of change of deformation of 

elastic bodies at the contact area. 

The relation between contact force and elastic defor¬ 

mation is given by Hertz’ contact theory as 

where 

oc = K' F; 
,2/3 

• = ( \( \ 

(7) 

K' = 

K1 = (l-VP)/EpTT 

K
2 

=
 CI — V>R)/ErTT 

1 1 

B = 

zr*. 
1 

A-Z\ 
I  

zr> 4R, 
m and n are constants depending on the geometric 

configuration of the contact bodies and the values 

of A and B. The values of m and n are listed in 

reference 3. For details about equation (j), refer 

to Appendix D. 

Substituting (7) into (6), the equation of motion for the 

equivalent sphere during the period of impact is 

» ,3/z 
-meoL= K 

-yz 
where K «*£K') 

Equation (8) can be integrated once to yield 

(8) 

% 
= * 

• £ 
(9) 

5 me 

Maximum elastic deformation of the impact bodies is obtained 

by setting o( = 0 in equation (9). Then 

. /5 ijflrle\2/5 
°^rmx - l 4“ —^—) (10) 

where o(e= V = velocity of approach of the two bodies at 
Jcr 
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instant just before contact between the two 

bodies. 

Letting ^ * an& integrating equation (9), the 

relation between time and deformation is established 

rp _ °(rmx r*° 

XJ 1- \s/z' 
(n) 

Equation (ll) and (7) will relate F^. to time as shown in 

Figure 2. (The details about the construction of Fig. 2 is 

in Appendix C.) 

Fig. 2 FJJ vs time 

By taking ^0= 1 in equation (ll), the total period of impact 

is given by 

T, = 2 =2.74-2^ (12) 1
 JJ \~\Vz

 <*o 

There is doubt, however, whether the Hertz' impact 

theory really describes the actual impact action. Zener 

and Feshbach [l] developed an effective procedure to mini¬ 

mize the error in estimating the unknown impact force by 

introducing a normalized impact force. 
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Let the actual impact force he denoted by f(t'), then 

the normalized force function is defined as 

J(Z>- (13) l*-fit) dt 
■where t' is zero at the instant that the two bodies estab- 

r7Z r~ a a * tar 
a 

'0 

/ IL / 

lish contact with each other. Since I -ffA'jdz is 
h 

constant for a given set of conditions, the normalized force 

has essentially the same character as the actual impact 

force. However, fd’) is less sensitive to the errors 

introduced in estimating the shape because it has to satisfy 

the relation 

(1^) f Ji#) = / 
J O 

Lee suggests [4] the following form for y (it1) 

, £>r 0$ 71 

, for 71<*' 0-5) ss O 

'*ere TL Is so chosen that the naxlmun of fWJ is equal 

to the maximum of the normalized Hertz' impact forcej^V^; 

in Lee's paper the relation 

TL = 0.855 

was found to be satisfactory. 

Letting e denote the coefficient of restitution, the change 

of momentum of the pipe during impact is 

Mz 0+e) Vp Vtf' = (16) 

then 
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•fcV) = ineO^)Vp7(*)' 

, s rr>e(/+e) Vp , -for ^7Z 

l*o ,ftr n<t' (IT) 

Equation (IT) describes the time dependency of the total im¬ 

pact force. By Hertz1 theory of contact of elastic bodies, 

the contact area,is, in general, an ellipse of finite dimen¬ 

sions. The pressure distribution over the contact area is 

assumed to be represented by a semi-ellipsoid constructed 

on the coordinate of the contact area as shown, in Figure 3* 

The dimension Of the ellipse and semi-ellipsoid depends 

on the total compressive force which in this problem is maxi¬ 

mum f(t’)» Since by equation (17)* f(t‘) is a function of 

time, the dimensions of the ellipse are also functions of 

time. However, in order to keep the final expression on 

the force function from being too cumbersome to handle, the 

semi-major axis of contact area is considered as constant. 

Any change in total compressive force is represented by varia- 

tion in % ana the semi-minor axis a. Per the semi-ellipsoid 

shown in Figure 3> the area of the section cut by a plane 

parallel to the u-q. plane can be considered as the force P 

acting on the semi-major axis in a two dimensional scheme as 

shown in Figure 3- 

The area P = 

*'= %J >- and 
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therefore 

P = (18) 

Equation (l8) describes the force distribution along the 

semi-major axis. 

Fig. 3 

The total compressive force at an instant is 

-t-b 

'-b (19) 

(20) 

Equation (19) and (17) give 

-fit') = §7Tabfo = 

Let F = me 

Then by the theory of contact of elastic bodies [3], the 

dimensions of the ellipse are given as follows 
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Then 
^ -sw %t' — iE h r^/A/ -M-t'l 
to Z7T a A &T ^ 

^3 
£> Z7T mb* 

At this time, it seems desirable to introduce a simpler 

form of P which will give approximately the same configura¬ 

tion as shown in Fig. 3* 

(22) 

and equating the total force calculated hy (19) and (22), 

j. 0 © 0 } 

£ 
c 

('"It)**'* “ z\ 
JC. 

we have 

C« ft> 

Substituting equation (21) into (22), 

pi^ o =z&~£ [/+■** ?' 

= 0 

for 
~c $ Tt< C (23) 

-for x' 0*4 ’t* outside +he 
region specified above. 

The transformation 

X' = x - 4. 

gives 
p(x,t) = ^M5/v !%■"£+£) j. siNiLft- vyj 

* or r-7z r+71 

+ C- 
(2k) 
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= 0 for x* and t' outside 

the region specified 

above. 

The function P(x,t), as shown in Figure 4, is a periodic 

function of same frequency as the given steady state fixed 

mode vibration. 

Fig. 4 

The double Fourier series expansion of P(x,t) is 

p(X,€) = §§LTC*„5,H fjrt -SIN ^£2 (25) 

where 

Am — 

An = 

- Z -r/Ti 
T WCCAS? (G»-*pX?»*?-*<*?) 

Ceo sp. * 
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D) Viscous damping and virtual mass. 

The determination of the viscous damping force and vir¬ 

tual mass should he done experimentally if a reliable number 

is required. Here, however, a simple analytic approach is 

adopted to relate the forces to the motion such that the 

effect of the damping force on the solution can be approxi¬ 

mated. 

A two dimensional model is set up as shown in Figure 4 

to estimate the lateral, component of the damping force. The 

lateral motion of the pipe will force the fluid in the con¬ 

fined region to move to the opposite direction. Let be 

the lateral velocity of the pipe. Then the velocity of fluid 

passing through section S (See Figure 5) can be written as 

The relative velocity of the fluid to the pipe in the lateral 

direction is given by 

Vre/ ^ If + Vp — ^ (26) 

s =7 r/- y-r, where 
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The average value of S can be written as 

The viscous damping force acting on the pipe is calcu¬ 

lated. by considering a circular cylinder in a uniform flow 

stream of velocity Vf&l t hence 

fin ( Wei J 

Considering the presence of axial flow and the lateral vibra¬ 

tion of the drill pipe, the flow will be highly turbulent. 

Hence the drag coefficient may be taken as 0.5 [2]. 

Therefore 

VL - D< It)S (29) 

where 

D =-0.5^ P ( H — ) 1T^V Save7 
(30) 

The virtual mass is estimated by taking the accelera¬ 

tion of the fluid passing through the S section as the av¬ 

erage acceleration, i.e., 

A _ _EL_ — 
ave S (31) 

The inertia force due to virtual mass obtained by multiply¬ 

ing A by the mass of drilling mud in the annular region. 

(Fin^vir 

Hence 
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The equation of motion of the sample section can he obtained by 

the substitution of equations (3)> (4), and (25) into equation (l), 

The introduction of the dimensionless quantities 

■where 

(fmV^-To)L>/EpI 

A2 ’ (fpYm-fp) ^EpI 
A3 = - D L.yepx 

Alt = i-VEpI 

?u 2 
The term A^( ) in equation (34) makes the equation difficult to 

solve. A simpler equation can be formed by dropping A^( term. 

However, this can be done only if the term A0( is small as com- 

pared with the rest of the terms in the equation (34). The reduced 

equation of motion can be written as 

The solution to equation (35) will be considered as satisfactorily des¬ 

cribing the motion of the sample section only if the magnitude of the 
^ u g 

A^( ) evaluated by it is small as compared with other terms in 
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the equation. Hence, for every particular numerical example the validity 

of equation (35) has to he checked numerically. 

V. SOLUTION AND CONSTRAINT CONDITIONS 

After damping effect is neglected, the equation of motion is 

(35) z>vj4' ^ « 

Along with the viscous damping tern, the energy dissipation is also 

deleted. Hence the boundary conditions can he written as 

O ^(->| = o, t)-0 

= 0 

The solution to equation (35) is 

(36) 

where A4 & mo 

£uf„= WVf'fZ-Al = natural frequency corres¬ 

ponds to the Nth mode. 

However, equation (35) is the equation of motion for a column under 

forced vibration, and so in the solution (36). In order to inter¬ 

pret the solution as that of the impact problem some constraint condi¬ 

tions have to be satisfied by equation (36). The constraint conditions 

are 

X) for all and at all time except at 

t = and y = l/2 
2) f ~ fo-O at t = % and 77 = l/2 
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3) 

where 

2i-o 

fc-ir; 
at ^ =l/2 for all time 

The last constraint condition is satisfied "by the solution. Hence 

for a given frequency, Vr , the length of the sample section has 

to he so chosen that the conditions (l) and (2) are satisfied. Like¬ 

wise for a given length of the sample section, the frequency can he 

determined such that the sustained motion satisfies the constraint 

conditions. 

The stresses in the pipe as a result of the motion is given hy 

the following formulae: 

The maximum shear stress is 

= -J§£ -]jL tl 
(37) 

=i
t 

The combined normal stress due to axial load and deflection is 

where 

To 
(Trnax — Oheffecfr'on Zirgcf 

~EpIfi 
(fjgp s normal stress due to deflection only = 

-Fpinn y r (pwf<p 3/v >5IN 
TTd&L* Jhm Zr / 

(38) 

±t 

d'X.2' 

VI. NUMERICAL EXAMPLE! AMD DISCUSSION 

An example is worked out to examine the general behavior of the 

system 
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Given 

zr - 3Q*/06 PS' 

\)p * o. 30 

E^- 5 * /o6 

'ifp s 0>ZO 

f>p = /£ l%¥-p/'pe = 0.0433 3/<J/(n 

fir, * 7ft 8 u/ff* * o. oo/ss s,uS/in 

= o.o/6> 

"l4n ” &&• G /^^ec. 

To = /o, ooo Li>s 

r- o./o r*<teec Z300rP” 

n « ^35“ '>? n - 2.25 ** 

The length of the sample section for the given frequency is 

found to he 3^5 ft. 

The stresses and deflection at different instants are shown in 

Figures 6 and T« 

The value of each term in equation (35) can he evaluated at 

different locations along the span of the sample section at different 

instants hy equation (36). The relative magnitude of the terms are 

listed in the following, , 

(A) 60 

(B) 100 

(C) 40 2 

7 

3 

100 

too 

300 

1 

1 

1 

where 

(A) = ratios of the maximum magnitudes. For example, let 

values are determined hy evaluating each term for a num¬ 

ber of locations> and the magnitudes of the maximum of 
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each term are compared. 

(B) = reatios of the average magnitudes, timewise and location- 

I 
wise, of each term. For example, let Average AJrrJ I = 1 

■ | 1 34t 1 
then the Average j Ag ^ | = 300, 

(C) = the lowest ratios, i.e., the average of other terms divided 

by the maximum magnitudes of 

• n ,2 

A(ii)2 For example, 

let max JA^( yy- )£:J= 1, then Average | Agy-^ J “ 100• 

For the values listed above, it is convincing that the term 

A3(-j^~) can be dropped from the equation without introducing too 

much inaccuracy. This is supported by the data obtained by deleting 

another term, A_^ , which is of the same order of magnitude as 

Ag( y*£- ) . The equation of motion obtained by deleting both terms 

can be written as 

2rj* + 2>tz ~ ■'SlN'WJTY (39) 

Solution to equation (39) is 

where 

511 f1 ] = J; £ nwf '5,N zr* 

^4 Cmn  
%„ = Az £ U)„z- (J2*f] 

oJ„i= (»r)*/A. 

(to) 

For the same set of data, the length of the sample section is found 

as 337 ft. Difference in length between two different solutions is 

about 2.3$>. Deflection and stresses are very much the same. 

The relative magnitudes of different terms are 
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(A) 

(B) 

(C) 

tL 
& 

TO 

100 

50 

Aii 
5 

8 

2 

■19“ 

Hzht** 

400 

300 

100 

1 

1 

1 

They are also about the same as the first list. This implies that 

both terms can be deleted from the equation without noticeable effects 

on the results. Since the A3( term is non-linear and will intro¬ 

duce difficulties in obtaining a simple solution, whileas the term 

, *%l . , a*/ N 
Al( ) will not, it is desirable to retain Al( ^ ~£) in the equa- 

» 2 ' 
tion while A3( ) is deleted. Furthermore the dependency of the 

length of the sample section on the axial load can be observed if 

Al( -—* ) term is included in the equation. Hence equation (35) will 

be used as the equation of motion. However, for each particular ex¬ 

ample, it is suggested that a check should be employed to assure that 

the deleted term is small in comparison with the other terms in the 

equation. Due to the slow convergency of the serieses electronic 

computer is indispensable in numerical evaluation. 

VII. CONCLUSIONS 

Under the assumption of the existence of simple periodic motion, 

the lateral vibration of drill pipe including wall reaction is trans= 

formed into a forced vibration problem with constraint conditions on 

the deflection curve. The constraint conditions make the solution of 

the forced vibration problem physically in agreement with the original 

impact problem. A simple analytic solution is obtained for the case 

when the damping effect is small. In the Appendix A a more detailed 

procedure is outlined to include the damping effect. 
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The numerical example reveals the following facts: 

1) Normal stress due to deflection has its maximum value at the 

center of the span. Due to the fact that the impact force 

is concentrated in a very small interval as compared with 

the whole length of the span, the Fourier series expansion 

of the force has slow convergence. Hence, the expression 

for the stresses converges very slowly. The deflection 

and the normal stress converge to a relatively steady value 

hy including a reasonable number of term in the series. 

However, the shear stress obtained for the same number of 

terms has doubtful accuracy. 

Ij. 
2) Thr maximum normal stress is of the order of 10 psi. 

The shear stress, fortunately, much less significant, is of 

the order of 500 psi for the specific example. 

3) The length of the span depends on the axial load. However, 

the effect of axial load on the length is small. Further¬ 

more, the magnitude of stresses for two cases with reason¬ 

able difference in axial load, i.e., small difference in 

length, is about the same. 

k) The driving frequency has a significant effect on the length 

of the span, the higher the frequency the shorter the span. 

The magnitude of stresses vary inverly as the length of the 

span. In actual operation, the speed of rotation of the 

pipe seldom exceeds 300 rpm, which is frequency chosen for 

the numerical example. Hence the stresses obtained for this 

numerical example is expected to be on the upper bound. 

Although a prolonged periodic motion of the drill pipe is not 
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likely to occur in actual operation, the chance for the lateral vibra¬ 

tion to build up and exist for a short period of time cannot be ex¬ 

cluded. The method developed in this paper affords an effect first 

approximation in estimating the induced stresses. 
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APPENDIX A 

A procedure is outlined here to establish a solution including 

the viscous damping effect. A simple periodic motion is assumed for 

the steady state. Then the impact force function is 

b('x.t) = ZLC„n Z/N^t«-5//y wrt? 
7 tn n •</ / 

and the equation of motion can he written' as 

+ (M) 

vhere A, = (^-T.)LyErJ 

A* = (f,*(X+ Pp) L7%i 
A3= -iSb/Bpl 

A4 = L*/EfI 

With damping, energy has to he fed into the system to keep it in sus¬ 

tained periodic motion. One method to feed energy into the system is 

through the moments acting at the ends of the sample section treated. 

Then the boundary condition of equation (Al) can he written as 

( §T7=°'t)-° = ° 

^T1 ’i)=0 
(A2) 

Equation (Al) can he linearized by introducing a factor A such that 

the non-linear term A3(^£ j is replaced by the term X A3( ). 

This is done by equating the energy dissipation calculated by the non¬ 

linear damping term and the linearized damping term, i.e., 

J0 J0 Jo Jo 
(A3) 
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Hence 

w 

A reasonable value of /\ can be obtained by assuming a simple 

form for ?\ . For instance, let 

Q,SlN irtj.SlN^t + OzSlN TTySlN^jft+ a23N3jnjSlN$ftt fySNBirjSN&t 

which satisfies the zero displacement as. well as the zero moment con¬ 

dition at the two ends. This displacement is assumed only to obtain \ • 

Then the linearized equation of motion can be written as 

tL* (A5) 
*7)4 J4 ’zy*- 

To make the solution agree with the actual physical phenomena, the mo¬ 

ments Ml(t) and M2(t) must be so determined that the energy fed into 

into the system balances the energy dissipation by the viscous damp¬ 

ing. Also the phase difference between the displacement and the 

force function must be eliminated by the action of moment at the ends 

of the span. The requirement in phase relation is due to the fact 

that the impact force is produced by the impact action, hence force 

function and displacement must agree in phase. 

The system,' which is a column under forced lateral motion and sub¬ 

jected to time dependent boundary condition, is treated as the super¬ 

position of the following two cases: 

(l) Equation of motion 

1 
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with "boundary conditions 

r ° 

fyn**-0 

The solution of this case is 

f f (7=/ 
(i!£ 
a; 

where 

= Z£ Mjr (a6) 

Ajf. Ox»3 ^  
&mn ~~ 

&* + (*A3&fi)Z 

r> — ~ At^Ad Cmn ( '*£p‘)  
mn +(AA3JgT)*’ 

Gr = (»7T)+- At**)-**(■%£)* 

(A7) 

ii The case with time dependant moment applied at the ends can "be 

approximated "by a forced vibration model as shown in Figure 7* 
  L   

i 

i F F - ■ om rom, t 
-|j — Pig. 7 -*|j *4 

The end moments are replaced by two bands of time dependent force uni¬ 

formly distributed over a small interval close to the ends. The boun¬ 

dary conditions can be changed to 

§C>J=o,t)=o f £(7-/,^ = f 5— ( 

l £l(^o,t)=o lff<7 
2>J* a 

the force acting on the column can be expressed as the infinite sum 
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Let F(x,t) = l Kn SIN nwr? 
n 1 

where n = odd 

= 0 n = even 

Let £«- L F"» COS 0t m = even 

= 0 m = odd 

Hence rtito- g.L^(i-G>‘g)Sm>*f&&t n = odd, m = even 

= 0 for any other combinations of n and m. 

Let (A8) 

Then F*t) ^SLR^SiNmpCdsf^t (A9) 

where the constant F is to be determined, 
om 

The equation of motion is 

% + laS$* (A10) 

Solution of (A10) is 

xpt+lpin(All) 

where 

Efnr) 
A4 A3 Rmn ftoW/zr) 
Gz + iAiAmXrf 
 mn 

G* * (A3 A m%rf 
J~mn ~ 

(A12) 
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Therefore, the resultant motion can he written as 

j<■>(.*)-I,(yu + Uf*) 

The requirement that the resultant motion J Lft) must he in 

phase with the impact force function P^Xit) makes it necessary that 

the coefficient of the term CosZgt he zero, i.e., 

Drnr) + 7~rr>n ~ O (Al4) 

The substitution of (A7) and (A12) into (Al4) yields 

By (A8) and (A15), we have 

Fo, om 
r>TrGr,„()iA2 

4 (/- Cos Q 

(A15) 

(Ai6) 

The substitution of (A15) into (A12) and (A7) gives 

A4-CtmG t 

CHVA 

G 

Hence, the resultant motion is 

l(j i) -II -**£*“’ Stnm± ■5/N ntry (ai8) 

where G is given by (A7). 

The motion given by (Al8) is in phase with the impact force func 

tion [refer to equation (25)]. When thi3 is true, the energy dissipa 

tion due to viscous damping is compensated by the energy input to the 
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system "by the second force, which is approximated by the end moments 

(for a detailed explanation refer to Appendix B). 

The stresses induced by the motion is determined by equation (37) and 

equation (38), with 

CD = AA Cnnn 
i mn /C (A19) 

The required moments applied at the ends can be determined approxi¬ 

mately as 

Ml it) = MZ(t) =M(t) - j p(Xjt) ■ x doc 

For , 

MU) a-JrSzLF„(t) = illFcm Cos 
r> m n 

(A20) 

(A21) 

The substitution of (Al6) into (A2l) yields 

MU) = 4rLL SZ QSPJMIW) Cos ££+ z 4- Sd-Cos tnw£) zr L 
(A22) 

which is the required moment applied at both ends. 
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APPEITOIX B 

For a simple one degree-of-freedom spring mass system with damping, 

there exists a phase difference between force and displacement. 

Fz = Fio S/N cot (Bl) 

yr? X + Cv\ -t K'K - F/o-5/A/ cot 

Let 9(|= /\5IM cot+BCoso)t, and substitute it into the equation of 

motion, the following relations are obtained 

r _ AwOJz-Bcco + KA = Fto 

1 — & m u)z+ A CU) + K£> — o 
Hence 

*   (K ~ tn COz) FIO 

(K- m oozft (cco)z 

-FtoCuJ 

(K- mcuz)z-i- (cu))z 

The solution is 

*/ = 
'jo SIN cut 

/J (K->nu)z)^t- (cuSf (caJ)' 

Cu) G&3 cot 1 

(cu))*' J 
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For Fz=fh, c°ouit , we have 

<*-**»»*«*) 

The resultant motion due to F, + F2 is 

9C = "Xi + Xz 

- 
1
 f 

(*-«*&%(ctof { [FjK-wufHF^cwJsmitot 

+ C
_
FIO

Cl0 Fzo (K“)T160ZJ] CdOUXt j 

If F1Q is given and FgQ is so chosen that 

~F,acuJ +??(«-„TCOV = o 

(B4) 

(B5) 

then the resultant motion will he 

o( - 3—^IN 

(_K-KnoO^) + C^to)z 

~/o 

K - moo* Z>tN cO£ 

(B 6) 

Kote that the resultant displacement is in phase with F1 and is the 

same as the solution when damping is deleted. Hence the net effect of 

adding a Fg acting on the system is that it compensates the damping 

effect completely. This is always true whenever Fg^ is given as in 

(B3) and satisfies the condition (B5). In general when a second force 

(or external agent) is applied to a system and its effect is to elimi¬ 

nate the phase difference between the final resultant motion and the 

first external agent, then the work done by the second agent on the 

system must, and in fact is, equal to the energy dissipation due to 

viscous damping. 
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and 

For the simple system considered, let 

W1 = j= work done by Fg 

Wg = = energy dissipation due to viscous damping, 

then 

By equatic 

therefore, W1 = W2 

The above result can also be obtained from physical consideration. 

When F1 is in phase with the motion x, then F^ does not do any net work 

in a period. Hence the energy dissipation has to be balanced by the 

work done by Fg. This concept can be extended to systems of higher 

degree-of-freedom and to continuous system as well. Therefore in a 

system with energy dissipation function the phase difference between 

the response and a single external agent (or the resultant of a number 

of external agents) can be eliminated by a properly chosen second ex¬ 

ternal agent (which can be the resultant of a number of secondary ex¬ 

ternal agents). When this is done, the total energy dissipation of 

the system in the final state is equal to the work done by the second 

external agent. This statement seems to be trivial, but it is very 

helpful in the analysis of a complex system. 

In the analysis presented in Appendix A, the deflection produced 
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by the end moments eliminates the phase difference "between the re¬ 

sultant motion and the impace force an energy "balance is also 

established. 
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APETOIX C 

Details of the construction of Fig. 2 (p. 6). 

The equations are 

•Z V = ± oi% 

S me 

f = - me 

$/z 

From (Cl) let <k = O 

\Z 4. t/ y ^/Z> 
0(0 " T 7ne^max 

Hence F/m* = K(p(mox) 
¥*> 

(Cl) 

(C2) 

(C3) 

(<*) 

The quotient of equations (l) and (2) gives 

• * 1>Z 

oU - 0( — 
At 

o 

<* \fyz 

(±) - '-tex) 

= /7^7 
% 

o<0 

where T = ^/o(Max 

The quotient of equations (2) and (k) gives 

F 
Fmc*x 

f oi s3A^ /
3/e 

~ ( of max / 

Equation (C2) is differentiated with respect to time 

p = ix*1'** 

(C5) 

(c 6) 

(CT) 
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Equation (7) is divided by jjf 
V o<, max Oio 

yielding 

3K *oj^aX" (°LJ (~fb) J J~ *s/* (c8) 

Using equations (12) and C4) equation (c8) becomes 

£ Ti 
3 F'/netX ZP4 F -J r- /* 

Letting 

written as 

p = z 71 . 
3 7~/naX (2*94j 

(C9) 

, equation (C9) can be 

nr — ^ PP — p 2t±— — P- ^^5- 
rP - * r bt 11 b(±) 

_ P P-max b ^ P/Fma*) ^ 
TL 3 ( */Ti ) 

— 2 b ( P/PmaX) 
Z-?*‘3 H*/Tc) 

' 3* - 

where 

PF =4Ji -f^r = J r- ry*- 
$ = F/FM« “** * = */n 

Equation (Cll) finite difference form is 

7* = +*! ✓ /- 

(CIO) 

(Cll) 

(C12) 

Therefore 

By (C6) 

= _±£ 

*i r- (C13) 

(Olh) 

Hence, the diagram y versus X can be constructed by assigning 

Y= £n t n- /, 2, 3, — f 
£ - Cf £>maf/ number 
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Using £ = 0.005, 'the figure in the next page is constructed using an 

electronic computer. 

To justify Lee's equation [equation (15)] and his suggestion that 

T^ = 0.855 consider 

FH dt, = O. 5492 x Fmox * 71 

Therefore, 

ER - _—EL * Ttf) 
W9Z*F„C*’TL jH } 

(C15) 

fjF»dt 0 

From the Figure 2 the curve is very much the same as a sine curve 

Lee suggested that 

Tfii
 = 2r,3'N^£ 

, the following is Letting fnax. J'(^) = , 

obtained 
IT _ Ftnax _ / 

Z7L 54&Z *Ftnax *72 549 2 72 

i.e., -r- _ IT * 0.549Z 72 
/L St 

= *>*855- 71- 

Hence, the value of 0.855 is justified. 

(C16) 

The following is a comparison "between Lee's impact force and the Hertz 

impact force. 

Hertz' impact force = FH(*) = ^(t)j^ftjdt (C1T) 
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Lee's impact force 

-f(t) = T(t) f 
From momentum principle, 

o<o ~Jf(tij di — J 
e s I 

(C18) 

= 2 Me ot< 
for 

Then 
J -ftt)* (C19) 

Therefore 

-f(t) = ~SlN^t (0-5492 FnaxTi) 

— f~ TMX StN ^ £ 

i»6« 1 ■fot) 
- SlN TT* 

(C20) 

(C21) 
T^max 

Equation (C2l) is plotted in Figure 2, which shows that Lee's impact 

force is very much the same as the Hertz impact force, hut Lee's ex¬ 

pression has the great advantage of a simple analytic form. 
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APPEHDIX D 

Consider two homogeneous, isotropic, elastic todies with second 

older surfaces near the point of contact. The contact area will he 

an ellipse of major axis 2b and minor axis 2a as shown in the figure. 

The distribution of contact pressure can be represented as the ordi¬ 

nates of a semi-ellipsoid constructed on the coordinates of the con¬ 

tact ellipse. 

When the contact area is small in comparison with the dimensions of 

the two bodies, the elastic deformation is localized. The approach of 

the center of mass of the two bodies is equal to the total elastic 

deformation . 

By Hertz' contact theory 

ozbz 

where 

Since 
(D2) 

and the total compressive force = o 

(D3) 
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the total deformation can "be written as 

{K>+Kz)ff = ShU^mis^Wrcf9 

(K, + Kz)Tr?oCi r  

_ (K,+K7.)irZoQ rw  

cf& 

7 

jqgs^e b*- 
(D4) 

V /-Kz5iNze 

where K = bz-az 

< I 

The dimensions of the contact area are related to the contact force 

by the relations 

a = 

b = 

yn 

n 

Bjr FCft + KTT 
* A+ 3 

£Z F (Kt + Kz) 
* A-f a 

(D5) 

The value of m and n depend on the value of 9, defined hy 

The following table is taken from reference 3t 
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9 30 35 4o 45 50 55 60 

m 2.731 2.397 2.136 1.926 1.754 1.611 1.486 

n 0.493 0.530 0.567 o.6o4 0.641 0.678 0.717 

0 65 70 75 80 85 90 

in 1.378 1.284 1.202 1.128 1.061 1.000 

n 0.759 0.802 0.846 0.893 0.944 1.000 

The values of A and B are given By 

' _ I A = ZTz 4Ri 

4£» 

Hence, the total deformation is 

Ot = F ote 

(- KZSINZ9 

= 3, (K,+Kz) 
437T (K, 

y 4(A+3) 

) FZJ f ' aiQ- 
(t±£> J tf-y* 
+ B) /°/» 1 CTT" n^5.N^ 

(D7) 

(D8) 
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