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ABSTRACT 

Novel Dynamics and Structures Using Paramagnetic 

Colloids with Rotating Magnetic Fields  

by 

Di Du 

Micron-sized colloids have long been used as model systems to study the dynamic and 

thermodynamic behavior of atomic systems. This is attributed to the fact that their 

dynamics are driven by thermal energy and they are large enough to be visualized using 

optical microscopy. Moreover, the interactions between particles can be tuned by surface 

functionalization or application of external fields. In this thesis, I will introduce the use of 

various rotating magnetic fields on a system of confined paramagnetic colloids to model 

different physical phenomena in two dimensions (2-D), whose dynamics are not easily 

observed at a single molecule length scale. 

 The dynamics of a particle pair under a classic rotating magnetic field is first 

described with a modified Mason number, to describe the relationship between magnetic, 

viscous, and electrostatic interactions governing the rotational dyanmics. Next, I will 

describe a novel method to induce an isotropic attractive interaction between 

paramagnetic colloids when the frequency of the rotating field is sufficiently high. The 

pair interaction potential is comprised of a long-range attractive interaction induced by 

the external magnetic field and an electrostatic Yukawa-type repulsive interaction from 

the charged surfaces of the particles. This interaction potential is described by a 
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theoretical model, which is verified by experimental measurement. Three-body effects 

are also measured using a three-particle system, which is the leading term of many-body 

effect. By solving the Laplace’s equation for magnetostatics, this three-body effect is 

proved to be negligible for particles far from the edges of a many-particle cluster. This 

validates the assumption of pair additivity in the interaction potential used in a Monte 

Carlo simulation.  

The tunable isotropic interaction provides an ideal platform to study the phase 

behavior of 2-D atomic systems. The melting thermodynamics and dynamics are studied 

in detail using simulation and experiment respectively. Thermodynamics properties, such 

as radial distribution function, translational order parameter, bond-orientational order 

parameter and Lindemann parameter of different phases are measured to show that 

melting transition for this system is first-order as opposed to the KTHNY theory, which 

states melting in 2-D should be a two-stage second-order transition. Phase coexistences 

are observed for the first time in 2-D system with long-range attraction, which further 

confirms the first-order nature of the transition. The simultaneous dislocation unbinding 

and disclination unbinding observed in experiment explains the inconsistency against the 

prediction given by the KTHNY theory. The phase diagram of this system is also 

constructed, which is shown to be very similar to that of atomic systems.  

Another novel aspect described in this thesis is the development of a novel method to 

achieve microscale swimming.  A constant offset can be added to the rotating magnetic 

field if the temporal symmetry needs to be broken, and the resulting field is referred to as 

an eccentric rotating magnetic field. Under such a field, paramagnetic particles with 

mismatched sizes are shown to be able to swim in a directed manner. Swimmers 
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consisting of multiple particles are able to fragment their arms. Stochastic forces can 

change the type of the fragmentation from the surrounding fluid, leading to decreased or 

increased swimming speed for different swimmers.   
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bars (blue) correspond to experimental results, and the solid line (black) corresponds 

to predicted values. (e) The sweep radial distance of the smaller arm particle under 

different frequencies. Dots with error bars (cyan) correspond to experimental results, 

and the solid line (black) corresponds to predicted values. (f) The trajectory of both 

particles in 60 seconds. Scale bars represents 5 µm. ...............................................116 

Figure 6.2 Dimer locomotion at different frequencies. (a) DPC at different frequencies 

under . Insets show arm trajectories in the torso frame for the four 

markers in corresponding left-to-right order. The arm orbits clockwise. (b) Square 
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mean angle of locomotion at 60 seconds. The square markers with error bars (red) 

/Bk T  

27cH Oe



 

XXI 
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Figure 6.5 Periodic Arm Segmentation. (a) Image depicting the trajectory, shown by red 

markers, of a 3t2a swimmer under 27cH Oe  and 10f Hz . Configuration of this 

swimmer due to arm segmentation is shown in (b). (c) Image depicting the trajectory, 

shown by blue markers, of a 3t2a swimmer under 27cH Oe  and 12f Hz . 

Configuration of this swimmer due to arm segmentation is shown in (d). Scale bar is 5 

µm. .......................................................................................................................... 124 
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Chapter 1 Introduction 

1.1 Synthesized Colloids 

Colloidal systems are typically described as particles with length scales ranging from 

nanometers to microns that can be of any state (i.e. gas, liquid, or solid) dispersed in a 

continuous phase of different composition. These complex systems exhibit astonishing 

mechanical, rheological and thermodynamic properties [1]. For example, the phase 

behavior of colloidal systems can drastically change by slight changes in their composition. 

Fortunately, a set of physical laws have been developed to describe colloidal interactions. 

These laws can be further applied to predict the spatial distribution and phase behavior of 

the system at various conditions [2, 3]. Though early research in the colloidal domain was 

based on natural materials [4], researchers now utilize synthetic polymer colloids [5] for 

their several advantages. Firstly, there are a variety of monomers that can be chosen to meet 

the colloid design requirement of density, surface charge and surface roughness. Secondly, 

monodispersity can be achived by either dispersion polymerization [6] or microfluidic 

fabrication [7, 8]. Furthermore, the anisotropy of each colloid particle can be achieved by 

several methods including controlled photopolymerization [9, 10] (Figures 1.1(a)~(i)), 

multi-emulsion [11], self-assembly of easily-made spherical singlets [12-14] (Figure 

1.1(j)).  
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Figure 1.1 Scanning electron microscope images of particles (Adapted from [10]). (a) ~ (c), 

Flat polygonal structures that were formed in a 20-μm-high channel. (d), A colloidal 

cuboid that was formed in a 9.6-μm-high channel. (e) and (f), High-aspect-ratio structures 

with different cross-sections that were formed in a 38-μm-high channel. (g) ~ (i), Curved 

particles that were all formed in a 20-μm-high channel. (j) (Adapted from [14]) Photograph 

of a test tube containing a cluster suspension separated by centrifugation in a density 

gradient. Fourteen distinct bands, each representing a region of high con-centration of 

clusters, are visible in the tube, showing that the cluster formation process leads to specific, 

well-defined configurations of particles.  

 

Due to their above properties and low production cost, synthesized colloids have 

shown their versatility in a number of applications. Colloidal crystals has been studied as a 

potential material for photonic crystals [15] due to fact that the Bragg peaks of diffractive 

light will be shifted as separation between colloid spheres varies. For example, the drying 

of an aqueous droplet containing a suspension of particles is used to fabricate colloid 

crystals of different microstructures [16] (Figure 1.2). Researchers also use contact 

printing method to achieve more accurate deposition [17]. The change of sphere separation 

could also be caused by swelling or specific binding from bulk solution, which allows 

colloid crystals to be used as potential chemical sensors [18]. Furthermore, target drugs can 

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)
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be packed into polymer colloids and then released for applications in drug delivery and 

regenerative medicine [19] (Figure 1.3). 

 

Figure 1.2 (Adapted from [16]) Optical micrographs of structured spherical assemblies 

obtained from (a) 270-nm and (b) 320-nm latex particles. Scale bars, 500 mm   

 

Another category of applications that should be noted is related to magnetic colloid 

particles. Vesicles made up of these magnetic colloid particles (magnetosomes) provide 

new opportunities to enhance the performance of guided drug delivery [20]. Also due the 

switchability and locality of the heating effect by paramagnetic nanoparticles, they have 

been used as a treatment of cancer [21].  
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Figure 1.3 (Adapted from [19]) Depiction of load support and regeneration within a 

degenerated IVD containing a biodegradable responsive microgel that undergoes a 

fluid-to-gel transition in vivo. A portion of degenerated IVD is shown in (a). A microgel 

dispersion in the fluid state is injected in (b). The fluid-to-gel transition is triggered in vivo 

(c) causing gelation of the microgel dispersion and expansion within the damaged region. 

In the presence of new cells tissue regrowth occurs and replaces the slowly degrading 

microgel particles in (d) and (e). 

 

1.2 Model System in 2-D 

In addition to their wide-range applications, colloids also provide an important 

platform for physicists to study the statistical mechanics and dynamics of polymer chains 

and atomic systems. In the view of physicists, polymers are beads connected with springs. 

They can be experimentally realized by linking paramagnetic colloidal particles with DNA 

linkers [22]. The bending dynamics and axial thermal rotation of a single colloidal polymer 

chain have been analyzed in details [23, 24].  

The linked colloidal particles are used a model system for polymers due to the flexible 



 

5 

 

linkage between the particles. These particles can also be used as an atomic model when 

there are not linked but interact with soft interactions. They are small enough so that 

thermal energy, kBT, drives their dynamics. This allows colloids to assemble into the 

classical gas, liquid, solid and liquid crystalline phases that atoms are known to arrange 

into. Moreover, direct microscopic visualization [25] of the colloids allow for their 

instantaneous locations to be tracked precisely on a sub-single-object level to provide 

“atomic” resolution. Furthermore, their interactions can be precisely manipulated by 

surface functionalization [26, 27], solvent [22], and external fields [28, 29]. Therefore 

colloidal particles can be utilized to mimic both equilibrium and dynamic phase behavior 

of their atomic counterparts. 

Phase behavior is one of the most important properties for bulk materials. There are 

several different types of naturally existing phase diagram [30] (Figure 1.4). For a purely 

hard-sphere system the phase diagram shows only fluid and crystal phases. Introducing 

attractive interactions results in three-phase equilibrium, as in atomic systems whose 

interaction potentials are usually modeled by hard sphere repulsion with a long-range 

perturbation. However, short-range attraction may degenerate the fluid-fluid equilibrium 

into a metastable one.  
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Figure 1.4 (a) (Adapted from [30]) A wide range of naturally existing phase diagrams for 

purely hard-sphere system (left), atomic systems with long-range attractions (middle) and 

protein systems with short-range attractions (right). (b) (Adapted from [31]) Examples 

images of solid and hexatic phases, respectively.  

 

Perrin used a colloid system as a model for atomic system to calculate Avogadro's 

constant [32], and thus began the idea of using colloids as model systems for atoms. The 

phase diagram of a hard-sphere system was mapped out by several experiments using a 

colloid system [33, 34] to show agreement with the theories. In addition to the two phases 

shown in the figure above, a glass state was also observed that did not crystallize over 

several months [33]. This glass transition was believed to be intrinsic until the glassy hard 

spheres were seen to crystallize in space under microgravity and survived after re-entry 

into earth [35]. The microgravity environment suppresses shear-induced stress, a small 

amount of which will disrupt the dendritic growth of colloidal crystals and prevent the 

(a)

(b)
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system from crystallizing [36].  

To avoid the gravity effect on earth and to achieve better visualization of dynamics of 

the whole system, many research groups have examined colloidal phase behavior in a 

two-dimensional (2-D) colloid system. Additionally, 2-D colloid systems have drawn 

much attention nowadays due to their applications as models for interfacial phenomena 

such as the stabilization of foams and emulsions, wetting and dewetting, catalysis, and 

membrane protein models [31]. Pieranski [37] initiated visualization of 2-D colloidal 

system where colloidal particles were trapped within the water/air interface irreversibly 

with detachment energy of about 108 kT. The nearly perfect crystal was observed in this 

quasi-equilibrium, pure repulsion system. The same system with electrostatic 

dipole-dipole repulsion was also used by other researchers to study phase transition and 

verify the Kosterlitz-Thouless-Halperig-Nelson-Young theory (KTHNY) in more detail 

[31]. A similar, but more tunable system, with magnetic dipole-dipole repulsion was also 

investigated in detail where the density or volume of the system can be tuned in situ [28, 

29]. Another way of directly changing the effective density is to change the particle size in 

situ. This was achieved by dispersing a thermally sensitive copolymer microgel into a 

certain buffer solution [38, 39]. A flow cell consisting of two coverslips with spacers in 

between was used to achieve 2-D trapping of the colloid particles so that there is a 

Yukawa-type repulsion between particles. Another example of two-coverslip flow cell is 

from Rice and coworkers [40, 41] where steric repulsion was introduced to study melting 

dynamics. Depletion induced attraction is most commonly used to study the attractive 

interactions on a 2-D system and both simulation [42] and experiment [43] results have 

been reported. The interaction range and controllability of the colloidal systems used in 
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these studies are summarized in the Table 1.1. The challenge to date has been to develop 

colloidal systems in which the interaction potential (1) is a long-range attractive one and (2) 

can be theoretically characterized and tuned in situ. 

Table 1.1 Different types of interaction for micron-sized colloidal systems 

Interaction Type Range Controllability 

Magnetic repulsion Short or long direct 

Electrostatic repulsion Short indirect 

Steric repulsion or attraction Short or long indirect 

Depletion attraction Short indirect 

 

1.3 Paramagnetic Colloidal Particles 

Paramagnetic colloids are a class of colloids where dipoles of the particles are induced 

under the application of an external magnetic field. They are typically composed of a latex 

matrix containing randomly orientated single-domain ferrimagnetic or ferromagnetic 

nanoparticles which have permanent magnetic moments uniformly and a polymer matrix 

in which the nanoparticles are uniformly dispersed and free to move. In the absence of 

magnetic field, the nanoparticles are randomly distributed due to Brownian motion and 

Néel relaxation and the particle has no net dipole moment. In the presence of magnetic 

field, there is a long-range order to the magnetic domains causing the colloid particle to 

have a net dipole moment in the field direction. In a DC magnetic field, there is a magnetic 

interaction between these dipole moments, which is responsible for the alignment of 

particles in field direction with a head-to-tail configuration (Figure 1.5). 
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Figure 1.5 Schematic illustrating the arrangements of magnetic dipoles for paramagnetic 

colloid particles. (a) Random orientations of the dipoles of ferromagnetic nanoparticles. (b) 

Aligned orientations of the dipoles of ferromagnetic nanoparticles. (c) Particles 

alignments.  

 

In the uniform magnetic field, interaction potential between particles is anisotropic and 

leads to chain formation. The dipole moment in one particle is affected not only by the 

external field but also the local field induced by the rest of the neighboring particles if 

mutual interaction is considered. For example, for particle 1 and 2, the dipole moment 

induced in particle 2 is  

3

2 2

4

3
m a H                               (1.1) 

where a  is the diameter of the colloid particle,   is volume susceptibility, and 
2H  is 

the field strength at particle 2. 
2H  can be decomposed into the contribution of external 

field and induced field:  

1 1
2 0 3

ˆ ˆ3( )

ˆ4

m r r m
H H

r


                           (1.2) 

where r̂  is the unit connector vector and 
0H  is the strength of external field. This model 

is usually referred to as mutual dipolar model (MDM) [44]. The force between the two 

0 0H 
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particles can be given by [45] 

0
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m r m r
F m r m m r m m m r r       (1.3) 

where r is center-to-center distance between two spheres, 0  is the vacuum permeability, 

,i jm  is the local magnetic dipole. The magnetic interaction is long-range and highly 

tunable but anisotropic in a uniform field. An isotropic magnetic interaction is needed to 

provide a new atomic model with long-range attraction.  

 

1.4 Rotating Magnetic Field 

A rotating magnetic field is typically achieved by physically rotating a magnetic [46, 

47] or using two orthogonal electromagnets with 90 degree phase difference [48]. A 

single paramagnetic particle will rotate along with the external rotating magnetic field. 

The rotation of the particle can be synchronous or asynchronous with the rotation of the 

external field depending on the frequency and strength of the external field [49] (Figure 

1.6). Typically at low field frequency, the rotation of the particle follows that of the 

external field. At a transition frequency, which is dependent of external field strength, the 

rotation of the particle starts to be asynchronous with that of the external field, which is 

known as breakdown. The rotating frequency of the particle decreases as the field 

frequency is further increased. The breakdown frequency is proportional to the external 

field strength, which agrees with the theory of Mason number [50]. The fast rotation of 

individual magnetic particles in a carrier fluid can generate considerable amount of 

inductive heat, which can be achieved using a rotating magnetic field with both high 
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frequency and high field strength. This process is also known as magnetocytolysis and 

has a promising application of selectively killing cancer cells without harming 

surrounding normal cells [21]. The non-monotonic dependence of the rotating frequency 

of the particle on the field frequency also applies to a particle pair or a particle chain [51, 

52], as their dynamics are all governed by Mason number. 

 

Figure 1.6 (Adapted from [49]) Frequency response of a single magnetic bead measured 

at different values of the applied field, showing the occurrence of the breakdown behavior. 

The lines are guides to the eye. Inset: a systematic study of the breakdown frequency 

versus the applied field. 

 

Under a rotating magnetic field, a number of suspended paramagnetic particles form 

chains that rotate along with the external field. When the rotation becomes asynchronous, 

the chains will buckle up to form S- or U-shape due to non-zero bending rigidity, if the 

particles are physically linked with flexible polymers like DNA [23] or poly(ethylene 
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glycol) [53]. If the particles are not linked, the chains may eventually roll up into 2-D 

clusters if the rotating frequency is sufficiently high [54].  

The paramagnetic particles or materials under rotating magnetic field have wide 

applications in the control of rheological and mechanical properties. For example, the 

rotation of linked chains of paramagnetic particles under rotating magnetic field, can be 

used to achieve micromixing [55] (Figure 1.7). Under rotating magnetic fields, 

anisotropic paramagnetic particles like platelets are found to have two orientational states, 

which can be used to develop unusual reinforcement structures in synthetic composites 

[56].  

   

Figure 1.7 (Adapted from [55]) (a) A solution of buffer and chains flowing into the sides 

of the channel and a solution of buffer, chains, and dye flowing into the center. A rotating 

magnetic field with a frequency f = 0.5 Hz is applied, and the mixing between lanes can be 

(a)

(b)
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seen in the video image. Scale bar, 100 µm. (b) A profile of the dye concentration, taken at 

100 (circles), 250 (squares), and 500 µm (triangles) downstream of the junction and fit to 

an equation in the paper, demonstrates the mixing provided by the rotating magnetic field. 

 

1.5 Thesis Outline  

This thesis begins with the rotating dynamics of two free paramagnetic particles under 

a rotating magnetic field, which are discussed in Chapter 2. The Mason number, which is 

the dimensionless ratio between viscous force and magnetic force, has been used as a 

governing number for MR fluid. A modified Mason number will be derived to account for 

other surface forces. This modified Mason number is confirmed to be pseudo-constant for 

both particle pairs and particle chains undergoing stable-metastable transition. After the 

metastable transition, further increasing external field frequency will lead to damped-out 

rotation of a particle pair. With this rotating magnetic field with high frequency, an 

isotropic long-range attraction in a 2-D paramagnetic colloidal particle dispersion is 

created, which is referred to as PURM system. The sum of long-range attraction and 

electrostatic Yukawa-type repulsion is considered as the net interaction while van der 

Waals force is neglected. This interaction potential is theoretical given by a mutual dipolar 

model (MDM) described in Eqns. (1.2) and (1.3) and experimentally measured using a 

particle pair isolated from other particles. Since the system of interest is a colloidal 

dispersion, three-body effect is also characterized using a trimer system, which is the 

leading term of many-body effect.  

The many-body effect is undesirable for molecular simulations where pairwise 

additivity of interaction potential is always presumed. In Chapter 3, the numerical solution 
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to the Laplace’s equation for magnetostatics (LES method) will be presented. With this 

solution, the exact magnetic force on paramagnetic spheres can be calculated using 

Maxwell stress tensor, and many body effects can be illustrated for systems consisting of 

different numbers of particles. Compared to the LES method, MDM does not give 

acceptable prediction when particles are close to each other. The many body effects are 

shown to be significant only when particles are located near the edge of a cluster and close 

to other neighboring particles. Since periodic boundary conditions are used most molecular 

simulations, essentially no particle will be located at the edge, and therefore many body 

effects can be neglected when calculating the interaction potentials or forces. The magnetic 

forces between paramagnetic particles of other shapes are also calculated and discussed in 

details.  

The LES method is accurate but computationally painstaking. In Chapter 4, another 

dipolar-based model will be put forward, micro-mutual-dipolar model (MMDM), by 

considering the position variation of the hypothetical dipole moments. This model is more 

accurate than MDM and does not apparently lose accuracy compared to LES method for 

small clusters. More importantly, this method is significantly faster than LES method and 

as fast as most of the dipolar-based models.  

The tunable isotropic attractive interaction introduced in Chapter 2 provides an ideal 

platform to study the phase behavior of a 2-D atomic system. In Chapter 5, the phase 

behavior of the PURM system is investigated and a phase diagram is mapped out. The 

melting dynamics and thermodynamics of the PURM system are studied in details using 

both simulations and experiments. The single-step first order transition is in direct contrast 

to the two-step continuous melting scenario suggested by the KTHNY theory. 
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Thermodynamics properties of different phases are measured upon melting transition such 

as radial distribution function, structure factor, bond-orientation order parameters and 

Lindemann parameter. Phase coexistences are observed for in 2-D system, helping to 

construct a phase diagram of the PURM system, which is very similar to the ones obtained 

for typical atomic systems.  

Chapter 6 extends the investigation of rotating magnetic field to eccentric rotating 

magnetic (ERM) field. Under an ERM field, paramagnetic particle aggregates with explicit 

spatial asymmetry will swim in a directed manner. The simplest swimmer consists of two 

paramagnetic particles with mismatched sizes. A family of swimmers is inspired from this 

swimmer with multiple particles. The higher-ordered swimmers fragment their arms in 

different configurations due to multipolar magnetic induction or dipolar magnetic 

induction. The probabilities of different arm fragmentation types are largely affected by the 

stochastic forces from the surrounding fluid, which determine the swimming speed. 

 Finally, in Chapter 7, the thesis will be summarized and additional investigations and 

future directions will be presented. A few additional investigations are presented: (1) The 

rotating magnetic field can be modified to elliptical leading to completely different 

structures formed from a particle cluster. (2) Under an ERM field, non-centrosymmetric 

assembly from particles of the same size can also swim. (3) The swim stroke can be 

extended to 3-D with an additional field along z-axis. The 3-D strokes lead to less efficient 

swimming locomotion. 
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Chapter 2 Paramagnetic Particles under a 

Classic Rotating Magnetic (CRM) Field 

 

Magnetorheological (MR) fluids, consisting of paramagnetic colloidal particles 

suspended in nonmagnetic carrier liquids, can undergo rapid and reversible change of 

rheological properties by controlling the external magnetic field [57, 58]. This notable 

feature stems from the fact that under uniaxial or rotating magnetic field, the particles 

acquire magnetic moments, primarily dipolar, and induce magnetic interaction that leads to 

the formation of chainlike structures or two-dimensional aggregates [52, 59, 60]. The 

Mason number, which is the dimensionless ratio between viscous force and magnetic force, 

has been used to describe the governing physics for MR fluids to scale the dynamics under 

field with low frequency. In this chapter, a modified Mason number is derived to take into 

account other surface forces. This modified Mason number is confirmed to be 

pseudo-constant for both particle pairs and particle chains undergoing stable-metastable 

transition. With a rotating magnetic field with high frequency, the magnetic torque is 

counterbalanced by viscous torque, and an isotropic long-range attraction can be created in 

a 2-D paramagnetic colloidal particle dispersion. Since the system of interest is a colloidal 

dispersion, three-body effect is also characterized using a three-particle system, which is 

the leading term of many-body effect. 
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2.1 Experimental Setup and Numerical Scheme 

The methods and materials described in this chapter are also used for work presented in 

following chapters unless otherwise noted.  

2.1.1 Paramagnetic Colloidal Suspension Preparation 

The particles used are carboxyl-coated superparamagnetic polystyrene particles 

Dynabeads M-270 and MyOne (Life Technologies). The mean diameters of the particles 

are 2.8µm and 1.04µm respectively and volumetric magnetic susceptibilities of the beads 

are 0.96 and 1.4 respectively, as provided by the manufacturer. The particles are suspended 

in 0.1mM NaCl or 1mM NaCl solution. Both particles have surface potential 𝜓0 =

−50mV and changing salt concentration does not significantly change the surface potential 

[22]. The suspension is confined between two coverslips, which have been pretreated with 

ethyl alcohol and cleaned using a plasma cleaner (Harrick Plasma PDC-32G). The particles 

will settle and remain near the bottom coverslip, where the apparent viscosity is different 

from that in the bulk fluid far from the coverslip[61]. The apparent viscosity is 2.26cP, as 

measured using passive microrheology (Figure 6.2(c)). 

 

2.1.2 Coil and Imaging System 

Two pairs of air-core solenoids are placed perpendicular to each other (Figure 2.1) to 

generate the circular rotating magnetic (CRM) field. A multi-frequency power supply 

(Agilent N6784A) is programmed to provide sinusoidal currents through the coils to create 

a magnetic field in the x-direction  0 sinxH H t , and in the y-direction 
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 0 sin 2yH H t    between 5 and -5 V. This results in a homogeneous magnetic field 

that rotates in the horizontal plane. The instantaneous direction of the field is monitored 

using a digital oscilloscope embedded in the power supply mainframe (Agilent N6705A). 

A 100x / 1.4 Olympus oil immersion objective is mounted at the center of the two 

orthogonal pairs of solenoids, beneath a piezo-controlled (Newport ESA-C) sample holder. 

A CCD camera (QImaging) captures the images. The colloid dynamics are monitored and 

recorded with the CCD camera at a rate of 10 ~ 16 frames/sec using Simple PCI 

(Hamamatsu). The image files are processed using MATLAB to obtain x and y coordinates 

of spheres[25]. A surface level tool is used to verify that the sample stage does not have any 

tilt from the center of solenoid plane to ensure that the measured 2-D projection of the 

trajectory gives the actual position.  

 

Figure 2.1 Coil and imaging setup schematic view. (a) Top view (b) Expanded view of the 

core with objective, stage and sample clearly separated (Objective is moved downward by 

(b)

(a)
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30mm and sample upward by 30mm)  

 

2.1.3 Brownian Dynamics (BD) Simulation 

For Brownian colloidal spheres, Brownian dynamics (BD) simulation is typically used 

to describe their dynamics. The numerical scheme for BD simulation is given by [62]:  

( ( )) ( ( ))
( ) ( ) ( )

ij i j i

i i i

j B

t t
t t t t t

k T



      

D r F r
r r                   (2.1) 

where  is the position of particle i at time t,  is the force on particle j,  is the 

diffusion tension taking into account the hydrodynamic interaction mediated by the 

surrounding fluid,  is the Boltzmann constant,  is the current experimental absolute 

temperature and ( )i t   is a random force that can be generated at each time step from a 

Gaussian distribution with zero mean and variance ( ) ( ) 2i j ijt t D t     . The 

Rotne-Prager tensor [63] is used for . The force on each particle is composed of the 

magnetic interactions described by the mutual dipolar force: 

    (2.2) 

where  is the vector from particle 1 to 2 and  is the norm of said vector,  is 

vacuum permeability and  and  are the dipole moments on each particle that 
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magnetic field and  and  are the respective susceptibilities of the two particle. The 

Derjaguin-Landau-Verwey-Overbeek (DLVO) theory [3] is adopted to describe the 

electrostatic repulsion:  

                  (2.3) 

where  is the harmonic mean of the particle diameters,  is the 

arithmetic mean of the particle diameters,  is the number density of ions in the bulk 

solution,  is the reciprocal of the Debye length, and  is the 

reduced potential, where  is the surface potential and e is the unit charge. Both particles 

have the same surface potential and are thus not differentiated here. The van der Waals 

term in DLVO theory can be neglected because its contribution is negligible for the 

situation in which the particle surface separation is sufficiently large [64]. 

 

2.2 Two Paramagnetic Particles under a CRM field with Low 

Frequency 

  Under a CRM field of 10Oe in magnitude, at low field frequency (𝑓𝐻 ≤ 0.46Hz), a 

particle pair will simply rotate synchronously with the external field, and its sweep angle 

follows the simple multiplication of 𝜙 = 360ft degree with a linear increase (Figure 

2.2(a)). Further increasing 𝑓𝐻 above 0.46Hz will lead to a phase lag between the particle 

pair and the external field larger than a critical value above which the force between two 

paramagnetic particles is repulsive. This will result in the particle pair intermittently 
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rotating reversely and realigning with the external field and therefore a smaller sweep 

angle. The reverse rotation occurs more frequently as 𝑓𝐻 is further increased, leading to 

even smaller sweep angles. Therefore at 𝑓𝐻 = 0.46Hz the particle pair reaches the largest 

rotating frequency 𝑓𝑃 = 0.46Hz as shown in Figure 2.2(b). The reverse rotation is better 

visualized using the trajectory of either one particle. The insets of Figure 2.1(b) compare 

the trajectories from 𝑓𝐻 = 0.46Hz and 𝑓𝐻 = 0.47Hz. The former state features a smooth 

circular trajectory and the latter a circular trajectory with 6 knots, corresponding to the 6 

kinks on the blue curve in Figure 2.2(b). Thus the 𝑓𝐻 ≤ 0.46Hz is often referred to as 

stable region and 𝑓𝐻 > 0.46Hz as metastable region. This stable-metastable transition 

occurs at different transition frequencies 𝑓𝑡 for different external field strengths.  
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Figure 2.2 The rotation dynamics of a pair of M-270 particles in 0.1mM NaCl solution 

under a 10Oe CRM field. (a) Sweep angle of the pair along time at different external field 

frequencies. (b) The rotating frequencies of the pair as a response to different frequencies 

of the rotating field. The 4 colored markers correspond to the 4 different sweep angle 

curves in (a). Insets show the trajectories of one particle for stable (𝑓𝐻 = 0.46Hz, green) 

and metastable (𝑓𝐻 = 0.47Hz, blue) states. 

 

2.3 Modified Mason Number for a Particle Pair 

Regardless of the type of applied magnetic field, the dominant forces for paramagnetic 

colloidal suspension are magnetic force, that bonds the particles together, and viscous drag, 

that segments the formed structure, if the particles are taken as ideal hard spheres without 
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surface forces. The dimensionless ratio between these two forces, often referred to as 

Mason number, governs the mechanical structure of the particles and therefore the 

rheological properties of the fluid [50, 52, 65]. The expression of Mason number can be 

derived by considering two paramagnetic hard spherical particles suspended in fluid under 

a CRM field. By using the dipolar model to calculate the magnetic force between the two 

spheres, Mason number is defined to be  

2

0 1 2 0

144 f
Mn

H



  
                              (2.4) 

which has a constant value of 1 when the particle pair undergo stable-metastable transition 

[52]. This expression only considers magnetic force and viscous drag and thus cannot be 

used for paramagnetic suspensions with repulsive surface forces involved.  

When two paramagnetic particles with surface forces are placed under a CRM field, 

their dynamics are similar to those of two paramagnetic hard spheres, if the range of the 

repulsive surface force is shorter than that of magnetic force [64, 66]. The surface force 

does make a difference by changing the most stable particle separation to some value above 

0 as well as diminishing the highest attractive force achieved under fixed external field 

strength (Figure 2.3(a)). Here electrostatic force is taken as an example for the derivations 

and experiments. The metastable particle pair is directly caused by the phase lag, which is 

the angle between the applied magnetic field 𝐇0  and connector vector between two 

particles r . The phase lag will significantly affect the force balances on both particles 

symmetrically. The force balance on particle 2 is shown in Figure 2.3(b) with phase lag 𝛼. 

Here 𝐅m, 𝐅e and 𝐅v are magnetic force, electrostatic force and viscous drag respectively 

and �̂� and α̂ are unit vectors in radial and azimuthal direction respectively. The dipolar 
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model [44] can be used to describe the magnetic force   

2 2 2
20 0 1 2 1 2

4
ˆ ˆ(3cos 1) 2sin cos

12

H d d

r

   
       mF r α             (2.5) 

where r is the distance between the two particles and 𝜇0 is the vacuum permeability. 

DLVO theory and Stokes’ law are adopted to calculate the electrostatic repulsion and 

viscous drag respectively:  

( )2 2 ˆ(32 / ) ar d

hkTd e
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2 ˆ(3 )hd rf vF α                                (2.7)  

For Eqn. (2.6), 
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 is the harmonic mean of particle diameters, 1 2
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d d
d


  is 

the arithmetic mean of particle diameters, 𝜌∞ is the number density of ion in the bulk 

solution, 𝜅 is the reciprocal of Debye length, and 0tanh( / 4 )Bze k T   is the reduced 

potential where 𝜓0 is the surface potential and e is unit charge. For Eqn. (2.7), 𝜂 is the 

viscosity of the fluid and f is the field frequency. At any f before the transition, both 

particles undergo constant circular motion, and the net force on particle 2 is zero when 

inertia is neglected. Therefore one can obtain ˆ ˆ 0   
m e

F r F r  and ˆ ˆ 0v   
m

F α F α . 

After rearranging terms and lumping them into dimensionless groups, these two equations 

become: 

5 sin(2 )Mn R                              (2.8) 

4 23cos 1RR e                              (2.9) 

Here / aR r d  is normalized center-to-center distance, 
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the ratio between electrostatic force and magnetic force, 2 4

0 1 2 0

144

( / )g a

f
Mn

H d d



  
  is the 

Mason number considering particle size difference, ad   is the normalized Debye 

length and 1 2gd d d  is the geometric mean of particle diameters. When the particles 

have no surface charge, 𝜆  vanishes and 
1

arccos
3

t   from Eqn. (2.8). Before the 

transition R = 1 and 𝛼 increases with increased Mn from Eqn. (2.8). The particle pair 

undergoes stable-metastable transition when Mn reaches maximum and 𝛼 reaches magic 

angle [67] 
1

arccos
3

where neither particle experiences radial force. This has been 

discussed in [52] in detail. Here since surface charge is included, both R and 𝛼 change 

with increased Mn.  Likewise Mn will reach maximum at the transition point. This is 

simply because Mn is only a function of f and they both reach maxima for a given particle 

pair undergoing the transition. Combining Eqn. (2.8) and (2.9), one can cancel out 𝛼 and 

obtain the expression for Mn: 
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                      (2.10) 

Figure 2.3(c) shows how Mn changes with increased R from Eqn. (2.10) for a pair of 

M-270 particles in 0.1mM NaCl solution under a 10Oe CRM field. As R increases, Mn first 

increases all the way to its maximum and then gradually decreases. Before Mn reaches 

maximum M, the rotation of the pair is stable and follows the rotation of the external field. 

After Mn starts to drop, the rotation of the pair is unstable, and it will quickly move towards 

the stable state with the same Mn but a small R on the left of M. Therefore the unstable state 
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on the right of M does not physically exist, and the metastable state aforementioned is 

observed instead, which is shown by the magenta markers. When Mn reaches maximum, 

( )t

t

dMn R

dR
=0. It is difficult to get an analytical expression for Rt but one of the iterative 

expressions for Rt is  

 4 2ln (6 ) 64(1 ) (6 )
16

t t t t

t

R R R R

R


  



 
     

 
          (2.11) 

For short range repulsive surface forces like electrostatic force, the interaction potential 

well formed from repulsive interaction and attractive magnetic interaction will confine the 

particle separation to be very small compared to the particle size, thus R is very close to 1. 

Starting from an initial guess of 1, the change of the left hand side of Eqn. (2.8) does not 

exceed 0.1% after two iterations. The transition frequency 𝑓𝑡 therefore can be obtained 

using  

2

0 1 2 0

144

t
t

Mn H
f

  




                            (2.12) 

where 𝑀𝑛𝑡 is obtained using Eqn. (2.10).  



 

27 

 

 

Figure 2.3 (a) Interparticle force of a stable particle pair. (b) The forces exerted on a 

paramagnetic particle of a particle pair. (c) The Mason number Mn as a function of 

normalized center-to-center distance R for a pair of M-270 particles in 0.1mM NaCl 

solution under a 10Oe CRM field. The magenta markers correspond to experimental 
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measurement and the black curve corresponds to Eqn. (2.10). M is the maximum of Mn 

and the vertical dashed line across M is the boundary between stable and unstable region. 

The inset shows the same profile for different external field strengths. 

 

The 𝑀𝑛𝑡 obtained from Eqn. (2.10) is not equal to 1, as opposed to the theory of 

Mason number. Moreover it changes when different external field strengths are used 

(Figure 2.3(c) inset). The 𝑓𝑡  obtained from Eqn. (2.12) is therefore different from the 

prediction in the theory of Mason number. Figure 2.4(a) ~ (d) show the comparison 

between these two theories on the prediction of 𝑓𝑡  for different particle sizes and salt 

concentrations. For all the conditions, Eqn. (2.12) always matches very well with 

experimental results except the case of two particles with mismatched size suspended in 

low concentration NaCl solution, where slight deviation is observed. Considering the 

lowest net attractive force among the four due to the combination of high electrostatic 

repulsion and low magnetic attraction, the stochastic force from surrounding fluid likely 

influences and affects the accuracy of experimental measurement. It can be noted from the 

inset of Figure 2.3(c) that Mn is not constant at the stable-metastable transition, which 

indicates that Mn is not the governing number for the dynamics of the system.  

For a particle pair without electrostatic repulsion, another constant in addition to Mn 

upon the transition is α, which is 
1

arccos
3

. For a pair with electrostatic repulsion, 

similarly, sin(2α) is found to be always in close proximity to 1, and the change does not 

exceed 10−4  when the external field strength changes from 8Oe to 28Oe. Therefore 

sin(2α) can be taken as a pseudo-constant. 5' sin(2 )Mn Mn R     is defined, which is 

reasonably referred to as the modified Mason number. Systematic experiments on the 



 

29 

 

rotation dynamics of a particle pair are conducted to verify the definition of 'Mn . Figure 

2.4(e) shows the change of the rotating frequency of the particle pair as a function of 

modified Mason number. This is essentially the same profile as Figure 2.2(b) except that 

x-axis is replaced by the modified Mason number, while the y-axis is scaled by the 

transition frequency under specific conditions. Different external field strengths are used in 

each condition though not differentiated in color. All data points fall onto a master curve, 

which confirms 'Mn  is the governing number for the rotation dynamics of a particle pair. 

Note that all the 'Mn s are calculated using experimental measured inter-particle distances 

in order to validate the definition of 'Mn . Nevertheless the experimentally measured 

inter-particle distance matches with Eqn. (2.10) in the stable region as shown in Figure 

2.3(c). Using Eqn. (2.10) does not make noticeable difference when calculating 'Mn . 

Therefore the pseudo-constant modified Mason number and Eqn. (2.10) can be used to 

predict the behavior of a paramagnetic particle pair suspended in fluid.  
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Figure 2.4 The transition frequency of a dimer for different field strengths. (a) same size, 

0.1mM NaCl, (b) same size, 1mM NaCl, (c) different size, 0.1mM NaCl, (d) different size, 

1mM NaCl. (e) The master curve for particle rotation frequency using modified Mason 

number. The black, red, cyan and blue markers corresponding to conditions (a) ~ (d) 

respectively. Dashed line is a guideline for the trend of the master curve.  

 

2.4 Modified Mason Number for a Particle Chain 

The theory of the modified Mason number can be extended to a particle chain using the 

0 1 2 3 4 5 6 7
0

0.2

0.4

0.6

0.8

1

Mn'

f P
/f

t

8 10 12
0

0.5

1

H
0
 (Oe)

f t (
H

z
)

8 10 12
0

0.5

1

1.5

H
0
 (Oe)

f t (
H

z
)

8 10 12
0.2

0.4

0.6

0.8

1

1.2

H
0
 (Oe)

f t (
H

z
)

8 10 12
0.2

0.4

0.6

0.8

1

1.2

H
0
 (Oe)

f t (
H

z
)

(a) (b)

(c) (d)

Eqn. (9) Theory of Mason Number Experiment

(e)



 

31 

 

above derivation for a particle pair. If a particle chain made of particles of the same size, 

each particle is confined by two particles at symmetric positions except for the end 

particles. The electrostatic force exerted on each particle is cancelled out except at the end 

particles. The fragmentation of a particle chain is governed by the balance between the 

hydrodynamic torque and magnetic torque along the chain as the fragmentation site is 

never located at the ends of the chain when particle number N > 3. Due to symmetry, only 

half chain is considered in the derivation. The highest hydrodynamic torque along the 

chain is exerted on the central particle, with an expression  

2 26 ( / 2)h fdr N                                 (2.13) 

The magnetic torque on the central particle is given by 
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   is similar to the Riemann zeta function but with a finite 

truncation, and x    gives the largest integer smaller than or equal to x.   is used to take 

into account the magnetic interaction from particles beyond the nearest neighbors. At the 

fragmentation transition, the two torques are counterbalanced against each other, with a 

constraint 2

2 sin(2 )
'

( / 2)
tMn

N

 
 . The radial constraint can be given similarly to that of a 

particle pair by 4 2/ 3cos 1RR e      . Likewise sin(2 )  is found pseudo-constant. 

Therefore, one can obtain 
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Compared to 
21 3 2

32t

N

Mn
  obtained for systems without surface forces [52], the 

difference in the pre-factor in Eqn. (2.15) is resulted from a different phase lag upon 

transition due to the consideration of electrostatic repulsion. Figure 2.5 shows the 

comparison among experimental measurements of tMn  and 'tMn  for chains consisting 

of M-270 particles in 0.1mM NaCl solution. The experimental measured 
1

'tMn
 matches 

very well with the calculation given by Eqn. (2.12). The experimental results for 
1

tMn

significantly deviate from both Eqn. (2.12) and 
21 3 2

32t

N

Mn
 . Unlike for a particle pair, 

the Mason number does not change much when the external field strength is changed for a 

particle chain. This is largely due to the fact that the chain configuration buffers the change 

of inter-particle distance compared to a particle pair under the same external field strengths. 

Note that the larger the external field strength is, the smaller inter-particle distance change 

it will cause due to the exponential increase of the electrostatic force when particles are 

getting closer to each other.   

This theory is derived for a rotating magnetic field, whereas the similarity between the 

rotating field scenario and simple shear scenario has been already discussed in detail [52]. 

The definition of the modified Mason number should remain unchanged and can be used to 

predict the rheological behavior of magnetorheological fluid.  
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Figure 2.5 The Mason number and modified Mason number for fragmentation transition 

of chains of M-270 particles in 0.1mM NaCl solution. The solid markers correspond to the 

reciprocal of Mason numbers and hollow markers to the reciprocal modified Mason 

number. The solid line corresponds to Eqn. (2.12) and the dashed line to 
23 2

32

N
. The 

insets show the snapshots of experiment before and after a particle chain fragments.  

 

2.5 Two Paramagnetic Particles under a CRM field with High 

Frequency 

2.5.1 Isotropic Interaction 

As mentioned in Figure 2.2, when the frequency of the CRM field is increased, the 

frictional torques increase and cause the dimer to rotate slower than the applied magnetic 

field, leading to an increasing phase lag where the dimer slows and reverses directions to 

realign with the applied field. This results in a particle pair covering a smaller sweep angle 

at any given time compared to the synchronously rotating one. At a high enough frequency, 
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the magnetic torque is almost counterbalanced by the frictional torques, so that the particle 

pair simply moves stochastically due to Brownian motion in short time frame. The pair 

interaction between two particles is only effective in the direction of connector vector. 

Figure 2.6 (a) shows the measured sweep angle for a dimer in a 6 Gauss magnetic field at 

different frequencies. This interaction potential is long-range, which easily brings together 

two particles that are over one particle diameter apart. Figure 2.6(b) illustrates that within 

15 seconds, the particles are drawn together.  

 

Figure 2.6 (a) The sweep angle of the dimer as a function of time at a field strength of 6 

Gauss at frequencies of 0.1, 0.5, 1, and 20Hz; (b) A sequence of images showing a particle 

dimer coming together and stay in this energetically favorable configuration. The scale bar 
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represents 5µm. 

 

2.5.2 Pair Interaction Potential  

The modified dipolar model (MDM) mentioned in Chapter 1 is used to theoretically 

calculate the magnetic interaction potential between two particles under a CRM field with 

high frequency. Under a uniform magnetic field, there is an attractive dipolar interaction 

between particles i and j, calculated as:  

                  (2.16) 

where r is center-to-center distance between two particles,  is permeability of vacuum, 

 is the particle’s magnetic dipole. Similar to its electric analog [68], considering the 

local field is the sum of external field and the field induced from neighboring particles, the 

local magnetic dipole can be decomposed into two components in polar coordinates:  

                 (2.17a) 

                  (2.17b) 

where  is volumetric magnetic susceptibility of a sphere, is applied magnetic field 

strength,  is the radius of a sphere, and  is the angle between the connector vector and 

the applied magnetic field. The interaction energy between a pair of paramagnetic particles 

can be expressed as:   
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 (2.18) 

where . 

In a rotating magnetic field at low frequencies, an anisotropic attractive potential 

between two particles leads to a rotating dimer [48, 52]. As the frequency is increased 

above a critical frequency, the two  terms 2cos   and 2sin   in Eqn. (2.18) are 

time-averaged to 0.5 as the magnetic torque is balanced by frictional torques and the dimer 

no longer rotates, resulting in an isotropic interaction potential:  

                          (2.19a) 

                 (2.19b) 

Above this critical frequency, the interaction potential is no longer a function of  , but 

only effective in the direction of the connector vector. Essentially the interaction potential 

is isotropic in the plane of the magnetic field, similar to well-known, non-directional, 

supramolecular interactions (e.g. van der Waals force or depletion interactions [69]) but the 

strength of this interaction is tunable in situ by changing the strength of the magnetic field. 

To be consistent with experiment, the electrostatic repulsion, which is calculated using 

DLVO theory as well (Eqn. 2.6), is added into the total interaction potential.  

The interaction potential between a particle pair at various magnetic field strengths  

(4 Gauss, 6 Gauss, 8 Gauss and 10 Gauss) is measured by monitoring the position of a pair 
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of particles and calculating the pair potential using the inverted Boltzmann equation [70]: 

                       (2.20) 

where  is the number density extracted from the distance histogram at distance r. The 

most probable distance is chosen as the reference distance refr . From Eqn. (2.20), the pair 

potential  at a given magnetic field strength is determined experimentally and is 

compared with theoretical profiles computed using corresponding magnetic field strengths. 

The experimentally measured pair potentials at four different magnetic field strengths are 

shown and compared to theory in Figure 2.7. The experimental pair potential profiles 

match very well with theoretical profiles calculated from Eqn. (2.19).  For moderate field 

strengths (4 Gauss and 6 Gauss), the well depth is shallow enough to allow the particle pair 

to spend enough time in the potential well. Good statistics over sufficient inter-particle 

distances are sampled to provide the full shape of the pair potential profile. At higher field 

strengths, the depth of the potential well is accurately captured, but the resolution of the full 

shape of the potential profile is difficult to obtain experimentally due to the strong 

attractive potential.  
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Figure 2.7 Experimental measured pair potential compared with theoretical result: (a) 4 

Gauss; (b) 6 Gauss; (c) 8 Gauss; (d) 10 Gauss. By simply adjusting the strength of the 

magnetic field, the interaction potential between a particle pair can be tuned from ~5kBT to 

40kBT.     

 

2.5.3 Three-body Interaction Potential  

The pair potential oftentimes is not sufficient to describe a collection of particles, 

therefore the many-body effect, of which the three-body effect is the leading term, needs to 

be considered [71]. The Born-Green equation relate the effective potential to the pair 

potential [72] 

                (2.21) 

with an integral of the force on particle 1 at r1 due to a particle at r3, where  = 
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 is the mean force,  is pair potential, and is triple 

correlation function. For ideal fluid, triple correlation function of particle distance (r,s,t) 

could be simplified using Kirkwood Superposition Approximation to 

. For non-ideal fluid, a modification factor G should be 

introduced[72] 

                      (2.22) 

Thus the effective triple potential of mean force could be obtained by  

 ,             (2.23) 

where . 

Since exact pair potential can be obtained experimentally using isolated dimers, Eqn. 

(2.23) can be further simplified as 

                 (2.24) 

The information for three-body correlation function could be extracted from the image 

sequence using the method mentioned by Krumhansl and Wang [73]. The three-body 

potential can be calculated using  

                   (2.25) 

Eqn. (2.25) can be further simplified to illustrate the importance of three-body 

correlation, 

   ,              (2.26) 

where the difference between the three-body potential for an equilateral triangle, 

, and superposition of three pair potentials reveals the importance of the 

three-body effect. Figure 2.8 shows the comparison between these two potentials for 
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different field strengths. The superimposed potential in this three body system is three 

times the pair potential found in the pair system, shown by the red lines.  The 

experimentally measured potential is determined using Eqn. (2.1720) and plotted as blue 

dots. 

 

Figure 2.8 Comparison between the pair potential (red line) and the experimental 

three-body potential (blue dots) at various field strengths: (a) 4 Gauss; (b) 6 Gauss; (c) 8 

Gauss; and (d) 10 Gauss. The experimental three-body potential is fit to Eqn. (2.19) (green 

line) with the dipole moment set as a fitting parameter. 

 

For all field strengths, the three-body potentials are similar to the pairwise 

superposition in shape but with shallower well depths. The experimental three-body 

potential is fit to Eqn. (2.19), shown by the green lines in Figure 2.8, with the dipole 

moment set as a fitting parameter. From this fit, the difference ∆𝑈(3) (𝑟, 𝑟, 𝑟) in Eqn. (2.26) 

(a) (b)

(c) (d)
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can be determined. 

 

2.5.4 Frequency Effect 

A BD simulation is used to predict the critical frequency aforementioned, at which 

there is no effective torque experienced by a particle pair. Above this critical frequency, the 

averaged center-to-center distance and the center-to-center distance fluctuation does not 

change as the frequency increases. From the simulations, the center-to-center distance and 

its fluctuation versus frequency are obtained for a variety of field strengths, as shown in 

Figures 2.9(a) and (c). At larger field strengths, such as 6, 8, and 10 Gauss, the large 

center-to-center distance fluctuation at relatively low frequencies is primarily due to the 

beating of the dimer resulted from the asymmetric field. The transition between the 

anisotropic potential at low frequencies to the isotropic potential above the critical 

frequency can be observed from our simulations (movies provided in Supplemental 

Information). The center-to-center distance fluctuation decreases as the field strength 

increases. At 4 Gauss, the center-to-center distance fluctuation has a larger variation than 

that at higher field strengths since the magnetic potential well depth is small (6.4kBT) and 

thermal fluctuations can noticeably influence the center-to-center distance. Additionally, it 

should be noted that as the magnetic field strength is increased, the critical frequency 

increases, meaning that a higher frequency is required to eliminate the larger effective 

torque. The critical frequency can also be determined by the plateau in the averaged 

center-to-center distance plot as a function of frequency, as shown in Figure 2.9(c). The 

critical frequency for 6, 8, and 10 Gauss can be determined from Figures 2.9(a) and (c) to 
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be 10, 15, and 25Hz.  

 

Figure 2.9 (a) The center-to-center distance fluctuations of a dimer system at various field 

frequencies for different field strengths simulated using BD simulation.(b) The 

center-to-center distance fluctuations at various field frequencies for different field 

strengths from experiment. (c) The averaged center-to-center distances at various field 

frequencies for different field strengths simulated using BD simulation. (d)The averaged 

(a) (b)

(c) (d)

↑ω

(e) (f)
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center-to-center distances at various field frequencies for different field strengths from 

experiment. (e) The potential landscape for 6 Gauss under different frequencies. The blue 

dots correspond to the experimental data under 10, 15, 20, 15, 30, 40, 50, 60Hz 

respectively with the arrow indicating the direction of increasing frequency. The red lines 

are fit from Eqn. (2.19). (f) The potential well depth at different frequencies under different 

field strength. 

 

There is a threshold frequency to also consider, which is associated with the relaxation 

time of the magnetic nanoparticles dispersed within the particle matrix. At frequencies 

above the critical frequency, the particles do not experience an effective torque. The 

individual magnetic nanoparticles embedded within the particles are able to rotate, 

resulting in a net particle dipole moment. However, if some of the magnetic nanoparticles 

fail to relax, the magnetic susceptibility of the colloidal particle would be affected. In an 

rotating magnetic field, the alignment between the magnetic moment of a nanoparticle and 

the applied field occurs through a combination of two mechanisms: the rotation of the 

magnetic moment with respect to the crystal axis (Néel relaxation) or the rotation of the 

particle in the surrounding material (Brownian relaxation) [74]. The nanoparticles 

embedded in the microspheres will relax via Néel relaxation, while those that are not fixed 

will relax via both mechanisms. The characteristic relaxation frequency, which is the 

inverse of the characteristic relaxation time, is the sum of Néel relaxation frequency and 

Brownian relaxation frequency. Both frequencies are reported to be independent of field 

strengths smaller than 10 Gauss [49, 75]. The threshold frequency is where the real part of 

nanoparticle magnetic susceptibility begins to fall, and thus the colloidal particle 

susceptibility decreases. This threshold frequency is only a function of the characteristic 

relaxation frequency in an alternating magnetic field [76] and is independent of magnetic 
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field strength. 

This threshold frequency is determined experimentally by measuring center-to-center 

distance fluctuations of a particle pair system over various frequencies, which simulation is 

not able to illustrate due to the fact that ideal particles are used. Once the frequency 

increases beyond the timescale required for relaxation, the center-to-center distance 

fluctuation increases Figure 2.9(b) illustrates the measured distance fluctuations of three 

different dimers at various field frequencies for different field strengths. For all dimers of 

interest, the distance fluctuations start to increase at the same threshold frequency under all 

field strengths. Note that at field strengths below 4 Gauss, Brownian motion will affect the 

measurement of particle distance and the distance fluctuations may vary for different 

measurements. Likewise the critical frequency can also be determined by the increase of 

averaged center-to-center distance. Figure 2.9(d) shows for all four field strengths, the 

averaged distance starts to decrease at 20Hz, validating that the field strength has 

negligible effect on the relaxation of the magnetic nanoparticles in the colloid particle. 

From Figure 2.9(d), notice that at 10 Gauss, the curve has a local maximum at 20Hz instead 

of a plateau below 20Hz. Recall that in Figure 2.9(a) the critical frequency for 10 Gauss is 

25Hz and there is still a slight effective torque experienced by the particle at 20Hz. 

However this torque only minimally affects the pair potential as shown in both Figure 2.7(d) 

and Figure 2.9(d). Nevertheless this effective torque prevents us from further increasing 

the field strength.  

The change of center-to-center distance and its fluctuation is caused by the change of 

interaction potential well depth due to the change of nanoparticle susceptibility. The 

potential landscapes for 6 Gauss at different frequencies are shown in Figure 2.9(e). When 
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the frequency increases above 20Hz in the direction of the arrow, the potential well depth 

starts to decrease. When the frequency goes above 70Hz, the dimer will not be stable and 

eventually become separate due to the dominant thermal energy. Figure 2.9(f) shows the 

relationship between potential well depth and frequency under different field strength. This 

figure also confirms the information given by Figures 2.9(b) and (d) especially the 

threshold frequency to be 20Hz. 
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Chapter 3 Accurate Calculation of 

Interaction Forces Between Paramagnetic 

Colloids in 2-D Systems 

In many of the applications of the paramagnetic colloidal suspension, the force 

between these paramagnetic particles needs to be accurately calculated. The accuracy is 

dependent on the model used [44, 77], the physical properties of the particles and the 

distance between particles [44, 64]. Typically, the dipolar model (DM) has been used to 

calculate the force between paramagnetic particles placed in an external magnetic field [45, 

52]. Though this widely used model is simple to use, it noticeably starts to lose accuracy 

when considering systems where particles are close to each other due to negligence in 

including the mutual induction effect. The improved mutual dipolar model (MDM) takes 

into account the mutual induction, but it also fails to properly consider the multipolar effect 

[44]. The exact force can be calculated analytically by solving Laplace’s equation for 

magnetostatics with multiple boundary conditions at the interfaces and then calculating the 

Maxwell stress tensor over the particle volume [44, 78]. The solution to Laplace’s equation 

can be analytically presented as a solid harmonics expansion, with the translation theorem 

applied to unify the coordinate system. This translation process is very computationally 

cumbersome, as a very large truncation number has is required. A numerical solution to the 

Laplace’s equation aforementioned has been difficult to obtain as well due to the difficulty 

in applying boundary conditions for different coordinate systems.  

Recently, a smoothed profile method was used to simulate the flow field of colloidal 
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suspensions with hydrodynamic interaction[79], which largely simplifies the numerical 

calculation by replacing all the boundary conditions with a simple indicator function. This 

method was later used to simulate electrokinetic flow [80] and the flow of 2-D 

paramagnetic disks [78]. In this chapter, a smoothed profile method is used to develop a 

numerical solution to the three dimensional Laplace’s equation describing the magnetic 

field of a system that consists of superparamagnetic particles trapped in a 2-D plane in an 

external magnetic field. 2-D colloidal systems are widely used experimentally to study 

various thermodynamic phenomena such as melting [28] and phase behavior [31, 40] since 

individual colloidal particles can be easily visualized using optical microscopy [81]. 

Therefore 2-D system will be focused, while this method can also be used for 3-D systems. 

Additionally, a two-step method is adopted to significantly accelerate the solution. The 

forces between two particles in two-particle, three-particle, ten-particle, and 

twenty-four-particle systems in a rotating field are also calculated and compared with other 

models. This method is also used to quantify the many-body effects found in Chapter 2.  

 

3.1 Mathematical Models and Numerical Methods 

3.1.1 Dipolar Model (DM) and Mutual Dipolar Model (MDM) 

Under a uniform magnetic field, a single spherical paramagnetic particle will be 

uniformly magnetized and acquire a magnetic dipole moment in the direction of the field 

with a magnitude:  

3
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effa H
m

 
                              (3.1) 
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where  is the particle radius, 
3

3
eff








 the effective volumetric susceptibility of the 

particle taking into account the demagnetization effect [44, 52],  the volumetric 

magnetic susceptibility of the material, and  the applied magnetic field strength. The 

magnetic field around this particle is a dipolar field: 

5 3

1 3 ( )
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r m r m
H r                        (3.2) 

where m  is the dipole moment, r  the position of the point around the particle and r the 

norm of r .  A single particle experiences no force in a uniform magnetic field (Figure 

3.1(a)). If another particle is placed r distance away from this particle, the particles will an 

attractive force for each other, which can be approximated by the dipolar model as: 
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where 1F  is the force exerted on particle 1, 1m  the dipole moment for particle 1, 2m  the 

dipole moment for particle 2, 2B  the dipolar magnetic field generated by particle 2, 0  

the vacuum permeability and r  the connector vector between the two particles.  

The DM assumes that the dipole moments on two particles have no interaction with 

each other. Thus, the field surrounding the two particles is a superposition of the dipolar 

field from two uniformly magnetized spheres. This assumption affects the accuracy of the 

force calculation in two aspects. First, the surrounding magnetic field is not simply the 

superposition of two dipolar fields, but also includes quadrupole, octopole and higher order 

multipole terms [45, 77]. Multipole terms are negligible only when the particles are far 

a



0H
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away from each other, which is usually the case for a dilute suspension. When the particles 

are sufficiently close, the particles are no longer uniformly magnetized, thus the magnetic 

field around the particles can no longer be presented as dipolar field (Figure 3.1(b)). In this 

case, the force between particles calculated by Eqn. (3.3) may deviate significantly from 

the actual force. Secondly, the dipole moments will not stay intact when two particles are 

close to each other. Instead they will have mutual interaction with each other, which 

changes the magnitude as well as the direction of the dipoles. In this case, Eqn. (3.1) may 

not accurately describe the dipole moment.  

 

 

(a)

(b)

(c)
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Figure 3.1 (a) Plot showing the calculation of the magnetic field strength around (a) one 

paramagnetic particle and (b) two paramagnetic particles in a uniform external magnetic 

field of 6 Gauss in x-direction. The color scales correspond to the value of magnetic field in 

units of A/m. (c) Schematic of the two grids and parameters used in the numerical 

calculation of the magnetic field for a two-particle system.  

 

The second effect can be mitigated by adding mutual interaction. For a suspension of 

several particles, the MDM [44] can be used (Eqn. (3.4)).  
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where 0H  is the external magnetic field and knr  the connector vector from particle k to 

particle n. For two particles, an even simpler form can be used which self-consistently 

assumes the directions of the two dipoles are the same [64]. The first effect is caused by the 

dipole moment assumption and will not vanish unless multipole terms are added. This 

requires the solution for Maxwell’s equations and calculation of Maxwell stress tensor. 

 

3.1.2 Laplace’s Equation for Magnetostatics and Solution 

The Maxwell’s equations require a zero divergence for magnetic B-field and a zero curl 

for magnetic H-field if there is no free current in the system [82]. In the perspective of 

scalar magnetic potential, the above equations can be simplified to Laplace’s equation for 

different media[44, 82]:  
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where n  is the scalar magnetic potential for particle n = 1 and 2, and DM  is the magnetic 

potential for the dispersion media. Here only a two-body system is considered for 

simplicity. The boundary conditions at the surfaces of the spheres nr a  are 

0

n DM

n DM
p

n nr r

 

 
 



 


 

                            (3.6)  

where 0= (1 )p    is the particle permeability. The boundary condition at nr   is  

0DM n   H r                                (3.7)  

The analytical solution to the Laplace’s equation above can be expressed in terms of a 

solid harmonics expansion[44, 82]. 
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                   (3.8)  

where ( , , )n nr    represent a spherical coordinate system with an origin at the center of 

particle n, ( )lP x  are associated Legendre polynomials, and H  and H  are components 

of 0H  in the x and y-direction respectively depending on the spherical coordinate system. 

The   term is neglected due to the azimuthal symmetry for the two-body problem. 

Applying boundary conditions requires a coordinate translation, which can be done using 

the translation theorem for solid harmonics [83] or the Hobson formula [44, 84]. However 

this approach is not able to give acceptable approximation with finite truncation on 

Legendre expansion (See Section 3.6).  

As the analytical solution to Laplace’s equation is difficult to obtain, a numerical 
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approach is adopted to solving Eqns. (3.5)~(3.7). Considering the efficiency of 

discretization as well as the accuracy of boundary condition propagation, finite volume 

method is used with a cubic grid. The most difficult step is the application of the boundary 

conditions, since the boundary conditions in Eqn. (6) need to be applied on a spherical 

coordinate system. The smoothed profile method largely simplifies this process by using 

an indicator function to replace all the boundary conditions at the interfaces [78, 80]. The 

indicator function ( )i r  for the ith particle is 

,11
( ) tanh 1

2

c i

i


   
   

    

r r
r                      (3.9) 

where   is the interface thickness. An overall indicator function for the entire system is 

given by summing up the indicator functions over all particles.  
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The discontinuous physical property in the equation is in the permeability , therefore the 

overall indicator function is used to smooth the profile of it.  
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By using the smoothed representation, the boundary conditions at the interfaces will be 

automatically satisfied. Thus all one has to do to solve the Laplace’s equations, given by 

Eqn. (3.5), is to iteratively propagate the infinite boundary conditions from the boundary of 

the grid box.  

 



 

53 

 

3.1.3 Force Calculation 

The solution of Laplace’s equation gives the distribution of the magnetic field in the 

grid box. The Maxwell stress tensor is then used to calculate the magnetic force with the 

known magnetic field distribution. First, the divergence of Maxwell stress tensor, mσ , is 

used to calculate the force density [78] 

2

0

1

2
m m H

  
      

  
f σ HH I                       (3.12) 

Here HH  is a second-order tensor, H  is the norm of magnetic field vector, H , obtained 

from the solution to Laplace’s equation and I  is the identity tensor. Then the force density 

is summed over the volume of a sphere to calculate its total magnetic force:  

i i
m mdV dV

 
   F f σ                           (3.13) 

where i  is the total volume of sphere i.  

 

3.1.4 Numerical Calculation Acceleration 

The accuracy of the numerical Laplace’s equation solver is dependent on both the size 

of the grid box L  and the number of grid points N  in each dimension. Since the infinite 

boundary conditions are applied at the edge of the box, the larger the box size is, the closer 

the edge is to infinity and thus the more accurate the solution will be. Unfortunately if one 

only increases the size of grid box without accordingly increasing the number of grid 

points, fewer grid points will be located inside the sphere, which leads to a poorer and 

noisier estimate of the force from numerical integration. Increasing either one will largely 
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increase the computing time due to the dimension of the system and increasing both will 

drastically do so. The system is initialized using the bulk magnetic potential (magnetic 

potential in the absence of any particles), which will significantly decrease the computing 

time. In order to further decrease the computational time, a two-step method is used, 

similar to a multi-grid method, but more efficient in solving partial differential equation 

(PDE) that has discontinuous boundaries. Illustration of the grid schematic for this method 

is shown in Figure 3.1(c). In the first step, a coarse grid in a large box is used to propagate 

the boundary conditions from approximated infinity. After enough steps, a fine grid in a 

small box is used to propagate the boundary conditions interpolated from the coarse grid 

results. There are two processes in this two-step method that may arouse additional error 

compared to the original solver: the coarse grid solver at first step and the interpolation 

when switching grids. Since the far field is a smooth dipolar field, running solver on coarse 

grid will only yield negligible error. The interpolation from the coarse grid to fine grid will 

introduce certain noise to the final force calculation, which can be smoothed out by the 

polynomial fit. Therefore the two-step method does not induce significant error. 

Comparison between the convergence of the two-step method and original method is 

discussed in Section 3.7. In the calculation the approximated infinity is set to be 8 particle 

diameters away from the surface of the edge particle in each direction, over which the 

calculated force does not change by more than 0.1%. The grid number in each direction, 

xN , yN  and zN  are therefore not the same but related to each other. Later when the grid 

numbers are analyzed, only xN  is considered as the variable. The inset in Figure 3.1(c) 

shows parameters used for this system, where r  is the center-to-center distance and   is 

the angular orientation of external magnetic field for all configurations.  
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3.2 Magnetic Field Distribution 

Paramagnetic particles (Dynabeads M-280, Invitrogen) with particle radius a = 1.4µm 

and eff  = 0.73 [81, 85, 86], which corresponds to   = 0.96, are chosen to be used in the 

calculations unless otherwise mentioned. Figure 3.1 shows how the magnetic field 

distributes in spheres for a particle pair. This non-uniformity leads to the increase of higher 

order multipole moments. A two-body superposition analysis proceeds to investigate how 

the multipolar field significantly affects the near field, shown in Figure 3.2. In Figure 3.2, 

0x lx rx x xH H H H H     , where lxH  is the magnetic field in the x-direction with a 

single particle on the left side, rxH  is the magnetic field in the x-direction with a single 

particle on the right side, 0xH  is the magnetic field in the x-direction in the absence of 

either particle, and xH  is the magnetic field in the x-direction when both particles are 

present. yH  is defined analogously. xH  and yH  indicate how the magnetic field 

around a particle pair differs from the superposition of two dipolar fields. Figure 3.2(a) and 

(b) show for r = 1.4D, where D is the diameter of the particle, there is slight multipolar 

effect near the surface of the particles when using an applied magnetic field of 0H  = 477 

A/m. The range of multipolar field decreases much faster than that of the dipolar field, as 

shown by the Legendre expansion 1

(cos )l n

l

n

P

r


  in Eqn. (3.8).  However, for r = 1.1D, it is 

shown in Figure 3.2(c) and (d) that both xH  and yH can be quite large. For example, 

at the center point between two spheres, xH  is 17% of the applied magnetic field.  
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Figure 3.2 (a) and (b) The contour plots of xH  and yH  middle x-y plane for r = 1.4D 

and 0  . (c) and (d) The contour plots of xH  and yH  middle x-y plane for r = 

1.1D and 0  . The color scales correspond to the value of magnetic field in units of 

A/m. 

 

3.3 Force between Particles in a Uniform Magnetic Field 

For a particle pair in a uniform magnetic field, the magnetic force calculated using the 

numerical Laplace’s equation solver (LES) at various magnetic field strengths is plotted in 

Figure 3.3. The LES method provides the most accurate representation of the magnetic 

force between particles. The results obtained from LES are compared to that calculated 

from DM and MDM. As the multipolar field is only significant in the near field, more data 

points are collected when the two particles are close. Note that since both magnetic force 

and total force are in the x-direction, F is a scalar and can represent either the magnitude of 

the force or Fx. From Figure 3.3 it is shown that for both 0-degree attraction and 90-degree 

(a) (b)

(c) (d)
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repulsion, the forces calculated from LES are larger than MDM. The comparisons between 

Figure 3.3(a) and (c) and between Figure 3.3(b) and (d) both show that the shape of the 

curve F(r) is dependent of angle α but independent of the external magnetic field strength 

B0. More specifically, as shown in the insets, the ratio of the LES result over the DM result 

is always fixed when changing B0 indicating that like DM, the magnetic force calculated 

using LES must also scale as 
2

0B . The insets in Figure 3.3(a) and (c) are not identical for 

the far field results as the noise introduced by numerical errors in the two-step method 

become pronounced when the force is small. The insets indicate that multipolar effects are 

minimized when the particle separation is far and LES always converges to DM. The 

polynomial used for fit is given by  

31 2

5 6 7LES DMF F
r r r

 
                              (3.14) 

where 
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   represents the force from the dipolar field. As DMF  is defined as 

the dipolar force, 1

5r


 is defined as quadrupolar force, 2

6r


 as octupolar force, and 3

7r


 as 

hexadecapolar force following the definition given in [45]. Expanding the polynomial to 

include the hexadecapolar force is sufficient to achieve a good fit.  
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Figure 3.3 Magnetic force and total force on a particle in a particle pair system in a 

uniform field for (a) B0 = 6 Gauss and α = 0 deg; (b) B0 = 6 Gauss and α = 90 deg; (c) B0 

= 2 Gauss and α = 0 deg; (d) B0 = 2 Gauss and α = 90 deg. A dashed line (cyan) is used for 

DM, solid line (blue) for MDM, large dotted line (magenta) for LES and small dotted line 

(black) for the polynomial fit. All insets show the ratio of the LES results over the DM 

results for a large r/D range.  

 

3.4 Force between Particles in a CRM Field 

The magnetic force between a particle pair in a CRM field becomes isotropic if the 

rotation frequency is higher than a critical value[64]. This isotropic force can be calculated 

by averaging the angular force over one revolution. The angular dependence of the 

(a) (b)

(c) (d)

6 Gauss

0 deg

2 Gauss

0 deg

6 Gauss
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2 Gauss

90 deg
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magnetic force for a particle pair in a rotating magnetic field is shown in Figure 3.4(a) and 

(b).  

Figure 3.4(a) shows at a relatively large separation of r/D = 1.4, the magnetic force 

calculated from LES and MDM are almost the same for all angles. However, when 

separation r/D decreases below 1.1, as shown in Figure 3.4(b), LES yields an evidently 

larger attraction and smaller repulsion than both MDM and DM. This results in changing 

the averaged force as well as angle 0 , at which there is neither attraction nor repulsion. At 

r/D = 1.4, 0  is almost equal to the magic angle described in [67], 
1

arccos 54.7
3

m   . 

However at r/D = 1.1, 0 60  . More importantly, for LES, there is a greater net attractive 

force compared to MDM. As shown in Figure 3.4(c), deviation from MDM emerges when 

r/D is smaller than 1.3 and reaches more than 20% when r/D is smaller than 1.1. The inset 

in Figure 3.4(c) shows that when the separation increases, the magnetic force calculated by 

LES converges to that calculated by DM. 
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Figure 3.4 The pair magnetic force in a rotating magnetic field: (a) at r/D = 1.4 for different 

angles for a particle pair; (b) at r/D = 1.1 for different angles for a particle pair; (c) Angular 

average for a particle pair; (d) Angular average for a particle pair and 3-particle system. In 

(c), a cyan dashed line is used for the DM results, blue solid line for the MDM results, 

magenta circular markers for the LES results and small black dotted line for the polynomial 

fit. The inset shows the ratio of results from LES over those from DM. In (d), the difference 

(a)

(c)

(d)

(b)
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between a pair and a 3-particle system is compared by a solid line (blue) for the MDM pair 

results and green small dotted line for the MDM 3-particle results, and magenta line with 

circular markers for the LES pair results yellow line with square markers for the LES 

3-particle results. The inset shows the ratio of effective pair force results from LES on the 

3-particle system over pair force results from LES.  

 

As shown earlier, the ratio between the magnetic force calculated using LES or DM 

does not depend on applied magnetic field strength, thus the magnetic force calculated 

using LES also scales as 
2

0B . Using the polynomial fit given by Eqn. 14, the expression for 

the magnetic force between a particle pair in a rotating magnetic field using LES is: 

2 13 13 13

0

5 6 7

0.309 10  1.154 10 1.229 10
/ )

36 ( / ) ( / ) ( / )
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F r D F

r D r D r D

       
    

 
（         (3.15) 

where 
2

0

4

3

8
DM

m
F

r




  . The addition of another particle will affect the magnetic force 

between particles. The magnetic force for a particle pair and the effective pair magnetic 

force for a three-particle system are calculated using LES and MDM and compared in 

Figure 3.4(d). Here the effective pair force for a three-particle system is defined as the 

magnetic force on Particle 3 (see the inset at the top right of Figure 3.4(d)) divided by 3 , 

which gives the decomposed pair force exerted by Particle 1 or 2 only. . The difference 

between the two-body pair force and the effective pair force calculated for a three-body 

system is mostly referred to as three-body effect. The three-body effect widely exists in 

other systems besides paramagnetic colloid suspension in rotating field, such as charged 

colloidal suspension with Yukawa potential[71, 87] and paramagnetic colloid suspension 

in uniform vertical field [72]. Here a significant three-body effect of 20% is observed for 

LES results when r/D = 1.06, indicating the pair magnetic force from LES is not sufficient 
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to describe the magnetic force for oligomer aggregates. The effective pair force calculated 

by MDM also deviates noticeably from that by LES and the three-body effect predicted by 

MDM is less than that by LES. The inset at the top right of Figure 3.4(d) shows that like 

multipolar effect, three-body effect for a three-particle system stands out only in the near 

field and converges to unity at distance. The addition of another particle leads to a 

nonlinear mutual interaction, resulting in a nonlinear Laplace’s equation and the 

three-body effect shown above. For a larger cluster, this is of particular importance for 

particles at the edge, which are affected much more than those in the center. This edge 

condition caused by the many-body effect is further demonstrated by calculating the force 

on cluster systems, specifically a ten-particle system and a twenty-four-particle system 

shown in Figure 3.5(a) and Figure 3.5(b) respectively.  
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Figure 3.5 Schematics of a (a) 10-particle system and (b) 24-particle system used to 

(c) (d)

(e)

(f)

(g)

(a) (b)
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calculate force. The many-body effect on different particles with r/D = 1.1 in rotating 

magnetic field for (c) 10-particle system and (d) 24-particle system. (e) Magnetic field 

strength on particles in a 3-particle chain. The color scales correspond to the value of 

magnetic field in units of A/m. Magnetic force in the 24-particle system in a rotating 

magnetic field for different angles with r/D = 1.1 for (f) exterior particle 1 and (g) interior 

particle 8. In (f) and (g), cyan dashed lines are used for the DM results, blue solid lines for 

the MDM results and magenta circular markers for the LES results. The insets in (f) and (g) 

show the angular averaged force calculated using different method, where D represents 

DM, M represents MDM, S represents Superposition of LES and L represents LES.  

 

Figure 3.5(c) and (d) show the many-body effects on different particles for these two 

systems with r/D = 1.1. Here many-body effects are defined as the relative difference 

between LES result calculated over the entire cluster and the superposition of the two-body 

LES results. For symmetry consideration, only forces on certain particles on a symmetric 

axis are calculated. For a ten-particle system, the magnetic force on exterior particle 1 and 

3 show significant many-body effects while interior particle 4 shows only a 6% deviation. 

Similarly, for the twenty-four-particle system, the magnetic force for interior particles has 

smaller deviations between LES and the superposition results. For example, particle 8 has a 

2% deviation. The many-body effects mitigation is due to the symmetric positions of 

neighboring particles. As shown in Figure 3.1(b), a neighboring particle is the source of 

non-uniform internal magnetization and multipolar field. However, the many-body effects 

on magnetic field are largely dependent on their positions. Figure 3.5(e) shows the 

magnetic field strength distribution of the end particle in a three-particle-chain system is 

wider than that of the center particle, which has a smaller multipolar field and therefore 

should exhibit less of many-body effects when calculating magnetic force. Though the 

many-body effects are calculated for a hexagonally packed array of particles, the 
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superposition method will work for any configuration which entails neighboring particles 

being situated symmetrically. Figure 3.5(f) and (g) further compare the difference in 

magnetic force calculated by LES, MDM and DM for particle 1 and particle 8, respectively. 

For interior particle 1, the magnetic force calculated using MDM or DM leads to a 

significant underestimation, as shown in Figure 3.5(f) and its inset. However, as shown in 

Figure 3.5(g) and its inset, for exterior particle 8 MDM captures the force curve very well 

with a net deviation of only 5% while DM continues to underestimate the magnetic force. 

This comparison confirms the accuracy of using MDM in dynamic simulation with 

periodic boundary conditions[77]. 

 

3. 5 Changes in Particle Physical Properties 

In this section, it will be shown how changes in the physical properties of the particles 

affect the magnetic force calculated using the different methods. First changes in the 

magnetic susceptibility   are considered. Figure 3.6(a) shows the angular averaged force 

for the configuration shown in Figure 3.4 except the susceptibility is increased to c = 5. 

The differences between DM and other calculations have significantly increased compared 

to Figure 3.4(c), showing increased multipolar effect for increased  . The inset shows 

that the three-body effect for a three-particle system also increases in both magnitude and 

range. Therefore higher   yields larger multipolar effects and a larger three-body effect, 

indicating no apparent scaling relationship between the magnetic force and   for LES. 

However, the LES force equation (Eqn. (3.15)) scales with particle diameter as D2. Figure 

3.6(b) shows that the force scaled by D2 from LES calculation does not change with 



 

66 

 

particle diameter. Note that FDM(r/D) and FMDM(r/D) also scale as D2 as derived from 

the expression of these two dipolar models[64]. From this scaling law, Eqn. (15) can be 

rewritten as: 

2 2 2 2 2 2 2 2

0 0

4 5 6 7

0

0.395 10  1.472 10 1.568 10
/ )

96 ( / D) 36 ( / ) ( / ) ( / )
LES

D B D B
F r D

r r D r D r D





       
     

 
（    

(3.16) 

This equation is the highlight of our results. It can be used to accurately describe the 

magnetic force between paramagnetic particles with  =0.96 and eff =0.73. For particles 

of different susceptibility, a different polynomial fit can be derived from the LES 

calculation result for that particular susceptibility.  
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Figure 3.6 (a) Angular average of the pair magnetic force in a rotating magnetic field for 

B0 = 6 Gauss and =5  from DM (cyan dashed line), MDM (blue line) and MDM on a 

3-particle system (green dotted line), LES (magenta line with circular markers) andLES on 

a 3-particle system (yellow line with square markers). (b) Angular average of the pair 

magnetic force over particle diameter in a rotating field for B0 = 6 Gauss,  =0.96 and 

different D: DM for both D=2.8µm and 6 µm (thick cyan dashed line), MDM for both 

D=2.8µm and 6 µm (blue line), LES for D=2.8µm (red line with circular markers), LES for 

D=6 µm (green line with square markers) amd Eqn. (3.16) (black dotted line). 

 

3.6 Divergence of Hobson Formula 

The translation theorem for solid harmonics states that, 

(a)

(b)
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where 
i( ) (cos )em l m m

l lR r P r  is the regular solid harmonics, and 

i( ) (cos )em l m m

l lR r P r  is the irregular solid harmonics. For numerical calculation, one 

has to tediously sum over both 'l  and 'm  to obtain a good approximation to the series 

expansion. The translation theorem can be simplified into the Hobson formula by setting 
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where c  is the center-to-center distance between the two spheres and s  is the only 

summation variable [88]. If a truncation of Hobson formula at finite value N  is made, the 

boundary conditions can be unified into one coordinate system and the Laplace equation 

can seemingly be solved numerically [44]. However the finite truncation approximation is 

not always valid. Specifically, the series expansions on the right hand side of both Eqn. 

(3.17) and (3.18) diverge at 2c r . This leads to a large truncation value N  in the vicinity 

of 2c r . Figures 3.7(a) and (b) illustrate how changes in c affects the convergence of the 
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series near 2c r . For both 2c r  and 2c r , the series on the right hand side diverges. 

The divergence profiles are not symmetric for 2c r  and 2c r . Note that the choice of 

N  directly determines the convergence and typically 7N l  is chosen so that the RHS 

series can give good approximation at 2

2

0.5
c r

r


 . The relative error RHS/ LHS 1  is 

shown to be exponential by Figures 3.7(c) and (d), which further determine the asymmetry 

of the divergence aforementioned with the exponent 60.2 for (c) and -23.3 for (d). 

Increasing truncation value N  will make the series converge to LHS again, but the 

computational cost also increases drastically. This is due to the evaluation of combination 

for every series. Figures 3.7(e) and (f) show even at 32N l , large oscillations are still 

observed, which implies an unacceptable approximation to the solution.  
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Figure 3.7 (a) and (b) Left hand side (LHS) and right hand side (RHS) of Eqn. (2a) and (3a) 

at the vicinity of 2c r with 1 2 1, 4, 32r r l N    . (c) and (d) Relative error of the Eqn. 

(2a) and (3a) at the vicinity of 2c r  with 1 2 1, 4, 32r r l N    . (e) LHS and RHS of 

Eqn. (2a) with increased N  and 1 2 1, 4, 0.9r r l c    . (f) LHS and RHS of Eqn. (3a) 

with increased N  and 1 2 1, 4, 1.1r r l c    . 

 

3.7 Convergence of Different Numerical Methods 

The convergence of the methods used above is used as the basis of the numerical 

calculation. Figure 3.8(a) shows how the calculated forces from different methods 

converge after increasing xN . A coarse-fine grid size ratio (CFR) of 1 represents the 

one-step method, and CFR = 2~5 represent the two-step method. Two-step methods with 

(a) (b)

(c) (d)

(e) (f)



 

71 

 

CFR = 2 and 3 are shown to converge to the same value as regular one-step method 

converges. However, two-step methods with CFR = 4 and 5 don’t behave as satisfactorily 

since they converge to different values. Results for CFR = 2 and 3 also converge faster than 

those for CFR = 4 and 5. Figure 3.8(b) shows the relative error from converged value for 

different CFRs. Generally, the two-step method is noisier than the one-step method, as 

shown in the inset. It has to be noted that at large xN , CFR = 2 is noisier than CFR = 3, 

CFR = 4 is almost as noisy as  CFR = 5, and CFR = 4 and 5 are obviously noisier than CFR 

= 2 and 3. The noise level is believed to be not only a monotonous function of CFR but also 

dependent on the odevity of CFR. As larger CFR yields faster calculation as mentioned 

earlier, CFR = 3 is chosen for all calculations in this chapter.   
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Figure 3.8 Magnetic force on the particle on the right of a particle pair in a uniform 

magnetic field with B0 = 6 Gauss, r/D = 1.2 and α = 0 degree for increased grid number: (a) 

Force (b) Relative error from the converged value. 

  

(a)

(b)
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3.8 Application on Paramagnetic Squares 

Squares have been well accepted as a model system for molecular liquid crystals due to 

the customized heterogeneous shape design[89-91]. However the capability of controlling 

the interaction force between squares has neither been experimentally realized nor 

theoretically studied. Magnetic field manipulation can be a good approach to achieve this 

goal, and the analytical study on ferromagnetic squares situated periodically on cubic 

lattice site has been reported [92]. Nevertheless, an analytical solution to the Laplace's 

equation is not available for squares that are not situated on regular lattice due to 

periodicity breaking. Here, calculations are performed of the magnetic force and torque on 

arbitrarily placed paramagnetic squares in uniform magnetic field using the LES method. 

The squares or rectangles used in this work have short edge length 𝐷 = 2𝜇𝑚  and 

volumetric susceptibility of the material 𝜒 = 1, and the external magnetic field used has a 

magnitude of 𝐵0 = 10 Gauss and a direction along the x-axis. These calculations reveal 

how particles with four-fold symmetry aggregate in a uniform magnetic field.  

Under a uniform magnetic field, a paramagnetic disk in 2-D space acquires an uniform 

magnetization, similar to that observed for a paramagnetic sphere. Unlike paramagnetic 

disk, paramagnetic squares in a uniform magnetic field do not have uniform magnetic field 

distribution inside (Figures 3.9(a) and 1(b)). When the symmetric axis of the square does 

not coincide with the orientation of the external field, the magnetic field distribution 

outside the square is not axisymmetric. The highest magnetic field intensity is always 

distributed in the vicinities of the far-left and the far-right vertices of the square, leading to 

a non-zero torque spinning the square towards an orientation where its long axis coincides 
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with the orientation of the external field. Figure 1(c) shows the torque 𝜏 exerted on the 

square for different edge-to-field angle 𝜃 . Here 𝜃 = 0°  is set when two edges are 

perpendicular to the external field. When −45° < 𝜃 < 0°, the torque is counterclockwise 

(Fig 1(b)), changing 𝜃 towards −45° where the τ = 0 . When 0° < 𝜃 < 45°, the torque 

is clockwise (Fig 1(a)), changing 𝜃 towards 45° where τ = 0 . 𝜃 = 0° is the metastable 

configuration aforementioned. Though τ = 0  at 𝜃 = 0°, lim𝜃→0+ τ = 2.6 ∙ 10−20 N ∙ m 

and lim𝜃→0− τ = −2.6 ∙ 10−20 N ∙ m , leading to a singularity at 𝜃 = 0° . Therefore a 

paramagnetic square always orients along its long axis, which is the diagonal of the square, 

to the direction of the external field. 
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Figure 3.9 A single square under magnetic field. (a) The magnetic field distribution of a 

square with −10° orientation. Colormaps indicate the magnetic field intensity in units of 

A/m. (b) The magnetic field distribution of a square with 10° orientation; (c) The torque on 

a square with different orientations.  

 

Considering the findings for a single square, when another square is added into the 

system, each square must individually orient into the direction of the external field at first 

place. Then they approach each other by their vertices on the far left or far right due to high 

magnetic field intensity around these vertices. In order to predict the final stable 

configuration, the forces and torques the two squares experience are analyzed (Figure 

3.10). Here it is assumed that the squares physically separated by surface charge repulsions 

and thus the Maxwell stress tensor can be applied to calculate the force without the 

interface intervention [93]. Another assumption made here is that the distance between the 

facing edges is fixed to 0.1D, which decreases the number of variables to two and is valid 
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as the particle distance does not change much due to the counterbalancing magnetic force 

and electrostatic force [64]. The overlapping length of the edges is defined as 𝜀𝜆𝐷, where 

𝜆 is the overlapping ratio and 𝜀 is the aspect ratio (for squares 𝜀 = 1).  

 

Figure 3.10 Force balance and parameter illustration. Fmag stands for magnetic force and 

Fele for electrostatic force. 

 

The motion of the two squares can be simulated using the forces calculated from LES 

method. Here the two squares are initiated with 𝜃 = 45° and λ = 0.1. For simplicity, 

Newtonian dynamics is used without considering the interaction between squares and the 

surrounding fluid. The inclusion of hydrodynamic interaction will certainly alter the 

dynamics of the system but the thermodynamics will maintain. Figure 3.11(a) shows that 

the two squares eventually fully overlap their edges and orient themselves to 𝜃 = 0°, 

which is totally different from the behavior of a single square. The orientation of the 

connector line between the centers of two squares starts with a slightly negative angle, and 

first decreases and then increases all the way to zero. This is also confirmed by Figure 

3.11(d) where the trajectory of the center of the square on the left is shown to be 
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non-monotonic. The orientation and overlapping ratio changes over time are shown in 

Figures 3.11(b) and (c). The time shown here is scaled by magnetic field strength B0, 

volumetric susceptibility of the material 𝜒, and edge length D using the following equation: 

2 2

0

2

0

'
B

t t
c D



 
                             (3.19) 

where additionally 𝜌 is the density of the square, c the speed of light and 0  the vacuum 

permeability. The scalability of time in this approach is confirmed by the four sets of data 

points in these two figures, which correspond to the cases of doubling each scaling 

parameter and regular case respectively. Despite the similar trend, the orientation change 

and overlapping ratio change have completely different dynamics. The insets of Figure 

3.11(b) indicates that the increase of orientation is stepwise exponential. Before t’ = 0.9 the 

orientation increases slowly and after that orientation change is slightly but noticeably 

accelerated. The insets of Figure 3.11(c) indicates that the increase of overlapping ratio is 

stepwise algebraic. Before t’ = 2 the overlapping ratio increases quickly and after that the 

overlapping ratio change is noticeably damped. Theoretically it will take forever for the 

two squares to reach equilibrated configuration. Due to the interaction between these two 

parameters, there is no possibility that overlapping ratio reaches equilibrium prior to 

orientation. Therefore the overlapping ratio cannot approach equilibrium with algebraic 

increase using the slope indicated by the dashed line on the right. Instead the slope has to be 

changed over time. Thus the region on the right of the dividing line can be lumped to 

algebraic region with changing exponent. The Figure 3.11(d) shows how the center of the 

square on the left moves towards its equilibrated position. The squares are moving and 

rotating simultaneously with a hook shaped trajectory. The time intervals between these 
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data points correspond to the ones in the Figure 3.11(b) and (c), which confirms that 

likewise the square-size scaled trajectory does have scalable dynamics. 

 

Figure 3.11 Two squares under magnetic field. (a) The configuration sequence shows how 

the two squares move in t’ = 3 . The red lines are the connector line between the centers of 

two squares. (b) The orientation change over time. The inset shows the same plot with 

y-axis in logarithm scale. The vertical dashed line (red) divides the curve into two parts 

with different slopes indicated by the dashed line. (c) The overlapping ratio change over 

time. The inset shows the same plot with both axes in logarithm scale. The vertical dashed 

line (blue) divides the curve into two parts with different slopes indicated by the dashed 

line. (d) The trajectory of center of the square on the left. The arrow indicate the direction 

of the trajectory.  

 

The behavior of the two squares indicates that a system consisting of more than two 

squares will stack on each other in the direction of the external field with fully 

overlapped edges and form a chain under uniform magnetic field like disks [22]. Figures 

3.12(a) and (b) show the magnetic field distribution of the two chains consisting of disks 

and squares respectively, which are out of registry by half of center-to-center distance 
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between neighboring particles and have interchain distance of 0.2D. The field 

distributions outside the particle arrays are similar for both cases, while those inside the 

particle arrays are different. The disks have higher field along the direction of external 

field, and the squares have higher field perpendicular to the direction of the external field. 

Chains consisting of disks as analogous to spheres will form clusters of multiple columns 

due to the short-range attraction between chains out of registry[94]. Figure 3.12(c) shows 

how the interchain distance 𝜎 change varies the interaction between two chains. For 

disks, when σ/D is larger than 0.28, the interaction between two chains is repulsive, which 

makes it possibile to form a single chain for dilute paramagnetic sphere system under 

uniform magnetic field [95]. When σ/D is smaller than 0.28, the interaction between the 

chains turn to attraction and chains will form aggregate in two dimensions. However, 

chains consisting of squares have purely repulsion between each other regardless of 

interchain distance even when they are out of registry by half of interparticle distance. 

This predicts that there should be no two dimensional aggregate formed from squares 

under uniform magnetic field no matter how dense the squares are distributed. However, 

multiple chains segregated from each other by this repulsion force are not 

thermodynamically stable. Disks forming two dimensional aggregate will fall right into 

the groove formed by other two disks and establish a very stable triangular lattice. Due to 

steric hinderance, it is very energetically expensive for one disk to slide over another and 

create dislocation. However, interchain sliding is allowed for chains of squares. Therefore, 

for short time frame, there is a good chance that chains stay segregated and form stripes. 

For long time frame, the chains will gradually slide over each other and eventually stack 

over to form a longer chain.  



 

80 

 

 

Figure 3.12 Interaction between chains. (a) Magnetic field distribution of two chains of 

squares with σ/D = 0.2; (b) Magnetic field distribution of two chains of disks with σ/D = 

0.2; (c) The force experienced by the chain at the top. 
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Chapter 4 The Micro-Mutual Dipolar 

Model (MMDM) for Rapid Calculation of 

Forces Between Paramagnetic Colloids 

 

Typically, dipole-based models, such as the dipolar model (DM) and the mutual dipolar 

model (MDM), are used to calculate the force between paramagnetic particles placed in an 

external magnetic field [45, 52, 64]. Dipole-based models are usually fast but inaccurate 

for systems in which particles are close to one another. Such models are inaccurate because 

they do not consider multipolar effects [44]. The exact force can be calculated by solving a 

Laplace’s equation for magnetostatics with multiple boundary and initial conditions and 

calculating the Maxwell stress tensor for each particle [82]. The solution to the Laplace’s 

equation can be analytically approximated by a solid harmonics expansion with the 

Hobson formula applied to unify the coordinate system [44, 84]. This coordinate 

unification is very computationally expensive and suffers from singularity-related issues 

[88, 93]. A numerical solution to Laplace’s equation can be obtained by using a smoothed 

representation of susceptibility to replace the boundary conditions (Chapter 3). This 

numerical approach is stable in terms of error propagation but still computationally 

time-consuming. In this chapter a more-sophisticated dipole-based model is presented that 

considers mutual interactions between dipole moments and multipolar effects. This model 

can be used in dynamic simulation to achieve accurate and efficient calculation.  
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4.1 Dipolar Models 

All dipole-based models are based on the fact that a single spherical paramagnetic 

particle is uniformly magnetized in the presence of a uniform magnetic field [45]. In 

three-dimensional (3-D) space, such a sphere acquires a magnetic dipole moment 

34
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m , where  is the sphere’s radius, 

3
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 is the effective volumetric 

susceptibility of the sphere,  is the magnetic susceptibility of the material, and 0
H  is 

the applied magnetic field. When two identical spheres are placed a distance r away from 

each other, if the uniform magnetization is assumed to be maintained, the force between the 

two spheres can be approximated as [45] 
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where F  is the force exerted on Sphere 1, 

3
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m  is the dipole moment of 

Sphere 1, 
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4
=
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effa 
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H
m  is the dipole moment of Sphere 2, 0  is the vacuum 

permeability, and r  is the connector vector from Sphere 1 to Sphere 2, which has 

magnitude r. The DM is inaccurate in two aspects: (1) the dipoles mutually interact with the 

dipole-induced magnetic field and (2) the induced magnetic field distorts the uniform 

magnetization of the sphere, thereby generating higher-order multipolar fields rather than 

the simple superposition of dipolar fields. The MDM accounts for mutual interactions by 

modifying the dipole moment expression as follows:  
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r m r m
H r  is the dipole-induced magnetic field, N is the 

number of spheres, and nr  are the positions of the dipole moments for n = 1,2, …, N. 

Nevertheless the MDM’s neglect of multipolar effects leads to a significant deviation of the 

calculated force in the near field [93]. The multipolar effects are caused by the asymmetric 

magnetization inside the spheres when they are placed close to each other. Figure 1(a) 

shows the magnetic field strength distribution at the cross section at z = 0 for =30 , 

where   is the angle from the connector vector r  to the applied magnetic field 0
H . For 

simplicity, the two spheres are situated on the x-axis and z = 0 plane. Note that the 

magnetic field strength used in all of the calculations is 6 Gauss. The spheres used in the 

calculations have a = 1.4 µm and eff  = 0.73 unless otherwise noted. Because the 

asymmetric magnetization is the source of multipolar effects, if a dipole-based model is 

able to consider asymmetric magnetization, theoretically, its accuracy will approach that of 

LES.  

 

4.2 Micro-Mutual Dipolar Model 

In the new model, shifted positions of dipole moments are used to properly represent 

the effects of non-uniform magnetization. The positions of the dipole moments are 

calculated by taking the integral of different positions over the volume of the sphere 

weighted by the local magnetic field strength. In this manner, the dipole moments are no 
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longer located at the central positions of the spheres but rather are dependent on the 

physical properties of the spheres and the applied magnetic field. Because the dipole 

moments and their positions are both different from those in the DM, 2N equations must be 

solved simultaneously.  
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In the above equations, nR  are the positions of the dipole moments, q  is the position of 

the current integral volume dV, and   is the exponent of the weight factor. The Maxwell 

stress tensor, used in the LES method to calculate the force, depends quadratically on the 

magnetic field strength; thus, the exponent   must be greater than 2 to account for all of 

the multipolar effects. Using a two-sphere system, a least squared analysis of force versus 

  determined an optimized value of 3  , which is used for the following calculations. 

Because of its dipolar basis and consideration of the microscopic mutual interactions, this 

model is referred to as the micro mutual dipolar model (MMDM). The dipole moments and 

their positions calculated using different dipole-based models are shown in Figure 4.1(b). 

The dipole moments calculated from DM and MDM are located at the central positions of 

the spheres, but their directions and magnitudes are distinctly different because of the 

mutual interaction. The dipole moments calculated from the MMDM have directions and 

magnitudes that are very similar to those yielded by the MDM, but the positions are clearly 

offset from the central positions of the spheres because the positions are calculated using 
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Eqn. (4.4). This offset characterizes the asymmetric gradient of the magnetization, which is 

shown in Figure 4.1(a); the asymmetric gradient is not considered in the MDM. The 

magnitude of the dipole moment is calculated for different models using an external 

magnetic field with different configurations, shown in Figure 4.1(c). The dipole moments 

calculated from MDM and MMDM have different offsets from DM for different  .  In 

the DM model, the dipole moment is only a function of the external field strength and does 

not consider mutual magnetic induction from neighboring particles. In the MMDM model, 

the dipole moments are shifted upwards from those calculated from MDM, namely they 

are larger in the attractive region ( 0 55   and 125 180  ) and smaller in the 

repulsive region ( 55 125  ). The magnitude change is caused by the change in 

position of the dipole moments (Figure 4.1(d)). Similarly to the magnitude of the dipole 

moments, the positions of the dipole moments also have a period of 180  as a function of 

 . The trajectories of the dipole positions are ellipses with centers closer to the 

neighboring particle. As the distance between particles decrease, the ellipse trajectory 

dilates, leading the dipole center to further lean towards the neighboring particle, as a result 

of the increase in asymmetric inhomogeneity of magnetization over the sphere.  
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Figure 4.1 (a) The magnetic field strength distribution of a 2-sphere system at the 

midplane z = 0 with =30  determined by directly solving Laplace’s equation for 

magnetostatics. For clarity, the logarithm of the magnetic field strength is plotted. The 

color scale represents the magnetic field strength in units of ln(A/m). (b) The difference 

between the dipole moments calculated using different dipole-based models at =30 . 

The solid arrow (cyan) denotes the DM, the dashed arrow (blue) denotes the MDM, and the 

dotted arrow (red) denotes the MMDM. Note that the positions of the MMDM dipole 

moments differ from those of the DM or MDM dipole moments as shown in the zoomed-in 

inset. (c) The magnitude of dipole moments calculated using different models at r = 1.1D. 

(d) The trajectories of the location of the shifted dipole moments on the left particle for 

different center-to-center distances calculated using MMDM. The curves from inside to 
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outside correspond the positions of shifted dipole for r/D = 1.1, 1.05 and 1.1 respectively. 

The red dot on the curve corresponds to the condition in (b). 

 

4.3 Force Calculation on Spheres using Different Models 

4.3.1 A Particle Pair 

The calculation of the dipole moment is the core of every dipole-based model because 

Eqn. (4.1) is used for the force calculations in all of the models. Figure 2 shows the 

calculated force for a 2-sphere system yielded by different models and the LES method. 

When the magnetic field is parallel to the connector vector ( 0  ), as shown in Figure 

4.2(a), the DM and MDM results both exhibit significant deviations from the LES results; 

the LES method is believed to perform the most-accurate force calculation because it does 

not employ any simplifying assumptions [93]. Nevertheless, the MMDM results agree well 

with the data points calculated using the LES method. Likewise, for the case described in 

Figure 4.2(b), in which the magnetic field is perpendicular to the connector vector and 

90  , the MMDM provides very accurate estimations compared with the LES results. 

The magnetic force results at different angles when the two spheres are sufficiently close 

are shown in Figure 4.2(c). The results yielded by different methods are clearly stratified 

without intersection. The two on the top are from the DM and the MDM, which are overall 

shifted upwards significantly from the LES results. This is a direct result of the shifted 

magnitude of dipole moment shown in Figure 4.2(c). The MMDM yields the best 

estimation, with a slight deviation near the angle at which the attraction and repulsion 

cancel each other. This deviation is due to the non-linearity of the multipolar effects being 
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amplified as the attractive well dampens. Despite the slight deviation, the magnetic force 

calculated using the MMDM for a circular rotating magnetic (CRM) field agrees very well 

with that calculated using LES, as shown in Figure 4.3(a).  
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Figure 4.2 The magnetic force between two paramagnetic spheres calculated using 

different models (a) for different r at 0  , (b) for different r at 90   and (c) for 

different   at r = 1.1D. Note that positive values indicate repulsive forces, whereas 

negative values indicate attractive forces. 

 

4.3.2 Small Aggregates 

The magnetization distributions in the spheres of a 2-sphere system are not symmetric 

because of the spheres’ mutual interaction; thus, these distributions are further modified 

when a third sphere is added, thereby creating three-body effect for systems with isotropic 

interactions [71, 96]. The three-body effect of a 3-sphere system in a CRM field can be 

characterized by the difference between the pair magnetic force and the effective pair 

magnetic force calculated for a 3-sphere system. Here, the effective pair force for a 

3-sphere system is defined as the magnetic force on Sphere 1 divided by 3 , which gives 

the decomposed pair force from Sphere 2 or 3 only (The inset at the bottom of Figure 

4.3(a)). The effective pair forces for the 3-sphere system calculated using the two different 

methods also agree well, as shown in Figure 4.3(a). For clarity, the MDM results are not 

superimposed in this figure, but one should be reminded that the pair magnetic force 

calculated using the MDM is slightly greater than the effective pair force for a 3-sphere 

system calculated by using LES (magenta squares) [93]; this offset indicates a significant 

deviation of the MDM results from the LES results for a CRM field. This deviation is due 

to the multipolar effects that exist in reality, as illustrated earlier. The MMDM is capable of 

reproducing the LES results because it essentially uses asymmetric magnetization inside 

the spheres to trigger multipolar effects that are similar to the real ones. To confirm that the 
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accuracy of the MMDM is not unique for spheres with eff  = 0.73, hypothetical spheres 

are used with the same radius but eff  = 1.88 to calculate the same force. The inset at the 

top of Figure 4.3(a) shows that the agreement between the LES and MMDM results for the 

higher susceptibility value is as good as the agreement for the lower susceptibility value.  

 

Figure 4.3 (a) The pair magnetic force and effective pair magnetic force at r = 1.1D for a 

3-sphere system in a CRM field calculated using different methods. The inset shows the 

pair magnetic force calculated using different methods with an increased sphere 

susceptibility eff . (b) The magnetic force at r = 1.1D on Sphere 1 of a 10-sphere system 

for different   calculated using different methods. 
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The failure of the MDM is mostly observed in the force calculation for spheres located 

along the edge of small clusters of spheres, where the many-body effects are most 

significant [93]. The aforementioned three-body effect of a 3-sphere system is the simplest 

case for the edge effect caused by many-body effects. For larger aggregates in a 2-D plane, 

the performance of the MDM is even worse. Figure 4.3(b) shows the magnetic force on 

Sphere 1 of a 10-sphere system calculated using different methods. The MDM results 

exhibit significant deviation from the LES results, whereas the MMDM results agree well 

with the LES results for all angles. However, further increasing the aggregate size may 

impair the accuracy of the MMDM for the edge spheres. For the edge sphere in the system 

that contains more than 24 spheres, the MMDM results deviate considerably from the LES 

results.  

 

4.4 Force Calculation on Disks using Different Models 

The definition of the MMDM does not specify the dimension of the particle system; 

therefore, the MMDM can also be applied to lower-dimensional spaces. In 2-D space, the 

expressions for the dipole moments and the dipolar force must be modified. In the presence 

of a uniform magnetic field, when two identical disks are placed a distance r from each 

other, the force between them can be rewritten as 
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with the same definitions of the parameters as in 3-D space. The expression of the dipole 
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moment in the MDM is modified to be  
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 is the effective volumetric susceptibility of the disks because the 

demagnetization factor in an infinitely long magnetized cylinder in the radial direction is 

1/2 [97]. Because Eqns. (4.3) and (4.4) are independent of the number of dimensions, they 

are directly used for the MMDM in 2-D space. The magnetic forces between two 

paramagnetic disks for 0   and 90   are calculated and shown in Figures 4.4(a) and 

(b), respectively. The 2-D calculation yields results that are similar to those of the 3-D 

calculation. The MMDM and LES results agree well, whereas the MDM results deviate 

considerably. Note that the calculated force is essentially over a unit axial length of a 

cylinder with circular cross section and therefore has a unit of N/m. In practice, the 

MMDM can be used to calculate the force between long cylinders with circular 

cross-section as a complement to the calculation for long needles with square cross-section 

[98, 99].   

In addition to accuracy, another important factor that determines the effectiveness of a 

numerical method is its time complexity. The time complexity is expressed as a function of 

the input size, namely, the number of particles N. Here, the 3-D case is taken as an example, 

and the complexity for the 2-D case can be derived similarly. Because dipole-based models 

must scan over all the possible combinations of particle pairs to calculate the force, the 

MDM and MMDM have a complexity that is of order 2N . The LES method does not have 
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to calculate the pairwise force, but it has to propagate the infinite boundary conditions in 

3-D space toward the center. For an aggregate in a 2-D plane, the complexity is of order 

3/2N . Figure 4.4(b) shows the time complexity of different methods. Although the 

complexity of the LES method grows more slowly with increased N, it has a much higher 

starting point, as shown in the inset of Figure 4.4(b). Thus, the computational time of the 

LES method is usually more than 5 orders of magnitude greater than that of the 

dipole-based models when the system consists of less than 1000 particles. The LES method 

is faster than the MMDM only when 113 10N   , as shown in Figure 4.4(b). In computer 

simulations of particle systems, because of the applied periodic boundary conditions, the 

number of particles is usually no greater than 610 . This fact restricts the application of the 

LES method and makes the MMDM both accurate and efficient for magnetic force 

calculations.  
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Figure 4.4 The magnetic force between two paramagnetic disks calculated using different 

models (a) for different r at 0   and (b) for different r at 90  . (c) The time 

complexity for different sphere numbers and different methods. The inset shows the same 

complexity with a shorter x-axis interval and logarithm scales for both axes. 
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Chapter 5 Probing the Phase Behavior of 

2-D Systems with Long-Range Attraction   

Colloidal systems have long served as model systems for visualizing phase behaviors 

[100]. The large particle size and slow relaxation characteristics of colloidal systems 

enable measurements that are otherwise prohibitively difficult to perform in atomic 

systems [101]. Moreover, the physical properties of colloids, such as density [31], surface 

charge [102] and paramagnetism [28], can be precisely tuned, which enables the design of 

systems that exhibit different variations in interaction potential and leads to models that 

capture the phase behavior under different external conditions [40, 67, 103, 104]. In 

Chapter 2, it has been shown that paramagnetic particles under a classic rotating magnetic 

field (PURM) can be used to generate a long-range tunable interaction potential among 

colloids that is characteristic of a Lennard-Jones potential. The precise calculation of the 

interaction potential and negligible many-body effect in a PURM system (Chapter 3) has 

noticeably increased the accuracy of molecular simulations [93], which are usually under 

the potential pairwise additivity assumption. In this chapter, the phase behavior of the 

PURM system is experimentally probed and simulated with excellent accuracy.  
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5.1 Tunable 2-D Phase Behavior 

5.1.1 Macroscopic Phases 

For a suspension of particles, changing the magnitude of the 20 Hz rotating magnetic 

field affects the strength of the interaction potential, leading to various 2-D thermodynamic 

colloidal phases. The gas phase is found at a field strength of 2 Gauss (1.5 kBT), the liquid 

phase at 2.2 Gauss (1.9 kBT), the hexatic phase at 2.6 Gauss (2.6 kBT) and the crystal 

phase under 3.4 Gauss (4.5 kBT), shown in Figures 5.1(a)~(c), respectively. No 

aggregation is observed when a control sample is placed in the sample chamber and leveled 

in the absence of a field, confirming that the applied rotating magnetic field causes the 

observed phases. Different phases are identified by density and their corresponding pair 

distribution function g(r), calculated using Eqn. (5.1): 

( ) ( )
2

ij

i i j

A
g r r r

rN


 

                       (5.1) 

where N is the total number of particles within the image, A is the total area in the image 

and ( )r  the delta function. Figures 5.1(d) and (e) show the g(r) for the gas phase has a 

nearly constant value at distances slightly larger than the particle diameter, while the liquid 

phase has a periodic response that slowly decays with increased distance. The hexatic 

phase has certain free topological defects, known as dislocations, which differs from the 

crystal phase. The crystal phase is characterized by the perfect regularity of a lattice 

arrangement and the complete splitting of the second g(r) peak, shown in Figure 5.1(f).  

The structure factors shown in Figures 5.1(g)~(i) further confirm the homogeneity of 

different phases. Both Figures 5.1(g) and (h) have uniform ring distribution indicating the 
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homogeneity of the fluid phases. The structure factor for the crystal phase in Figure 5.1(i) 

shows distinct peaks, which constitute the reciprocal lattice arrangement.  

 

Figure 5.1 Characteristic images and pair distribution functions of various thermodynamic 

phases formed at different field strengths. (a)~(c) show images of the gas, liquid, hexatic 

and crystal phases respectively. (d)~(f) show the corresponding pair distribution function 

g(r), calculated from Eqn. (5.1). (g)~(h) show the structure factor for correspondingly. The 

white scale bar represents 10µm. Note that the images have been cropped to show detailed 

particle placement and that the g(r)’s are calculated using images that contain 600~1200 

particles (typically two times larger than the cropped images). 

 

5.1.2 Phase Boundaries 

Two-phase equilibrium can also be readily observed as shown by the gas-liquid phase 

boundary and the solid-gas phase boundary in Figures 5.2(a) and (c), respectively. 

(a)
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Quantification of the density change of liquid-gas interface is provided in Figure 5.2(b), 

where the density of liquid phase is shown to be approximately 10 times as high as that of 

gas phase at a magnetic field strength of 2.2 Gauss. The quantification of density change in 

Figure 5.2(d) shows both positional and orientational order for solid phase, and nearly zero 

density for gas that is in equilibrium with the solid at a magnetic field strength of 3.4 

Gauss. 

 

Figure 5.2 Characteristic images illustrating 2-D phase equilibrium. (a) Image of 

liquid-gas interface; and (b) density distribution of liquid-gas interface; (c) Image of 

solid-gas interface and (d) density distribution of solid-gas interface. The color density 

scale depicts number of particles per unit area. The scale bar represents 10 µm 
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(c)

(b)

(d)
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5.2 Melting in 2-D 

The two-dimensional (2-D) solid-liquid phase transition plays an important role in 

laterally confined systems, from epitaxial thin films [105] to membrane bound proteins 

[106]. It has long interested researchers due to its absence of conventional long-range 

positional order for crystal [26]. For example, the density-density correlation function in a 

two-dimensional crystal decays algebraically to zero when the atom distance is increased 

[26, 28]. Kosterlitz and Thouless [107] (KT theory) pointed out that the nature of the 

melting transition in 2-D is fundamentally different from that in 3-D. Based on their 

success on applying long-wavelength spin wave theory on explaining the quasi-long-range 

order in a XY model, a classical rotatable spin model, they attributed the mechanism of the 

2-D melting to the unbinding of topological defects which they referred to as vortices. 

They also predicted a continuous phase transition from low temperature to high 

temperature. Predictions from this theory for 2-D superfluid and superconductor are 

confirmed by experiment and simulation [26]. However, 2-D particle systems are 

characterized by two distinct order parameters, thus two different types of topological 

defects: dislocations and disclinations. Later Halperin and Nelson [108], and Young [109] 

independently modified KT theory to describe the formation and unbinding of two types of 

topological defects leading to a two-step phase transition (Figure 5.3). Crystals melt via a 

continuous transition along with the dissociation of dislocation pairs. However the 

resulting phase is not an isotropic liquid but a hexatic phase. The dissociation of dislocation 

pairs only destroys quasi-long-range positional order, and leaves the hexatic phase with the 

other quasi-long-range order characterized by the nearest neighbor bond orientation. A 

second transition induced by the dissociation of a disclination is necessary to drive the 
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system from "hexatic phase" into the isotropic liquid. This two-step melting mechanism is 

referred to as the Kosterlitz-Thouless-Halperin-Nelson-Young theory (KTHNY). This 

theory predicts the temperature at which topological defects (dislocations or disclinations) 

are formed and start unbinding. It also predicts how the density-density correlation 

functions decays for different phases and how bond orientation correlation function decays 

for hexatic phase.  

 

Figure 5.3 (Adapted from [110]) (a) A pair of five- and sevenfold coordinated particles 

form a dislocation and decrease the positional order. The direction of the dislocation is 

given by Burgers vector b . (b) The unbinding dislocation results in two isolated 

disclinations, which furthers decrease the bond orientational order.  

 

The KTHNY theory has been a hot topic of controversy over the past decades since it is 

dependent on a number of assumptions. Molecular dynamics simulations have been 

performed [26, 111] to show that these transitions might be preempted by other processes 

leading to a single first order transition as in 3-D. Saito [112] reveals that the possibility of 

two-step transition depends on the specific properties of the systems especially the core 

energy of the dislocations [112]. Fisher and coworkers [113] have shown that the grain 

boundary could also induce a first-order transition. Kleinert [26] has argued that the 

(a) (b)



 

101 

 

unbinding of dislocation and disclination could occur simultaneously and lead to the 

first-order transition.  

There have been limited experimental investigation on the melting transition of real 

microscopic particles such as atoms[114] or electrons[115] in two dimensions. However, 

recently there have been many experimental studies that use 2D colloidal system as atomic 

model, though only some of them validate the KTHNY theory (Figure 5.4). Murray and 

coworkers [116] has used highly charged submicron-sized particle trapped between two 

glass plates. Their results are consistence with KTHNY theory, but they suggest that the 

nature of topological defects should be more complex than that in KTHNY theory. Zahn 

and coworkers [28, 29] have studied the equilibrium and dynamics of paramagnetic 

particles trapped at the air-water interface. By tuning the magnetic field strength and thus 

the interaction between particles, they found a two-step transition from a fluid to a 

solid-like phase, which agrees well with KTHNY theory. Marcus and Coworkers [117] 

have studied the melting process of poly(methylmethacrylate) and silica particles 

confined between two walls, and they found that in the first system the melting process is 

in agreement with the KTHNY theory, while in the second it is a first-order solid-fluid 

transition. Lin and Chen [118] found a melting transition in agreement with a KTHNY 

scenario for charged polystyrene particles adsorbed at the decane-water interface. All 

these results suggest that the melting mechanism seems to depend on the interaction 

potential between particles trapped in the 2D or quasi-2D environment [119].  
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Figure 5.4 (Adapted from [28]) The movement of dislocations showing the unbinding 

transition. For higher equivalent temperature, the dislocations are always binded together. 

When temperatures drops below melting point, the dislocations start to move freely apart 

from their partners.  

 

Despite the many simulation and experimental results, the dependence of the 

existence of the intermediate hexatic phase between solid and liquid phase on the type of 

pair interactions in the system remains an open question to date [26, 27, 119-121]. In the 

following sections of this chapter, experimental visualization and simulation are performed 

on the melting dynamics of a 2-D colloidal system with an isotropic, long-range, attractive 

interaction, and it is confirmed that for this system the melting transition is a single 

first-order one. 

 

5.3 Melting of PURM system 

5.3.1 Simulation Approach 

The potential among the paramagnetic particles is composed of a long-range attractive 
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interaction and a short-range repulsive interaction. The Laplace equation solver (LES) 

method is used with the Maxwell stress tensor to calculate the magnetic force between two 

particles in a uniform magnetic field, which has been shown to be more accurate than the 

mutual dipolar model in Chapter 3. When the magnetic field rotates with a frequency 

greater than a critical frequency, the magnetic force is independent of the field orientation 

and can be calculated by taking a temporal average over a period. The critical frequency 

depends on the applied magnetic field strength but is below 20 Hz for the magnetic field 

strengths considered here [64]. Namely, the magnetic interaction can be reasonably 

considered as isotropic when the frequency is set to 20 Hz. The repulsive component 

involves the electrostatic forces among the surface charges and thus can be described using 

DLVO theory (Section 2.1). Figure 5.5(a) illustrates the net interaction potential between 

two isolated particles of the PURM system. At small distances, the interactions among the 

particles are dominated by electrostatic repulsion, whereas at large distances, the 

interactions are dominated by magnetic attraction. The crossover between the two regions 

forms an attractive well, which is quite similar to the long-range Lennard-Jones (L-J) 

interaction potential that is used to describe classical atomic systems [30]. A Monte Carlo 

method was used to simulate the phase transition of the PURM system. To better track the 

density change at the transition point, a grand canonical ensemble is used. Instead of 

directly using the chemical potential , the potential is normalized as 

, where  is the normalized chemical potential,  

is the thermal de Broglie wavelength, h is Planck’s constant, and m is the mass of the 

particle. Because the temperature is fixed in the ensemble, the de Broglie wavelength is 
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constant; thus, the normalized chemical potential is a function of only the chemical 

potential. To be consistent with the experiment, when the phase transition is triggered at a 

fixed , the interaction potential well depth  is tuned instead of directly tuning the 

temperature T, which is essentially equivalent from the perspective of statistical mechanics. 

The melting of a cold crystal is simulated on a triangular lattice with 2000 particles to a hot 

fluid by increasing its effective temperature ; and crystallization by reversing the 

effective temperature change. Figure 5.5(b) shows snapshots of typical crystal and liquid 

phases, which are the only two phases found for .  

 

Figure 5.5 (a) Pair interaction potential of the PURM system. The inset at the top shows a 

schematic of the paramagnetic particles with a negative charge on the surface. The inset at 
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the bottom shows the pair magnetic force calculated using different methods. The line 

(blue) denotes MDM, the circular marker (magenta) denotes LES, and the dashed line 

(black) denotes a polynomial fit of the LES results. (b) Snapshots of the crystal and liquid 

near the melting transition for . 

 

Characteristic parameters are used to study the thermodynamics of the melting 

transition. Figures 2a~c show the variations in density upon melting and crystallization for 

. The low-pressure region is of interest because the hexatic phase may exist here 

[122, 123]. In this region,  is sufficiently low, and further reduction would cause 

the system to transition to the vapor-solid equilibrium. The sharp melting and 

crystallization transitions indicate that the transitions are first order in nature. This is 

further confirmed by the hysteresis that is formed by the melting curve and crystallization 

curve as a function of changes in density instead of the overlapping melting and 

crystallization curves, which are characteristics of continuous phase transitions [123]. The 

hysteresis also indicates the coexistence of the solid and liquid phases at a fixed effective 

temperature. The density fluctuation, which is defined as , is also the 

susceptibility of the grand canonical ensemble. Moreover, the fluctuation features two 

distinct peaks, which is indicative of two different transition points. Then, the absence of a 

hexatic phase is verified by the density variation at the melting point . The 

density of the ensemble significantly and abruptly decreases from the higher density of a 

crystal phase to the lower density of a liquid phase. No noticeable density plateau for a 

metastable phase is observed during this process. In addition to the density, two order 

parameters are used to characterize the order of the transitions: the transitional order 
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parameter (TOP)  and the bond orientational order parameter (BOOP) . These 

parameters are calculated as follows:  

                            (5.2) 

                       (5.3) 

where G is the first peak of the reciprocal lattice vector of a triangular crystal before 

melting,  is the position vector of particle i,  is the number of nearest neighbors 

of particle i,  are the particle labels of the nearest neighbors of particle i,  is the 

angle of the connecting vector between particles i and k, and  is the temporal average 

over different system snapshots. Voronoi construction is used to identify the nearest 

neighbors of each particle. A sharp decrease in an order parameter indicates the occurrence 

of a phase transition. In addition to the two order parameters, their susceptibilities are 

calculated as follows: 

                       (5.4) 

                    (5.5) 

A divergence or discontinuity of the susceptibility of an order parameter indicates the 

occurrence of a phase transition. Figure 5.6 shows that both TOP and BOOP undergo sharp 

transitions at , which indicates that melting is a one-step process for the 

PURM as opposed to the two-step transition mechanism, which is suggested by KTHNY 
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theory. Because of the one-step nature of the melting transition, dislocation and 

disclination unbinding simultaneously occur, which is further verified by the spikes at the 

identical effective temperature for  and  (Figure 5.6(e)). As a result, the hexatic 

phase described in KTHNY theory is not observed in the simulation. The pair distribution 

function (Eqn. (5.1)) is used to show the regularity of different phases. Figure 5.6(f) shows 

 for the crystal and liquid phases near a melting transition. The crystal has a  

function with a split second peak, and the pair correlation remains distinct as a function of 

distance by exhibiting periodic peaks. However, the liquid does not exhibit an apparent 

regularity for , and the oscillation damps out beyond 6 particles.  

 

Figure 5.6 Changes in parameter during the transition for : (a) density change for 

melting (red) and crystallization (cyan); (b) density fluctuation for melting (red) and 

crystallization (cyan); (c) ensemble average of TOP and BOOP for melting; (d) 

susceptibility of TOP and BOOP for melting; (e) ensemble average of the bond 

orientational order parameter for melting; and (f) pair distribution function for crystal 

(bottom) and liquid (top) upon melting. The pair distribution function for liquid is shifted 
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upward for clarity. 

 

5.3.2 Experimental Approach 

Various experiments were performed to visualize the process dynamics. Similar to the 

simulations and experimental observations in Figure 5.1, only two distinct phases are 

experimentally observed: a crystal phase and a dense liquid phase (Figures 5.7(a) and (c)). 

Their structure factors are shown respectively in Figures 5.7(b) and (d). The structure 

factor of the crystal phase exhibits an apparent six-fold symmetry, whereas that of the 

liquid phase exhibits isotropy even for the first shell. The structure of the liquid phase is 

characterized by the isotropy of different shells. A phase diagram was constructed using the 

phase equilibrium data obtained from both simulation and experiment at different effective 

temperatures (Figure 5.7(e)). This phase diagram is qualitatively very similar to the one 

obtained for typical long-range attraction system in 3-D [30, 124]. Note that only 

experimental results were exhibited for gas-liquid equilibria while numerous simulation 

results have been reported for long-range attraction system without any controversy 

[125-127]. The consistency between the simulation and experiment results confirms that 

PURM is an excellent model of long-range atomic systems, as demonstrated by the high 

predictability of the phase behavior. Both results show convergence to a supercritical point 

between the melting curve and the crystallization curve  though the exact location of 

supercritical point is not determined since the two coexisting phases are hardly 

distinguishable near the supercritical point. The crystallization density weakly depends on 

the effective temperature. However, the melting density notably decreases when the 
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effective temperature increases because increasing temperature or decreasing attractive 

potential well depth decreases the probability of forming a closed pack crystal. The 

one-step melting phenomenon is further illustrated by the simultaneous dislocation and 

disclination unbinding in the image sequence in Figure 5.7(f). These two processes 

simultaneously occur near the interface between the equilibrated crystal and liquid and can 

be found anywhere between the melting curve and crystallization curve on the phase 

diagram. The dislocation unbinding occurs during the first five seconds of the sequence 

and is characterized by the segmentation of the tetramer of particles with a number of 

nearest neighbors that is not 6. The disclination unbinding occurs during the last five 

seconds of the sequence and is characterized by isolated particles with a number of nearest 

neighbors that is not 6. These processes do not occur for all dislocations and disclinations 

because the probability of the unbound dislocation is associated with the core energy of 

these defects [101, 128]. The simultaneous dislocation and disclination unbinding are 

resulted from the destabilization of hexatic phase for systems with long-range attractive 

interactions [129]. 
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Figure 5.7 (a) Experimental snapshot of a solid; (b) structure factor of the solid in (a); (c) 

experimental snapshot of a liquid; (d) structure factor of the solid in (c). (e) Phase diagram 

of melting. The red filled circles, blue filled circles, black triangles and black squares 

correspond to the experimental results for liquid, experimental results for solid, simulation 

results for liquid and simulation results for solid, respectively. (f) Simultaneous dislocation 

and disclination unbinding. The sequences have 5-second intervals. The red and blue 

markers indicate that the particle has more than and less than 6 neighbors, respectively.   
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parameter 

                      (5.6)  

where  and  is the lattice constant.  converges for 

crystals as a result of a strong displacement correlation among the nearest neighbors and 

diverges for liquid because of the loss of this displacement correlation at long time periods. 

Figure 5.8 shows the experimentally measured Lindemann parameters of coexisting phases 

at equilibrium for different effective temperatures. The convergence and divergence of 

Lindemann parameters for crystal and liquid, respectively, are shown. The increase in 

effective temperature noticeably elevates the Lindemann parameter for the crystals at 

equilibrium. Because of the coexistence of two phases and the first-order transition nature, 

it is difficult to experimentally approach anywhere near the supercritical point and thereby 

identify the crystal phase. Therefore, the Lindemann parameter is only studied for the 

effective temperatures of interest, whose maximum value for crystal is 0.09, which is 

comparable with the upper bound of 0.033 for systems with dipolar repulsive potentials 

[28]. However, this upper bound may be subject to change if the interaction of the system 

changes [130]. Different parameters were used to characterize the melting transition, 

which has been shown to be a one-step, first-order transition instead of a two-step, 

second-order transition, which is suggested by KTHNY theory. The one-step feature 

associated with the absence of the hexatic phase is caused by the long range of the 

attraction interaction, which likely destabilizes the hexatic phase and synchronizes 

dislocation and disclination unbinding. 
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Figure 5.8 Lindemann parameter of coexisting phases for different effective temperatures. 

The upper three and lower three curves correspond to Lindemann parameters for liquids 

and crystals, respectively, at 0.63, 0.28 and 0.12 in descending order.  
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Chapter 6 Colloidal Swimmer with 

Reconfigurable Arms 

There has been interest in developing artificial swimmers that mimic the beating of 

bacterial cilia or sperm flagella to realize microscale propulsion. The challenge at this 

length scale is the lack of inertial forces, which are typically exploited for swimming at the 

macroscale [131]. For these low Reynolds number (Re) flows, Purcell’s famous “scallop 

theorem” states that periodic back and forth displacement, characteristic of a flapping 

motion, cannot lead to net displacement [132] in Newtonian fluid [133]. Nature has 

evolved to swim at the microscale by creating deformable bodies that break 

time-reversibility, such as rotating a chiral tail or waving an elastic arm. Advancements in 

microfabrication have enabled the engineering of biomimetic swimmers, based on moving 

interfaces, such as rotating structures, flagella driven by external magnetic fields, or 

artificial cilia [134]. More recently, a three-bead swimmer connected by elastic links [135] 

and a colloidal swimmer designed using DNA-linked paramagnetic colloids of dissimilar 

sizes [136] have been described. When actuated, these linked systems deform themselves 

in a time-irreversible manner, termed non-reciprocal motion, resulting in forward 

propulsion. However, these linkages result in a geometrical constraint that restricts the 

stroke motion. In this chapter, a novel class of colloidal microswimmers are shown to be 

free of any physical linkage and assembled in situ. The method for calculation of the 

magnetic force used here is different from the one used in other chapters, due to the 

consideration of multipolar magnetic induction. The MMDM (Chapter 4) is used instead 
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of MDM (Section 1.3 and 2.1).   

 

6.1 Two-Body Swimmer 

It is known that a pair of paramagnetic particles placed in a rotating magnetic field will 

acquire induced dipolar and mutual dipolar attractive interactions, causing both particles to 

rotate synchronously with the external magnetic field at low frequencies. Particles of 

different sizes will rotate at different speeds, dictated by the relative strengths of the 

magnetic and viscous torques. This cyclical motion is time-reversible, which results in the 

particles simply rotating in place. To break the symmetry of the system, an eccentric 

rotating magnetic (ERM) field is utilized. The ERM is generated by adding a DC offset 

ratio 
c

OM

H
  , where cH  is the magnetic field strength and OM is the DC offset, to the 

sine and cosine waveforms used to generate a rotating magnetic field (Figure 6.1(a)).  

The application of ERM field on a two-body system consisting of 2.8-µm and 1.04-µm 

paramagnetic particles results in the asymmetric motion of the smaller particle in 

proximity to a larger particle, driving them to swim together as a collective pair (Figure 

6.1(b)). As an analogy to macroscale swimming, the smaller particle is defined as the 

“arm” due to its larger sweep angle which drives the larger “torso” particle. The two stay 

in close proximity to the dipolar attractive attraction, while the ERM field breaks the 

symmetry of the system, resulting in a swimming motion. 

The magnetic response of the arm particle is a clockwise ear-shaped trajectory (Figure 

6.1(c)) in close proximity to the torso particle. This orbiting arm particle induces a net 
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dipolar effect on the larger torso particle, causing the two bodies to move synchronously 

together. The resulting dynamics are quantitatively simulated by an equation of motion that 

includes magnetic, hydrodynamic, and electrostatic forces. The frequency of the ERM 

field controls the magnitude of the sweep radial distance (r), defined as the difference 

between the maximum and minimum distances between the arm and torso centers of mass, 

and the sweep angle (), defined as the maximum angle within which the arm particle is 

able to orbit near the torso particle. Because the apparent viscosity of the fluid is constant, 

the viscous shear stress increases with increasing frequency. At low frequencies (f < 1), the 

arm particle is able to follow the external ERM field. At increased frequencies (f > 1), fluid 

drag prevents the arm from following the external magnetic field, resulting in a phase lag 

between the arm and the external field. The arm first sweeps upward in close proximity to 

the torso (Point P to Q). When the phase lag is large enough, the attraction between the two 

particles can no longer hold them together, and therefore, they begin to repel each other at 

approximately the largest angle the arm can reach (Point Q to M). The rotating field 

eventually catches up with the arm particle, causing the arm to move downward toward its 

initial position (Point M to P). The frequency modifies the arm trajectory in two ways. First, 

the sweep angle decreases with increasing frequency due to increased fluid drag on the arm 

particle (Figure 6.1(d)). Second, the sweep radial distance initially increases and then 

decreases with increasing frequency (Figure 6.1(e)). Due to the ear-shaped trajectory of the 

arm particle in the torso frame, the trajectory of the arm particle usually sweeps a wider 

area than the torso particle does in the lab frame (Figure 6.1(f)).  
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Figure 6.1 The mechanism of locomotion. (a) Schematics of the ERM field for 1   and 

1  . The red arrows are magnetic field vectors at different times. (b) Time sequence of a 

pair of mismatched-size particles under an ERM field over 50 seconds. (c) The trajectory 

of the smaller arm particle in the frame of the larger torso particle. (d) The sweep angle of 

the smaller arm particle under different frequencies. Dots with error bars (blue) correspond 

to experimental results, and the solid line (black) corresponds to predicted values. (e) The 

sweep radial distance of the smaller arm particle under different frequencies. Dots with 

error bars (cyan) correspond to experimental results, and the solid line (black) corresponds 

to predicted values. (f) The trajectory of both particles in 60 seconds. Scale bars represents 

5 µm. 

 

The arm trajectory directly correlates with the displacement per cycle (DPC), , 

that the particle pair exhibits (Figure 6.2(a)). The largest DPC is observed when the arm 

trajectory encloses the largest area, which occurs at the largest sweep angle and sweep 

radial distance. At higher frequencies, the larger phase lag results in a smaller sweep angle, 

thus resulting in the non-monotonic behavior of . The mean square displacement 

(MSD) for the swimmer assuming Brownian motion without orientation loss is given by 
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                                   (6.1) 

with contributions from both propulsion and stochastic forces, where U stands for 

the propulsion speed without consideration of Brownian motion (DPC multiplied by f 

in Figure 6.2(a)). The diffusion coefficient considered is that of the torso particle 

, where   is the apparent viscosity of the surrounding fluid,  is 

Boltzmann’s constant and T is given in absolute temperature. The square roots of the 

MSD values obtained from both the model described in Eqn. 1 and experimental results 

are in very good agreement (Figure 6.2(b)). The stochastic force does not affect the 

orientation of motion , as shown by the agreement between the two results in the 

inset, which confirms the assumption of no orientation loss. The MSD over time 

distinguishes ballistic swimming locomotion from simple stochastic diffusion (Figure 

6.2(c)). Good agreement is observed between the predicted values and experimental 

results for swimming locomotion and diffusion.     
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Figure 6.2 Dimer locomotion at different frequencies. (a) DPC at different frequencies 

under . Insets show arm trajectories in the torso frame for the four markers in 

corresponding left-to-right order. The arm orbits clockwise. (b) Square root of MSD of the 

swimmer at 60 seconds under different frequencies. The circular markers with error bars 

(blue) represent experimental results, and the solid line (black) represents predicted values 

obtained from Eqn. (1). The inset at the top shows the mean angle of locomotion at 60 

seconds. The square markers with error bars (red) represent experimental results, and the 

solid line represents predicted values. The magnetic field direction is constricted in one 

quadrant. (c) Mean square displacement of a single particle and the swimmer over 60 

seconds.   

 

6.2 Arm Fragmentation in Multibody Swimmers 

6.2.1 Fragmentation Caused by Multipolar Forces 

 Complicated swimmers with multiple torsos and arms are further studied, which can 

be assembled easily from simpler members of the family. Here, “ ” is used to 

represent a swimmer with  torsos and  arms. For higher-ordered swimmers, 

simulation without stochastic forces does not capture the swimming speed, whereas 

simulation taking into account stochastic forces gives results in very good agreement with 

the experiment measurements [137] (Figure 6.3(a)). The stochastic forces modify the 
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swimming speed by changing the fragmentation types of the swimmer arm (movie S3 and 

S4). When the arm reaches the maximum sweep angle, the ERM field approaches the 

perigee, where the magnetic field strength holding the particles together is the weakest. 

The end particles in the arm are easily segregated from the swimmer and remain separated 

while the other arm particles make a downward stroke. As a result, the sweep angle of the 

end particles in the arm is not commensurate with those of the other arm particles in sweep 

angle (Figure 6.3(b) and (d)). There are three types of arm fragmentation for simple 

swimmers shown in Figure 6.3(a): Type 1, Type 2 and simultaneous Type 1 and 2, with 

different probabilities of existing for different swimmers. The weak arm affinity is directly 

caused by the multipolar magnetic induction inside the swimmer (Figure 6.3(c) and (e)). 

Notice that the magnetic field gradient between the torso and the two adjacent arm particles 

1 and 2 are much stronger than the magnetic gradient between arm particles 3 and 4, and 

there is almost no gradient between arm particles 1 and 2. An extra torso particle will 

further weaken the affinity among all arms, and increase the probabilities of existing in 

each fragmentation type respectively. This is analogous to the inductive effect that occurs 

due to substitution in an electron-delocalized system, such as an aromatic ring.  
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Figure 6.3 Swimmers with multiple torsos and arms. (a) Square root of MSD of swimmers 

with different numbers of torsos and arms at 60 seconds. The square markers (black) 

represent simulation results without stochastic forces, the filled circles (blue) with error 

bars represent simulation results with stochastic forces, and filled circles (cyan) with error 

bars represent experimental results. Snapshots of initial configurations for different 

swimmers are inserted correspondingly. Snapshots of the 1t2a, 1t4a and 2t4a swimmers 

under fragmentation are shown along with the probability of existing in each fragmented 

type. (b) Arm trajectory in the torso frame for 1t4a. (c) Magnetic field strength distribution 

in the x-y plane for 1t4a when the swimmer’s long axis reaches the largest angle. (d) Arm 

trajectory in the frame of the torso at the end for 2t4a. (e) Magnetic field strength 

distribution in the x-y plane for 2t4a when the swimmer’s long axis reaches the largest 

angle. For (b) and (d), solid curves correspond to simulation results without stochastic 

forces and filled circles (cyan) experimental results. For (c) and (e), the color bars represent 

the magnetic field strength in units of Oe. The ERM field used is 27cH Oe  and 
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10f Hz . 

 

The arm fragmentation caused by the balance between the multipolar magnetic 

attractive forces and stochastic forces enhances the swimming speed for 1t4a and 2t4a but 

decreases that of 1t2a. The arm fragmentation can be characterized by arm bending angle 

 , which for one torso swimmer is defined by the angle formed by the torso particle and 

two arm particles at the far right (Figures 6.4(a) and (c) insets). Simulation is used to 

investigate the statistics of arm bending angles for 1t2a and 1t4a swimmers. Type 1 

fragmentation features a large positive  , Type 2 fragmentation a large negative   and 

simultaneous Type 1 and 2 fragmentation a small positive   (Figures 6.4(a) and (c)). 

Generally either of a single Type 1 or Type 2 fragmentation generates smaller propulsion 

than no fragmentation, whereas simultaneous Type 1 and 2 fragmentation generates 

markedly larger propulsion than the other types. The simultaneous Type 1 and 2 

fragmentation is not feasible for 1t2a, thus its swimming speed gets decreased by the 

modified arm fragmentation. This also explains why the speed enhancement to 2t4a is 

more significant than that to 1t4a. The probabilities of existing for each of the arm 

fragmentation type obtained from simulation also show good agreement with those 

obtained from experiment (Figures 6.4(b) and (d), Figure 6.3(a)).  
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Figure 6.4 Analysis of different types of fragmentation using arm bending angle. (a) The 

arm bending angle for a 1t2a swimmer within 8 cycles. (b) The statistics of DPC for 

different types of arm fragmentation for a 1t2a swimmer. (c) The arm bending angle for a 

1t2a swimmer within 8 cycles. (d) The statistics of DPC for different types of arm 

fragmentation for a 1t4a swimmer. For (a) and (c), the solid curves (black) represent 

simulation results without stochastic forces, and the circles (blue) simulation results with 

stochastic forces. The insets are schematics of arm bending angle for each swimmer. 

Snapshots of different types of fragmentation are superimposed for guidance. For (b) and 

(d), the dashed lines (black) correspond to simulation results without stochastic forces, the 

filled circles (black) and squares (magenta) simulation results with stochastic forces and 

their arithmetic means respectively, and the percentages the probabilities of existing in 

each fragmented type. The ERM field used is 27cH Oe  and 10f Hz . 
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6.2.2 Fragmentation Caused by Dipolar Forces 

The fragmentation occurs with a certain probability, as the multipolar forces between 

the arm particles are weak and comparable with stochastic forces from the surrounding 

fluid. In fact dipolar forces can trigger fragmentation with certainty for other geometry 

than the ones considered in Section 5.2.2, where all arm particles are situated on one side 

of the torso particles. The fragmentation probability reaches 1 when a 1t1a swimmer and 

a 2t1a swimmer assemble into a 3t2a swimmer with arm-to-arm configuration, as shown 

in Figure 6.5(a). Under an ERM field with f = 10Hz, the magnetic attraction between the 

two smaller particles is weak compared to that between the larger particles due to the 

difference in the magnetization, causing the two attached arm particles to separate during 

each cycle (Figure 6.5(b)). Due the “inductive effect” mentioned above, the existence of 

the two small particles is the key to segmentation that is definite both temporally and 

spatially. Though the swimmer swims as an entity, surprisingly its swimming orientation 

(−(31° ±4°)) is simply the sum of the swimming orientation of reversely swimming 1t1a 

(93° ±9°) and 2t1a (−(131° ±8°)). The swimming speed of the two bodies is however 

not counterbalanced but significantly enhanced by the arm segmentation mechanism. 

This 3t2a swimmer is able to swim at 1 𝜇m/s with very accurate steering due to the 

constant arm segmentation. Further increasing frequency to 12Hz would not only remove 

arm segmentation but also lead to a completely different configuration, where three torso 

particles are all attached to each other while the two arm particles stay trapped in the 

grooves formed by the torso particles nearby (Figure 6.5(c)). This configuration can be 

lumped into one large “torso” consisting of two large particles and two small particles 

and one “arm” consisting of a single torso particle (Figure 6.5(d)). Therefore its 
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swimming direction is predictably similar to that of 1t1a. Since the sizes of the “torso” 

and “arm” are different than those of 1t1a, this colloidal aggregate microswimmer is able 

to swim faster than 1t1a. Interestingly, by changing the frequency by 2Hz the swimmer 

completely reconfigures the arm particles and swims in nearly the opposite direction. The 

ability to reconfigure the swimmer in situ to achieve reverse motion allows this swimmer 

to swim more efficiently.  

 

Figure 6.5 Periodic Arm Segmentation. (a) Image depicting the trajectory, shown by red 

markers, of a 3t2a swimmer under 27cH Oe  and 10f Hz . Configuration of this 

swimmer due to arm segmentation is shown in (b). (c) Image depicting the trajectory, 

shown by blue markers, of a 3t2a swimmer under 27cH Oe  and 12f Hz . 

Configuration of this swimmer due to arm segmentation is shown in (d). Scale bar is 5 µm. 

 

6.3 In-situ Multibody Swimmer Assembly 

Complicated swimmers with multiple torsos and arms can be assembled easily from 

simpler members of the family. Figure 6.6 shows how a 2t4a swimmer is assembled from a 

(b)(a)

(c) (d)
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1t3a swimmer. By changing the phase difference between the two orthogonal applied AC 

fields, the swimmer can rotate either clockwise or counterclockwise, allowing for highly 

controllable swimming direction. A 1t3a swimmer with arms on the left side of the torso 

can be directed to swim south at 1 0.47 /U m s . Then, its orientation is switched so that 

the arms are on the south side of the torso. The swimmer is then directed to swim west to 

acquire an additional arm particle 1 to form a 1t4a swimmer. This swimmer swims in a 

northwest trajectory at 2 0.68 /U m s  to meet with another torso particle 2.  

 

Figure 6.6 Higher-ordered Swimmer Assembly. (a) Trajectory of a 1t3a swimmer initially 

moving downward. The scale bar represents 5 µm. (b) The 1t3a swimmer is redirected to 

swim to the left to pick up another arm particle (labeled 1) and then another torso particle 

(labeled 2) to form a 2t4a swimmer. The ERM field used is 27cH Oe  and 10f Hz . 

The red markers represent the trajectory of the 1t3a swimmer and the blue markers indicate 

the trajectory of the additional particles due to the dipolar attraction. The boxed image 

shows a zoomed swimmer in its final configuration. 

 

6.4 Different Strokes under an ERM Field 

By numerically solving the Eqn. S1, one can see how different   values change the 

swimming stroke for a simple 1t1a swimmer. Figure 6.7(a) shows the stroke diagram under 

2

1

(a) (b)
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different values of   and azimuthal shear stress =2  f , where   is the viscosity of 

the surrounding electrolyte solution. Here   is used instead of the commonly used Mason 

number [48] because electrostatic force is involved. The swimmer always orients itself at a 

fixed angle from the DC offset due to the larger susceptibility on the long axis, which 

prevents orientation loss. Therefore, only 0   is considered. There are four different 

strokes in terms of arm motion: asymmetric surrounding motion (AS), symmetric 

surrounding motion (SS), intermediate surrounding motion (IS) and unilateral motion (UL), 

whose DPC’s are shown in Figure 6.7(b) and arm trajectories in the torso frame in Figures 

6.7(c)~(g), respectively, in colors corresponding to the markers in Figure 6.7(a). In the AS 

region with small   and  , the arm trajectory is always a slightly distorted but smooth 

circle, leading to slight net propulsion. Increasing either   or   drives the stroke into the 

SS region where the swimmer fails to fully relax to the rotation of the magnetic field and 

the arm trajectory is self-crossed. This is similar to the non-relaxed motion of a single 

particle [49] or a particle pair [66] in a CRM field. In this region, the arm trajectory is 

completely symmetric, as are the locations of the knot, and therefore, no net locomotion is 

generated. Further increasing   leads to the IS region, where the positions of the knot 

become asymmetric and chaotic. Increasing   from either the SS region or the IS region 

leads to the UL region, where the arm no longer orbits around the torso but instead remains 

on one side of the torso and forms a closed trajectory. In this region, changing   or   

significantly changes the area enclosed by the curve and thus the swimming speed (Figure 

6.7(f) and (g)). 
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Figure 6.7 Swimming strokes for a 1t1a swimmer obtained from numerical simulation. (a) 

Stroke diagram. (b) DPC for the stroke diagram in (a). (c)~(g), The arm motion trajectories 

in the torso frame for different strokes (colored solid lines): (c for AS, (d) for SS, (e) for IS, 

and (f) and (g) for UL at different conditions. The dashed lines (black) are circles with 

diameter of 1 2

2


a

d d
d . The distance from the colored line and dashed line for each 

shows the minimum surface separation between the two particles. 

 

6.5 Comparison with Other Swimmers 

Under an ERM field with strong anisotropy a swimmer assembled in situ from 

paramagnetic particles with different sizes can exhibit non-reciprocal motion to achieve 

locomotion. In particular, a typical swimmer exhibits swimming speed up to  by 

using a reconfigurable segmentation of the arms to enhance locomotion. This swimming 

speed is impressive, considering the size of the swimmer and the low magnetic field 
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strength used. Though our swimmer is swimming in close proximity to a glass coverslip, 

the wall effect does not participate in breaking the spatial symmetry of the swimmer at all 

as the swimming strokes are essentially confined in 2-D space. Therefore the requirement 

of the swimming motion on the environment is much lower than that of the surface-assisted 

mechanical swimmers [136, 138].  

The broken symmetry of the swimmer is designed to abide to Scallop theorem, which 

only applies to Newtonian fluid. There has been experimental realization on a single-hinge 

microswimmer which swims by time-reversible motion in shear thinning and shear 

thickening fluid [133]. Since the particle size difference is the only requirement for the 

swimmers described in this work, this is not difficult at all to achieve, which weakens the 

advantage of the single-hinge swimmer.  

The simplest swimmer in this family with only two rigid body parts is the simplest 

mechanical swimmer design in homogeneous Newtonian fluid. For higher-ordered 

swimmers, stochastic forces from the surrounding fluid may affect the probabilities of 

different arm fragmentation types, which determine the swimming speed. Swimming is 

difficult under low Re number not only because of the requirement of time-irreversible 

body motion, but also because stochastic forces may change the swimming speed by 

modifying the strokes. Moreover, our swimmers exhibit the behavior of many-body 

systems with large degrees of freedom, instead of the behavior of a single fixed object. 

Such observations have provided insight into interactions among microbes and bacterial 

cooperation, which is interesting in light of the growing eccentricity of the earth’s magnetic 

dipole [139]. 
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Chapter 7 Summary and Future 

Directions 

The investigations on paramagnetic colloidal suspension under different rotating fields 

have been present in previous chapters. In this chapter, conclusion based on these 

investigations will be drawn, additional investigations will be presented, and future 

directions will be suggested.  

 

7.1 Summary and Conclusions 

In recent years there has been a great deal of progress in the application of 

paramagnetic colloidal suspension due to their unique controllable rheological and 

thermodynamic properties when subject to an external magnetic field. In most of these 

applications, a uniaxial magnetic field is used to trigger the changes of the physical 

properties, leading to anisotropy of these changes. For this reason, the focus of this thesis 

has been to investigate the behavior of suspended paramagnetic colloidal particles under a 

rotating magnetic field. 

The particles used in this work are paramagnetic particles with a carboxylic coating. 

They stay stabilized in a water or salt solution at low concentrations due to electrostatic 

repulsion, but aggregate into chains when situated under an external uniaxial magnetic 

field. When a classic rotating magnetic field is used, a particle pair will become unstable 

with fluctuating inter-particle distance and a particle chain will rotate and fragment at high 
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frequencies. This dynamics is scalable using a modified Mason number. This 

dimensionless number is derived from the force balance on a particle pair under a classic 

rotating magnetic field, but can be applied to chains or clusters consisting of any number of 

particles.  

When the frequency of the classic rotating field is further increased above a critical 

frequency, a particle pair will become stable again, and a particle chain will fold into a 2-D 

aggregate. This is due to the isotropic interaction potential in the system and this system is 

referred to as PURM (paramagnetic particles under a rotating magnetic field). This 

interaction potential has been experimentally measured on a particle pair, which shows 

good agreement with theoretical calculations using mutual dipolar model and DLVO 

theory. The three-body effect of the system measured in experiment is significant. This 

may make the molecular simulation of the system less accurate since it violates the 

assumption of pair additivity in the interaction potential.  

The measured three-body effect is based on a pair interaction potential calculated using 

mutual dipolar model. To better understand the three-body effect and the many-body 

effects, the Laplace’s equation for magnetostatics was numerically solved and the 

theoretical solution for magnetic force is calculated between paramagnetic spheres using 

Maxwell stress tensor (LES method). The mutual dipolar model was found to be inaccurate 

when the particle of interest is near the edge of a cluster. Using the LES method, the 

many-body effect was found to be only significant for particles near the edge of a cluster 

and negligible for interior particles in a cluster. As periodic boundary conditions are always 

assumed when molecular simulation is performed, the cluster is essentially an infinitely 

large sheet without any edge and all particles can be taken as interior ones with negligible 
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many-body effects. With the LES method, the magnetic forces were also calculated 

between paramagnetic squares. From the most stable configurations of two squares and the 

elimination of neck effect between two chains consisting of paramagnetic squares under a 

uniaxial magnetic field, one can conclude that unlike paramagnetic disks, no 2-D cluster 

will form from a concentrated suspension of paramagnetic squares under a uniaxial 

magnetic field.  

The LES method is accurate in force calculation but computationally cumbersome to 

implement. Another dipolar-based model was constructed, micro-mutual-dipolar model 

(MMDM), by considering the position variation of the hypothetical dipole moments. This 

model is as fast as but much more accurate than other dipolar-based models. It does not 

apparently lose accuracy compared to LES method for clusters consisting of less than 24 

particles.  

Two applications based on the PURM system were presented. The tunable isotropic 

attractive interaction in PURM system provides an ideal platform to study the phase 

behavior of a 2-D atomic system. The phase behavior of the PURM system was 

investigated. A single-step first order melting transition was found using the PURM system, 

which is in direct contrast to the two-step continuous melting scenario suggested by the 

KTHNY theory. Thermodynamic properties of different phases were measured upon 

melting transition, such as radial distribution function, structure factor, bond-orientation 

order parameter and Lindemann parameter, to confirm that the transition is one-step and 

first-order. Phase coexistences were observed, helping to construct a phase diagram of the 

PURM system which is very similar to the ones obtained for typical atomic systems. In this 

application, the LES method was used to calculate the magnetic force since the 
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time-averaged force was used due to isotropy of the interaction and pair additivity of the 

interaction was assumed.  

The PURM system uses a classic rotating magnetic field to generate isotropic 

interaction among the particles. When isotropy is not desired, especially when the 

magnetic field is used to drive locomotion of magnetic material, an eccentric rotating 

magnetic (ERM) field can be used instead by simply adding a DC offset to the classic 

rotating magnetic field. Under an ERM field, paramagnetic particle aggregates consisting 

of particles of different sizes will swim in a directed manner. Their swimming speed can be 

controlled by changing the frequency of the ERM field. For higher-ordered swimmers 

consisting of multiple particles, the arm of the swimmer may fragment due to the weak 

affinity between the arm particles at high field frequencies. The probability of the arm 

fragmentation is determined by the balance between arm affinity and stochastic forces 

from the surrounding fluid. The stochastic forces may increase or decrease the swimming 

speed of some swimmers. In this application, the MMDM was used to calculate the 

magnetic force since the swimming dynamics was simulated and the magnetic forces 

between different body parts had to be calculated during each time step.  

 

7.2 Additional Investigations 

7.2.1 Paramagnetic Colloidal Particles under an Elliptical Rotating Magnetic (EPRM) 

Field 

The dynamics of a paramagnetic colloidal suspension under a CRM field has been 

systematically studied in Chapter 2 and Chapter 5. Due to the isotropy of the time-averaged 
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interaction potential and thermal-energy driven dynamics, the 2-D cluster formed under a 

CRM field is circular. The circularity will break if isotropy of the interaction does not hold. 

This can be achieved using non-circular rotating magnetic field, for example, an elliptical 

rotating magnetic (EPRM) field. The dynamics of two paramagnetic particles under an 

EPRM field has been studied using both simulation and experiment where phase locks 

have been observed under certain polarizations [51, 66]. However, the study on a 

concentrated paramagnetic colloidal suspension under an EPRM field is largely missing. In 

this section, simulation and experiment will be used to investigate the behavior of a large 

cluster, typically consisting of 100~1000 particles, under EPRM fields with different 

frequencies and polarizations.  

The particles used for this study are MyOne (Dynabeads) with mean diameter of 

1.04µm and volumetric susceptibility of 1.4. Compared to the larger particles, they are less 

susceptible so that systems of these particles are not easily kinetically trapped and can 

approach thermodynamic equilibrium more readily. Figure 7.1(a) shows a cluster under a 

CRM field. Since the cluster formed by the particles does not have clear lattice 

arrangement under the applied field strength, which indicates the particle system is in fluid 

state, the cluster features a circular contour. When an EPRM field of Hb = 6Gauss, f = 

10Hz and p = 2 is applied, where 
a

b

H
p

H
  is the polarization of the EPRM field with long 

axis a and short axis b, the cluster forms a tactoid structure instead (Figure 7.1(b)). The 

external field has been switched off and resumed intermittently to confirm that this is the 

equilibrium structure. The frequency plays a much more important role here than it does in 

the CRM field assembly in that it determines the aspect ratio of the assembled structure. 

Figure 7.1(c) shows the structure formed from the same cluster under the same EPRM field 
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as Figure 7.1(b) except that f is decreased to 1Hz. Note that the orientation of long axis of 

the cluster never coincides with that of the external field. These two orientations form an 

angle of about 45 degree as shown in Figures 7.1(b) and (c). Another phenomenon that 

distinguishes EPRM field assembly is that the cluster assembly under an EPRM field never 

has bulk rotation even under field with low frequencies.  

 

Figure 7.1 The clusters formed in experiment under (a) a CRM field of H0 = 10Gauss and 

f = 10Hz, (b) an EPRM field of Hb = 6Gauss, f = 10Hz and p = 2 and (c) an EPRM field Hb 

= 6Gauss, f = 1Hz and p = 2. 

 

In fact both the inconsistent orientations between the cluster and the field and the 

elimination of bulk rotation stem from the balance between the time-averaged orientation 

of the field and time-dependent rotation of the field during each cycle. Ideally with an 

EPRM field with infinite frequency, the magnetic torque should be exactly 

counterbalanced by the viscous torque, and the cluster should have the same orientation as 

the external field. When frequency is finite, there is always remnant magnetic torque that 

drives the cluster to rotate in the direction of the external rotating field during each cycle. 

(a) (b) (c)a

b

a

b
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This trend of rotation is limited by the time averaged orientation preference on the long 

axis of the external field. Therefore, a full cycle of rotation cannot be accomplished, and 

instead there is a fixed orientation of the cluster where two factors aforementioned are 

perfectly balanced.  

The experimental observations are also confirmed by BD simulation (Figure 7.2). 

When f = 200Hz, the orientation of long axis of the cluster coincides with that of the 

external field. When frequency is decreased to 5Hz, a deviation angle about 15 degree is 

seen. Further decreasing the frequency to 1Hz leads to a stripe structure of the cluster 

similar to the one obtained in Figure 7.1(c). The stripe structure will not form if the 

polarization is small, but a larger deviation angle is seen. The cluster is expected to rotate 

when the polarization is sufficiently close to 1.  
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Figure 7.2 The clusters formed in BD simulation under different EPRM fields (a) Hb = 

8Gauss, f = 200Hz and p = 2, (b) Hb = 8Gauss, f = 5Hz and p = 2, (c) Hb = 8Gauss, f = 1Hz 

and p = 2, (d) Hb = 8Gauss, f = 1Hz and p = 1.2. The cluster is initialized from a 12-by-12 

square lattice 

 

Though there is no bulk rotation for the tactoids assembled under an EPRM field, the 

individual particles do orbit around the geometric center of the cluster. Figure 7.3 shows 

the velocity maps for the conditions used in Figure 7.2 respectively. Generally for large 

polarization, the motion of individual particle is less intense than that for small polarization. 

Due to steric effect, the interior particles tend to have less intense motion than the exterior 

particles.  

-20 -10 0 10 20
-20

-15

-10

-5

0

5

10

15

20

x/D

y
/D

-30 -20 -10 0 10 20 30
-30

-20

-10

0

10

20

30

x/D

y
/D

-50 0 50

-60

-40

-20

0

20

40

60

x/D

y
/D

(a) (b)

-30 -20 -10 0 10 20 30
-30

-20

-10

0

10

20

30

x/D

y
/D

(c) (d)

a

b



 

137 

 

 

Figure 7.3 The velocity maps for the clusters formed in BD simulation under different 

EPRM fields (a) Hb = 8Gauss, f = 200Hz and p = 2, (b) Hb = 8Gauss, f = 5Hz and p = 2, (c) 

Hb = 8Gauss, f = 1Hz and p = 2, (d) Hb = 8Gauss, f = 1Hz and p = 1.2. To better show the 

dynamics, the particle velocities at 200 seconds from the initial state of a 12-by-12 square 

lattice are used instead of at equilibrium state.  

 

The study on the paramagnetic colloidal suspension under an EPRM field is important 

in that a perfect CRM field is practically difficult to obtain, which requires elaborate design 

and calibration of the coil setup [51]. The novel stripe structure observed in both 

experiment and simulation also inspires the application of quick assembly of colloidal 
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chains, as opposed to its well-known reverse process of assembling 2-D clusters from 

chains [140].  

 

7.2.2 Swimmer Consisting of Monodispersed Particles 

 Under an ERM field with strong anisotropy a swimmer assembled from paramagnetic 

particles with different sizes can swim in a directed manner (Chapter 7). The broken 

centrosymmetry is directly caused by the size difference. However, the 

non-centrosymmetric structure does not necessarily require building blocks with different 

size, but can also be achieved by asymmetric assembly from the same building blocks. In 

this section, it will be shown how asymmetric assembly from monodispersed 

paramagnetic colloidal particles can also swim under an ERM field with strong anisotropy.  

As these swimmers are comprised of particles of uniform size, the classification of arm 

and torso becomes vague. Due to reconfigurations of body parts, the hypothetic torsos and 

arms may also change. It is more difficult to find a swimmer in this family than in the 

family of swimmers consisting of "torsos" and "arms" due to symmetric location of 

particles in many clusters. Obviously a chain does not swim in an ERM field. To form a 

2-D cluster instead of a chain, a CRM field needs to be used instead of an ERM field which 

only oscillates in one quadrant and thus never results in the formation of 2-D clusters. The 

most stable configurations formed in a CRM field can swim under an ERM field only if the 

number of particles is no less than 5 (triangle and rhomb are both symmetric). Figure 7.4(a) 

shows the trajectories of a five-particle (5-mer) swimmer at different frequencies. Due to 

the neck effect of paramagnetic particle cluster in magnetic field [48, 94], the change of 
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phase lag caused by frequency change will not sufficiently weaken the affinity among the 

particles to detach one of them. Whereas the change of phase lag does slightly change the 

trajectory of individual highly-magnetized particles, leading to a net change of the 

direction and speed of locomotion. The direction of locomotion changes by 50 degree 

when frequency decreases from 10 Hz to 5 Hz as observed in experiment. A more obvious 

reconfiguration can be observed when a 7-mer swimmer is situated under ERM fields with 

different frequencies. Figure 7.3(b) shows the 7-mer swimmer swims in the reverse 

direction when frequency changes from 5 Hz to 12 Hz due to different swimming 

mechanisms. When 5 Hz is used, a torso-arm mechanism is observed as shown in the top 

image in Figure 7.3(c). The swimmer detaches and picks up the hypothetical arm particle 

on the far right in one cycle and swims towards northwest. The “large torso” oscillates 

azimuthally to increase the sweep angle of arm in the “large torso” frame. When 12 Hz is 

used, no distinct detachment is observed as shown by the bottom image in Figure 7.3(c). 

Due to high viscous shear stress, the detachment and picking-up mechanism is largely 

quenched. Instead the swimmer adapts to the new environmental condition by swimming 

as a 5-mer swimmer with a dimer rudder. The existence of rudder steers the whole 

swimmer towards southwest, as opposed to the northeast direction taken by the swimmer at 

5Hz. It can be noted that the 7-mer swimmers swims faster at 5 Hz than at 12 Hz, which 

indicates the torso-arm mechanism generates more net propulsion.  
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Figure 7.4 (a) The trajectories of a 5-mer swimmer in 60 seconds at different frequencies 

under 27cH Oe : 10 Hz (green), 7 Hz (red) and 5 Hz (blue) from left to right. (b) The 

trajectories of a 7-mer swimmer in 60 seconds at different frequencies under 27cH Oe : 

12 Hz (blue and towards SE) and 5 Hz (red and towards NW). (c) Snapshots of the 

reconfigurations of the 7-mer swimmer at different frequencies: 5 Hz (bottom) and 12 Hz 

(top). The dash line (red) is used to separate the 5-mer swimmer and the dimer rudder. (d) 

Image sequence showing the fragmentation of a 10-mer swimmer from 10Hz to 4Hz. The 

probabilities of existing for each configuration are shown at the bottom-right corner of the 

images. 

 

Not only the swimming direction but also the configuration can be changed during 

frequency change. Figure 7.4(d) shows how a 10-mer TF is undergoing a reconfiguration 
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similar to the arm fragmentation for torso-arm swimmer when frequency decreases from 

10 Hz to 4 Hz. The 10-mer is initialized with a configuration similar to the aforementioned 

7-mer: a 5-mer “large torso” with a 5-particle chain rudder. Under 10 Hz, it similarly swims 

towards southeast. When frequency decreases to 4 Hz, the 10-mer acquires a configuration 

of a 4-mer “large torso” with a 6-particle chain arm. The arm fragmentation occurs 

immediately and propels the swimmer to swim northwest. The arm can fragment into three 

dimers, two trimmers, a dimer and a 4-mer or a single particle, a dimer and a trimer. The 

10-mer swimmer will irreversibly degenerate into a 10-particle chain when frequency is 

further decreased.  

The study of swimmer from this family provides more insight in collaborative 

locomotion of the same species in fluid when subject to time-correlated external forces.  

 

7.2.3 3-D Colloidal Swimming Strokes 

The torso-arm mechanism introduced in Chapter 6 is very similar to breaststroke in 

terms of confined stroke in 2-D. In fact, this stroke can be easily extended to 3-D by adding 

a z-component to the ERM field. In this section, it will be shown how the z-component 

affects the swimming efficiency using BD simulation.  

A CRM field with z- component has been often referred to as precessing rotating 

magnetic field. Similarly, an ERM field with z- component is referred to as precessing 

eccentric rotating magnetic (PERM) field (Figure 7.5(a)). Here   is the precessing angle. 

The ERM field can be written explicitly as 

    cos(2 ) , sin(2 )ERM c cH ft H ft   H              (7.1) 
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where cH  is the magnetic field strength from a circular AC field,   is eccentric ratio and 

set to be 2 ,   is the angle of the eccentric DC offset, f  is the field frequency and t  

is the elapsed time. When z-component is added, the field becomes 

    cos(2 ) , sin(2 ) , tanPERM c c cH ft H ft H    H          (7.2) 

 

Figure 7.5 The particle pair with mismatched size under a PERM field. (a) Schematics of 

an ERM field and a PERM field. (b) The arm trajectories in the torso frame for different 

precessing angles. Red, blue and cyan curves represent 0, 15 and 30 degree respectively. (c) 

DPC at different field frequencies for different precessing angles.   

 

The arm trajectories in torso frame under different precessing angles are shown in 

Figure 7.5(b). For non-zero precessing angles, the strokes are all in 3-D space as expected. 
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Though the 3-D strokes consume more energy from applied magnetic field, they generate 

slower swimming locomotion than the 2-D breaststroke (Figure 7.5(c)) at all frequencies. 

The swimming velocity is defined as the component of velocity of the swimmer in the 

direction of the net locomotion. The variation of swimming velocity during a cycle for each 

precessing angle is shown in Figure 7.6. During the recovery phase (where the swimming 

velocity is not positive), the swimming velocity is hardly affected by the change of 

precessing angle. However, during the stroke phase (where the swimming velocity is 

noticeably larger than zero), the swimming velocity significantly decreases if precessing 

angle is increased. This decrease of swimming velocity is directly caused by the decreased 

power of stroke characterized by the speed of arm. During the stroke phase, the 

center-to-center distance between the arm and the torso particles decreases (Figure 7.5(b)), 

and the attractive magnetic force between the two particles increases when precessing 

angle is increased. The increased magnetic force decreases the phase lag between the arm 

and the applied field, making it easier for the arm particle to follow the applied field.  
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Figure 7.6 The variation of swimming velocity per cycle. Only velocity along average 

locomotion direction is considered. The inset shows the magnitude of the arm velocity in 

torso frame. Only the optimal frequencies at which the largest DPC's are achieved for each 

precessing angle are considered.  

 

In previous applications of the precessing field, the z-component is always constant. 

Here a time dependence in the z- component is included.  

    cos(2 ) , sin(2 ) , tan sin(2 )PERM c c c zH ft H ft H f t     H         (7.3) 

Predictably, the addition of an oscillation with frequency zf  will lead to flapping in 

z-axis during each cycle. A flapping ratio 
zf

f
   is defined to study the effect of flapping 

on locomotion. Figures 7.7(a) and (d) show the swimming velocities for different flapping 

ratio at two different precessing angles: 15 degree and 30 degree. Note that here swimming 

velocity instead of DPC, which is previously used in Figure 7.5, is used because there are 

intersections between different curves on DPC plot. The flapping motion of the arm 

particle significantly enhances swimming velocity for both precessing angles. The optimal 

flapping ratio is 1 among those tested in this work. At 1  , the swimming velocity can be 

increased by 150% compared to no flapping for 30  , and by 60% compared to the 2-D 

breaststroke. In fact the optimal frequency at which the largest swimming velocity is 

achieved is almost the same for different flapping ratios. Therefore, the arm trajectory is 

almost the same at optimal frequency for different flapping ratios if one looks down along 

z-axis towards x-y plane (Figures 7.7(b) and (e)). The flapping motion of the arm particle is 

shown in Figures 7.7(c) and (f) for the two different precessing angles.  
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Figure 7.7 The swimmer under a PERM field with an oscillating z-component. (a) 

Swimming velocity at different frequencies for different flapping ratios for 15  . (b) 

and (c) Arm trajectories in torso frame for different flapping ratios from different angles. (d) 

Swimming velocity at different frequencies for different flapping ratios for for 30  . (e) 

and (f) Arm trajectories in torso frame for different flapping ratios from different angles. 

For (b), (c), (e) and (f), only the optimal frequencies are considered.  

 

With the flapping of the arm particle, the maximum swimming velocity achieved 

during each cycle (Figure 7.8) is almost the same as the one achieved by the 2-D 

breaststroke stroke (Figure 7.6). However, the former has a longer stroke phase than the 
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latter, leading to faster swimming velocity.  

 

Figure 7.8 The variation of swimming velocity per cycle for 30  . Only the optimal 

frequencies are considered. 

 

The precessing angle should not be increased to 45 degree as under certain frequency 

there will be no locomotion at all when flapping arm is considered (Figure 7.9(a)). This is 

because at these frequencies, the arm particle simply orbit around the torso particle in a 

symmetric trajectory instead of stroking on one side of it (Figure 7.9(b)).  
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Figure 7.9 (a) Swimming velocity at different frequencies for different flapping ratios for 

45  . (b) Arm trajectories in torso frame for different flapping ratios. Frequency is 7Hz 

for both curves.   

 

This study provides insight in understanding and enhancing underwater swimming 

strokes of human beings. Under the PERM field with a constant z-component, the 

swimming velocity is decreased if the swimming stroke is expanded into 3-D space. Under 

the PERM field with an oscillating z-component, the swimming velocity will be increased 

compared to the PERM field with a constant z-component, and the maximal velocity is 

reached when the oscillation frequencies in z-axis and x- and y-axes are the same, namely 

when flapping ratio is 1. In fact when flapping ratio is 1, the arm trajectory is also confined 

in a 2-D plane which is different than x-y plane, as shown in Figure 7.7. Therefore, a 

conclusion can be drawn that swimming stroke confined in 2-D space is more efficient than 

that in 3-D space.  

 

7.3 Future Directions 

Besides the additional investigations present in the previous section, there are two more 

future directions based on the work present in this thesis.  

 

7.3.1 The Magnetic Force between Ellipsoidal Paramagnetic Colloidal Particles 

Ellipsoidal colloidal particles have been typically used as a model system for 

anisotropic particles with advanced optical and mechanical properties [141, 142] (Figure 
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7.10). Making these particles magnetic will largely enhance the controllability on the 

desired physical properties. The magnetic forces between paramagnetic spheres and 

squares have been calculated using LES method. For ellipsoids, both LES method and 

dipolar-based models can be used and compared. For LES method, compared to the regular 

method for spheres, no further steps need to be taken other than replacing the boundary of 

the indicator function with ellipsoids. The dipole-based models can also be applied with a 

second-order tensor describing the volumetric susceptibility of the particles [142]. The 

angle between the field and the long-axis of each ellipsoid should be taken into 

consideration. 

 

Figure 7.10 (Adapted from [143]) SEM image of prolate ellipsoids. 
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7.3.2 Transition Order of Melting in 2-D 

Melting in 2-D has been a controversial topic in recent years due to the inconsistent 

transition mechanism obtained from experiments and simulations on systems with 

different types of interactions. In Chapter 5 it has been shown that melting for PURM 

system in 2-D is a first-order transition, while melting for a similar 2-D system with 

long-range soft repulsive magnetic interaction is a two-step continuous transition [28, 29], 

which agrees with the prediction given by KTHNY theory. The connection between these 

two systems makes it possible to continuously change from one to another since these 

interactions are both controlled by external magnetic field. Therefore it is feasible to study 

how the transition order changes from first to second. 

  

7.4 Highlights 

A few major contributions made in this thesis are highlighted here: 

(1) With the use of a rotating magnetic field, a long-range isotropic attractive interaction 

between colloidal particles was generated, which resembles the Lenard-Jones potential 

typically used to describe the interaction in atomic systems. With this interaction, the 

paramagnetic colloidal system can have phase behaviors very similar to those of atomic 

systems in 2-D.  

(2) This system was used to study melting in 2-D and a first-order transition is found as 

opposed to the KTHNY theory, which states melting in 2-D should be a two-stage 

second-order transition.  

(3) A numerical solution to the Laplace’s equation for magnetostatics was given to 
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calculate the magnetic force between paramagnetic colloids. This method is the most 

accurate method to do such calculation. 

(4) A micro-mutual dipolar model was put forward to calculate the magnetic force 

between paramagnetic colloids. This method is the second most accurate method to do 

such calculation.  

(5) The simplest mechanical artificial swimmer was designed with only two rigid body 

parts.  

(6) Brownian motion was found to play an important role in changing swimming speed of 

microswimmers by changing their swimming strokes.  

These contributions have opened new windows of using paramagnetic colloids under 

different types of rotating magnetic fields to achieve novel structures, model classic 

systems or simplify complicated physics problems.  
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