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Abstract

PAIR CREATION
TRANSPARENCY IN GAMMA-RAY PULSARS
by
Sarah A. Story

Pulsars are rapidly rotating, highly magnetized neutron stars that produce photon
pulses in energies from radio to gamma-rays. The population of known gamma-ray
pulsars has been increased nearly twenty-fold in the past six years since the launch of
the Fermi Gamma-Ray Space Telescope; it now exceeds 145 sources and has defined an
important part of Fermi’s science legacy. In order to understand the detectability of
pulsars in gamma-rays, it is important to consider not only the radiative mechanisms
that produce gamma-rays, but the processes that can attenuate photons before they
can leave the pulsar magnetosphere. Here I explore two such processes, one-photon
magnetic pair creation and two-photon pair creation. Magnetic pair creation,

!

e+ e , has been at the core of radio pulsar paradigms and central to polar cap models
of gamma-ray pulsars for over three decades. Among the population characteristics
well established for Fermi pulsars is the common occurrence of exponential turnovers
in their spectra in the 1–10 GeV range. These turnovers are too gradual to arise from
magnetic pair creation in the strong magnetic fields of pulsar inner magnetospheres.

By demanding insignificant photon attenuation precipitated by such single-photon
pair creation, the energies of these turnovers for Fermi pulsars can be used to compute
lower bounds for the typical altitude of GeV band emission.
In this thesis, I explore such pair transparency constraints below the turnover
energy and update earlier altitude bound determinations that have been deployed in
various gamma-ray pulsar papers by the Fermi-LAT collaboration. For low altitude
emission locales, general relativistic influences are found to be important, increasing
cumulative opacity, shortening the photon attenuation lengths, and also reducing the
maximum energy that permits escape of photons from a neutron star magnetosphere.
Rotational aberration influences are also explored, and are found to be small at
low altitudes, except near the magnetic pole. Our analysis clearly demonstrates
that including near-threshold physics in the pair creation rate is essential to deriving
accurate attenuation lengths and escape energies. The altitude bounds we compute
for young Fermi pulsars are typically in the range of 2–7 stellar radii and provide key
information on the emission altitude in radio quiet pulsars that do not possess doublepeaked pulse profiles. The bound for the Crab pulsar is at a much higher altitude,
with the detection by the atmospheric Cherenkov telescope MAGIC out to 350–400
GeV implying a lower bound of 310km to the emission region, i.e., approximately
20% of the light cylinder radius. These results are also extended to the super-critical
field domain, where it is found that emission in magnetars originating below around
10 stellar radii will not appear in the Fermi-LAT band.

3
Two-photon pair creation,

0

! e+ e , becomes important at high altitudes and

for photons produced by curvature radiation from charges flowing downward along
magnetic field lines. Because the efficiency of two-photon pair creation does not
depend on the local magnetic field strength, it can continue to be active in the weakfield regions far from the neutron star. It is found that two-photon pair creation can
strongly attenuate photons emitted from downward-traveling charges except at very
high altitudes of emission, but in the absence of rotational aberration, it is unable
to produce significant opacity for upward-traveling charges unless unrealistically high
neutron star surface temperatures are assumed.
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Chapter 1
INTRODUCTION
1.1

History and Observations

At the end of the life cycle of main sequence stars, radiation pressure from nucleosynthesis at the core of the star can no longer counterbalance the gravitational force,
and the star will collapse into a compact object. The mass of the star determines the
final state of the remnant. A star with M . 8M will reach a new equilibruim where
it is supported against the force of gravity by electron degeneracy pressure, forming a
white dwarf. At the highest stellar masses (M & 30M ), neither electron nor neutron
degeneracy pressure is sufficient to support the star’s mass against its own self-gravity
and it will collapse into a black hole. Between these two mass limits, the star will undergo a supernova explosion and the remnant will most likely collapse into a compact
object called a neutron star. There are approximately 3 ⇥ 1011 stars in the Milky Way
galaxy, over 9000 detected white dwarfs (mostly discovered with the Sloan Digital Sky
Survey), and about 2000 detected neutron stars (mostly discovered as radio pulsars;
see the ATNF catalog at http://www.atnf.csiro.au/research/pulsar/psrcat/).
Shortly after the discovery of the neutron, Baade & Zwicky [1934] proposed the
existence of neutron stars. From dimensional arguments, it was suggested that these
objects should have densities on the order of nuclear densities (⇢ ⇠ 1014

1015 g

6
cm 3 ), masses on the order of 1.5M , and radii on the order of 10 km. They were
expected to be extremely difficult to confirm observationally due to their small size.
More than 30 years later, Hewish and Bell [Hewish et al., 1968] discovered a
radio source with remarkably steady pulses at a period of 1.37 seconds. Similar
sources with shorter periods were soon discovered in the Crab Nebula and the Vela
supernova remnant [Staelin & Reifenstein, 1968, Large, Vaughan, & Mills, 1968].
Long observations showed that the periods of these objects were slowly increasing,
except for brief events known as “glitches,” and that while the radio light curve could
vary significantly from pulse to pulse and even occasionally disappear altogether, the
shape of the pulse averaged over many periods remained nearly constant. These
sources came to be known as “pulsars.”
Determining the nature of pulsars was something of a process of elimination.
The short periods ruled out the possibility that these objects were ordinary stars or
rotating white dwarfs, since the rotational velocity of the source would have to be
greater than a white dwarf’s breakup velocity. Similarly, a white dwarf binary was
ruled out because the semimajor axis of the binary orbit would have to be smaller
than a white dwarf. Pulsating white dwarfs and pulsating neutron stars were likewise
ruled out by timescale arguments; the fundamental period for a pulsating star is
⇠ (G⇢)

1/2

, which is & 2 s for a white dwarf (too long) and ⇠ 10

3

s for a neutron

star (too short). The consensus soon formed that these “pulsars” were in fact rotating
neutron stars.
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In the accepted pulsar picture, pulsars are rapidly rotating neutron stars with
mass of the order of the Chandrasekhar mass (1.44M ) and radius of approximately
10 km. The details of the neutron star structure depend on the equation of state,
which is not well known. In most models, starting at the surface, one first encounters a
crystalline crust of electrons and nuclei. At densities exceeding the critical density for
neutron drip (4.3⇥1011 g cm 3 ), where n-p-e equilibrium is driven in favor of creating
free neutrons, an inner crust of nuclei, electrons, and superfluid neutrons forms. The
outer and inner crust together are generally less than 1 km thick. Working inward,
when the density is greater than nuclear densities (⇢nuc ⇡ 2.8 ⇥ 1014 g cm 3 ), protons
become superfluid as well; the thickness of this layer depends strongly on the nature
of the equation of state, which is the relationship between the (degeneracy) pressure
and the mass density of the neutron star material. At the center of the star, even
more exotic forms of condensed matter, such as pion condensates or quark matter,
may exist [Shapiro & Teukolsky, 1983].
One characteristic feature of neutron stars is an extremely strong magnetic field,
with surface polar field strengths on the order of between 109 and 1015 Gauss. These
field estimates are roughly consistent with the magnetic fields one would expect from
magnetic flux-freezing during a core collapse event. In this case, BR2 would be a
conserved quantity, and we would expect
BN S ⇠

B R2
.
2
RN
S

(1.1)

If an object of the Sun’s radius and magnetic field were collapsed down to the size of a
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neutron star, for example, this would lead to a final magnetic field of ⇠ 5⇥109 Gauss.
Field strengths are inferred by measuring the pulsar’s period and period derivative
and setting the rotational energy loss rate equal to the Larmor formula for magnetic
dipole radiation [Manchester & Taylor, 1977]; this can be derived from Eq. (1.5)
below.
B
=
Gauss

s

3c3 IP Ṗ
2

8⇡ 2 R6 sin ↵i

⇡ 3.2 ⇥ 1019

s

P Ṗ
,
sec

(1.2)

where I is the neutron star moment of inertia, R is the neutron star radius, P and
Ṗ are the period and period derivative, and ↵i is the inclination of the magnetic
axis with respect to the rotation axis. Since ↵i is generally not known, the canonical
field estimates which assume sin ↵i ⇡ 1 may significantly underestimate the true
field. Additionally, a parameter called the “braking index” (n) can be calculated
from the second derivative of the period, which can be measured given a sufficiently
long observation as long as the pulsar does not glitch too much [see, for example,
Kaspi et al., 1994, Manchester & Peterson, 1989].
n=

¨
⌦⌦
⌦˙ 2

(1.3)

The braking index describes the rate of spindown in a power law deceleration model:
⌦˙ =

(constant)⌦n .

(1.4)

For magnetic dipole radiation, this can also be calculated from the Larmor formula:
Ė = I⌦⌦˙ =
⌦˙ =

Bp2 R6 ⌦4 sin2 ↵i
6c3
Bp2 R6 sin2 ↵i 3
⌦.
6Ic3

(1.5)
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Therefore, a braking index of 3 would indicate that a pulsar is undergoing energy
loss only from magnetic dipole radiation. Observed braking indices have a wide
scatter, spanning a range of at least 1000. This picture is further complicated by
non-continuous timing observations, which may miss glitch events and cause flawed
estimates of the braking index.
Furthermore, from equation 1.5, we can see that if a pulsar’s luminosity is proportional to its spindown energy loss rate, we should expect that
L/

Bp2
.
P4

(1.6)

This controls the detectability of pulsars to a large extent, since pulsars with large
magnetic fields or short periods will be brighter and thus easier to detect for a given
source distance.
Except for the Crab pulsar, which was created in a historical supernova in 1054
A.D., the ages of pulsars are difficult to determine. By assuming that the pulsar was
born with a much shorter period than it has now and assuming that the braking index
is 3 (spindown is due solely to magnetic dipole radiation) and the pulsar’s magnetic
field remains constant, we can calculate the “characteristic age,” which serves as a
useful proxy for the unknown true age. This is given by
⌧=

P
.
2Ṗ

(1.7)

For the Crab pulsar, the characteristic age is about 1250 years and the true age is
960 years.
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Figure 1.1 : Detected pulsars plotted in Ṗ P phase space, from Abdo et al. [2013].
Red dashed lines represent contours of constant spindown energy loss rate. Blue
dashed lines represent constant characteristic age ⌧ = P/(2Ṗ ). Green dashed lines
represent constant surface polar magnetic field (as in Eq. 1.2).
Within the neutron star population, there are several distinct subgroups that deserve special mention. The Ṗ

P diagram in Fig. 1.1 shows the radio pulsars (black

and gray; black indicates a radio-detected pulsar for which a search for gamma-ray
pulsations has been performed, and gray indicates one for which no search has been
performed) and the pulsars detected by Fermi-LAT (green, blue, red, and orange). In
the bottom left corner of the plot, there is a cluster of pulsars known as “millisecond”
pulsars (red and orange triangles; the pulsars without a measured period derivative
have been assigned a value of Ṗ = 5 ⇥ 10

22

s/s). These pulsars have short periods

and spin down very slowly. They are generally believed to be old pulsars that have
been spun up to their current periods by accreting matter from a binary companion.

11
The young gamma-ray pulsars (blue and green) have a range of magnetic fields comparable to other radio pulsars, but tend to have rotation properties comparable to
the youngest and most energetic radio pulsars. In the top right and not shown on
this plot are a group of objects known as Anomalous X-ray Pulsars (AXPs) or Soft
Gamma Repeaters (SGRs). These are generally understood as neutron stars with extremely strong (⇠ 1015 G) magnetic fields, called magnetars. They are not expected
to be detectable in the LAT band for reasons we will discuss, but they represent an
extreme case of the standard pulsar model.
As we move down and to the right on the Ṗ

P diagram towards lower spindown

energy loss rates, the number of observed radio pulsars tapers o↵. This “death line”
can be understood as the region of phase space where electron-positron pairs can
no longer be created efficiently in the neutron star’s inner magnetosphere, since the
source of radio emission from pulsars is usually understood to be due to coherent pair
plasma processes operating at low altitudes [Ruderman & Sutherland, 1975, Chen
& Ruderman, 1993, Zhang, Harding, & Muslimov, 2000]. For near-surface magnetic
pair creation (discussed in Chapter 2), this occurs when the polar cap is so small
that photons emitted along open field lines travel nearly parallel to the magnetic
field direction until they reach very high altitudes, which heavily suppresses the pair
creation rate.
Since the discovery of the first radio pulsars in 1967, the pulsar catalog has grown
to more than 2,300 sources. These include 1984 radio pulsars in the most recent
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ATNF catalog [Manchester et al., 2005], at least 66 x-ray pulsars as of 2006 [Liu,
van Paradijs, & van den Heuvel, 2006], and 14 optical pulsars as of 2006 [Shearer,
O’Connor, & Tuairisg, 2006]. Radio surveys have proven particularly e↵ective at
finding pulsars; the Parkes Multibeam Survey alone (conducted from 1997 to 2002)
discovered over 600 pulsars in the survey area, which was a narrow strip around the
galactic plane. However, the radio emission properties of pulsars left many questions
about emission mechanisms, emission locations, and pulsar energetics unanswered.
In order to provide alternative avenues for exploration, astronomers turned to multiwavelength observations.
Chandra, XMM-Newton, and ROSAT x-ray observations were used to measure
surface thermal emission from pulsars (see Zavlin [2007] for an excellent review of
these observations). The Geminga pulsar has an estimated surface temperature of
⇠ 4.9

5.2 ⇥ 105 K [Page, 1994, Kargaltsev et al., 2005]; Vela is somewhat hotter at

⇠ 6.8 8.5⇥105 K [Seward et al., 2000, Pavlov et al., 2001] and the radio-quiet pulsar
J1836+5925 is somewhat cooler at ⇠ 3.5 ⇥ 105 K [Halpern et al., 2002]. Most of the
pulsars for which thermal emission was observed (notably the pulsars Vela, Geminga,
B0656+14, and B1055-52) showed a thermal x-ray spectrum that could be fit by a
combination of two blackbodies of di↵erent temperatures, possibly with the cooler
blackbody corresponding to the majority of the neutron star surface and the hotter
blackbody corresponding to a heated polar cap (see, for example, Pavlov et al. [2001],
where the authors find that the Vela x-ray spectrum can be well modeled as a large
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region with T = 6.8⇥105 K and a small region with T = 1.49⇥106 K). Measurements
of neutron star temperatures can help determine the cooling curves (temperature as a
function of age), which place important constraints on the equation of state (see Page
[1998], Yakovlev & Haensel [2003] and also Lattimer & Prakash [2007] for a review).
In the very youngest pulsars, such as the Crab, nonthermal magnetospheric emission
completely swamps the thermal emission from the surface, so it is not possible to
measure temperatures for these sources.
At higher energies still, the Crab Nebula, which contains a bright radio pulsar,
had been known to be a source of gamma rays since 1967, when Haymes, Ellis,
Fishman, et al. [1968] detected it with a balloon-borne instrument. Detection of
pulsed gamma-ray emission in 1971 confirmed the connection between the gamma
rays and the pulsar. The 1991 launch of the Compton Gamma-Ray Observatory,
with the EGRET instrument on board, promised the ability to search for gamma-ray
pulses associated with known radio pulsars. EGRET was sensitive from 30 MeV to
30 GeV, a new energy window at the time.
EGRET detected seven young to middle-aged gamma-ray pulsars, of which six
(including the Crab, Vela and Geminga pulsars) were high-confidence detections and
PSR 0656+14 was a marginal detection; the millisecond pulsar J0218+4232 was also
detected at a marginal significance level. All of these sources became the subject
of intense scrutiny via multiwavelength campaigns. Of particular interest were the
relationship between the gamma-ray and radio emission, the presence or absence of
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thermal emission, and the detailed multiwavelength spectrum.
Six of the seven high-confidence pulsars had radio counterparts, while the Geminga
pulsar may be radio-quiet within the limits of our detection sensitivity; the lowfrequency detection claimed by Malofeev & Malov [1997] has been questioned by
Kassim & Lazio [1999]. Multiwavelength observations showed that the gamma-ray
emission appeared to lead the radio peaks in all cases except Geminga and the Crab
pulsar (see, for example, the review article by Harding [2007] for the state of pulsar
observations prior to Fermi; see also Fig. 1.2). The peaks in the Crab pulsar’s
folded light curve are aligned in phase for all measured frequencies. Interestingly,
multiwavelength spectra of most of the EGRET pulsars showed that gamma-ray
emission dominates the pulsar power (the Crab spectrum peaks in hard X-rays: see
Fig. 1.3), and that EGRET pulsars all had a spectral cuto↵ around a few GeV.
The shape of this cuto↵ was not well measured with EGRET, because the turnover
occurred near the upper limits of EGRET’s sensitivity (see Fig. 1.3).
More recently, the atmospheric Cherenkov telescopes MAGIC and VERITAS have
detected pulsed emission from the Crab pulsar, phase-aligned with the peaks in other
frequencies, above 25 GeV and 100 GeV respectively [Aleksić et al., 2011, Aliu et
al., 2011], and a VERITAS observation has shown the existence of pulsed emission
at 350

400 GeV [Aleksić et al., 2012]. Unusually, the Crab’s high energy spectrum

seems to be inconsistent with a power law plus exponential cuto↵, and is much more
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CRAB

PSR B1509-58

VELA

PSR B1706-44 PSR B1951+32

GEMINGA

PSR B1055-52
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Figure 1.2 :
Phase-folded light curves for the seven EGRET pulsars
in multiple wavelengths.
Note the unusual alignment of the peaks in
all wavelengths for the Crab pulsar.
Image credit:
D. J. Thompson,
http://heasarc.nasa.gov/docs/cgro/images/epo/gallery/pulsars/index.html.

consistent with a broken power law (see fig. 1.4). It is not currently known whether
this is a characteristic of extremely young pulsars or if the Crab is an exceptional
source in this regard.
EGRET also detected about 200 sources with no clear identification with known
source classes. In the years when the Fermi Gamma-Ray Space Telescope (successor to
CGRO) was in development, there was a strong debate over how many of the EGRET
unidentified sources were actually pulsars. Harding & Muslimov [2004] predicted that
as many as 2/3 of the 28 unidentified EGRET sources with at least 1 radio pulsar in
their EGRET error box might be pulsars. Despite having possible radio associations,
these sources did not have enough EGRET photons to search for a periodic gamma-ray
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Figure 1.3 : Multiwavelength spectra of the seven EGRET pulsars from radio to
gamma rays. The Geminga pulsar is radio-quiet within the limits of our detection
capabilities and thus has only radio upper limits.
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Figure 1.4 : High energy spectrum of the Crab pulsar, as measured by Fermi, MAGIC,
and VERITAS, from Aliu et al. [2011]. The spectrum has been fit with a single
broken power law. A power law plus exponential cuto↵ is shown (heavy dashed line)
for comparison.
signal. Other EGRET unidentified sources had pulsar-like spectra, with high spectral
curvature and low variability, but no radio counterpart could be found. Except for
the very brightest sources, EGRET was not sensitive enough to allow for blind period
searches, a process that requires many photons and very long observations to establish
phase coherence of photons, so the possibility that these sources might be Gemingalike pulsars could not be adequately tested.
After the launch of Fermi, many EGRET unidentified sources turned out to be
pulsars. The pulsar catalog increased more than tenfold in just two years, from 7 to
over 145 at the most recent count. Blind searches, aided by a new time-di↵erencing
technique developed by Atwood et al. [2006], have discovered 35 pulsars to date, only
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four of which were shown to have radio counterparts in follow-up searches [Abdo et al.,
2009a, 2010a, Saz Parkinson et al., 2010]. This population of “radio-quiet” pulsars has
important implications for gamma-ray and radio emission geometry, since it requires
that the gamma-ray emitting region must be significantly misaligned from the radio
emitting region, so that the radio beam misses the Earth entirely.
Prior to Fermi, PSR J0218+4232 was the only hint of a gamma-ray millisecond
pulsar, and it was a marginal detection. Because the number of gamma rays from
a single source is quite small (a few photons per hour for the brightest sources), it
was difficult to detect a signal with a period of milliseconds in even many years of
EGRET data. Additionallly, most known millisecond pulsars are in binary systems,
which complicates the fast Fourier transform analysis further by adding an orbital
modulation at the period of the binary. Nevertheless, it was expected that millisecond
pulsars should be gamma-ray sources. Follow-up radio searches conducted on Fermi
unidentified sources with low variability and high spectral curvature found numerous
millisecond pulsars, and the radio timing solution could then be used to fold the Fermi
data set. 40 gamma-ray millisecond pulsars have been detected to date [Abdo et al.,
2013], approximately a third of all known gamma-ray pulsars, with similar spectral
properties to young gamma-ray pulsars.
Fermi’s Large Area Telescope (LAT) is sensitive from 30 MeV up to 300 GeV, a
range that comfortably includes the pulsar cuto↵s at a few GeV measured by EGRET
(instrument data available at http://fermi.gsfc.nasa.gov/ssc/). Newly available infor-
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mation from Fermi included well-measured pulsar spectral energy distributions and
much finer resolution in the pulse phase of the pulsars’ folded light curves. The
new measurements of the spectral cuto↵s have helped to settle long-standing physics
questions. Better-resolved folded light curves provided new insight into the detailed
structure of gamma-ray pulses and allowed for phase-resolved spectroscopy, both of
which tie into emission geometry questions; the best example is the extremely bright
Vela pulsar [Abdo et al., 2009b, 2010b]. Figure 1.5 shows phase-folded light curves
for the Vela pulsar, broken down into di↵erent energy bins. The excellent time and
energy resolution of the Fermi LAT allows much better determination of both the
pulse shape and the energy spectrum than was possible with EGRET (note the large
improvement over the EGRET-measured Vela gamma-ray pulse profile shown in Fig.
1.2).
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Figure 1.5 : Pulse profiles for the Vela pulsar in di↵erent energies in the Fermi LAT
band, from Abdo et al. [2010b].
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1.2

Pre-Fermi Modeling

Neutron star magnetosphere models generally fall between the extremes of a vacuum
dipole, which has analytic solution derived by Deutsch [1955], and a completely pairflooded magnetosphere, in which all electric fields parallel to the magnetic field lines
are shorted out by the plasma, which has been solved numerically in the “force-free”
limit by Spitkovsky [2006]. The force-free condition means that the plasma inertia is
small enough to be neglected, described by the condition ⇢E+(1/c)j ⇥ B = 0, where ⇢
is the charge density and j is the current density. Some amount of plasma must exist in
the magnetosphere due to the high drift electric fields induced by the pulsar’s rapid
rotation, but particle acceleration clearly does occur, so a realistic magnetosphere
must be some intermediate model between these two extremes. Introducing a finite
conductivity

for the plasma such that the currents generated in the fluid frame are

jfluid = Efluid is one way to parameterize such a magnetosphere. The force-free case
then corresponds to the extreme of

! 1 and the vacuum dipole corresponds to

= 0. For examples of such finite-conductivity models, see Kalapotharakos et al.
[2012] and Li, Spitkovsky, & Tchekhovskoy [2012].
The plasma is generally assumed to corotate with the neutron star out to the
“light cylinder,” the surface where corotating fields and particles would be traveling
at the speed of light. The presence of the light cylinder divides the magnetosphere
into the closed field region, where magnetic field lines originating at the neutron star
surface can return to the surface in a continuous loop, and the open field region,
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where the magnetic field lines eventually cross the light cylinder. The “last open field
line,” which we will refer to many times in this work, defines the boundary between
these regions, specifically where the field line just touches the light cylinder (see Fig.
1.6).
In an intermediate model containing some plasma, particle acceleration is assumed
to occur in “vacuum gaps”, plasma-free regions in which an electric field parallel to
the magnetic field can persist. In these gaps, the electric field is very strong, and
charged particles entering the gap are quickly accelerated to the Lorentz factors of
⇠ 107 that are required to radiate GeV gamma rays as curvature radiation. Three
specific cases of gap locations and shapes are discussed below: polar cap models with
the gaps located in the red-shaded regions of Fig. 1.6, slot gap models with the
gaps marked by blue shading, and outer gap models with the gaps marked by orange
shading.

1.2.1

Polar Cap Models

The first polar cap models were created by Sturrock [1971] and Ruderman & Sutherland [1975], and have undergone a great deal of modification since then. The neutron
star temperature controls whether both electrons and ions can be pulled o↵ the surface of the star, or electrons only. At lower temperatures, only electrons can escape,
a vacuum gap with E parallel to B will develop at the surface, and acceleration and
radiation will occur at extremely low altitudes. If the temperature is high enough
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Figure 1.6 : Diagram showing the emission sites for each of the three gamma-ray
emission models discussed above, from Aliu et al. [2008].
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to overcome the ion work function and allow free emission of both electrons and
ions, charges can flow freely along field lines. When these particles radiate and the
resulting photons begin to produce electron-positron pairs (the surface where this
occurs is called the “pair formation front”). If the primary particles are electrons, the
electron-positron pair is initially created traveling upward, but the electric field will
cause the positrons to slow down and shortly reverse direction and flow downward
instead. These mobile charges screen the electric field above the pair formation front
and prevent further acceleration (see Arons [1983] and the slot gap section below).
Because acceleration and radiation is occurring at low altitudes where the magnetic
field is closest to the “critical magnetic field” Bcr = m2e c3 /e~ (the magnetic field where
the cyclotron radius of an electron is equal to its Compton wavelength), the magnetic
pair creation process

! e+ + e is extremely efficient at attenuating gamma rays

above the pair creation threshold. The pair creation optical depth is proportional to
an exponential function of the magnetic field strength, the photon energy, and the
angle between the photon direction and the magnetic field direction [Erber, 1966]:
⌧ / B sin ✓kB exp

⇢

8
3!B sin ✓kB

,

(1.8)

(with B in units of the critical magnetic field and photon energy ! in units of me c2 )
and photons are attenuated by a factor of e ⌧ , which leads to the expectation of a
super-exponential cuto↵ in the gamma-ray spectrum [Daugherty & Harding, 1996].
The orbital energies of charged particles in magnetic fields are quantized with allowed
energies En = ~!c (n + 12 ), where !c is the cyclotron frequency. These allowed energy
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levels are called Landau levels. The primary pair (from magnetic pair creation) is
generally created in an excited Landau state, and the synchrotron photons they emit
as they drop to the ground state set o↵ a pair cascade, which considerably increases
the pulsar’s pair luminosity. These high pair multiplicities may be required to power
pulsar wind nebulae.

1.2.2

Outer Gap Models

Outer gap models argue that no gaps can exist close to the neutron star, because
the high E · B̂ in any vacuum region would immediately drive rapid pair production
until the parallel electric field is shorted out and the gap is filled. However, in the
outer magnetosphere, a gap can be created either as a consequence of a solution
to the difficult problem of a non-aligned rotating neutron star magnetosphere or by
assuming charge flow along the last open field line near the light cylinder [Cheng, Ho,
& Ruderman, 1986]. The gap then consists of a stripe of field lines near the last open
field line, with a high parallel electric field on the field lines in the center of the gap.
The electric field falls to zero both at the outer edge of the gap (the last open field
line) and the inner edge (the field line closest to the magnetic pole).
The vacuum gap that produces the particle acceleration, pair production, and
radiation is inferred to occur along the last open field line above the null charge surface
!!
(defined by ⌦ · B = 0, which is near the equator in an almost aligned rotator). Romani
[1996] defines a gap width w, assumed to be proportional to the -ray efficiency, and
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assumes a constant voltage drop across the vacuum gap and electric fields parallel to
the magnetic field. Photons are thus accelerated to high Lorentz factors along the
curved field lines and emit curvature photons (see, for example, Chiang & Romani
[1994]). Eventually, the emitting electrons reach a constant velocity when the energy
loss rate due to curvature radiation exactly balances the kinetic energy imparted by
the electric field, which produces a spectrum with an exponential cuto↵. Hirotani
has worked to put the outer gap model on a firmer theoretical basis (see Takata et
al. [2006] and Hirotani [2011], for example) by solving the Poisson equation for the
gap potential self-consistently.
A major prediction of several outer gap models has been the existence of a spectral
component at energies far above the spectral turnover at 1-10 GeV, resulting from
inverse Compton scattering [Chiang & Romani, 1994]. Upper limits in the TeV band
from atmospheric Cherenkov telescopes proved very constraining to outer gap models.
At first glance, then, the detection of pulsed emission from the Crab at energies greater
than 100 GeV would appear to be good news for the outer gap models. However, the
shape of the Crab’s VHE spectrum appears to be inconsistent with a curvature peak
plus an inverse Compton peak, and possibly more consistent with a single broken
power law over the entire Fermi-MAGIC-VERITAS range [Aliu et al., 2011].
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Figure 1.7 : Shape of the pair formation front and accelerating region in polar cap
models, from Harding [2007]. The left panel is applicable to the slot gap case, as the
PFF extends to high altitudes along the last open field line.
1.2.3

Slot Gap Models

The slot gap picture is basically an extension of the polar cap model to high altitudes,
and di↵ers from outer gap models mainly in the location and shape of the vacuum
gaps (see Muslimov & Harding [2004]). The pair formation front (see Figure 1.7)
develops as in the polar cap model, where particles can flow freely along field lines
and acceleration is limited by the development of a charge excess above the PFF
that screens the electric field (known as space charge limited flow). However, narrow
vacuum gaps persist from the surface all the way out to the light cylinder along the
last open field line due to inefficient pair screening of the electric field, and electrons
and positrons can be accelerated through these gaps and continue to produce photons via curvature radiation. The electron Lorentz factors are once again limited by
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radiation reaction, and like the outer gap, the slot gap can produce single-peaked,
double-peaked, or more complex pulse profiles. A purely geometric variant of this
model includes emission from both poles (explaining some inter-pulse emission), and
is known as the Two-Pole Caustic model [Dyks & Rudak, 2003].

1.2.4

Observational Diagnostics

Prior to the launch of Fermi, all of these models were still considered viable. EGRET
had detected the turnover in some pulsar spectral energy distributions, but only as
a few points at the upper limit of its energy range, thereby not clearly defining the
shape of the spectral turnover. EGRET data were equally consistent with either an
inner magnetosphere or outer magnetosphere model. Razzano & Harding [2007] noted
this fact and predicted that Fermi should be able to distinguish between polar cap
and outer magnetosphere (slot gap and outer gap) models based on the shape of the
Fermi spectrum. This can be seen in Fig. 1.8. Early Fermi LAT observations of the
Vela pulsar showed a simple exponential cuto↵ [Abdo et al., 2009b], and subsequent
observations of Vela have corroborated this and shown that the simple exponential or
slightly sub-exponential cuto↵ is present in both phase-averaged and phase-resolved
spectroscopic data [Abdo et al., 2010b]. The Vela spectrum in the Fermi band is
displayed in Figure 1.9. The high-energy emission is fit with a power law plus a
cuto↵ of the form
dN (E)
= AE
dE

exp

⇥

⇤
(E/Ec )b ,

(1.9)
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Figure 1.8 : Pre-Fermi comparison of simulated cuto↵s for the Vela pulsar with
polar cap and outer gap models from Razzano & Harding [2007]. Black points are
measured EGRET fluxes. The blue curve represents an outer gap model spectrum
displaying an exponential cuto↵; blue points represent simulated Fermi LAT data from
a simulated Vela pulsar producing outer gap emission. The green curve represents
a polar cap model spectrum displaying a superexponential cuto↵. Green points are
simulated Fermi LAT data from a simulated Vela pulsar producing polar cap emission.
The EGRET data does not clearly discriminate between the two models, but the
Fermi LAT team expected to be able to distinguish between them after a year of
observations. This was indeed the case (see Fig. 1.9).

where

is the power law index, Ec is the cuto↵ energy, and b is a fit parameter where

b = 1 is a simple exponential cuto↵. Observations of the other EGRET pulsars and
newly detected Fermi pulsars made it clear that the turnovers in every case where
a determination was possible displayed b  1, thus ruling out the polar cap class
of models that unambiguously predict super-exponential turnovers precipitated by
! e+ e [Abdo et al., 2010a, 2013].
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1.2.5

Current State of Pulsar High-Energy Emission Modeling

There is now a strong e↵ort underway from both the outer gap and slot gap camps to
produce detailed light curve models and attempt to match the vast array of information that the Fermi data provides (see, for example, Watters et al. [2009], Pierbattista
et al. [2010], and Pierbattista et al. [2014]). Typically, these calculations involve a
Monte Carlo technique and attempt to match the folded gamma-ray light curve, and
sometimes also the folded radio light curve and polarization signature, by varying
the pulsar inclination angle, the viewing angle, the gap width, and probable emission radii. The radio emission is expected to occur at lower altitudes (10

100RNS ),

and if the gamma-ray emission is tied to the last open magnetic field line, both the
separation between gamma-ray peaks and the di↵erence in arrival time between the
gamma-ray and the radio peaks should couple to the altitude of emission.
Fermi has provided a wealth of detailed data for comparison to these models.
Observations of the Vela pulsar [Abdo et al., 2009b], for example, show features such
as a third -ray peak between the two main peaks that shifts in phase with energy
and a decreasing ratio between the heights of the first and second peaks as the energy
increases (see Fig. 1.5). These features can both challenge and inform -ray emission
modeling.
In practice, it can be very difficult to say which model is favored by the available
light curves. Fig. 1.10 below shows an example of best fits with the two models
for PSR J0030+0451, as calculated in Johnson, Harding, & Venter [2011]. For this
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pulsar, the slot gap model is only slightly statistically favored. Similarly, in Abdo et
al. [2012], fits to PSR J0007+7303 (the CTA1 pulsar) imply that either scenario is
possible at slightly di↵erent viewing geometries. In these cases, additional constraints
from pair creation physics may be useful in narrowing the phase space for solutions.
Additionally, many pulsars have either no radio emission or only a single gamma-ray
peak. These pulsars are less amenable to altitude discriminations using geometric
models.
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Figure 1.9 : Phase-averaged spectrum for the Vela pulsar from Abdo et al. [2010b],
showing a slightly sub-exponential cuto↵ (b ⇡ 0.69). The sub-exponential cuto↵
comes from averaging across di↵erent pulse phases; the cuto↵ energy and power law
index vary with the gamma-ray pulse phase, but the phase-resolved spectra show
simple exponential cuto↵s (b = 1).
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Figure 1.10 : Comparison of best fits to the folded light curve of the millisecond
pulsar J0030+0451, for both -ray (top) and radio (bottom) emission, from Johnson,
Harding, & Venter [2011]. The key fitting parameters are ↵, the inclination angle
between the magnetic axis and the rotation axis, and ⇣, the viewing angle between
the rotation axis and the line of sight. The pink curves are a slot gap/two-pole
caustic model with ↵ = 73 , ⇣ = 57 , and the green curves are an outer gap model
with ↵ = 81 , ⇣ = 66 . The best fits were calculated with a Markov Chain Monte
Carlo technique. For this pulsar, the slot gap model is slightly statistically favored.
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1.3
1.3.1

Motivation for This Work
Magnetic Pair Creation

Even though magnetic pair creation-driven cuto↵s do not occur in the Fermi pulsar
sample, it is still worthwhile to perform the calculations for pair creation cascades.
The fact that super-exponential cuto↵s are not observed can be used to place a
physical lower bound on the altitude of origin for the high-energy emission. The
magnetic pair creation process is strongly height-dependent and should dominate at
low altitudes. Since the signature of strong pair creation - a super-exponential cuto↵
in the spectrum - is not observed, the emission altitude must be high enough that
attenuation due to single-photon pair production is not expected. The associated
physical lower bounds for the emission height should be considered as a complement
to geometric determinations of the emission height from gamma-ray and gammaray/radio peak separation in caustic scenarios [Watters et al., 2009, Pierbattista et al.,
2010, Venter, Johnson & Harding, 2012]. In particular, magnetic pair creation altitude
bounds can help constrain magnetospheric geometry in pulsars that do not possess
two distinct gamma-ray peaks [about 30% of the blind search pulsars: Saz Parkinson
et al., 2010] and are radio quiet; such pulsars are not amenable to caustic geometry
analysis. Minimum altitudes from magnetic pair creation are unlikely to help in
determining useful lower bounds for millisecond pulsars because the low millisecond
pulsar magnetic fields make magnetic pair creation inefficient (see eq. 1.8). However,
recent detections of pulsed emission from the Crab pulsar at 120 GeV [Aliu et al.,
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2011] and 350-400 GeV [Aleksić et al., 2012] lead to minimum altitude constraints
that are a significant fraction of the light cylinder radius (see Chapter 7), high enough
to begin to constrain slot gap models, and perhaps even outer gap models.
Furthermore, pair production rates are important in the understanding of pulsar
wind nebula energetics. The Goldreich-Julian currents alone cannot carry enough
energy to account for pulsar wind nebula luminosities [Rees & Gunn, 1974, de Jager,
2007, Bucciantini, Arons & Amato, 2011], and to achieve the required energy deposition, there must be prolific pair creation occurring in the pulsar magnetosphere.
Single-photon magnetic pair creation is very efficient at low altitudes and can produce large pair multiplicities [Daugherty & Harding, 1982, Muslimov & Harding, 2003]
approaching those needed to match nebular luminosities.
Pair opacity calculations date from early pulsar theory, such as in the work of
Arons & Scharlemann [1979]. Ho, Epstein, & Fenimore [1990], working on early
gamma-ray burst theory, recognized that

B attenuation posed a major prob-

lem for the escape of gamma rays from the neutron star surface. Their calculations,
which ignored general relativistic and rotational aberration e↵ects, showed that for
the escape probability to be significant at soft gamma-ray energies, emission must
be strongly beamed around the local magnetic field. For the higher-energy gamma
rays seen by Fermi, relativistic beaming guarantees that photons will be emitted essentially parallel to the local magnetic field. In Harding, Baring & Gonthier [1997],
although the focus was on photon splitting, the authors carried out single-photon
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pair production attenuation calculations for comparison purposes. These calculations
included GR influences and detailed consideration of threshold e↵ects in the computation of photon attenuation lengths and escape energies. In an extension of this
analysis, Baring & Harding [2001] illustrated the character of magnetic pair (and
photon splitting) opacity by exploring the dependence of photon escape energy on
the colatitude of emission for photons originating at the neutron star surface. They
also discussed cascading and the conditions under which pair creation (and therefore,
arguably, radio emission) should be e↵ectively quenched. Most recently, Lee et al.
[2010] tackled the problem of

B attenuation in detail. Their work, which produced

lower bounds for emission altitudes as a function of photon energy, incorporated potentially critical aberration and GR corrections, but largely ignored the threshold
behavior of the

! e+ e

rate. We update previous computations and apply them

to the Fermi data set.

1.3.2

Two-Photon Pair Creation

Gamma rays generated through curvature radiation can also pair-produce and be
attenuated via two-photon pair creation. The

+

0

! e+ + e process is a familiar

mechanism whose cross section calculation dates from the early days of quantum electrodynamics. There are two strong reasons to consider this process for neutron stars.
The first is a kinematic argument. In addition to gamma-ray photons, neutron star
magnetospheres should be bathed in thermal X-rays from the neutron star surface.
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Following Gould & Schréder [1967], we can use the threshold for

pair produc-

tion to estimate the minimum energy required for a photon to produce pairs with
such a thermal photon. If a thermal X-ray corresponding to the peak of a neutron
star blackbody spectrum collides head-on with another photon, it can produce an
electron-positron pair if the other photon has a minimum energy of approximately
1 GeV. If two-photon pair creation with thermal X-rays was efficiently attenuating
gamma rays above a few GeV, it would provide a natural explanation for the spectral
cuto↵s between 0.4 and 5.9 GeV seen in the Fermi data [Abdo et al., 2013]. It is
anticipated that such an attenuation turnover would be exponential in shape, not
super-exponential.
Second, because two-photon pair creation does not require a strong local magnetic
field in order for it to be efficient (as one-photon magnetic pair creation does), it can
continue to be active up to high altitudes, potentially remaining important for slot
gap and outer gap considerations. Furthermore, as the angle between the radial
direction and the magnetic field direction becomes large, we should expect that
attenuation between curvature photons beamed along the field lines and thermal
photons will become more efficient. This means that two-photon pair creation is
actually kinematically more favored at high altitudes than near the pole, as long as
thermal photon densities remain large enough.
Gould & Schréder [1967] calculated

absorption optical depths for high-energy

photons interacting with a lower-energy isotropic photon gas, and our considerations
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will be similar to theirs except that we cannot assume that the lower-energy photon
gas is isotropic. Pollack, Guthrie, & Shen [1971] used then-available data from the
Crab pulsar to estimate the dependence of the high-energy cuto↵ of the Crab spectrum
on the size of the emitting region, before any such cuto↵s had been measured. We
update these calculations with correct vacuum dipole geometries and cuto↵ energies
measured by the Fermi-LAT. We will calculate the di↵erential photon density for
the thermal photon gas and then use the interaction cross-section to calculate the
absorption optical depth for high-energy photons emitted parallel to the magnetic
field at various locations. In order to calculate this accurately for moderate to high
altitudes, one needs to take into account full rotational aberration e↵ects.

1.4

Synopsis

The majority of this thesis is devoted to the determination of pair opacity for single photons in strong magnetic fields, with a shorter treatment of two photon nonmagnetic pair opacity at high altitudes. In this thesis, we have taken an analytical
approach to the problem of magnetic pair creation opacity whenever possible. We
present magnetic pair creation transparency conditions as a function of colatitude
and height of emission for photons emitted parallel to the local magnetic field, as is
approximately the case for curvature emission. Our semi-analytic calculations for the
magnetic pair creation optical depth are computed for a variety of photon energies
and surface polar magnetic fields. We have included, analytically where possible,
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corrections for threshold conditions on magnetic pair creation, gravitational redshift,
general relativistic magnetic field distortion, and aberration due to neutron star rotation.
The physics that determines the form of the

B attenuation coefficient is

discussed in some detail in Chapter 2. We discuss the asymptotic approximation to
the pair creation rate of Erber [1966] and subsequent improved approximations from
Daugherty & Harding [1983], Baring [1988], and Baier & Katkov [2007], as well as the
polarization dependence of the pair creation rate. We lay out which approximations
are appropriate to di↵erent magnetic field and emission altitude ranges.
In Chapter 3 pair attenuation and opacity is explored for flat spacetimes and static
neutron stars. It is found therein that in flat spacetime, the maximum energy "esc of
a photon that can escape the magnetosphere is a declining function of the emission
colatitude ✓E and the surface polar magnetic field Bp . In particular, for Bp < 4 ⇥
1012 Gauss, the relationship "esc Bp sin ✓E ⇠ constant is borne out, in agreement with
Arons & Scharlemann [1979] and Chang, Chen, & Ho [1996], a direct consequence of
the asymptotic form [Erber, 1966] of the pair production rate. When the surface polar
field exceeds around Bp ⇠ 1013 Gauss, the influence of the pair creation threshold
at "esc ⇠ 2me c2 becomes profound, and the dependence of "esc on Bp weakens
substantially. If one fixes the escape energy, the altitude at which a photon can be
emitted and emerge from the magnetosphere unscathed by magnetic pair attenuation
is a monotonically increasing function of colatitude ✓E .
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Including general relativity e↵ects (Chapter 4) reduces the attenuation length for
pair creation, lowers the escape energies for surface emission locales by 20–30% for
Bp < 4 ⇥ 1012 Gauss (and around a factor of two for Bp ⇠ 4 ⇥ 1013 Gauss) and raises
the minimum altitudes of emission by at most 10–20%. For emission points above
two stellar radii, GR influences are generally insignificant.
Rotational aberration is discussed in Chapter 5. We find that including aberration e↵ects dramatically raises the minimum altitudes rmin for pair transparency at
small colatitudes above the magnetic pole. For most emission azimuthal angles, the
minimum altitude of emission increases monotonically with colatitude. In addition,
rmin quickly maps over to the flat spacetime, non-rotating magnetosphere results
when ✓E & 10 — then aberration influences are largely minimal in the inner magnetosphere because the co-rotation speeds are far inferior to c . This monotonic trend
for rmin continues right up to the above the magnetic equator, because of the relative
ease with which photons cross field lines at high magnetic colatitudes. In particular, we do not reproduce the putative decline of rmin as ✓E approaches 90 that is
claimed in Lee et al. [2010], and attributed therein to the influences of aberration.
In Chapter 6, we discuss the two-photon pair creation opacity and apply it in a
neutron star magnetosphere. We find that in the absence of rotational aberration,
two-photon pair creation cannot generate significant opacity for outbound photons in
neutron star magnetospheres unless the surface temperature of the star is assumed to
be unrealistically high (> 107 K). Inbound gamma rays can be attenuated more easily
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due to the near head-on collisions with surface thermal X-rays and larger thermal
photon densities encountered along their path, and we calculate the range of gammaray energies that can produce pairs at di↵erent radii along the last open field line.
In Chapter 7, we discuss the observational context for our results. We explore
the implications for two di↵erent classes of neutron stars: Fermi gamma-ray pulsars
and magnetars. Our magnetic pair transparency computations determine that the
emission altitude lower bounds calculated for Fermi-LAT pulsars are far below the
altitudes of emission calculated with geometric (pulse-profile) methods in most cases,
but still potentially important for higher magnetic field pulsars. Moreover, the detection of pulsed emission [Aliu et al., 2011] from the Crab pulsar at 120 GeV by
VERITAS puts its minimum altitude of emission at about 20 neutron star radii, and
this increases to around 31 stellar radii (20% of the light cylinder radius) if the pulsed
detection up to 350

400 GeV by MAGIC [Aleksić et al., 2012] is adopted. This is

an important result in that it provides a physics-based constraint on slot gap and
outer gap models for the Crab’s hard gamma-ray emission. In addition, applying our
results to supercritical field domains, we find that escape energies in magnetars are
generally below around 30 MeV, thereby precluding emission in the Fermi-LAT band
unless the altitude is above around 10 stellar radii.

Chapter 2
REACTION RATES FOR MAGNETIC PAIR
CREATION
The form of the magnetic pair creation rate is a central piece of the pair attenuation calculation. The physics of this purely quantum process has been understood
since the early work of Toll [1952] and Klepikov [1954]. This one-photon conversion
process,

! e+ e

is forbidden in field-free regions due to four-momentum conserva-

tion. In the presence of an electromagnetic field, there is a lack of translational invariance orthogonal to the field, so that momentum perpendicular to B does not have to
be conserved; it can be absorbed by the global field structure. In quantum electrodynamics (QED), this process is first order in the fine structure constant ↵f = e2 /~c ,
possessing a Feynman diagram with just a single vertex. Accordingly, within the
confines of QED perturbation theory, it is the strongest photon conversion process
in strong-field environments, and its rate only becomes significant when the field
strength approaches the quantum critical field Bcr = m2e c3 /(e~) = 4.413⇥1013 Gauss,
at which the cyclotron energy equals me c2 . Since energy is conserved, the absolute
threshold for

! e+ e

is 2me c2 , and because of Lorentz transformation properties

along B, when photons propagate at an angle ✓kB to the field, the threshold becomes
2me c2 / sin ✓kB for photons with parallel polarization.
In general, the produced pairs occupy excited Landau levels in a magnetic field,
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Figure 2.1 : Figure 5 of Daugherty & Harding [1983], showing the exact and asymptotic attenuation coefficients. The attenuation coefficient is plotted against a quantity
that we would designate !? /2 in our notation. The solid curve is the exact coefficient and the dashed curve is the Erber approximation given in Eq. (2.2). Note the
divergence of several orders of magnitude near the threshold at !? /2 = 1.
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and since the process generates pairs with identical momenta parallel to B at the
threshold for each Landau level configuration of the pairs, the reaction rate R exhibits a divergent resonance at each pair state threshold, producing the characteristic sawtooth structure shown in Fig. 2.1 (Daugherty & Harding [1983], hereafter
DH83; see also Baier & Katkov [2007]). Near threshold, there are relatively few
kinematically-available pair states; for photon energies !me c2 well above threshold,
the number of pair states becomes large. Since the divergences are integrable in photon energy space, mathematical approximations of the complicated exact rate can
be developed using proper-time techniques originally developed by Schwinger [1951].
These essentially form averages over ! of the resonant contributions, and provide the
user with convenient asymptotic expressions for the polarization-dependent attenuation coefficient. The most widely-used expressions of this genre are those derived
in Klepikov [1954], Erber [1966], Sokolov & Ternov [1968] and Tsai & Erber [1974].
Expressed as attenuation coefficients, they take the general form
Rpp
k,? =

↵f
B sin ✓kB Fk,? (!? , B)
–c

,

!? = ! sin ✓kB

,

(2.1)

where –c = ~/me c is the Compton wavelength over 2⇡ . Hereafter, all representations
of R have units of cm

1

, and all forms for F are dimensionless. Throughout, we

shall employ the scaling convention that B will be dimensionless, being expressed
in units of Bcr , and ! shall represent the dimensionless photon energy, scaled by
me c2 , in the local inertial frame of reference. The factor of sin ✓kB comes from the
Lorentz transformation along B from the frame where k · B = 0 , to the interaction
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frame. Thus, the rates in Eq. (2.1) are cast in Lorentz invariant form: !? and B are
invariants under such transformations, while sin ✓kB is an aberration or time-dilation
factor. The traditional polarization labelling convention adopted here is as follows:
the label k refers to the state with the photon’s electric field vector parallel to the
plane containing the magnetic field and the photon’s momentum vector, while ?
denotes the photon’s electric field vector being normal to this plane.
The functional forms for Fk,? derived in Erber [1966] and Tsai & Erber [1974]
are integrals over the individual energies of the created pairs, and are applicable only
to cases where the produced pairs are ultra-relativistic. In the limit of !? B ⌧ 1 , a
domain commonly encountered in pulsar applications, these integrals can be evaluated
using the method of steepest descents, and the asymptotic rate functions become (for
!?

2)
F?

1
2
= Fk = FErber
2
3

,

p
✓
◆
3 p3
8
FErber (!? , B) =
exp
3!? B
16 2

.

(2.2)

This result was established in Erber [1966], and demonstrates that the rate is an
extraordinarily rapidly increasing function of photon energy, sin ✓kB and the field
strength. Accordingly, one quickly infers that pair conversions by this process, instigated by photons emitted parallel to the local field, will cease above around 10
stellar radii from the surface. As an average over photon polarizations, FErber is the
simplest form employed in this paper, and is widely cited in the pulsar literature, for
example in standard polar cap models of radio pulsars [Sturrock, 1971, Ruderman &
Sutherland, 1975]. It is also the form that is employed in the pair attenuation calcu-
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lations of Lee et al. [2010]. In the opposite, ultra-quantum limit where !? B
alternative asymptotic forms with F?,k / (!? B)

1/3

1,

can be derived [Erber, 1966,

Sokolov & Ternov, 1968, Tsai & Erber, 1974]. These are of less practical use since
for such high photon energies or magnetic fields, the sawtooth structure of the rates
must be treated exactly during photon propagation in the magnetosphere.
High energy radiation in pulsar models is usually emitted at very small angles to
the magnetic field, well below pair threshold. This is true both in polar cap models
[Sturrock, 1971, Ruderman & Sutherland, 1975, Daugherty & Harding, 1982, 1996]
and outer gap scenarios [Cheng, Ho, & Ruderman, 1986, Romani, 1996], since the radiating electrons/pairs are accelerated along the B-field to very high Lorentz factors.
Consequently, -ray photons emitted near the neutron star surface will convert into
pairs only after they have propagated a distance s comparable to the field line radius
of curvature ⇢c , so that sin ✓kB ⇠ s/⇢c at the altitude of conversion. Erber’s expression for the pair production rate will be vanishingly small unless !B sin ✓kB & 0.2 ,
i.e., the argument of the exponential approaches unity. Hence, for fields B ⌧ 0.1
the asymptotic expression in Eq. (2.2) can be used in pair attenuation calculations.
However at higher field strengths, namely B & 0.1 , pair production will occur fairly
close to or at threshold, where Erber’s asymptotic expression overestimates the exact
rate by orders of magnitude (e.g., see DH83). Accordingly, it is imperative to include
near-threshold modifications to the rates, a serious need that was recognized and addressed in the pair attenuation calculations of Chang, Chen, & Ho [1996], Harding,
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Baring & Gonthier [1997] and Baring & Harding [2001], but omitted by Lee et al.
[2010].
Daugherty & Harding [1983] provided a useful empirical fit to the rate to approximate the near-threshold reductions below Erber’s form. Baring (1988) developed
an analytic result from detailed asymptotic analysis of the exact pair creation formalism. The origin of this analytic result was a modification of the WKB approximation Sokolov & Ternov [1968] applied to the Laguerre functions appearing in the
exact

! e+ e

rate, to specifically treat created pairs that are mildly relativistic.

A slightly di↵erent analysis of threshold corrections was provided more recently by
Baier & Katkov [2007], specifically their Eq. (3.4), yielding the form
FTH (!? , B) =

2
2!?

2
3!?

q
2
(!?

4

exp

4) L(!? ) (!? )

⇢

(!? )
4B

,

!?

2 ,
(2.3)

for
(!? ) = 4!?

2
!?

4 L(!? ) ,

L(!? ) = loge

✓

!? + 2
!? 2

◆

.

(2.4)

This analytic result will be used in this paper; it improves the Erber form by several
orders of magnitude near threshold !? ⇠ 2 , and in the limit !?

1,

(!? ) ⇡

32/(3!? ) and Eq. (2.3) reduces to Erber’s polarization-averaged form in Eq. (2.2).
Also, Eq. (2.3) agrees numerically with the empirical approximation of DH83. The
comparable analytic result in Baring [1988] di↵ers only by a factor of (!?

2)/(!? +

2) from Eq. (2.3), and therefore is slightly less accurate as an approximation to
the sawtooth structure of the exact pair creation rate near threshold. Observe that
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Eq. (B.5) of Baier & Katkov [2007] presents polarization-dependent forms to partially
account for near-threshold modifications to the polarized rate. This suggests that
2
F? ⇡ (!?

2
4)/(2!?
) Fk , but the accurate treatment of the polarization dependence

of pair thresholds, embodied in Eqs. (2.5) and (2.6) below, was omitted from their
approximation.
Technically, Eq. (2.3) can be applied reliably up to fields B ⇠ 0.5 , and provided !? B . 1 . When the field is larger, even the near-threshold correction to the
asymptotic rate becomes inadequate. Then, the discreteness of the sawtooth structure comes into play, as does the polarization-dependence of the process, and pair
creation proceeds mostly via accessing the lowest Landau levels. We model this in a
manner identical to HBG97, by adding a “patch” for the reaction rate when photons
with parallel and perpendicular polarization produce pairs only in the ground (0,0)
and first excited (0,1) and (1,0) states respectively. Here (j, k) denotes the Landau level quantum numbers of the produced pairs. We implement this patch when
!? < 1 +

p

1 + 4B . The exact, polarization-dependent, pair production attenuation

coefficient of Daugherty & Harding (1983) leads to the following forms. We include
only the (0,0) pair state for k polarization:
Fkpp

2B
= 2
exp
!? |p00 |

✓

2
!?
2B

◆

,

!?

2 ,

(2.5)

and only the sum of the (0,1) and (1,0) states for ? polarization:
F?pp

2B E0 (E0 + E1 )
=
exp
2
!?
|p01 |

✓

2
!?
2B

◆

,

!?

1+

p

1 + 2B

,

(2.6)
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where
E0 = (1 + p201 )1/2
for
|pjk | =

"

2
!?

4

1

,

E1 = (1 + p201 + 2B)1/2

(j + k)B +

✓

(j

k)B
!?

◆2 #1/2

,

which describes the magnitude of the momentum parallel to B of each member of the
produced pair in the specific frame where ✓kB = ⇡/2 , i.e. k · B = 0 . Observe that
because the pair threshold is dependent on the photon polarization state, for nearcritical and supercritical fields, incorporating polarization influences is potentially
important for determining conversion mean free paths, which are usually very small.
In fact, these mean free paths are small enough that the pair production rate in this
regime thus behaves like a wall at threshold, and photons will pair produce as soon as
they satisfy the kinematic restrictions on ! given in equations (2.5) and (2.6). Thus
either asymptotic or exact conversion rates can be employed with little di↵erence in
resultant attenuation lengths provided the polarization-dependent kinematic thresholds are treated precisely. It will emerge that escape energies are virtually insensitive
to the photon polarization state in sub-critical fields because these generally correspond to conversions at higher altitudes. Then the asymptotic rates are appropriate,
and their strong sensitivity to ! inverts to yield virtual independence of the escape
energy to polarization. This convenient circumstance does not apply to magnetars,
for which polarization dependence is more significant due to the disparity in pair
thresholds for the two photon polarization states.

Chapter 3
PAIR CREATION IN STATIC, FLAT
SPACETIME MAGNETOSPHERES
Although general relativistic e↵ects are expected to be important near the neutron
star surface, we can glean some important insights from considering the case of photon
attenuation in a dipole magnetic field in flat spacetime. This was the case dealt with
by Ho, Epstein, & Fenimore [1990] and Chang, Chen, & Ho [1996], among others, and
we compare our results to theirs. Furthermore, the analytic behavior of the optical
depth function is clearest in flat spacetime with no aberration. General relativistic
and aberration influences will perturb these results, but the flat spacetime case in
the absence of rotation will provide a useful limit against which to check the more
complex calculations. We will also confirm a result of Zhang & Harding (2010; see
also Lee et al. 2010), which indicates that in flat spacetime the photon escape energy
scales with emission altitude r as r5/2 , in the absence of rotational aberration e↵ects.
To assess the importance of single-photon pair creation in pulsars, we compute pair
attenuation lengths and escape energies as functions of the photon emission location,
i.e. altitude and colatitude, and also as functions of the energy observed at infinity.
Following Gonthier & Harding [1994] and Harding, Baring & Gonthier [1997], the
optical depth for pair creation out to some path length l , integrated over the photon
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trajectory, is
⌧ (l) =

Z

l
0

R ds ,

(3.1)

where R is the attenuation coefficient, in units of cm 1 , as expressed in general form
in Eq. (2.1). Also, s is the path length along the photon trajectory in the local
inertial frame; in flat spacetime, all such inertial frames along the photon path are
coincident. With this construct, the probability of survival along the trajectory is
exp{ ⌧ (l)} , and the criterion ⌧ (l) = 1 establishes a value of l = L that is termed
the attenuation length. A photon will be able to escape the magnetosphere entirely
if ⌧ (1) < 1 . In general, this will only be possible for photon energies below some
critical value "esc , at which ⌧ (1) = 1 ; this defines the photon escape energy "esc
as in Harding, Baring & Gonthier [1997] and Baring & Harding [2001]. It is the
strongly increasing character of the pair conversion functions in Eqs. (2.2) and (2.3),
as functions of energy ! , that guarantees magnetospheric transparency at " < "esc .
Observe that these formal definitions apply both to flat spacetimes here and general
relativistic ones in Section 4.
The geometry for general spacetime trajectories used in the computation of ⌧
is illustrated in Fig. 3.1. While slight curvature in the photon path is depicted
so as to encapsulate the general relativistic study in Sec. 4, this curvature can be
presumed to be zero for the present considerations of flat spacetime. Each of the
angles in this diagram can be defined once the emission colatitude ✓E and emission
altitude rE = hRNS are specified. The instantaneous colatitude ✓ with respect to the
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E

kB

Figure 3.1 : Photon propagation geometry in a dipole magnetic field, with red curves
representing field lines. The photon emission point is at an altitude rE = hRNS and
colatitude ✓E . The photon trajectory, represented by the black line, is a straight line
for flat spacetime and a curved path (shown here) for general relativistic considerations. At any location along the photon path, k is the photon momentum vector,
and B is the local magnetic field vector; the angle between these two vectors is ✓kB ,
given in Eq. (3.8). All such locations are defined by the propagation angle ⌘ , with
the radial position r relative to the center of the neutron star, and the distance s
from the point of emission being described by Equations (3.5) and (3.7), respectively.
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magnetic axis is
✓ = ⌘ + ✓E

.

(3.2)

This defines the propagation angle ⌘ , which is the angle between the radial vector at
the time of emission and the radial vector at the present photon position. The photon
trajectory initially starts parallel to the magnetic field, since gamma-rays in pulsars
are necessarily emitted by ultra-relativistic electrons that move basically along field
lines. Standard models of electron acceleration invoke electrostatic potentials parallel
to the local B (e.g. Sturrock 1971; Ruderman & Sutherland 1975; Daugherty &
Harding 1982), and velocity drifts across B due to pulsar rotation are generally much
smaller than c for young gamma-ray pulsars. Accordingly, gamma-rays produced by
primary electrons of Lorentz factor
of half angle ⇠ 1/

e

e

are beamed to within a small Lorentz cone

centered along B. This restriction conveniently simplifies the

trajectory parameter space, so that the angle between the radial direction and the
photon trajectory at the point of emission,
0

E

(Gonthier & Harding 1994 name this

), is determined only by the colatitude ✓E at the point of emission. The magnetic

field vector at any point in a flat spacetime dipole magnetosphere is given by
B =

o
3 n
Bp RNS
ˆ
2
cos
✓
r̂
+
sin
✓
✓
2r3

.

(3.3)

where Bp is the surface polar magnetic field, i.e., that at r = RNS and ✓ = 0 . The
geometry of Fig. 3.1 then simply sets
tan

E

=

1
tan ✓E
2

.

(3.4)
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This result is, of course, independent of the altitude of emission. One remaining piece
of the geometry is the relationship between the altitude along the photon path and
the angle ⌘ . This is simply derived using the trigonometric law of sines. Given
the dimensionless distance from the center of the neutron star

E

,

= r/rE , scaled by

the altitude of emission, satisfies
⌘

r
sin
=
rE
sin( E

E

⌘)

.

(3.5)

This is the locus of a straight line in polar coordinates, and it is trivially determined
that ⌘ !

E

as r ! 1 . The photon momentum vector k along this path satisfies

k̂ ⌘ k/! = cos(

⌘)r̂ + sin(

E

⌘)✓ˆ .

E

For flat spacetime geometry with no aberration influences, it is convenient to
restate the optical depth integral in Eq. (3.1) using the propagation angle ⌘ as the
integration variable:
↵
⌧ (l) = f
–c

Z

⌘(l)
0

B sin ✓kB F(!? , B)

ds
d⌘
d⌘

.

(3.6)

The propagation distance s is easily found using the trigonometric law of sines, and
thereby yields the change of variables Jacobian ds/d⌘ in Eq. (3.6):
s =

rE sin ⌘
sin( E ⌘)

)

ds
rE sin E
=
d⌘
sin2 ( E ⌘)

.

(3.7)

Therefore, the relationship for ⌘(l) is the inversion of Eq. (3.7) for s = l , i.e.,
tan ⌘ = sin

E

/(cos

E

+ rE /l) . The integrand in Eq. (3.6) includes a dependence on

the angle ✓kB between the photon trajectory and the local magnetic field, particularly
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through the attenuation coefficient function F . The photons start with ✓kB = 0 ,
and this angle increases at first linearly as the photon propagates outward. The angle
✓kB is given geometrically by
sin ✓kB =

|k ⇥ B|
k̂ B
k̂✓ Br
sin ✓ cos(
= r ✓
=
|k|.|B|
|B|

E

p ⌘) 2 cos ✓ sin(
1 + 3 cos2 ✓

E

⌘)

(3.8)

at every point along the photon’s path. Using Eq. (6.3) simply demonstrates that
the right hand side of this expression approaches zero as ⌘ = ✓

✓E ! 0 . Note also

that by forming cos ✓kB and using Eq. (3.5), one can show routinely that this result
is equivalent to Eq. (5) of Baring & Harding (2007). In the limit of small colatitudes
near the magnetic axis, one simply derives sin ✓kB ⇡ 3⌘/2 , which can be combined
with r/rE ⇡ 1 + 2⌘/✓E to yield ✓kB ⇡ 3✓E (r/rE

1)/4 . This dependence closely

approximates the low altitude values for ✓kB in flat spacetime exhibited in Fig. 5a of
Gonthier & Harding (1994). This completes the general formalism for pair creation
optical depth determination in Minkowski metrics.

56

3.1

Optical Depth for Emission Near the Magnetic Axis

In order to better understand the character of the optical depth integral, it is instructive to consider the case of a photon emitted at very small colatitudes. This
situation is representative of much of the relevant parameter space foryoung gammaray pulsars; for example, the Crab pulsar has a polar cap half-angle of about 4.5 and
the Vela pulsar has a polar cap half-angle of about 2.8 . For these photons emitted
very close to the magnetic axis, ⌘ and ✓E are small. In this limit, we have the
approximations
B ⇡

Bp (

⌘)3

E

h

3 3

sin ✓kB ⇡

,

E

for rE = hRNS . We also have ds/d⌘ ⇡ rE E /(

E

3
⌘
2

(3.9)

⌘)2 using Eq. (3.7), with

E

⇡ ✓E /2 .

These results can be inserted into Eq. (3.6), and the integration variable changed to
x = ⌘/

E

, yielding an approximation for the optical depth in axial locales:

3✓E Bp ↵f RNS
⌧ (l) ⇡
4 h2 –

Z

x+
8/(3✓E ")

x(1 x) F

✓

B
3
"✓ x, p [1
4 E h3

x]

3

◆

dx ,

x+ =

l
.
l + hRNS
(3.10)

This form is applicable to any choice of the pair conversion function F . Observe that
here the the local energy ! has been replaced with the energy " seen by an observer
at infinity; the two are equivalent in flat spacetime with no rotation, but when we
consider general relativity and aberration, the distinction will become important.
The upper limit x+ is the value of x = ⌘/

E

that realizes a path length l, and is

well approximated by l/(l + hRNS ) near the magnetic axis. The lower limit defines
the threshold condition, so that if "✓E  8/3 , propagation in flat spacetime out of
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the magnetosphere never moves the photon above the pair threshold at !? = 2 , and
⌧ = 0 over the entire photon trajectory. For the particular choice of Erber’s (1966)
attenuation coefficient in Eq. (2.2), the integral for the optical depth assumes a fairly
simple form:
p
Z x+
9 p
3 ✓E Bp ↵f RNS
⌧Erb (l) ⇡
x(1
2
–
64 2 h
8/(3✓E ")

x) exp

⇢

32h3
1
9"Bp ✓E x(1 x)3

dx .
(3.11)

If one considers emission points near the magnetic axis at di↵erent altitudes along
p
a particular field line with a footpoint colatitude ✓f , then ✓E ⇡ ✓f h gives the
altitude dependence of the emission colatitude. Exploring attenuation opacity along
a fixed field line is germane to treating gamma-ray emission that takes place along
or near the last open field line, where ✓f is fixed by the pulsar’s rotational period.
The escape energy "esc can be computed by setting ⌧ (1) = 1 , for which x+ ! 1 .
Imposing this ⌧ (1) = 1 criterion, and presuming "✓E

1 in Eq. (3.11), yields the

approximate altitude dependence
"esc / h5/2

(3.12)

for the escape energy. This is a flat spacetime result for near polar axis locales that
was identified by Zhang & Harding (2000; see also Lee, et al. 2010). Deviations
from this simple altitude dependence arise (i) when the footpoint colatitude ✓f is
not sufficiently small, (ii) if the pair conversion occurs not very far from the !? = 2
threshold, and (iii) down near the stellar surface where general relativistic e↵ects
modify the values of ! , B and ✓kB .
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For significantly sub-critical Bp , a complete asymptotic expression for the optical
depth after propagation to high altitudes can be determined using the method of
steepest descents to compute the integral for ⌧ (l) , since the integrand in Eq. (3.11)
is exponentially sensitive to values of x . This is precisely the method employed by
Arons & Scharlemann [1979] and later adopted by Hibschmann & Arons [2001] in
developing similar opacity integrations. The exponential realizes a very narrow peak
at x = 1/4 , so that for l ! 1 and x+ = 1
36
⌧Erb (l) ⇡ 19
2

✓

3⇡"Bp3 ✓f3
2h11/2

◆1/2

↵f RNS
exp
–

⇢

213 h5/2
35 "Bp ✓f

.

(3.13)

This result actually applies for any x+ > 1/4 , i.e. when l & hRNS /3 . It is independent of l since the integrand has sampled beyond the peak and has shrunk to
very small values when x exceeds 1/4 by a significant amount. Eq. (3.13) is in
agreement with the approximate optical depth computed by Hibschmann & Arons
[2001] in their Eq. (8), which was similarly formulated to treat gamma-ray propagation above the magnetic pole. Note that Arons & Scharlemann [1979] provided a
more general opacity integral by treating magnetic multipole configurations. Again
setting ⌧Erb (1) = 1 , and taking logarithms of Eq. (3.13), the escape energy "esc for
the Erber attenuation coefficient satisfies
"esc

213 h5/2
= 5
3 B p ✓f

⇢
✓ 6
◆
3⇡"esc Bp3 ✓f3
3 ↵f RNS
1
loge
+
log
e
–
2
219
2h11/2

1

.

(3.14)

While an exact solution for "esc must be determined numerically from this transcendental equation, the second logarithmic term on the right is only weakly dependent
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on its arguments. Therefore, to a good approximation, one can infer that "esc / 1/Bp
and "esc / 1/✓f , both of which emerge due to the presence of the factor !? B in the
argument of the exponential in Erber’s asymptotic form.
The same protocol can be adopted for pair conversion rates that include threshold
modifications, specifically Eq. (2.3). In this case, as the counterpart of Eq. (3.10) we
have
3✓E Bp ↵f RNS
⌧ (l) ⇡
4 h2 –

Z

x+

x(1
8/(3✓E ")

x) FBK07

✓

B
3
"✓E x, 3p [1
4
h

x]

3

◆

dx ,

(3.15)

again for x+ = l/(l + hRNS ) . We can simplify the ensuing analysis by making the
substitution

= 3✓E "/8

1 so that locally !? = 2 x along the trajectory. The

argument of the exponential is of the form h3 q(x, )/Bp where
(2 x)
q(x, ) ⌘
=
4(1 x)3

2 x
(1 x)3

( x)2 1
loge
(1 x)3

✓

x 1
x+1

◆

(3.16)

Using the method of steepest descents once again, we take the first derivative of
the function in the exponential, and set it equal to zero to find the peak of the
function. The solution of @q/@x = 0 is a transcendental function in

, but it can

be numerically approximated to better than 3% by
x⇡

1
+ 0.82
4

5/3

Given @q/@x = 0, the logarithmic term loge [( x

.

(3.17)
1)/( x + 1)] can be expressed

algebraically, and q 00 (x, ) can be written in the following form:
q 00 (x, ) =

8 [ 2 (2x3 3x + 1) 3x + 3]
( 2 x(x + 2) 3)(1 x)5 ( 2 x2 1)

.

(3.18)
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The integral is then given approximately, as before, by the method of steepest descents. With some cancellation, we then obtain
⌧BK07


⇡ 3 Bp3
↵f RNS [3( x)2 1] ( x 1)
⇡
–
2" 2 x ( x + 1)
2(x + 2) (1 x) |⌥| h7

1/2

exp

⇢

h3
Bp
(3.19)

where
⌥ =

1

2x

2x2 +

3
2

,

=

x)2

(1
4

n

2

x(x + 2)

3

o

Here ⌥ is employed to render the q 00 (x, ) term more compact, and

.

(3.20)

= 1/q(x, ) .

p
Noting that ✓f ⇡ 8 /(3" h) in this small colatitude limit, Eq. (3.19) agrees with the
Erber approximation in Eq. (3.13) to high precision in the regime where

! 1 , and

exhibits the appropriate threshold behavior. Setting ⌧ (1) = 1 gives a transcendental
equation that can be solved numerically for "esc . The impressive precision of this
analytic steepest descents result for the escape energy is apparent in Fig. 3.3 below.
Well above the escape energy, the pair attenuation length l is far inferior to the
neutron star radius. For surface emission ( h = 1 ), in this l ⌧ RNS limit, we can
assert x+ ⌧ 1 in Eq. (3.10), so that series expansion in the x integration variable
yields
3✓E ↵f RNS
⌧ (l) ⇡
Bp
4
–

Z

x+
8/(3✓E ")

xF

✓

3
"✓ x, Bp [1
4 E

◆

3x] dx ,

x+ ⌧ 1 .
(3.21)

Analytic reduction of this integral is fairly complicated for the case of the FB88 rate,
but is relatively amenable for the Erber form, which we employ at this juncture.

61
Inserting Eq. (2.2) for F , because of the strong exponential dependence of the integrand, the dominant contribution to the integral comes from x ⇡ x+ . Replacing
the factor of x in the integrand that lies outside the exponential by x3+ /x2 , for
x+ ⇡ l/RNS , yields
p
✓
◆3
⇢
9 3p
Bp ✓E ↵f RNS
l
32
⌧ (l) ⇡
exp
–
RNS
3"Bp ✓E
64 2

Z

x+

exp
8/(3✓E ")

⇢

32 1
9"Bp ✓E x

dx
x2

.

(3.22)
This manipulation a↵ords analytic evaluation of the integral. The attenuation length
L is obtained by setting ⌧ (L) = 1 in the resulting equation for ⌧ (l) , which after
rearrangement leads to
exp

⇢

32RNS
9"Bp ✓E L

p
✓
◆3
⇢
⇢
2048
2
–
R
32
4
NS
p
⇡
exp
+exp
L
3"Bp ✓E
3Bp
81 3 "Bp2 ✓E2 ↵f RNS
(3.23)

In general, solutions for L are realized when the second exponential term on the
right hand side of Eq. (3.23) can be neglected, at the < 10

3

level. This simplifies

the algebra, and taking logarithms, one arrives at
9"Bp ✓E
RNS
⇡ 3+
loge
L
32

"

#
p
81 3 "Bp2 ✓E2 ↵f L3
p
2
2048 2 –RNS

.

(3.24)

This transcendental equation must be solved numerically, though the general trend
is given approximately by L / ("✓E )

1

when L ⌧ RNS , since the dependence on

parameters inside the logarithmic term is weak. This compact analytic derivation
nicely describes the attenuation length values for the Erber rate, as is evident in
Fig. 3.2.

.
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The general character of the attenuation length solutions for the full FBK07
pair attenuation rate near threshold is depicted in Fig. 3.2, for a neutron star radius of RNS = 106 cm. Note that computations (not shown) that also include the
polarization-averaged forms for the first two “sawtooth” peaks [see Sec. 2] in the exact
attenuation coefficient formula of Daugherty and Harding (1983) generate attenuation lengths that are almost indistinguishable from those shown, even for Bp = 1 .
The attenuation length curves are declining functions of the photon energy, generally
with the expected L / 1/" dependence when L ⌧ RNS . While they illustrate the
particular case of surface emission from a colatitude of ✓E ⇡ 5.72 , i.e. close to the
polar cap colatitude for the Crab pulsar, at high energies, our calculations also reveal
roughly L / 1/✓E behavior for a range of non-equatorial emission colatitudes.
Since the pair attenuation rate increases rapidly with magnetic field strength, the
attenuation length declines with increasing Bp , roughly as 1/Bp in accordance with
Eq. (3.24) for Bp . 0.1 . However, as the magnetic field of the pulsar approaches Bcr ,
photon attenuation occurs for angles ✓kB closer to the absolute pair creation threshold
of " sin ✓kB = 2 , independent of the value of Bp . The attenuation length curves
for Bp = 0.3 and Bp = 1 then become indistinguishable at intermediate energies
102 . " . 104 because the attenuation coefficients just above the pair creation
threshold are so large that the distances traveled by the photons after they cross
the threshold are minuscule in comparison with the propagation distance required to
reach the threshold. At the very highest energies, the Bp = 0.3 and Bp = 1 curves
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begin to diverge again because the attenuation coefficients drop by several orders of
magnitude and the distance a Bp = 0.3 photon travels after crossing the threshold
before converting becomes comparable to the distance it transits before reaching the
point where " sin ✓kB = 2 .
The dashed curves display the attenuation lengths for Erber rate formalism [see
Eq. (3.11)]. Since the Erber form significantly overestimates the attenuation coefficient near pair threshold, it generates shorter attenuation lengths than does the more
precise determination using Eq. (3.15). The analytic approximation in Eq. (3.24) to
the Erber ⌧ (L) = 1 formalism is also shown as discrete dots, demonstrating a good
precision in matching the fully numerical curves at high energies. This approximation
provides a useful guide to the generic character of attenuation in L ⌧ RNS domains.
The vertical upturns in the curves at low energies define the photon escape energies
"esc for each Bp case; such features are the focus of Section 3.2, and demarcate the
energy domains for pair creation transparency of the magnetosphere.
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θ

Figure 3.2 : The pair attenuation length L (satisfying the criterion ⌧ (L) = 1 ) of
photons emitted from the neutron star surface ( h = 1 ) in flat spacetime, plotted as
a function of photon energy. The emission colatitude is 0.1 radian. The curves are
labeled with the surface polar magnetic field, Bp , scaled by the quantum critical field.
Solid curves represent lengths computed using the integral calculation of the optical
depth in Eq. (3.15), i.e. they employ the approximation derived by Baier & Katkov
(2007); see Sec. 2 for details. Dashed lines depict the attenuation lengths computed
from Eq. (3.11) using Erber’s (1966) reaction rate. The large black dots display the
approximate form of the attenuation length encapsulated in Eq. (3.24) for the cases
of Bp = 0.01 , Bp = 0.1 and Bp = 1 , thereby highlighting its high level of precision
when L ⌧ RNS = 106 cm.
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3.2

Pair Creation Escape Energies in Flat Spacetime

The focus now turns to the escape energies, since they provide upper bounds to the
spectral window of pair transparency for neutron star magnetospheres. Numerical
solutions of Eq. (3.6) in the limit l ! 1 can help gain a better understanding
of where the e↵ects of magnetic pair creation will be the strongest. By specifying
emission at the surface (h = 1), fixing a surface polar magnetic field Bp and then
solving for "esc as a function of the colatitude of emission ✓E , we obtain the plot
shown in Fig. 3.3. The core results are contained in the solid curves, which express
the ⌧ (1) = 1 criterion using the FBK07 attenuation coefficient derived by Baier &
Katkov [2007], in concert with the polarization-averaged forms for F that include
the first two “sawtooth” peaks in the exact attenuation coefficient formula expressed
in Eqs. (2.5) and (2.6). We can see that for small colatitudes, "esc / 1/✓E and
"esc / 1/Bp , as expected from Eq. (3.14). The dashed lines representing the steepest
descents approximation in Eq. (3.19) clearly illustrate the remarkable accuracy of
this expression over a wide range of colatitudes and subcritical fields. The e↵ects of
threshold corrections are also apparent from this Figure. For the purple Bp = 1 curves,
the Erber approximation (short dotted purple line) to the attenuation coefficient
produces escape energies nearly a factor of 3 below the threshold-corrected result.
For lower magnetic fields, pair creation is taking place well above threshold, and the
Erber curves are much closer to the threshold-corrected curves. Note that the analysis
of Lee et al. [2010] omits consideration of threshold influences in the pair production

66

rates, and thereby would underestimate "esc when the critical field is approached.
In comparing with extant flat spacetime computations of escape energies, our
results realize good agreement with Fig. 2 of Ho, Epstein & Fenimore (1990), using the
Erber asymptotic form of Eq. (2.2); this matches their chosen attenuation coefficient
closely. In this analysis, we assume that photons are always emitted parallel to the
magnetic field, so comparison of our results is made to the topmost (
of their Fig. 2, the x-axis of which is equivalent to log(

E

i

= 0 ) curve

+ ✓E ) in our variables. For

B = 2 ⇥ 1012 Gauss, the apparent di↵erence between our numerics and theirs is less
than about 15% , though visual precision in reading this plot limits such an estimate.
For the Erber attenuation coefficient in flat spacetime, multiplying the photon escape
energy from a fixed emission altitude and colatitude by the surface polar magnetic
field yields an approximately constant result.
If, on the other hand, one fixes the surface polar field and the photon energy, and
calculates the lowest altitude rmin from which photons of that energy can escape to
infinity, one can formulate a “pair convertosphere” plot like that in Fig. 3.4, which is
computed for flat spacetime. The leaf-shaped curves represent a cross-section through
a ⌧ = 1 surface that is symmetric about the magnetic axis. Inside the surface,
to a first approximation, all photons of the labeled energy will convert to pairs.
Outside the surface, photons can escape and be detected. At a fixed colatitude,
a higher altitude of emission results in a higher escape energy (corresponding to
shifting the curves in Fig. 3.3 up in energy). In a Minkowski metric, all of these
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θ

Figure 3.3 : The maximum energy "esc of photons emitted from the neutron star
surface ( h = 1 ) that can escape to infinity in flat spacetime, plotted as a function
of emission colatitude. The curves are labeled with the surface polar magnetic field,
Bp , scaled by the quantum critical field. Solid curves represent results for ⌧ (1) = 1
using the integral calculation of the optical depth in Eq. (3.10). This determination
employs polarization-averaged forms for F that include the first two “sawtooth”
peaks in the exact attenuation coefficient formula of Daugherty and Harding (1983),
and at higher !? uses the approximation derived by Baier & Katkov [2007]; see Sec. 2
for details. Dashed lines represent the ⌧ (1) = 1 determination using the steepest
descents approximation in Eq. (3.19), and the short dotted lines depict the asymptotic
form in Eq. (3.14) obtained using Erber’s (1966) reaction rate. Triangles are taken
from the computations illustrated in Fig. 2 of Chang et al. (1996), for comparison.
Although the steepest descents approximation was calculated in the small colatitude
limit, it remains extremely good out to moderate colatitudes before diverging from
the exact determination when ✓E ⇠ 1.
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minimum altitude curves drop to below the stellar surface at the magnetic pole, since
there the field line radius of curvature is very large, and photons do not quickly
encounter significant ✓kB during propagation when initially emitted parallel to the
local field. Rotational aberration influences, which will be considered in Section. 5
below, introduce an azimuthal asymmetry about the magnetic axis for an inclined
pulsar, and significantly distort the shape of the surfaces near the magnetic poles,
but not by much in equatorial regions. General relativistic influences (discussed in
Section 4) are significant below 2RNS , and while they do not appreciably alter the
overall morphology of the leaf-shaped contours, they do force them to high slightly
altitudes above the poles. Rotational aberration distorts the morphology of these
⌧ = 1 curves somewhat, introducing asymmetry between the leading and trailing
edges, along the lines of the magnetospheric cross section plot in Fig. 3 of Harding,
Tademaru & Esposito [1978].
As the pair convertosphere minimum altitude contours move to equatorial regions,
it is clear that rmin is a monotonically increasing function of colatitude ✓E . Photons
emitted above the equator more readily transit across the field lines than in polar
locales, and so have shorter attenuation lengths. This is because the magnetic field
lines possess shorter radii of curvature in equatorial zones than in polar regions, at
a given emission altitude. Hence, for a fixed photon energy, in order to compensate
and increase L to infinity, the local field strengths sampled must be lowered, forcing
the required ✓kB at the instant of conversion to larger values. Thus, the minimum
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altitudes must rise as ✓E does, and the result is the leaf-shaped morphology in Fig.
3.3. For moderately small colatitudes, this trend can be discerned from Eq. (3.14),
namely the Erber asymptotic form for the escape energy. It is noteworthy that this
behavior contradicts that displayed in Figure 3 of Lee et al. [2010], where their rmin
values drop for colatitudes ✓ & 60 , a decline that does not appear to depend on
aberrational influences in their work. It is not clear why this behavior is elicited
in their computations. In Section 5, we demonstrate that rotational/aberrational
influences on escape energy and minimum altitude determinations at these equatorial
colatitudes are comparatively small.
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Figure 3.4 : “Pair convertosphere” diagram for a pulsar with the same magnetic
field as the Crab, for flat spacetime and the specific case of no rotational/aberration
influences. Dipolar field structure (depicted in light red) underlays each leaf-shaped
green curve, which represents the lowest possible emission point at a given colatitude
for a photon of a fixed energy (as labelled), below which magnetic pair creation would
attenuate the photon before it could escape from the neutron star magnetosphere.
The photons are always presumed to be emitted parallel to the local field. The scale
is neutron star radii, with the unit radius circle in the center representing the neutron
star. General relativistic e↵ects alter these curves only very near the neutron star
surface, and then only modestly, moving them to slightly higher altitudes.

Chapter 4
GENERAL RELATIVISTIC EFFECTS
Our overall approach to calculating curved spacetime e↵ects on photon attenuation will be to integrate the optical depth over path length intervals in the local
inertial frame (hereafter LIF), with all magnetic fields, angles, energies, and distances
computed in that frame. In general, we will use the definitions for curved spacetime
quantities from Gonthier & Harding [1994, hereafter GH94], with the notation altered
slightly for clarity. Our starting point is again Eq. (3.1), therefore requiring specification of the quantities B , ! and ✓kB in the LIF. The blueshift of the photon energy
in the LIF from its value " ⌘ !1 at infinity (i.e. as observed) can be accounted for
with the simple correction
"
! = p
1

,

=

rs
2GM
⌘
r
c2 r

(4.1)

at radius r , where rs = 2GM/c2 is the Schwarzschild radius of a neutron star of
mass M . The introduction of the dimensionless parameter

to describe the radial

position will expedite the path length integration in curved spacetime constructs;
we will use it as our integration variable instead of ⌘ in Eq. (3.6), approximately
equivalently to the approach of GH94. The emission altitude rE will be prescribed
by

E

= rs /rE < 1 . Note that throughout, we will adopt the convention that " shall

denote the dimensionless photon energy as seen by an observer, and ! shall signify
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that in the LIF.
The general relativistic form of a dipole magnetic field in a Schwarzschild metric
was developed in Wasserman & Shapiro [1983]. It is also expressed in Eq. (21) of
Gonthier & Harding [1994] in the LIF in terms of the coordinates r and ✓ for an
observer at infinity:
BGR =


✓
Bp cos ✓ r
3
loge 1
rs
rs2 r
+3

Bp sin ✓
rs2 r

✓

◆

r
rs

rs
r

◆

+1+

✓

1 loge 1

rs
r

rs
r̂
2r

◆

(4.2)
+1

rs p ✓ˆ
2r
1 rs /r

.

In flat spacetime, where rs ⌧ r , Bp represents the surface polar field at ✓ = 0 . It
is more convenient to write this in terms of the scaled inverse radius

= rs /r . To

this end we define the functions
⇠r (x) =


1
loge (1
x3

⇠✓ (x) =



x3

1
p
1

x

x) + x +

x2
2
(4.3)
2

(1

x) loge (1

x) + x

x
2

.

Then, the curved spacetime dipole field is expressed via
BGR = 3
In flat spacetime, where

Bp
rs3

3

n

o
⇠r ( ) cos ✓ r̂ + ⇠✓ ( ) sin ✓ ✓ˆ

.

(4.4)

⌧ 1 , the leading terms of the Taylor series expansion

yield ⇠r ( ) ⇡ 1/3 and ⇠✓ ( ) ⇡ 1/6 , so that then Eq. (4.4) reproduces the familar
result in Eq. (3.3) in the absence of general relativity. The magnitude of the general
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relativistic field is then
BGR = 3

Bp
rs3

3

q
[⇠r ( )]2 cos2 ✓ + [⇠✓ ( )]2 sin2 ✓

;

(4.5)

this will be employed in the quantum pair creation rates in the local inertial frame.
The ratio of Eq. (4.5) for altitudes near the surface to its flat spacetime value (i.e.,
! 0 ) inferred from Eq. (3.3) reproduces the ratio plotted in Fig. 5c of GH94.
The trajectory of a photon emitted from a point in a neutron star magnetosphere
will be curved in the frame of an observer at infinity, though for cases of emission
near the polar cap, this is generally small [see Baring & Harding, 2001]. Here we incorporate the influence of the slight curvature in the path, so that calculating sin ✓kB
becomes a slightly more complicated exercise than it was in the flat spacetime approximation. First, the photon is emitted parallel to the magnetic field in the LIF.
This fixes

E

, the initial angle between the photon trajectory and the radial direction

(depicted in Fig. 3.1):
ˆ

sin
When
1/2 +
E

E

E

E

⌘

B✓
B

r=Re

sin ✓E ⇠✓ ( E )
= q
cos2 ✓E [⇠r ( E )]2 + sin2 ✓E [⇠✓ (

E

)]

2

⌧ 1 , this reduces to Eq. (6.3), though in general, since ⇠✓ (

/8 + O(

2
E

.

E

(4.6)
)/⇠r (

E

)⇡

) in this limit, it is easily seen that spacetime curvature increases

for proximity to the magnetic pole. This e↵ect is illustrated in Figure 3b of

GH94. The photon’s trajectory at infinity emerges parallel to a line drawn from the
center of the star, displaced from it by a distance b . This impact parameter b is
proportional to the ratio of two conserved quantities of the unbound photon orbit,
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the orbital angular momentum and the energy; consult Pechenick, Ftaclas & Cohen
[1983] or Chapter 8 of Weinberg [1972] for illustrations of such orbits. Scaling b by
the Schwarzschild radius, as we have with r , introduces a new trajectory parameter
b

= rs /b that can be related to

b

=

E

sin

E

p
1

E

⌘

E

and

via

E

q
(1
E

E

) 1 + [⇠(

E

)]2 cot2 ✓E

,

(4.7)

where
⇠( ) =

⇠r ( )
⇠✓ ( )

.

(4.8)

The first identity in Eq. (4.7) is derived from Eq. (17) of GH94 (correcting a typographical error therein: see Eq. (A2) of HBG97), who use the notation

0

for

E

.

Observe that the impact parameter can be smaller than the Schwarzschild radius for
almost radial trajectories initiated near the magnetic polar axis (setting sin
so

b

E

⌧ 1 ),

can assume values well in excess of unity where the orbit is a capture one,

if reversed. Inserting Eq. (4.6) to substitute for sin
function of the emission altitude (i.e.

E

E

then yields

b

purely as a

) and colatitude ✓E , and derives the second

identity in Eq. (4.7), with 0  ⇠( )  2 on the interval 0 
This second form for

b

 1.

is needed for the photon trajectory computation, an

integral expression for which is given in Eq. (11) of GH94:
✓( ) ⌘ ✓E +

✓ = ✓E +

Z

d

E

p

2
b

r
2 (1
r

r)

,

(4.9)

expressing the functional dependence ✓(r) , as viewed by an observer at infinity. An
alternative version of this can be obtained from Eq. (8.5.6) of Weinberg [1972]; see
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also Misner, Thorne & Wheeler [1973]. Since

E

in this construction, as the

photon propagates out from the star, then the change in colatitude
positive as the altitude r increases. Observe that

2
b

2

>

E

(1

E

✓ is necessarily
) from the second

identity in Eq. (4.7) so that the argument of the square root in the integrand of
Eq. (4.9) is positive-definite. In the case of a neutron star, generally

E

. 0.4 , and

the integral in Eq. (4.9) can be approximated extremely accurately by an analytic
form, for non-equatorial emission colatitudes ✓E . ⇡/4 ; see the Appendix for details.
This expedient step removes the trajectory integral from consideration, and speeds
up optical depth computations immensely. In the flat spacetime limit,

E

⌧ 1 , the

integral for the trajectory in Eq. (4.9) can be expressed analytically by replacing the
argument of the square root in the denominator by
the result can be inverted to solve for
=

b

✓

sin ✓E

2
b

2
r

. Then, forming sin ✓ ,

and thereby find the locus for the trajectory:
✓

arcsin

E

b

◆

.

(4.10)

This is a polar coordinate form for a straight line, and is easily shown to be equivalent
p
to Eq. (3.5) using the limiting form b ⇡ E 1 + 4 cot2 ✓E ⇡ E / sin E when E ⌧
1.

Given emission locale coordinates (

E

, ✓E ), for any subsequent position ( , ✓ )

along the curved trajectory, we can determine the angle ✓kB of the photon momentum
to the local field direction, in the LIF. This is simply done by forming a cross product
between the photon momentum kGR and BGR using Eq. (4.4) for the field. The
photon momentum in the LIF can be derived from the formalism in Section 3 of GH94,
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or by manipulation of the di↵erential form of the trajectory equation in Eq. (4.9),
i.e. setting k✓ /kr = d✓/dr =

( /r) d✓/d

and then normalizing to Eq. (4.1). The

result is
kGR =

⇢q

p"
b 1

2
b

2 (1

) r̂ +

p

✓ˆ

1

,

(4.11)

which can be simply inferred from Eq. (A1) of Harding, Baring & Gonthier [1997].
From this, one can form the angle

E

for the initial angle of the photon momentum

relative to the radial direction, via sin

E

= |kGR ⇥ r̂|/|kGR | =

E

p

1

E

/

b

, a

result that is the first identity in Eq. (4.7). Forming a cross product between the
photon momentum and the field vectors, it follows that
sin ✓kB

ˆ
|kGR ⇥ BGR |
B✓
⌘
=
1
|kGR |.|BGR |
B

1/2

2

(1

)

2
b

B r̂
B

)1/2

(1
b

,

(4.12)

an expression that is also routinely obtained by rearranging Eq. (37) of Gonthier &
Harding [1994]. Inserting the forms for the field components, elementary manipulations yield
sin ✓kB =

q

Employing the second form for

2
b

2 (1

b

)

p

1
⇠( ) cot ✓
q
1 + [⇠( )]2 cot2 ✓
b

in Eq. (4.7) quickly reveals that when

this expression yields sin ✓kB = 0 . Using the fact that
function for 0 <

2

(1

(4.13)
=

E

,

) is an increasing

< 2/3 , and that ⇠( ) is a more modestly declining function of

on the same interval, it is routinely established that sin ✓kB increases as r increases
from the emission radius, i.e.

drops below

E

. Numerical comparisons of our

computations of sin ✓kB and the e↵ective pair threshold 2/ sin ✓kB with panels (a)
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and (b) of Fig. 5 of GH94 were performed, yielding excellent agreement. In the flat
spacetime limit

E

⌧ 1,

b

⇡

E

/ sin

E

⇡

/ sin(

E

⌘) can be deduced using

Eq. (3.5), and then it is straightforward to demonstrate that Eq. (4.13) reduces to
Eq. (3.8).
Finally, we choose to change our integration variable from s to

. In the LIF,

the path length is related to the coordinate transit time: ds2 = (1

)c2 dt2 in

the Schwarzschild case. Equivalently, the path length can be connected to the radial and angular (equatorial) contributions to the Schwarzschild metric via ds2 =
dr2 /(1

) + r2 d✓2 . The two forms are equivalent, yielding the proper time interval

d⌧ 2 = 0 for light-like propagation. Employing Eq. (18) of GH94, or equivalently taking the derivative of Eq. (8.7.2) of Weinberg [1972], yields an expression for dt/d
for the photon’s transit along its trajectory, essentially formulae for Shapiro delay.
Assembling these pieces one quickly arrives at the change of variables
ds
=
rE

2

q

(1

E

b

){

2
b

d

.
2 (1

(4.14)

)}

The optical depth integration for the case of including general relativity then takes
the form
⌧ ( ) = rE

E

Z

E

R(!, sin ✓kB , BGR ) b d
q
2
2
2 (1
(1
r) { b
r
r

r

,

(4.15)

r )}

where the arguments of the scaled quantum pair creation rate R are given by
Eqs. (4.1), (4.5) and (4.13). With this construct, we can formally define the attenuation length L as in Harding, Baring & Gonthier [1997] and Baring & Harding
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Figure 4.1 : Attenuation lengths for photons emitted at colatitudes of 5, 15, and 50
degrees, as functions of the photon energy " that is observed at infinity, for a neutron
star with surface polar magnetic field of Bp = 0.1 (left) and Bp = 1 (right). These
represent the quantity L , defined in Eq. (4.16) for curved spacetime (solid curves)
and Eq. (3.1) for flat spacetime (dotted lines). All curves use the threshold-corrected
attenuation coefficient in Eq. (2.3). The curves turn up and asymptotically approach
infinity at the escape energy "esc . The large dots for the Bp = 0.1 case on the left
depict pair attenuation lengths from Fig. 2 of Harding, Baring & Gonthier [1997],
specifically for emission colatitudes ✓E of 5 and 50 .

[2001] via
⌧(

L)

=1 ;

s(

L)

=L .

(4.16)

L is approximately the cumulative LIF distance that a photon of a given energy will
travel from its emission point before converting to an electron-positron pair. When
E

⌧ 1 , Eq. (4.15) is equivalent to the flat spacetime evaluation in Eq. (3.6).
Figure 4.1 displays the attenuation lengths computed for curved spacetime at two

di↵erent magnetic fields. These are evaluated specifically for emission from the neu-
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tron star surface. The curves are monotonically declining functions of photon energy
" as observed at infinity. At high energies, where L ⌧ RNS , pair attenuation occurs
very close to the surface and general relativistic e↵ects modify the field structure
and photon trajectory and redshift in a manner that is essentially independent of " .
Accordingly, for the B = 0.1 example, a dependence L / ("✓E )

1

is approximately

realized, just like the Minkowski spacetime dependence deduced from Eq. (3.24), but
with a smaller coefficient of proportionality in the GR case. The influence of curved
spacetime reduces L slightly, primarily because it amplifies both the field strength
and the photon energy in the LIF. In the B = 1 example, the GR-corrected and
flat spacetime attenuation lengths are almost identical because photon conversion
arises very soon after pair threshold (!? = 2) in the LIF is crossed during propagation. The trajectories then sample regimes

E

⌧

b

before attenuation, so that the

p
path length di↵erential in Eq. (4.14) approximately satisfies ds/dr ⇡ 1/ 1
using dr/r =

E

,

d / . Hence the post-Newtonian GR correction to the path length

s = L is precisely that for the blueshift of the photon energy in the LIF. Accordingly,
the computation of L in such threshold-conversion domains is insensitive to general
relativistic modifications.
At low energies, the curves turn up and asymptotically approach infinity at the
escape energy "esc . A small shift in escape energy is evident, due largely to the
gravitational redshifting of the photon energy. The monotonic trend of decreasing L
and "esc with increasing colatitude ✓E of emission is a result of increased field line

80

curvature away from the magnetic polar regions. The footpoint emission colatitude
✓f ⌘ ✓E can be coupled to a pulsar rotation period if it is assumed to be applicable
to the last open field line, ✓f ! ✓p . For a dipolar field in flat space-time this “polar
cap” colatitude is given by sin2 ✓p = 2⇡RNS /(P c) ⌘ RNS /RLC , where RLC = P c/2⇡ is
the light cylinder radius. With general relativistic modifications to the field structure,
as defined by Eq. (4.4),
sin2 ✓p =

⇠r (
E ⇠r (

LC

LC

)

E)

.

(4.17)

This is Eq. (27) of Gonthier & Harding [1994]. Here

LC

much less than unity for young pulsars, so that ⇠r (

LC

= rs /RLC , which is usually

) ⇡ 1/3 . Generally,

E

=

rs /RNS is not much less than unity. Finally, for the Bp = 0.1 case (left panel),
Fig. 4.1 also displays points corresponding to the pair attenuation computations in
Fig. 2 of Harding, Baring & Gonthier [1997]. Our L results here range from 10–30%
higher than these older evaluations — this di↵erence is discussed below.
The escape energies calculated for the general relativistic analysis are shown in
Fig. 4.2, as functions of the emission colatitude, for di↵erent polar magnetic field
strengths. Also depicted are the flat space-time equivalents for Bp = 0.01, 0.1, 1 (in
units of Bcr ), clearly demonstrating that GR corrections have a greater impact for
Bp ⌧ 1 cases (almost by a factor of two) than for Bp ⇡ 1 domains. When ✓E ⌧ 1 ,
the escape energies for curved spacetime simply satisfy "esc / ✓E 1 , as expected,
since the form of the argument of the exponential in the pair creation attenuation
coefficient remains approximately the same as for the flat space-time situation: photon
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θ

Figure 4.2 : Escape energies from the neutron star surface in curved spacetime for the
attenuation rate defined in Eq. (4.16). The dashed curves are taken from the solid
lines in Fig. 3.3 and represent the flat spacetime escape energies for the same magnetic
fields. Triangles are the escape energies calculated by Chang, Chen, & Ho [1996], as
in Fig. 3.3. Colatitudes of 5, 15, and 50 degrees are marked for easier comparison with
Fig. 4.1. Including GR e↵ects lowers the escape energies, but preserves the same slope
because the basic form of the exponential in the attenuation coefficient is unchanged.
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θ

Figure 4.3 : Pair creation escape energies in curved spacetime for five altitudes of
emission, as a function of emission colatitude. The unscaled surface polar magnetic
field Bp = 6.76 ⇥ 1012 Gauss is that for the Vela pulsar, and is only slightly di↵erent
from the value for the Crab pulsar. The two dotted curves represent the loci of
colatitudes appropriate for the last open field line for pulsars with periods of 0.033 s
(Crab) and 0.089 s (Vela). Also marked with the horizontal arrow is twice the cuto↵
energy Ec = 3.03 GeV measured in the Fermi-LAT phase-averaged spectrum of Vela,
identifying the minimum altitude of rE ⇡ 5RNS for super-GeV emission in this pulsar.
conversion arises well above pair threshold. In this low emission colatitude regime
( ✓E . 0.2 ), when the field is highly sub-critical, it then also follows that "esc / Bp 1 , a
dependence that is evident in the Figure. Once the polar field approaches and exceeds
Bcr , the escape energies become almost independent of the field value, because any
pair conversion at high altitudes still is fairly near the threshold !? = 2 .
In Fig. 4.3, the general relativistic escape energy is again plotted as a function
of emission colatitude, but now illustrating the dependence upon emission altitude
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rE = hRNS . This evinces the expected increase of "esc as the emission point becomes
more remote from the stellar surface. To forge a preliminary connection with pulsar
observations, contours in this escape energy phase space are depicted for the last
open field lines pertinent to the Crab and Vela pulsars. These employ solutions of
Eq. (4.17) for the parametric locus of this field lines, specifically for the two di↵erent
pulsar periods, and curve somewhat down near the stellar surface since curved spacetime reduces the polar cap size (e.g. see Gonthier & Harding 1994). At low altitudes,
the trend of "esc / h2 is approximately realized along these diagonal contours. Once
the emission altitude rises above h & 2 , GR influences are quite small, and the
flat spacetime trend of "esc / h5/2 in Eq. (3.12) is approximately satisfied instead
along these contours. The reduction of the polar cap size is primarily responsible for
the general relativistic weakening of the altitude dependence near the stellar surface.
To find a minimum altitude for emission, one locates the point on these contours
of constant period where "esc = ↵Ec , where ↵ = 2 and Ec is the exponential
cuto↵ energy of the observed pulsar spectrum. The choice for the Vela pulsar, where
Ec = 3.03 GeV for the phase-averaged spectrum [Abdo et al., 2013], is illustrated in
the upper left, yielding an estimate for the minimum altitude of emission rmin ⇡ 5RNS
for Vela. This bound delineates the range of altitudes for which pair transparency
is achieved in the magnetosphere of a given pulsar, for emission along the last open
field line. This protocol for constraining the emission zones of pulsars is discussed at
greater length in Section. 7.
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The pair production attenuation lengths and escape energies computed here di↵er
slightly from those presented in Harding, Baring & Gonthier [1997] and Baring &
Harding [2001]. The attenuation lengths in Fig. 4.1 are systematically higher by
around 10% than those in the left panel of Fig. 2 of Harding, Baring & Gonthier
[1997]. The escape energies in Fig. 4.2 are higher than the corresponding evaluations
in Harding, Baring & Gonthier [1997] by around 20-30%. The origin of this di↵erence
is presently unclear. We observe that there appears to be a slight disagreement
between the values of sin ✓kB computed in Harding, Baring & Gonthier [1997] for
curved spacetime and those derived in this work and in Gonthier & Harding [1994],
with those in Harding, Baring & Gonthier [1997] being about 15–20% higher. This is
consistent with the slightly lower values of L and "esc computed in Harding, Baring
& Gonthier [1997] relative to those here. As noted above, there is excellent agreement
between our geometry and attenuation coefficient calculations and those presented in
Gonthier & Harding [1994]. Our numerical results for the GR case map continuously
over to the

E

! 0 flat spacetime cases illustrated in Sec. 3. These latter checks

indicate that the curved spacetime results presented here appear to be robust.
As a concluding focus, the techniques in this Section can be applied to downwardtraveling photons as well, a consideration that is germane to determining polar cap
and surface reheating. A curvature photon emitted from an inward-bound electron or
positron will experience both stronger magnetic fields and larger sin ✓kB along its path
than its outward-traveling counterpart, so its escape energy will be considerably lower.
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Figure 4.4 : Escape energies in MeV for photons emitted parallel to the last open
field line for pulsars with periods and surface magnetic field strengths equal to those
of three observed pulsars. Solid curves indicate a photon traveling in the direction
of increasing colatitude ( ⌘ > 0 , the “upward” direction). Dashed curves indicate a
photon traveling in the direction of decreasing colatitude ( ⌘ < 0 with ⌘ defined as
in Fig. 3.1, the “downward” direction). General relativistic e↵ects are included in
this analysis, but rotational aberration e↵ects are not. The dashed curves come to an
end (black dots) where photons emitted from the altitude on the x-axis would impact
the neutron star. Note that the escape energy at this point may be less than the pair
creation threshold of 2me c2 because the energy at infinity will be blueshifted above
the threshold close to the neutron star.

Fig. 4.4 shows the escape energies for photons emitted along the last open field line
in curved spacetime. Solid curves represent upward-traveling photons; dashed curves
represent downward-traveling photons. The dashed curves come to an end where
photons emitted from the altitude on the x-axis would impact the neutron star. The
di↵erent colored curves represent parameters for three di↵erent pulsars: Crab (red),
B1509-58 (J1513-5908; blue), and Geminga (purple).
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The downward-traveling curves come to an end when the emission location starts
to experience the neutron star’s shadow. The edge of the shadow can by found by
solving for the maximum

(corresponding to the distance of closest approach to

the neutron star) for a photon trajectory, and then setting that maximum

equal

to 2M/R and solving for the emission radius. Using Gonthier & Harding [1994] Eq.
(10) (recast in our preferred variables), we can find the maximum
cubic equation in

given by
0 =

b

by solving the

✓

d
d✓

◆2

⌘

2
b

2

(1

)

.

(4.18)

depends only on the emission location, so using Eq. (4.7) and Gonthier & Harding

[1994] Eq. (27) to get
max (h) .

b (h)

for emission along the last open field line, we can find

When the trajectory just clips the neutron star, we will have
max (h)

=

2M
R

,

(4.19)

and this can be numerically solved for h to give the intersection of the edge of the
shadow and the last open field line. The escape energy for the trajectory that passes
closest to the neutron star can also be estimated. This surface-skimming path passes
through the region where the magnetic field is strongest and sin ✓kB is close to 1, so
the attenuation rate will be very large. For all the pulsars shown here, the absolute
pair creation threshold of ! = 2me c2 acts as a wall in this region. The photons will
pair-produce as soon as their energy (gravitationally blueshifted in the local inertial
frame) is above threshold, so the energy at infinity for photons that can escape from

87
the edge of the shadow is given approximately by
"⇡2

p
1

max

= 1.513 me c2

(4.20)

for M = 1.44M , R = 106 cm . This is independent of h , which is determined
using the above protocol. Threshold e↵ects are stronger in pulsars with stronger
magnetic fields, as we showed in Section 3.2, and we can see that for the high-field
pulsar B1509-58, both the upward-traveling and downward-traveling curves begin to
flatten out at the lower ends where the photons pass closest to the neutron star. A
more extreme example of this can be seen in the magnetar case in Fig. 7.2, where
the magnetic field is supercritical and the pair creation threshold strongly influences
escape energies up to high altitudes.
For emission points at small to moderate fractions of the light cylinder radius,
the escape energies for upward-traveling photons show a power law dependence on
emission altitude with an index of approximately 5/2 . This is expected since general relativistic e↵ects will become negligible very quickly as we move away from the
surface and Eq. (3.12) applies. Calculating the expected power law index for the
downward-traveling curves is more difficult, since none of the small-angle approximations we used to obtain Eq. (3.12) are valid at

=

max

, which is where pair

attenuation is anticipated to be most e↵ective. Then GR contributions cannot be
neglected when the photon passes close to the neutron star even if it was emitted at
a high altitude. However, we can make a naive flat spacetime estimate by solving for
the value of ⌘ at the point of closest approach to the neutron star and performing a
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series expansion of the argument of the exponential in Eq. (2.2) at that point. If we
set the argument of the exponential equal to 1, we can then solve for ! in terms of h .
This analysis suggests a leading order contribution of "esc / h4 , with a non-negligible
h5 term as well. This is not too divergent from the actual approximate power law
dependence of ! / h9/2 .
A few global characteristics are easily discerned from this analysis. First, downwardtraveling photons are attenuated much more strongly than upward-traveling photons,
with escape energies orders of magnitude lower than their outbound counterparts for
the same emission location. Second, even with the stronger attenuation, photons
emitted in the downward direction from high altitude gaps may still be visible in the
Fermi-LAT band if they are not attenuated by other means such as via

! e+ e

pair creation. For the Crab pulsar parameters, for example, downward-traveling 300
MeV photons emitted from a gap along the last open field line can escape to infinity
if they originate above approximately 40 neutron star radii.

Chapter 5
RELATIVISTIC ABERRATION DUE TO
STELLAR ROTATION
In a pulsar’s rapidly rotating magnetosphere, the attenuation rate due to magnetic
pair creation is a↵ected by the deformation of the magnetic field lines, both at high
altitudes where the corotation velocity is a significant fraction of the speed of light
and at low altitudes near the magnetic pole. This phenomenon can equivalently be
described as the aberration of the photon momentum and energy from the rotating
stellar field frame. Since pair opacity considerations are focused primarily on the
inner magnetosphere, it is the polar zone that is of principal interest in this Section.
The computation here for the optical depth is first derived for the most general case of
arbitrary emission colatitudes and altitudes in an oblique rotating neutron star, and
then restricted to special cases where one can derive incisive analytic approximations.
In these calculations, we consider only a rotating rigid dipole field and neglect e↵ects
near the pole caused by sweepback of field lines near the light cylinder [e.g. Dyks
& Harding, 2004]. We will also neglect general relativity e↵ects, which have already
been explored extensively.
Our overall approach will be to calculate the photon’s straight-line trajectory in
the inertial observer frame (denoted throughout by the subscript “O”), transform
it into the magnetic field rest frame (an instantaneous non-inertial frame denoted
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by subscript “S” for “star frame”) where it is a curved path, and therein calculate
the instantaneous photon momentum and magnetic field at every point along this
path. This then yields a straightforward determination of the angle sin ✓kB from
the magnitude of the cross product of the magnetic field and trajectory vectors.
Since the characteristics of the rate under Lorentz boosts along the magnetic field are
captured in the form in Eq. (2.1), with the explicit appearance of the Lorentz invariant
!s sin ✓kB , this completely leads to the specification of the reaction rate in the star
frame. To return to the observer frame, note that Eq. (23) of Daugherty & Harding
[1983] [see also Daugherty & Lerche, 1975b] provides a general transformation law for
calculating the attenuation rate in a non-inertial rotating frame, given the rate in the
inertial observer frame in which both magnetic and rotation-induced electric fields are
present. One can invert this by interchanging the roles of the two frames, noting that
in the rotating star frame, there is no electric field and thus the E⇥B drift velocity is
zero. The attenuation rate in the observer frame ROpp is then just the rate calculated
in the rotating frame RSpp , modified by a time dilation factor of 1/

for the boost

between the two frames, i.e. ROpp = RSpp / . While the boost depends on the location
of the photon along its path to escape, this protocol is algorithmically simple: it
avoids accounting for the complex time development of a sequence of Lorentz boosts
between trajectory points in the non-inertial star frame.
The instantaneous attenuation rate in the rest frame of an inertial observer employed in this Section is given by the Erber form, and following Eqs. (6) and (8) of
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Daugherty & Lerche [1975b] is
ROpp
Here
velocity

= 1/

p
1

p

1 3 3 ↵f
8
p
⇡
B sin ✓kB exp
3!S B sin ✓kB
16 2 –
2

.

(5.1)

is the Lorentz factor corresponding to the local corotation

= v/c and !S is the photon energy in the star frame. As before, sin ✓kB

is the angle between the photon propagation direction and the local magnetic field
direction in the rotating frame, given by
sin ✓kB = k̂S ⇥ B̂S

.

(5.2)

B̂S and k̂S are, respectively, the magnetic field direction vector and the direction of
photon travel in the rotating frame. It is generally straightforward to substitute the
threshold-corrected approximate rate from Baier & Katkov [2007] given in Eq. (2.3),
but here we will not do so except for illustrative purposes in Figure 5.2. The Erber
rate gives an accurate description of the character of the results when the magnetic
field is significantly subcritical, as it is for most very short-period pulsars. More
importantly, its simpler mathematical form is more amenable to the analytic approximations developed in this Section. Corrections imposed by using the BK07 rate
will be small in most cases, and the direction of the changes will be exactly as expected from Section 3.2: escape energies will increase by a factor that is an increasing
function of the surface polar magnetic field.
The geometry for the photon emission and opacity determination is illustrated in
Fig. 5.1, where the magnetic dipole axis is inclined at an angle ↵i relative to the spin
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α

Figure 5.1 : Geometry definitions for photon emission from the magnetosphere of a
rotating neutron star. The angle ↵i between the rotation axis ⌦ and the magnetic
axis µ is the pulsar inclination angle. The coordinates ✓E and E , the colatitude
and azimuthal angle of the point of emission, are defined with respect to the magnetic
axis. Light blue curved lines are magnetic field lines. The vectors E and kO are the
scaled velocity and photon trajectory in the observer frame at the point of emission;
E is directed into the page and kO is directed out of the page. Though it is not
easily discernable in this diagram, kO is not exactly tangent to the magnetic field
line that passes through the emission point, but tilted slightly away from the velocity
vector.
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axis. In Cartesian coordinates with the z axis aligned with the rotation axis and the
xz plane defined as that containing the magnetic and rotation axes (so that for an
orthogonal rotator with ↵i = 90 , the magnetic axis is aligned with the +x axis),
the magnetic field (light blue lines in the Figure) at observer time tO = 0 is given by
2
3
2
3
6Bx (0)7
6
7
3
6
7
3Bp RNS
7
BS (0) = 6
=
6By (0)7
2rS3
6
7
4
5
Bz (0)

6 cos ↵i cos ✓S sin ✓S cos S + sin ↵i cos2 ✓S
6
6
6
cos ✓S sin ✓S sin S
6
6
4
sin ↵i cos ✓S sin ✓S cos S + cos ↵i cos2 ✓S

By specifying a standard dipole µB (3 cos ✓S sin ✓S , 0, 3 cos2 ✓S

1
3

1
3

7
7
7
7.
7
7
5

(5.3)

1)/rs3 , where µB =

3
Bp RNS
/2 is the dipole moment, this form is simply obtained by performing sequential

rotations by

S

about the z -axis and then ↵i about the y -axis, the latter of which

can be described by the rotation matrix (subscript I denotes the magnetic inclination
operator)

2

3

6 cos ↵i 0 sin ↵i 7
6
7
6
7
7
TI = 6
0
1
0
6
7
6
7
4
5
sin ↵i 0 cos ↵i

.

(5.4)

Throughout this presentation, the subscript S denotes quantities in the star frame,
and the angles in Eq. (5.3) relate to spherical polar coordinates in that frame. To
derive the time development of this field BS (tO ) as the star rotates about the z
axis while a photon escapes the magnetosphere, we multiply this by the appropriate
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rotation matrix T⌦ :
2

BS (tO ) = T⌦ · BS (0) ,

6cos ⌦tO
6
6
T⌦ (tO ) = 6
6 sin ⌦tO
6
4
0

3

sin ⌦tO 07
7
7
cos ⌦tO 07
7
7
5
0
1

.

(5.5)

Here tO = s/c is the time an observer determines as the photon propagates a distance
s after emission. In general, ⌦tO ⌧ 1 for the low altitude propagation zones where
the greatest contributions to pair opacity are realized. It is important to note that
BS represents the field vector in the instantaneous star frame at time tO , and must
be boosted to the observer frame to define the complete electromagnetic field therein.
For initial conditions, it is assumed that the photon is emitted very nearly parallel
to the magnetic field at the point of emission in the star frame, as was done for the
non-rotating case. The spherical polar coordinates at this point are rS = rE , ✓S = ✓E ,
and

S

=

E

, as depicted in Figure 5.1. Normalizing this vector gives the direction of

the magnetic field, which depends only on the colatitude and azimuthal angle, and can
be obtained directly from Eq. (5.3). In the inertial observer (O) frame, the magnetic
field direction vector and the photon trajectory vector will no longer be parallel at
the point of emission, due to relativistic aberration precipitated by the rotation. To
specify this, the corotation velocity

!
This
E c at the point of emission is needed.

depends only on the pulsar period and the 3D location of the emission point, and is
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given by

2

3

sin ✓E sin E
6
7
6
7
7
!
2⇡rE 6
6cos ↵ sin ✓ cos + sin ↵ cos ✓ 7
E =
i
E
E
i
E7
cP 6
6
7
4
5
0

.

(5.6)

For rE  P c/2⇡ this dimensionless speed is always less than unity, except in the
special case of emission at the equatorial light cylinder radius ( ✓E = ⇡/2 , rE =
P c/2⇡ ) and for an aligned rotator ( ↵i = 0 ).
We now progress to the construction of the photon’s path in the reference frame of
an inertial observer, which is a straight line in the absence of general relativistic corrections. Using the photon’s starting direction in the star frame, labelled by the unit
vector k̂S,E ⌘ B̂S,E derived from Eq. (5.3), and the instantaneous relative velocity
between the star frame and the observer frame of

!
E c , we can calculate the photon’s

trajectory vector in the observer frame by performing a Lorentz transformation on
the photon’s 4-momentum in the star frame:
kO

⇢
= !S,E B̂S,E +

E



E
E

+1

⇣!
E

· B̂S,E

⌘

1

!
E

.

(5.7)

Following the dimensionless convention adopted throughout, the wave vector kO
is scaled in terms of the inverse Compton wavelength me c/~ , as is its star frame
counterpart kS below. In the star frame, the photon energy at the point of emission,
!S,E , is Doppler-shifted relative to the constant photon energy "O in the inertial
observer frame:
"O

!S,E =
E

1

B̂S,E ·

!
E

.

(5.8)
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This completes the specification of kO , which is a constant during propagation to
infinity. When

E

is small, as it is for emission relatively close to the neutron star,

all quantities that are second order in

E

can be neglected, so that Eq. (5.7) approx-

imately assumes the form
n

!o

kO ⇡ "O B̂S,E
The small-

E

.

(5.9)

approximation will be considered in more detail later in this Section

and also in Appendix B, for the purposes of generating useful analytic developments.
To compute the reaction rates in Eq. (5.1), one needs the direction of photon
travel in the star frame, where the path is curved, so that the value of sin ✓kB can be
determined. This direction can obtained at each point by transforming kO back to
the star frame, using the instantaneous

and

at each point. This transformation

preserves the component of momentum k? = kO

kO · ˆ ˆ orthogonal to the

boost, but stretches/contracts the component along ~ via the relation kS · ˆ =
kO · ˆ +

|kO | , similar to the protocol adopted for Eq. (5.7). The momentum

vectors of the photon in the two frames at each position along the trajectory are then
given by the conjugate relations
kO = kS +



kS = kO +



+1

+1

⇣!

· kS

⌘

⇣!

⌘
!
· kO + |kO |
.

|kS |

!

,
(5.10)

The first equation in this couplet is just an extension of Eq. (5.7) to arbitrary altitudes
using

!
E

!

!

and !S,E B̂S,E ! kS . To maintain constancy of kO along the entire
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trajectory, |kS | = !S adjusts its value at each point via the aberration relation
!S 1

k̂S ·

!

= "O that is the analog of Eq. (5.8). The second relation of this pair

is just the inversion of the first, under the interchange S $ O and also

!

!

!

; it

is that desired for the computation of sin ✓kB . Observe that forming the dot product
!S2 = |kS |2 can be used to derive the inverse aberration relation !S = "O (1+ k̂O ·
Note that in the absence of rotation ( P ! 1 ,

!

).

! 0 ), one recovers kS = kO =

"O B̂S,E , as expected.
Calculating the corotation velocity

!

at every point along the photon trajectory

is straightforward. The straight-line photon path in the observer frame is given simply
by
rO = rE + sk̂O ,

(5.11)

where s = ct is the distance traveled, and rE is the emission point. This is conveniently expressed in spherical coordinates about the rotation axis, still as a function
of s :

2q
2
2
6 rE + s + 2srE · k̂O
6 rO (s) 7
6
6
7
6
6
7
1 rE,z + sk̂O,z
6 ✓ (s) 7 = 6
6 cos
6 O 7
rO (s)
6
6
7
6
4
5
4
r + sk̂O,y
tan 1 E,y
O (s)
rE,x + sk̂O,x
2

3

In this form, the coupling between the rotational phase

3
7
7
7
7
7
7
7
5

.

O

(5.12)

and the trajectory is

simply displayed. In general, we do not restrict the emission plane to zero phase
i.e. kO , B̂S,E and

!
E

O

,

are not coplanar. The local corotation velocity is then given

98
as a function of s in Cartesian coordinates by
2

3

6 sin O (s)7
6
7
6
7
!
rO (s)⌦
7
(s) =
sin ✓O 6
cos
(s)
6
7
O
c
6
7
4
5
0

.

(5.13)

Since kO in Eq. (5.7) is also expressible in Cartesian coordinates, the determination
of kS via Eq. (5.10) is routine.
The remaining ingredient needed for the determination of the pair conversion rates
is the second vector for the calculation of sin ✓kB in Eq. (5.2), namely the magnetic
field vector in the star frame, BS (s) . Given the simple dipolar form in the star frame,
the only complexity is encapsulated in the conversion of the straight-line trajectory
in the inertial observer frame into star frame coordinates, where the path is curved.
Given coordinates {xO , yO , zO } in the observer frame, obtained from Eq. (5.11), the
photon trajectory in the star frame can be expressed via
2
2 3
2 3
6ctS 7
6ctO 7
6 7
6 7
6 7
6 7
6x 7
6x 7
6 S7
6 O7
6 7 = L·6 7
6 7
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6
6
6
6
6
6
for L = 6
6
6
6
6
4

x

x

y

0

1+(
(
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being a standard Lorentz transformation matrix, L = L(s) . Since the boost is purely
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in the xy direction and s = ctO , this transformation simplifies to
2
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✓
◆
2 3
2
2 2
x y
6 x s + 1 + + x1 xO + + 1 yO 7
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(5.15)

O

These Cartesian coordinates are oriented just as in the coordinate configuration at
the time t = 0 of emission, with the z -axis parallel to ⌦ . The star frame magnetic
is most easily specified by defining the polar coordinates in a specification that possesses the current rotational orientation, and is then “de-inclined” with respect to the
rotation axis. Since the field configuration has evolved slightly due to the rotation of
the star, we sequentially perform inverse rotation and inverse inclination operations
2
3
2 3
2 3
6sin ✓S cos
6
6
rS 6
6 sin ✓S sin
6
4
cos ✓S

7
6 xS 7
7
6 7
7
6 7
7 = 6y 7 = T
I
7
6 S7
S
7
6 7
5
4 5
zS
S

6 xS 7
6 7
6 7
1
16 7
· T ⌦ 6 yS 7
6 7
4 5
zS

(5.16)

to express the star frame Cartesian coordinates in a form that can be directly interpreted for the pertinent spherical polar coordinates — these are now oriented such
that ✓S = 0 corresponds to the magnetic axis, as opposed to the rotation axis. These
( rS , ✓ S ,

S

) coordinates are used to calculate the magnetic field vector BS using

Eq. (5.3), which incorporates the inclination element. However, in addition, the time
evolution operator T⌦ must also then be applied, to render the field vector in a
form representative of time tO , i.e. corresponding to Eq. (5.5). This protocol then
yields BS in evolved star frame Cartesian coordinates, which together with Eq. (5.10)
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can be employed to routinely evaluate the cross product |kS ⇥ BS | , and therefore
sin ✓kB . Coupled with the aberration relation !S = "O (1 + k̂O ·

!

) , this completes

the ensemble of relations need to compute the final rate in Eq. (5.1).
To obtain the optical depth, we integrate the rate over the path length s . Just as
with the non-rotating flat spacetime calculation, it is expedient to change variables
from s to a path angle ⌘ , defined by
s =

p
rE2 + r2

2rrE cos ⌘

.

(5.17)

This is analogous to that displayed in Fig. 3.1, but notably with the plane defined
by the radius vector and photon momentum at any time being noncoindent with the
instantaneous plane containing the magnetic field axis and radial vector at the time of
emission. Therefore, Eq. (3.2) does not apply except when

E

= 0 and the star does

not rotate, and the general relationship between ⌘ and ✓E and ✓ is quite complicated, and contains all the information associated with magnetic field orientation at
each rotational phase along the photon’s path to infinity. One advantage of working
with this integration variable is that it is always small when ✓E is small, which facilitates an asymptotic analysis (detailed below) that serves to check the computations.
Further simplification arises by defining the angle

E

between the emission and radial

directions, just as for the non-rotating flat spacetime analysis, i.e.,

E

= cos

1

✓

rE · k̂O
|rE |

◆

.

(5.18)

Then consideration of the appropriate triangles (visualized using Fig. 3.1) quickly
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establishes that Eq. (3.7) applies, so that the optical depth integral becomes
⌧A = rE sin

E

Z

E

0

RA d⌘
sin2 ( E ⌘)

.

(5.19)

The upper limit of integration is the path angle ⌘ when the photon’s trajectory
crosses the light cylinder; since this is essentially at infinity, we have ⌘max ⇡

E

, as in

Section 3.
The e↵ects of rotational aberration on the escape energies of photons emitted
from the neutron star surface are explored in Fig. 5.2, specifically as functions of
small colatitudes (below around 5 ) near the magnetic pole. The x-axis therefore
constitutes di↵erent locales on the polar cap, with only a select value corresponding
to the footpoint of the last open field line i.e., ✓E = 0.08 ( ⇡ 4.6 ) for the Crab
pulsar. The chosen magnetic field is the Crab value, and most of the results (curves)
are generated using the Erber rate. Escape energy curves are generated for three
di↵erent pulse periods and two di↵erent rotator inclinations ↵i . Results are also
displayed for di↵erent azimuthal angles

E

, with

E

points lying in the plane defined by kO and B̂S,E . As

= 0 corresponding to emission
E

is changed to accommodate

di↵erent rotational phases, di↵erent local rotational speeds
E

E

are sampled, with

> 0 defining cases where the non-radial component of photon momentum is in

the direction of rotation, and

E

< 0 constituting counter-rotation emission cases.

Note that this sign convention is opposite the one used by Lee et al. [2010]. The
Figure exhibits the obvious trend that as the period is decreased from large values
( P = 100 sec, essentially non-rotating), the aberration modifications to "esc become
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larger at small colatitudes, and their influence persists to larger colatitude domains.
Mostly, but not always, rotation reduces "esc since photons can promptly and more
readily propagate across field lines in the star frame; this is best exemplified by the
P = 10 ms case. Note the similarity of the

E

= 0 aberration-corrected curves in

the Figure to the non-rotating ✓kB,0 = 0.01 curves for magnetic pair attenuation in
Figure 1 of Baring & Harding [2001].
At very small colatitudes, the escape energies for the same period and magnetic
inclination all approach the same finite value regardless of the initial azimuthal angle
about the polar cap. This saturation is a core characteristic of aberration corrections. When the colatitudes are somewhat larger but still fairly small, however, the
asymmetry between the leading edge and the trailing edge of the polar cap becomes
evident. The trailing edge sees a slight decrease in escape energies caused by the
general increase in sin ✓kB as the photons’ transit across field lines is aided by the
field’s rotation. The leading edge sees an increase of well over an order of magnitude
in escape energy, a caustic-like e↵ect that is manifested when the field line sweepback
creates a narrow range in colatitudes where the photon’s trajectory is nearly parallel
to the magnetic field lines over a substantial section of the photon path. This azimuthal bifurcation of the escape energies is maximized when ✓E ⇠ RNS sin ↵i /RLC ,
and declines rapidly at larger emission colatitudes. The large value of "esc implies
that this constrained portion of the surface polar locale is actually visible in the GeV
band that is detected in most Fermi-LAT pulsars. These “leading edge” peaks arise
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at ✓E ⇡ 2

p

, where

p

= RNS sin ↵i /RLC is the corotational dimensionless speed

at the surface magnetic pole, and therefore are proximate to the polar cap of size
✓C ⇡

p
RNS /RLC . One can therefore infer that a small portion of the polar cap cor-

responding to a particular phase (i.e.,

E

) of pulsation may actually be transparent

to pair attenuation up to a few GeV in photon energy.
Also depicted in Fig. 5.2 are circles, upward-pointing triangles, and downwardpointing triangles, which represent the escape energies calculated with the thresholdcorrected rate from Eq. (2.3) for

E

= 0, +⇡/2, ⇡/2 respectively. For this subcritical

surface magnetic field, the threshold e↵ects raise the escape energies slightly across
the board, but clearly do not alter the general character of the results.
The saturation limiting case of ✓E ! 0 is particularly amenable to analytic approximation and should serve as a good indicator of how strongly rotational aberration a↵ects maximum energies and minimum altitudes of emission (addressed below)
for magnetic pair creation transparency. For a non-rotating neutron star, a photon
emitted from the magnetic pole could never attain a non-zero sin ✓kB , and so the
attenuation rate approaches zero as ✓E ! 0 . For a rotating neutron star, the angle between the photon trajectory and the magnetic field at the point of emission
is nonzero in the inertial observer frame, even for photons emitted from the magnetic poles. Thus, the attenuation rate is nonzero and minimum emission altitudes
and escape energies saturate at meaningful values. Such an asymptotic result can be
determined by following a procedure much like the one discussed at some length in
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Figure 5.2 : Escape energies from the neutron star surface for colatitudes near the
magnetic pole with three di↵erent sets of pulsar parameters, period P , magnetic
inclination angle ↵i , and orbital phase E . The magnetic field strength is half the
surface polar value for the Crab, and the Erber rate in Eq. (2.2) is used for the
curve computations. The black P = 100 sec example defines a non-aberration case
as discussed in Section 3. Solid curves have an azimuthal angle of E = 0 , where the
emission point lies in the plane defined by the magnetic axis and the rotation axis.
Dot-dash curves represent emission from an azimuthal angle of E = ⇡/2 , where
the photon is emitted with the direction of neutron star rotation. Dashed curves
correspond to azimuthal angles of E = ⇡/2 , against the direction of neutron star
rotation. This subdivision into three di↵erent azimuthal angle values applies only to
P = 10 ms curves. For the three P = 10 ms, ↵i = 45 cases, the circles and triangles
represent escape energies calculated with the threshold-corrected attenuation rate
approximation given in Baier & Katkov [2007]. The gray dashed lines represent the
small colatitude analytic approximation in Eq. (5.20) for the 10 ms and 33 ms cases.
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Section 3.1. One obtains the following approximation for the optical depth at ✓E = 0
(with Bp scaled by Bcr ):
⌧A

p
✓
◆3/2
⇢
Bp RNS sin ↵i
36 3 ↵f RNS p
212 h2 RLC
⇡
⇡!
exp
18
2
5
RLC
2
–h
3 !Bp RNS sin ↵i

,

(5.20)

where h = rE /RNS , and RLC = P c/2⇡ expresses the pulsar period. The details of
this development can be found in Appendix B. Setting this equal to unity, we can
solve for "esc :
"esc


↵ R
1
"
3
212 h2
= 5
loge f NS + loge esc
+ loge Bp
–
2
2
3 Bp p
h4

In this expression,

p

1
p

5.34

.

(5.21)

= RNS sin ↵i /RLC is again the dimensionless rotation speed

at the surface polar location in its circular path, and is the key parameter defining
the scale of rotational influences. Comparison with the corresponding non-rotating
result in Eq. (3.14) indicates that here
colatitude ✓f there, because both

p

p

plays a role equivalent to the footpoint

and ✓f are proportional to the angle between

the photon momentum vector and the radial direction at the neutron star surface.
Accordingly, aberration modifications should diminish for these low altitude emission
considerations when ✓E substantially exceeds

p

, and all cases should coalesce to

the static ( P ! 1 ), flat spacetime curve: this circumstance is clearly evident in
Fig. 5.2. Observe that the choice of azimuthal angle

E

provides a second-order

correction O(✓E2 ) when at extremely small colatitudes above the magnetic pole, and
so does not appear in these leading-order asymptotic formulae.
The transcendental Eq. (5.21) must be solved numerically, in general, though the
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weak dependence on "esc in the logarithmic term, when neglected, permits approximate analytic solution for the escape energy. Numerical results are diplayed as the
gray dashed line saturation asymptotes in Fig. 5.2, for the case of surface emission
( h = 1 ) and periods 10 ms and 33 ms. One can immediately see that to leading order, as ✓E ! 0 , since "esc /

p

1

, one should expect to see "esc / P and

"esc / 1/ sin ↵i : these dependences are clearly exhibited in the Figure. Moreover, the
computed numerical "esc curves asymptotically approach the solutions of Eq. (5.21)
as ✓E ! 0 .
Fig. 5.3 shows the e↵ect of rotational aberration on the minimum altitudes of
emission of 1 GeV photons; similar behavior is exhibited for other test photon energies.
The surface polar magnetic field is again chosen to be the Crab value. Such altitude
bounds are plotted as functions of emission colatitude, and except for very close to the
pole, are generally well below the altitude of the last open field line. The red curve is
a pulsar with a period of 100 sec, where aberration e↵ects are minimal. The blue and
green curves represent photons emitted from an azimuthal angle of zero for pulsars
with periods of 10 seconds and inclination angles of 20 and 45 degrees, respectively.
Green dotted and dashed lines represent photons emitted from the leading side of
the magnetic pole (with the direction of rotation) and the trailing side (against the
direction of rotation). Gray dashed lines again represent the ✓E = 0 limit calculated
from Eq. (5.20), so that rmin /RNS would represent the h value that precisely generates
an escape energy of 1 GeV in Eq. (5.21). It should be noted that like Lee et al. [2010],
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these calculations do not take pair threshold e↵ects into account; by inspection of
Fig. 5.2, it is apparent that corrections produced by accurately treating the threshold
are small overall for the Crab field. In addition, we have not considered the full Kerr
metric calculation, which would correctly account for aberration and general relativity
together. Given the small nature of aberration influences overall on

! e+ e

pair

opacity considerations at low to moderate altitudes, addressing this complication is
not strongly motivated.
Very near the magnetic pole, i.e. ✓E . 0.3 , aberration modifications increase the
minimum emission altitude substantially for all azimuthal angles. The finite value of
p

causes a photon emitted parallel to the magnetic field in the star frame to reach

the minimum angle for pair production much earlier than for the non-rotating case,
thus sharply decreasing the photon mean free path at low altitudes. Consequently,
the minimum altitude is generally higher than for the

p

= 0 situation. Moving away

from the pole, the asymmetry between the leading and trailing sides of the magnetic
pole becomes apparent. The trailing side sees a small increase in minimum altitudes,
as field line crossing becomes easier. The leading side sees a sharp valley in minimum
altitude (see inset), paralleling the peak in escape energies in Fig. 5.2. Note that rmin
values below the surface are indeed possible, and indicate transparency to

! e+ e

for emission near the pole. For colatitudes larger than around 5 , the small absolute
changes to sin ✓kB are swamped by the rapidly decreasing magnetic field. Finally,
near the magnetic equator when altitudes are highest and thus aberration e↵ects are
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at their strongest (
reappears, while

E

E

p

), the asymmetry between the leading and trailing sides

= 0 curves are barely altered from the

p

⇡ 0 (i.e. 100 ms)

case. In summation, aberration corrections alter the minimum altitudes relative to
the non-rotating calculations most significantly at small colatitudes.
Figure 3 of Lee et al. [2010] presents calculations of the minimum altitude of
emission as a function of emission colatitude for di↵erent photon energies and pulsar
inclination angles. Our results di↵er from theirs in a number of important respects.
For the smallest pulsar inclination angles ↵i , the minimum altitudes of emission
should approach the limit for a non-rotating neutron star, regardless of the other
properties of the pulsar; our computations clearly display this characteristic. Fig. 5.3
indicates that the minimum altitude of emission is a monotonically increasing function
of emission colatitude all the way up to equatorial emission at ✓E = 90 . It is not
clear why the minimum altitudes obtained by Lee et al. [2010] decrease sharply at
large colatitudes and especially why this e↵ect is not noticeably weaker for ↵i = 15
than for ↵i = 86 . In contrast, our computations realize intuitively sensible behavior:
at equatorial colatitudes, photons more readily cross field lines after emission, and so
one expects the minimum altitude for pair transparency to increase, sampling lower
fields at and above the emission locale.
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Figure 5.3 : Minimum altitudes of emission from the magnetic pole to the magnetic
equator, for di↵erent sets of pulsar parameters. The Crab field value was adopted.
As in Fig. 5.2, the dot-dash curves represent photons emitted on the leading side of
the magnetic pole (evincing non-monotonic behavior of rmin with ✓E – see inset),
and dashed curves represent photons emitted on the trailing side of the pole. The
gray dotted lines in the inset represent the zero-colatitude analytic approximation in
Eq. (5.20).

Chapter 6
TWO-PHOTON PAIR CREATION
FORMALISM AND RESULTS
Two-photon pair creation (

0

! e+ e ), in contrast to one-photon magnetic pair

creation, can occur in any region of space, regardless of the local electromagnetic
field. In QED, this process is second-order in the fine structure constant ↵f = e2 /~c
and possesses a Feynman diagram with two vertices. It has an absolute threshold
at E1 E2 = m2e c4 , where E1 and E2 are the individual photon energies, for photons
colliding head-on. This chapter considers interactions between gamma-rays generated
in the outer magnetosphere and X-rays emitted by the stellar surface. By virtue of the
threshold, this should yield a maximum in opacity in the 1–10 GeV window. When
the photons collide at an angle, the threshold is increased to
E1 E2 = 2m2e c4 / (1

cos ✓) .

(6.1)

Neutron star temperatures are generally measured with X-ray observations, which
are then fit with one or more blackbodies or an atmosphere model to obtain a surface
temperature. The surface temperature can be used to place limits on the equation of
state of the neutron star, since the equation of state determines the cooling rate of
the neutron star and the age of the star can be estimated from its rotation parameters
(see Yakovlev et al. [2004]). The measured temperatures for isolated neutron stars
range from a few times 105 to a few times 106 K, corresponding to a peak in the
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blackbody spectrum at energies of order 30–300 eV. Magnetars have estimated surface
temperatures in the 300–700 eV range (2.2–5.1⇥106 K) [Perna et al., 2001].
We will start by considering the collision of a hard photon emitted parallel to the
local magnetic field with a narrow cone of thermal photons from the neutron star
surface. These thermal photons will be assumed to have a blackbody energy distribution at a single temperature. We will then outline the precise calculation of the
attenuation probability across the soft photon cone and some asymptotic approximations that will illuminate the global behavior of the two-photon pair creation optical
depth at arbitrary altitudes and colatitudes. For the moment, we will omit treatment
of general relativity and rotational aberration, though the former will be important
for downward-traveling photons and the latter will a↵ect the attenuation rate near
the light cylinder.
As before, the source of hard photons is assumed to be curvature radiation from
electrons that primarily emit photons essentially parallel to the local magnetic field.
These photons then travel in straight lines and interact with the soft photon distribution they encounter at each point along their path. The hard photon trajectory
unit vector in Cartesian coordinates is given by:
2

3

63 cos ✓E sin ✓E 7
6
7
6
7
1
6
7.
k̂ = p
0
6
7
3 cos2 ✓E + 1 6
7
4
5
3 cos2 ✓E 1

(6.2)

Recall the definitions from earlier chapters for the angle between the hard photon
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trajectory and the radial direction at the point of emission:
tan

E

=

1
tan ✓E
2

(6.3)

and the dimensionless radial distance of the hard photon from the center of the
neutron star, scaled by the radius of emission:
⌘

r
sin
=
rE
sin ( E

E

⌘)

.

(6.4)

As before, ⌘ is the “path angle” between the radial direction at the point of emission
for the curvature photon and the radial direction at an arbitrary point along the
photon path, as shown in Fig. 3.1. We will be making use of these definitions in the
analysis in this chapter.
To a first approximation, the soft photons may be considered to be emitted from
a disc of radius RNS and uniform brightness. At the interaction point, the photons
arrive in a cone with opening angle ✓C as shown in Fig. 6.1, given by
✓C ⌘ sin

1

✓

RNS
r

◆

where the approximation is appropriate when r

⇡

RNS
,
r

RNS . The soft photon trajectory

vector in Cartesian coordinates can be expressed as:
2

Here

s

(6.5)

6cos ✓s sin (✓E + ⌘) sin ✓s cos (✓E + ⌘) cos
6
6
⇠ˆ = 6
sin ✓s sin s
6
6
4
cos ✓s cos (✓E + ⌘) sin ✓s sin (✓E + ⌘) cos

3

s7
s

7
7
7
7
7
5

(6.6)

is the azimuthal angle about the radial vector and ✓s is the zenith angle

within the cone (between 0 and ✓C ), as shown in Fig. 6.2. Note that our definition of
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⇠ does not depend on the size of the neutron star or the distance between the neutron
star and the interaction point; that information is entirely encapsulated in ✓C .
We can find the angle between the two trajectories by forming the dot product
ˆ
cos ⇥ = k̂ · ⇠:
µ ⌘ cos ⇥ =
Rewriting in terms of

⇢

E

sin ⌘ (2 cos ✓E sin ✓s cos s + sin ✓E cos ✓s )
+ cos ⌘ (2 cos ✓E cos ✓s sin ✓E sin ✓s cos
p
3 cos2 ✓E + 1

s)

(6.7)

to simplify, we get

µ = cos ✓s cos (
This has its minimum value when
µ =

3 cos (⌘

= cos (✓C +
and its maximum value when
µ+ =

⌘)

E

sin ✓s sin (

⌘) cos

E

s

(6.8)

= 0 and ✓ = ✓C :
✓C ✓E ) + cos (⌘
p
2 3 cos2 ✓E + 1

✓C + ✓E )

⌘)

E

(6.9)

= ⇡ and ✓ = ✓C :

3 cos (⌘ + ✓C ✓E ) + cos (⌘ + ✓C + ✓E )
p
2 3 cos2 ✓E + 1

= cos (✓C

E

+ ⌘)

(6.10)

These definitions allow us to rewrite µ as
µ=

(µ+ + µ )

(µ+
2

µ ) cos

s

(6.11)

Many of these variables are illustrated geometrically in Fig. 6.2, from which spherical
trigonometry yields a number of the relations stated above. The center of the soft
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θ

Θ

Figure 6.1 : Geometry definitions for collisions between a surface x-ray and a gammaray emitted parallel to the magnetic field. The neutron star is shown as a solid red
circle. Magnetic field lines are in red. Green lines define the boundary of the soft
photon cone, with the blue line denoting its center. The orange arrow labeled k is
the hard photon trajectory, and the collision occurs at an arbitrary point along the
trajectory. These definitions would remain unchanged if the photon were emitted
tangent to the field line in the opposite direction.
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Figure 6.2 : Surface solid angle projection of the soft photon cone (green) and the
hard photon trajectory k shown in Fig. 6.1. The trajectory vector ⇠ for an arbitrarily
chosen soft photon in the cone is marked. The red circle represents the line of constant
µ = cos ⇥ that cuts across the soft photon cone.
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photon beam, at ✓s = 0, is defined by
µkr ⌘ cos ⇥kr = cos (

⌘) .

E

(6.12)

Here ⇥kr is the angle between the photon momentum vector and the instantaneous
radial direction. Clearly, at the point of emission (⌘ = 0), µkr = cos

E

, as expected.

When the hard photon is infinitely far away from the neutron star, ⌘ !

E

and

therefore µkr ! 1, which is the expected result, since the photon trajectory becomes
more radial as it propagates outward.
We wish to calculate the absorption optical depth for the curvature gamma-ray
as it passes through a photon gas with a Planck spectrum energy distribution n(✏).
Throughout this analysis, we will be using ✏ for the soft photon energy and E for the
hard photon energy. At any given point, the soft photon distribution as seen by the
hard photon will not be isotropic, but will be concentrated in a cone with opening
angle ✓C . The di↵erential soft photon density is then given by
1
dn = n(✏)dµ,
2

(6.13)

where µ is the cosine of the angle between the two photon trajectories and the factor
of 1/2 in Eq. (6.13) is to eliminate double counting of photons. The soft photon
energy distribution is given in standard form by
n (✏, T ) = (~c)

3

⇣ ✏ ⌘2 ✓
⇡

exp

⇢

✏
kB T

1

◆

1

.

(6.14)

The optical depth will then take the form
⌧

=

Z

1
0

Z

µ+
µ

Z

1
✏min

Z

1
(E, ✏, µ) n(✏, T ) (1
2

µ) d d✏ dµ dx,

(6.15)
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where x is the distance traveled along the hard photon path and

is the pair creation

cross-section, taken from Gould and Schreder:
⇡r2
(µ, ✏, E) = 0 1
2



2

In this formalism,
=

3

✓

1

4

1
⇣

ln

1+
1

2

2

2

.

◆1/2

(6.16)

(6.17)

is the dimensionless velocity of the electron and positron in the center-of-mass frame
scaled by c and
⇣=

✏E
(1
2m2e c4

µ)

(6.18)

is the square of the center-of-momentum-frame energy of the pair. The lower limit of
the ✏ integration, ✏min , is the soft photon energy that corresponds to ⇣ = 1:
✏min =

2m2e c4
.
E (1 µ)

(6.19)

In order to correctly account for the solid angle into which the soft photons are
beamed, we need to integrate over the azimuthal angle (about the hard photon trajectory)
section

that defines the edge of the soft photon cone (see Fig. 6.2). Since the cross
is independent of , we can integrate over

separately to obtain a function

f (µ) which will weight the µ integral.
To obtain the upper and lower limits of the

integral, consider the arc of constant

µ that crosses the solid angle into which the soft photons are beamed. Using spherical
trigonometry, we know that on the edge of the soft photon cone where ✓s = ✓C ,
cos

cos ✓C µkr µ
p
=p
1 µ2 1 µ2kr

(6.20)
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Following BWG11, we integrate over

from

to + . Normalizing to the value at

the surface and zero colatitude, we obtain
8
>
1
>
>
(µ, µkr , ✓C ) , if ⇥ 6= 0 and ⇥kr 6= 0
>
>
⇡
>
>
>
>
>
>
>
1
, if (⇥  ✓C and ⇥kr = 0) or (⇥ = 0 and ⇥kr < ✓C )
<
f (µ) =
>
>
>
>
1/2
, if ⇥ = 0 and ⇥kr = ✓C
>
>
>
>
>
>
>
>
:
0
, if (⇥ = 0 and ⇥kr > ✓C ) or ⇥ < 0

(6.21)

The first case is applicable if the hard photon trajectory is not inside the soft photon
cone, which is true at high altitudes. The full form of the integral is then

⌧

(h, ✓E , E, T ) =

Z

E

0

⇥

Z

hRN S sin E
d⌘ 2
sin ( E ⌘)
1

4
2m2
ec
E(1 µ)

Z

µ+

dµ
µ

1
(1
2⇡

µ)

(µ, µkr , ✓C )

(6.22)

d✏ n (✏, T ) (µ, ✏, E) .

Let us refine this expression for the optical depth, recasting it using the square ⇣
of the center of momentum frame energy as an integration variable in lieu of the soft
photon energy ✏ = "s me c2 . Then, using
(⇣) = ⇡r02 ⌃(⇣) ,

⌃(⇣) =

2⇣ 2 + 2⇣
⇣3

1

loge

hp
p
⇣+ ⇣

1

i

⇣ +1p
⇣
⇣ 5/2

1

(6.23)

one can form
⌧

4rE r02 sin
=
⇡ 2 –3c "3

E

Z

E

0

d⌘
sin2 (

E

⌘)

Z

µ+
µ

dµ
(1 µ)2

Z

1
1

⇣ 2 ⌃(⇣) d⇣
e⇣/⇢ 1

,

(6.24)
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for –c = ~/me c , r0 = ↵f –c , and
⇢ =

" (1 µ) kT
2
me c2

(6.25)

is a proxy for the temperature. Here " = E/me c2 is the dimensionless energy of the
test gamma-ray. As a reminder,
cos ✓C qµµkr
= arccos p
1 µ2 1 µ2kr

!

⌘ arcsin

s

(µ+ µ) (µ µ )
(1 µ2 ) (1 µ2kr )

(6.26)

In the limit of small soft photon cone opening angles ✓C ⌧ 1 , it is obvious that
⌧ 1 . To obtain the limiting behavior of the µ integration, we substitute using
Eq. (6.11), which then sets dµ ! (µ+

µ ) sin d /2 , and we also have µ ⇡ µkr .

Then,
⇡ arcsin

(µ+ µ ) sin
2(1 µ2kr )

⇡

(µ+ µ ) sin
2(1 µ2kr )

,

(6.27)

and
Z

µ+
µ

dµ
(µ+ µ )2
!
(1 µ)2
4(1 µ2kr ) (1 µkr )2

Z

⇡

sin2 d
0

=

⇡(µ+ µ )2
8(1 µ2kr ) (1 µkr )2
(6.28)

Here we have the general result
µ+

µ

= cos(✓C

E

+ ⌘)

cos(✓C +

⌘) = 2 sin ✓C sin(

E

⌘)

E

(6.29)

and also
1

µ2kr = sin2 (

E

⌘) .

(6.30)

Finally, the cone half angle ✓C is given by sin ✓C = RNS /r and we can then use
r sin(

E

⌘) = rE sin

E

)

sin ✓C =

sin( E ⌘)
h sin E

.

(6.31)
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Assembling the pieces, for ✓C ⌧ 1 we have
Z E
2↵f2 RNS
1
d⌘
⌧ ⇡
⇡ –c "3 h sin E 0 [1 cos( E
Observe that in this result we have ⇢ / [1

⌘)]

cos(

2

Z

1
1

s2 ⌃(s) ds
es/⇢ 1

.

(6.32)

⌘)] so that as ⌘ !

E

E

at very

high altitudes, the integrals converge due to the highly suppressive influence of the
exponential in the Planck function. Specifically,
⇢ ⇡ [1

cos(

⌘)] $

E

,

" kT
2me c2

$ =

(6.33)

at high altitudes. To define the fundamental scale for the optical depth, we note the
correspondence
2↵f2 RNS
! 117.1
⇡ – c "3

✓

1 GeV
E

◆3

.

(6.34)

Now define the integral
S(⇢) ⌘

Z

1
1

⇣ 2 ⌃(⇣) d⇣
e⇣/⇢ 1

.

(6.35)

We will first explore its asymptotic value for ⇢ ⌧ 1 , i.e. low temperatures. Then
only domains ⇣ ⇡ 1 contribute significantly to the integral, and the exponential
term dominates the denominator of the integrand. We then use the result ⌃(⇣) ⇡
p

⇣

1⇡

for ⇣

1 ⌧ 1 , i.e. when the produced pairs are non-relativistic. We can

then change variables via ⇣ = 1 + ⇢t so that
Z 1p
p
⇡ 3/2
1/⇢ 3/2
t
⇢ e
S(⇢) ⇡ e
⇢
t e dt =
2
0
In this limit, Eq. (6.32) reduces to
Z E
↵f2 RNS $3/2
1
p
⌧ ⇡ p
⇡ –c "3 h sin E 0
1

d⌘
cos(

E

⌘)

1/⇢

exp

⇢ ⌧ 1 .

,

⇢

(6.36)

1
[1

cos(

E

⌘)] $

.
(6.37)

121
In the opposite, ⇢

1 limit, the integrand in S(⇣) receives contributions from a

large range of ⇣ . We then set z = ⇣/⇢ and the transformed integral spans the range
0 < z < 1 . For large ⇣ ,
⌃(⇣) ⇡

loge (4⇣)
⇣

1

,

⇣

1 .

(6.38)

Then
2

S(⇢) ⇡ ⇢ T (⇢) ,

T (⇢) =

Z

1
0

z [loge (4⇢z) 1] dz
ez 1

,

(6.39)

This form can be expressed in terms of polygamma functions. In this high temperature limit, the optical depth can be expressed as (for ⇢ ⇡ [1
⌧

2↵f2 RNS $2
⇡
⇡ –c "3 h sin

E

Z

cos(

E

⌘)] $ )

E

T (⇢)d⌘

.

(6.40)

0

This has a fundamental scaling given by the correspondence
2↵f2 RNS $2
! 3.2
⇡ – c "3

✓

1 GeV
E

◆✓

T
106 K

◆2

It then becomes clear that for outer gap altitudes h ⇠ 30

.

(6.41)

102 , the temperature

required for surface X-rays to attenuate outward-going 3-5 GeV gamma-rays in Fermi
pulsars via
⌧

! e+ e

pair creation is T & 3 ⇥ 106 K. The inverse dependence of

on the gamma-ray photon energy in this high temperature domain implies that

the lower energy photons are absorbed: this will actually be constrained to a finite
range, since very low " will push the interaction kinematics into the ⇢ . 1 regime.
Optical depths ⌧

from Eq. (6.32) are plotted in Fig. 6.3 for emission along the

last open field line of a pulsar with the same period as Vela (0.0893 s). Along this
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field line, the relationship between colatitude and radius of emission is given by
2⇡rE
= sin2 ✓E .
cP

(6.42)

The three temperatures displayed are 1 ⇥ 106 K, 3 ⇥ 106 K, and 1 ⇥ 107 K, somewhat
higher than the temperatures measured with X-ray instruments for pulsars. A few
clear trends can be discerned from this figure. First, unlike magnetic pair creation
optical depths, the optical depths for

! e+ e

rise to a peak in hard photon

energy and then decline gradually. As we will see in Fig. 6.5, this leads to not a single
escape energy, but a range of photon energies for which the optical depth is greater
than 1. Photons outside this range will escape. The peak shifts to lower hard photon
energies as the colatitude of emission and the surface temperature of the neutron
star increase, as we would expect from the kinematic relation in Eq. (6.1). Second,
even with the very high temperature of 1 ⇥ 107 K and emission almost at the light
cylinder, attenuation due to two-photon pair creation is not sufficient to significantly
impede the escape of gamma-rays from high altitude gaps. This is primarily due to
the comparatively small angles between the gamma-rays and the target X-rays, and
will change when rotational aberration e↵ects are introduced.
As we did in Chapter 4, we consider the attenuation of photons emitted by electrons or positrons traveling inward along the last open field line. We should expect
a significant increase in the peak optical depth as compared to photons traveling
outward, both because the collisions with surface thermal photons will be closer to
head-on and because the photon density is greater near the neutron star surface.
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This calculation requires only a small change to the optical depth form presented in
Eq. (6.22):
⌧

(h, ✓E , E, T ) =

Z
⇥

0
E

Z

hRN S sin E
d⌘ 2
sin ( E ⌘)
⇡
1
4
2m2
ec
E(1 µ)

Z

µ+

dµ
µ

1
(1
2

µ) f (µ)

(6.43)

d✏ n (✏, T ) (µ, ✏, E) .

Note that the limits of the ⌘ integral have been changed to reflect the direction of
photon travel and the

/⇡ factor has been replaced by f (µ), since we may need

to consider some of the special cases in Eq. (6.21) for downward-traveling photons.
In Fig. 6.5, we show the range of energies which have optical depths ⌧

> 1 at

a given emission radius along the last open field line of a Vela-like pulsar. The
gray shaded region shows the photon energies that will be attenuated if the surface
temperature is 1.5 ⇥ 106 K. The blue shaded region represents the attenuated energies
for a surface temperature of 2 ⇥ 106 K, and the pink shaded region represents the
attenuated energies for a surface temperature of 4 ⇥ 106 K. For this calculation, we
do not include general relativistic or rotational aberration e↵ects. General relativistic
influences will be important for the precise shape of the shaded regions, since they
will alter the curvature of the last open field line.
Rotational aberration will change only the angle between the photon trajectories.
The attenuation optical depth can be calculated in the reference frame of an inertial
observer, since the magnetic field is not a consideration. Likewise, the soft photon
density will be the same. The only thing that will change will be the initial trajectory
of the hard photon, which will be altered as in Eq. (5.7). The cross products that
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define µ are then routine to calculate, and the computation will proceed as before.
This correction is expected to be largest near the light cylinder where the corotation
velocity is highest, and it should drive the value of µ close to zero at very large radii.
The change in µ should be smaller for downward-traveling photons, since corotation
velocities are smaller in the region near the star.
Since the probability of pair production for outbound gamma rays via this process
is low in the absence of aberration influences, it is difficult to generate pair cascades
from an outward-flowing primary particle at any altitude. Inbound gamma rays,
however, can pair-produce more easily and at a wide range of energies and altitudes,
as seen in Fig. 6.5. While it will not a↵ect the detectability of pulsars in gamma rays,
it will produce additional polar cap heating. If the pair production occurs inside
a gap, the pairs will be separated and accelerated by the gap electric field and the
outward-traveling member of the pair can radiate curvature gamma rays. This process
provides another possible means of injecting charged particles into the acceleration
gaps.

τγγ
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Figure 6.3 : Optical depth ⌧ for outward-traveling curvature photons emitted along
the last open field line of a Vela-like pulsar (P = 0.0893 s). Blue curves represent
neutron star surface temperature of 106 K, red curves 3⇥106 K, and orange curves 107
K. For each temperature, four colatitudes of emission are displayed, from 40 (light
dotted curves) to 89 (heavy solid curves). Even for the extreme case of a surface
temperature of 107 K, emission along the last open field line never attains an optical
depth of unity.
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Figure 6.4 : Optical depth ⌧ for outward-traveling curvature photons emitted along
the last open field line of a Vela-like pulsar (P = 0.0893 s) with a surface temperature
of 107 K. Hard photon energy in GeV is plotted on the horizontal axis and colatitude
in
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Figure 6.5 : Two-photon attenuation phase space plot for inward-traveling curvature
photons emitted along the last open field line of a Vela-like pulsar (P = 0.0893 s).
The black shaded region is in the neutron star shadow. Photons with an energy and
radius of emission that places them inside the gray shaded region will be attenuated
for a neutron star temperature of 1.5 ⇥ 106 K; those inside the blue region will be
attenuated for a neutron star temperature of 2 ⇥ 106 K and those inside the pink
region will be attenuated for a neutron star temperature of 4 ⇥ 106 K.

Chapter 7
SOURCE CONNECTIONS: GAMMA-RAY
PULSARS AND MAGNETARS
In this Section, we explore the implications of the pair transparency considerations
for both gamma-ray pulsars and magnetars. The Fermi pulsar catalogues [Abdo et
al., 2010a, 2013] provide us with a wealth of data for constraining the source regions
for high energy emission from ⇠ 145 pulsars. The phase lag of the gamma-ray
emission with respect to the radio emission can be used to estimate the altitude of
the gamma-ray emitting region [Sey↵ert et al., 2012]. Using relativistic descriptions
of polarization position angle evolution, it can be determined [Blaskiewicz, Cordes, &
Wasserman, 1991] that the radio emission originates at typically 10

30RNS above

the magnetic pole. Since the gamma-ray emission in outer magnetospheric models
is usually significantly o↵set from the magnetic polar axis, the phase lag

is a key

parameter for narrowing the solution space in combined radio and gamma-ray light
curve modeling. The gamma-ray peak separation, available for pulsars with 2 or more
gamma-ray peaks, can also be compared to light curve modeling results to estimate
the altitude of the emitting region [Watters et al., 2009, Venter, Johnson & Harding,
2012]. These generally conclude that the active zone is at altitudes 0.03RLC

RLC ,

with determinations sensitively depending on the obliquity of the rotator and the
observer’s viewing perspective.
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Such geometric limits on the emission altitudes generally place the source of ⇠
GeV gamma rays in the outer magnetosphere [Pierbattista et al., 2010, Watters &
Romani, 2011]. The complementary emission radii lower bounds calculated in this
paper from magnetic pair creation are mostly at much smaller altitudes than this,
yet provide interesting constraints in some cases. In particular, in the absence of
aberration they do not depend on the magnetic inclination of the pulsar and the
observer viewing angle. Moreover, the pair transparency bounds can be used even if
the pulsar is radio quiet (33 LAT pulsars as of October 2013) or has only a single
gamma-ray peak (31 LAT pulsars; [Abdo et al., 2013]).
In acceleration gap models of gamma-ray emission from pulsars, the gaps are
generally assumed to be located in a narrow band along the last open magnetic field
line [e.g., Romani, 1996, Muslimov & Harding, 2004, Hirotani, 2007]. This follows
the precedent established in earlier polar cap models [Daugherty & Harding, 1982]
of gamma-ray pulsars. If we assume that emission takes place on and parallel to
the last open field line, we can then calculate an approximate minimum radius of
emission using the procedure in Section 3.2 with the general relativistic corrections
of Section 4. We therefore use pair transparency to provide a physical lower bound
to rmin . These minimum radii depend on assumptions about the neutron star mass
and radius to only a small extent. For example, doubling the assumed mass of the
neutron star increases the minimum radii by approximately 5% at most near the
surface, with the change being due to general relativistic influences. In addition, they
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are independent of the inclination of the neutron star when aberration is unimportant
(mostly the case). Using the Erber approximation result in Eq. (3.14), it is simply
5/2

determined that for fixed "esc , one should expect a correlation of rmin / "esc Bp ✓f /
p
Bp / P , using the approximate polar cap footpoint colatitude dependence ✓f ⌘ ✓p ⇡
p
2⇡RNS /(P c) / P

1/2

. If one neglects the second logarithmic ( Bp -dependent) term

inside the parentheses in Eq. (3.14), this flat space-time correlation is approximately
rmin
2
⇡ 0.037"2/5
esc 10
RNS

IG /5

,

IG

= log10

✓

B12
p
P

◆

,

(7.1)

where the unscaled polar field is Bp = B12 1012 Gauss, and we set RNS = 106 cm. For
p
19
the purposes of this discussion, here we adopt the relation Bp ⇡ 6.4 ⇥ 10
P Ṗ

for the unscaled field, which corresponds to the vacuum magnetic dipole moment
3
µ = Bp RNS
/2 [Shapiro & Teukolsky, 1983, Usov & Melrose , 1995], and is twice the

conventional choice of Manchester & Taylor [1977] that is applicable to the equatorial surface field. Note that non-dipolar contributions and plasma loading of the
magnetosphere modify such inferences of pulsar surface fields from P and Ṗ .
Fig. 7.1 shows the minimum radii of emission for the pulsars listed in the second
Fermi catalog, plotted against

IG

p
, a proxy for the logarithm of Bp / P . These

minimum radii are calculated using a test photon energy that is twice the cuto↵
energy Ec published in the catalog paper [Abdo et al., 2013]. The choice of 2Ec
does not exactly represent the highest energy photons detected from the source, but
is slightly above the energy where the ⌫F⌫ is at a maximum, modulo a factor that
depends on the power-law spectral index below the cuto↵. The cuto↵ energies from
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the fits range from 0.4 to 5.9 GeV for the sources where spectral fitting produces
significant determinations of Ec ; the Crab pulsar is an exceptional case that will be
isolated below. The handful of pulsars with poor spectral fits in Table 9 of Abdo et
al. [2013] are not included in this analysis.
Pulsars with magnetic fields too low for magnetic pair creation to play a significant
role in photon propagation in their magnetospheres, including all millisecond pulsars,
are not constrained at all by this technique; their pair attenuation “minimum radii”
are not only inside the neutron star, but inside the Schwarzschild radius, and therefore
not meaningful. As an example, PSR B1821-24 in the globular cluster M28, with its
period P = 3.05 ms and period derivative Ṗ = 1.62 ⇥ 10

18

sec sec 1 , possesses the

highest known spin-down luminosity of any MSP [Johnson et al., 2013]. Its surface
polar field is Bp ⇡ 4.5 ⇥ 109 Gauss, i.e. approximately 10 4 Bcr . One can infer from
Fig. 3.3 that its polar cap angle of ⇡ 15 would then yield an escape energy of around
30 GeV, a factor of 100 higher than for the Bp = 0.01 case illustrated therein. This
"esc is above the turnover energy Ec ⇠ 6 GeV determined in the pulsed Fermi-LAT
data in Johnson et al. [2013], so that pair transparency for all photons detected by
the LAT can be presumed at altitudes above the surface.
The rmin values in Fig. 7.1 display a general increase with

IG

, but considerable

scatter. The relation in Eq. (7.1) is schematically represented in the Figure via the
black curve rmin /RNS = 4/3 ⇥ 102

IG /5

, corresponding to a value of "esc ⇡ 4 ⇥ 103

(i.e., 2.0 GeV) in Eq. (7.1). This defines the general character of the minimum
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σ

Figure 7.1 : Minimum emission radii for a selection (see text) of young pulsars among
the 117 pulsars in the second Fermi pulsar catalog [Abdo et al., 2013]. The minimum
p
radius in neutron star radii is plotted against a scaling of the logarithm of B12 / P .
This couples directly to the dependence suggested in Eq. (7.1) for flat space-time,
an indication of which is provided by the black curve, which represents rmin /RNS =
4/3 ⇥ 102 IG /5 . These minimum radii are found by solving ⌧ (rE , "c ) = 1 for rE ,
using twice the exponential cuto↵ energies Ec measured by Fermi-LAT [Abdo et al.,
2013], and assuming that emission takes place on the last open field line. If the same
calculation is done for the VERITAS detection of the Crab pulsar at 120 GeV, we
get a minimum radius of 20RNS , while the MAGIC claim of pulsed emission up to
350 400 GeV would raise the bound to rmin ⇠ 31RNS ; both far exceed the minimum
radius of 7.25RNS obtained from the Fermi cuto↵ energy.
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altitude calculations, so that the scatter expresses the distribution of Ec values in
the Fermi pulsar spectral database. The point in the top right corner, with an rmin
value over 10RNS , is for PSR J1119-6127, a high-field pulsar with a surface polar field
well above the quantum critical value. For the Crab and Vela pulsars, the minimum
radii calculated using the Fermi-LAT cuto↵ energies are indicated on the plot. If
one performs the same calculation for the VERITAS detection of pulsed emission
from the Crab pulsar at 120 GeV [Aliu et al., 2011], the minimum emission radius
for those 120 GeV photons is approximately 20RNS . Even more interestingly, the
MAGIC experiment has displayed evidence of pulsed emission from the Crab up to
350–400 GeV [see Fig. 4 of Aleksić et al., 2012], for which the rmin determination
increases to around 31RNS , or approximately 0.2RLC . This is a profound constraint
that impacts the discussion of slot gap versus outer gap models of the Crab, and is
completely independent of altitude inferences from pulse profile geometric analyses.
Observe that if the lower spin-down field estimate of Manchester & Taylor [1977]
is adopted, this bound drops only to rmin ⇡ 23RNS ⇡ 0.15RLC , still o↵ering an
important constraint. Note also that at these altitudes, one might expect rotational
aberration to be influential, perhaps more so in the trailing edge of emission. By
inspection of the altitude bound in Fig. 5.3 for lower energy (GeV) photons, we
anticipate that aberration will provide at most a modest modification to this rmin ⇠
0.2RLC determination.
To provide a striking contrast to this case, the same analysis can be performed for
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the softest Fermi-LAT gamma-ray pulsar, PSR J1513-5908 (B1509-58), whose signal
extends only out to around 230 MeV. This high-field pulsar has a period of 151 ms,
is fairly faint in the LAT band [Abdo et al., 2010d] and is detected by AGILE [Pilia
et al., 2010], also out to around 200-300 MeV. It was not detected by EGRET on the
Compton Gamma-Ray Observatory, but was seen by COMPTEL at energies below 30
MeV [Kuiper et al., 1999]. Using 230 MeV to set "esc , we infer a minimum emission
radius of approximately 2.3RNS . While this is not constraining for slot gap and
outer gap models, it is of significant interest that it is somewhat above the surface.
The broad pulse profile [Abdo et al., 2010d] implies that a more substantial range
of emission altitudes can be accommodated than is typical for gamma-ray pulsars.
Moreover, the fact that one of the gamma-ray peaks very slightly leads the radio pulse
peak [Abdo et al., 2010d] may be an indicator of a polar cap type component to the
pulsar’s signal. Early interpretation of the EGRET upper limits argued for the action
of photon splitting in the strong fields near the surface of PSR J1513-5908 [Harding,
Baring & Gonthier, 1997], which has Bp = 3.1 ⇥ 1013 Gauss. This suggestion was
predicated on the contention that polar cap models could account for the emission in
this pulsar, and required the gamma-ray attenuation by the splitting process to arise
proximate to the polar cap. The pair transparency altitude bound computed here
indicates that the magnetic field local to the emission of ⇠ 230 MeV photons is less
than ⇠ 2.4 ⇥ 1012 Gauss, a lower field domain that strongly inhibits photon splitting
opacity [e.g., Baring & Harding, 2001] in a neutron star magnetosphere.
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It should be noted that if the magnetic field includes higher-order multipole components, as in Arons & Scharlemann [1979], the minimum emission radii calculated
using this technique will change. The addition of a toroidal component to the magnetic field will increase the magnetic field magnitude and decrease the field line radius
of curvature in most of the inner magnetosphere, which will make it easier for photons to transit across field lines and thereby enhance the attenuation of photons by
magnetic pair creation. This must then be compensated by moving the emission regions to higher altitudes where the field is lower. For this case, therefore, our rmin
estimates serve as conservative lower limits. An o↵-center dipole magnetic field [e.g.,
Harding & Muslimov, 2011] will introduce an asymmetry in field magnitude and radius of curvature, which will bring rmin down on the “stretched” side and raise it
up on the “compressed” side. This provides a modest range of minimum altitudes so
that our computations serve as approximate guides. We anticipate that the modifications introduced by o↵set dipolar morphology are tantamount to selecting a field
line of slightly di↵erent footpoint colatitude from that for the last open field line in
a true dipole field; interpretation of the numerical results presented here can then be
adjusted accordingly.
The second observational context considered here concerns magnetars, namely
soft gamma repeaters (SGRs) and anomalous X-ray pulsars (AXPs). With their
supercritical fields, these energetic cousins of pulsars possess steady pulsed emission
that is very di↵erent from that of gamma-ray pulsars. They have prominent thermal
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X-ray emission below 10 keV, and virtually equally luminous hard X-ray emission
[e.g., Kuiper, Hermsen & Mendez, 2004, Goetz, et al., 2006, den Hartog, Kuiper,
Hermsen, et al., 2008, den Hartog, Kuiper & Hermsen, 2008] that is well-described
by power-law tails. These flat tails cannot extend beyond energies of a few hundred
keV due to constraining upper limits obtained by the COMPTEL instrument on
the Compton Gamma-Ray Observatory. A prominent model for the tail emission is
that it is due to inverse Compton scattering of surface thermal X-rays by relativistic
electrons in the strong fields of the inner magnetosphere [Baring & Harding, 2007,
Nobili, Turolla & Zane, 2008, Baring, Wadiasingh & Gonthier, 2011, Beloborodov,
2013]. Such emission should then be subject to the magnetic pair attenuation that is
the focus of this paper. Here we determine the energy ranges for which pair opacity
should strongly attenuate the tail spectra. Magnetars also exhibit flaring episodes,
ranging in luminosity up to the giant flares seen in three soft gamma repeaters. This
emission also does not extend beyond about 1 MeV. A comprehensive observational
and theoretical summary of magnetars can be found in Mereghetti [2008].
For magnetar applications, the asymptotic approximations to the attenuation rate
given in Eqs. (2.2) and (2.3) are not applicable at low altitudes, and the full form
of the rate given in Daugherty & Harding [1983] must be used, i.e. that embodied
in Eqs. (2.5) and (2.6). This is because for magnetic fields above Bcr , the pair conversion optical depth is sensitive to the individual thresholds for each Landau level
transition. We use here a hybrid protocol that calculates the attenuation rate for the
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lowest two Landau levels exactly, and at higher energies uses the BK07 asymptotic
form. The magnetic pair creation escape energies for photons emitted along dipole
magnetic field lines are plotted as a function of altitude of emission in Fig. 7.2. Each
set of curves is labeled with the footpoint colatitude of the field line when it intersects the magnetar surface. Aberration influences are omitted in these calculations,
although GR modifications are included for the curves indicated. The di↵erences in
"esc values between the general relativistic and flat spacetime results are manifested
for all altitudes because for a fixed footpoint colatitude, GR distorts the field line
at all altitudes, increasing the curvature so that it crosses the magnetic equator at a
smaller radius. Accordingly, the escape energies are lowered slightly. If one were to
plot results for the last open field line, the footpoint colatitudes would di↵er between
flat spacetime and GR cases according to Eq. (4.17), but the "esc curves would merge
at moderate to high altitudes.
The surface polar magnetic field used for this plot is 2.4 ⇥ 1015 Gauss, half the
estimated surface magnetic field strength for SGR 1806-20 and somewhat above the
corresponding value for SGR 1900+14. At typical magnetar periods, the polar cap
size (angle ✓p ) is less than 1 degree, so all of these curves represent emission taking
place in the closed field line region. All photons with energies above these ⌧ ("esc ) = 1
curves will be absorbed via magnetic pair creation before they can escape to infinity.
Since these curves are computed for cases where emission is presumed to be beamed
along field lines, for non-zero initial ✓kB angles, the opacity will increase dramatically
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and reduce "esc so that these bounds will become more stringent.
The curves in Fig. 7.2 decline at first with increasing emission altitude, and then
exhibit pronounced rises. The weak decline is associated with the regime of pair creation near threshold when the field at rE is near-critical or supercritical, up to around
rE /RNS ⇠ 3 6 . In this portion of parameter space, "esc is relatively insensitive to the
field strength, and drops slightly with rising rE since increasing field line curvature
allows photons to more readily propagate across field lines. The curves then transi5/2

tion into emission altitudes where the field is subcritical, and the familiar "esc / rE

in Eq. (3.14) is approximately realized — this is clearly evident in the 5 footpoint
colatitude case. The turndowns at the extreme highest altitudes correspond to quasiequatorial emission cases where the photons again readily transit across field lines
that exhibit greater flaring. Smaller radii of field line curvature are also responsible
for the trend of declining escape energy with increasing footpoint colatitude ✓f , with
an approximate dependence "esc / 1/✓f when ✓f ⌧ 1 . For somewhat lower surface
polar field cases that are not shown, for near-surface emission the escape energy rises,
but not dramatically, since pair creation still occurs near the 2me c2 threshold. This
situation is applicable to the lower field magnetars such as AXP 4U 0142+61 and
AXP 2259+586 which possess Bp = 2.7 ⇥ 1014 Gauss and Bp = 1.2 ⇥ 1014 Gauss,
5/2

respectively. In particular, the "esc / rE

domain for ✓f = 5 , 10 then penetrates

to lower emission altitudes in such cases, and "esc rises at higher rE , as the magnetar
environment starts to transition towards the sub-critical Bp regime that is treated
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Figure 7.2 : Pair creation escape energies "esc for photons emitted along four di↵erent
field lines of a magnetar with a surface polar magnetic field of 2.4 ⇥ 1015 Gauss.
These are plotted as functions of the radius of emission in neutron star radii. Curves
are labeled with the “footpoint colatitude” of the field line, and the selected values
( ✓f = 5 , 10 , 20 , 30 , 40 ) correspond to the closed field line region. Solid curves
represent flat spacetime and dashed curves fully include general relativistic e↵ects.
For emission below 10 stellar radii, one would not expect photons to emerge from the
magnetosphere above around 10 MeV.

in Fig. 4.3.
This opacity phase space plot clearly indicates that magnetars should not be visible
to the Fermi-LAT telescope if their activation takes place in the inner magnetosphere,
which is the preferred paradigm for twisted magnetosphere models [e.g., Beloborodov,
2009, Parfrey, Beloborodov & Hui , 2013] of magnetars. We can see, for example,
that 100 MeV photons cannot escape at all from the region bounded by the closed
field line that crosses the neutron star surface at a colatitude of ✓f = 10 , and can
only escape from the region bounded by the field line with a footpoint colatitude of
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5 if they originate more than 10 neutron star radii from the center of the star. This
may explain the non-detection of 13 magnetars at Fermi-LAT energies (Abdo et al.
2010c; see also Şaşmaz Muş & Göğüş 2010) — any emission above 100 MeV must
emanate from high altitude zones in the outer magnetosphere. This would have to be
the case if the claim of a 5

detection of pulsed emission above 200 MeV in a 4 year

collection of Fermi-LAT public archive data for AXP 1E 2259+586 [Wu et al., 2013]
is confirmed. Such evidence of pulsation in this source is not found in the analysis of
Abdo et al. [2010c], and no public confirmation of the Wu et al. [2013] claim has been
o↵ered by the Fermi-LAT Collaboration to date. If emission from select magnetars at
energies above 100 MeV is eventually verified, the pair attenuation studies presented
here have important implications for the paradigms surrounding magnetar quiescent
emission. If it is not confirmed, then pair opacity provides a natural explanation why
magnetars are not seen in hard gamma-rays.

Chapter 8
CONCLUSIONS AND FUTURE WORK
In this thesis, single-photon (magnetic) pair creation transparency conditions for
neutron star magnetospheres have been calculated, beginning with the simplest case
of a non-rotating star in the absence of general relativistic e↵ects, and progressing to
sequentially consider curved spacetime and then the influences of rotational aberration. Optical depths are calculated for arbitrary photon emission points in neutron
star magnetospheres in the special case where photons are initially parallel to the
magnetic field. Such initial propagation conditions are expected in pulsars because
electrons that emit curvature radiation gamma rays have such high Lorentz factors
that all the photons will be subject to very strong relativistic beaming along B. A
similar situation exists for magnetars, if their hard X-ray signals are generated by
inverse Compton scattering using extremely relativistic electrons. The optical depth
determinations enable the presentation of attenuation lengths, minimum altitudes
of emission for a given energy, and escape energies for a given emission altitude, at
various stages of the thesis. In developing these results, we have presented a set of
analytic and semi-analytic forms that greatly simplify the computation of magnetic
pair creation opacities. These approximations can be applied to any emission altitude
and most colatitudes, and were discussed in the contexts of gamma-ray pulsars and
magnetars.
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The principal findings of our analysis are as follows. Flat spacetime computations
reproduce extant results in the literature nicely, and indicate that pair attenuation
escape energies anti-correlate with the colatitude of emission and the surface polar
field strength, as expected due to the mathematical character of the pair attenuation
coefficient. The introduction of general relativistic modifications modestly reduces
both attenuation lengths and escape energies for pair creation at low altitudes near
the stellar surface, but provides almost negligible alteration from flat spacetime results
above ⇠ 5 stellar radii. For the inner magnetospheric considerations germane to
! e+ e

opacity, rotational corrections to the static pair attenuation analyses are

generally found to be quite limited, except for a small domain where photons are
emitted approximately directly above the magnetic pole. In such cases, rotational
aberration forces photons to propagate across field lines almost immediately after
emission, as viewed by the distant, static observer. For emission colatitudes below
around 3 degrees, depending on the directional phase of photon emission, aberration
can either increase or decrease the instantaneous pair conversion rates relative to
those for the non-rotating case, and accordingly the escape energy can either rise or
decline.
For pulsars, the thesis generates estimates of the minimum altitude rmin that permits pair transparency out to the maximum gamma-ray energies detected by FermiLAT. These rmin values are one of the few constraints available on the emission
location in gamma-ray pulsars with a single peak, and they have the advantage of
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being a physics-based constraint that is not solely dependent on the geometry of the
emitting region. The minimum emission altitudes that we calculate from magnetic
pair creation are normally far below those obtained from pulse profile fitting with slot
gap or outer gap models, which are typically rmin > 0.05RLC for two-peaked pulsars.
They become much more useful constraints on curvature-radiation-based models for
the significant number of single-peaked young pulsars, for which pulse profile modeling is not e↵ective in the absence of a pulsed radio counterpart. Interestingly, for the
Crab pulsar, the altitude bound rises to around rmin ⇠ 20RNS due to its energetic
emission confirmed by both VERITAS and MAGIC out to 120 GeV; this bound is
raised further to rmin ⇠ 31RNS when using the detection of pulsed emission out to
350–400 GeV with MAGIC. This most extreme bound is around 20% of the Crab’s
light cylinder radius; it was obtained when omitting rotational aberration e↵ects,
which will modify the limit somewhat, but not drastically. Our results are clearly
not applicable to millisecond pulsars, where the surface magnetic fields are too low
for magnetic pair creation opacity to be significant. The pair creation calculations
presented are germane to magnetars, and they indicate that soft gamma repeaters
and anomalous X-ray pulsars should not be detectable above 100 MeV by Fermi-LAT
unless their emission regions are generally at altitudes of around 10 stellar radii or
higher.
Two-photon pair creation opacities were considered as an alternative source of
opacity for gamma-rays. This processes is most germane for high altitude emission
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locales, where the magnetic influences on the QED cross section can be neglected.
These pair creation opacities are found to be low in pulsars in the absence of rotational
aberration. In order to obtain significant attenuation via two-photon pair creation,
even at the light cylinder, unrealistically high surface temperatures > 107 K are
required. Downward-traveling photons can pair-produce more easily due to the more
nearly head-on collisions with surface X-rays and higher photon densities, which may
produce both additional surface heating at the polar cap and additional injection of
pairs into the acceleration region (depending on the location of the acceleration gaps).
Some of these pairs may enhance the pair multiplicity in cascades and so contribute
to the pair wind flux outside the light cylinder.
Moving forward, a full treatment of rotational aberration e↵ects on high-altitude
two-photon pair creation should be completed. This should be less complex than the
aberration treatment for magnetic pair creation because no tracking of the temporal
evolution of the field structure and Lorentz transformation protocol is required during
gamma-ray propagation through the magnetosphere. This extension should be possible to finish as a short-term project. We anticipate that aberration influences will
increase the average collision angle between the gamma ray and the target X-rays,
and thereby increase the opacity substantially. What is clear from the analysis presented here is that in the absence of aberration, pair opacity seeded by surface X-rays
is insufficient to generate the exponential turnovers observed in the vast majority
of Fermi gamma-ray pulsars. It is possible that incorporating rotational aberration
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may alter this conclusion. In the longer term, the attenuation optical depths calculated in this thesis provide key components for a more self-consistent model of pulsar
high-energy emission. A Monte Carlo simulation could help to determine the e↵ect
of prolific low-altitude magnetic pair production on slot gap models.
The Crab pulsar is an unusual test case for two-photon pair creation. X-ray
observations show that the target photons in the Crab would not be primarily surface
thermal X-rays, but nonthermal magnetospheric X-rays. For emission taking place in
high-altitude gaps, attenuation due to two-photon pair creation should be considered
as a possible explanation for the broken power law spectrum of the Crab at high
energies. The angle between the gamma rays and the target photons will be either
fairly small (for outbound X-rays in the gap) or close to 180 degrees (for inbound
X-rays), and because the optical depth does not depend exponentially on the photon
energy as it does for magnetic pair creation, this could produce a gradual turnover in
the spectrum.
Finally, there is a debate in the Fermi community over whether other Crab-like
pulsars may be detectable with Fermi. It is likely that such sources would be distant and faint, and atmospheric Cherenkov telescopes would most likely not be able
to detect their very high energy emission, but their Fermi spectra would show the
signature of a broken power law spectrum. If one of the faint Fermi pulsars with
poorly determined high energy spectra turned out to be Crab-like or intermediate
between the Crab and more typical young pulsars, it would provide an unparalleled
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opportunity to understand the Crab pulsar’s unusual spectral properties.
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Appendix A
Approximating the Photon Trajectory Curvature
Integral
The photon trajectory in curved spacetime is defined by colatitude ✓ expressed
as an integral over the propagation altitude parameter

= rs /r , where rs is the

neutron star’s Schwarzschild radius. The angle in Eq. (11) of GH94 is the di↵erence
between the angle (in the local inertial frame) of the photon momentum vector to the
radial vector at the point of emission, and the angle of the photon trajectory to the
local radial vector at a point defined by
✓( ) ⌘ ✓E +
Since



E

Z

d

E

p

2
b

r
2 (1
r

r)

.

(A.1)

in this construction, as the photon propagates out from the star, then

the change in colatitude
b

✓ = ✓E +

; it relates to ✓ as follows:

✓ is necessarily positive as the altitude r increases. Also,

= rs /b expresses the general relativistic impact parameter b for the unbound

photon path.
Computation of the trajectory using numerical integration is expensive in terms
of time, particular for repeated applications in Monte Carlo simulations of magnetospheric cascades, so it is expedient to derive an analytic approximation to the integral
in Eq. (4.9). Using manipulations outlined in Chapter 17 of Abramowitz & Stegun
(1965), this integral can be expressed in terms of elliptic functions. Such a step does
not facilitate its evaluation, since the parameter

E

/

b

is not necessarily small, a
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condition that would render series expansion of elliptic functions more amenable. In
our neutron star cases,

E

. 0.4 is generally realized, and this suggests a series ex-

pansion in this parameter. To e↵ect such, we have designed an expansion algorithm
(not unique) that is motivated by the flat spacetime limit

E

! 0 of the integral.

Define
q

⇢f =

2
b

2
r

,

⇢c =

q

2
b

2 (1
r

r)

(A.2)

as flat and curved spacetime forms, respectively, of the denominator of the integrand
q
of the trajectory integral. A Taylor series expansion for ⇢c /⇢f = 1 + 3r /⇢2f can
3
2
r /⇢f

be developed in the generally small parameter

. Note that this parameter is

not much less than unity for near-surface, equatorial cases. This protocol results in
a series expansion in
✓ =

Z

E

d r
⇢f

b

for the integral:

⇢

1

3
r
2⇢2f

+

3 6r
8⇢4f

5 9r
35 12
r
+
16⇢6f
128⇢8f

+O

5
E

.

(A.3)

Now define the scaled parameters
⌥ =

b

,

⌥E =

E

b

.

(A.4)

The integrals in Eq. (A.3) are all analytically tractable, and yield a useful analytic
approximation for the photon trajectory:
✓ ⇡

✓app ⌘



⌥E

arcsin

b f1 ( ) +

2
b

f2 ( )

3
b

f3 ( )

,
⌥

(A.5)
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when retaining only the first four terms in the integrand of Eq. (A.3). Here
f1 ( ) =

2

2
p

2
2 1
15
f2 ( ) =
arcsin
16

f3 ( ) =

1

(15 20 2 + 3 4 )
2 3/2
16 (1
)
2
4
320 + 240
40 6 5 8
2 5/2
48(1
)

128

(A.6)
8
3

.

This provides an alternative to the Beloborodov (2002) approximation. As constructed, for small arguments
as fn ( ) /

1+3n

, the functions employed in the approximation scale

. This regime is sampled for

b

1 , the low impact parame-

ter cases appropriate for circumpolar colatitudes. Accordingly, the series implied by
extension of Eq. (A.5) to higher order terms is nicely convergent even when

b

is

large.
For photon emission from the neutron star surface, with

E

⇡ 0.4 , this approxi-

mation for the transit in colatitude is accurate to better than 0.1% at all subsequent
altitudes for emission colatitudes ✓E . ⇡/4 . Raising the altitude of emission, i.e.
reducing

E

below 0.1 substantially improves this. This level of precision is entirely

suitable for the pertinent pulsar parameter space, where footpoint colatitudes are
usually inferior to ✓f . 30 . To illustrate this, in Fig. A.1 we plot the fractional precision | ✓app / ✓

1| of the approximation in Eq. (A.5) relative to the exact integral

in Eq. (4.9) or Eq. (A.1), as a function of
E

for di↵erent colatitudes ✓E and altitudes

representative of the locales sampled in the pair attenuation calculations. Given

an emission altitude parameter
define the impact parameter

E

b

, the emission colatitude ✓E can then be used to

in Eq. (4.7). The precision clearly is degraded at

∆θ

∆θ
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Ψ
Ψ
Ψ

Ψ

Figure A.1 : The fractional precision | ✓app / ✓ 1| of the approximation in Eq. (A.5)
to the full trajectory integral in Eq. (4.9) for photon propagation in curved spacetime. Three groups of curves, color-coded, are illustrated for altitude parameters
E = 0.4, 0.2, 0.133 , as marked, corresponding to emission at the neutron star surface and at two and three stellar radii. The range of altitudes 0 
 E spans
from the emission locale all the way out to infinity. Within each group are three
curves for emission colatitudes ✓E , as labelled, illustrating how the precision of the
approximation improves nearer the magnetic axis.

high colatitudes, though is always better than 1% for the colatitudes illustrated. Yet,
because the general relativistic curvature is diminished at higher emission altitudes,
the range of colatitudes ✓E yielding a given level of precision increases as

E

declines.

To retain 0.1% precision, it is best to restrict use of the approximation to field line
footpoint colatitudes ✓f . 45 .

Appendix B
Approximating the Optical Depth for
Zero-Colatitude Emission in a Rotating
Magnetosphere
To facilitate semi-analytic checks on escape energies and minimum altitude numerics, we consider here the special case of aberration-corrected emission from directly above the magnetic pole ( ✓E = 0 ), for which the initial velocity and magnetic
field vectors assume particularly simple forms. Using a combination of Eq. (5.7)
and Eqs. (5.3) and (5.6) the direction of photon travel in the inertial observer frame
simplifies to

2

k̂O

where

E

= 2⇡rE sin ↵i /cP ⌘ h

p

3

6 sin ↵i 7
6
7
6
7
7,
⇡ 6
6
E 7
6
7
4
5
cos ↵i

(B.1)

is the magnitude of the corotation velocity divided

by c . In this result, we have used the fact that

E

⌧ 1 at the low to moderate

altitudes of interest for this5B development. Remember that

p

= RNS sin ↵i /RLC

is the corotation speed of the magnetic pole at the stellar surface. Then the angle
between the photon trajectory and the radial direction in the observer frame, given
by Eq. (5.18), reduces to the simple form

E,0

⇡ arcsin

✓

2⇡rE sin ↵i
Pc

◆

.

(B.2)
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Since

E

⌧ 1 , this is approximately
E,0

As in Eq. (3.5,) we define

2⇡rE sin ↵i
⌘ h
Pc

⇡

p

.

(B.3)

to be the radial distance of the photon from the center

of the neutron star divided by the radius of emission. Applying the law of sines, we
have
=
since both
⌘!

E,0

sin E,0
⇡
sin( E,0 ⌘)
1

1
⌘/

E,0

,

(B.4)

and ⌘ are small. Accordingly, escape to infinity corresponds to

E,0

. Similarly, for s , the law of sines and small-angle approximations give
s ⇡ rE (

1) .

(B.5)

These can be carried through the coordinate transformations to express the approximate coordinates for the photon path in the star frame in terms of ⌘ :
rS ⇡

rE
⌘/

1

✓S ⇡ ⌘
S

Observe that

S

⇡

⇡

E,0

(B.6)
⇡
2

.

⇡/2 is an angular restriction that follows from the rotation

velocity ~E = ⌦ ⇥ rE at the point of emission being approximately orthogonal to the
plane defined by µ
~ and ⌦ , since rE is nearly parallel to µ
~ . With these approximations one can obtain a relatively compact form for the magnetic field and photon
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trajectory vector in the star frame. For the field we have
2
3
2
6 3 sin ↵i 7
6
7
✓
◆3
3
6
7
3Bp RNS
⌘
7
BS ⇡
1
T⌦ (tO ) · 6
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3
6
7
2rE
E,0
6
7
42
5
cos ↵i
3
which, using ⌦tO ⇡ s/RLC ⇡

,

(B.7)

⌘) sin ↵i ] ⌧ 1 and Eqs. (B.2), (B.3)

E,0 ⌘/[( E,0

and (B.4), is easily shown to be approximately equivalent to
2
3
BS ⇡

Bp
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The photon momentum vector is
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where the y component is far inferior to the other two. The magnitude of the cross
product |kS ⇥ BS | then has a leading order term given by
kS ⇥ BS ⇡

3!Bp ⌘ (
2h3

E,0
3
E,0

⌘)3

.

(B.10)

With all the quantities in Eq. (5.1) defined in terms of the small variable ⌘ , the
integral can then be approximated as in Section 3.1 using the method of steepest
descents. The peak of the integrand occurs at
⌘pk =

E,0

4

,

(B.11)
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as we found for the non-rotating, flat spacetime case. In practice, the attenuation
rate drops to almost zero well below ⌘max ⇡

E,0

, due to the rapid decline in the field

strength at high altitudes, and therefore we set ⌘max ! 1 in the steepest descents
protocol. This then yields
⌧ =

Z

⌘max
0

r
p
3
3 ! sin3 ↵
ds
8⇡ 4 Bp RNS
36 3 ↵f Bp RNS
i
R d⌘ ⇡
218 –
rE2
d⌘
c3 P 3
⇥ exp

⇢

(B.12)
11

2

2 cP rE
3
p ⇡R sin ↵i

35 !B

,

which can be recast slightly as Eq. (5.20). This satisfyingly simple result emerging
from the complexity of aberration considerations is only applicable in the limit of
non-relativistic boosts at low altitudes between the star and observer frames: it can
be reliably applied when RLC /RNS & 30 , which includes all Fermi young gamma-ray
pulsars. To determine the threshold for pair transparency, we set this integral equal
to unity, and solve for one of the variables in terms of the others. From this analysis,
it is clear that when ✓E ! 0 , the minimum altitude for pair transparency for a given
photon energy will attain a non-zero value and the escape energy for a photon emitted
from a given altitude will remain finite.

