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ABSTRACT 

Theoretical Study of Electron Transport Properties of 

Fullerene-Based Low-Dimensional Nanoelectronic Devices  

by 

Fangbo Xu 

 Since the discovery of fullerene materials in the early 1990s, such as carbon 

nanotube, graphene, etc., these new forms of carbon have been attracting a surge of 

research interest due to their excellent electrical properties and mechanical strength. In 

conjunction with more and more low-dimensional materials recently discovered, such as 

MoS2, phosphorene, etc., these new materials are considered as promising candidates for 

the next generation of nanoelectronics. The low dimensionality, however, has raised 

challenge to theoretical research: size effects, ultra-high aspect-ratios, atomic details, 

quantum transport, breakdown of Ohm’s law, etc., all of which have been becoming 

progressively significant and inevitable, as the miniaturization of microelectronics 

advances to the nano-meter scale.  

 Within the ballistic regime, different theoretical approaches describing the 

scattering of Bloch waves at the interface of separate lattice domains have been 

developed. Among them, the non-equilibrium Green’s function (NEGF) approach, 

combined with the tight-binding method (TB), or localized-basis-function based Kohn-

Sham density functional theory (DFT), has been widely employed as a standard way, to 

study the I-V behaviors for a given open transport system. Other than the plain I-V 

curves, however, in theory the NEGF is supposed to provide more insight of physics and 

mechanism regarding the motion and distribution of electrons, and further the magnetic 
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properties. Also, the current algorithm for the surface Green’s function only works with 

electrodes with translational symmetry. Moreover, the NEGF must work with specific 

atomistic structure, and thus becomes inapplicable for semiconductors whose doping 

mechanism still remains ambiguous. Unfortunately, in the past literature the relevant 

research stopped at these fields, which accordingly become where this dissertation starts. 

In this dissertation, a variety of formalisms and approaches regarding the 

properties of electron transport, magnetic field and electrostatics in nanoelectronic 

devices are developed. Under the framework of Landauer picture, the NEGF approach 

combined with the TB method or the DFT theory, is further advanced, so that we may 

obtain a deeper vision of physics behind I-V curves, e.g. current distribution, magnetic 

field, etc. Also we developed the NEGF approach for electrodes with helical symmetry. 

These approaches are applied to several special nanoscale devices and reveal their novel 

properties that have never been explored. Furthermore, the NEGF approach is combined 

with classical approximations so that we may compute current transport in 

heterojunctions with ultra-high aspect-ratios, for which the regular quantum calculation 

becomes prohibitively expensive. These studies may pave the way for the future 

electronics towards the target of being thinner, smaller, and less power loss.  
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Chapter 1 

Introduction 

Since 1958, when Jack Kilby and Robert Noyce created the first integrated circuit 

(IC) at Texas Instrument, a huge amount of endeavor has been devoted to miniaturizing 

the size of fundamental electronic components such as transistors, so as to integrate as 

many as possible devices into a single tiny microchip. As stated by the famous Moore’s 

law (1965)
1
, the number of transistors per square inch on ICs had doubled approximately 

every two years since IC was invented, and this trend has been persistent up to today as 

well as the foreseeable future. In 2011, Intel successfully developed a fundamentally new 

technology and manufactured 3D transistors at 22nm
2
. With the emergence of smaller 

and energetically more efficient devices, the new technology has brought up so many 

innovative products that have never shown up in the history but have greatly changed the 

whole world in the recent decades, such as personal computers (PC), smart phones, and 

mobile telecommunication devices. The pursuit of smaller electronic devices, however, 
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appears to be endless, which will deliver more and more unexpected benefits to people’s 

life.  

1.1. Experimental exploration 

The ever-growing demand for smaller and smaller functional device with less 

energy dissipation has led to a great progress in various disciplines including materials 

growth, assembly/fabrication techniques and circuit design. Ever since the discovery of 

carbon nanotube (CNT) in 1991
3
, the sustained advances in developing new low-

dimensional materials have offered us many new materials with novel properties and 

promising prospects, such as graphene
4
, which is an one-atom-thick honeycomb network 

of carbon with excellent mechanical strength and ultrahigh carrier mobility; 

phosphorene
5
, which is a native few-atom-thick p-type semiconductor with a moderate 

band gap (1.5~1.9 eV); h-BN
6
, a monolayer honeycomb network of B and N atoms with 

a wide bandgap (~6 eV); MoS2, WeS2 and other monolayer transition-metal 

dichalcogenide semiconductors that carry a moderate band gap (1~2 eV)
7
.  

The efforts in synthesis and fabrication of functional devices with these new 

materials have also been motivated and various new techniques and paradigms have been 

developed. The top-down paradigm, which aims at continuing the successful 

conventional complementary metal oxide semiconductor (CMOS) technology to 

efficiently produce large-scale nanostructures, has successfully fabricated a large array of 

2D heterojunctions of graphene and h-BN
8,9

, opening a gate to synthesizing practical 

functioning p-n junctions and Schottky junctions. On the other hand, the bottom-up 

paradigm, attempting to imitate the biology process, is considered widely as a solution to 
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the challenges faced by the current semiconductor industry. A cross-bar structure which 

assembled CNTs and nanowire building blocks to produce non-volatile memory 

applications has been demonstrated, promising a memory density level of terabits per 

square centimeter
10-14

. The bottom-up approach has been also proved to be able to 

produce high-yield assembly of nanowire p-n diodes and field-effect transistors 

(FET)
13,15-21

. Fundamental logic gates assembled by nanoscale junction arrays have been 

demonstrated experimentally, as well as a CMOS-type ring oscillator on a single long 

CNT
22-27

. 

1.2. Breakdown of Ohm’s law 

The advancing miniaturization of electronic devices also poses more and more 

challenges to modern physics. As is known, the classical description of electron transport 

is Ohm’s law. Now we review Ohm’s law from the microscopic view. A free electron is 

accelerated by an external electric field from zero velocity between every two collisions 

and the average drift velocity is written as  

2
d

qE
v

m
            (1.1) 

where E is the electric field, m is the mass of electron, q is the electron charge and   is 

the average time between collisions,   is characterized by Fermi speed 
Fv  and the mean 

free path (MFP) 
mL  as  

m

F

L

v
             (1.2) 

which can be considered as a constant for a particular material with given environmental 
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parameters. Accordingly, the current through a cross-section is expressed as 

22

2 2

m
d

F

nq sLnq s V
J nqsv E

m mv L


           (1.3) 

where n is the free carrier density, s is the area of the cross-section, L is the length and V 

is the applied voltage.  

Ohm’s law stands on the prerequisite that the dimensions of device must be far 

larger than the MFP. As the miniaturization of electronic devices advances to the nano-

scale, or even atomic scale, the MFP of electrons may be comparable to or even less than 

the size of the device, and electrons may have already travelled through the conductor 

before collision with ions occurs.  

In addition to the MFP, there also exist several characteristic lengths in the solid: 

1. Fermi wavelength, which is the wavelength of electrons at the Fermi level. 

Normally the Fermi wavelength is around 3.0 Å in metal solids. Due to the 

reduction of dimensionality, the Fermi wavelength may change greatly. For 3D 

momentum space there exists a Fermi surface constituted by an infinite number of 

k points whose weights are usually quite small. For nano-scale system, however, 

the number of k points may be reduced significantly, and the Fermi wavelength 

may become considerable if the wave vector is close to the Γ point.  

2. Coherence length, which is the propagation distance over which an electron wave 

maintains its phase information.  

When the size of devices approaches these characteristic lengths, the electron 

transport is no longer a diffusive process described by Ohm’s law, but instead it is in the 
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regime of ballistic transport, in which the electrons no longer lose their energy due to 

scattering with ions and other electrons.  

1.3. Quantum transport 

In order to accurately describe the new properties of electron transport in 

nanoscale or atomic scale devices, we should start with atomistic structure and its 

electronic properties. After decades’ advance in quantum chemistry and condensed 

matter physics, researchers have established many theories and computational packages. 

In particular, the density functional theory (DFT) has been widely used to study 

mechanical, electrical, magnetic and thermal properties of various materials, due to 

reliable performance and relatively inexpensive costs. The traditional DFT approach, 

however, is limited to two kinds of atomistic systems: an isolated cluster or a supercell 

with periodic boundary conditions, but usually the latter contains the former by adding 

appreciable vacuum slabs in translational directions. Nevertheless, the transport system 

we need to deal with is neither of them. A typical transport system involves a device 

suspended between two electrodes which are semi-infinite periodic systems extending to 

the infinitely far away.  

Early efforts take the Eigen-wavefunctions in the deep electrodes as the boundary 

condition and solve for the scattering wavefunctions of the device in the middle and fill 

the density matrix according to the occupation of these orbitals
28,29

. But nowadays, the 

non-equilibrium Green’s function approach (NEGF), combined with DFT calculation, 

has become a powerful tool widely employed in simulations regarding electron transport 

in nanostructures
30-33

. The NEGF+DFT approach replaces the interactive self-energy of 
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electrons, which is difficult to obtain, with the exchange-correlation potential which has 

been developed for decades. The NEGF approach prevails over the old scattering method 

in terms of the contour integral which greatly reduces the computation volume and also 

makes convenient involving other kinds of interaction, such as electron-phonon, electron-

photon, by modifying the self-energy.  

Although in the framework of NEGF+DFT approach, the self-energy does not 

take care of the scattering of energy and phase of electrons so that this approach only 

applies to ballistic transport systems, this first-principle theory proves to be a valid tool 

for studying nanostructures in which the transport length is close to or less than the MFP 

so that non-ballistic transport is negligible. Therefore, this approach is widely used and a 

variety of open-source packages based on this theory have been developed, such as 

McDCal
34

, TRANSIESTA
35,36

, SMEAGOL
37

.  

In addition, during my PhD program, I developed a Fortran package, XTRANS
38

, 

which performs the NEGF approach to study the I-V curve and current distribution of 

nanostructures. This package contains the improved quantum chemistry package, 

TRACADERO, which employs the tight-binding (TB) method to carry out energy 

calculation and geometry relaxation of atomistic structures with translational symmetry, 

as well as the helical symmetry. To our knowledge, this package is the first one that takes 

advantage of helical symmetry of atomistic systems while performing the NEGF 

approach. This capability may significantly shrink the computational cost when the target 

systems take helical symmetry which the regular packages mentioned above cannot 

handle.  
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1.4. Summary and outline 

In this chapter, we reviewed the advancement of nanoelectronics and challenges 

posed to the traditional theory regarding electron transport, as well as the present 

situation of the theoretical research of quantum transport. Although nowadays the 

NEGF+DFT approach has become a standard way to study quantum transport of 

nanostructures, it is not yet a panacea to universal transport systems. For example, so far 

the DFT calculation cannot take advantage of helical symmetry in the target system, in 

which the size of a supercell may be so large that the regular PBC calculation is quite 

expensive. Additionally, DFT calculation requires a well-defined atomistic structure to 

obtain the Hamiltonian as the input for NEGF, but this is often unrealistic for doped 

semiconductors in which the mechanism of giving an intentional doping level is absent. 

The current NEGF+DFT approach provides a powerful tool to characterize the transport 

properties in the presence of interfacial potential fields and coupling between wave 

vectors from respective domains, serving as a substantial building block for transport 

research of more complex nanostructures. 

This thesis is organized as follows: 

Chapter 2 describes the fundamental formalism of Landauer-Büttiker formula 

which gives the expression of ballistic conductance in terms of the transmission 

coefficient over a range of energy. Then we introduce the formalism of non-equilibrium 

Green’s function in matrix form which is used to compute the transmission coefficient 

through a transport system whose Hamiltonian and overlap matrices are given.  



8 
 

Chapter 3 introduces the NEGF approach for electron transport of nanostructures 

which are implemented in XTRANS, the package developed by our group. Incorporated 

with the TB method, this package also involves the utility of visualizing the current 

distribution across the nanostructure in forms of “bond current”. To demonstrate the 

application, we also present multiple examples with either translational or helical 

symmetry, and reveal their distinctive electric and magnetic properties. This chapter has 

been published
38

. 

Chapter 4 applies the NEGF approach described in Chapter 3 to the graphite 

screw dislocation (GSD). Our results present several kinds of GSD with special 

properties, indicating that implementation of the metallic GSD could dramatically reduce 

the necessary space of inductors in ICs. 

Chapter 5 studies the electrostatic properties and current transport of a two-

dimensional Schottky barrier diode. We develop a generic model which, under 

equilibrium condition, solves for the carrier distribution and potential profile of the 2D 

metal-semiconductor heterojunction, combined with first-principle calculations. This 

study provides theoretical fundamentals for electrostatics and current transport of 2D 

heterojunctions, and also sheds light on the prediction of performance for other low-

dimensional systems with striking aspect ratios. 

Chapter 6 applies the NEGF approach to the metallic carbon nanotube junction 

and reveals some novel features arising from quantum inference of Bloch waves. The 

propagation of CNTs’ Bloch waves is cast in the coupled-mode formalism and helps to 
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reveal the quantum interference nature of various behaviors of conductance. This chapter 

has been published
39

. 

Chapter 7 proposed a new Markov-process based method of inspecting 

percolation of a given network, with which we successfully figure out the percolation 

threshold of a carbon nanotube fiber and its dependence on the geometry. This chapter 

has been published
40

. 

Chapter 8 briefly depicts my vision of development of nanoelectronics for years 

to come, which also brings up new challenges to theoretical work. Although the current 

NEGF approach is not perfect, it still holds potential to make progress in assisting the 

research of electron transport of more complex and more realistic nanostructures. 
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Chapter 2 

Landauer-Büttiker formula &  

Non-equilibrium Green’s function 

2.1. Landauer Formula 

In a ballistic conductor where electrons experience no scattering, the forward 

propagating k-state is occupied according to Fermi-Dirac distribution  f E  and 

contributes to the total current as  

1
k kI q v

L
             (2.1) 

where 
1

k

E
v

k





 is the group velocity. Note that different from the potential well we 

have no scattering at the boundaries of the conductor, thus the electron can be anywhere 

with equal probability and hence the electron density is 1/L.  
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The total current is expressed as: 

 k k

k k

q
I I v f E

L
            (2.2) 

when L  we have 2
2k

L
dk


   , and then  

 
2q

I f E dE
h

            (2.3) 

If there exist  M E  transverse modes at then given E, Eq(2.3) should be 

modified accordingly: 

   
2q

I M E f E dE
h

          (2.4) 

If 
1  and 

2  are the Fermi levels of respective electrodes, and  M E  is assumed 

to constant for 
2 1E   , then we have 

2

1 2

2

2

2

2

2

q
I M

h q

q
MV

h

q
G M

h

 




 

          (2.5) 

Therefore the conductance of the ballistic conductor is quantized as multiples of a 

conductance quanta of 
22q

h
, and Eq(2.5) is the well-know Landauer formula

41
. 
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If the transmission probability between the electrodes is T, the total current on 

each electrode will be 

 
2

1 2

2
1

q
I I I T MV T I

h
               (2.6) 

The Landauer formula reveals that the ballistic current flowing through a two-

terminal system can be computed by integrating the transmission coefficient at the energy 

region between respective Fermi levels. Furthermore, Büttiker demonstrates this 

conclusion can be extended to multi-terminal systems by summing over all the 

terminals
42

. In particular, the transmission coefficient between multi-mode Terminal p 

and Terminal q can be expressed as: 

2n
mn mn

m p n q mn m

v
T T t

v 

            (2.7) 

in which m represents propagating modes in Terminal p and n is in Terminal q. Eq(2.7) is 

often referred to as Landauer-Büttiker formula. Later we will express it in terms of 

Green’s function formalism.  

2.2. Recovery of Ohm’s law 

We can recover the Ohm’s law from Landauer formula by increasing the 

dimensions
33

: 

(1) L MFP   

Assume the conductor with a length of L is constituted by N scatterers serially 

connected, and 
iT  and 

iR  are the transmission coefficient and reflection coefficient at the 
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scatterer i, then the probability of passing i  and 1i   is evaluated by  

 

  

2 2 1
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      (2.8) 

Thus the transmission coefficient through the whole conductor is  

 

 

 
 

 

 

 

0

0

0

1 1 1

1

1

1

1

i

i i

T L T T
N

T L T T

T

T LT
T L

TT N T L L
L

T

T
L

T







  
 


   

  









      (2.9) 

where   is the line density of scatterers, then N L . Suppose after travelling 

through one scatterer, the wave is reflected by 1 T , and then after travelling through 

MFP 
mL , the wave is almost completely reflected, so that  

    0

(1 ) 1

1
~

1 1

m

m

L T

T
L L

T T



 

 

  
 

        (2.10) 

Thus the total conductance becomes  

0

0

1
~ ~ ~mL L

G T
L L L L




         (2.11) 
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(2) 
FW    

The width of the conductor should be the multiples of Fermi wavelength so that  

~ ~ F

F

k WW
M

 
          (2.12) 

2

0

0

0

2
~

~

F
Lk Wq

G
h L L

W

L L

 



          (2.13) 

2.3. Non-equilibrium Green’s function method (NEGF) 

2.3.1. Green’s function in coordinate space 

According to the general theory of differential equation
33

, there exists a quantity 

called Green’s function, or propagator, depicting the propagating waves motivated by a 

point excitation. For the Schrödinger equation, the Green’s function can be expressed as  

     ˆ ,E H G x x x x             (2.14) 

where Ĥ  is the Hamiltonian operator of the system. On the right-hand side it is the 

source at x  that motivates waves. Physically this source leads to two outgoing waves 

towards the opposite directions, as: 

 
 2

, exp ,R
m E Ui

G x x ik x x k
v


              (2.15) 

where U is the potential. The outgoing wave is also called retarded Green’s function. In 

the meanwhile, there are also incoming waves from the opposite directions that disappear 
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at x , called advanced Green’s function: 

 , expA i
G x x ik x x

v
             (2.16) 

To incorporate incoming and outgoing waves into one equation, one find 

introduce an infinitesimal quantify 0   so that  

   2 2
1

m E V i m E V i
k

E V

     
    

      (2.17) 

which renders  ,AG x x  growing to infinity far away from x , and therefore  ,RG x x  

becomes the only solution. Likewise, if we replace i  in Eq(2.17) with i , the 

advanced Green’s function  ,AG x x  is the only solution. 

Next we expand the retarded Green’s function in terms of eigenfunctions. The 

eigenfunctions form an orthonormal set and we have 

     ,RG x x C x x 


          (2.18) 

Substituting Eq(2.18) into Eq(2.14) gives 

       ˆE i H C x x x x 


              (2.19) 

Considering Ĥ      , and multiplying  * x   to Eq(2.19) and integrating over x , it 

gives: 

 
 

 
   

*

*

,R

x
C x

E i

x x
G x x

E i







 

 



 

 

 


 

 


 

 


        (2.20) 
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Also we have  

 
*

A RG G .  

2.3.2. Matrix Green’s function 

Instead of the coordinate space, usually we work with the Hilbert space formed by 

atomic orbitals. For that we modify Eq(2.14) to be 

 ES H G I            (2.21) 

Usually we divide the whole transport system into 3 parts: left lead (L), device (D) 

and right lead (R). The device region is the only place where the scattering happens so 

that it must incorporate unit cells of both leads which are identical to those in the deep 

leads. We use 0 to denote the outmost unit cell of the device region, and the scattering 

states can be expressed as  

0 0 0

0 0

l l l

i

D D

r r

r

t

  

 

 

  







          (2.22)  

and the eigen equation can be written as: 

 
0 10 1

10 10 10

01 10

0 0 0 10 1 0 0 01 1

0 0 0 10 1 0 0 01 1

0 ,

l l

D D c

rr

l l l l l r r

r r l l r r r

h

ES H h ES H

h

g h g h

g h g h

 





  

  

   
   

      
      

  
 

  
      (2.23) 

Considering 0 01 1 0 10 1,R A

r rh h         , after complicated algebra it yields: 
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   0 0 0 0 0 0 0 0 0

0 0 0

R R R A

r l l l r r r r r l l l l

r l l l

g g I g

ig

  



      

  
      (2.24) 

where  / / /

R A

l r l r l ri     is the so-called broadening function describing the coupling 

between device and the leads.  

Likewise, we have 

 0 0 0 0 0 0 0 0 0

R R

l l l l l r r r l l l lg I g ig               (2.25) 

Combining Eq(2.24) and (2.25) gives 

0 0 0 0

0 0 0 0

R

l l l l l

R

r r l l l

iG

iG

 

 

  

  
          (2.26) 

in which 0 0

R

l lG  and 0 0

R

r lG  are blocks of the retarded Green’s function of the device. 

Substituting Eq(2.22) into Eq(2.26) yields 

0 0 0 0 0

0 0 0 0

R

l l l l l l

R

r r l l l

r iG

t iG

  

 

   

  
         (2.27) 

Now we need to figure out the expression of velocity in terms of the Green’s 

function. The Schrödinger equation of a PBC system at the k point is written as: 

0 0

10 00 01

10 00 01

k k

k ika ika

k ika ika

H ES

H H e H H e

S S e S S e

 







  

  

         (2.28) 

Derivative of (2.28) with respect to k gives 

0 0 0

k k
kH dE dS

S E
k dk dk
  


 


        (2.29) 

Multiplying †

0  on the both sides of Eq(2.29) and we have †

0 0

kS I   , it gives
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† †

0 0 0 0

†

0 10 01 10 01 0

†
†

01 0 0 0 01 0

k k

ika ika ika ika

ika ika

dE H S
E

dk k k

iaH e iaH e iaES e iaES e

ia h e ia h e

   

 

   

 

 
 

 

    

 

    (2.30) 

Thus the group velocity is written as ( 0 01 1 0 10 1,R A

r rh h         ) 

 
†

†

0 0 0 0

† †

0 0

†

0 0

1out R R

r r r r r r

R R

r r r r

r r r

dE ia ia
v

dk

ia

a

   

 

 

     

    

 

      (2.31) 

Likewise for the incoming velocity we also have  

†

0 0

in

l l l

a
v              (2.32) 

Eventually we can apply the formalism of Green’s function described above to the 

Landauer-Büttiker formula, which is  

2n
mn mn

m p n q mn m

v
T T t

v 

            (2.33) 

In order to work with the matrix form of Eq(2.33), we define the velocity matrix as 

ij i ijv  , so that we have 

   
11

*

*

2

1

1

in out in jk out liij kl
ijkl

k

ij kj out kl lii
ijkl in

k

out ki kii
ik in

k

out
kii

ik in

Tr t t t t

t v t
v

v t t
v

v
t

v

   

 

     















       (2.34) 

Taking into account the expression of velocity matrix in terms of Green’s function, we 
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have  

   

   

 

 

1 1

0 0

1

0 0

1

0 0 0 0 0 0

1

0 0 0 0 0 0

in out in r r r

in r r r

R R

in r l l l r r l l l

A R

in l l r l r r l l l

a
t t t V V t

a
V t V t

a
iG V iG V

a
V G G V

  







   

 



  

 

 

           

   

     (2.35) 

We could make use of cyclic properties of trace, note that V V I    

   
1 1

0 0 0 0 0 0

1 1

0 0 0 0 0 0 0 0

0 0 0 0

A R

in out in l l r l r r l l l

A R

l l l l l r l r r l l l

R A

r l l r l r

a
Tr t t Tr V G G V

Tr V V V G G V

Tr G G

  
   

   

      
   

      

    

     (2.36) 

Thus we obtain the transmission coefficient at a given energy E 

0 0 0 0

R A

r l l r l rT Tr G G              (2.37) 

2.3.3. Correlation function 

Alternatively, we can obtain the expression for the total current via computing the 

current density with the Green’s function formalism
30,33,43

. First a quantity called 

correlation function is defined as: 

     *, ; , , ,G r t r t i r t r t              (2.38) 

so that the electron density is  

   , , ; ,n r t iG r t r t           (2.39) 

and the current density is  
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'

*

'

lim ' ,
2

( ) lim '
2

r r
e

ij i j
r r

ije

e
r G r r

m

e
G E r r dE

m
 









  

  

J

      (2.40) 

Then the total current is the divergence of  rJ
30

: 

 

 

tot

ji ij ij ji

ij

I dE dr r

e
dE H G E G H

h

e
dETr HG G H

h

 

 

  

   

   

 





J

        (2.41) 

where  

R A

L R L L R R

G G G

i f i f

 

  

 

       
        (2.42) 

Let      in E f E E   ,      1out E f E E      , further we have  

R in A R in AHG G H HG G G G H             (2.43) 

 

R R R R

R A A A A

HG EG G I

HG G H EG G I


  

     
       (2.44) 

Substituting (2.44) into (2.43), 

R in in A R AHG G H G G G G                (2.45) 

so that Eq(2.41) becomes  
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    (2.46) 

Note that in principle Eq(2.46) incorporates coherent and non-coherent currents, but if 

scattering functions ( ,in out  ) corresponding to the non-coherent component are zero, the 

non-coherent current is zero. When we make use of DFT calculation or other kinds of 

mean-field methods to obtain the scattering functions, the transport remains coherent. If 

we take into account the spin, Eq(2.46) becomes identical to the expression of current we 

derive from the Landauer-Büttiker formula: 

 
2 R A

tot L R L R

e
I Tr G G f f dE

h
             (2.47) 

In this chapter we derive the expression of current of a two-terminal transport 

system, taking advantage of matrix Green’s functions, from two perspectives: First we 

express the velocity matrix for certain wave mode as well as incoming and outgoing 

wavefunctions, and substitute them into the Landauer-Büttiker formula; Second, we start 

from the correlation function which is directly related to the electron density, solve for 

the current density and then compute its divergence to obtain the total current. As far as 

the total current is concerned, both of the approaches are identical. But by following the 

latter way we may obtain the distribution of current density and further the magnetic field, 

therefore we often use the correlation function method to explore more properties from 
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the target transport system.  
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Chapter 3 

XTRANS: An Electron Transport Package 

for Current Distribution and Magnetic Field 

in Helical Nanostructures 

This chapter has been published [Comput Mater Sci 83, 426 (2014)]. The 

permission of using this published paper is covered by the rights* belonging to an 

Elsevier journal author.  

*see http://www.elsevier.com/about/policies/author-agreement/lightbox_scholarly-

purposes 

3.1. Abstract  

In this chapter, the algorithms of non-equilibrium Green’s function (NEGF) 

approach for electron transport properties of nanostructures which are implemented in 

XTRANS, the package developed by our group, are described. Incorporated with the tight-

http://www.elsevier.com/about/policies/author-agreement/lightbox_scholarly-purposes
http://www.elsevier.com/about/policies/author-agreement/lightbox_scholarly-purposes
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binding method, this package not only can compute the regular PBC structure, but also is 

capable of studying those systems which possess no translational symmetry but helical 

symmetry. It selects the appropriate symmetry to minimize the computation cost if the 

system is subject to both symmetries. It also involves the utility of visualizing the current 

distribution across the nanostructure in forms of “bond current”, with which we developed 

a fast and accurate procedure to compute the induced magnetic field and further the 

inductance. To demonstrate the application, we also calculate multiple examples of 

nanostructures with either translational or helical symmetry, and reveal their distinctive 

electric and magnetic properties. To our knowledge, these features have never been 

available in previous ready-to-use packages for electron transport.  

3.2. Introduction 

The development tendency of electronic devices is smaller, faster but less 

dissipation. The ongoing miniaturization of microelectronic devices has advanced to the 

scale of nanometers during the past decades, and current lithographic techniques are able 

to manufacture ~10nm heterostructure of semiconductors 
44-47

. In addition, many low-

dimensional materials, such as carbon nanotubes (CNT), graphene, boron sheet, MoS2 

etc. have spurred a surge of research interest regarding their novel properties in 

mechanics and electronic structures 
48-61

. Moreover, even single molecules are employed 

to fabricate electronic devices with the ultimate size 
62-68

. In these transport systems, the 

number of carriers is dramatically reduced so that quantization of charges becomes 

significant 
69-73

. Meanwhile, the motion of electrons is confined in at least one dimension, 

and the phase coherence as well as the energy is preserved during the transport process, 
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as demonstrated by the quantized conductance and negative differential resistance 

observed in experiments 
74,75

. As a result, the scattering of electrons occurs in the 

presence of the potential of nuclei and other electrons, and accordingly the particular 

electronic structure as well as the atomistic details of contacts has to be taken into 

account explicitly to study the electron transport properties of nanoscale devices.  

As far as the theoretical research regarding electron transport is concerned, 

numerous works have been presented on different levels of approximation to the 

electronic structure, ranging from model Hamiltonian (e.g. π-electron tight-binding 

method of fullerene 
76

), to the first-principle calculation, in which the density functional 

theory (DFT) is prevailingly used 
77-79

. When the Hamiltonian is determined, the 

transport calculation may proceed in two distinctive ways: one is to solve the 

wavefunctions and transmission probabilities of scattering states with the Lippmann-

Schwinger equation, and then the current can be computed by summing up the 

contribution of the occupied scattering states in each electrode 
80

. This method is usually 

prohibitively expensive and turns out intractable on large systems. The more practical 

approach is based on the non-equilibrium Green’s function formalism (NEGF), which 

usually comes in matrix form 
30,81-83

. The NEGF approach substitutes the motion equation 

of Green’s function into the current operator of each electrode and thus obtain the exact 

expressions of current and conductance, by which, under the ballistic assumption, one 

can readily obtain the transmission coefficient of Bloch waves as well as the total current, 

according to the Landauer formula 
84

. Moreover, the Green’s functions are related to the 

wavefunctions of the scattering states through the spectral representation 
81,85

, implying 

that we can extract from the NEGF procedure more information concerning the physical 
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quantities well-defined in a particular state of the system, such as spatial distributions of 

electron density, electrostatic potential, current density, etc., which are of great interest in 

the research of electronic properties and also serve as the basis of comprehensive analysis 

for diverse nanoscale devices and materials.   

In this work, we present the algorithm of calculating the magnetic field and the 

inductance of atomistic transport systems, based on the “bond-current” approximation 

within the framework of NEGF formalism. Bond-current approach assumes that the 

electric current flows from atom to atom via their chemical bonding 
86,87

, serving as a 

useful tool for visualization of current distribution and fast computation for the induced 

magnetic field. We first describe the general formalism of NEGF approach in matrix 

form and the exact expression for current density. Second, the derivation of bond-current 

for the orthogonal basis set in conjunction with Green’s functions is briefly depicted. 

Finally we present the procedure which computes the magnetic field and inductance of 

some nanostructures by combining the bond current and the exact current density so as to 

overcome the divergence while applying the Biot-Savart law. These algorithms have been 

implemented in the package named XTRANS developed by our group, with which we 

are able to explore electric and magnetic properties of various nanostructures.  

3.3. Formulation 

3.3.1. The General formalism of the NEGF approach 

Here we briefly describe the general formalism of the NEGF approach, in 

conjunction with either fully quantum chemical computation like DFT, or model 
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Hamiltonian obtained by the tight-binding (TB) method. The computation for 

Hamiltonian should be performed in a finite basis set constituted by localized atomic 

orbitals, so that the whole system could be divided into different regions: leads and 

device. Each of the leads is constructed as a semi-infinite PBC structure with a unit cell 

large enough so that only the neighboring unit cells possess non-trivial Hamiltonian (H) 

and overlap (S) elements. These supercells are sometimes referred as “principle layers”. 

The device region usually includes several principle layers of each lead, assuming that 

the outmost ones which are immediately connected to the lead possess the same H and S 

elements as in the deep lead. Meanwhile the distance between the leads should be 

sufficiently large so as to eliminate the interaction between them.  

Let us consider a two-terminal open system which is divided into three parts: left 

lead (L), device (D) and right lead (R). The Green’s function equation for the entire 

system can be written in matrix form as follows: 

 
†

†

0

0

L L L L LD LR

L D D R DL D DR

R R R RL RD R

zS H G

zS H G G G

zS H G G G I

zS H G G G



 





   
  

    
     

     (3.1) 

where z E i  , 0  . /L R  describes the coupling of the device with the left/right 

lead. Multiplying all the rows of the first matrix with the 2
nd

 column of the second matrix 

and solving for DG , one obtains: 

   
1

D D D L RG E zS H


           (3.2) 

where †

/ / / /L R L R L R L Rg   , named self-energy, represents the influence of leads on the 

device, and  
1

/ / /L R L R L Rg zS H


   is called surface Green’s function (SGF), 
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corresponding to the semi-infinite leads, which can be solved by a recursive procedure as 

discussed in Appendix.I. With 
DG  and 

/L R , the transmission coefficient for a given 

energy can be written as: 

 

 

†

†

/ / /

,L R

L R L R L R

T E Tr G G

i

    

   
        (3.3) 

Then the total current of the transport system is obtained by Landauer formula: 

 
2

( ) ( ) ( )L R

e
I T E f E f E dE

h




         (3.4)

where  /L Rf E  is the Fermi-Dirac function of either lead.  

Additionally, The Green’s function also can be expressed in terms of 

wavefunctions of the system and thus it can help compute some quantities regarding the 

states of electrons. For instance, the charge density  ,n r t  can be determined in terms of 

the “lesser” Green’s function G  
30,33

: 

       †, , ; , , ,n r t iG r t r t r t r t          (3.5) 

Plugging the Schrödinger equation with respect to  ,r t  into the time derivative 

of  ,n r t , taking into account the conservation of charge 
( , )

( )
n r t

j r
t


 


, we can 

obtain the expression for current density: 
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r r
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m

G E r r dE
m

 









  

  

J

     (3.6)
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where   i r  is the basis set of atomic orbitals. In matrix form G
 can be computed by 

30,88
: 

  † †

L L R RG E i G G f i G G f                 (3.7) 

3.3.2. Bond current 

In most cases the computation of current density behaves too demanding. Here we 

employ another approach regarding the current distribution which implements the 

concept of “bond current” 
86,87

. By calculating the change rate of electron occupation on 

each atomic site, one finds that this change rate is contributed by the non-trivial 

Hamiltonian elements which correspond to the chemical bonds of this atom with its 

neighbors. Therefore we assume a “bond current” flowing through each atomic bond.  

Under an orthogonal basis set  n , where n denotes atom and   labels the 

orbitals at n, we define a projection operator: 

ˆ
n n nP  



           (3.8) 

ˆ
nP  describes the occupation of the atomic site n. Then the change rate of the 

occupation is evaluated as: 

1ˆ ˆ ˆ ˆ,n n n

d
I P P H

dt i
  
 

        (3.9) 
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Taking into account the completeness of  n : ˆ 1n

n

P  , and assuming the 

current at the atomic site n comes from or goes to other sites n , we obtain 

 ' ' '

' '

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
n n n n n n n

n n

I I P HP P HP
i

           (3.10) 

Therefore  ' '

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ
n n n n n nI P HP P HP

i
    is considered as the bond current between 

atomic sites n  and n. To solve the expectation value of ˆ
n nI  , we perform: 

 ' '
ˆ ˆ

n n n nI eTr I V  
 

          (3.11) 

where ̂  is the density operator and V is the voltage. If we use  LD E  to denote the 

density operator at the energy E arising from the incoming Bloch wave from the left lead, 

it gives 
86

: 

     ' '
ˆ

n n L R n n LI e dE f E f E Tr I D E              (3.12) 

and  LD E  is evaluated by (see Appendix.II for derivation) 

†1

2
L LD G G


            (3.13) 

If we include the spin-degeneracy factor of 2, one obtains: 

   

 

' ' ' ' '
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' ' ' '
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e
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e
H D E dE



   




   


   
 

 
 





       (3.14) 

where L  and R  are the Fermi levels of the left and right leads, respectively. These 

results imply that only the incoming Bloch waves between L  and R  ( L R  ) from 
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the left lead contribute to the total current while the incoming waves from the right lead 

are canceled out. Note that the bond-current operator only works for the orthogonal 

orbitals while for non-orthogonal orbitals, so far no Hermitian projection operator like 

Eq. (8) can be defined. Possible strategy may involve searching for appropriate hopping 

parameters for the orthogonal orbitals which could reproduce DFT electronic structures 

for more complex nanostructures, and specific schemes have been discussed in previous 

literature 
89,90

.   
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3.3.3. Conductance computation for helical symmetry 

The energetics and electromechanics of various nanostructures with helical 

symmetry have been developed 
91-98

 and later 
38,99-109

. While mostly the band structure 

was considered, the NEGF approach, which is commonly used for translational symmetry, 

was barely implemented, and the spatial current distribution was not available, excluding 

the possibility of inductance analysis. In what follows we describe a scheme that 

mathematically converts the Hamiltonian of a helically symmetric system such that the 

standard NEGF approach can be applied. 
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In most cases of electron transport calculation, the electrodes comprises of unit cells 

with translational symmetry, and correspondingly the H and S matrices are block-

diagonal and exhibit the PBC feature: 

00 11 01 12 1

00 11 01 12 1

,  ,

,  

nn nn

nn nn

H H H H H H

S S S S S S





    

    
     (3.15) 

where n and n+1 label two neighboring unit cells, respectively. This is the foundation upon which 

the surface Green’s functions are calculated (see Appendix.I). In some systems with helical 

symmetry 
94,110

, however, their H and S matrices do not carry the PBC feature. For instance, as 

shown in Figure 3.1, A and B are both helical unit cells (HUC). B can be obtained by rotating A 

by an angle of θ with respect to the z axis perpendicular to the paper plane, plus a displacement 

along the z direction. To our knowledge, most of the quantum chemistry packages usually give 

the H and S matrices based on the standard atomic orbitals which are defined with respect to the 

three coordinate axes. As far as the bonding of xp  orbitals is concerned, in A the xp  orbitals 

Figure 3.1  The schematic view of bonding of px 

orbitals in any two neighboring helical unit cells. 
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form the pp  bond, which though does not hold for the xp  orbitals in B, but instead a hybrid 

pp pp   bond comes into play. As a result, ,  AA BB AA BBH H S S  ,  and therefore the 

NEGF approach above is no longer applicable. Nevertheless, if we rotate the initial xp  orbitals in 

B to form a new orbital xp , which is oriented along the connecting line between the atoms, then 

the pp  bond is recovered. The argument also applies on the bonding of yp  orbitals while zp  

remains invariant after the rotation. The new basis set can be obtained by linear combination of 

the old one, and some of the corresponding coefficients 
    commonly used are 

summarized in Table 1, where 
   notates a rotated atomic orbital and   is the angle it sweeps 

during the rotation.  

Table 1  The coefficients of linear combination for the transformation of the old basis set 

into the rotated one. Only the non-trivial are listed. The rotation is with respect to the z 

axis. 
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Under the new basis set, the diagonal blocks of H and S matrices for each HUC 

become equal, while the off-diagonal blocks between neighboring HUCs are also 

consistent because of the identical relative positions. Accordingly the PBC feature of H 

and S matrices is retrieved, and the NEGF approach suitable for PBC structure becomes 

applicable to helical-symmetric systems, such as chiral CNTs and twisted graphene 

nanoribbons 
105-108,111,112

. Moreover, for some systems with both translational and helical 

symmetries (e.g. chiral CNTs), taking advantage of helical symmetry may require smaller 

unit cells and thus significantly reduce the cost of computation.  

Our XTRANS package incorporates the H and S matrices that are evaluated by 

TROCADERO code which implements the non-orthogonal tight-binding method with 

Slater-Koster integrals 
113-115

. In the following section we will show some examples to 

demonstrate the capability of XTRANS in analyzing the electric properties of various 

nanoscale systems.  
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3.4. Applications 

3.4.1. Current distribution of carbyne 

The monatomic carbon chain, also known as carbyne, recently has attracted 

amount of attention due to its outstanding mechanical properties 
116-118

. Also it serves as 

the simplest system in which the current distribution of a C-C bond could be studied, as 

illustrated in Figure 3.2(a). The distribution exhibits axially symmetric with respect to the 

axis of carbyne, and the color rings plotted on the cross-section indicate the vanished 

magnitude at the axis as well as the maximum around the atomic radius. This is 

consistent with the known fact that the localized σ bonds only constitute the skeleton of 

atomic structure while the delocalized π bonds account for the electric current. Referring 

to the equations for the wavefunctions of carbon atoms, the radial distribution of the 

current density carried by each C-C bond can be fitted by: 

3 6.22

0( ) 61.64 rJ r I r e         (3.16) 

where r is the radial coordinate in unit of Å and 0I  is the value of bond current.  

Next we intend to calculate the induced static magnetic field. In principle, for a 

given current density field ( )J r , the vector potential field 0 ( ') '
( )

4 '

J r dr
A r

r r






  should 

be computed first and then the magnetic field can be solved as B A . This method is 

quite expensive since it involves double integrations of the entire meshgrid at each point 

of it. Another approach takes each of the bond currents as a breadthless conducting wire 

and therefore the magnetic field can be solved in an analytical way, although ( )B r   

when it comes close to the bonds. To circumvent this problem we utilize the current 
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density of the carbyne and assume each of the bond currents carries such distribution as 

presented by Eq. (3.16). Only the coefficient A needs to be altered for different values of 

the bond current. Each bond current is divided into a bunch of conducting wires and the 

magnetic field induced by each of them can be solved analytically. Finer partitioning is 

executed until the result converges. This procedure avoids the divergence occurring at the 

meshgrid points close to or inside the chemical bonds, and reasonably gives rise to the 

magnetic field that accords with that of a breadthless conducting wire at the region far 

from the bonds.  

Figure 2(b) shows the induced static magnetic field that is evaluated by applying 

the scheme discussed above. The distribution of magnitude shares the similar pattern with 

the current density. Figure 2(c) displays the corresponding radial distributions of the 

current field and the magnetic field. The black curve is calculated by way of the approach 

described above, while the blue curve is obtained by simply applying Biot-Savart law to a 

breadthless conducting wire. We see that, our approach eliminates the singularities and 

the resulting magnetic field varies continuously over space, and when it is far enough 

from the bond axis, the bond current reasonably tends to be a breadthless wire carrying 

current. 
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The availability of the magnetic field allows us to calculate the magnetic flux vs. current 
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and further the inductance. We estimate the effective radius effr  of carbyne as a classical 

Figure 3.2  (a) Current density distribution of a monoatomic 

carbon chain, under a voltage of 0.5V. (b) The static magnetic 

field induced by the current density field of (a). (c) The vector 

field of the current density distribution over a middle section of 

a carbon monoatomic chain, as well as the induced magnetic 

field. The red curve presents the radial distribution of the 

current density. The black curve represents the radial magnetic 

field using bond current approximation, and the blue curve is 

obtained by regarding the bond current as a breadthless wire. 

The value of the bond current is set to be 1𝒆𝟐/𝒉. 



40 
 

conductor. For a conducting cylinder in which the current density uniformly distributes, 

the magnetic flux per length through the surface (yellow) shown in Figure 3.2(b) is  

0

0

1
Φ ln

2 2

R
I

r





 
  

 
         (3.17) 

where 
0r  is the radius of the cylinder. Our results for carbyne suggests that   is linearly 

dependent on I with a varying slope for different given values of R, while 0r  remains 

invariant all the time. Accordingly, the effective radius of carbyne is found to be 

0 1.20effr r  Å.  

3.4.2. Chiral carbon nanotubes 

As is known a chiral CNT exhibits both translational and helical symmetries 
94,97

. 

The translational unit cell usually contains more atoms than the helical unit cell, but the 

physical properties should be consistent when we make use of either of the symmetries. 

Figure 3.3  (a) The side view of the translational unit cell of (6,3) CNT and the band 

structure of translational symmetry. (b) Upper panel: the side view of the helical unit 

cell of (6,3) CNT (highlighted); lower panel: the “band structure” of helical 

symmetry (left) and the conductance around the Fermi level (right).  
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We take (6,3) CNT for example to demonstrate the validity of our NEGF algorithm for 

helical symmetry. Figure 3(a) shows the translational unit cell of (6,3) CNT which 

contains 84 atoms, as well as the corresponding band structure, suggesting that the (6,3) 

tube is essentially metallic but a band gap emerges due to the significant curvature. Here 

the k-vector is defined to orient along the direction of translation. The upper panel of 

Figure 3.3(b) depicts the HUC (highlighted) containing only 12 atoms, and the rotation 

angle and displacement between neighboring HUCs are 154.286 degrees and 3.0Å, 

respectively. The “helical band structure” and the conductance as a function of energy are 

shown in the lower left and right panels of Figure 3.3(b), respectively. In this case the 

wave vector κ is different from the translational k. Both of the band structures display the 

same band gap and result in the equal conductance over the entire energy region. In that 

sense employing helical symmetry provides the correct electrical properties of the system 

with significantly reduced computation cost. Note that although the minimum HUC 

contains 3 dimers and is much smaller than what we use, we have to select an appropriate 

size of HUC which is sufficiently large to ensure the corresponding H and S matrices are 

block-tridiagonal.  

3.4.3. Wrapped graphene nanoribbons.  
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Now we turn to the zigzag-edged graphene nanoribbon (ZGNR) which is wrapped 

Figure 3.4  (a) The side view of the ZGNR (Nzz=6) wrapped on the 

surface of an imaginary cylinder, and the conductance around the Fermi 

level. The unit of the conductance is 𝟐𝒆𝟐/𝒉. (b) The current distribution 

of the ZGNR under a voltage of 0.5V. The size of the arrow heads 

corresponds to the magnitude of the current on individual atoms which 

are scaled to the maximum of 0.16mA. (c) The magnetic field on the 

cutting plane through the axis of the ZGNR. The size of the arrow heads 

correspond to the magnitude scaled to the maximum of 57 gauss. The 

inset displays the linear dependence of the magnetic flux through the 

cross-section on the total current.  
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on the surface of a cylinder. In this system the helical symmetry prevails and the 

translational symmetry appears only when 2πm (m is an integer) can be divided exactly 

by the angle shift between the neighboring HUCs. The upper panel of Figure 3.4(a) 

shows the structure of a ZGNR with 6 rows of zigzag chains, wrapped around the 

cylinder with a radius of 6.0Å, and the red rectangle marks the HUC which contains 12 

carbon atoms. The rotation angle and displacement between neighboring HUCs are 

21   and 1.29dz  Å, respectively. Our calculation suggests the electric properties 

(e.g. band structure) are not sensitive to  , dz  unless the radius of the imaginary 

cylinder is less than 3.0Å. The lower panel of Figure 3.4(a) presents the helical band 

structure (left) computed with the non-orthogonal TB method, as well as the curve of 

conductance vs. energy calculated by NEGF approach (right). The curve of conductance 

agrees with that of a flat ZGNR, indicating the electric properties of ZGNR are robust 

when the curvature is not significant. Since our TB method does not involve spin-

polarization, part of the band structure exhibits nearly flat at the Fermi level and thus 

accounts for the peak of conductance at the Fermi level, as reported by previous literature 

119,120
.  

In order to study the current distribution of the wrapped ZGNR, we implement the 

bond-current algorithm described in Section II, with the orthogonal π-orbital TB+NEGF 

method. The hopping parameters for the nearest and the second nearest neighboring 

carbon atoms are -2.75eV and 0.069eV, respectively 
121

. The calculated conductance 

agrees with what is shown in Figure 3.3(a) except that the sharp peak at the Fermi level is 

absent. By implementing Eq. (3.14), we plot the position-resolved distribution of electric 

current at each atomic site, which is shown in Figure 3.4(b).The voltage is set to be 0.5V, 
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implying an integration over the yellow energy window marked in Figure 3.3(a). The 

direction of the current on the atomic site α is defined as 
1

2
i I e  



  , where I  is 

the bond current between α and β and e  is the unit directional vector from α to β. This 

definition works for the carbyne and graphene nanoribbons.
122

 Figure 3.4(b) suggests that 

the current is continuous in the direction of transport but the distribution is not uniform 

across the strip: the magnitude at the edges is suppressed while it bulges in the interior 

region. This observation agrees with the results for the flat ZGNR reported in the 

previous literature 
122

. Comparing with current density distribution, [cf. Figure 3.2(a)], 

which excessively depends on the spatial coordinates of the meshgrid, the pattern formed 

by bond currents [cf. Figure 3.4(b)] serves as a more straightforward recipe for 

visualization of the current distribution across the atomic structure.  

Figure 3.4(c) presents the magnetic field on the cutting plane which goes through 

the axis of the wrapped ZGNR, induced by the collection of all the bond currents which 

possess the presumed current density distribution as Eq. (3.16). As illustrated in the 

figure, the magnetic field is mostly concentrated in the cavity wrapped by the strip. On 

the other hand, due to the peculiar distribution of current and loose arrangement of turns, 

the magnetic leakage becomes considerable while the magnetic vectors inside the cavity 

are no longer oriented along the z direction uniformly and the magnitude is much lower 

than that of an ideal solenoid. In addition, we compute the magnetic flux through the 

cross section, as shown in the inset of Figure 3.4(c), from which the inductance for a 

single turn is found to be 
23.8 10 fH.  
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3.5. Conclusion 

In this chapter we present various approaches of modeling the electric and 

magnetic properties of current-carrying nanoscale systems, which have been 

implemented in our atomistic simulation package XTRANS. We have discussed the 

standard formalism of the NEGF approach, with which we employ the bond-current 

approach developed by Todorov, exclusively combined with the orthogonal TB approach. 

The bond currents could provide position-resolved distribution of electric current across 

the nanostructure with a reasonable volume of computation. In contrast to the current 

density derived from G , the bond-current approach reveals the current carried by each 

chemical bond so that bypasses expensive computation such as derivative of 

wavefunctions of all the relevant atomic orbitals, as well as unnecessary information like 

what happens inside the chemical bonds. By combining bond currents with the 

approximation for the distribution of current density for a single chemical bond, we can 

estimate the induced magnetic field with good accuracy while avoiding the singularities 

in the vicinity of the chemical bonds. In the region which is far away from chemical 

bonds, for instance, the cavity of a solenoid formed by a strip of ZGNR, most of the bond 

currents behave as breadthless conducting wires so that the magnetic field can be solved 

analytically and efficiently.  

We have also discussed the way in which the system of helical symmetry is 

converted by the transformation of the basis set so as to assure that the transformed H and 

S matrices possess the PBC feature. This scheme not only allows the electron transport 

properties of helical-symmetry systems to be calculated within the common framework 
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of the NEGF approach, but also may greatly shrink the volume of computation if the 

system bears both symmetries. Such treatment, combined with the H and S matrices 

obtained from non-orthogonal TB or DFT method, extends the usage of the NEGF 

approach and thus provides the means to perform comprehensive simulation and analysis 

on various current-carrying nanoscale systems.  

3.6. Appendix 

3.6.1. Surface Green’s function (SGF) 

Referring to the self-energy †

/ / / /L R L R L R L Rg   ,  
1

/ / /L R L R L Rg zS H


   literally 

represents the Green’s function of the entire lead, but it proves to be impractical to 

calculate the inverse matrix of this semi-infinite matrix in real calculations. Nevertheless, 

in simulations /L R  usually describes the interaction of the device with the principle 

layers of the lead that are immediately connected to the device, instead of the whole lead, 

and hence what really matters in /L Rg  is no more than the block corresponding to those 

principle layers, namely 00G . That’s why it is called “surface”.  

There are many ways to derive the formalism of SGF 
30,123-125

. Here we present 

one of them 
125

. We assume our one-dimensional PBC lead is oriented horizontally, and 

the unit cells are sufficiently large so that only the neighboring unit cells possess non-

trivial H and S elements, while 01H  and 01S  represent the blocks between a unit cell and 

its right-hand-side neighbor. As far as the right lead is concerned, from the definition of 

matrix Green’s function we have 
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00 00 01 01 00 01 02

† †

01 01 00 00 01 01 10 11 12

† †

01 01 00 00 20 21 22

zS H zS H G G G

zS H zS H zS H G G G
I

zS H zS H G G G

   
  

     
   
  
  

  (3.18) 

where ,  0z E i     . Multiplying all the rows of the first matrix with the 1
st
 column 

of the second matrix, it gives 

   

     

     

00 00 00 01 01 10

† †

00 00 10 01 01 00 01 01 20

† †

00 00 0 01 01 1,0 01 01 1,0

1

n n n

zS H G H zS G

zS H G H zS G H zS G

zS H G H zS G H zS G 

   

    

    

    (3.19) 

Here we take advantage of the PBC feature of the H and S matrices: 

00 11 01 12 1

00 11 01 12 1

,  ,

,  

nn nn

nn nn

H H H H H H

S S S S S S





    

    
     

Then we obtain the general expression for 0nG : 

     
1 † †

0 00 00 01 01 1,0 01 01 1,0

0 1,0 0 1,0

n n n

n n

G zS H H zS G H zS G

t G t G



 

 

     
 

 
   (3.20) 

Applying recursively, one obtains: 

 

 

0 2 ,0 2 ,0

1 2

1 1 1 1 1

1 2

1 1 1 1 1

1

1

i in i in n

i i i i i i

i i i i i i

G t G t G

t t t t t t

t t t t t t

 



    



    

 

  

  

        (3.21) 
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Further we get: 

1

10 0 00 0 20

20 1 00 1 40

002 0 2 0n nn n

G t G t G

G t G t G

G t G t G 

 

 

 

      

The iteration proceeds until 1 1,n nt t tol   . Collecting terms for 00G  gives: 

 10 0 0 1 0 1 2 0 1 00 00n nG t t t t t t t t t G TG           (3.22) 

Then substituting Eq. (3.22) into the 1
st
 row of Eq. (3.19) yields 

 
1

00 00 00 01 01G zS H H zS T


             (3.23) 

Eq. (23) is the desired SGF of the right lead. One may note that it becomes the 

SGF of the left lead if H and S are replaced by their Hermitian. Therefore we can obtain 

the SGFs for the both leads simultaneously during one-time iteration.  

3.6.2. Density of states  

Consider an Bloch wave from the left lead L

n  with energy nE . The ballistic 

scattering state corresponding to L

n  can be written as: 

L L

n n

D

n n

R

n

 

 



 
 

  
 
 

         (3.24) 

where L

n  is the reflected wave, D

n  is the part of the scattering state on the device and 

R

n  is the transmitted wave. Then the Schrodinger equation for the whole open system is 
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written as: 

 

 

†

†

†

†

0

0

0

0

0

0 0

L L

n nn L L L

D

n n L n D D R n

R
R n R R n

L L
n nn L L L

D

n n L n D D R

R
R n R Rn

E S H

E S H E S H

E S H

E S H

E S H E S H

E S H

 

   

 

 

  



  
  

     
    

    
    

        
       

  (3.25) 

Since L

n  is an eigenstate of the left lead, we have   0L

n L L nE S H   . Then Eq. 

(3.25) becomes: 

 

0

0

L

n

D L

n n L n

R

n

E S H



  



   
   

     
   

  

        (3.26) 

Let ,  0n nE E i     , assuming Eq. (3.26) still holds, we have  

 

0

0

L

n

D R L

n n L n

R

n

G E



  



   
   

    
   

  

        (3.27) 

Further , if  R

nG E  is partitioned as: 
82

 

 

R R R

L LD LR

R R R R

n DL D DR

R R R

RL RD R

G G G

G E G G G

G G G

 
 

  
 
 

 

Then we have  

   D R L

n D n L n nG E E            (3.28) 
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Eq. (3.28) indicates that D

n  can be considered as the output of a system formed 

by  R

D nG E  and the coupling of the device with the left lead, 
L , and the input is the 

Bloch wave of the left lead L

n .  

Now we solve the density of states arising from the D

n . By definition we have: 

   †D D

L n n n

n

D E E E           (3.29) 

Substitute Eq. (3.28) into Eq. (3.29), one obtains: 

   

 

 

† † †

† †

†

R L L R

L D L n n L D n

n

R L L A

D L n n n L D

n

R L A

D L L L D

D E G G E E

G E E G

G D E G

    

    

 

 

 
  

 





       (3.30) 

where  L

LD E  is the density of states on the left lead, and hence we have 
82,85

 

   
2

L R A

L L L

i
D E g g


          (3.31) 

Substitute Eq. (3.31) into Eq. (3.30) and it gives: 

   

 

 

†

† †

†

2

2

2

1

2

R R A A

L D L L L L D

R R A A

D L L L L L L D

R A

D L L D

R A

D L D

i
D E G g g G

i
G g g G

i
G G

G G

 


   






 

 

  

 

      (3.32) 
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4.1. Abstract  

Traditional inductors in modern electronics consume excessive areas in the 

integrated circuits. Carbon nanostructures can offer efficient alternatives if the recognized 

high electrical conductivity of graphene can be properly organized in space to yield a 

current-generated magnetic field which is both strong and confined. Here we report on an 

extraordinary inductor nanostructure naturally occurring as a screw dislocation in 

graphitic carbons. Its elegant helicoid topology, resembling a Riemann surface, ensures 

full covalent connectivity of all graphene layers, joined in a single layer wound around 

the dislocation line. If voltage is applied, electrical currents flow helically and thus give 

rise to a very large (~1 T at normal operational voltage) magnetic field and bring about 

superior—per mass or volume—inductance, both owing to unique winding density. Such 

a solenoid of small diameter behaves as a quantum conductor whose current distribution 

between the core and exterior varies with applied voltage, resulting in nonlinear 

inductance. 

4.2.  Introduction  

During the past decades, the planar spiral inductors on silicon have been 

recognized as fundamental passive components in monolithic radio-frequency integrated 

circuits, although this design exhibits low quality factors (Q) suffering from ohmic loss 

while consuming excessive areas 
126-128

. In recent years, graphene, whose ultrahigh 

electron mobility is up to 200,000 cm
2
 V

−1
 s

−1 129
, makes itself distinguished in ballistic 

transport regime wherein the resistance is no longer a function of the device dimension 
4
. 
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Consequently, scaling of the length of the graphene-based device to sub-µm regime along 

with continual improvements of winding techniques would enhance the induced magnetic 

field and thus inductance with negligible DC voltage drop across the inductors, which 

puts higher Q factors into perspective and allows carbon-based inductors to approach 

their ultimate performance limits.  

Accordingly, the graphite screw dislocations (GSD), which is the most common 

helical structures associated with carbon, has come into our sight. Abundant screw 

dislocations with Burger’s vectors of 3.4 Å can be found in annealed pyrolytic graphites 

130-132
. Since GSD possess extremely dense alignment of interconnect monolayer 

graphene sheets which conduct when an electric field is applied, they could generate 

considerable magnetic fields at the core region.  

As far as theoretical investigation is concerned, in some work the quantum 

inductance was studied in terms of the dynamic complex admittance using the non-

equilibrium Green’s function approach (NEGF) 
32,62,133,134

, which mainly focuses on the 

response to the high-frequency external field but does not explicitly unravel the 

connection with the magnetics. An alternative is to apply the Biot-Savart law directly on 

the current density field, which involves double integration over the entire meshgrid and 

makes it computationally quite expensive 
135

. In this chapter we calculate the induced 

magnetic field inside a solenoid made of GSD by utilizing “bond currents” to make 

practical use of the Biot-Savart law to shrink the volume of calculation, and a higher-

level approximation regarding the first-principle current density to overcome singularities 

near the atomic bonds. Our results suggest that GSD behaves close to an ideal solenoid 

and is able to generate equal inductance while occupying much smaller space compared 
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with planar inductors widely used nowadays, indicating that GSD can serve as a 

promising inductor in future graphene integrated circuits.  

4.3. Graphite solenoid model and band structure 

Figure 4.1(a)-(c) shows the structure of a single screw dislocation. AA-stacking is 

preferred since it is easy to model and only 7.19meV/Å
2
 higher in energy than AB-

stacking 
101,136,137

. The cross-section is designed to be of hexagon bounded by only 

armchair or zigzag edges, based on the observation of experiments about graphene 

crystallites
138

, as depicted in Figure 4.1(a) and (c), respectively. We refer to armchair-

edged GSD (AGSD) or zigzag-edged (ZGSD) depending on the type of the outer edges. 

Following the convention of quantifying the traverse dimension of graphene nanoribbon 

(GNR)
139

, the width of AGSD is defined by numbering the dimer lines (NA) from the 

inmost atoms to the nearest outer edges, and the number of zigzag chains (NZ) denotes 

the width of ZGSD. 

Then, for a chosen atomic structure, the Hamiltonian matrices follow the 

orthogonal π-orbital tight-binding model involving atomic interactions with 

hopping parameters that exponentially depend on the bond length l as 𝐻𝛼𝛽(𝑙) =

𝛾0𝑒
−3.37(

𝑙

𝑎0
−1)

, 𝛾0 = −2.7𝑒𝑉, 𝑎0 = 1.42 Å, respectively 
122,140

. We believe the c-axis 

tunneling current is negligible since most experiments found that the conductivity of 

basal plane is ~10
4
 times larger than that of c-axis, in both graphite crystal and pyrolytic 

graphite 
132,141-143

, and thus interlayer interaction is ignored. In addition, studies suggest 

that in the presence of ballistic currents through the system, the spin-polarization yields 
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higher energy in the ground states with respect to the spin-unpolarized states 
122

. 

Therefore, our spin-restricted tight-binding model is sufficient for the electronic 

structures of GSDs. 

We also estimate the impact of spin polarization due to edges on the transport 

properties, by placing a full Bohr magneton on each atom at the inner and outer edges, 

complying with ferromagnetism and antiferromagnetism commonly known in zigzag 

nanoribbons. The magnetic moment of each magneton is assumed to orient parallel to the 

graphene layer so as to achieve the upper bound of the spin-induced magnetic field. The 

estimate gives a maximum of ~0.1 T at all the atoms, leading to a Zeeman splitting of 

~10
-6

 eV, which would be lower in reality taking into account the fact that the edges 

cannot be fully polarized for a considerable width. Such a tiny splitting barely changes 

the conductance at a given energy level. In addition, earlier studies
122

 suggest that in the 

presence of ballistic current through the system, the spin polarization yields higher 

energy of the ground states relative to the spin-unpolarized states. Therefore, our spin-

unrestricted tight-binding model should be sufficient to capture the transport properties of 

GSD, while also affordable for computing structures containing ~1,000 atoms.  

With regard to the conductibility, in our calculation neither the inner nor outer 

radius alone critically controls whether the AGSD or ZGSD is metallic or insulating, 

while the width does. As shown in Figure 4.1(d), the AGSD is metallic only when 

NA=3p+1, (p is a positive integer). This is formally analogous to armchair-edged GNR 

(AGNR) except that for AGNR only those with a width of N=3p+2 are metallic 
139,144,145

. 

Turning to ZGSD, interesting width-dependence was found. The ZGSDs are metallic 
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only when NZ is odd, as shown in Figure 4.1(f), in contrast to previous tight-binding and 

DFT prediction which shows all the zigzag-edged GNR (ZGNR) are metallic irrespective 

of the width (ignoring spin). The width dependence still holds when both of the inner and 

outer radii are very large, implying that the scattering of Bloch waves at the turning 

corners might give rise to selection rules relevant with the width. For both the insulating 

AGSD and ZGSD, the energy gap tends to zero as the increasing width approaches 

infinity since a zero-gap graphene sheet is recovered as shown in Figure 4.1(e).
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Figure 4.1 (a)-(c): Schematic view of a graphite screw dislocation (GSD)with finite cross-

section. (a) The cross-sectioni of an armchair-edged GSD (AGSD), where NA denotes the 

width. (b) the side view  of a GSD. (c) The cross-section of a zigzag-edged GSD (ZGSD), 

where the width NZ denotes the width. (d) The band strucutres of AGSD for variant NA. (e) 

The band gaps for GSD with different wdiths. (f) The band structures of ZGSD for variant 

NZ.  

4.4. Electric current and magnetic distributions 

4.4.1. Local bond currents 

In order to understand the transport nature of metallic GSDs, it is instructive to 

calculate the local bond currents and visualize their distribution. Within our orthogonal π- 

tight-binding model, at a given energy E, the bond current per unit energy from atom α to 

atom β can be evaluated by 
86

: 

 
4

Im ( )
e

i E H D E  
     ,       (4.1) 

where α and β represent two atomic sites, 𝐻𝛼𝛽 is the corresponding Hamiltonian 

matrix element and D(E) is energy-resolved nonequilibrium density of states which 

describes, in our upright model, the up-travelling Bloch waves with the given energy E, 

which can be evaluated by the standard real-space NEGF approach 
30,86

. The bond 

currents under a voltage can be obtained by integration: 

 
u

d

i i E dE


 


 
,
         (4.2) 

where µu and µd are the shifted Fermi levels of the upside and downside leads, 

respectively, under the non-equilibrium condition. The bond current flowing from α to β 

is denoted by a vector i , and the current vector at the atom α is defined as 
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1

2
i i 
  , which produces current vectors parallel to the axis in GNRs 

122
. In 

addition, the magnitude sum of all the bond currents associated with a given atomic site 

must be equal to zero due to conservation of charges, and the total current is retrieved by 

summing over the bond currents whose end atoms are located on different sides of an 

arbitrary straight line across the strip.  

In the first place we consider a classical model in which the GSD is made of a 

continuous conductor with a conductivity of σ. The current follows a circular path and 

spreads over the whole cross-section continuously. If the thickness of each layer is unity, 

then the planar current density at a given point is 
2

V

r



  
, where r is the radial coordinate 

with respect to the core axis. Accordingly one can expect an invariant pattern of current 

distribution across the cross-section, if the currents on individual atoms are scaled to the 

maximum, regardless of the varying voltage. But this is not the case in our simulation. 

Although the pattern of current distribution in AGSDs changes with the voltage, 

the core hexagon always plays a dominant role in conducting with current decaying 

towards the outer edges. The difference from the classical model is not significant and 

thus no remarkable features were captured. On the contrary, in the ZGSDs, the role of 

zigzag edges turns out crucial in the current distribution. During the increase of the 

operational voltage, the evolvement of current distribution roughly exhibits 3 distinct 

stages, as shown in Figure 4.2(b). First of all, in the first single-channel mode [the green 

region in Figure 4.2(a)], the current distribution turns out multiple concentric circles. 

Although the core hexagon plays a critical role in conducting as in AGSDs, the local 
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currents does not decay monotonically towards the outer edges, but the atoms at the outer 

zigzag edges carry a substantial amount of currents. Second, when the increasing voltage 

opens the second double-channel [light-blue region in Figure 4.2(a)], the current vectors 

almost disappear except those around the core as well as the ones located on the outer 

zigzag edges. The phenomenon of edge-carrying current is consistent with the 

decomposition of wave functions around the Fermi level. Previous analytical study also 

demonstrated that in a semi-infinite graphene sheet the Bloch states around the Fermi 

level are localized on the zigzag edges
139

. The third stage, i.e. the energy region up to the 

light-yellow in Figure 4.2(a) is activated, the incremental currents preferably distribute 

around the core and therefore the total distribution concentrates near the core hexagon but 

attenuates towards the outer edges. Such is the case thereafter for higher voltages. 
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Figure 4.2  (a)(b) Metallic zigzag-edged GSD with NZ=9. (a) The transmission coefficient as 

a function of energy. (b) The current vector distribution of the metallic zigzag-edged GSD 

integrated over various energy ranges of pane (a) ( green, blue+green,  and 

yellow+blue+green regions, respectively). (c) Bright-dark illustration of current distribution 

with NZ=21 under a voltage of 0.4V. 

The outer-edge currents are significant within the energy window of the first 

single-channel mode, which however shrinks as the outer radius increases. If the radius is 
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sufficiently large, the currents carried by the outer-edge atoms are negligible even when 

the bias is quite low, as illustrated in Figure 4.2(c). Accordingly, the zigzag-edge 

conducting might occur only for a relatively small cross-section under an appropriately 

low bias. In the meantime, the nonlinearity between current distribution and applied 

voltage also implies possibility of non-linear inductance, as discussed later.  

4.4.2. Magnetic field 

The standard procedure to calculate the magnetic field for a given current density 

field ( )J r  incorporates the computation of the vector potential 0 ( ') '
( )

4 '

J r dr
A r

r r






  at 

each meshgrid point and then the magnetic field by B A . This is extremely time-

consuming. In other works a bond current between atoms is regarded as a breadthless 

conducting wire and thus the associated magnetic field can be solved analytically
122

. 

However, in the vicinity of atomic bonds we have ( )B r  as ' 0r r  . Here we 

employ an approximation which assumes that a given bond current possesses a spatial 

current density evaluated by 
30

: 

  *

'

1
( ) ( ) lim ' ( ') ( )

2
ij i j

r r
ij

J r dE G E r r 


         (4.3) 

where 
i ’s are atomic basis sets, and the ( )G E  is the matrix correlation function. With 

the Hamiltonian and basis sets (2s, 2p) extracted from Siesta package 
77,146

, we obtain the 

current density distribution of a carbon monoatomic chain, as shown in Figure 4.3(a). We 

find that the distribution of current density is axis-symmetric and can be fitted by  

3 6.22

0( ) 61.64 rJ r I r e         (4.4) 
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where r is the radial coordinate with respect to the axis of the atomic bond and 
0I  is the 

value of bond current. Next, a bond current is partitioned into a bunch of cylinders and 

the magnetic field induced by each of them can be evaluated analytically according to the 

Biot-Savart law. Finer partitioning proceeds until the total magnetic field converges. 

Figure 4.3(a) also shows the radial distribution of the magnetic field of a single bond 

current, where we see that the singularities are eliminated and the magnetic field varies 

continuously over space, and when it is far enough from the bond axis the bond current 

reasonably tends to be a breadthless wire carrying current. 

 

Figure 4.3  (a) The vector field of the current density distribution over a middle section of a 

carbon monoatomic chain, as well as the induced magnetic field. The red curve presents the 

radial distribution of current density. The black curve represents the radial magnetic field 

using bond current approximation, and the blue curve is obtained by regarding the bond 

current as a breadthless wire. The value of the bond current is 1 𝒆𝟐/𝒉. (b) The distribution 

of magnetic vectors of a metallic ZGSD with NZ = 7. The red curve presents the variation of 

the magnetic field along the diameter. The non-symmetry originates from the non-equal 

distance from the neighboring layers. 
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Figure 4.3(b) shows the magnetic vectors on a longitudinal cutting plane which 

goes through the axis of a hollow metallic ZGSD with NZ=7. The maxima are found at 

the center axis and the magnetic vectors are almost uniform inside the empty cavity. 

Outside the cavity the strength of the magnetic field decays towards the outer edges but 

does not approach zero since zigzag edges carry significant currents. We also observed 

that if the cross-section is large enough the magnetic field tends to zero in the proximity 

of edges since the currents at edge atoms vanish. Beyond the borders the magnetic 

vectors almost disappear abruptly, indicating an outstanding advantage of zero magnetic 

leakage. Moreover, in our simulation the magnetic field at the axis is always proportional 

to the total current as an ideal solenoid.  

4.5. Inductance  

Let us consider again the analytical model of spiral continuous conductor. The 

current field is composed of extremely tight-spacing concentric current loops with each 

carrying a current of 
2

V
dI dr

r




 , and then the magnetic flux Φ through a single cutting 

plane perpendicular to the axis is evaluated to be  2 20
2 1

2

n V
R R

 
   , where R1 and R2 

are inner and outer radii, respectively. Substituting the total current 2

1

ln
2

RV
I

R




 , we can 

see that  is proportional to I, and hence the inductance of the solenoid with N turns is: 

 2 20
2 1

2 1

,
ln /

Nnd
L N R R

dI R R

 
          (4.5) 
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which indicates that for a solenoid with given geometry, the inductance is well-defined 

regardless of the material and the operational voltage.  

Availability of the magnetic vectors at any given point enables the calculation of 

the magnetic flux through a specific cutting plane perpendicular to the axis of a metallic 

ZGSD. For some metallic ZGSDs with a small cross-section and the minimum 

𝑅1(1.23Å), the magnetic flux is not linearly related to the total current, as depicted by the 

red curve in Figure 4.4(a), indicating that the differential inductance is no longer a 

constant but a function of the total current. The turning point represents the boundary of 

the first single-channel mode [c.f. Figure 4.2(b)], beyond which the importance of the 

edge currents downgrades and the local currents start to concentrate around the core. 

Although nonlinear inductance is common in many inductors because of the magnetic 

saturation as well as nonlinear permeability of the core magnetic materials, the metallic 

ZGSD possesses a distinctive physical origin. As discussed in the above, the edge effect 

of metallic ZGSDs significantly alters the pattern of the current distribution. The current 

value at a given atomic site is not linearly related to the voltage and the total current, and 

accordingly the distribution of the magnetic field across the cross-section becomes 

unpredictable, as well as the resulting magnetic flux.  
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Figure 4.4  (a) The magnetic flux vs. the total current in a metallic ZGSD with small widths. 

(b) The magnetic flux vs. the total current in a metallic ZGSD with larger widths. The inset 

indicates the simulated inductance and the red curve is calculated from the analytical model 

by Eq(4.5).  

When the cross-section of the ZGSD becomes relatively large, as shown in Figure 

4.4(b), the magnetic flux gradually appears rough linear dependence on the total current. 

The inset presents that our simulated inductance is all lower than the prediction of the 

analytical model, to which the tendency yet turns out advancing as the radius grows. The 

detailed analysis is carried out by calculating the traverse magnetic field along the 

diameter. As shown in Figure 4.4(b), the green dashed line is an imaginary curve which is 

obtained by linearly scaling the curve of 0.5 V (blue) so that the maximum coincides with 

that of the red curve. Apparently, when the cross-section is small, the magnetic field 

fluctuates significantly, and at any point (except the axis) its value does not increase 

linearly with the total current, but more “slowly”. Hence the inductance is always 

pronouncedly lower than the continuous model. On the other hand, when the cross-

section becomes relatively large, the fluctuation is greatly smoothed and the B-I relation 

at each point is more close to linear dependence, and further so is the magnetic flux. 
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Therefore we can infer that when it comes to practical cases in which the cross-section 

can be regarded as infinite, the magnetic field at each point will vary linearly with the 

total current as at the axis, and the inductance will be consistent with the prediction of 

Eq(4.5).  

If the cross-section is sufficiently broad to make the edge effect negligible, due to 

the extremely dense alignment of turns, a metallic GSD is able to produce considerable 

inductance while saving a great amount of space, compared with the contemporary 

integrated inductors. For example, the inductance of an integrated planar polygon spiral 

inductor with No. of turns = 8, turn spacing = 3.0µm, turn width = 6.5µm and outer 

diameter = 205 µm, is 7.3 nH
128

, while a metallic GSD with the minimum inner radius 

(1.23 Å) and a normal thickness (1 µm) requires only an outer diameter of 70nm to 

produce the same inductance. In addition, to make a rough estimation of the parasitic 

capacitance, the graphene layers are regarded as parallel metal plates, and thus the 

metallic GSD amounts to numerous turn-to-turn capacitors which are serially 

connected
147

. As for the same GSD with a 70nm outer radius, the parasitic capacitance is 

only 3.4 × 10−5 fF, while the planar spiral inductor in the above example has a parasitic 

capacitance of 45fF 
128

. Therefore the parasitic capacitance of a GSD is almost negligible 

compared with spiral inductors, owing to the tiny cross-section and the massive number 

of turns. Note that according to Eq(4.5), increasing the inner radius will further enhance 

the inductance, and parasitic capacitance will also be lessened since the conducting area 

is reduced, but the resistance will be escalated simultaneously.  
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4.6. Conclusion  

In summary, we discover an extraordinary inductor performance of a 

nanostructure naturally occurring as a screw dislocation in graphitic carbons (e.g. in 

coal
148

). In an isolated form, its helicoid topology remarkably mimics a Riemann surface 

and ensures connectivity of all constituent graphene layers, acting essentially as a single 

layer wound around the dislocation line. If voltage is applied to GSD, its full covalent 

continuity permits significant electrical current, whose helical trajectories give rise to 

very large magnetic field near the center. In particular, for small diameters when such 

solenoid must be treated as quantum conductor, the detailed analysis (affordable within 

the tight binding model, augmented by DFT computations when intra-bond current 

spread is needed to avoid singularities) reveals that how the bond-currents are distributed 

between the core and exterior varies with the voltage. Consequently, the magnetic flux is 

not simply proportional to applied current, and magnetic energy is not quadratic, 

rendering such inductor nonlinear (although we do not find any “negative differential 

inductance”, in principle possible). For larger diameters the behavior approaches that of 

classical ohmic helicoid with linear characteristics, the magnetic field in the core B = 

μonJ = μoVσ·ln (R/R`) and the inductance increasing with the core cavity size, up to L = 

πμ0(R/b)
2
 per unit length. Due to unique winding density n = 1/b, such quintessential 

inductor can produce large magnetic fields (~1 T) in its core cavity and offer inductance 

several orders of magnitude greater (per weight or volume) than any currently achievable 

in microelectronics. Last but not the least, the feasibility and even manufacturability of 

the described nano-solenoid can be mentioned: an area containing a screw dislocation in 

graphite crystal can be cut out by variety of techniques (top-down), or graphene sheet can 

be enticed to grow spirally
149

 (bottom up); in the latter case, a stacked graphene/h-BN 

bilayer
150

 helicoid, if possible, could add an advantage of better insulation between the 

loops and further suppressed parasitic capacitance, undesirable at higher frequencies. 
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Chapter 5 

Electrostatic properties and current 

transport of two-dimensional Schottky 

barrier diode 

5.1. Abstract:  

The Schottky barrier diode is a fundamental electronic device widely used in the 

power-rectification and radio-frequency applications, and the experimentally 

demonstrated metal-semiconductor heterojunctions with few-atom thickness forecast its 

promising prospect in future 3D integrated circuits and nanoelectronics. The traditional 

theory for 3D solid, however, no longer works for this low-dimensional system since the 

additional out-of-plane electric field emerges and the full depletion approximation fails. 

Here, we develop a generic model which, under the equilibrium condition, solves for the 

carrier distribution and potential profile of the 2D metal-semiconductor heterojunction, 

combined with first-principle calculations. As a typical instance, the few-atom thick 
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graphene-phosphorene heterojunctions were created to apply the model, and further the 

current-voltage characteristics were studied. Since the various kinds of carriers in the 

phosphorene carry distinct mean free paths, the classical formalism for 2D electron flow 

is developed, and also the non-equilibrium Green’s function approach for quantum 

transport incorporated with WKB approximation is employed to estimate the ballistic 

current of holes. Our study provides theoretical fundamentals for electrostatics and 

current transport of 2D heterojunctions, and also sheds light on the prediction of 

performance for other low-dimensional systems with striking aspect ratios.  
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5.2. Introduction  

As a majority carrier device, the Schottky barrier diode (SBD) offers a number of 

advantages such as low turn-on voltage and fast switch speed, making it popular in 

power-rectification and radio-frequency applications
97-99,107,151-153

. As the miniaturization 

of electronic devices has been advancing
4,38,40,54,154,155

, especially the concept of three 

dimensional integrated circuit, which vertically stacks multiple layers of active electronic 

components, is widely recognized in recent years
156-158

, 2D materials with few-atom 

thickness hold great promise
5,159,160

. In particular, graphene possesses exceptional 

mechanical strength and ultra-high carrier density (~10
12

 cm
-2

), and may join 

heterojunction with phosphorene or monolayer transition-metal dichalcogenide 

semiconductors (such as MoS2) which carry moderate band gap (1-2 eV) and high carrier 

mobility
161-163

. Seamless 2D heterojunctions constituted by graphene and other 

semiconducting 2D materials have been demonstrated experimentally by employing 

conventional photolithography
8,9

.  

However, the laws governing low-dimensional SBDs are expected to be different 

from those derived for 3D solid. For instance, the rearrangement of charges due to 

chemical bonding at the interface produces interfacial dipoles which are believed to 

determine the offset of energy bands of components, defying the Schottky-Mott model
164-

166
. Meanwhile, the full depletion approximation (FDA), which serves as the prerequisite 

for the traditional 3D model, no longer works in 2D or 1D cases, since it predicts non-

trivial electric field in the neutral region regardless of the width of the space charge 

region (SCR)
167

. This may pose serious problems as the device is useless with a size 
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smaller than the depletion region. In addition, the atomistic details, which are regarded 

critical in determining the electrostatic properties of low-dimensional SBD systems, are 

expected to be taken care of by first-principle calculations, but the width of SCR usually 

ranges from ~100 nm to ~µm which turns out prohibitively expensive for regular 

atomistic simulations. 

In this chapter we derive a generic model for a 2D SBD formed by two strips with 

finite width of metal and arbitrarily doped semiconductor, to evaluate the electrostatic 

properties, and henceforth to predict the electric currents originating from various 

mechanisms. With a given amount of the total charge transferred from semiconductor to 

metal, we evaluate the electron distribution on the metal strip which is induced by the 

charge on the semiconductor, so as to characterize the in-plane potential profile which in 

turn determines the carrier density across the semiconductor strip. The total charge is 

varying until the Fermi levels are lined up. Then we apply this model to a typical 2D 

SBD formed by graphene and phosphorene. Our results reveal novel features by virtue of 

reduction of dimensionality, and our general formalism also applies to any other one-

atom or few-atom thick SBDs.  

5.3. Electrostatics  

We start with solving 3D n-type semiconductor without FDA. At equilibrium, the 

equilibrium condition for electrons: 

0x

dn
qn qD

dx
  E           (5.1) 
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can be connected to the Poisson’s equation via xd

dx

E
: 

 3

0

2 2

2 2

1 1 x DdD dn d n q
n

n dx n dx dx
n

 

  
       

   

E
      (5.2) 

where 
xE , D, µ , q and ε are x-directed electric field, diffusion coefficient, electron 

mobility, electron charge and permittivity, respectively, while 3

0

Dn  represents the doping 

concentration in the bulk. Letting 
dn

g
dx

  and solving for  g n  with  3

0 0Dg n  , 

Eq(5.2) yields 

3 3

0 0 3

0

2 lnD D

D

dn n
un n n n

dx n
           (5.3) 

where 
2q q

u
D kT



 
   taking into account the Einstein relation. The carrier 

distribution across the whole SCR can be easily obtained by discretizing Eq(5.3).  

In fact, near the boundary of 3D SCR we observe 

2 2

2 2

1 1dn d n

n dx n dx

 
 

 
, so that 

we can remove the former from Eq(5.2) and obtain the analytical solution for the 

semiconductor charge  

   

 

3 3

0

3 2 3 3

0 0 0

3 1
sech

2 2
~ exp

D D

s

D D D

x q n n x

qn n ux const n ux

    

 
  

 


    (5.4) 

In the 3D formalism, the charge of metal only distributes over the immense 

interface and gives a constant field across the entire region, which cancels the constant 

field of semiconductor outside the SCR. When the heterojunction is shrunk to be few-
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atom thick, however, the additional surfaces where charges reside give rise to a spatially 

varying electric field that vanishes only at infinity. Imagine a heterojunction formed by 

two semi-infinite metal and semiconductor sheets lying at 0z  , if an electron is moved 

from x    (metal) to x    (semiconductor) along a path of electric field line, the 

work in this process should make up the difference of respective Fermi levels. Since the 

path is an immense semi-circle normal to the plane, we have  
1

~z x
x

E  and hence the 

charge  
1

~s x
x

 . In this sense, the total charge across the semiconductor turns out 

infinity and thus modeling the infinite 2D SBD becomes unrealistic. Accordingly, to 

make our study suggest more significance for practical implementation, in this work we 

are primarily concerned with the 2D SBD formed by a metal strip with a width of 1 µm, 

and an n-type semiconductor strip with a width of 2 µm.  

In contrast to the 3D SBD model, in which the electrostatics may be derived from 

the 3D p-n junction model, the essential distinctness of metal sheet from semiconductor is 

the constant potential profile across the entire metal strip, which is achieved by the 

specific charge distribution on metal induced by the semiconductor charge. By conformal 

transformation which converts the strip into a cylinder
168

, the charge density induced on 

an infinitely long conducting strip by a coplanar strip with a given charge density  s x  

is evaluated as: 

 
 

 

2

1

2 2

2 2

x
s

m
x

x x a
x dx

x x a x







  

  
        (5.5) 

if the conducting strip lies in the 0z   plane between x a   and x a , and the 
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semiconductor strip lies between 
1x x  (

1x a ) and 
2x x . Note that if we let 

 
2

1

x

sc s
x

Q x dx  , one may find  
a

m sc
a

x dx Q


  . Due to electric neutrality, this 

indicates another compensating charge, whose total amount is 
scQ  and its distribution 

ensures equipotential across the metal strip. This distribution is found to be 
2 2

1
~

a x

152
. In the meanwhile, there is another 

scQ  transferred from the semiconductor which 

also obeys the same distribution, neutralizing the compensating charge. Accordingly, 

Eq(5.5) gives the net charge distribution on the metal strip.  

Thus, the potential on the semiconductor strip produced by the metal charge is  

    01
ln

2

a

m
a

x x
V x x dx

x x


 


 

         (5.6) 

where  0 , 0x  is the reference point, and x z    is the permittivity for anisotropic 

materials.  

Figure 5.1(a) shows the general diagram of band shift that occurs when metal and 

n-type semiconductor make contact and reach thermal-equilibrium. The electrons flowing 

from semiconductor to metal raise up the metal’s Fermi level but lower the conduction 

band of the semiconductor, and also widen n  that uniquely determines the carrier 

density. At equilibrium, apparently we have: 

0 _ _

*

_

b F m F s

F m n n

qV E E

E q q q 

  

    
        (5.7) 
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The total transferred charge, 
scQ , is unique if 

0bqV  is given. For any given value 

of 
scQ , however, the semiconductor itself may be in equilibrium as long as it gives 

     1 exp /n x n x q x kT            (5.8) 

where  x  is the potential and  1 0x  . Note that Eq(5.8) can be inferred from 

Eq(5.1) if the mean free path (MPF) of carriers is trivial, and also proves true for long 

MFPs if we use Boltzmann statistics for considerable 
n . Next we need to search for the 

specific 
scQ  that equilibrates the heterojunction. With a given 

scQ  and an initial guess of 

 x , one may obtain  s x  and then  m x  by Eq(5.5), and further a new  x  

across the semiconductor, as well as the band shift of metal. When  x  or  n x  

converges, we could judge from Eq(5.7) to tell if the respective Fermi levels are aligned.  
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Figure 5.1. (a) Band diagram of a heterojunction of metal and n-type semiconductor (b) 

Carrier density across the semiconductor strip in a 2D W-Si junction. Inset: carrier density 

in the semiconductor in a 3D W-Si junction. (c) The electric potential profile across the 

semiconductor strip in a 2D W-Si junction. Inset: charge distribution near the far end of the 

semiconductor strip. 

To highlight the impact of merely lowering dimensionality, we work with an 

imaginary scenario in which a 3D SBD, formed by an ideal contact between tungsten and 

n-type silicon, is shrunk to be a thickless strip while the Schottky barrier is assumed 

invariant as well as the 3D bulk properties (e.g. permittivity).  
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The ideal Schottky barrier of tungsten-silicon (W-Si) junction is 0.54 eV
169

. 

Figure 5.1(b) shows the carrier density across the silicon strip under various doping 

concentrations, and the inset indicates how carrier density varies in the 3D silicon bulk 

when 
3 17

0 2 10Dn    cm
-3

, which amounts to 1010  cm
-2

 if the thickness is assumed to be 

0.5 nm, and the dashed line marks the boundary of SCR predicted by FDA. It is obvious 

that the lowered dimensionality leads to a dramatically expanded SCR, and the whole 

semiconductor strip becomes charged. We can no longer identify a SCR, as in the 3D 

model, outside which the materials is electrically neutral. Starting from the interface, the 

carrier density of semiconductor increases monotonically, but drops when it is close to 

the end of the strip. This behavior is consistent with the potential profile as shown in 

Figure 5.1(c). Since the electrons on metal concentrate more in the vicinity of interface 

while the positive charge of semiconductor spreads over a larger area, the electric field of 

the negative charge of metal dominates in the region near the interface. But the amount of 

charge that metal carries is the same as that of semiconductor, and thus the field of 

positive charge outruns the negative near the end of strip so that the potential drops 

accordingly. In other words, the drop of potential as well as carrier density near the end 

occurs as an edge effect, which always exists as long as it is truncated, but may become 

less significant as the width of strip increases.  

Figure 5.1(c) also suggests that at high doping concentration, the potential profile 

exhibits a plateau region in which the in-plane electric field is negligible and the carrier 

density barely varies, and the edge effect also becomes less significant. This feature can 

be used to define the width of 2D SCR, which will be discussed intensively later. Here 

we take the height of the plateau as the built-in potential barrier biV  . In the 3D model, we 
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have 
bi B nV   , which barely changes since 

n  is almost invariant if 
0n  is high. In our 

2D model, however, 
biV  significantly decreases as 

0n  increases. The direct cause is 

ascribed to larger 
scQ  at higher 

0n . Deeper insight reveals that higher 
0n  makes most of 

the charge on the semiconductor more concentrate in the proximity of the interface, 

lowering the potential as well as the carrier density across the most region of 

semiconductor, and subsequently results in a larger scQ , causing larger _F mE  and thus 

decreasing 
biV . In addition, the inset of Figure 5.1(c) displays that, at the distance 

sufficiently far away from the interface before the edge effect prevails, the charge 

distribution behaves approximately 
1

~
x

 and vanishes only at x  . 

Next we investigate a practical 2D SBD system formed by graphene and 

phosphorene, by combining our generic model and first-principle calculations. Previous 

work has demonstrated that graphene behaves like a classical conducting sheet
170

. 

Phosphorene is believed to be a 2D native p-type semiconductor and the holes are found 

to deliver a much higher mobility than electrons
5
, but n-type semiconductor is still useful 

when the switch speed is a secondary concern. Substitutional doping with foreign atoms 

is predicted theoretically
171,172

. The few-layer phosphorene overlaid on h-BN is naturally 

p-doped, and the doping type can be switched by scanning the gate voltage
173,174

. It is not 

yet unambiguous to identify the mechanism that gives an intentional doping level. 

Therefore we adopt the conventional nearly-free electron model involving 2D anisotropy. 

The doping concentration is written as: 

* *

0 2
exp

x y n
m m q

n kT
kT





 
  

 
         (5.9) 
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To estimate the permittivity, we compute the electron density of intrinsic 

phosphorene with density functional theory (DFT) calculation, and the thickness of 

phosphorene is considered as 5.6 Å which contains 99.1% of electron density. With this 

thickness, we evaluate the permittivity in each principle axis by varying the thickness of 

the vacuum slab in the model of serially- and parallel-connected capacitors. Necessary 

parameters regarding electrostatics are listed in Table 1.  

Table 2 Parameters for electrostatic properties of phosphorene. εz = 5.27. The effective mass 

and carrier mobility are extracted from Ref. 18 

 𝒎∗/𝒎𝟎 µ  

(10
3
 cm

2
V

-1
s

-1
) 

𝛆/𝜺𝟎 𝚽𝐁  

(eV) 

𝑸𝒔𝒔  

(e/nm) 

MFP  

(nm) 

armchair (e) 0.17 1.10-1.14 15.23 ~1.50 1.5 ~30 

zigzag (e) 1.12 ~0.08 11.62 1.0 1.8 ~6 

armchair (h) 0.15 0.64-0.70 - ~ 0.1 - ~17 

zigzag (h) 6.35 10-26 - 0.5 - ~3300 
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Figure 5.2  The electrostatic properties of the 2D graphene-phosphorene heterojunction, 

with widths of 1 µm and 2 µm, respectively. The transport is along the zigzag direction of 

phosphorene. (a) The atomic structure. (b) The density of states projected on individual P 

atoms located at the interface (pink) and far from the interface (blue). EF_G marks the 

position of the Fermi level of the graphene. (c) The carrier density across the semiconductor 

strip at various doping concentrations. (d) Potential profile at various doping 
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concentrations. Inset shows dependence of xd on the doping level. (e) Potential profile and 

carrier density (inset) at a variety of semiconductor widths at 𝒏𝟎 = 𝟖 × 𝟏𝟎𝟏𝟎 cm
-2

. 

The atomic structure of the graphene-phosphorene (G-P) heterojunction is 

modeled as periodic arrays of dislocations which glue adjacent lattices, with the 

periodicity determined by exact or close matching of the translational vectors belonging 

to the respective domains
175

. Figure 5.2(a) shows a possible structure of C(5,1)|P(3,3), 

accommodating the boundary perpendicular to the zigzag direction of phosphorene, as 

well as 0.8% lattice mismatch with an appropriate size of supercell. Meanwhile, 

C(2,1)|P(2,0) is also created with 1.1% lattice mismatch for the boundary perpendicular 

to the armchair direction, see Supplementary Information (S. I.).  

When a semiconductor joins the heterojunction with a metal, the atomic orbitals 

at the edges from the two materials interact and new chemical bonds come into form, 

inducing rearrangement of charges and thus interfacial dipoles. Concerning theories on 

determining ΦB, the Schottky-Mott theory employs a non-interacting model which 

essentially ignores the interface interaction and places dominant importance on the 

contribution of bulk properties. This theory, however, has found little support from 

experiments
176

. Since ΦB represents a mismatch of energy levels of constituent materials 

across the interface, we may locate these energy levels on a common energy scale and 

regard the difference of these energy levels as the magnitude of ΦB. In our work, ΦB for 

n- and p-type SBD, namely ΦBn and ΦBp, are determined in the following way. We first 

perform DFT calculation on graphene and obtain the Fermi level relative to the lowest 

bound of density of states (DOS) projected on each atom, and then locate this Fermi level 

on the DOS spectrum of P atoms at the interface, and thus the band offsets can be 
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evaluated, as illustrated by Figure 5.2(b). Additionally, we also find that the CBM is 

slightly bent down at the interface while the valence band maximum (VBM) is bent up. 

The bending-down of CBM is more appreciable, consistent with the interfacial dipoles 

directed from phosphorene to graphene. The bending-up of VBM may be attributed to the 

competition of dipoles and lattice deformation occurring at the interface. But the 

influence of the interface is quite localized and vanishes at ~1 nm away. Note that the 

first-principle calculations were performed on intrinsic semiconductor under 0 K 

temperature, in which the carrier density is negligible, and accordingly the bending of 

energy bands in Figure 5.2(b) is merely ascribed to the interfacial potential field. Surely 

the impact of this field will still be present in the cases where the carrier density of 

semiconductor is considerable. Although the appreciable carrier transfer occurring 

between doped phosphorene and graphene may disturb the interfacial dipole and ΦB as 

well, in this work we ignore this effect, since the bending of bands due to the carrier 

transfer is estimated less than 30meV for all doping levels. Thus, ΦB is determined from 

the DOS spectrum and keeps invariant independent of the carrier density. 

Figure 5.2(c) displays the carrier density in the phosphorene with a variety of 

doping concentrations. Compared with the 2D W-Si junction with the same 0n  above, 

due to the higher ΦB more electrons are transferred to the graphene, increasing the charge 

on the semiconductor side and leading to a less steep transition, a narrowed plateau and 

more significant edge effect. Similar features are also found in the potential profile, as 

presented in Figure 5.2(c). To assist analysis we define the distance from the interface 

where 
510x

E  V/nm as the width of SCR, dx , and it gives    1 1d bix x x V    . 
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The inset of Figure 5.2(c) shows the dependence of 
dx  on the doping level. Referring to 

the 3D model with FDA, in which  
1/2

3 3

03

0

2
~D Dx bi

d D

V
x n

qn

 

 , our 2D model gives 

.77

0~dx n 
, indicating faster decay of 

dx  as 
0n  increases.  

Usually the dimension of semiconductor device is supposed to be larger than SCR 

since otherwise 
biV  becomes unpredictable depending on the size of the device. The 2D 

SBD also complies with this principle. Figure 5.2(e) shows the potential profile and 

carrier density (inset) corresponding to various widths of the phosphorene strip, with 

10

0 8 10n    cm
-2

, at which we find 1.07dx   µm. Apparently the potential profile 

becomes horizontal after it reaches 
biV  if the width of the semiconductor is larger than 

dx

, while otherwise the potential barrier always exhibits lower than 
biV , as a function of the 

semiconductor width. One may also find that 
biV  stays invariant irrespective of the width 

of semiconductor when it is larger than 
dx , and this indicates that the total transferred 

charge 
scQ , which determines _F mE , also becomes invariant with respect to the strip 

width. Thus the diverse widths manifest distinct carrier distributions, as shown in the 

inset of Figure 5.2(e). Later we will see the diffusion current in the 2D SBD is explicitly 

a function of the actual carrier density rather than the doping level, implying that the 

current transport of 2D SBD depends on the dimension of the device, as opposed to the 

classical 3D model. 

Furthermore, the mechanism of equilibrating the metal and semiconductor turns 

out different as the number of carriers varies. With a given 0n , altering the size of 
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semiconductor essentially amounts to modifying the number of carriers stored in the 

semiconductor, and the number of carriers available for transfer determines the maximum 

of the potential barrier that can be built in the semiconductor. When the amount of 

carriers is adequate, across the most area of semiconductor aside from the interface, the 

potential  x  accounts for the majority of _F sE  while the change of 
n  is 

insignificant. On the other hand, when the number of carriers is too few to bring on a 

considerable bending of  x , the increase of 
n  becomes dominant in _F sE , and the 

semiconductor is almost completely drained under this circumstance.  
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5.4. Currents 

As the majority carriers play the dominant role in the electric current transport 

across a metal-semiconductor junction, there are three distinct mechanisms that may exist 

when a forward bias is applied: (i) diffusion of carriers from the semiconductor to the 

metal, (ii) thermal emission of carriers moving towards the metal with an energy higher 

than the barrier, (iii) ballistic tunneling through the barriers if the MFP is longer than the 

SCR. As Table 2 indicates, the electrons moving in the armchair or zigzag direction of 

phosphorene carry a small MFP so that the classical models for currents are applicable. 

The holes in the armchair direction, however, possess a quite low ΦBp which is around 

0.1 eV, implying an unrealistically high doping concentration of holes is required to 

make the SBD functional. Accordingly the transport of holes in this direction is taken out 

of picture. The ultrahigh mobility of holes in the zigzag direction gives rise to an 

Figure 5.3 (a) The diffusion and thermionic curents 

of electrons in the zigzag directions of 

phosphorene.  
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appreciably long MFP around 3 µm, which is apparently longer than the widths of SCR 

at typical doping levels. Under this circumstance both the diffusion and the thermionic 

emission models fail, but the ballistic transport comes into play.  

The diffusion current is already characterized in the classical 3D model with 

fundamental assumptions involving the carrier density at equilibrium is unaffected by the 

current flow
177

. It is readily modified to adapt to our 2D model and gives:  

 
 

_ 2 *
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1 exp
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n dif n
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       (5.10) 

where  * x  is the potential profile in the presence of the bias 
aV  applied on the ends of 

the semiconductor strip (see S. I.).  

As for thermionic current of 2D SBD, we utilize the nearly-free electron model to 

develop the expression, starting from evaluating DOS in the momentum space 

considering phosphorene is anisotropic, and eventually reach (see S. I. for details): 

* 3/2

_ exp exp 1Bn a
n thm

q qV
J A T

kT kT

     
      

    
      (5.11) 

where 

*

*

2 2

2

2

yqk km
A




  can be regarded as the 2D Richardson constant. Note that the 3D 

thermionic current holds the similar form with Eq(5.11) while varying with the 

temperature dependence of 2T , and the 2D thermionic current in the x direction explicitly 

depends on the effective mass of electrons in the y direction. Aside from these novelties, 

one may also find that the 2D thermionic current is well-defined given the bias aV  and 
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the atomistic structure of heterojunction which defines ΦBn, staying invariant independent 

of the doping concentration and potential profile.  

The forward current-voltage characteristics of electrons in the zigzag directions at 

various doping concentrations are shown in Figure 5.3. Although the mobility of the 

armchair direction is over 10 times higher than that in the zigzag, but the ΦBn proves to 

play the leading role, and our calculation shows that, on average, the forward diffusion 

current in the zigzag direction at a given bias is around 7 orders of magnitude higher than 

that of the armchair direction. Hereafter we ignore the current in the armchair direction. 

Figure 5.3 suggests that the diffusion current prevails over the thermionic current when 

10

0 ~ 10n  cm
-2

 or higher, while in the 3D W-Si SBD one may find otherwise regardless of 

the doping concentrations or bias
177

. Moreover, the classical 3D model gives 

 
1/2

3

_ 0~ D

n difJ n , while our 2D SBD exhibits that the diffusion current is more sensitive to 

the doping level as, for instance,  
6.3

_ 0~n difJ n  at 0.2aV   V. This is consistent with 

what we expect since higher 
0n  results in a lowered potential barrier, as mentioned 

above. 

We estimate the tunneling current of holes in the zigzag direction using the WKB 

approximation as well as the non-equilibrium Green’s function approach (NEGF) 

combined with DFT calculations. In the first-principle calculations of the junction formed 

by graphene and intrinsic phosphorene, the potential profile for electrons in the 

semiconductor is almost flat due to the absence of free carriers. In this case the NEGF 

approach gives the transmission coefficient,  M E , characterizing the intrinsic ballistic 
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tunneling determined by the potential field of interfacial dipoles and coupling between 

Bloch waves from respective domains. When the semiconductor is doped and the SCR is 

formed, the WKB approximation is used to estimate the probability,  E , of tunneling 

through the barrier across the SCR as  
 * *

0

2 2
exp -

L xm q E
E dx

   
  
 
 

 , where E 

is the energy relative to the VBM. Thus the total transmission coefficient is evaluated as 

     T E M E E  , and by Landauer formula we have  

   
0

2
tnl n

q
J T E f E q dE

h




           (5.12) 

where 
nq  is the distance between the Fermi level and VBM. Note that Eq(5.12) only 

depicts the tunneling from semiconductor to metal, and the tunneling from the opposite 

direction is neglected, due to the absence of states in the bandgap of semiconductor. 

Figure 5.4 shows the tunneling current of holes in the zigzag direction, and the 

inset displays the transmission coefficient at equilibrium,  s mM E , from the intrinsic 

phosphorene to the graphene, in the absence of free carriers. The energy can be 

considered as the kinetic energy of holes. Under an increasing forward bias but lower 

than biV , the current is found to increase exponentially. Higher doping concentration 

gives rise to a shrunk 
dx  and a lowered 

biV , which jointly produce a raised  . Compared 

with the n-type SBD, the p-type SBD yields higher current for a given 
0n  and 

aV , 

implying a much lower turn-on voltage. For instance, _ 6.2p tnlJ   µA/cm with 0.1aV   V 

and 
10

0 5 10n    cm
-2

, 6 orders of magnitude higher than _n difJ  at the same bias and 
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doping level. In addition, the p-type SBD employs ballistic transport of carriers, 

promising a less energy dissipation.  

In summary, we present a generic model for a two-dimensional Schottky barrier 

diode formed by two infinitely long strips with given finite widths, in which the 

distribution of carriers, charge transfer, and potential profile are subject to pronounced 

modification relative to the classical 3D model as a result of the emergence of the out-of-

plane electric field. Moreover, as a practical 2D SBD, the graphene-phosphorene 

heterojunction is studied in terms of electrostatics at equilibrium and current transport 

arising from diverse mechanisms. The formalism for diffusion and thermionic emission 

currents of 2D SBD is developed based on the Maxwell-Boltzmann statistics and then is 

applied to the G-P junction, since the MFP of electrons is trivial in both directions of 

phosphorene. The MFP of holes in the zigzag direction, however, is found to be longer 

Figure 5.4 The quantum transport of holes in the zigzag 

direction of phosphorene under forward bias. Inset shows the 

intrinsic transmission coefficient of the graphene-

phosphorene junction in the absense of carriers at zero-bias 

regime.  
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than the width of the semiconducting strip, so that the ballistic tunneling current is 

characterized by NEGF+DFT combined with the WKB approximation. Our generic 

formalism is not limited to any particular 2D materials but also applies to universal low-

dimensional metal-semiconductor junctions, serving the purpose of developing future 

flexible and transparent electronic devices and 3D integrated circuits.  

 

5.5. Methods  

First-principle calculations have been carried out with density functional theory 

implemented in VASP. In particular, the Perdew–Burke–Ernzerhof (PBE) exchange-

correlation functional is used to relax the atomistic structure with the maximum force less 

than 0.01 eV/Å on each atom and the vacuum slab larger than 15 Å, while HSE06 hybrid 

functional is employed for electronic structures, predicting a band gap of 1.58 eV for 

phosphorene. The intrinsic transmission coefficients through the junction of graphene and 

zigzag-oriented phosphorene were computed using non-equilibrium Green’s function 

formalism implemented in the TRANSIESTA code
36

, averaged on multiple k-points 

perpendicular to the transmission direction in the zero-bias regime, including calculation 

of self-energies describing the coupling of the scattering region with a semi-infinite 

graphene lead and a semi-infinite phosphorene lead.  
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5.6. Supplemental Information 

5.6.1. 2D density of states for anisotropic materials 

For a given energy E, we have an ellipse in the momentum space 

2 2
2 2

* *

2 *2 *

2 2 2 2

2 2

22
1, ,

x y

x y

y yx x

E k k
m m

k m Ek m E
a b

a b

 

    

  

The number of states in this ellipse is 

* ***

2 2 2 2

221

2

x yyx
m mm Em E

N E
 

       

* *

2

x ym mdN

dE 
    

Therefore the 2D density of states is 

* *

2

x ym m


. Thus the carrier density is  

 
* *

0 2
exp exp

c

x yf n

E

m mE E q
n DOS E kT

kT kT





    
      

  
   

where nq  is the distance between the Fermi level and the conduction band minimum.  

  



93 
 

5.6.2. Atomic structure of boundary perpendicular to the armchair direction of 

phosphorene 

 

5.6.3. Three kinds of currents in the Schottky diode 

Generally there are four kinds of currents in a Schottky diode: diffusion, 

thermionic emission, tunneling and recombination. Currently we are studying Schottky 

junction of metal and n-type semiconductor, in which there are no holes, so the current 

arising from recombination of electrons and holes is neglected. In what follows we 

present formalism for the former 3 kinds of currents. 

1. Diffusion current 

We use  * x  to denote the potential profile after a bias of 
aV  is applied on the 

ends of the semiconductor strip with a width of L. The total current formed by diffusion 

and drift currents is evaluated by: 
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    2*

1
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2ln

a a
x xV V
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,  1 2,x x r x r     

Here 0r   to avoid singularities. One may verify that 

   *

1 1 ax r x r V       and    *

2 2x r x r     . 

Multiplying  *exp /q kT   on both sides and considering _n difJ  is steady, it 

gives 

 
  ** *

* / expexp
q

kT
n n n
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Integrating over the whole semiconductor region  1 2,x x  yields: 
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2. Thermionic current 

Energy space does not work here. We work with the momentum space. Since the 

number of states in the area element 𝑑𝑘𝑥𝑑𝑘𝑦 is 

𝑑𝑁𝑠 =
1

2𝜋2
𝑑𝑘𝑥𝑑𝑘𝑦 =

𝑚𝑥
∗ 𝑚𝑦

∗

2𝜋2ℏ2
𝑑𝑣𝑥𝑑𝑣𝑦 

The number of carriers is 

𝑑𝑁 = 𝑑𝑁𝑠𝑓(𝐸) =
𝑚𝑥

∗ 𝑚𝑦
∗

2𝜋2ℏ2
𝑑𝑣𝑥𝑑𝑣𝑦𝑒𝑥𝑝 [−

𝐸𝑘 + 𝐸𝑐 − 𝐸𝑓

𝑘𝑇
] 

⟶ 𝑑𝑁 =
𝑚𝑥

∗ 𝑚𝑦
∗

2𝜋2ℏ2
𝑒𝑥𝑝 (−

𝑞𝜙𝑛

𝑘𝑇
) 𝑒𝑥𝑝 (−

𝑚𝑥
∗ 𝑣𝑥

2 + 𝑚𝑦
∗ 𝑣𝑦

2

2𝑘𝑇
) 𝑑𝑣𝑥𝑑𝑣𝑦                              

The thermionic current of electrons moving from semiconductor to metal can be 

written as: 

𝐽𝑛_𝑡ℎ𝑚 = − ∫ 𝑞𝑣𝑥𝑑𝑁 =
−𝑞𝑚𝑥

∗ 𝑚𝑦
∗

2𝜋2ℏ2
𝑒𝑥𝑝 (

−𝑞𝜙𝑛

𝑘𝑇
) ∫ 𝑣𝑥𝑒𝑥𝑝 (−

𝑚𝑥
∗ 𝑣𝑥

2 + 𝑚𝑦
∗ 𝑣𝑦

2

2𝑘𝑇
) 𝑑𝑣𝑥𝑑𝑣𝑦

=
−𝑞𝑚𝑥

∗ 𝑚𝑦
∗

2𝜋2ℏ2
𝑒𝑥𝑝 (

−𝑞𝜙𝑛

𝑘𝑇
) ∫ 𝑒𝑥𝑝 (−

𝑚𝑦
∗ 𝑣𝑦

2

2𝑘𝑇
)

∞

−∞

𝑑𝑣𝑦 ∫ 𝑣𝑥𝑒𝑥𝑝 (−
𝑚𝑥

∗ 𝑣𝑥
2

2𝑘𝑇
)

−𝑣𝑜𝑥

−∞

𝑑𝑣𝑥

=
−𝑞𝑚𝑥

∗ 𝑚𝑦
∗

2𝜋2ℏ2
𝑒𝑥𝑝 (

−𝑞𝜙𝑛

𝑘𝑇
) √

2𝜋𝑘𝑇

𝑚𝑦
∗

(−
𝑘𝑇

𝑚𝑥
∗

) 𝑒𝑥𝑝 (−
𝑚𝑥

∗ 𝑣𝑜𝑥
2

2𝑘𝑇
)

=
𝑞𝑘𝑇√2𝜋𝑚𝑦

∗ 𝑘𝑇

2𝜋2ℏ2
𝑒𝑥𝑝 (

−𝑞𝜙𝑛

𝑘𝑇
) 𝑒𝑥𝑝 (−

𝑞(𝑉𝑏 − 𝑉𝑎)

𝑘𝑇
)

=
𝑞𝑘𝑇√2𝜋𝑚𝑦

∗ 𝑘𝑇

2𝜋2ℏ2
𝑒𝑥𝑝 (

−𝑞Φ𝐵

𝑘𝑇
) 𝑒𝑥𝑝 (

𝑞𝑉𝑎

𝑘𝑇
)

=
𝑞𝑘√2𝜋𝑚𝑦

∗ 𝑘

2𝜋2ℏ2
𝑇3/2𝑒𝑥𝑝 (

−𝑞Φ𝐵

𝑘𝑇
) 𝑒𝑥𝑝 (

𝑞𝑉𝑎

𝑘𝑇
)                                                                     

𝑣𝑜𝑥 is the minimum velocity necessary to overcome the potential barrier, which is 

– 𝑞[−(𝑉𝑏 − 𝑉𝑎)] = 𝑞(𝑉𝑏 − 𝑉𝑎). Considering the thermionic current from the opposite 

direction which cancels out at zero bias, the total thermionic current can be written as 

𝐽𝑛_𝑡ℎ𝑚 =
𝑞𝑘𝑇√2𝜋𝑚𝑦

∗ 𝑘𝑇

2𝜋2ℏ2
𝑒𝑥𝑝 (−

𝑞Φ𝐵

𝑘𝑇
) [𝑒𝑥𝑝 (

𝑞𝑉𝑎

𝑘𝑇
) − 1]                                                     
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3. Tunneling current 

With WKB approximation, the tunneling probability through a given potential 

profile is evaluated by: 

 
 2

1

* *2 2 ( )
  exp ?

x x

x

m q x E
E dx

  
   
 
 
  

Next, we use  M E  to denote the transmission coefficient per unit width through 

the heterojunction of graphene and intrinsic phosphorene, in which the potential profile in 

the semiconductor is flat. The total transmission coefficient is   ( )E M E  and then the 

conductance is  
22

( )
q

G E M E
h

   per unit width. By Landauer formula, the tunneling 

current per unit width is written as:
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For particular materials  M E  needs to be computed specially. In our work we 

employ the non-equilibrium Green’s function approach implemented in the 

TRANSIESTA code. 
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Chapter 6 

Can carbon nanotube fibers achieve the 

ultimate conductivity?—Coupled-mode 

analysis for electron transport through the 

CNT contact 

This chapter has been published. Reproduced with permission from J Appl Phys 

114, 063714 (2013). Copyright 2013, AIP Publishing LLC. 

6.1. ABSTRACT 

Recent measurements of carbon nanotube (CNT) fibers electrical conductivity 

still show values lower than that of individual CNTs, by about one magnitude order. The 

imperfections of manufacturing process and constituent components are described as 

culprits. What if every segment is made perfect? In this work we study the quantum 

conductance through the parallel junctions of flawless armchair CNTs using the tight-
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binding method in conjunction with the non-equilibrium Green’s function approach. 

Short-range oscillations within the long-range oscillations as well as decaying envelopes 

are all observed in the computed Fermi-level (low bias) conductance as a function of 

contact length, L. The propagation of CNTs’ Bloch waves is cast in the coupled-mode 

formalism and helps to reveal the quantum interference nature of various behaviors of 

conductance. Our analysis shows that the Bloch waves at the Fermi-level propagate 

through a parallel junction without reflection only at an optimal value of contact length. 

For quite a long junction, however, the conductance at the Fermi level diminishes due to 

the perturbation of periodic potential field of close-packed CNTs. Thus, a macroscopic 

fiber, containing an infinite number of junctions, forms a filter that permits passage of 

electrons with specific wave vectors, and these wave vectors are determined by the 

collection of all the junction lengths. We also argue that the energy gap introduced by 

long junctions can be overcome by a small voltage (~ 0.04 V) across the whole fiber. 

Overall, developing long individual all-armchair metallic CNTs, serves as a promising 

way to the manufacture of high-conductivity fibers. Since the Fermi level wavelengths of 

all armchair tubes are all 3a , where a is the lattice period and identical for all armchair 

tubes, the armchair CNTs don’t have to possess the same indices. 

6.2. Introduction 

From the microscopic perspective, an individual carbon nanotube (CNT) 

combines a substantial number of merits, such as exceptional electron and phonon 

transport properties, mechanical strength, low mass density and chemical inertness.
178-180

 

These advantages warrant this material’s promise to replace the traditional metals in 
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various applications on a scale from as tiny as conducting wires in nanoelectronics, to as 

large as the power transmission lines in industry. As far as the latter is concerned, during 

past decades great amount of efforts have been put in manufacturing fine CNT fibers in 

order to materialize the outstanding features of CNTs on a macroscopic level.
55,181-184

 

Nowadays the produced CNT fibers are reported to garner many physical properties close 

to individual CNTs. They are stronger than metals, less brittle than conventional carbon 

fibers, and better conduct heat than both. We may roughly estimate the ideal conductivity 

of a carbon nanotube fiber: if the diameter of an individual armchair CNT is a~1 nm, the 

mean free path is ~1 µm, the effective area of the cross-section of a tube is 23 / 2a , and 

the ballistic conductance of a single armchair tube is 24 /e h , thus the ideal conductivity 

is estimated as ~10
8
 S/m. Nevertheless, the recent advance of fabricated CNT fibers 

exhibits ~10
6
 S/m

59
. Currently most efforts are devoted to overcoming the imperfection 

of manufacturing process or of constituent components (excessive intertube junctions, 

insufficient packing density, poor alignment, etc.) which are considered as the primary 

technical obstacles in achieving the ultimate conductivity. 

If all the segments of manufacture of CNT fibers were flawless, including 

sufficiently long defect-free single-walled metallic CNTs, closest packing density and 

perfect alignment, could a CNT fiber recover the high conductivity of individual CNTs? 

Theoretical research suggests a complicated answer to this. The contacts of CNT in either 

parallel or concentric geometry were studied, and characteristic short- and long-range 

oscillations in the conductance around the Fermi level of the armchair/armchair contact, 

as a function of the contact length, were both found.
179,185-187

 On the contrary, other 

calculations reveal that in some ordered bundles of armchair nanotubes, inter-tube 
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coupling opens up a pseudo-gap at the Fermi level,
188-190

 implying that the Fermi-level 

conductance was supposed to decay as the contact length increases. Additionally, 

incommensurate CNT contacts show low conductance even though all the constituent 

tubes are metallic.
191,192

 Although a variety of peculiar phenomena have been observed 

quantitatively in theoretical simulations,
62,179,185-188,190,193-199

 mostly carried out with the 

NEGF approach, the transport mechanism, including the physical origin of the band gap, 

long and short-range oscillations and their associated determining factors, still remains 

obscure without any analytical formalism to unveil the quantum interference process 

which commonly occurs in various nanoscale contacts. 

In this chapter, we start from the axiomatic Schrödinger equation and cast the 

propagation of the perturbed Bloch waves of nanotubes into the coupled-mode 

formalism,
144

 to analyze the physics of various behaviors of conductance of parallel CNT 

contacts, obtained by the NEGF approach combined with tight-binding formalism (TB-

NEGF). With the coupled-mode theory, the physical origin of the decaying behavior, 

short- and long-range oscillations, and low transport through incommensurate metallic 

CNTs can be well-explained. Our analysis also applies to the energy gap that was found 

in bilayer graphene nanoribbons recently.
200

 Finally, we discuss the quantum conductance 

of a macroscopic fiber which contains an extremely large (essentially, infinite) number of 

parallel junctions that are serially connected. 

6.3. Approach 

The Hamiltonian of the parallel CNT contact is constructed by the following π-

orbital tight-binding formalism:
76
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   ' ' /† †
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H c c W e c c
 

 


            (6.1) 

where orbitals i and j are on the same tube and i' and j' are on different tubes, †

ic  and 
ic

are the creation and annihilation operators on site i, 𝛾0 = −2.75 𝑒𝑉 is the intra-tube 

hopping integral element between nearest-neighbors, 𝑊 represents the intertube coupling 

strength with the optimal value 𝑊0 = 𝛾0/8, which is obtained when the inter-tube 

distance is fully relaxed, and θ is the angle between the two π-orbitals 𝑖′ and j’.  

3.34Å and δ = 0.45Å are the parameters describing the intertube distance dependence, 

and were obtained from molecular dynamics simulations. The quantum conductance is 

computed by using Landauer-Büttiker formula combined with the NEGF 

formalism.
30,33,124

 Since the curvature of zigzag nanotubes plays a critical role in 

electronic structures and opens up an energy gap at the Fermi level,
201,202

 we primarily 

refer to armchair tubes as a typical example of metallic nanotubes. In the meanwhile, 

since the diameter of armchair nanotubes has no substantial effect on the conductance of 

the parallel contacts,
141

 (6,6) nanotubes were considered as a sufficiently representative 

yet computationally affordable choice to construct armchair/armchair contacts. The leads 

are perfect nanotubes so as to ensure transparent electron transport between leads and the 

contact region,
203

 such that in addition to the intrinsic properties of the constituent tubes, 

all the resistance is solely determined by the properties of the contact rather than the 

potential barriers owing to the charge transfer which happens in most lead-device 

contacts. 
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6.4. Results and Discussion 

6.4.1. Contradirectional coupling by periodic perturbation 

 

Figure 6.1 (a) Schematic view of a (6,6)/(6,6) parallel contact. (b) A fraction of the band 

structure of (6,6) nanotube around the Fermi level computed with TB method. The red 

circle marks the degenerate Bloch eigenstates at the Fermi level. (c) The contour plot of the 

modulus of the Bloch eigenstate at the Fermi level in a small area labeled by the red 

rectangle in (a). The spots at which the dark red concentrates are where carbon atoms are 

located. This figure is obtained by DFT method (Siesta), which gives identical band 

structure as shown in (b). 

The (6,6) CNTs in the contact region are oriented along the z direction and have 

the optimized AB stacking structure with an interlayer distance of 3.2Å, as shown in 

Figure 6.1(a). The interaction between tubes A and B is attributed to van der Waals force 

and thus is so weak that small changes in the intertube distance have negligible effect on 

the electron transport. Therefore, the Bloch waves in either tube of the contact region are 

considered to be perturbed by the potential field of the other tube. In what follows, we 
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will present the perturbation as a distributed reflection source which accounts for the 

decay of the forward-propagating Bloch waves of the unperturbed modes. 

The Schrödinger equation for the perturbed tube A in the contact region can be 

written as: 

     ˆ ˆ, ,A A AH i t P t
t

 
    

 
r r r ,          (6.2) 

where 
2

2ˆ ( )
2

A

AH V
m


   r  is the unperturbed Hamiltonian of tube A, and  P̂ r  is the 

perturbation of an external potential field. We may take the eigenstates of ˆ AH as a basis 

set with which to expand  ,A t r  and write 

       
, ni E t k zA

n nk

n

t a z e 





  r r           (6.3) 

where    ni E t k z

nk e 




 r  satisfies 

   ˆ 0ni E t k zA

nkH i e
t





 
   

 
r            (6.4) 

where n and  are indices of energy levels and wave vectors, respectively. 
na   is the 

complex amplitude of individual Bloch waves. In the presence of perturbation, 
2

na   is 

exchanged between individual modes and hence is no longer constant but depends on z. 

Substituting Eq. (6.3) into Eq. (6.2), combining Eq. (6.4) and assuming

   ikz ikz

nk nke e     r r , which suggests that the variation of the amplitude of 

Bloch eigenstates in space is quite slow relative to the phase factor, as shown in Figure 

6.1(c), we have 
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Assuming the variation of 
na   over propagation distance is “smooth” so that 

2

2

nd a

dz

 ≪

nda
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dz




, then it gives 
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ik e a P e
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   r r r        (6.6) 

Due to the excellent mechanical strength of a CNT, the mean free path of an 

electron can be ~1 µm at the room temperature
204

. In our case, the primary concern is 

focused on the quantum interference between Bloch waves at a given energy around the 

Fermi level. Simultaneously, the NEGF approach is premised on the ballistic transport in 

which there is no energy loss for electrons during the scattering and electrons do not 

transit between different energy levels. Therefore, nE  on the both sides of Eq. (6.6) is 

actually given, and hence we only need to reserve the corresponding terms. Alternatively, 

in a mathematical way, if we multiply 'niE t
e


 on the both sides of Eq. (6.6) and make use 

of the box normalization with respect to t, it yields: 

     '
' ' '

ˆ2 ( )
ik z ik zn

n k n n k

da
ik e a P e

dz
 

 


 

 

   r r r        (6.7) 

Since the movement of electrons in the nanotube is confined in both the x- and y-

directions, thus  
2

,
lim 0

x y
 r , plus  

2

 r  is continuous on any cross-section, 

thereby  
2

nk dxdy r  exists. If we multiply  *

'n k
 r  on the both sides of Eq. (6.7), 



105 
 

then integrating Eq. (6.7) over the x-y plane gives: 
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        (6.8) 

Note that for the armchair nanotube, as shown in Figure 6.1(b), there is only one 

possible wave vector at the Fermi level in either +z or -z direction. If we let 
'n FE E , 

then the summation on the RHS of Eq. (6.8) is just over 𝑘𝜇 and −𝑘𝜇, with 
2

3
k

d



 , 

𝑑 = 2.456 Å. In this way Eq. (6.8) becomes: 
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Since Eq. (6.11) gives periodic functions with a period of 𝑑 which can be 

expanded into Fourier series, then Eq. (6.9) becomes: 
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1 2

1 2

i z i zik z ik z ik z ik zda da
e C z e a p e e a q e e

dz dz

      

   
 

 

  
          (6.12) 
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where 
2

d



  ,   is an integer. The RHS of Eq. (6.12) can be regarded as the source 

that drives the forward and backward waves on the LHS. If we limit Eq. (6.12) to the 

forward 
 

a


, then the first term of the RHS describes the extra phase shift due to the 

external perturbation, which does not alter  
a


, and the second term implies the 

amplitude exchange between 
 

a


 and 

 
a


, which occurs when, for some 

2 s   mode,
144

 

sk k               (6.13) 

Keeping only the synchronous term associated with 
 

a


 gives 

 
  i k z

da
a e

dz







  

              (6.14) 

where  

, 2s sq k k                  (6.15) 

Likewise, if we use  *

',n k r  to multiply the both sides of Eq. (6.7), eventually 

one can obtain  

 
  i k z

da
a e

dz







                 (6.16) 

where 

*            (6.17) 

Therefore one can always verify  

   
2 2

0
d

a a
dz

 

   
  

           (6.18) 
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In our case, Eq. (6.18) indicates the conservation of charge on any arbitrary cross-

section along the direction of electrical current. 

Assuming that the incident Bloch wave with complex amplitude 
0A  scatters in the 

contact region  0, L , in the absence of the initial contradirectional wave, the boundary 

condition can be written as:  

       00 , 0a A a L 

 
          (6.19) 

Let   , and the solution to Eqs (6.14) and (6.16) is obtained: 
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where 
22k +4M  .  

For 
   a z


, if we take z L , which suggests that we focus on its amplitude at 

the outgoing boundary of the contact region, and then let L , we will see 
 

2

a



decays as ~ 2

M
L

e


 if  

2

sk


            (6.22) 

Here we use 2sk k   . This definitely indicates that if the external field is 

sufficiently strong, the amplitude of the incident Fermi Bloch wave eventually vanishes 

due to the repeated reflections by the periodic potential barriers; otherwise the forward 
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wave oscillates and propagates to the infinity without decay. In our case, referring to the 

band structure of armchair nanotubes [cf. Figure 6.1(b)], one can expect an energy gap 

possibly showing up around the Fermi level, and the coupling strength between 

nanotubes directly controls the size of the gap. This phenomenon is formally analogous to 

the scattering of Bloch waves in a solid crystal at the boundary of the Brillouin zone 

which is responsible for the appearance of energy gaps.  
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Figure 6.2(a) plots the band structure around the Fermi level of two parallel infinite 

(6,6) nanotubes with an intertube distance of 3.2Å, computed by TB formalism as Eq. 

(1), and a gap of ~0.04 eV opens symmetrically with respect to the Fermi level. When we 

enhance the coupling strength 𝑊, the gap increases. Figure 6.2(b) shows the NEGF 

simulated envelopes of the conductance at the Fermi level vs. the contact length of our 

junction model, which exhibits the vanishing behavior of conductance as the increasing 

contact length, and the decay is faster for stronger coupling, which also agrees with Eq. 

(6.20). When the W is small, or the intertube distance is large enough, the band structure 

of a single nanotube is restored.  

 

Figure 6.2 (a) The band structure of two parallel infinite (6,6) nanotubes, obtained with TB 

formalism, showing a gap emerging with the size proportional to the intertube coupling 

strength.  (b) The envelope of the conductance of a (6,6)/(6,6) contact at the Fermi level 

(E=0.001eV) under various intertube coupling strength, obtained by TB-NEGF approach. 

The inset presents the short-range oscillation with a period of 𝟑𝒅/𝟐, 𝒅 = 𝟐. 𝟒𝟓𝟔 Å. 
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On the other hand, when the contact length is small and not enough to drain all 

the incoming waves, as the length increases, the envelope of conductance rises and 

reaches the maximum of 
02G (

2

0

2e
G

h
 ) as in a perfect tube before it starts to decay, and 

the inset of Figure 6.2(b) shows the short range oscillation of conductance in which the 

neighboring peaks are evenly separated by 3𝑑/2, which was also reported in the previous 

literature.
186

 We attribute these phenomena to the codirectional coupling of Bloch waves 

of tubes and will explain its physical origin in the following section.  

6.4.3. Codirectional coupling in an armchair/armchair junction 

Now we turn our attention to codirectional coupling in the parallel infinite 

nanotubes, that is, the coupling between the waves from different tubes propagating in 

the same direction. The Schrodinger equation for the two parallel nanotubes can be 

written as  

     
2

2 0
2

A BV V i
m t

 
       

 
r r r         (6.23) 

where  AV r  and  BV r  denote the potential fields of tubes A and B, respectively. Still 

we expand   in terms of both the intrinsic Bloch waves of tubes A and B: 

           n ni E t k z i E t k zA B

n n n n

n

a z e b z e 

   


 
     r r         (6.24) 

where na   and nb   are the complex amplitudes of Bloch waves propagating in tubes A 

and B, respectively. For those Bloch waves that reside outside the forbidden gap, we 

ignore the contradirectional coupling (reflection) and only focus on the coupling of the 

forward-propagating waves of both tubes at a given energy 'nE . If, at 'nE , tube A has a 
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Bloch wave of  
' ,

a

n a

ik zA

E k e r  and tube B has  
' ,

b

n b

ik zB

E k e r , then substituting Eq. (6.24) 

into (6.23) and following the similar formalism in Section 3.1 yield: 
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We multiply both sides of Eq. (6.25) by  
*

' a

A

n k
  r  and integrate over the entire 

x-y plane. Note that      
2 *

' ' 'a a b

A A B

n k n k n kdxdy dxdy     r r r  in the case of weak 

coupling. Therefore, we obtain: 
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Likewise, we use  
*

' b

B

n k
  r  to multiply the both sides of Eq. (6.25) and 

eventually obtain: 
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Particularly for our armchair/armchair junction, if 'nE  is given around the Fermi 

level, we can assume a bk k , and it leads to a b  , as well as ab ba  . Furthermore, 

one can tell ab  and ba  are both pure imaginary numbers since    
*

' 'b a

B A

n k n k
   r r  is 

zero everywhere except in the overlap region where    ' 'b a

B A

n k n k  r r  by symmetry, so 

we have 

Figure 6.3 The multiple reflection-transmission process occurring in the contact region. (a) The 

incoming wave in tube A enters tube B while part of it keeps propagating along the original mode. 

The red arrow suggests the wave hits the end of tube A and total reflection occurs. (b) The yellow 

arrow represents the reflected wave, which starts propagating along the both tubes. The red 

arrow indicates total reflection occurs at the end of tube B. (c) The same process occurs again as in 

(b), differing in the direction only. 

(a) 

(b) 

(c) 

 

 

 

 

 

Reflected wave 

Reflected wave 
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*

baab              (6.28) 

so that one can verify the conservation of charge by 

 2 2
0

d
a b

dz
               (6.29)  

According to Eq. (6.26)  ab z  has a period of d  along the z direction, which is 

negligible compared with the contact length, and hence,  ab z  is regarded as a constant, 

say , 0i   . If we take the boundary condition as    00 , 0 0a A b  , and let 

a b    , then the solution to Eq. (6.26) and (6.27) is  

0

0

( ) cos( ) ,  

( ) sin( )

i z

i z

a z A z e

b z A i z e












        (6.30) 

Equation (6.30) suggests that inter-tube coupling not only gives rise to charge 

exchange between tubes, but also introduces an extra phase change over the propagation 

Figure 6.4 (a) The plot of Eq. (6.32) as a function of L, in which both the long and short-range 

periods are labeled. (b) The envelope of the out-of-gap conductance (E=0.1eV) of a (6,6)/(6,6) contact 

with various intertube coupling strength, obtained by TB-NEGF approach. 
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in addition to the intrinsic wave vector. Numerical simulation, however, indicates that β 

is negligible relative to 
ak  or 

bk , and hence we ignore it henceforth. Figure 6.3 describes 

the transmission process that occurs in the contact region, which can be recognized as 3 

steps. First, when the incoming wave of tube A enters the contact region, part of it keeps 

propagating along the original mode, while some of it penetrates into tube B due to the 

codirectional coupling. Second, the wave in tube A reaches the end and reflection takes 

place. Then part of the reflected wave moves along tube A backwards, while some of it 

penetrates into tube B and propagates along the z direction. Third, when the backward-

propagating wave in tube B reaches the end, it is reflected and starts moving and 

penetrating into tube A along the +z direction. Step 2 and 3 occur alternately and 

repeatedly, and thus the total transmitted wave Q is the superposition of infinitely many 

transmitted waves after multiple reflections. With Eq. (6.30), taking into account the 

intrinsic wave vectors a bk k k  , we obtain: 
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The total transmitted probability can be evaluated by  
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.         (6.32) 

Equation (6.32) explicitly gives the period of long-range oscillation /long     

for conductance at a given energy as well as the short-range one /short k  , as shown 

in the plot of Figure 6.4(a). In particular, 3 / 2fE

short d   agrees well with the inset of 
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Figure 6.2(b). Here we see that Λ𝑠ℎ𝑜𝑟𝑡 is determined by the intrinsic wave length of the 

unperturbed incoming Bloch wave, while Λ𝑙𝑜𝑛𝑔 is inversely proportional to the coupling 

strength between the codirectional propagating modes. If only the two codirectional 

waves with the same energy and wave vector that couples are concerned, the coupling 

strength   can be tuned by either altering W, or modifying the energy level to change the 

wave vector 
ak  as well as the intrinsic Bloch wave functions of each tube. Figure 6.4(b) 

presents the simulated envelopes of conductance at 0.1E eV  which is outside the 

bandgap of double tubes [cf. Figure 6.2(a)], and apparently the long-range period of 

conductance computed by NEGF decreases when the intertube interaction W is enhanced, 

consistent with the prediction. Since there are two channels at a given energy around the 

Fermi level, and modification of energy leads to an increase of one wave vector but a 

decrease of the other, therefore the more deviation from the Fermi level, the more the 

periodicity of the total conductance is weakened. 

6.4.4. Weak coupling in an armchair/zigzag junction 

In the formalism of coupled-mode equations, the difference of metallic zigzag 

nanotube from armchair lies in the Fermi wavelength of zigzag nanotube (

2 , 4.26zz

F zz zzd d   Å) which deviates from that of armchair and thus leads to 

significant |Δ𝑘|. If the conservation of charge stands, then let *

ab ba     , with the 

boundary condition 𝑎(0) = 𝐴0, 𝑏(0) = 0 the solution to Eqs (6.26) and (6.27) becomes 
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where 
2 2' 4 kM   . 

Figure 6.5(a) presents plots of the amplitudes |𝑎|2and |𝑏|2 (in units of |𝐴0|2) with 

two typical values of |Δ𝑘|. The figure illustrates that for a considerable mismatch of wave 

vectors, the amplitude exchange between tubes is negligible. As a result a low 

conductance of armchair/zigzag contact can be predicted. To verify this, we calculated 

the Fermi-level conductance of a (6,6)/(9,0) contact as a function of the contact length, 

and the result is shown in Figure 6.5(b). At a comparable contact length, the 

armchair/zigzag conductance is much lower than that of an armchair/armchair contact by 

over one magnitude order, even though the zigzag nanotube is metallic. The suppression 

of conductance was also interpreted from the perspective of conservation of momentum 

in previous literature.
191

 Therefore, the best conductance at a given energy of parallel 

nanotube contact can be achieved only when the corresponding wave vectors in 

individual tubes match each other, that is, both of the tubes are usually of the same 

chirality, or both are either armchair or metallic zigzag. The metallic zigzag nanotubes, 

however, were found by DFT simulations to possess a gap around the Fermi level due to 

their curvature, which makes the armchair nanotube the more promising material for 

manufacturing of nanoscale electric circuits.  
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3.4 From microscopic junctions to macroscopic fibers 

Now we turn to a macroscopic fiber which contains a great number N of serially 

connected parallel junctions. Let the transmission probability of the j
th

 junction be jt , 

then 
1

j

j

T t




  is the transmission probability across the whole fiber. According to the 

analysis above, as far as the Fermi-level Bloch wave is concerned, transparent 

transmission through a junction occurs only at an optimal value of the contact length, so 

that each transmission probability is close to one, 1j jt    with j  << 1. Accordingly, 

in this limit, (1 )N N

NT e     , where ε is the average of all j . If all the junctions 

possess exactly optimal contact length (ε = 0), that is, a quantum state throughout the 

whole fiber is formed, then the quantum conductance of the fiber could achieve a high 

(a) (b) 

Figure 6.5 (a) The plots of Eq. (6.33) at various |∆𝒌| values. (b) The conductance of a 

(6,6)/(9,0) contact at the Fermi level (E=0.001eV) vs. contact length, obtained by TB-NEGF 

approach 
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value of a single CNT, and an appreciable current can be observed even under quite a low 

voltage. On the other hand, if the Fermi-level Bloch wave is reflected by many junctions, 

it decays by following the 
Ne 

 law, even though each reflection is only small. In this 

sense, short junctions are a deal-breaker for a macroscopic CNT fiber that contains 

millions of them. But long junctions are not perfect solution, either. In a long junction 

(>100 nm) the Fermi level Bloch wave still fails to propagate due to the periodic potential 

of close-packed CNTs. Nevertheless, for an electron whose wave vector does not satisfy 

Eq. (22), it can transport through long junctions one after another as long as its energy is 

maintained, and a voltage of only ~0.04 V applied across the fiber (not each junction) can 

drive these electrons which possess a delocalized quantum channel throughout the entire 

fiber. Long junctions also significantly reduce the number of times Bloch waves are 

scattered. In general, fabricating long junctions of CNT is more realistic and practical 

than pursuing the short optimal contact length.  

One may note that the low voltage of 0.04 V is just an estimate which stems from the 

energy gap of the long junction of only 2 CNTs. But since a Bloch wave is usually 

perturbed by at most 6 neighboring CNTs in a close-packed bundle, the band gap of the 

entire bundle is still negligibly small, as reported by the previous literature.
190

 

Additionally, in the presence of coupling with phonons, electrons which are supposed to 

transport probably lose energy to phonons and thus fall into the energy gap of long 

junctions. Therefore an extra voltage is necessary to compensate the negative 

contribution of phonons to ensure the current.  
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6.5. Conclusion 

In this chapter, we presented in an analytical way the quantum interference of 

Bloch waves behind various behaviors of conductance at the Fermi level (that is very 

small bias) of parallel CNT junction as a function of contact length. First, the periodic 

potential field of an individual CNT could give rise to an energy gap in the adjacent 

CNTs, so that the transmission of Fermi-level Bloch waves is decaying as the contact 

length increases. Second, the conductance outside the energy gap at larger bias, as a 

function of contact length, exhibits dual oscillations. The short period is proportional to 

the intrinsic wavelength of the corresponding Bloch waves. The long period is 

determined by the coupling strength between the constituent CNTs: at stronger coupling 

this period is reduced while the weaker coupling corresponds to a longer oscillations 

period. Third, low conductance of the junction of incommensurate metallic CNTs is 

found to be caused by the mismatch of their Fermi wavelengths. 

On the microscopic level, if fine manipulation can be performed so that every 

junction of armchair CNTs possesses the optimal length [cf. Figure 6.2(b)], then the 

whole fiber could achieve the conductivity as high as that of a single CNT. Nevertheless, 

it turns out unrealistic on a macroscopic CNT fiber which usually contains millions of 

junctions. The Bloch waves vanish rapidly over a series of short junctions. Although long 

junctions introduce energy gap which slows the electron transport, it can be overcome at 

a price of an extra voltage negligible on a macroscopic level, while long junctions 

significantly shrink the number of times that Bloch waves are scattered. Hence, to 

approach the ultimate conductivity of CNT fibers, people are encouraged to proceed with 
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the synthesis of fibers which contain longer, higher percentage of armchair defect-free 

single-walled CNTs.  
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Chapter 7 

Site-Percolation Threshold of Carbon 

Nanotube Fibers—Fast Inspection of 

Percolation with Markov Stochastic Theory  

This chapter has been published [Physica A 407, 341 (2014)].The permission of 

using this published paper is covered by the rights* belonging to an Elsevier journal 

author.  

*see http://www.elsevier.com/about/policies/author-agreement/lightbox_scholarly-

purposes 

7.1. Abstract: 

We present a site-percolation model based on a modified FCC lattice, as well as 

an efficient algorithm of inspecting percolation which takes advantage of the Markov 

stochastic theory, in order to study the percolation threshold of carbon nanotube (CNT) 

fibers. Our Markov-chain based algorithm carries out the inspection of percolation by 

http://www.elsevier.com/about/policies/author-agreement/lightbox_scholarly-purposes
http://www.elsevier.com/about/policies/author-agreement/lightbox_scholarly-purposes


122 
 

performing repeated sparse matrix-vector multiplications, which allows parallelized 

computation to accelerate the inspection for a given configuration. With this approach, 

we determine that the site-percolation transition of CNT fibers occurs at 𝑝𝑐 = 0.1533 ±

0.0013, and analyze the dependence of the effective percolation threshold 

(corresponding to 0.5 percolation probability) on the length and the aspect ratio of a CNT 

fiber on a finite-size-scaling basis. We also discuss the aspect ratio dependence of 

percolation probability with various values of p (not restricted to 𝑝𝑐 ). 

7.2. Introduction  

Since individual carbon nanotubes (CNT) garner excellent electrical and mechanical 

properties,
52-55,67,68,205

 during past decades transferring their outstanding microscopic 

performance to macro-scale has been an inspiring subject while various distinct routes 

have been developed for manufacturing fine CNT fibers.
53,56-59,184,206-208

. With the current 

techniques, however, the produced CNT bulk is naturally a mixture of both metallic and 

semiconducting CNTs, with the percentage of metallic CNTs ranging roughly from 16% 

to 43%.
75,207

 The low purity of metallic CNTs gives rise to performance obstacles since 

conducting paths throughout the fiber fail to form. Hence, whether there exists and what 

is the critical percentage of metallic CNTs, above which the whole fiber is always 

conductive, become a general concern for many relevant researchers.  

We say a fiber “percolates” if metallic CNTs form clusters spanning between the 

ends of the fiber. Percolation has been one of the most practical subjects in a wide variety 

of fields for over 50 years.
78,80,87,90,116,117,209-224

 Our concern for the fiber is recognized as 

site percolation, in which each site is independently “occupied” with a probability 𝑝. For 

a regular lattice of infinite size, there exists a critical value of p (percolation threshold) at 

which clusters of “occupied” sites that span the entire system start to appear. In practical 

simulations, however, with a given p and the lattice structure, there are numerous 

configurations for arrangement of “occupied” and “unoccupied” sites, and thus one has 

to inspect each of them to see if it percolates to obtain the percolation probability  p . 

Conventionally, diverse approaches derived from the Hoshen-Kopelman (HK) algorithm 
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have been established to help check the existence of spanning clusters for a given 

configuration,
117,212,225-234

 but their sophisticated operation leads to fallibility in 

application, and consumes excessive resources by providing information irrelevant to our 

concern. Accordingly, a more compact and efficient algorithm for inspecting 

connectedness, as well as an appropriate lattice model for CNT fibers, is desirable.  

In this chapter, we propose a modified FCC lattice to model a CNT fiber and 

employ the theory of finite Markov chains to direct at our purpose, so as to find out the 

percolation threshold of CNT fibers. Although various forms of Markov theory have 

been widely applied to percolation problems by setting up random fields, or 

characterizing percolation behavior,
214,235-243

 it is barely used to check the occurrence of 

percolation. We first describe our lattice model derived from FCC, which is known as the 

most close-packing structure in nature. In this lattice each site is randomly chosen to be 

metallic with a given probability p, and only when the neighboring sites are both metallic 

is the electric current carried through. Furthermore, we implement the theory of finite 

Markov chains to inspect the connectedness of a particular configuration.
244

 This method 

solves the topologically complicated problem by performing simple repeated matrix-

vector multiplications, which serves as one of the most important computational kernels 

in scientific computing and various techniques (including parallel computing) are 

available.
94,110,114,115,234,245

 Finally, our results corroborate the finite-size scaling law, by 

which the percolation threshold of the lattice model for the CNT fiber, as well as its 

dependence on the geometry of the fiber, is obtained.  

7.3. Approach 

7.3.1. The lattice model 
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The structure of a realistic CNT fiber is quite complicated: individual CNTs with 

diverse lengths, diameters and chiralities are closely packed with numerous defects and 

disconnections. Imperfections may raise the percolation threshold pc. As the first step 

towards the reality, however, it is instructive to investigate situations free of flaws (e.g. 

dislocations, disconnections, vacancies) to find out the theoretical lower bound of pc. 

Usually the cross-section of a typical CNT fiber contains tens of thousands of CNTs with 

similar diameters, which are closely packed in a hexagonal configuration, a way 

reminiscent of the (111) crystal plane of the most close-packing structures: FCC and 

HCP. Assuming that all the constituent CNTs share the same length and diameter, we 

favor the FCC structure to construct our CNT-bundle model, in which each FCC site is 

occupied by either a metallic or semiconducting CNT oriented along the <111> direction. 

As shown in Figure 7.1(a), the center CNT (gray) has 14 neighbors—12 side-contact 

neighbors (green) and 2 end-contact neighbors (red). Figure 7.1(b) shows the cross-

section of the fiber, while A, B and C denote the 3 layers as in a unit cell of the regular 

FCC lattice. Further simplification depicts CNTs as individual atoms so as to explicitly 

describe the geometry of the fiber. The length of the whole fiber, L, is defined as the 

Figure 7.1 (a) The schematic view of a close-packed CNT fiber. The center CNT (gray) 

has 2 end-contact neighbors (red) and 12 side-contact neighbors (green). (b) The cross-

section of the close-packed CNT fiber. A, B and C represent the 3 distinctive layers as in 

a unit cell of FCC lattice. The distance between the axes of the neighboring tubes is 

defined as the unit of W, as denoted. 
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number of FCC unit cells. The radius, W, is defined as the distance from the axis of the 

center CNT to that of the outmost CNTs, and the unit radius is defined as the distance 

between the axes of side-contact neighboring tubes, as marked in Figure 7.1(b). On the 

other hand, if CNTs follow the HCP structure, only the A and B layers in Figure 7.1(b) 

are present, thereby the coordinate number and the number of CNTs per unit area are 

both much less than FCC. Consequently, HCP is not included in our percolation models.  

One may note that with a given probability of being metallic, p, and the total 

number of lattice sites, N, the expectation value of the number of metallic sites, Nm, is 

evaluated as  1
N kk

m

k

N
N k p p Np

k

 
   

 
 , where k is the number of metallic sites 

in each possible configuration. Therefore, the probability p is equivalent to the 

concentration of metallic sites throughout this chapter. With a given p, the random 

permutation of Np metallic sites is performed many times to generate distinctive 

configurations, and by inspecting each of them to evaluate the percolation probability 

 p . We should state here that in theory the total sample space  , upon which the 

regular probability is defined, is spanned by the total 
N

Np

 
 
 

 permutations. In Monte 

Carlo simulations, however, we choose Np sites out of N with uniform probability, so 

that another sample space   is constructed. Apparently   , and   contains more 

configurations with inhomogeneous distribution, but   is what matters in realistic 

experiments and serves as the sample space upon which our  p  is defined throughout 

this chapter.  

7.3.2. Markov stochastic process 

As far as the algorithm used to inspect the percolation of a particular 

configuration is concerned, a naïve strategy is to carry out “depth-first-search” which 

searches all the possible paths constituted by the metallic sites. But the cost rapidly 

explodes when the metallic sites accrue, especially for a high coordinate number. In 

1976, the Hoshen-Kopelman algorithm was published, providing an ingenious way for 
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cluster analysis, and several derivatives and improvements have been developed since 

then. For instance, Ziff et al. proposed a potent algorithm which, whenever a new 

metallic site is added to the lattice, identifies the tree roots to which its neighbors belong 

by traversing respective trees and then amalgamates the trees with different 

roots.
117,225,246

 This “union-find” procedure involves exploring the path leading to the 

root of a tree and visiting the sites along the path to make them point to the root. Deeper 

investigation, however, reveals this type of algorithm is not free of imperfection: (a) the 

“root-find” procedure has to be carried out for every visited neighbor of the current site. 

When it comes to another occupied site, which shares neighbors with a visited one, their 

common neighbors must be involved in the root-finding procedure again, and this cannot 

be omitted since their roots change from time to time. This becomes significant when the 

coordinate number is high. (b) The sites located on a “root-leading” path is repeatedly 

visited and modified whenever their root changes. (c) While indicating the existence of a 

spanning cluster, the HK-type algorithms also provide extra information such as 

composition of the conducting path, and the size of the clusters, which turns out 

irrelevant to our concern but consumes huge volume of computation and storage. 

Essentially, whether the spanning cluster exists or not, is equivalent to the possibility of 

reaching one side of the lattice from the other via the conducting bridge, which serves as 

nothing but the only interest of ours.  

What matters is possibility, that is, zero or non-zero probability. Accordingly we 

employ the algorithm of finite Markov chains to calculate the probability of travel 

through the system. This scheme has been extensively used to check connectedness in the 

graph theory. Here we consider an electron jumping between neighboring metallic sites 

while its location ( nX ) is described by the random-walk model characterized by the 

transition matrix P : 

1ij n nP P X j X i               (7.1) 

where i, j label two metallic sites. 
ijP  represents the probability of transition from i to j. 

We have  

1/ deg( ),   ,  are neighbors

0,               otherwise
ij

i i j
P


 


       (7.2) 
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where deg( )i  is the coordinate number of Site i. 1ik

k

P   always stands. Here transition 

probabilities of jumping from the current site to all the neighboring sites, are assumed 

even. If we suppose 
0i  and 

0j  mark the starting and destination sites, respectively, our 

percolation problem amounts to calculating the probability of hitting 
0j staring from 

0i , 

after a certain number of steps. To this end, the well-established Markov theory has 

provided the answer. If we denote the set containing all the metallic sites by S, then we 

have:
236

 (See Appendix) 
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0 1
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ijm
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         (7.3) 

 0 0

0

,   if 

0,      if 

j ik

ik

P k j
P

k j


 


          (7.4) 

where the element of  m
f  that corresponds to 

0i , denoted by  

0

m

if , represents the 

probability of hitting 
0j  for the first time starting from 

0i  after m steps, and is also 

written as  
0 0

1i jP m   . Note that for 1m  ,  m
f  is simply the column of P  which 

corresponds to 0j . If  
0 0

1 0i jP m    , then we are informed that after m steps, the 

electron starting from 
0i is able to reach the site 

0j , implying that there exists a 

conducting path connecting the two relevant sites. In this fashion, detecting percolation is 

solved by implementing repeated matrix-vector multiplications, as indicated by the 

recursive calculation of Eq. (7.3). Note that in most cases the transition matrix P is 

extremely sparse since all the entries are zero except those corresponding to neighboring 

metallic sites. On that account, a variety of techniques regarding sparse matrix-vector 

multiplication (even in parallel) are found available. 
114,115,119-121,245,247

 

In practical simulations, for a given p, Np sites are chosen to be metallic with 

uniform probability, and then a transition matrix P corresponding to this configuration is 

constructed in sparse format like CSR. These configurations can be assigned to 

respective CPU cores. When an individual core receives the job, what follows is 

performing repeated matrix-vector multiplications as instructed by Eq. (7.3) and (7.4), in 
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multiple threads, until either the target probability becomes non-zero, or the maximum 

number of steps, 
maxN , is exceeded. As yet the choice of 

maxN  is  min ,bN Np . If 
maxN  

is reached and the target probability still remains zero, implying that the electron cannot 

reach the destination after traversing all the metallic sites, or all the bonds between them, 

thereby the system is considered NOT to percolate. Moreover, in theory we should 

perform a series of matrix-vector multiplications with a distinctive  0j P  for each 
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destination site 0j , but there might exist a great many destination sites on the end surface 

of the fiber if it takes a large radius. This issue can be solved by adding one more site as 

a “detector”, say 1j , and assume its connection with all the metallic sites on the end 

surface, indicating that it takes just one more step to reach the site 1j  for the electron 

arriving at any metallic site on the end surface. By this means only one  1j P  needs to be 

constructed for a given configuration, with the price of increasing maxN  by one.  

Figure 7.2  A typical example of implementation of our Markov approach for inspection of 

percolation for a given configuration. The top panel shows a random 2-D pattern formed by 

metallic tubes (dark) and insulating tubes (gray). Tube 1 and Tube 7 serve as the start and 

destination sites, respectively. The middle panel suggests the transition matrix P, where the 

blank sites indicate trivial elements. The column vector, f, which corresponds to the 

destination site, Tube 7, is marked by the dashed box. The bottom panel displays the 

calculation of the probability of hitting Tube 7 for the first time starting from Tube 1, after m 

steps.  is simply identical to P except that the elements in the 7
th
 column are all set to be 

zero. 
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Figure 7.2 illustrates a typical representation showing how our Markov approach 

works on the percolation of a random 2D pattern formed by metallic (dark) and 

insulating (gray) tubes. Tube 1 and Tube 7 serve as the start and destination sites, 

respectively. The transition matrix P is constructed according to Eq. (7.2). Surely one can 

assume the electron may stay at the current site for the next stage (self-loop), but that will 

not alter the result of percolation. The bottom panel of Figure 7.2 displays the 

calculation of the probability of hitting Tube 7 starting from Tube 1 for the first time, 

after m steps, which is carried out by matrix-vector multiplications, where the matrix 

 7
P  is readily obtained by setting the 7

th
 column of P to be zero. If we use  1 7 1   to 

denote the number of steps it takes for the electron starting from Tube 1 to hit Tube 7 for 

the first time, in Figure 7.2 an electron has to travel through all the bonds between 

metallic tubes so that  1 7 1 bN   . If Tube 5, for example, becomes insulating, then 

 1 7 1    , and therefore the multiplication stops when 
bm N , implying that after 

walking through all the bonds it is still impossible to percolate, and therefore no more 

steps need to be inspected. In addition, in this way Markov method also provides the 

length of the shortest spanning path in the system, i.e. the length of the “backbone” of the 

very cluster spanning the whole lattice. 
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7.4. Results and discussion 

Figure 7.3 The percolation probability of systems with various dimensions 

as a function of p. (a) L-dependence with W = 5. (b) W-dependence with L 

= 400. 
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Now we apply the approach described above on the FCC lattice modified for 

CNT fibers. Figure 7.3 depicts the  in the longitudinal direction as a function of p 

for various systems with different dimensions as labeled, in which each data point is 

obtained by inspecting 1,024 random configurations. The largest lattice we inspected 

contains 2.6 million sites. Figure 7.3(a) illustrates the L-dependence of  for a fixed 

W while Figure 7.3(b) exhibits the opposite situation. Both of the plots display the 

spread-out and shifting of the phase transition due to the finite-size effects, and also are 

found approaching step-functions when L and/or W advance to infinity. Faster 

convergence of W-dependence than L-dependence is also observed by comparison. This 

phenomenon can be qualitatively understood that with the same p, the larger W the more 

the average number of metallic sites on a certain transection, which provides more 

possible paths that lead to higher probability of walking through for electrons.  

 p

 p
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In order to extrapolate the critical probability 𝑝𝑐
∞ for infinite lattice from finite-

size samples, we fit the data in Figure 7.3 to a variant of the Fermi-Dirac function due to 

the similarity of their shapes: 

 
1

1 exp c

p
p p

T

 
 

  
 

        (7.5) 

where 
cp  and T are constants. One may see that as p increases,  p  varies from 0 to 

unity, and 
cp  is the effective percolation threshold for finite-size systems which gives 

 
1

2
p  , as shown in Figure 7.3(a). T determines the abruptness of the phase 

transition. According to the previous literature,
106,117,227,246,248

 for a d-dimensional lattice 

of size 𝐿𝑑, using finite-size scaling law it follows that: 

1/v

c cp p AL              (7.6) 

where A is a constant and the universal scaling exponent ν is 4/3 and 0.88 for 2D and 3D 
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systems, respectively. In anisotropic systems such as hyper-rectangular cross-section bars 

with size W
d-1

L, the aspect ratio W/L also enters the expression of the scaling law. 

Montetti and Albano firstly studied the critical behavior of the site percolation problem 

on a L W  square lattice and suggest replacing the constant A in Eq. (7.6) with a 

function of the aspect ratio W/L. 
227

 We follow this way and then Eq. (7.6) becomes:  

1/( ) v

c c

W
p p C L

L

               (7.7) 

Figure 7.3 shows the plots of 𝑝𝑐 of our modified FCC lattice as a function of 

𝐿−1/𝜈 for a variety of values of the aspect ratio W/L. Only those systems with the same 

W/L lie on the same straight line, and all the fitted lines share the common intercept, in 

agreement with Eq. (7.7). Furthermore, the extrapolations obtained by 𝐿 → ∞ give the 

value of the percolation threshold for the CNT fiber with infinite L and W, i.e. 𝑝𝑐
∞ =

0.1533 ± 0.0013, lower than 0.199—the percolation threshold of the regular FCC 

lattice.
111

 This decrease is considered reasonable due to the higher coordinate number of 

Figure 7.4  The effective percolation probability of finite-size systems 

as a function of 𝑳−𝟏/𝝂. The inset shows the slopes of the fitted lines in 

the main plot, and the straight line represents the case where L and W 

are interchangeable. 
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our lattice. In addition, 𝑝𝑐
∞ of our model is also found to be close but higher than that of 

another model with a coordinate number of 14,
249

 since we impose directed percolation 

along the orientation of CNTs. 

As for the slope ( / )C W L , it can be fitted in the following form: 

0 1 ,   ,
W W

C C C L W
L L


   

     
   

        (7.8) 

and then Eq. (7.7) becomes: 

1/ 1/

0 1

v v

c cp p C L CW L               (7.9) 

Unlike the 𝐿 × 𝑀 square lattice, in which L and M are assigned identical scaling 

exponents due to the symmetry under the interchange of L and M, i.e. µ = −1/ν, our 

modified FCC lattice is anisotropic since we add end-end contacts only in the 

longitudinal direction, while electrons walk across the transection only by way of side-

contacts. Therefore Eq. (7.9) is no longer symmetric with respect to L and W. The inset 

of Figure 7.4 demonstrates the slight deviation of the slopes of the straight lines in the 

main plot from the case in which L and W are interchangeable. By fitting the slopes with 

Figure 7.5  The effective percolation probability versus 𝑾µ 

for various systems with different lengths. 
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Eq. (7.8) one gets 𝐶0 ≈ −0.83, 𝐶1 ≈ 0.31, and µ ≈ −1.23, with error bars of 70%, 7% 

and 1%, respectively, which can be considered accurate taking into account the y-data 

range of around 200 (cf. the inset of Figure 7.4). Knowing these constants one can further 

test the validity of Eq. (7.9), as shown in Figure 7.5, in which for a fixed length the 

excellent data agreement confirms the linear dependence of 
cp  on W  , as well as the 

values of relevant coefficients with acceptable errors.  
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Now we obtain all of the finite-size scaling arguments of Eq. (7.9). Note that Eq. 

(9) describes the asymptotic behavior for the limit situation ,L W  . Thus we could 

estimate the percolation threshold of a practical CNT fiber, say with a diameter of 1 cm 

and a length of 1 km, constituted by individual CNTs uniformly with 10nm diameter 

(including inter-tube distance) and 1 µm length. In this system we have W = 10
6
 and W/L 

= 1/1000. By Eq. (7.9) one can find that the geometry of the system only gives a positive 

increment of 9.2 × 10−8 in addition to 
cp . Therefore one may see that at the 

macroscopic level, the aspect ratio does not significantly alter the percolation threshold.  

Figure 7.6  (a) The curves of percolation probability vs. the length of the 

whole lattice at various p for a fixed width W=3. (b) Two immediately 

connected blocks of an infinitely long cube lattice with finite cross-

section. The dark and light blue elements represent metallic and insulating 

sites, respectively. All the insulating elements are visible. The percolation 

probability of each block, and the connecting probability of the two 

adjacent blocks, can be both equal to 1, although p is significantly less 

than 1.  
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Now we further the discussion about the aspect-ratio dependence of percolation 

probability with various values of p. In particular, one may speculate that for a fixed W, 

when L , the fiber becomes quasi-one-dimensional so that   0p   unless 1p  . 

As shown in the past literature regarding a rectangular or 3D cubic system,   0p   as 

the aspect ratio advances to infinity for a given p (not restricted to pc).
6060,79,81,82,85,219

 

While reproducing this damping behavior, our results of simulation, however, also 

suggest that our lattice systems may remain percolating independent of the aspect ratio. 

As shown in Figure 7.6(a), for a fixed W, when p is relatively low,  p  decays 

exponentially as L increases, and the decay becomes slower for a higher p. If p is 

sufficiently high,  p  remains unity even when L advances to infinity, but p does not 

have to approach 100% to ensure the percolation. Moreover, in the above we have 

mentioned that a large W may facilitate percolation, and therefore the percolation may 

become independent of /W L  at a lower p if W is increased. For instance, when 0.3p  , 

in Figure 7.6(a) for 3W    p  decays as L  grows; but for 6W  , 0.3p   serves as 

the sufficient condition to ensure percolation for the entire range of /W L  (not shown).  

We understand this result in the following way. We take the whole lattice as an 

infinite series of linked blocks, and use  1 i  to denote the probability of an electron 

jumping from the starting surface of the 𝑖𝑡ℎ block to the starting surface of the (𝑖 + 1)𝑡ℎ 

block (i.e. the product of the percolation probability of the 𝑖𝑡ℎ block and the connecting 

probability between these neighbors), and L marks the number of blocks. Thus the total 

percolation probability of the entire lattice is evaluated as  
1

1
L

L

i

i

e  



   , where 

  is the average of  i .  
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We could roughly estimate connection between   and p. Referring to Eq. (7.5), 

generally if 
cp p  we infer  1 ~ 1

cp p

Te
 

  
 

 so that ln ~ p . The inset of Figure 

7.6(a) confirms this conjecture. Thus, when p increases, the product of the percolation 

probability of each block and the connecting probability between blocks, becomes larger, 

equivalently   diminishes exponentially. This also accounts for the fast convergence of 

the decaying rate as p increases, as we see in Figure 7.6(a).  

If each block takes small cross-section, Eq. (7.9) suggests that the limitation of 

transversal dimensions introduces a significant increment to cp . Therefore, it is likely 

that for quite a range of p, we have   0,i p   𝑖 ∈ ℕ, leading to 0  exponentially as 

L . On the other hand, 1p   serves as too strong a condition to secure non-trivial 

 . Figure 7.6(b) illustrates an example of cubic lattice with a side length of W, in which 

one can see that with a small W, even though p is significantly less than 1, the  i p  of 

each block can be zero. Due to the finite-size effect,  p  approaches unity 

asymptotically as p increases, so that we do not expect the existence of a critical value of 

p above which  p  abruptly becomes 1 (cf. Figure 7.3).  

Furthermore, if we scale up each block and let W approach infinity, then each 

block shares the same 
cp , above which   0,i p   𝑖 ∈ ℕ, implied by the fact that 

cp  is 

also the percolation threshold of the whole lattice. Accordingly 1cp p   serves as the 

sufficient condition to guarantee the occurrence of percolation independent of the aspect 

ratio for a macroscopic system. Note that the discussion above is made with presumption 

of uniform distribution of metallic and/or insulating sites among the whole lattice, that is, 

the sampling in each block is independently subject to the identical uniform probability 

distribution, and the extreme cases in which the minor insulating sites aggregate and 

truncate the conducting clusters are ruled out of our sample space  . This is the 

majority of situations in Monte Carlo simulations, and is also what occurs in realistic 

experiments.  
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7.5.  Conclusion  

In this work we propose a site-percolation model for the close-packed CNT fiber, 

in which individual CNTs are assumed identical and possess both end- and side-contacts 

leading to a coordinate number of 14. In Monte Carlo simulations, we employ the 

approach of finite Markov chains process to inspect percolation so as to significantly 

scale up the size of the lattice we study. Our numerical results agree well with the scaling 

functions tested with 𝐿 × 𝑀 square lattice,
227

 and confirms that both of the length L and 

the aspect ratio W/L jointly determine the effective 
cp  for finite-size systems. By 

extrapolations of these scaling functions we obtain the percolation threshold 𝑝𝑐
∞ =

0.1533 ± 0.0013 for macroscopic systems. Due to the percolation direction and 

anisotropy of our lattice, the respective values of scaling exponents for L and W are not 

interchangeable. Our results also suggest that for an infinitely long fiber with a finite W, 

i.e. 𝑊/𝐿 → 0, the effective 𝑝𝑐 approaches 𝑝𝑐
∞ rather than 1. This attributes to the sample 

space   we choose which is only spanned by configurations with uniform distribution 

metallic sites. As for the   spanned by the total permutation of metallic sites, surely 

1cp   as L  since the cases in which the minor insulating sites aggregate to block 

the finite cross-section of the fiber are taken into account, which notwithstanding barely 

occur in Monte Carlo simulations as well as in realistic experiments.  

7.6. Appendix 

In this section we display the derivation of Eqs. (3)(4).
236

  

Starting from Site i  0X i , after m steps, the probability of hitting Site j for the 

first time  1 2 1, , , ,m mX j X j X j X j     is evaluated as: (The set formed by all the 
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metallic sites denoted by S) 
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   (A.1) 

Since in the Markov process the probability of hitting the current state only 

depends on the previous state, but independent of the older ones, and meanwhile the 

conditional probability between any two states keeps invariant in any time period, then 

we have 
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From (A.2), (A.1) becomes 
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        (A.3) 

To make the computation more efficient, (A.3) can be converted into matrix-

vector multiplication. That is what is given by Eqs. (3)(4).  
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Chapter 8 

Conclusion & Prospect 

When the size of nanostructures advances to the atomic scale we have to consider 

and design the nanoelectronic devices starting from the atomistic structures. As far as 

these aspects are concerned, the first-principle DFT calculation provides excellent single-

electron models which may accurately describe the electronic structures of target 

transport nanosystems with acceptable cost. Alternatively, the tight-binding approach 

also serves as an efficient way to obtain the Hamiltonian and overlap matrices which are 

then fed into the NEGF procedure to study the electron transport properties. From this 

point of view, both of the DFT and TB are essentially distinct but similar ways to obtain 

the necessary input for NEGF. Apparently DFT usually outperforms TB in the sense that 

DFT takes care of the potential field formed by ions and other electrons, so that it gives a 

more accurate electronic structure. The TB method is a semi-empirical scheme which 

constructs Hamiltonian by polynomials with several parameters which could be obtained 

by fitting entries of Hamiltonian and overlap matrices to the DFT results for relatively 
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small systems. Therefore the TB method does not need to perform the time-consuming 

procedure of self-consistent process so that it can be applied to pretty large systems that 

regular DFT calculation cannot handle.  

As for the NEGF approach, it seems already perfect for most transport systems 

with a device connected to two or more electrodes which are PBC systems. 

Fundamentally the formalism of NEGF gives a solution of scattering of Bloch waves 

coming from the deep electrodes, and the prerequisite of Bloch waves is the presence of 

translational symmetry, or a system with a special symmetry which could be converted 

mathematically to the translational symmetry, like helical symmetry. This configuration 

of PBC electrode—device—PBC electrode may be applied to many situations, but it does 

not cover all the cases of current transport in our real world.  

In what follows we discuss two special transport systems on which we could not 

perform the NEGF approach.  

1. Pillared graphene, which contains multiple junctions connecting seamlessly 

1D carbon nanotube and 2D graphene, as shown in Figure 8.1. So far we have 

Figure 8.1 Junction of pillared 

graphene 
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not yet figured out the structure of the electrode on the graphene side. A 

possible way is make use of some simple extrinsic electrodes, such as carbyne 

or metallic CNTs. But this scheme may bring up other concerns about the 

contact resistance which may suppress the properties of the original junction 

we want to study. 

2. Another situation where the PBC electrodes are difficult to identify may 

exhibit itself as a field of eddy current induced by a time-varying magnetic 

field applied normal to the 2D metallic materials. If a uniform magnetic field 

is varying as  B t ct  is applied to the graphene, then a steady eddy electric 

field is induced and drives the electrons in the graphene. This may raise a 

couple of interesting questions: how to compute the eddy current? Is it still 

ballistic current which do not dissipate energy? How is the energy conserved 

when the electrons are changing direction all the time? So far the NEGF 

approach cannot provide solution to these and leave blanks to fill for future 

theoretical research. 
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