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ABSTRACT: Spectroscopic analysis and study of nanoparticle samples is often hampered by
structural diversity that presents a complex superposition of spectral signatures. By probing
the spectra of small volumes within dilute samples, we can expose statistical variations in
composition to obtain information unavailable from bulk spectroscopy. This new approach is
demonstrated using ﬂuorescence spectra of unsorted single-walled carbon nanotube samples
to deduce structure-speciﬁc abundances and emissive eﬃciencies. Furthermore, correlations
between intensity variations at diﬀerent wavelengths provide two-dimensional covariance
maps that isolate the spectra of homogeneous subpopulations. Covariance analysis is also a
sensitive probe of particle aggregation. It shows that well-dispersed nanotube samples can
spontaneously form loose aggregates of a type not previously recognized. Variance
spectroscopy is a simple and practical technique that should ﬁnd application in many
nanoparticle studies.

M

emission signals to dominate instrumental noise at the required
short integration times. To measure spectra from diﬀerent
spatial regions, we either ﬂow liquid samples smoothly through
a ﬁxed optical cell, or use a static sample in a closed cell that is
mechanically translated across the interrogation beam.
Unsorted samples of individually dispersed SWCNTs are
known to show complex ﬂuorescence spectra in the short-wave
infrared (SWIR) region following excitation at visible wavelengths.5 These spectra are superpositions of features from
multiple structural species of semiconducting SWCNTs, each
of which is designated by a pair of integers, (n,m), and emits at
a known characteristic peak wavelength.6,8 To measure a
variance spectrum, we prepare a well-dispersed liquid
suspension of SWCNTs at a concentration near 0.5 μg/mL
(∼0.5 ppm by mass). The beam from a visible diode laser is
tightly focused into a thin sample cell to excite a volume of
approximately 5 pL. Emission from this sample region is
captured by a lens with numerical aperture near 0.5 and
transmitted to a SWIR spectrometer containing a 512-channel
InGaAs detector array. We acquire a sequence of approximately
2000 spectra with integration times of 200 ms or less at
intervals that ensure that each spectrum represents a distinct
region in the sample. A set of spectra is typically collected
within 30 min.
The data set is analyzed using moment analysis9,10 to
compute the mean ﬂuorescence intensity, I(̅ λ), and the squared
standard deviation, or variance, σ2(λ), separately for each
wavelength channel. Under our experimental conditions, the
variance is dominated by statistical sample variations rather

ethods of bulk spectroscopy normally probe such large
numbers of particles that they cannot detect spatial or
temporal signal variations reﬂecting the granularity of matter.
However, ﬂuorescence correlation spectroscopy and a family of
related techniques deliberately interrogate small volumes of
dilute samples in order to capture ﬂuctuations in the number of
particles and deduce information about particle concentration
and diﬀusional mobility.1−4 To date, these ﬂuctuation methods
have typically examined intensity changes in spectrally
unresolved ﬂuorescence, extracting little or no information in
the wavelength regime. However, careful spectral analysis of
intensity ﬂuctuations is potentially quite useful for studying
nanomaterials, which often contain a variety of particle sizes or
structures and show corresponding heterogeneity in their
spectra. As an important and obvious example, samples of
unsorted single-walled carbon nanotubes (SWCNTs) display
numerous distinct and structure-speciﬁc ﬂuorescence emission
features corresponding to the various structural species that are
present.5−7 We describe here a method, termed variance
spectroscopy, for measuring and analyzing wavelength-dependent intensity ﬂuctuations in the emission from such samples to
reveal abundances, emission eﬃciencies, homogeneous subpopulation spectra, and aggregation processes.
Inhomogeneous ﬂuid samples will show spectral variations in
time as the composition of a small observed volume changes
through particle diﬀusion. Alternatively, spectral variations can
be observed in the spatial regime by comparing spectra of
diﬀerent small regions of a bulk sample using “snapshots” fast
enough to prevent diﬀusional averaging of the composition. In
this study we demonstrate variance spectroscopy in the spatial
regime using ﬂuorescence. We acquire measurements on very
small regions of diluted bulk samples to limit the numbers of
sample particles of each type inside the observation volume.
Eﬃcient optical collection and sensitive detection allow
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than instrumental noise (see Supporting Information). Nevertheless, to remove the small contribution from detector readout
noise we correct all points in the variance spectrum by
subtracting the average variance values in dark detector
channels. In the absence of instrumental contributions, the
ratio of standard deviation to mean intensity is determined by
N(λ), the mean number of observed particles contributing to
emission at λ, according to eq 1:
N (λ )
σ (λ )
=
=
I ̅ (λ )
N (λ )
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Here, i(n,m)(λ) represents the emission spectrum of one
nanotube of species (n,m) and n(n,m) is the number of such
nanotubes in the observed volume. We apply eqs 3 and 4 to ﬁt
the experimental mean and variance spectra using i(n,m)(λ)
functions with peak positions, widths, and shapes consistent
with those found from prior SWCNT spectral studies.11 The
individual components and overall ﬁts deduced for a pair of
mean and variance spectra are shown along with data points in
Figure 2. This simulation process provides amplitudes for the

The variance spectrum can therefore be expressed as
σ 2(λ) =

∑
(n , m)

1
N (λ )

∑

2

(2)

Figure 1 shows an example of mean and variance spectra
measured for an unsorted sample of HiPco SWCNTs dispersed

Figure 2. Spectral simulations of mean and variance spectra from an
unsorted SWCNT sample. A static cell holding an aqueous sodium
deoxycholate dispersion of HiPco SWCNTs was translated relative to
the optical system and excited at 660 nm. A total of 2150 spectra were
acquired to obtain the mean (top) and variance (bottom) spectra.
Each frame shows measured data (circles), overall simulation (solid
red curve), and individual (n,m) components (solid black curves).

Figure 1. Mean and variance spectra from an unsorted SWCNT
sample. The aqueous sodium deoxycholate dispersion of HiPco
SWCNTs was ﬂowed slowly through a ﬁxed cell and excited at 642
nm. (Top) Mean of 3000 spectra. (Bottom) Variance spectrum
computed from the same data set. Features assigned to speciﬁc (n,m)
species are labeled.

set of i(n,m)(λ), giving the relative emission eﬃciencies for the
diﬀerent nanotube species when excited at the laser wavelength
used in the experiment (see Supporting Information). The
spectral ﬁtting also reveals the sample’s composition by
determining its set of structure-speciﬁc particle abundances,
n(n,m), which are very challenging to ﬁnd by other methods. To
conﬁrm that these abundance values are not distorted by
instrumental contributions to variance spectra, we analyzed a
SWCNT dispersion before and after it was diluted by
volumetric factors of 1.4 and 2.0. The deduced abundance
changes for six diﬀerent (n,m) species all match the known
volumetric factors to within 4% (see Supporting Information).
Variance data can be further analyzed to generate twodimensional spectra representing correlations between intensity
ﬂuctuations at diﬀerent wavelengths. This is conceptually

in aqueous sodium deoxycholate surfactant. A common and
challenging task when working with such samples is ﬁnding the
relative abundances of the various emissive (n,m) species that
are present. To extract those abundances from our data, we
note that for well-dispersed samples with individualized
nanotubes, both the mean and variance spectra are superpositions of contributions from the diﬀerent species:
I ̅ (λ ) =

∑
(n , m)

I(̅ n , m)(λ) =

∑
(n , m)

n(n , m)i(n , m)(λ)
(3)
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related to ﬂuorescence cross-correlation spectroscopy,12−15
which compares time ﬂuctuations in diﬀerent spectral regions
to study the formation of complexes, and also to 2D correlation
spectroscopy,16,17 in which the strengths of spectral features
(typically vibrational) are analyzed for time correlations in
externally perturbed samples. In our spatiospectral measurements on fully dispersed samples, any two spectral channels will
show a positive correlation only if emission at both wavelengths
comes from the same subpopulation, such as a single (n,m)
species of nanotube. By contrast, two spectral channels arising
from diﬀerent species will show zero correlation because the
random concentration variations of those species will be
independent. However, samples with some degree of
aggregation may contain clusters that include species of
diﬀerent types and show composite emission spectra. Variations
in the concentrations of such clusters will then give positively
correlated changes in the intensities of those component
spectral channels. Negative correlations might appear when the
population of a species is partitioned between two environments that give distinguishable spectra.
To quantify correlated intensity changes, we calculate the
covariance matrix for all pairs of wavelengths, (λj, λk), over the
data set of M spectra:
M

cov(λj , λk ) =

∑i = 1 (Ii(λj) − I ̅(λj))(Ii(λk ) − I ̅(λk ))
M

(5)

As illustrated in Figure 3a, the results can be visualized as a twodimensional contour plot in which each axis is emission
wavelength. Values along the diagonal trace the variance
spectrum described earlier, and reﬂection symmetry across that
diagonal line is imposed by the deﬁnition of covariance. A
horizontal or vertical proﬁle taken at some wavelength in the
covariance plot reveals the set of spectral features that are
correlated with the chosen wavelength. If no aggregates are
present, it can be shown (see Supporting Information) that the
proﬁle is a linear superposition of mean ﬂuorescence spectra
from all (n,m) species in the sample, with each weighted by the
ratio of its ﬂuorescence intensity at the chosen wavelength to
the number of (n,m) particles (its emissive eﬃciency at that
wavelength under the experimental excitation conditions). If
the wavelength is near the emission peak of one species, then
the proﬁle can be strongly dominated by the spectrum of that
single species. Also, particles in the sample that emit weakly
(including damaged nanotubes or impurities) will contribute
very little to the covariance spectral proﬁle, even if they are
present at high abundances and collectively give a signiﬁcant
amount of emission. To illustrate covariance proﬁle analysis,
the red curve in Figure 3b shows a proﬁle at the peak emission
wavelength of (7,6) SWCNTs for a well-dispersed sample. It
properly reveals a weak emission sideband near 1290 nm that is
totally obscured by spectral congestion in the mean and
variance emission spectra. For reference, the nearly identical
black curve in Figure 3b shows the emission spectrum from an
individual (7,6) SWCNT, as measured under a SWIR
ﬂuorescence microscope.18 The strong similarity of these
spectra demonstrates the eﬀectiveness of covariance analysis
for faithfully extracting the spectrum of one subpopulation of
particles within a highly heterogeneous sample. By measuring
variance spectra with two additional excitation wavelengths and
then selecting covariance proﬁles at the emission peaks of
diﬀerent (n,m) species, we obtained the set of normalized
emission proﬁles shown in Figure 3c. Although this

Figure 3. Covariance analyses. (a) Covariance matrix computed from
the data set of Figure 1, plotted as a contour map. The dashed white
line marks the proﬁle plotted in frame b. (b) Covariance spectrum at
the peak wavelength of (7,6) emission (red curve) and ﬂuorescence
spectrum of an individual (7,6) SWCNT measured separately under a
microscope (black curve). (c) Normalized covariance spectra at the
peak wavelengths of the nine labeled (n,m) species, compiled from
covariance matrices measured from an unsorted SWCNT sample using
excitation at 642, 659, and 784 nm.

ﬂuorescence-based method will not detect the minority of
SWCNT species that are metallic (nonemissive), to our
knowledge it is the only simple spectroscopic technique that
can measure single-species spectra with such clarity from mixed
bulk samples.
In the absence of energy transfer or ﬂuorescence quenching
processes, aggregation of some or all of the particles in a sample
should lead to covariance plots with intensiﬁed diagonal peaks
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Figure 4. Aggregation monitored by covariance analysis. (a) Covariance matrix of an aqueous dispersion of SWCNTs in sodium dodecyl sulfate. The
sample was excited at 642 nm. (b) Covariance matrix of the same sample measured 6 h after the addition of NaCl. Note change of intensity scale. (c)
Normalized covariance spectra at the (7,6) peak emission wavelength at the labeled delays after NaCl addition. (d) Scaled correlation coeﬃcients
showing estimated fractions of (7,6) SWCNTs aggregated with four other (n,m) species at diﬀerent times after NaCl addition.

tubes, and quenching by metallic nanotubes.5,20−23 Growth of
the oﬀ-diagonal spectral features reﬂecting loose aggregates can
be seen from normalized covariance spectra measured at the
(7,6) emission peak (Figure 4c), which show systematic
increases near the emission peaks of other (n,m) species.
There are also more subtle changes in the main peak near 1125
nm (see Figure S8). To quantify the growth of oﬀ-diagonal
features, we computed scaled Pearson correlation coeﬃcients
describing the fraction of particles with emission wavelength λj
that are aggregated with the species emitting at wavelength λk:

and new oﬀ-diagonal features. To conﬁrm this, we began with a
sample of SWCNTs well-dispersed in a solution of sodium
dodecyl sulfate surfactant. NaCl was then added to induce
aggregation of this ionic colloid,19 and the sample was
monitored by variance spectroscopy at 2 h intervals. Figure
4a,b shows the covariance plots at 0 and 6 h. Diagonal peaks are
intensiﬁed several-fold, indicating higher variances resulting
from decreased numbers of emitting particles. This implies that
many nanotubes of a speciﬁc (n,m) species have become
physically linked to others of the same type. In addition, the
matrix measured at 6 h displays strong oﬀ-diagonal features
arising from aggregates that contain nanotubes of diﬀerent
(n,m) species with normal emissive properties. We refer to
these previously unrecognized particles as “loose” aggregates to
distinguish them from the familiar tight bundles in which
nanotubes closely bound to each other by van der Waals forces
show strong spectral perturbations from altered dielectric
environment, energy transfer between semiconducting nano-

ρ(λj , λk ) =

n k0 cov(λj , λk )
n 0j σ(λj)σ(λk )

(6)

Here the factor (nk0/nj0)1/2 accounts for diﬀering initial
abundances of the two species. Figure 4d displays changes
with time in the deduced fraction of (7,6) population
aggregated with four other (n,m) species. Note that these
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ﬂuorescence spectra were acquired using 150 ms exposure
times separated by 200 ms of dead time.
Step-Scan Apparatus. As an alternative to the ﬂowing sample
method, we constructed a separate apparatus in which the
sample was loaded into a thin demountable cuvette (Precision
Cells Type 20, 100 μm optical path length) that was mounted
on a computer-controlled translation stage. A diode laser
module (Power Technology, Inc.) emitting 82 mW at 660 nm
in a circularized beam was used to excite the sample. An
achromatic quarter-wave retardation plate (Thorlabs) converted the laser polarization from linear to circular to suppress
any intensity variations caused by SWCNT rotation. Two
short-pass ﬁlters (875 and 1100 nm, Edmund Optics) were
placed in the beam path to remove any weak SWIR emission
from the laser module. The beam then passed through a 2 mm
hole in a reﬂective beam coupler and was focused into the
sample by a fused silica aspheric lens (EFL = 8.0 mm, NA =
0.63, Edmund Optics). Sample emission was collected in
epiﬂuorescence geometry by the same lens and reﬂected by the
beam coupler through an 850 nm long-pass ﬁlter (Newport)
into a ﬁber collimator ( f = 11 mm, Thorlabs). A multimode
optical ﬁber with 300 μm core diameter and 0.39 NA
transmitted the collected sample emission to the entrance slit
of an SWIR spectrometer (B&WTek Sol 1.7) with a
thermoelectrically cooled 512 channel InGaAs detector array
and a spectral range of 840 to 1650 nm.
Step-Scan Data Acquisition. After a spectrum was acquired at a
particular position, the sample cuvette was translated under
computer control to a new location and halted for the next
acquisition. The XYZ stages (PI model M-111.12S) were
driven by a stepper motor controller (PI model Apollo C630.23) under the control of custom LabVIEW software. In a
typical experiment, spectra were measured sequentially at 86
evenly spaced points separated by 35 μm within the sample
cuvette to ensure spatially independent measurements. After
the last of these acquisitions, the translation stage returned to
the ﬁrst point and repeated the sequence of spectral
measurements, revisiting the same set of positions. (Diﬀusion
randomized the sample compositions at these positions during
the time between visits.) To avoid mechanical backlash errors,
scans were made in the same direction. Each of the 86 positions
was visited 25 times for a total of 2150 spectra in an
experimental data set. In order to minimize exposure of the
sample to the excitation beam, the laser was kept oﬀ during
cuvette motion and enabled only when the translation stage
was halted. Mean and variance spectra were calculated
separately for each of the 86 positions to suppress artifacts
from cell irregularities. The sets of mean and variance spectra
were then averaged together to obtain overall mean and
variance spectra for the run.

fractions can add to more than one if particles contain multiple
nanotubes. We ﬁnd that the loose aggregates induced by salt
addition are fragile enough to be disrupted by simple manual
shaking, although aggregates detected as increasing covariance
peaks in toluene solutions of SWCNTs wrapped with poly(9,9di-n-octylﬂuorenyl-2,7-diyl), or PFO, appear much more
robust, requiring tip sonication for disruption. Further studies
should reveal whether the loose aggregates found here are
precursors to tight nanotube bundles. Because nanotubes
cannot be structurally sorted unless they are individualized, our
covariance method for sensitively detecting aggregates may
prove valuable in optimizing the conditions used in SWCNT
separation processes.
Apart from its capabilities for revealing concentrations,
emissive eﬃciencies, and aggregation in heterogeneous samples,
variance spectroscopy can also isolate the spectra of
homogeneous subpopulations, thereby serving to bridge the
regimes of bulk and single-particle spectroscopy. In principle,
the method can be extended to other optical spectroscopies,
applied to solid as well as liquid phase samples, and used to
analyze spectral variations in time instead of space (for liquids).
Finally, variance spectroscopy should be applicable beyond
carbon nanotubes to other systems, such as quantum dots, with
spectral heterogeneity arising from structural polydispersity. We
expect that it will prove a powerful and accessible tool for a
wide range of nanoparticle studies.

■

EXPERIMENTAL METHODS
Approximately 5 mg of raw HiPco SWCNTs (Rice University,
batch 195.1) was suspended in 10 mL of 1% sodium
deoxycholate (DOC) using 30 min of bath sonication
(Sharpertek Stamina XP) followed by 20 min of tip sonication
(Misonix Microson XL) at a power of 7 W. The suspension was
then centrifuged at 268 000g for 2 h and the supernatant was
removed for analysis. For the aggregation study, a similar
procedure was applied to prepare a SWCNT suspension in 1%
sodium dodecyl sulfate (SDS). Nanotube dispersions were
typically diluted by a factor of ∼5 before analysis.
Flowing Sample Apparatus. Measurements were made using a
prototype model NS2 NanoSpectralyzer (Applied NanoFluorescence), an automated nanotube ﬂuorometer. An optical
schematic of the instrumental setup for variance measurements
is shown in Figure S4. The sample was excited with one of
three ﬁxed wavelength diode lasers (642, 659, and 784 nm)
using excitation powers that ranged from 40 to 80 mW
depending on the wavelength. The resulting sample emission
was collected in the backward direction and transmitted by
optical ﬁber to the input of a SWIR spectrometer (Bruker
Optics) with a thermoelectrically cooled 512-element InGaAs
detector and a spectral range of approximately 900 to 1600 nm.
The detector temperature was kept near −17 °C to reduce dark
current noise.
Intensity ﬂuctuations were observed from small, distinct
spatial regions of the sample by passing the SWCNT
suspension through a ﬂow cuvette that had a 100 μm optical
path length. Our simple gravity-driven ﬂow apparatus is shown
in Figure S4. The nanotube sample was initially placed in the
upper Eppendorf tube, from which it spontaneously ﬂowed
down the connected tubing, through the ﬂow cuvette, and then
into the collection chamber. The ﬂow rate was controlled by
adjusting the vertical distance between the two Eppendorf
tubes. For every sample analysis, ∼ 2000 sequential
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