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We performed tunable resonance Raman spectroscopy on samples highly enriched in the (5,5), (6,6), (7,7), and
(8,8) armchair structures of metallic single-wall carbon nanotubes. We present Raman excitation profiles (REPs)
for both the radial breathing mode and G-band phonons of these species. G-band excitation profiles are shown to
resolve the expected incoming and outgoing resonances of the scattering process. Notably, the profiles are highly
asymmetric, with the higher-energy outgoing resonance weaker than the incoming resonance. These results are
comparable to the asymmetric excitation profiles observed previously in semiconducting nanotubes, introduce a
different electronic type, and broaden the structural range over which the asymmetry is found to exist. Modeling
of the behavior with a third-order quantum model that accounts for the k dependence in energies and matrix
elements, without including excitonic effects, is found to be insufficient for reproducing the observed asymmetry.
We introduce an alternative fifth-order model in which the REP asymmetry arises from quantum interference
M
and K-momentum excitons. Such state mixing
introduced by phonon-mediated state mixing between the E11
effectively introduces a nuclear coordinate dependence in the transition dipole moment and thus may be viewed
as a non-Condon effect from a molecular perspective. This result unifies a molecularlike picture of nanotube
transitions (introduced by their excitonic nature) with a condensed matter approach for describing their behavior.
DOI: 10.1103/PhysRevB.91.205446

PACS number(s): 63.22.Gh, 78.30.Na, 78.67.Ch, 81.07.De

I. INTRODUCTION

The graphene lattice serves as the underlying basis for
the properties of both metallic and semiconducting singlewall carbon nanotubes (SWCNTs) [1]. However, pronounced
differences in the transport, optical, and in particular, the
electron-phonon coupling behaviors of these two broad classes
of nanotube electronic types arise from how the peculiarities of
quantum confinement pair with the range of possible SWCNT
structures to determine allowed electron wave vectors. Near
the K point of the Brillouin zone in metallic SWCNTs, the
fundamental separability of electron and phonon wave functions, the Born-Oppenheimer approximation (BOA), breaks
down [2]. Other unique electron-phonon coupling processes
for metallic SWCNTs include Peierls distortions [3] and such
nonadiabatic effects as the Kohn anomaly [4] and related
strong coupling of phonons to low-energy excitations of
massless electrons between linear bands near the K point
[5]. For higher-energy excitation away from the K point,
however, nonadiabatic effects play less of a role [6], and the
behavior of metallic optical transitions, now originating in
higher-lying hyperbolic bands [7], becomes similar to that
observed in semiconducting SWCNTs. Of particular interest
is the recent suggestion that for semiconducting SWCNTs the
specific limiting case of BOA in which the optical transition
dipole is considered to be independent of nuclear coordinates
(the Condon approximation) fails [8].
*
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Introduction of such a coordinate dependence is found
to give a clear spectroscopic signature: a strong asymmetry
is introduced into the nanotube resonance Raman excitation
profile (REP) [8]. In nanotube Raman scattering, resonance
with the nanotube optical transitions can be met with either the
incident excitation photon (incoming resonance), or with the
inelastically scattered photon (outgoing resonance), with
the expectation that two peaks corresponding to the two
resonances will then be observed in the excitation profile.
In the limit of the Condon approximation, the two peaks
will have equal intensity [8,9] and modeling of excitation
profiles within this expectation has been standard practice
in SWCNT resonance Raman spectroscopy [10,11]. We have
recently demonstrated for semiconducting SWCNTs, however,
that the outgoing resonance is significantly weaker [8].
Because of similarities in the excitonic optical transitions of
semiconducting and metallic species [12–15] and differences
in their electron-phonon couplings, it remains an important and
logical next step to establish if this asymmetry in the REPs also
extends to metallic tubes. Furthermore, the physical origin of
the effect in SWCNTs remains an open question, which in
part may be addressed by evaluating the importance of certain
symmetry directions within the Brillouin zone in determining
the magnitude of the asymmetry. In this regard, results on
semiconducting SWCNTs are suggestive of a larger asymmetry for species with a high chiral angle (θ ) [8], however, clear
patterns in the structural dependence of the effects (present in
other optical behaviors) [1,16], have yet to emerge. Evaluating
the REP asymmetry over a broader structural range that
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encompasses even larger chiral angles is thus needed, making
assessment for armchair metallic structures [chiral indices (n,
m) having n = m with θ = 30◦ ] especially important.
Discussion of the REP asymmetry in terms of non-Condon
effects borrows concepts from molecular spectroscopy that are
motivated by the discrete and localized nature of the nanotube
excitonic transitions. Such a perspective, however, represents
a challenge for modeling within an extended condensed matter
framework more typically applied to carbon nanotubes. Moura
et al. [17] recently demonstrated that the REP asymmetry can
be reproduced for some semiconducting structures within such
a view, without the need to invoke non-Condon effects, by
applying a third-order quantum model for Raman scattering.
The model captures the nanotube band structure by summing
over the full range of momentum (k) states and includes the
k-state dependence of energies and electron-phonon coupling.
However, this model is problematic in that it neglects the
excitonic nature of the optical transitions, which limits the
relevant photoexcited states to excitons with a center-of-mass
momentum close to zero, thus near the  point of the Brillouin
zone [18]. The symmetric shape of the band structure in
this region can only yield symmetric REPs (see following
discussion). Nonetheless, the results underscore the need
for developing a condensed matter approach that advances
our understanding of the origins of the REP asymmetry.
A fruitful route towards unifying both perspectives may be
found in recognizing that non-Condon effects often arise via
phonon-mediated mixing of states, which can be modeled
within tight-binding approaches.
Examining Condon versus non-Condon behaviors requires
resonance Raman excitation profiles (REPs) from samples
that are highly enriched in single chiralities so that the
resonance responses from different species do not overlap and
obscure the intrinsic asymmetry of the excitation spectrum.
This is now possible for specific metallic species as a
result of recent advances in separation techniques that yield
samples enriched in armchair structures [19–21]. Here, we
present resonance Raman excitation spectra for the radial
breathing mode (RBM) and G-band phonons for the (5,5),
(6,6), (7,7), and (8,8) armchair nanotubes. The high-frequency
(∼1580 cm−1 ) G band allowed us to resolve the incoming
and outgoing resonance peaks in the excitation profile. We
unambiguously demonstrate that the outgoing resonance is
significantly weaker than the incoming resonance for each
armchair structure, indicating that the REP asymmetries are as
significant for metallic structures as they are in semiconducting
nanotubes. Furthermore, we apply the approach of Moura et al.
[17] to the armchair data and find it is unable to reproduce the
observed asymmetries. We present an alternative tight-binding
approach that successfully reproduces the REP asymmetries
by capturing non-Condon effects as a consequence of phononmediated state mixing.
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FIG. 1. (Color) Absorption spectra of the four samples used for
resonance Raman measurements. The black, red, blue, and green
traces are enriched in (8,8), (7,7), (6,6), and (5,5), respectively. The
(7,7) and (6,6) samples were enriched by DNA-based ion-exchange
chromatography [20] and the (8,8) and (5,5) samples were enriched
by aqueous two-phase extraction [21].

(from Rice-produced HiPco 107.1r source material) structures
was provided via the recently introduced aqueous two-phase
extraction technique (ATPE) [21–23]. Complementary results
obtained on samples enriched from HiPco source material
(batch HPR 189.2) using a density gradient ultracentrifugation
(DGU) approach [19,24] are presented in the Supplemental
Material [25]. In all cases, extensive ultrasonication during
processing prior to separation generates samples that are
predominantly water filled. The absorption spectra of the (5,5)
through (8,8) samples (Fig. 1) show each to be highly enriched
in its respective single chirality. The absorption features of
M
Fig. 1 correspond to the lowest-energy optical transition (E11
)
for each structure, with the experimentally obtained energies
given in Table I.
Resonance Raman spectroscopy was performed using
argon-ion, frequency-doubled Ti:sapphire and dye (Rhodamine 560 and Coumarin 521 dyes) lasers to provide
excitation energies from 2.19 to 3.30 eV, with 20 mW of
incident power. Raman scattered light was collected from
macroscopic samples in a backscattering geometry, dispersed
in a triple monochromator, and detected on a UV-sensitive
TABLE I. Fitting analysis of resonance Raman excitation profiles.
M
were extracted from absorption
First optical transition energies E11
(Abs.), RBM REP (RBM), and G-band TO REP (TO) data. The
associated electronic broadening terms  were also extracted from
RBM and G-band TO REP data. The non-Condon parameters [C, see
Eq. (4)] were extracted from G-band TO REP fits.
M
E11
(eV)

 (eV)

II. EXPERIMENTAL DETAILS

(n,n)

Abs.

RBM

TO

RBM

TO

C

Samples highly enriched in the (6,6) and (7,7) armchair structures were obtained by DNA-based ion-exchange
chromatography of CoMoCAT SG65 source material, as
previously reported [20]. Additionally, enrichment of the
(5,5) (from CoMoCAT SG65EX source material) and (8,8)

(8,8)
(7,7)
(6,6)
(5,5)

2.252
2.453
2.709
3.008

2.243
2.441
2.690
3.007

2.239
2.441
2.701
2.990

0.083
0.086
0.098
0.084

0.071
0.099
0.099
0.118

0.32
0.23
0.20
0.23
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219, 248, and 287 cm−1 , respectively, and match those found
in previous work [7,19,20,26,27]. The (5,5) RBM frequency
is found here to be 338 cm−1 . The observed frequencies are
fit well by the typical empirical relation relating the frequency
(ωRBM ) to the tube diameter dt , such that ωRBM = A/dt + B,
with A and B given as 216±4 cm−1 nm and 21±4 cm−1 ,
respectively [26,27].
REPs showing the RBM intensity as it varies with the laser
excitation energy for the four armchair species are shown in
Fig. 2(b). The REPs may be fit to Eq. (1), with Raman intensity
IRRS :
2



M1
M2


IRRS ∝ 
+
 (1)
M
M
 EL − E11
− i 2
EL − E11
− Eph − i 2 

FIG. 2. (Color) (a) RBM Raman spectra of (8,8) (black line,
excitation at 2.23 eV), (7,7) (red line, excitation at 2.47 eV), (6,6)
(blue line, excitation at 2.71 eV), and (5,5) (green line, excitation
at 3.02 eV). (b) RBM resonance Raman excitation profiles of (8,8)
(black diamonds), (7,7) (red circles), (6,6) (blue squares), and (5,5)
(green triangles). Solid traces are fits to the experimental data points
using Eq. (1).

charge-coupled device (CCD) detector with 2 to 5 min
integration times. Spectra were calibrated for Raman shift
using 4-acetamidophenol as a frequency standard and intensity
corrected for instrument response using benzonitrile as an
intensity reference [8].
III. RESULTS AND DISCUSSION

Raman spectra of the RBM region, taken with excitation
M
near the peak of the E11
transition, for the four armchair
species are shown in Fig. 2(a). With the exception of the (8,8)
sample, the spectra are remarkably clean, showing only the
RBM feature for the isolated armchair chiralities. The (8,8)
shows a small level of (10,4) contamination (RBM feature
at 236 cm−1 ). Absence of additional RBM features from
impurity chiralities is also true throughout the excitation
range used to probe the armchair REPs, further indicating the
high degree of enrichment of these species for each sample.
The RBM frequencies found for the (8,8), (7,7), and (6,6) are

dependent on laser excitation, optical transition, and phonon
M
energies (EL , E11
, Eph , respectively), and an electronic
broadening term . The incoming and outgoing resonances
discussed above are represented by the first and second terms in
Eq. (1), respectively. In Eq. (1), M1 and M2 include the matrix
elements for both the absorption and emission processes of the
exciton-photon interaction, as well as for the exciton-phonon
coupling. In fitting the experimental RBM data to Eq. (1), Eph
was fixed at the experimentally measured phonon frequency
and M1 = −M2 . The Eii and  values obtained via the fitting
procedure are given in Table I, with the Eii extracted from the
REP data agreeing with the position of the absorption maxima
of Fig. 1. Finally, we note that the REP  values of 80–100 meV
(Table I), combined with the relatively low frequency of
the RBM, prevent resolution of the incoming and outgoing
resonances. Resolution requires accessing higher-frequency
modes, such as the G band.
Raman spectra from which the G-band REPs are extracted
are shown for all four armchair species in Fig. 3. Only a single
peak is observed in each of the spectra, which is attributed
to the transverse optical (TO) phonon [28]. This observation
holds for the full set of armchairs studied here (see Fig. 4
insets). This is a general result for all armchair nanotubes [28],
for which the longitudinal optical (LO) phonon is not Raman
active due to symmetry [29,30]. REPs for all structures are
shown in Fig. 4. Two peaks in the REPs are observed for each
of the armchair chiralities and define the incoming (lowerenergy peak) and outgoing (higher-energy peak) resonances.
The spacing of the two peaks is that of the TO phonon energy
(∼195 meV). The TO frequencies are 1573, 1581, 1586, and
1588 cm−1 for the (5,5), (6,6), (7,7), and (8,8) structures,
respectively (see also Ref. [31]).
As was previously found for semiconducting SWCNTs [8],
a pronounced asymmetry is observed in the TO REPs shown in
Fig. 4 for each armchair structure, with the outgoing resonance
showing significantly weaker intensity than the incoming
resonance. We find that this asymmetry is also independent
of the SWCNT source material or the sample processing and
separation methods. Results are similar for both the CoMoCAT and HiPco source materials, regardless of enrichment
approach (DNA-based ion-exchange chromatography, density
gradient ultracentrifugation, or ATPE) [25]. The similarity of
the asymmetric REP response found for both metallic and
semiconducting species, paired with our finding here that the
asymmetric REP is independent of SWCNT processing and
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FIG. 4. (Color) G-band resonance Raman excitation profiles (intensities corrected for instrument response) for (8,8) (black circles),
(7,7) (red circles), (6,6) (blue circles), and (5,5) (green circles). Solid
lines for (8,8), (7,7), (6,6), and (5,5) are empirical fits to Eq. (1)
incorporating non-Condon effects [non-Condon parameter C = 0.32,
0.23, 0.20, and 0.23, respectively; see Eq. (4)]. Vertical lines mark the
M
M
, solid line) and outgoing (E11
+ ETO ,
position of the incoming (E11
dashed line) resonances. A representative G-band spectrum for each
chirality is shown as an inset.
FIG. 3. (Color) Baseline-subtracted, G-band spectra for (a) (8,8)
obtained at excitation from 2.16 to 2.5 eV; (b) (7,7) obtained at
excitation from 2.41 to 2.8 eV; (c) (6,6) obtained at excitation from
2.55 to 2.92 eV; and (d) (5,5) obtained at excitation from 2.86 to
3.28 eV, with intensities corrected for instrument response.

source material provides further support that it is an intrinsic
phenomenon. Previous indications of the intrinsic nature were
founded primarily on theoretical considerations [8].
In the following discussion, we first present an analysis of the armchair REP asymmetries in terms of the

non-Condon interpretation originally put forth as the origin
of the asymmetric REPs found for semiconducting structures
[8]. Such a picture provides a useful basis for quantifying
the magnitudes of the observed REP asymmetries. Next,
we apply the third-order Raman analysis of Moura et al.
[17] and demonstrate that it is insufficient for modeling the
observed asymmetries in the armchair data. We finish with a
description of how the non-Condon model may be translated
to a condensed matter formalism in which phonon-mediated
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mixing of excitonic states is shown to be a viable route for
introducing the asymmetric behavior.
A. Non-Condon interpretation of REP asymmetries

The localized nature of excitonic transitions in SWCNTs
motivated the use of a molecular picture as a basis for
describing the REP asymmetries arising as a consequence
of non-Condon effects [8]. In the limit of validity of the
Condon approximation, the incoming and outgoing resonance
peaks would be of equal intensity, i.e., |M1 | = |M2 | in
Eq. (1). It is clear from Fig. 4 that this is not the case for
the G-band REPs. Our previous work on semiconducting
structures [8] demonstrated that the observed REP asymmetry
can be understood as a signature of a violation of the
Condon approximation [8]. These non-Condon effects are
defined as arising from the occurrence of a nuclear coordinate
dependence in the transition dipole, which can be introduced
into Eq. (1) as follows: Eq. (1) is ultimately derived from the
Kramers-Heisenberg description of Raman scattering, with the
Raman polarizability (α), given as


 f | μρ |ν ν| μσ |g
αρσ =
+ NR .
(2)
Eν − Eg − EL − i 2
ν
Here, the initial |g, final |f , and intermediate states |ν
of energies Eg , Ef , and Eν , include both electronic and
vibrational contributions. N R refers to nonresonant terms,
which are neglected for our resonance excitation conditions.
Separability of the electronic and vibrational degrees of
freedom within the Born-Oppenheimer approximation allows
the numerator in Eq. (2) to be expressed as the product
of the exciton-phonon and the square of the exciton-photon
coupling elements, as described for Eq. (1), with Raman
intensity being proportional to the square of the polarizability.
A nuclear coordinate dependence can be introduced into the
transition dipole by expanding the transition dipole operator
(μ) in a Taylor series of the nuclear coordinate (Q) of the
phonon mode of interest: μ = μ0 + (∂μ/∂Q)0 Q [8,9,32]. The
Raman polarizability (α) then becomes the sum of Condon (A)
and non-Condon (B) contributions: α = A + B. The A-term
scattering arises from the zeroth-order dipole contribution
(μ0 ), while the B term is introduced into Eq. (2) by the
second term of the dipole expansion [9,32]. Depending on
the relative sign and magnitude of the A and B terms, the
two contributions can interfere constructively or destructively.
Since the Raman intensity is dependent on the square of the
polarizability, the asymmetry observed in the TO REPs may
be interpreted as an interference effect between the Condon
and non-Condon contributions. This is different than the
more commonly considered interference that may occur in
Raman scattering when excitation is with two closely spaced
electronic transitions [33].
In the absence of non-Condon (B-term) contributions,
the Condon (A) term by itself directly yields Eq. (1) with
|M1 |=|M2 |. Non-Condon contributions to the REP may be
incorporated into Eq. (1) by first defining a non-Condon
parameter C, that is a relative measure of the sensitivity of
the transition dipole to changes in nuclear coordinate:
C = [(∂μ/∂Q)0 /μ0 ] × (1/2S)1/2 .

(3)

FIG. 5. (Color) Plot of non-Condon parameter C for specific
SWCNT species as a function of nanotube diameter. Semiconductor
LO and TO C values were taken from Ref. [8] while armchair TO
values were taken from this work. Error bars were calculated by
standard error propagation of M1 and M2 fitting uncertainties.

The Huang-Rhys factor is defined as S = 2 /2, with being
the excited-state displacement along the phonon normal mode
coordinate [8,9,32]. The relation
C=

(M1 + M2 )
(M1 − M2 )

(4)

has been demonstrated as a simple means for introducing nonCondon effects into Eq. (1) [8]. A nonzero value of C makes
M1 and M2 unequal, with the result being the observed weaker
intensity of the outgoing resonance (effectively appearing as a
destructive interference in the response).
By using this result in Eq. (1), we are able to account for the
non-Condon effects in fitting the TO REPs for all four armchair
species (Fig. 4). Excellent fits to the experimental intensities
are found, with Eph in this case fixed to the experimentally
M
observed TO frequencies. The values obtained for E11
and 
agree well with those obtained from fitting to the RBM REPs
(Table I). The fits also allow determination of C, with values
of 0.23, 0.20, 0.23, and 0.32 for the (5,5), (6,6), (7,7), and
(8,8) structures, respectively (see Table I). In contrast to the
asymmetry of the G-band REPs, neglecting the non-Condon
effects in fitting the RBM REPs of Fig. 2 (i.e., assuming C = 0)
does not impact the quality of the fits. This is a result of the
inability to resolve the two resonance peaks in the RBM REPs.
In Fig. 5, we plot the C values for the TO phonons of
the armchair structures along with those previously found for
the semiconducting TO and LO phonons. We find that the
C-parameter values for armchair nanotubes track closely with
those found for semiconducting nanotubes of a similar diameter, particularly when a direct comparison is made between
the TO phonon behavior of the armchair and semiconducting
structures. In particular, in our work on semiconducting species
[8], a weak dependence of the non-Condon behavior on
nanotube diameter (dt ) was found, such that C increases
with dt . Especially when considered collectively with the
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semiconducting data (Fig. 5), the armchair C values appear
to continue the trend evident in semiconducting structures.
The chiral angle (θ ) dependence of the behavior is not
yet clear, but again the armchair results provide interesting
comparisons to semiconducting tubes. When the semiconductor and metallic data are combined, behaviors at a specific
diameter begin to suggest that high-chiral-angle species may
show the largest C values and that near-armchair structures
may represent an upper limit to the asymmetry at a given tube
diameter. For example, the C-parameter value for the (6,6)
species (dt = 0.814 nm) is a close match to that for the (7,5)
structure, with dt = 0.818 nm and CTO = 0.17 [8]. We note
that near-armchair species such as the (7,5) and (8,7) structures
tend to show larger C values within their 2n + m = const
families [8]. The range of data available, however, is as yet
insufficient to make any strong claims in this regard. This is
an important issue to resolve in future studies in that optical
behavior of armchair structures has commonly served as a
reference point for chiral dependence of both absorption and
emission behaviors [16] and for trends in radial breathing mode
frequencies and intensities [1,18,34].
The parallel asymmetric REP response observed for
semiconducting and armchair metallic SWCNTs emphasizes
the similar nature of their optical excitations. Indeed, the
fact that the armchair REP line shapes are well described by
Eq. (1) (with non-Condon contributions properly accounted
for) indicates that the two resonances are determined primarily
by the main excitonic feature of the absorption spectrum.
While the semiconducting and armchair REPs are found here
to show parallel behaviors, in the metallic structures there
exists the possibility for perturbation of this behavior via the
damping and screening influence of massless electrons at
the Fermi level in the linear bands that cross at the K point,
a feature not present in the semiconducting chiralities. For
symmetry reasons, the TO phonon does not couple to these
bands [5], and therefore it is not surprising that the influence

1
IG = EL (EL − ωG )3 2
Nk

of the linear bands is not apparent in the response shown in
Fig. 4. The potential to explore the possible influence of the
linear bands, however, exists through probing the resonance
Raman response of the LO mode, which is Raman active
in nonarmchair metallic structures [29]. Significant alteration
of the asymmetric REP behavior of the LO phonon in such
structures may be expected due to its ability to strongly
couple to low-energy excitations within the linear bands
[5]. Such a possibility provides motivation for the isolation
of enriched samples of nonarmchair metallic chiralities for
followup studies.
B. Evaluation of third-order, nonexcitonic, quantum model
for Raman scattering

While the molecular picture of the asymmetric REPs arising
as a non-Condon effect proves useful as a basis for quantitative
analysis of the asymmetry and in providing an initial basis for
the origins of the effect, the model falls short in providing an
understanding of potential chirality dependencies (dt and θ )
of the behavior. The origins of chirality-dependent behavior
in other SWCNT optical processes typically arise from where
in the Brillouin zone the relevant transitions originate. Such
details can be modeled effectively by applying condensed
matter approaches based in tight-binding models. We begin
here a comparison of two such potential approaches. The first
is an application to our data of the third-order, nonexcitonic
description put forward by Moura et al. [17]. The second
incorporates non-Condon effects into a condensed matter
formalism via the introduction of a state-mixing description.
In recent work [17], experimentally measured REPs for
the (6,5) and (7,5) nanotubes could be well reproduced by
considering the contribution to the Raman scattering process
of all possible electron-hole states throughout the Brillouin
zone. This model is based on a third-order time-dependent
perturbation theory description for the Raman process [35],
for which the G-band Raman intensity (IG ) is given by







EL + ωG −
k

where M ept and M eph represent the matrix elements for
the electron-photon and electron-phonon interactions, respectively. EL is the laser excitation energy, E(k) is the energy
separation between the valence and conduction bands, ωG is
the G-band phonon frequency, and  is the broadening factor
associated with the excitation lifetime. Moura et al. argued that
in order to reproduce the experimentally observed asymmetry
in the REPs it is necessary to perform the sum in Eq. (5) for
all possible values of k in the nanotube Brillouin zone, thus
requiring a detailed knowledge of the matrix elements and how
they vary throughout the nanotube reciprocal space [17].
This model has two important advantages: first is its
capacity to reproduce qualitatively the experimental results,
including the weak diameter dependence of the REP asymmetry we observe [25]. The second is its simplicity, which allows
for a straightforward calculation as long as the relevant matrix
elements can be accurately determined.

ept

eph

ept

Mk Mk,k Mk

E(k) + i 2 EL −

2



,
 
E(k) + i 2

(5)

A significant shortcoming of this model lies in that it is
theoretically incompatible with the strongly bound excitonic
description of the optical excitations in carbon nanotubes. For
strongly bound excitons, the exciton-photon matrix element
is only nonzero for excitonic states with a wave vector Q
near the  point [18]. Therefore, the integration along the
Brillouin zone should be substituted by a sum of discrete
Q = 0 excitonic states. Furthermore, the oscillator strength for
strongly bound excitons is mainly located at the lowest-lying
optically active state. Thus, only one excitonic state contributes
to the Raman scattering process. Within this approximation,
the REPs for all nanotubes should be strictly symmetric.
Furthermore, in order to perform a reliable calculation of
the electron-phonon matrix elements it is necessary to have
a formal knowledge of the phonon polarization for each
nanotube, a problem that has been the subject of intense
discussion in the literature and for which no final conclusion
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has been reached. In this sense, it is not yet well established
if the phonon responsible for the G+ (G− ) bands for a chiral
nanotube is polarized along the nanotube axis (circumference)
or along some other direction.
With this in mind, the armchair carbon nanotubes studied
in this work stand as a perfect sample for testing the validity of
the third-order model. First, the screening effects expected for
these metallic nanotubes weaken the electron-hole interaction,
leading to more weakly bound excitons, for which this
model could in principle be valid. Also, in these achiral
nanotubes it is well established that the G-band Raman is
composed of a single peak corresponding to the TO phonon
mode (polarized along the nanotube circumferential direction)
[7,28]. In fact, it has been shown that for these nanotubes
the electron-phonon matrix elements for phonons polarized
along the axial direction have negligible intensity [30], and
therefore, even if the phonon were to be polarized along
an arbitrary direction along the nanotube surface, only the
projection of the atomic displacements along the nanotube
circumferential direction can contribute to the electron-phonon
interaction. Therefore, the REPs for armchair nanotubes can
be calculated unambiguously allowing for a direct comparison
with experiments.
To this end, we reproduced the approach of Moura et al.
[17] using a simple tight-binding model for calculating the
electronic bands of graphene, together with a zone-folding
scheme for obtaining the electronic bands of the selected
carbon nanotubes. The electron-phonon and electron-photon
coupling matrix elements were also calculated within a tightbinding model, but included the contribution of the five nearest
neighbors and assuming that both the phonon deformation
potential and dipole transition vectors decrease exponentially
with the interatomic distance. The phonon displacement for the
G band is considered to be directed along the circumferential
direction of the nanotube for armchair nanotubes and along the
longitudinal direction for the semiconducting nanotubes [36].
The position of the calculated transition energy and the exciton
lifetime were chosen in order to best fit the experimental
results. We show in Fig. 6 a comparison between calculated and
experimental REPs for a (7,5) semiconducting nanotube and
for a (6,6) armchair nanotube. The REP of the (7,5) [Fig. 6(a)]
could be well reproduced, as was previously shown by Moura
et al. [17]. However, for the (6,6) structure [Fig. 6(b)], the
asymmetry for the calculated REP is much weaker than that
observed experimentally. The same was found to be true for
all the armchair nanotubes studied here (see Fig. 8). This
discrepancy in the model of Moura et al. probably arises from
the fact that for the armchair nanotubes there is a large energy
difference between the electronic bands, thus decreasing the
interference between the contributions from these different
bands that otherwise would have increased the calculated
asymmetry.
C. Fifth-order Raman processes

The shortcomings of the molecular and third-order solidstate models presented in Secs. III A and III B, respectively,
highlight the need to reconcile the two viewpoints within
a unified description that captures the dual behavior of
molecularlike excitonic transitions arising from the extended

FIG. 6. (Color) Experimental (red dots) and theoretical (solid
lines) Raman excitation profiles for (a) the LO mode of (7,5)
semiconducting nanotubes (REP data taken from Ref. [8]) and (b) the
TO mode of (6,6) armchair nanotubes. The theoretical calculations
were performed using a simple tight-binding approach, as per Moura
et al. [17].

SWCNT structure. In order to describe the REP asymmetries
within a condensed matter formalism that also captures the
excitonic nature of the optical excitations in carbon nanotubes,
we propose a fifth-order time-dependent perturbation theory
approach for describing REPs, in which the non-Condon
effects are taken into account implicitly. The Raman scattering process is usually described in terms of a third-order
time-dependent perturbation theory approach. For systems
in which the optical excitations are governed by excitonic
effects, the Raman scattering process can be depicted by the
third-order Feynman diagram shown in Fig. 7. In principle,
higher-order terms can contribute to the Raman scattering
process. However, for materials in which the exciton-phonon
interactions are weak, the higher-order terms can be readily
disregarded and up to third-order terms are sufficient for
describing their Raman excitation profile.
The absorption spectra of carbon nanotubes are populated
by phonon sidebands [36,37]. The most prominent of these
absorption sidebands is a peak positioned at around 0.210 eV
above each of the main absorption peaks and which are usually
associated with a K-point phonon-related indirect absorption
[38,39]. The presence of this peak suggests that, for the
case of carbon nanotubes, the exciton-phonon interaction is
strong enough that the higher-order contributions to the Raman
process cannot be disregarded.
This indicates that for a complete description of the Raman
scattering process in carbon nanotubes, higher-order terms
in the perturbation series should also be considered. In the
following, we will show that considering the contribution of
both the third-order and the fifth-order terms in the timedependent perturbation theory expansion (shown in Fig. 7)
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FIG. 7. Possible Feynman diagrams for third-order (top left),
fourth-order (bottom left), and fifth-order (right) scattering processes.
Dashed lines represent the incident (ωi ) and scattered (ωs ) photons,
the wavy lines represent phonon states (in this case, ω2 is the
mediating K-point phonon and ωq is the emitted G-band phonon),
and the double lines represent intermediate excitonic states. Only
third- and fifth-order processes can be related to one-photon Raman
scattering. The a, b, c, and d labels represent possible different
excitonic states in each process.

will lead to an asymmetric line shape consistent with the
experimental results. This is analogous to the expansion of the
transition dipole in Eq. (2) to introduce a nuclear coordinate
dependence. It should be mentioned that the fourth-order
processes can only contribute to Rayleigh scattering, and to
the two-phonon Raman processes such as the one related to
the G band. For this reason, only third-order and fifth-order
processes will be considered.
For simplicity, we will consider that only two of the
nanotube phonons have relevant matrix elements and thus can
contribute to a Raman process: the G-band phonon, which

is a totally symmetric phonon at the  point of armchair
nanotubes (A1g ) and with energy ωG = 0.197 eV, and the
TO phonon near the K point, which is responsible for the D
and G bands and which contributes to the phonon-assisted
absorption. We will assume the energy of this phonon to
be given by ωK = 0.163 eV, independent of the nanotube
diameter. For the excitons, we will also simplify the system
by considering explicitly only two states in the manifold of
excitonic states expected for each pair of electronic subbands,
namely, we will consider the bright singlet exciton at the 
point (BS) and the dark singlet state near the K point (DKS).
We will assume that the oscillator strength is concentrated in
the bright exciton and that the -point phonon responsible
for the G band can only couple excitonic states with the
same momentum while the K-point phonon exchanges the
two excitons. In summary, the exciton-phonon interaction is
simplified to
†

†

†

HXP = MGXP [FBS FBS + FDKS FDKS ](bG + bG )
†

†

and the exciton-photon interaction is simplified to

†
HXL =
M0XL (FBS + FBS )(aω + aω† ).
ω

(6)

(7)

†

In these equations, Fj (Fj ) corresponds to the creation
†

(annihilation) of an exciton in state j = BS or DKS, bq
(bq ) creates (annihilates) either a -point optical phonon
corresponding to the G band (q = G) or a K-point phonon
(q = K) and aω† (aω ) creates (annihilates) a photon with energy
ω. MXP and MXL are exciton-phonon and exciton-photon
matrix elements.
Within this simplified model, the G-band intensity as a
function of the laser excitation energy (EL ) can be calculated
to fifth-order as IRaman ∝ |WG |2 , where

 XL 2 XP
 XP 2

M  M
M 
BS
G
G
WG =
1+
(EBS + ωG − EL )(EBS − EL )
(EBS + 2ωG − EL )(EBS + ωG − EL )
 XP 2
 XP 2
M 
M 
G
K
+
+
(EBS − EL )(EBS + ωG − EL ) (EDKS + ωK + ωG − EL )(EBS + ωG − EL )
 XP 2
 XP 2
M 
M 
K
K
+
.
+
(EDKS + ωK + ωG − EL )(EDKS + ωK − EL ) (EBS − EL )(EDKS + ωK − EL )
The first term corresponds to the third-order term, whereas the
other five terms correspond to the fifth-order contributions.
The energies of the bright (EBS ) and dark (EDKS ) excitons
have both real and imaginary parts such that EBS = Eii +
iγ /2 and EDKS = EK + iγK /2, where the imaginary parts
are associated with the excitonic lifetimes.
To better illustrate the energetics of fifth-order contributions
to the Raman scattering process, we show in Fig. 8(a) a
schematic for one of the Raman processes mediated by the
K-point phonon. In this particular process, the photoexcited
BS exciton is scattered to the DKS exciton state by emitting
a K-point phonon, then it is scattered back to the BS by
reabsorbing the K-point phonon, and then it emits a G-band

†

+ MKXP [FBS FDKS + FDKS FBS ](bK + bK ),

(8)

phonon before exciton recombination. This process is especially resonant for EL = EBS + ωG ∼ EDKS + ωK but
interferes destructively with the third-order process, leading
to a magnitude decrease for the peak corresponding to the
resonance with the scattered light and thus giving rise to the
observed REP asymmetry.
To check the accuracy of this model, we fitted the measured
REPs for the armchair nanotubes. The values for EBS and
EDKS were extracted from the absorption spectra. The energy
of the bright exciton is obtained as the position of the main
peak [red line in Fig. 8(b)], while the energy of the dark exciton
is obtained as EDKS = ESB − ωK , where ESB is the energy
position of the absorption sideband [blue line in Fig. 8(b)]
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TABLE II. Energy values obtained for the EBS exciton and for
the exciton-phonon sideband ESB and the calculated values for EDKS
and K from the optical absorption spectra (energy values are in eV).

FIG. 8. (Color) (a) Schematic of one of the possible fifth-order
G-band Raman processes involving the coupling with dark excitons
through a K-point phonon; (b) absorption spectrum for the (6,6)
nanotube fitted with different contributions. The black circles show
the experimental results. The red line corresponds to direct absorption,
the blue line corresponds to the phonon-assisted absorption peak and
the green step function corresponds to the onset of the continuum
states. Experimental REP for the (c) (8,8), (d) (7,7), (e) (6,6), (f)
(5,5) nanotubes (solid circles) compared to the REP calculated using
Eq. (8) (solid lines). Calculated REPs using the third-order model
[Eq. (5)] appear as dashed lines.

[40]. The best fit values for the EBS , ESB , EDKS , and K =
EDKS − EBS are shown in Table II.
The same set of parameters were used to fit all the
studied armchair nanotubes: |MKXP | = 0.13 eV, γ = 0.18 eV,
γK = 0.26 eV. The only exception is for the (8,8) nanotube,
which shows a REP with much sharper peaks, and thus
the best fit was obtained with γ = 0.12 eV. The calculated
REPs for the different nanotubes are in good agreement with
the experimental results [Figs. 8(c)–8(f)], indicating that this
model can successfully account for the asymmetric behavior
of the Raman excitation profile in armchair carbon nanotubes.
It is thus a promising model for describing the non-Condon
nature of the Raman process in carbon nanotubes within a
condensed matter framework.

(n,m)

EBS

ESB

EDKS

(5,5)
(6,6)
(7,7)
(8,8)

3.00
2.70
2.45
2.25

3.23
2.92
2.69
2.48

3.07
2.76
2.53
2.32

K

0.07
0.06
0.08
0.07

It should be stressed here that in this work the excitonic
nature of the optical transitions is taken into account simply by
considering discrete excitonic states. We have not performed
any detailed calculation of the exciton binding energies [41,42]
or of the exciton-phonon coupling matrix elements [18,39].
Furthermore, for a complete description of the asymmetry
within this model, knowledge of the exciton lifetimes is also
necessary. While beyond the scope of this work, performing
such calculations will provide a more definitive verification
of the relevance of the fifth-order Raman process to the
asymmetric REP line shapes. In addition to incorporating nonCondon effects through phonon-mediated mixing of excitonic
states, such an approach would capture the specific SWCNT
band structure and the role of excitons by explicitly accounting
for exciton dispersions. Nevertheless, our results provide a
solid framework in which to carry out such calculations.
There is precedence for such an approach in earlier work
on GaAs quantum wells. Asymmetric REPs observed for
GaAs systems were successfully modeled by accounting for
phonon-mediated interaction between two or more discrete
exciton states, with a complete description including band
structure and the critical role of excitons by including exciton
dispersions through k-space sampling [43–45]. While further
refinements will be important, as presented our fifth-order
model addresses the shortcomings of the molecular approach
and that of Moura et al. by accounting for excitons as
discrete states and in providing a physical origin for the
observed asymmetries that may be applied generally for
both metallic and semiconducting SWCNTs. Such generality
further supports the assignment of the absorption sideband
in armchair SWCNTs as a K-momentum phonon sideband
[20,38,39,46]. This picture provides predictive capability for
understanding relative differences in REP asymmetries that
may be found for different phonons (RBM, TO, LO), which is
the subject of ongoing work.
IV. CONCLUSION

In conclusion, the strong asymmetry found in the TO resonance Raman excitation profiles introduces another common
link between the optical behaviors of metallic and semiconducting species. In all cases, the outgoing resonance peak is
significantly weaker than that for the incoming resonance.
This result is also a clear demonstration that significant
REP asymmetries are a general and intrinsic behavior for all
nanotube types. We note that in each of the three theoretical
models, the REP asymmetry arises as a quantum interference
effect. In the molecular interpretation, the interference occurs
between the Condon and non-Condon contributions to the
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Raman polarizability. In the third-order model, it arises
between different third-order processes originating at different
points within the Brillouin zone. Finally, in the fifth-order
model, interference arises between the third- and fifth-order
contributions to Eq. (8). The successful modeling of the armchair REP data with the fifth-order condensed matter model
via phonon-mediated state mixing provides a connection to
a molecular view of this asymmetry as a non-Condon effect.
Therefore, the fifth-order model provides a framework within
which the molecular and solid-state aspects of the SWCNT
Raman response may be unified. The results demonstrate that
the TO mode can efficiently mix excitonic states, effectively
resulting in a nuclear coordinate dependence of the transition
dipole when the process is viewed as intensity borrowing. The
model further indicates that the excitonic nature of SWCNT
optical transitions ultimately is at the heart of the asymmetric
REP behavior. The fifth-order model presented here should
form a fruitful basis for continued theoretical and experimental
probing of this phenomenon.
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