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Abstract

Microtubules and actin filaments are biopolymer molecules that are major components of

cytoskeleton networks in biological cells. They play important roles in supporting fundamen-

tal cellular processes such as cell division, signaling, locomotion and intracellular transport.

In cells cytoskeleton proteins function under nonequilibrium conditions that are powered by

hydrolysis of adenosine triphosphate (ATP) or guanosine triphosphate (GTP) molecules at-

tached to them. Although these biopolymers are critically important for all cellular processes,

the mechanisms that govern their complex dynamics and forcegeneration remain not well

explained. One of the most difficult fundamental issues is tounderstand how different com-

ponents of cytoskeleton proteins interact together. We develop an approximate theoretical

approach for analyzing complex processes in cytoskeleton proteins that takes into account

the multifilament structure, lateral interactions betweenparallel protofilaments, and the most

relevant biochemical transitions during the biopolymer growth. It allows us to fully evalu-

ate collective dynamic properties of cytoskeleton filaments as well as the effect of external

forces on them. It is found that for the case of strong lateralinteractions the stall force of

the multifilament protein is a linear function of the number of protofilaments. However, for

weak lateral interactions the deviations from the linearity are observed. We also show that

stall forces, mean velocities and dispersions are increasing functions of the lateral interactions.

Physical-chemical explanations of these phenomena are presented. Our theoretical predictions

are supported by extensive Monte Carlo computer simulations.

keywords: cytoskeleton assembly, hydrolysis, lateral interactions, stall force

2



INTRODUCTION

Cytoskeleton is a complex network of filamentous proteins that supports many fundamental cellu-

lar processes such as transport of vesicles and organelles,cell division, motility, mechanical sta-

bility and the organization of various cellular structures.1–4 Microtubules and actin filaments are

major components of the cytoskeleton systems. These biopolymers have complex structures that

are important in fulfilling their cellular functions.3,4 Microtubules are hollow cylindrical molecules

typically composed of thirteen parallel protofilaments, which are assembled from tubulin dimer

subunits. Each tubulin dimer is capable of binding to two GTP(guanosine triphosphate) molecules,

but only one of them might hydrolyze. Actin filaments, which are assembled from actin monomers,

have a double-strand helical structure. Each actin monomeris associated to one ATP (adenosine

triphosphate) molecule that can also hydrolyze. In biological systems, cytoskeleton filaments of-

ten form bundles and aggregates that are composed of many parallel protofilaments. The bundling

apparently helps them to maintain structures with higher rigidity in order to resist larger stresses

in cells.4,5 It is also very useful for variety of cellular processes, e.g., for cell division and cell

motility.

Both microtubules and actin filaments can be viewed as activepolymers because they are able

to fuel their dynamics with energy released from the hydrolysis of GTP or ATP molecules. Dur-

ing polymerization/depolymerization events cytoskeleton proteins can produce significant forces

that are crucial for many biological processes.1–4 In recent years, dynamic properties and force

generation in microtubules and actin filaments have been actively studied both experimentally and

theoretically.4–34 However, microscopic mechanisms of underlying phenomena in cytoskeleton

filaments remain not well understood. The most important fundamental questions concern the

relationship between structures and dynamics, and how the energy of hydrolysis as well as in-

teractions between monomers influence the force generationin microtubules, actin filaments and

cytoskeleton protein bundles.

Stimulated by strong experimental advances several theoretical methods to uncover mecha-

nisms of cytoskeleton filaments functioning have been developed.6–11,14–17,21,24–26,29,30,32,34Ear-
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lier theoretical models tried to view the dynamics of cytoskeleton filaments in a very phenomeno-

logical way.28 In a more advanced approach, the effects of the structure andinteractions between

biopolymer subunits on the growth dynamics and force generation in microtubules and actin fila-

ments have been investigated.9–11,14However, these models cannot explain a variety of dynamic

phenomena in cytoskeleton protein filaments, such as dynamic instability and large length fluctu-

ations, because active processes of hydrolysis of ATP or GTPmolecules are ignored. A different

method, which takes into account the hydrolysis and polymerization/depolymerization processes,

is able to describe the dynamics of cytoskeleton proteins much better.16,17,21,24,29,30Although this

approach revealed important microscopic details on complex dynamics in microtubules and actin

filaments, its usefulness is diminished by neglecting the structure and interactions in these biopoly-

mers. A computational model that includes the hydrolysis and binding/unbinding chemical transi-

tions for multifilament biopolymers has been introduced recently.25,34One of the exciting findings

of this work is that the dynamic properties of multifilament molecules are distinct from the dynamic

properties of single filaments. However, this approach neglected important structural features such

as interactions between protofilaments and parallel shiftsbetween the protofilaments. In addition,

only computational results were presented, from which it was difficult to clarify the microscopic

origin of the observed phenomena.

Our goal is to develop a comprehensive theoretical framework for analyzing dynamics and

force generation in cytoskeleton protein filaments that would be also useful for understanding

the underlying mechanisms. In our approach, we take explicitly into account the hydrolysis of

ATP/GTP molecules, attachment/detachment processes for subunits at the tip of biopolymers, lat-

eral interactions between the parallel chains and the correct geometry of multifilament molecules.

This allows us to calculate collective dynamic properties and produced forces for a wide range of

parameters. For large interactions between the protofilaments the analysis suggests that only few

biopolymer configurations are relevant. This provides a support for our approximate analytical

model that we call aone-layer model. In this case, the stall force is a linear function of the number

of protofilaments. It is also found that the stall forces, themean velocities and dispersions grow
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with increasing the lateral interactions. However, for weak lateral interactions we predict that the

dynamic features of the multifilament molecules deviate from the corresponding single-filament

properties. The presented theoretical method provides a convenient way for understanding the mi-

croscopic origin of these phenomena. Our theoretical calculations are also supported by extensive

Monte Carlo simulations.

THEORETICAL METHODS

We investigate a model of a multifilament molecule composed of N parallel protofilaments (labeled

as 1,2, ..., andN, respectively) with one end fixed on a substrate and the otherend growing against

the external loadF as shown in Fig.1. To be more specific, we consider the model for single

microtubule filaments, although all arguments can be easilyextended for arbitrary multifilament

assembly. Each protofilament in our system is surrounded by two neighboring protofilaments,

and to account for the cylindrical shape of microtubules we take a periodic boundary condition

in the vertical direction (see Fig. 1). The neighboring protofilaments interact with each other via

chemical interactions that are generally called lateral interactions.

Experimental and theoretical studies suggest that the growing end of the microtubule might

have different structures, and the geometry of a biopolymer’s end, to a large degree, specifies

the dynamic properties of the multifilament molecule.9,12 In order to clarify the mechanisms of

cytoskeleton proteins, we also analyze here a simplified version of the model, which is known as

the one-layer model (see Fig. 1A).9 If we defineai (i = 1,2, ...,13) as the distance of the tip of

i-th protofilament from the leading protofilament, then in theone-layer model only configurations

with ai ≤ d (whered ≃ 8.2 nm is the size of the tubulin dimer subunit) are allowed. Thephysical

justification for this approximation comes from the arguments that for large lateral interactions all

other polymer configurations will be short-lived.9 Only configurations with the smallest surface

area of the tip structure will be important. Another advantage of using this approach is thatall

dynamic properties can be studied analytically. For our analysis it will be important to compare
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the one-layer model (Fig. 1A) with the full dynamic model (Fig. 1B) where the distances between

the tip of the leading protofilament and tips of other protofilaments are not restricted at all.

Figure 1: Theoretical models for dynamics of the multifilament assembly: (A) Approximate one-
layer model, where the distances between the tip of the leading protofilament and tips of other
protofilaments are less than the size of one subunit. (B) Fulldynamic model, where the distance
between the tips of the leading protofilament and others is not restricted. The size of one subunit is
equal tod. The distance between the leading protofilament and thei-th protofilament is specified
by ai with i = 1,2, ...,13. The external load force is given byF. Subunits bound to GTP(ATP)
molecules are shown in red while those bound to GDP(ADP) molecules are in green.

Microtubules and actin filaments are assembled from GTP-tubulin dimers or from ATP-actin

monomers, respectively. After the GTP/ATP-subunits are incorporated into the protofilaments, the

GTP/ATP molecules might hydrolyze, transforming into GDP/ADP and phosphate (Pi) through

GTP/ATP cleavage process. Then the phosphate will be released from the subunits, leaving

GDP/ADP subunits in the protofilaments. For both GTP and ATP hydrolysis in microtubules and

actin filaments, the phosphate release process is the rate-limiting step.1,2 To simplify calculations,

we will treat the GTP and GDP-Pi (or ATP and ADP-Pi) as the samechemical species,15–17 by

considering only the phosphate release step during the hydrolysis. As a result, each subunit in

the protofilaments can be found in one of two chemical states,GTP/ATP (T) state or GDP/ADP

(D) state, as indicated by red and green colors in Fig. 1, respectively. The underlying mechanism

of GTP/ATP hydrolysis process in microtubules and actin filaments is still not well clarified, and

different hydrolysis models have been proposed and debated.16,18–21,23,24,27–31However, the latest
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study for microtubules16 suggests that a vectorial model, which postulates that the hydrolysis can

only occur at the boundary of T-subunits and D-subunits, is unrealistic. Here, we will assume a

random mechanism for GTP/ATP hydrolysis, which argues thatall GTP/ATP molecules within

protofilaments can be hydrolyzed with the same rate. This picture is also supported by experimen-

tal observations on microtubules.22

The microtubule can grow by adding free tubulin subunits from the surrounding solution. The

attachment rate to the tip of the protofilamentj is equal toU j . The detachment rate of the end

subunit of the protofilamentj is given byWj ,T or Wj ,D depending on the subunit staying in either

T, or D states, respectively. We assume that the multifilament assembly is in the solution with

a constant concentrationCT of free T-subunits. Both attachment and detachment rates ofend

subunits are influenced by the presence of lateral interactions between the protofilaments. The

following relation based on the detailed balance argumentscan be written,

U j

Wj
=

U0
j

W0
j

eΣ0|∆d j |/(kBTd), (1)

whereΣ0 ≥ 0 is the lateral interaction energy per subunit length,∆d j is the added contact length

with neighboring protofilaments after the attachment of thenew subunit to the protofilamentj,

U0
j andW0

j are attachment and detachment rates, respectively, to the protofilaments that are not

influenced by the lateral interactions (whenΣ0 = 0), T is the temperature andkB is the Boltzmann

constant. The rateWj in above equation can beWj ,T or Wj ,D depending on the chemical state of

the subunit at the tip of the protofilament.

The growth of the multifilament molecule exerts a force that can push or pull obstacles, which

is essential for many biological processes. The external forceF acts only on the leading protofila-

ment when the multifilament biopolymer grows against a load such as a hard wall shown in Fig.1.

A mechanical workF(d−a j) can be produced after one subunit is incorporated into one protofil-

amentj if a j < d. Recall, thatd is the size of the subunit anda j is the distance between tips of the

protofilamentj and the leading protofilament. Because of the produced work,the attachment and
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detachment rates can be further modified as follows,

U j

Wj
=

U0
j

W0
j

e[Σ0|∆d j |/d−F(d−a j )]/kBT . (2)

Then, we can separate the attachment and detachment rates from the above equation by introducing

a load distribution factorΘ and a lateral energy distribution factorθ , producing

U j = U0
j e[θΣ0|∆d j |/d−ΘF(d−a j )]/kBT ,

Wj = W0
j e[(θ−1)Σ0|∆d j |/d+(1−Θ)F(d−a j )]/kBT . (3)

In this article, to simplify mathematical expressions, we choose the same load distribution factor

Θ, 0≤ Θ ≤ 1, and the same lateral energy distribution factorθ , 0≤ θ ≤ 1, for all protofilaments

(but generallyΘ 6= θ ). For the case ofΘ = 1 andθ = 1 only the attachment rates are influenced by

the external load and the lateral interactions, while only the detachment rates will be affected with

Θ = 0 andθ = 0. Thus, varying these parameters is a convenient way of quantifying the effects of

the lateral interactions and external forces.

RESULTS AND DISCUSSION

One-Layer Model

We first consider the one-layer model for the growth of the multifilament molecule composed of

N protofilaments as shown in Fig. 1A. In this model, the distance between tips of the leading

protofilament and any other protofilament is less than the size of one subunit during the whole

assembly process. Therefore, a new subunit canonly attach to the protofilament which is the

furthest away from the tip of the leading protofilament. Thenthis protofilament becomes the

leading one, and the system evolves from one configuration toanother. OtherN−1 protofilaments

will become leading protofilaments successively during theaddition of nextN−1 subunits, and the
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system returns to the original configuration with the same biopolymer’s end structure after binding

of total N subunits. At the same time, the length of the polymer increases by the size of one

subunitd. Similarly, a subunit canonly detach from the leading protofilament to satisfy the one-

layer model constraint, and the system reaches the originalconfiguration after detachment ofN

subunits successively. But in this case the length of the polymer decreases byd. These arguments

suggest that there areN distinct polymer configurations in the one-layer model thatare connected

by sequential chemical transitions of attachment and detachment of subunits.

The one-layer model has been investigated by one of us for passive biopolymers without

GTP/ATP hydrolysis by mapping the assembly process of the multifilament molecule into a one-

dimensional random walk on periodic lattices.9 This method allowed us to compute explicitly all

dynamic properties and the exerted forces. It was shown thatthe mean velocityV of the growing

multifilament is given by

V =
d

QN
(1−

N

∏
j=1

Wj

U j
), (4)

where the coefficientQN is equal to

QN =
N

∑
j=1

q j , q j =
1

U j
(1+

N

∑
k=1

k

∏
i=1

Wj+i

U j+i
). (5)

The ratesU j , Wj are given by Eq. (3) for the protofilamentj. The periodic boundary conditions

U j±N = U j , andWj±N = Wj are also applied to the equation above.

For active filaments with ATP/GTP hydrolysis the numberN of the relevant polymer’s end

configurations does not change. However, the chemical composition of end subunits fluctuates

between T and D states. This suggests that Eq. (4) applies also for active biopolymers. The

attachment rate is not affected. However, the detachment rates should be modified to reflect the

chemical variations. In the one-layer model the dissociation of subunits only occurs from the

leading protofilament. We definePj ,T andPj ,D as the probabilities for the tip subunit of the leading

protofilamentj to be in T or D state, respectively. These probabilities are normalized withPj ,T +
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Pj ,D = 1 for 1≤ j ≤ N. One can introduce then an effective detachment rateWj ,e f f via

Wj ,e f f = Pj ,TWj ,T +Pj ,DWj ,D, (6)

whereWj ,T andWj ,D can also be described by Eq. (3) withW0
j replaced byW0

j ,T or W0
j ,D, respec-

tively. The ratesW0
j ,T andW0

j ,D are T and D-subunit detachment rates for the case of zero lateral

interactions between the protofilaments and for zero external forces. It is important to note here

that the use of a single effective detachment rate for each protofilament is an approximation. We

assume here the local chemical equilibrium between T and D states in the end subunits of each

protofilament is quickly established. Obviously, there areconditions when this might not be real-

ized. However, based on extensive computer simulations (see below) for microtubules this seems

to be an excellent approximation.

Finally, employing the effective detachment rates we obtain the mean velocity of the growing

active multifilament as

V =
d

QN
(1−

N

∏
j=1

Wj ,e f f

U j
), (7)

where all detachment rateWj appeared in coefficientQN [see Eq. (5)] are replaced byWj ,e f f. Sim-

ilarly, the effective diffusion constant (dispersion)D for the growing active multifilament polymer

can be written as9

D =
d
N

[
dAN +VBN

Q2
N

−
1
2
(N+2)V] (8)

where auxiliary functionsAN andBN are expressed as

AN =
N

∑
j=1

U jq jb j , B j =
N

∑
j=1

b j

N

∑
i=1

iqi+ j , (9)

with coefficientsb j given by

b j =
1

U j
(1+

N−1

∑
k=1

k

∏
i=1

Wj+1−i,e f f

U j−i
). (10)
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Another important quantity to characterize the multifilament assembly is a stall force,FS. It is

defined as opposing external load that stops the growth of thebiopolymer (see Fig. 1). It is also

equal to the maximal force that the filament can exert. Several studies show that the stall force for a

passive multifilament molecule is proportional to the number of its protofilaments.10,32By setting

the mean velocity given by Eq. (7) to be zero, we obtain the following relation for the stall force

of the active filament,

ln

(

N

∏
j=1

U0
j

Pj ,TW0
j ,T +Pj ,DW0

j ,D

)

=
N

∑
j=1

−Σ0|∆d j |/d+FS(d−a j)

kBT
, (11)

where the attachment and detachment rates given by Eq. (3) are utilized. The sum on the right

hand side of this equation corresponds to the energy change due to adding sequentiallyN subunits.

Because the total contact length ofN added subunits is equal toNd and the length of the filament

increases by one subunit lengthd we can rewrite Eq. (11) as

ln

(

(U0)N

∏N
j=1(Pj ,TW0

T +Pj ,DW0
D)

)

=
−Σ0N+FSd

kBT
. (12)

Here the ratesU0
j , W0

j ,T andW0
j ,D are constant and they are also independent of the protofilament

number j, so the labelsj are omitted to simplify formulas. Finally, the expression for the stall

forceFS of the active multifilament assembly yields

FS =
NΣ0

d
+

kBT
d

ln

(

(U0)N

∏N
j=1(Pj ,TW0

T +Pj ,DW0
D)

)

. (13)

We can analyze this result for the case of no ATP/GTP hydrolysis in cytoskeleton filaments.

For passive multifilament moleculesPj ,T = 1 andPj ,D = 0, and the formula simplifies into

FS =
N
d

[

Σ0+kBT ln

(

U0

W0
T

)]

. (14)

Similar result can be obtained for active filaments with equal detachment ratesW0
T = W0

D. One
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should note that this is exactly the result obtained in the previous studies.10 The stall force for a

single filament without hydrolysis is given by33

FS,1 =
kBT
d

ln

(

U0

W0
T

)

. (15)

Comparing Eqs. (14) and (15) produces an important theoretical prediction that the stall force for

the passive multifilament assembly composed ofN non-interacting protofilaments (Σ0 = 0) is just

N times of the stall force for the single passive filament with the same association and dissociation

rates. However, this might not be the case for active multifilament and single-filament polymers

[see Eq. (13)] because the probabilitiesPj ,T andPj ,D generally depend on the end structures and

they could also have different values compared to those probabilities for the single-filament system.

Full Dynamic Model

We also investigated dynamic processes in the multifilamentbiopolymer by considering a full dy-

namic model (Fig. 1 B). In this case, subunits can bind to or dissociate from any end subunits

without any restrictions on possible polymer configurations. Therefore, the distance between tips

of the leading protofilament and any other protofilament can attain any values as shown in Fig.

1B. It is rather difficult to obtain a complete analytical description for such very complex dynamic

system. However, we still can get some important approximate results under reasonable simplifi-

cations.

It has been argued that the stall force of the full dynamic model for the polymerizing mi-

crotubules and filament bundles in the absence of the hydrolysis is the same as predicted by the

one-layer model.10 These arguments can be extended to the case of active biopolymers as con-

sidered here as long as the effective detachment rates [defined in Eq. (6)] are utilized. Thus, we

derive an important conclusion that Eq. (13) might also serve as an approximate expression for

the stall force of the active multifilament assembly in the full dynamic description. However, the

exact value of the stall force for the full dynamic model is generally not the same as predicted by
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the one-layer model. This is because the probabilities of having end subunits in T or D states (Pj ,T

andPj ,D) depend on the dynamics, which is different in both cases.

Stall Force of an Active Multifilament Assembly

Let us be more quantitative in evaluating the stall forces ofactive multifilament biopolymers. We

use the microtubule molecule at specific growth conditions as an example to illustrate our approach.

The relevant chemical transitions rates (detachment, attachment and hydrolysis) for microtubules

are known and they are listed in Table 1. Note also that the attachment rateU0 depends on the

concentrationCT of free GTP-tubulin dimers in the solution which is taken to be 100µM. Then,

the attachment rate is equal toU0 = konCT = 320s−1.

As indicated by Eq. (14), the stall force for a passive multifilament assembly does not depend

on the values of the load distribution factorΘ and the lateral energy distribution factorθ . However,

those factors would influence the stall force of the active multifilament molecule by changing the

probabilitiesPj ,T andPj ,D. In the following calculations we take the valueθ = 0.5, and vary the

values ofΘ between 0 and 1 as explained below. We start our analysis for the case of zero lateral

interactions.

Table 1: Values of model parameters utilized in calculations and the corresponding refer-
ences.

parameter rates ref
kon, the on-rate of T-tubulin dimers (plus end) 3.2µ M−1 s−1 2

W0
T , the off-rate of T-tubulin dimers (plus end) 24 s−1 35

W0
D, the off-rate of D-tubulin dimer (plus end) 290 s−1 2

r, the hydrolysis rate in microtubule subunits 0.2 s−1 15

We investigate the growth dynamics of microtubules utilizing both the one-layer model and the

full dynamic picture via extensive Monte Carlo computer simulations. The stall force as a function

of the load distribution factorΘ is presented in Fig. 2. Here the symbols are from Monte Carlo

simulations while the lines represent our theoretical predictions from Eq. (13), in which, however,
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we employed the values ofPj ,T andPj ,D estimated from these computer simulations. One can see

from Fig. 2 that our approximate theoretical expressions for the stall forces work remarkably well.

Several interesting observations can be made by analyzing the results presented in Fig. 2.

First, it shows that the stall forces in the full dynamic description and in the one-layer model is

a decreasing function ofΘ, although the effect is much stronger for the one-layer model. This

can be explained by recalling the important role of the probability to find the end subunit in the

protofilamentj in the T state. The larger the attachment rateU j the higher the probabilityPj ,T . But

under the effect of external forceF the attachment rates are smaller as indicated by Eq. (3). The

load distribution factorΘ specifies how the external load changes the rateU j . For smallΘ the role

of the external force is minimal while for largeΘ the attachment rates decrease faster. As a result

we have a tendency to decreasePj ,T with increasing the load distribution factorΘ. From Eq. (13)

one might conclude then that the stall force should decreasewith Θ because the detachment rate of

the hydrolyzed subunits is much larger than the detachment rates of the unhydrolyzed monomers,

W0
D > W0

T , (see Table 1).

A second important observation from Fig. 2 is that the stall force under the one-layer model is

always smaller than the stall force for the full dynamic description, although both of them follow

from the same analytical expression [see Eq.(13)]. Again, this can be explained by discussing the

probabilities of having T or D end subunits on each protofilament. In the one-layer model there

is only one channel of adding T subunits to the end, while for the full dynamic model there are

N channels. This leads to a higher probability to have the hydrolyzed (D) end subunit for the

one-layer model, which according to Eq. (13) is consistent with lower stall forces. This effect is

stronger for largerΘ because the external force slows down significantly the attachment rate in the

one-layer model while for the full dynamic description the force has a less influence on association

of subunits to protofilaments that are not leading.

Recent theoretical investigations raised a question on thescaling of the stall forces as a func-

tion of the number of protofilaments.25,34 It was shown before that the stall force of the passive

multifilament molecule without lateral interactions is linearly proportional to the stall force of the
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Figure 2: Stall force as a function of the load distribution factor Θ for both one-layer and full
dynamic models. The lateral interaction energyΣ0 is set to be zero. The stall forces obtained from
Monte Carlo simulations are indicated by red squares for theone-layer model and by blue circles
for the full dynamic description. The solid lines are described by Eq. (13).

single filament under the same conditions.10 This also agrees with our theoretical predictions as

indicated by Eqs. (14) and (15). We tested this scaling relation for active multifilament systems

by employing Monte Carlo computer simulations, and the results are presented in Fig. 3. Here the

ratio of the stall force for the microtubule and the stall force of the single filament timesN = 13

is plotted for different values of the load distribution factor Θ. If the scaling is satisfied this ratio

should be equal to one. This is the case for the one-layer model, as indicated in Fig. 3, for all

values ofΘ. From our computer simulations of the one-layer model we estimate that the probabil-

ities Pj ,T andPj ,D are almost the same for different protofilaments, and they are also very similar

to the corresponding probabilities for the single filament system. This suggests that Eq. (13) can

be rewritten in the following form,

FS≈ N
kBT
d

ln

(

U0

PTW0
T +PDW0

D

)

, (16)

becausePj ,T ≈ PT , andPj ,D ≈ PD, wherePT andPD are the probabilities for the last subunit to

be in T or D state, respectively, in the single filament model.This clearly supports the linear

scaling for the multifilament biopolymers without lateral interactions under the constraint of the
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one-layer model, similarly to the situation with passive multifilament systems. In the inset (b) of

Fig. 3, we also present several trajectories for the assembly of microtubules under the force equal

to thirteen times of the stall force of the single filament forΘ = 1. One can see that the lengths

of the microtubules fluctuate strongly as a function of time but the mean growth velocity averaged

over many trajectories tends to be zero, validating the linear scaling arguments.
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Figure 3: Ratio between the stall force for a microtubule andthe stall force for a single filament
timesN = 13 as a function of the load distribution factorΘ. The ratio is shown in red squares
for the one-layer model, and blue circles correspond to the full dynamic description. Dashed line
just indicates the ratio of the value one. Inset figures, length (in subunits) of the microtubules as a
function of time (in seconds) under the force which is thirteen times of the stall force for a single
filament forΘ = 1: (a) for the full dynamic system, and (b) for the one-layer model. The initial
lengths of microtubules for convenience are shifted to zero.

Surprisingly, the deviation from the linear scaling is observed for the full dynamic description

of the system (see Fig. 3), although the effect is not large (less than 5% for all values ofΘ). This

is closely related with the results from Fig. 2. The stall force for the full dynamic description is

always larger than the stall force for the one-layer model. Therefore, the ratio between the stall

force of the microtubule described by the full dynamic modeland thirteen times of the stall force

of the single filament is no longer equal to one. To confirm thisresult, several trajectories of the

microtubule assembly are also illustrated in the inset (a) of Fig. 3 under the force of thirteen times

of the stall force of the single filament withΘ = 1. Different from the trajectories shown in the in-

set (b) of Fig. 3, the growth velocity of the microtubule or slopes of these trajectories have positive
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values, supporting the deviation of the ratio of forces frombeing equal to one. Similar observations

have been made in recent computational studies of force-dependent dynamic properties of micro-

tubules,25,34although the microscopic explanations for this phenomenonwere not elaborated. Our

theoretical framework allows us to clarify the mechanisms of this effect. It is argued that the stall

of the active multifilament assembly without lateral interactions is described by Eq. (13). The fact

that T-subunits can attach to any protofilament in the full dynamic description leads to changes in

probabilitiesPj ,T andPj ,D of finding the end subunits in T or D state, respectively. These probabil-

ities depend onN because changing the number of protofilaments in the biopolymer modifies the

associating and dissociating fluxes of tubulin subunits. IncreasingN leads to larger probability for

the end subunits to be in T state, which corresponds effectively to larger stall forces. This effect

should be stronger for largerΘ where the influence of the external forces on attachment rates is

stronger for the one-layer model than in the full dynamic picture, and our computer simulations

fully support these arguments (see Fig. 3).

Influence of Lateral Interactions

In our previous theoretical calculations interactions between neighboring protofilaments have been

ignored. But real microtubules and other cytoskeleton bundles have significant lateral interactions

that are important for their chemical, mechanical and dynamic properties.4,9,12 In the absence of

lateral interactions, all polymer configurations with arbitrary distances between tips of protofil-

aments are equally possible. However, the lateral interactions change this picture dramatically.

For the growing or shrinking multifilament assembly the system will tend to fill gaps between the

protofilaments faster, leading to more blunt tip geometriesfor the biopolymer’s end. This sug-

gests that only few configurations might be responsible for dynamics of microtubules and other

cytoskeleton filaments. Then the one-layer model should be much more relevant for understanding

the dynamic properties of multifilament assemblies.

For our discussions on the role of the lateral interactions we start with the analysis of the stall

forces for microtubules. In our calculations, we take the load distribution factorΘ = 1 and the
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lateral energy distribution factorθ = 0.5 unless otherwise specified. In Fig. 4 the stall force as

a function of the lateral interaction energyΣ0 is presented for the one-layer model and for the

full dynamic description. One can see that the stall forces increase with the strength of the lateral

interactions, in full agreement with our theoretical predictions from Eq. (13). Physically this can

be understood using the following arguments. In the biopolymer with lateral interactions adding

subunits leads to larger free energy change in comparison with the case of zero lateral interactions.

Then the growing filament can produce larger work against theexternal load, which corresponds to

the larger stall forces. In addition, we can see also in Fig. 4that the stall force for the full dynamic

picture is larger than the stall force for the one-layer model (see inset in Fig. 4), in agreement with

our previous results from Figs. 2 and 3. But the difference issmall and it quickly disappears for

largeΣ0, supporting our arguments that the one-layer model is excellent approximation to describe

the multifilament assembly with strong lateral interactions.

0 5 10 15
10

100

 

 

S
ta

ll 
fo

rc
e 

(p
N

)

(kBT)

one-layer model
full dynamic model

0 1 2
15

20

25

30

S
ta

ll 
fo

rc
e 

(p
N

)

(kBT)

Figure 4: Stall forces of the microtubule as a function of thelateral interaction energyΣ0. The stall
forces for the one-layer model are plotted as red squares, and blue circles indicate the results for
the full dynamic description. The solid line corresponds totheoretical results as explained in text.
Inset figure shows the stall forces in a regime of small lateral interaction energies.

The fact that the one-layer model works so well for description of the growth dynamics in

multifilament cytoskeleton proteins with lateral interactions is crucial since it allows us to compute

explicitly all dynamic properties. It can be done by mappingthe two-dimensional assembly process
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of the multifilament molecule into the growth of a single filament in one-dimension. As discussed

previously, the stall force is not influenced by the shifts between protofilaments, therefore, the

attachment and detachment rates can be written in a simpler form as

U = U0e[θΣ0−ΘFd/N]/kBT ,

WT = W0
T e[(θ−1)Σ0+(1−Θ)Fd/N]/kBT ,

WD = W0
De[(θ−1)Σ0+(1−Θ)Fd/N]/kBT . (17)

In these expressions we use the condition of the equal shiftswhich gives us|∆d j |= d andd−a j =

d/N. The probabilitiesPT andPD in the single filament system have been investigated before using

a mean-filed approach.15 Here, we will just briefly review the method.

We define an occupation numberni for the subuniti counting from the growing tip of the

filament. It is equal to 1 or 0 depending on the finding the end subunit in T or D-state, respectively.

Then, the master equations for the average occupation number 〈ni〉 can be written as

d〈ni〉

dt
= U〈ni−1−ni〉+WT〈n1(ni+1−ni)〉 (18)

+WD〈(1−n1)(ni+1−ni)〉− r〈ni〉,

where the random GTP hydrolysis mechanism is assumed and thetransition rates are given by Eqs.

(17). The equation for the average occupation number〈n1〉 of the tip subunit, which is equal to the

probabilityPT defined above, is given by

d〈n1〉

dt
= U〈1−n1〉−WT〈n1(1−n2)〉 (19)

+WD〈(1−n1)n2〉− r〈n1〉.

Then we apply the mean-field arguments to the above equations, and the correlations between

occupation numbers of two subunits can be neglected so that〈nin j〉 ≈ 〈ni〉〈n j〉. At steady state a
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solution〈ni+1〉/〈ni〉 = b can be obtained from the above equations whereb is a constant,

b =
U −PT(WT + r)

U −PTWT
. (20)

The probabilityPT can be obtained explicitly as a function of all transition rates which is the

solution of the following cubic equation36

[U − (U +WT + r)PT ] (U −PTWT)

+[WTPT +WD(1−PT)] [U − (WT + r)PT ]PT = 0, (21)

with 0 ≤ PT ≤ 1. The growth velocity of the multifilament assembly described by Eq. (7) is

simplified then as

V =
d
N

(U −WTPT −WDPD), (22)

which is the same as the mean velocity of a single filament withsubunit length of the sized/N.

The mean velocity of the system vanishes under the stall force, i.e., the left hand side of Eq. (22),

is equal to zero at this force. Then, combining Eq. (17) and (21), the stall forces can be calculated

directly for various values of the lateral interaction energy Σ0, as indicated by the solid line in

Fig. (4). It clearly shows a perfect agreement with the simulation results even for the full dynamic

picture, but it works especially well for the one-layer model. Therefore, the theoretical method

developed for the active multifilament assembly in the one-layer model works quantitatively well

and we can apply this method to investigate other propertiesof the system.

Mean Velocity and Dispersion

In this section, we investigate properties of the mean growth velocity and dispersion of an active

multifilament molecule under varying external forces and lateral interaction energies. For the

one-layer model with equal distance shift between the protofilaments the mean-field approach

developed above can be easily utilized for evaluating all dynamic properties of the biopolymer.
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The probabilityPT can be obtained by solving Eq. (21) directly given the external forceF and

the lateral interaction energyΣ0. Then the mean growth velocity and dispersion can be calculated

from Eqs. (7) and (8), respectively. The force-velocity curve for the microtubule from Monte

Carlo computer simulations and from our analytical calculations are presented in Fig. 5A. In

this case, the lateral interaction energy is neglected. It can be seen that the mean velocity is a

nonlinear decreasing function of the external force, and the theoretical predictions given by Eq.

(7) perfectly agree with the simulation results. In a similar fashion we can analyze the dependence

of the dispersion on the external load, as shown in Fig. 5C. The dispersion also decreases with

increasing the external forceF until the stall force, and our theoretical predictions quantitatively

describe this. But near the stall force the system experience significant fluctuations, leading to

increase in dispersion. This behavior is not captured by ourmodel because at these conditions

the correlations between states of neighboring subunits become important17 and the mean-field

approximations made in Eqs. (18) and (19) are no longer applicable. Note, however, that in this

case one can utilize a better theoretical method that takes into account spatial correlation in the

chemical composition of cytoskeleton proteins.17

In our approach we can also evaluate the influence of the lateral interactions on the mean growth

velocity and dispersion of the microtubule. Let us considerthe case of zero external forces. The

mean velocity and dispersion as a function of the lateral interactions obtained from simulations

and from our analytical calculations are shown in Fig. 5B and5D, respectively. Again, excellent

agreement between theoretical predictions and computer simulations are found for all ranges of

the lateral interactions. We determine that the mean velocity increases exponentially as the lateral

interactions between protofilaments become stronger (see Fig. 5B). Similar behavior is found

for dispersion (Fig. 5D). These observations can be easily understood if we recall that the lateral

interactions exponentially modify transition rates, as indicated in Eq. (3).

Our main theoretical suggestion is that increasing the lateral interactions decreases the number

of polymer configurations that are relevant for dynamics of multifilament molecule. In this case,

the one-layer model should properly account for these changes by neglecting less important con-
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Figure 5: Mean growth velocity and dispersion of the microtubule. (A) Velocity (in subunit/s) as
a function of the external force F with non-interacting protofilaments; (B) Velocity as a function
of the lateral interaction energyΣ0 with zero external forces; (C) Dispersion (in subunit2/s) as a
function of the external force F with non-interacting protofilaments; (D) Dispersion as a function
of the lateral interaction energyΣ0 with zero external forces. Black squares are from simulations
and solid red lines are described by Eqs. (7) and (8) as explained in the text.
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figurations. To test further these ideas, we would like to compare the velocity and dispersion of the

microtubule obtained in the one-layer approximation with the full dynamic picture. The ratio for

the mean velocities in two models as a function of the lateralinteraction energy is presented in Fig.

6A. One can see thatV in the one-layer model is always smaller. This is because only attachments

and detachments to specific protofilaments are allowed, while in the full dynamic model subunits

can bind or unbind from all protofilaments. However, as the lateral interactions increase the asso-

ciation/dissociation processes described by the one-layer model become dominant (all other rates

slow down). As a result, the ratio of velocities is quickly approaching unity forΣ0 ≥ 10 kBT.

Similar behavior is observed for dispersion as shown in Fig.6B.

The lateral interactions for microtubules have not been measured experimentally, but theoret-

ical estimates suggest thatΣ0 is probably in the range between 3 and 10kBT.9,19 It is possible

that the energy even stronger for bundles of filaments because of the larger area of interactions.

This suggests that the one-layer model provides a very reasonable quantitative description of the

complex processes in multifilament proteins. It also clarifies many issues associated with growth

dynamics in cytoskeleton biopolymers.
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Figure 6: (A) Ratio of mean growth velocities for the one-layer and for the full dynamic picture as
a function of the lateral interaction energyΣ0. (B) Ratio of dispersions for the one-layer and for the
full dynamic picture as a function of the lateral interaction energyΣ0. Dynamic properties for the
one-layer model are obtained analytically while the corresponding properties for the full dynamic
description are from computer simulations.
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SUMMARY AND CONCLUSIONS

In this article we investigated dynamic processes in cytoskeleton proteins by explicitly taking into

account the multifilament structure, the lateral interactions and the geometry of the biopolymer

ends. Our theoretical method also accounts for most relevant chemical transitions in cytoskeleton

filaments such as attachment/detachment of subunits and ATP/GTP hydrolysis. It is shown that

the dynamics of active biopolymers, where hydrolysis is taking place, is quite different from pas-

sive cytoskeleton filaments (without hydrolysis). In addition, the lateral interactions significantly

modify the dynamic behavior of multifilament molecules.

Using theoretical arguments that only few polymer configurations are relevant for multifila-

ment systems with lateral interactions between subunits, we developed a theoretical framework

that allows us to calculate explicitly all dynamic properties of cytoskeleton proteins. This approx-

imate method works surprisingly well even for the case of no lateral interactions. But the most

important advantage of this approach is the ability to explain the microscopic foundations of com-

plex processes in cytoskeleton filaments. All theoretical predictions are tested and fully supported

by extensive computer Monte Carlo simulations.

It is found that the stall force of the one-layer model slightly underestimates the correct value of

the stall force for the full dynamic system. The reason for this is that there are many possibilities for

the subunit attachments in the full dynamic description, while in the one-layer model there are only

few of them. As a result, the end subunits in the full dynamic picture have a higher probability to be

in the unhydrolyzed state, which leads to larger stall forces for typical conditions in microtubules.

This effect is stronger when the external forces do not affect much the association rates in the full

dynamic description in comparison with the one-layer model. We also investigated the scaling

of the stall force as a function of the number of protofilaments. For weak lateral interactions the

expected linear scaling is observed in the one-layer model.However, the behavior is different in the

full dynamic description, where the deviations from linearity, although not significant, are found.

It is argued that the mechanism of this phenomenon is associated with the fact that the probability

to have end subunits in T or D states depends on the number of protofilaments.
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Our theoretical method is convenient for analyzing the influence of the lateral interactions on

dynamics of cytoskeleton proteins. We found that the stall force, the mean growth velocity and

dispersion are increasing functions of the lateral interactions. This is related to the fact that the

lateral interactions effectively increase the attachmentrates and decrease the detachment rates.

Theoretical calculations indicate that the one-layer model provides a quantitative agreement with

the full dynamic description for the stall forces of microtubules, and the linear scaling with the

number of protofilaments is restored for realistic values ofthe lateral interactions. At the same

time, the mean growth velocity and dispersion asymptotically approach the correct values in the

limit of large lateral interactions.

Although the presented theoretical method is approximate,the comparison between analyti-

cal calculations and extensive computer simulations suggests that our approach probably correctly

captures the main physical and chemical processes responsible for complex dynamics in cytoskele-

ton proteins. However, it is important to note that our modelstill does not take into account many

important features of microtubules and actin filaments, such as mechanical degrees of freedom

and their coupling to underlying biochemical processes. Itwill be important to test our theoretical

predictions in experimental studies as well as in the more advanced theoretical analysis.
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