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PART ONE: 

FORMULATION OF A CELL MODEL 

USING PERIODIC BOUNDARY CONDITIONS 
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I. INTRODUCTION 

The classical free volume theory is known to have 

several inherent defects. These are most clearly illustrated 

in the application of this theory to a system of rigid spheresJ 

since W, W, Wood1 has shown for this case that the classical 

Lennard-Jones theory gives an exact solution to the Kirkwood 

free volume integral equation,2 For example9 we note the 

neglect of the cooperative motion of neighboring molecules 

and the inadmissibility of multiple occupancy of a cell, These 

defects have been discussed in detail by Buehler, Wentorf 2 

Hirschfelder, and Curtiss. 3 Buehler et al, have also dise 

cussed in geometrical terms intuitive modifications of the 

free volume of rigid spheres, 

Other modifications of the basic free volume theory have 

been presented by several authors, 4 These theories are pre-, 

dominantly concerned with the effect of multiple occupancy cr 

the so-called communal entropy factor, 

We wish to introduce an alternative cell model which is 

not a simple modification of the earlier free volume theoryo 

This model is based on the consideration of small systems 

with periodic boundary conditions, It introduces 3 in a 

3 
natural way, the hard center used by Buehler et al" and 

appears to be a significant improvement over the usual 

theory, 
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II. INTRODUCTION OF THE MODEL 

For a closed system of M monatomic molecules the 

Gibbs' phase integral in configuration space has the form, 

where 'l 

'( 1: 

\ ••• ~eX p (- ~ iPM) 
v 

-- I 

;0 

is the volume of the system, 

(II-1) 

(II-2) 

(II-3) 

T the 

absolute temperature, k the Boltzmann constant, and ~ '=tM 

the potential of intermolecular force. Since our theory is 

based upon a lattice model, we first proceed to separate the 

lattice energy from the total potential in a manner analo

gous to that followed by De Boero 5 We assume that the 

molecules can form a regular lattice configuration, which we 
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Spall later take to be a face-centered cubic arrangement. 

Then the potential energy for this regular lattice is given by 

M 

±LI (II-4) 

where the summation is carried out over all lattice points, 

and is the interaction between two molecules placed 

on sites a- and 6 respectively. 

We may write the phase integral in the following form: 

(II-5) 

where 

"r "i 

Q\11 - \" • ~ e X p l-p ( ~M ~ o \\ it d\f. (II-6) 
"" }j ft l- • 

Jt:'\ 

Following Kirkwood2 we span the volume by a virtual 

lattice equivalent to the regular lattice configuration 

mentioned above. We then consider N unit cells 1:::.,. ~. ~N 

in this lattice, each containing two lattice sites 

(thus N = 1/2 M). The integrals over 't in the configu-

ration space can be expressed as sums of integrals over the 
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individual cells. 

(II-7) 

The integrals in the sum in Eq. (II-7) may all be expressed 

in terms of integrals of type <4f (m1 · · a. inN ) where inl· .. in.N 

are the numbers of molecules occupying the respective cells 

L\ 1 • • • .l1N in the given term, with the results 

QM M 

L I Q (m, ... "'•) - (II-8) - n M~ ~! M 
Y'l\, "• rY\ N a:= I 

=0 

L. "Mp :oM 
• 

If we denote the integral corresponding to double occupancy 

of each cell by Q(2)' 

and define a parameter v;_ by the relation, 

M 

<JiM - L 
'fV\ I " ' Y¥\ f.l 

-=-o 

(II-9) 

) (II-10) 
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we may write in a formal way 

M (.2.) 
-- ~ Q • (II .. ll) 

In the limit of close packing, all terms except Q(2) can be 

neglected, and we see that Oj N1 ...... ( V:a) N and we shall 

approximate Gr2 by this value throughout the liquid range. 

At this point we wish to introduce a reasonable 

approximation for the potential of intermolecular force 

that will enable us to calculate QM(2). We first shall 

assume that ,t ;1:. 0 can be written as a sum of cell 
:r~ - ::t'M 

potentials (one term for each cell) which depend only on the 

position coordinates of the two molecules in the given cell. 

where ~- is now an effective potential energy for the 

molecules in cell 0(. • The sunnnation in Eq. ( II-12) is 

c.arried out over all cells cC. • The vectors and 

{1 ~oc give the positions of molecules one and two respec-

tively in each cell ~ If the pair potential is of 

sufficiently short range and if we neglect surface effects, 
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the cell potentials will all be identical. With this 

. • . Q(2) f 11 approxunat1.on we may wr1.te as o ows, 

(;..) 

Q ) 
(II-13) --

where 

h b 

Z;.=-) ~expt-ti/J(b.,l~ .. \ldn, J&J. (II-14) 

One can determine an integral equation for ~([! 1 J /!. ~ 
following the procedure developed by Kirkwood. 2 On doing 

so the following result is obtained (see appendix 2) 

( II-15) 

where 

H ;.. ~ ~ 

Ei = } IJ]" ( lk4.~\) t ~~I ~ ) W" 08 6--1.: ~o/!J r-U r<~ I ofi.~~)JJ,r J,!J '( 
'j 

and 

JL .2. 6 b (II-16) 

;} L. I \. · .\ w-(1~, -4, -t-!;J)j<&,~~r)ft,J~)./44 .. .J~ ~~2. ~ ., .l j 
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with 
0 

w-(1() =- ~rA) -1 . 
I> 

The potential f is .the value of f when the given partir-

cles are in a regular lattice configuration, ,r1 l and...z.2 ( 

are the displacement vectors for molecules one and two 

respectively in cell '( , and A is a Lagrange multi-

plier determined from the normalization condition on ~ . 

&~ is the lattice vector from the origin to cell "( 

We wish to make the following series of approxi-

mations which will enable us to obtain a first order solu-

tion to Eqo (II-15). We first form an auxiliary system by 

considering a two particle cell with periodic boundary con-

ditions wherein the molecules in each cell are to have the 

same relative cell positions [see Fig. 1 (a)]. The poten

tial function, ~ (~1 , ~2 ), for this two particle cell 

in this periodic system has the following form: 

X (4.1) Jh.) ~ cp (/fl,,.l) 
I 

+ 2 L ~ {I ~Mf +1,~1) -t f Cl ~ ),,,-1,.1~ 
(II-17) 

where ~t'l. = ~~- ~2,. 

(II-18) 



Figure 1 (a) 

A system with periodic boundary conditions in two 

dimensions. The central rectangle represents the ori.gin 

cell, the others are replicas of it. x1 and~ are the 

position vectors for molecules one and two respectively 

in the origin cell. 
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and .l, Jl, and .£. are the vectors .defining the bas.ic cell 

and m, n, and pare integers. The .prime means that m, n, 

and p cannot all equal zero at the same time. The phase 

integral Jr.L for a two-particle cell in this periodic 

system is 

1:) ~ 

Jl-= J )exp L-~X (ll~,.~uJ Jal J~ ... (II-19) 

b 

6~ eY-~L-~X(r)dt. - (II-20) 

where the second form is obtained by the transformation, 

J = !l, -~,_ ~ (II-21) 

to relative coordinates. 

This two particle system with periodic boundary condi-

tiona does not in itself provide an appropriate cell model 

for the liquid state. It is true that the integral in 

Eq. (II-20) is a cell type integral, but the potential 

is not an effective single particle potential function. We 



Figure 1 (b) 

Transformation to relative coordinates showing 

the effective single particle cell which is formed, 
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FIG. I (b) 
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evaluate the first term of Eq. (II-15) using the follow-

ing zeroth approximation. 

t =- 1 (II-23) 

(II-24) 

where $!!)is the three dimensional Dirac delta function. 

This form for .J (!:ly , r..2 't' ) was suggested by the 

p·er iodic boundary sys tern considered above. On subs ti tu tion 

we obtain, 

6 
(II-25) 

j { ~Of,l) tfUiy-/lh} )C!l,)J£2, 
As the zeroth approximation for f (£1) in our central cell 

we use ~ (,rl) and substitute this into the right hand 

side of Eq. (II-25). 

Then 

N 
- j- w-dJ,I) + L w-(IA¥'-!J,/) ~ 

(f=-.J. 

(II-26) 
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We next consider the system relative to molecule 

one and in a similar manner let 

~t/ 
( 11-2 7) 

be the zeroth approximation to be substituted into the 

second term of Eq. (11-15). This procedure yields 

(;11-28) 

This series of approximations enables us to factor 

Z J-. in the following manner, 

(11-29) 

where ~ 

Q= ju~[-,.J(g\]J&-
with 
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We thus see that the form for 1P presented in Eq,(II-22) 

can be related, in an intuitive sense, to the integral 

equation determining r 
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III. RIGID SPHERE MOLECULES IN A TETRAGONAL CELL 

Let the unit cell be a rectangular parallelepiped of 

dimensions a by b by c where a> b> c. If the molecules 

are rigid spher:es of diameter cr, exp. [- /;:··J (r)] 

has the following representation, 

I 1 

e..x p \..- ~ :na.~-= 1-\(ll--G") II~ H ( R-0") 
() 

(III-1) 

where 

(III·2) 

~ ) ~ ) and A_ are orthogonal coordinates, and 

H ( ~) - 0 ~""' d < c:r--
(III-3) 

H(a'l -=-J to-; 'a ~ cr. 
Equation (II-29) for Q is evaluated by an algebraic 

method similar to that described by Salsburg et al,6 

Consider an octant of the unit cell (~ ~ i> to have its 

origin at the center of a mathematical sphere of radius.~ 

[see Fig. 2(a)]. As ~is allowed to take on various 

values, a consideration of several distinct cases must 

be made as is illustrated in Fig. (2). 



Figure 2 

Example of the cases considered in the evaluation 

of Q for rigid sphere molecules in a tetragonal cell. 

The dimensions of the cell are a, b, and c; ~ is the 

diameter of a rigid sphere. Only the first octant is 

shown in the figure. 
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2 2 

FIG. 2 (b). 
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2 ~ 



17 

The volume integral of Eq. (II-29) is the volume of 

the tetragonal cell excluding the volume of the mathematical 

sphere contained within the tetragonal cell. The equation 

for Q may be written as 

Q=V- (III-4) 

where '1 1 is the volume of the sphere of radius cr contained 

within the octant of the tetragonal cell [see Fig. 2(a) ], 

and ~ is the volume of the tetragonal cell. 

As a result of these considerations we divide our calcu-

lations into the following distinct cases, remembering that 

For a~~·. b2 + c2 we have 

Cases: I 0~0"~ "I;.. 

II (_/2., "' ~ 
4 D/:l--

III b/~ ~ a- ~ YA ( b~ c, 2.) V4- (III-5) 
0 

IVO ~ ( b ... -f '- 2.) y,_ ~ ~ ~ o..r).. 
)Y..l.. 

vo o/A ~ cr ~ !l.l ( a '1.. ...,. c..' -
VI ~ {a. ~-t- c} )Y1. ~ () ~ ~ ( tt \~a.) v~ 

VII Ji (a.. 2...--f .b 1..) v).. ~ rr ~ ~ ( ~'"..; /:, 1-+ '- j Y~ 
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2 b2 + 2 have For a < c we 

Cases: I t> ~ a- ~ '-/;z.. 

II ch ~ cr ~ bj.L,. (III-6) 

III1 bj~ ~ f;J ~ a.;:;._ 

IV1 G..j;.._ ~ o- ~ f,( b ~+c1 
J.. .I. 

v 1 f.(_ i/+" 3-r-~-!::.. a- ~ ~ ( ~ 't-c iJ;A. 

VI J.. ( l-- l..\~ " L .J... I '1. J'·)i 
~ a.. -t c. J - rr- .;1. ca -r11; 

VII 

where subscripts 0 and 1 refer to a2 ~ b2 + c2 and 

a2 < b2 + c2 respectfully. Note that cases I, II, VI 

and VII are the same for either consideration. 

The final algebraic expressions for Q for the 

distinct cases can be found in appendix 3. 



19 

IV. FACE-CENTERED lATTICE OF RIGID SPHERE MOlECULES 

If the molecules are to form a face-centered cubic lat-

tice in their regular lattice configuration, then an appropri-

ate unit cell containing two molecules is a tetragonal cell 

of dimensions (see Fig. 3) 

a = f2'd 
b = d (IV-1) 

c = d 

At high densities the molecules are then forced into a cubic 

close packed arrangement. 

The reduced volume 11* is defined as 

VIc= 1'\ .. 1 "2 v (j~ (IV-2) 

where '\[ is the volume per molecule ( 2 Y = V ) . . In the 

cubic close packed configuration 

The relationship between ~fy~ and 1r~is 

(IV-3) 

where '\["0 is the volume per molecule at the closest 

possible packing. 

For the face~centered lattice 2 
c ' and four 

distinct cases are present as can be seen from an examina-

tion of Eqs. (III-5). We now wish to compute the equation 

of state for these four cases. In the following equations 



Figure 3 

The two particle unit cell for a face-centered 

lattice is shown inside two of the usual four particle 

cubic unit cells. 
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P' is the pressure of the system. 

Case 1: If {i ~ ~.,._ ~ C>() 

--

Case 2: 2 ~ '1/'~ ~ 'f 1/i. 

Case 4: 

-::. '\f~ ( ,.,. fl. ~;L.) - IJ 1T h 
v* {I+ fj. r/J,_)- c 7T + lf_3 

-- c-/o 

(IV-4) 
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Where 

A -= y>~< + . -l- ('If'~ -6 ~)- ~-<l--./:3 

+( s~+- Jlj;z)~'(ft)- t (I+ alij tv.,-'(~) 

B -:: If*' + l ( tt - 3A B: -+ v"') - ~~I§ -t 'lh t.M' w;) 
-t ( 5~~t - 3/l/;~.) ~ ({r)- (-% -t .(l4r) tw.:' (~) 

C. -=- Y~ ... .o.vy,. ( ~,."' ~...._ +/3)~-'(~)- ua-'(#;;)] 

-t 0+ ~) Lt,_:' (~) -k' r ~)] - ~ ll/3 

+ J?~ (I+ a4)L+~'(~) -t.--'(Ji)] _ ~v1 a'-k 

+ ( 5~'f - A_A)[~-~r~ -ec01(~)] 

D =- If'>~< - /). ~ ~L~' U0) - ~'(*a-)l 

+(s":&<f--1-A)\_ ~-'(~)- UJ_, ('jf)J 
-\ ~ l t...-----~ c 4) -~~ ( ~ -rt..;' c~J -~' ( 6~)] 
-L! + ~)Lk't~) -~'t¥JJ - ~ v-~.4'""-
+ if (,C.-I -f) lk,-l (~) -it.,-' (JA)] - d .A/~ 
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Here: 
~y~ ;2.}'&, 

h -=-

~ - ( \- A'-)y~ - -,: 

) - (I- ~) V:.. -
h - (1- { ~'") 1/.a. - • 

We expand Case 1 in powers of \(~ with the 

following result. 

\-+ (IV-5) 

Note that the correct second virial cofficient is obtained. 

The model gives higher order virial coefficients which are 

too large. In comparison, the classical Lennard-Jones model 

3 
does not yield an expansion in powers of y,.,. The Buehler 

3 et al. "average .model" also gives the correct second virial 

coefficient with the higher order coefficient again being 

too large. In many ways our calculation is similar to that 

of Buehler et al., and this will be discussed in a later 

section. 

The analytical results for Q and the equation of 

state exhibit continuity from case to case, thereby providing 

a check on the results. It is of considerable theoretical 
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interest to compare the equation of state results of this 

model with those of the Monte Carlo calculations of Wood 

7 and Jacobson. Comparison is also made with the Lennard-

Jones and Devonshire results3 and the results of Buehler 

et a1. 3 (see Fig. 4). 



Figure 4 

The equation of state for rigid spheres. The + 

represents the results of Wood and Jacobson's 32 molecule 

Monte Carlo calculationo The 0 represents the Lennard

Janes results, the A the results of Buehler et aL, and 

• the results of our model. 
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V. DISCUSSION 

From Fig. 4 it can be seen that the isotherm for our 

model is well defined in the region where the Monte Carlo 

calculations are discontinuous and does not display any insta-

bility or Vander Waal's loop. The results of the Monte Carlo 

calculations coincide with the results of our model for high 

densities. At low densities the isotherm for our model lies 

below the Monte Carlo isotherm. 

In the region of interest there is a slight inflection 

in our isotherm which indicates a higher order instability 

(see Fig. 4). The cause of this instability may be a 

mathematical artifact due to the artificial caging of the 

spheres at this high density, and therefore, we do not attri-

bute any physical meaning to it. 

In contrast to the Lennard-Janes model the motion of 

each molecule is not strictly independent of the motions of 

the other molecules. In fact some correlation is implied 

by our use of the periodic boundary model. 

Our model introduces in a natural manner the '~ard 

center" used by Buehler et al.3 
-

in their "average model", 

but the cell over which the integration is performed is much 

simpler than the corresponding cell in their model. They 

considered a regular dodecahedron as a unit cell with a 
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volume equal to the volume per moleculeo Within their unit 

cell there is a "free" molecule surrounded by its 't1tvelve 

nearest neighbors the centers of which form the unit cell. 

In our model the unit cell has a volume equal to tWice the 

volume per molecule and the effective cage is not formed by 

the twelve nearest neighborso Our "free" molecule has more 

volume in which to move. We feel that this additional space 

allowed the wanderer and the consideration of both molecules 

in the unit cell as wanderers gives a more realistic interpre-

tation of the liquid. Our model is one without smoothing as 

is the model of Buehler et alo 3 

In Figo (5) a comparison of the excess entropy, 

for the free volume theory and our model is giv~n. 

E' s 
is 

the excess entropy per molecule over that of an ideal gaso 

The free volume theory gives much too low an entropy; and 

although our results do show an improvement, the excess en

tropy is still too small when compared to corresponding 

values obtained by Alder and WainwrightS from their molecular 

dynamic calculations" 

, 



Figure 5 

The excess entropy per molecule. The 0 represents 

the results for a free volume model, and • represents the 

results of our model. 
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APPENDIX 1 

In the limit of high densities the spheres will tend 

to pack two to a cell since we have chosen N = M/2. If 

there are more than two molecules in a cell, then there 

will be overlapping and consequently a high potential energy. 

Hence we expect our approximation to be good for high 

densities. 

At low densities the approximation is fair as can be 

seen from an examination of the error in the entropy for the 

limiting case of an ideal gas. For an ideal gas consider a 

general case with unit cells appropriate to q molecules 

per cell (q = 1, 2, ••• ). Then 

l 'ttl, ••• m"") 
QM -: 

since all the cells are of the same size 6. 

(Al-l) 

We then 

approximate ~(ml···~) by its maximum term, i.e. when 

m1 = m2 ~ ••• = q. Then Eq. (II-8) becomes 

I 

Q"" =- (Al-2) 

since N = M/q. The prime indicates that the phase integral 

is approximate~ The true phase integral for an ideal gas, 
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Qk)is given by Eq. (II-6), 

(Al-3) 

On taking logarithms Eqs. (Al-2) and (Al-3) become 

(Al-4) 

and 

~ U~o~ ""~ t. + M.k M - MJ.,..t 
respectively. Note that when q = M, ~ Q~ -= k Q M • 

We wish to examine the situation for q = 2. Using 

Stirling's formula for M large Eqs. (Al-4) have the follow-

ing form, 

(Al-5) 

and 

The error € in the entropy per mole for the ideal 

gas limit is then, 

€=Mitl- ~~1 J 

which is small when compared to the entropy of the ideal 

gas. 
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APPENDIX 2 •.... 

We wish to follow the procedure developed by Kirkwood2 

for a system consisting of two particle cells.· We may write 

the potential of interaction w~ as follows, 

~ ~~ ~ 
~" i L I ~ 'i. w- U t~- -I~~D (A2-l) 

llllt~l '(;\ (.~\ ~~, 

t ot~~a-k 
where _ lat is the position vector from an arbitrary origin 

to molecule i in cell cl. . 
(2) 

The phase integral~ is related to the relative 

probability density in configuration space f>~2~ subject to 

the restraint of double occupancy, in the following manner, 

E (-.) 
M 

s {~) 
M 

(A2-2) 
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We now introduce the approximation, 

(A2-3) 

where ~ (~1 ~ , ~2~ ) depends only on the displacement 

positions of molecules one and two in cell ~ . In this 

approximation the free energy AM( 2) becomes 

where 

(A2-5) 

b ll 

) ~ W" (1£.,-A; +-!1;11)J(e,K,g_u)J-i,KJ~,y 
and !~ is the lattice vector from the origin of cell one 

to the origin of cell ¥ . 
The choice of ~ leading to the best approximation 

to the free energy under the given restraints is that which 

minimizes the free energy AM( 2) at constant T and A. 
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Regarding AM(Z) as a functional of J we obtain for the 

extremalization condition 

~ b 

~A~)= t-1 \ ~l.k. T ""'~ ~,.-1 ... ) t E,-t r::J ~ g<~,,t!..'l~,~~-:::. 0 (A2-6) 

where 

f. 
(. 

I 
~ 

A ~ 

+ f t ) ~ w-(lgr-;1,· +~,r~(~l¥1! 1~) kaJ1,t; (A2-?) 
'(~J. 6 _, 

subject to the normalization restraint, 

b !::> 

~ \ ~ ~(~ ,,~,_) J-1, J.~h -=- D . (A2-8) 

Using Lagrange multipliers, we obtain the 

following integral equation, 

(A2-9) 

h b 

where A is the Lagrange multiplier for ) \ ~) J1, J1 ~ -=- 0. 

We know that ,$ (r,l' r.2) is also related to lf <!1, ,r2) 

defined in Eq. (II-15). We can determine this relation

ship and thus an expression for ~ from the following 
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argumento Using Eq. (A2-9) in Eq. (A2-4) we obtain the 

following result for ~{2), 

{A2-10) 

where 

From the normalization condition and Eq. (A2-9) 

we obtain, 

(A2-ll) 

where 

t.l () 

G. -:: ~ ~ e"' p ~- ~ ( e-, .. E.l.)l Jl!, Jl.l).. • (A2-12l 

Using this result in Eq. {A2~10), ~{2) has the form, 

{~) \~ ( ~ 
A~ -=--~ Th. ~ - N j J ( r,; ~) J~, d1). ) {A2-13) 

which may be rewritten as follows, 
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where 

(A2-14) 

and 

b b 

ft = ~ ~ ~ g lfl,JJ~l d1_, J~~ . 
When the phase integral '(M(Z) can be factored in 

the following manner, 

(A2-15) 

the following identification can be made, 

l':l ~ 

'12 -=- ~ ~~"-?\-pL(r1 -f\)t{E,~-~)]jd~/1,~.<~2-16) 
It should be noted that when 

then 

and 

(~) 

o~ ) 

\j)~ (F-P.)+(E ... ~) 1 ) ~ r) ,. 

(A21-17) 
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APPENDIX 3 

Case I: 0 ~ cr ~ c../.2.. 

~ Qmo - g t ~ 
+ 1\~ ~ - ~~(b~c.) b ~ 1 c:...'!l ] +-qb 

+ \ ( <r'"- ~1M.. 4 \.-.j'(f?o~- ~ t...;' l~fa,JeJ] 

+ ( o-~~ - ~ )~'b.~(,,o)J + 6":1. 4,.;' ~.f~~J<~ 
12. ( (3",_- 1t ) ~' r b 11 
;+ 4.f L~f Cbj e}j j 
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1', (' 2-.f (. "L)y~ Case IV1 : fl/;t. ~ a- ~ 7.1- 10 

QIVl : Qm.D + _.11f ( ~ cr~ -t- t: -~ o-j 



where 

QVII :: g t t - ~ ~(b),) - ~ f(~)C.J 

- ~ (a'-- .r;)( p.;;'b;cc,.~ -~~ [*<,o)l) 
_ ~ ()(a.., b) + lo-~ _ ~"3 v ~~r~ l_ ~-~& . -J 

1 1o .J \ ~ fJA' :ijCttltJ)J @]("'JoJ 

+-}(~r•-~)( ~-ll.l~~,o)) -~-t;{4,.J) 

+-~ (t~' \ ~ l -t -k;'\~ l)- ab f (a)k) 
3 Llfcrj(a,1)J L~ ~JCttJc)1 '/cf 

~ ( 'E['--r ~:)(+...;' [~ fCb,<~ -~-hJc(,h)l) 

~ ( ~ + ~) ( ~-' Hr ( ~)<1- i,.;' I4t;,,)]) 
- ~ ( t,..,-1 &1- f c~,<)] + +..:' [ ~ s(k,o.l]) 

- ~ )((()~) + ~ !'(6J~)J 
q~ 'f 

• 
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PART TWO~ 

MOLECULAR DISTRIBUTION FUNCTIONS FOR SHORT 

RANGE CLUSTERING 
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I. INTRODUCTION 

In the statistical mechanical theory of liquids the 

concept of a molecular distribution function plays an impor

tant role.l The molecular distribution function theory is 

usually discussed in terms of the average densities of ordered 

sets. In the grand canonical ensemble these functions are de-
( r'l) 

noted by f ( 1 > ••• ) Yl) and have the following probabilistic 

interpretation. f ll\)( I 1 •• , > Y1)d~ 1 •• , J ~tt is equal to the proba

bility of finding an ordered set of molecules in d & 1 ••• din 

at '1, > •• • , i},r'\ .. 

In considering a system of rigid spheres, however, we 

will show that it is convenient to introduce an alternative 

set of distribution functions. This set of functions makes 

explicit use of the short range nature of most intermolecular 

forces in that the interaction sphere (i.e. a sphere centered 

about an arbitrary molecule of radius a , the range of the 

potential ) plays a specific role. This set of distribution 

functions, which we shall call short range molecular distri
CVI) 

J w ( I) ... 1 Yl) The butions functions, will be denoted by 
LV\) 

function t
1 

( 1) .. , 1 fl) defined in a grand canonical ensemble 

is the joint probability density that an ordered set of n 

molecules be located at the arbitrary positions ~ ~ IJ:: \ ) • • • ) ~ Y\, 

and all other molecules be excluded from a subvolume W. 
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As an example we consider the first function in this 

set, f ~o) , which can then be interpreted as the probability 

for the occurrence of cavities of volume w in the fluid. As 

is well known from early treatments2 of rigid spheres, .fw (O) 

is directly related to the excess chemical potential of the 

system. 

The higher order functions play an important role in 

a :set. of linear integral equations for the molecular distri-

bution functions developed by Kirkwood and Salsburg.3 In 

fact this is one of the major reasons for introducing the 

functions , and we intend to discuss their role in 

this set of integral equations. 
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II. DEFINITION OF THE SHORT RANGE MOLECUlAR 

DISTRIBUTION FUNCTION 

This presentation of the definition of the short range 

molecular distribution functions follows the general procedure 

3 of Kirkwood and Salsburg. 
Ul) 

The density ~N (1 1 ••• ) Y\.) of ordered sets of n 
Jw 

molecules, forming subsets of a closed system of N molecules, 

occupying a volume V such that no molecules not belonging 

to the set of n molecules is contained in a subvolume UV , 

is defined by the relation, 

(II-1) 

: D 

:: I otherwise 

• 
t'f\) 

Yr;1 ~\J,,,) 'f\) is a function of the coordinates £!. 1 > •• ·) ~ tt. 

in the 3n dimensional configuration space of the set 

n' and the coord1·nates 0 R 1·n the complete 
!:!1) •. •J -N 

3N dimensional phase space of the set of N moleculeso 
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The functions are the three-dimensional 

Dirac delta functions and the * >s indicate that no two 
(VI) 

..Q.1 are equal. The average densitY'_f.ti 1;,,J(\) of ordered 
~,w 

sets n, in a petite canonical ensemble of clos~d systems 

of N molecules, is then given by 

(II-2) 

~T 
h 

where AN is the Helmholtz free energy, m the molecular 

mass, h is Plank's constant, k is Boltzmann's constant, 

and T the thermodynamic temperature. We shall assume that 

UN is approximated by a sum of pair potentials. 

L L ll(R~·) 
• I d 

(II-3) 

l <. d 

Neglecting surface effects, all of the terms of 

Eq, (Il-l) defining lead to identical contri-

butions in the integral of Eq. (II-2) for a system of one 
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component, and there are l\\l 
(N- n) t 

such terms. Hence we have 

For mathematical convenience we now consider an open 

system composed of arbitrary numbers N of molecules of the 

given type in the fixed volume V . It may be noted that 

as long as we are concerned with average values of thermody-

namic properties for large systems, we will obtain the same 

results using the grand canonical ensemble as we would if 

we had used the canonical ensemble. The average density) 
{ft) 

gt,..J (I, I 1, > n) ) of ordered sets n at the point !] 1 J ''') 

!l is given by the theory of the grand canonical en
- YL 

semble in the following form, 

(W\) ~ en) ft. X+ N~- ll~t] 
{) (I J • I') n) = L. f' u) "') ¥1) e 
Jw N=o .JN)w (II-5) 

X -=- - ~v 
where jJ is the chemical potential per molecule, p is the 

pressure, and it is to be understood that P C~) is 
:J N, vJ 

equal to zero, if N < n. Using Eqs. (II-4) and (II-5) 

we may write 
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(~) 
We shall first investigate relations between J and 

(VI) 
where J , the average density of ordered sets of n 

molecules, is given by the following equation. 3 

(II-7) 

The difference between Eqs. (II-6) and (II-7) lies only in 

their volumes of integration. Since 

( II-8) 

when surface effects are neglected, one can substitute 

Eq. (11-8) into Eq.(II-6) and then change the order of sum-

mation which yields the following relation after using Eq.(II-7). 

(II-9) 

Through a similar analysis starting with Eq.(II-7) we 
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obtain the inverse relation, 

(II-10) 

While W is arh.itrary in the formal development we 

have in mind the consideration of a sphere of volume vV 

centered about molecule one in the subset n. Moreover, the 

radius of w is appropriately taken equal to the range of 

the pair potential function which we shall assume is finite. 

Comparing Eqs. (II-6) and (II-7) one can note that 

L 
en) 

j ( II-11) 

holds in general. We shall make a direct comparison for 

the case of an ideal gas (UN = 0 ) . 

I{- "rl. 

( \[- w) 
(II-12) 

After using the binomial theorem, changing the order of 

summation, and making the following substitution 

~ =- N-n-t 

where t is the index used in the binomial expansion, 
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(v-w) 
tt-'t'\ 

( V'l) 
we obtain the following result for Jw for an ideal gas 

(II-13) 

where for an ideal gas. 

In comparison for an ideal gas is given by the follow-

ing relation: 

• (II -14} 
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III. THE RElATIONSHIP BETWEEN THE EXCESS CHEMICAL 

POTENTIAL AND f~ c n) 

In the appendix we have outlined the derivation of 

some of the results of Kirkwood and Salsburg. 3 It is of 

particular interest to consider Eq. (A-6), which was de-

rived for a fluid system neglecting boundary effects, 
~ "\[ 'V 
~ 1 \ ( * (A) &i. t I £-:o ~ l j ' .. j K,. ( ll )., ",' b.-tl) J (.2)' .. ,IJ.~'\'rs-/"'J 

where 

--
(III-1) 

(tJ. ~o) 

and 

• 

Using Eq. (II-10) we can express Eq. (III-1) in the following 

manner. 
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v v 
~ ... b- .. • ) K10 M-( I; 2, , ,. 1 ll-t 0 

(III-2) 

In Eq. (III-2) we make the following substitution 

and change the order of smmnation to obtain 

As is remarked in the appendix, we are considering a 

coordinate system relative to molecule one in Eqa (A-6} and 

thus also in Eqs. (III-2) and (III-3). In subsequent 
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discussions molecule one will at times be referred to as 

the ghost molecule since some of the distribution functions 

will be defined for open systems in which the interactions 

with molecule one do not appear. 

If the potential of intermolecular force is idealized 

as that appropriate to two molecules with rigid impenetra-

ble cores of diameter cr , exerting on each other a total 

force of finite range a , then when molecule one is at the 

center of a sphere of radius 

function in K* is zero when 

Eq. (III-3) takes the form 

-<> t 

~~ 
t '=-0 b. ':. 0 

--

a and volume W , the f- 1} 

j lies outside w , and 

(III-4) 

We may rewrite Eq. (III-4) as follows: 

(III-5) 
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where 

t 
~~ ~ 

~":..() 
(III-6) 

(Note that Ko* = 1.) 

One first notes that Ft = 0 with t > 0 for a system 

of rigid spheres. This is evident by noting from Eq.(III-6) 

that 

=o for t > 0. 

For potentials differing slightly from a rigid sphere 

potential we shall assume that F t is small for t > 0. 

We now wish to consider the formulation for the chemical 

potential for a square well interaction. The functional form 

of flj is shown in Fig. (III-1). 

€ 
I 

-It------" 

FIG. (III-1) 
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In this situation with the radius of equal to a , 

Ft has the following representation in terms of Jt where 

! is a vector whose origin is at the center of w . 

=o 
\R\ .e:. cr--

::. \ 

(III-7) 

~ - ( ~) e ~ 
--

Now we divide the volume of integration ~ into two parts, 

the first over a sphere of radius o- and the second over 

the remaining shell denoted by a - o- The multiple 

integrals over ~ may then be e~panded with the following 

result, 

t 

2 

Using Eqs. (III-7) and (III-8) in Eq. (III-5) leads to 

the following result for this modified potential, 
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t 
(I+ G) 

t! 
(III-9) 

The function, P. (t) 
~-() 

phy:s ica lly re.pre.r&.e.nt:s the joint 

probability of any ordered set of t molecules being in the 

shell a - o- with all ot:hers outside W and will effec-

tively be zero for large t. 

Now we wish to make a perturba t:ion study u:s Lng 

Eq. (III-5) and the following represent.ation for ftj ~ 

0 I 

~j = f + flj 
0 

f -· -1 IB\ < 0"' 
0 

f ·- 0 I!\ > cr ( III-11) 

£' ·- 0 \~ < () 
lj 

I 6 (B,.lj) r.1 <Hil fl. < a 0 

J 
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From Eqs. (111~6) and (III-11) the following relations for 

Ft are obtained, 

( 111-12) 

Keeping only t.erms of first order in ~ Eq. ( !11-12) 

becomes, 

F = 1 
0 

Ft = 0 for t > 0 \~\ < (/" 

6 <E.1z) 

(Ill-13) 

Ft = 1 + for t > 0 a > \R \ '"- cr / ,_ 

Using Eqs. (III-8) and (III-13) in (lii·-5), the 

following relation is obtained for the excess chemical 

pot.ential, 

~-a-

J_ \\ \~ ~(R \I o (.2)dv (Ill-14) 
t ~ j L -~ JJ ra.-a- ;., 
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where 

(III-15) 

For the case of a square well potential Eq. (III-14) 

reduces to Eq. (III-9) when only first order terms are 

considered. 

We shall now compare Eq. (III-5) with a similar expres-

sion obtained from Eq o (III-1) for the idealized potential 

of intermolecular force described above. Again nothing in 

* this case that flj in K vanishes when j lies outside vJ 

Eq. (III-1) becomes 

_g~e..e r - (III-16) 

The series in Eq. (III-5) converges faster than the corre-

spending one in Eq. (III-16) for a large class of systemso 

In particular for a system of rigid spheres the right hand 

side of Eq. (III-5) consists of only one term since F is 
t 

zero for t ~ 0 and is equal to one when t = Oo Thus 

(III-1 
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We note again that is just the probability of 

finding a cavity of volume W No similar simplification 

takes place in Eq. (III-16} when we restrict ourselves to 

the consideration of only the more common distribution 

functions, ~ (t) 



57 

IV. THE GENERAL THEORY FOR RIGID SPHERE SYSTEMS 

For rigid spheres of diameter o- the function flj 

is zero outside a sphere w with radius rr centered at 

the position ! 1 of molecule one and is equal to minus one 

inside Eq. (III-1) becomes 

and Eq. (III-9) becomes 

Co) 
Jw (IV-2) 

since it only has one term when a = o-. Using Eqo (11~·9) 

one can see that Eq. (IV-1) is equivalent to Eq. ( IV-2) o 

As an alternative procedure we now write Eq. (IV-1) 

in the following form, 
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Letting 

(IV-4) 

and using Eq. (II-9) we find 

After making the following substitution 

p = k + s-1 

and changing the order of summation, we obtain 

Since 

) 
(IV-7} 

we may write J(2) as follows, 

(IV-8) 
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where 

To interpret as a conditional joint 

probability function, we first construct a virtual sphere 

of radius ~ and volume ~ centered at the position of 

the "ghost" (molecule one) and fix a molecule at an arbitrary 

position _!2 in W Then under these conditions 

is the probability density of finding 

exactly p other molecules anywhere in W and all other 

molecules in the system outside of vJ • 

( ...J- '-,.(i.) denotes an average over this 
~.,., '~· 

conditional probability density. Using Eq. (IV-8), 

Eq. (IV-3) becomes 

lA) J I ~) I /- <~ .. , /~ ~ . (IV-9) 

l]sing Eq. (A-7) we shall analyse the kernel, K( n), 

for the set of integral equations develop.ed by Kirkwood 
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3 and Salsburg for systems of rigid spheres and develope a 

physical interpretation of these functions. The integral 

equations are given by 

ll\ J 
(Y\) ~~~e. -1An C V\-t) s ( \ ) I 1 ojYl) ":: s e J l l j 1 1 o ) Y\) 

(IV-10) 

where 

(IV-11) 

and 
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For rigid spheres Eq. (IV-11) becomes 

Using Eq. (II-9) in Eq. (IV-12) the following expression is 

obtained, 

(IV-13) 

We now let t = s + k replace k as one index of sum-

mation and then interchange the order of summation over 

s and t. This gives 
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The summation over s can be immediately carried out. 

t )-

-;) L: (-}L .J_ (itt {IV-15) 
(0+1) ~ (t-A)J t! 

0'= I 

From Eqs. {lV-14) and (IV~15) we obtain 

where 

\ - {iV-17) 
t -t-1 

with 

(IV,.l8) 

I 

conditional 

probability density for t molecules to be located within the, 

volume tA) with an ordered set of n molecules located at 

rz, ••. ' rn+l with all others {excluding the ghost) 

outside W 
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V. PROPOSED USE IN NUMERICAL CALCULATIONS 

4 Wood and Parker have shown rigorously the equivalence 

of the general Monte Carlo method and the classical-mechani-

cal petite canonical ensemble of Gibbs using the theory of 

Markov chains. The object of the Monte Carlo method is to 

generate a Markov chain in which asymptotically each state k 

recurs with a frequency proportional to the appropriate 

weighting factor for that state, (e.g. the Boltzmann factor 

for a petite canonical ensemble). Then the average over the 

chain for any function of the configuration state, in which 

each occurrence of any state is given equal weight, will 

converge to the corresponding ensemble average of the same 

quantity as the chain length increases. 

In section III we showed the relationship of the excess 

chemical potential for rigid spheres to the probability for 

the occurrence of cavities of volume uJ , where ~ has the 

volume of a sphere of radius o- . The computation of this 

probability is especially suited to the Monte Carlo method. 

This calculation can be done by counting the number of 

cavities of volume W in a permissible configurationo This 

number is then averaged over a large number of configurations 

to obtain the desired probability function. 

For the square well potential system mentioned in 
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section III pe can be evaluated using Monte Carlo 

methodso We can examine each permissible configuration for 

the occurrence of a specified number of particles in a fixed 

volume element (shaded area) of given size (see Fig. V-1). 

FIGo V-1 

This number is then averaged over a large number of configu~ 

rations to obtain the desired probability function which is 

directly related to JU~ 

It should also be possible to use Monte Carlo methods 

to evaluate the kernels, K(n), due to their probabilistic 

interpretation given in section IVo 
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One may ask if this procedure for calculating fe has 

any advantage over the thermodynamic method of computation. 

( T const.) 

where '\f = molar volume. Using the Monte Carlo 

method the equation of state can be calculated easier than 

our probability functions, but one must note the difficulty 

that arises due to the discontinuity5 in the equation of state 

even in the case of rigid spheres. Since in this thermody

namic procedure we need to integrate over this discontinuity 

in order to obtain j1 in the high density region, our 

proposed procedure based on the properties of molecular dis~ 

tribution functions appears to have some advantageso 
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APPENDIX 

We give here a brief outline of the Kirkwood and 

Salsburg 3 treatment of molecular destribution functions. 

In a monatomic system of N particles select one of 

the molecules of the set 

lA ~) 
-fo N e 

(I) 

'\(~ -

n, say molecule 1, and write 

(A-1) 

• 

N 
Expanding the cluster product 1\ ( ltf,l) to 

d': V\'tl 

obtain partial integrands of products, 7i t 1• , con-
J-=-rt+l d 

taining factors ftj for s distinct molecules of the 

residual set of N-n molecules, one obtains the following 
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set of integral equations~ 

(A-2) 

'Y\. '= \) .l) ~. ') oD 

Noting that 

(A=3) 
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the following expression for the excess chemical potential, 

JJ e) can be derived by integration of both sides of the 

first of Eqs. (A-2), n = 1, over the volume of the system. 

-- /-1-
(A=4) 

X 

If the potential of intermolecular force is idealized 

as that appropriate to two molecules with rigid impenetrable 

cores of diameter v , exerting on each other a total 

force of finite range a, the cluster sums on the right 

hand sides of Eqs. (A-2) and (A-4) are finite sums, each 

containing at most y terms, where y + 1 is the maximum 

number of spheres of diameter cr which can be packed into 

a sphere of radius a. For this idealized type of inter~ 

molecular force Eq. (A-4) becomes 
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For fluid phases, gas or liquid, the partial integrals 

over 2," .. , s+l are independent of the position of one, and 

Eq. (A-5) becomes 

--
(A-6) 

and positions are now relative to one. 

The system of integral equation, Eqs. (A-2), may be 

written3 in the following equivale.nt form for fluid systems 

and the idealized potential of intermolecular force descr:i,bed 

above. 

( 1\) J (I; I •• ) Yl) 

+ 
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where 

( (\ .,...4) 

$ ( l.J •• ·; n -t- a-t 1 ) 

( ~' \ 
~ t :l.) .... ) )'\+1) 
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2 
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