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A self-trapped Bose-Einstein condensate is shown to be stabilized in two-dimensional free space by Rabi
oscillations between two hyperfine states which make an effective interatomic interaction oscillate in time. The
stabilization mechanism is elucidated by using a two-component Gross-Pitaevskii equation combined with a
variational analysis. The parameter regime of stability is investigated.
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I. INTRODUCTION

A droplet of water is a self-trapped object, in which attractive and repulsive interactions between the water molecules are balanced. Such a self-trapped system is hard to
achieve in the usual gaseous phase, since thermal expansion
of the gas must be prevented by a strong attractive interaction between particles, which, however, would lead to collapse of the gas into a denser phase. A gaseous Bose-Einstein
condensate 共BEC兲 is the most promising candidate for creating a self-trapped gas, or a “BEC droplet,” because of unprecedented controllability of the parameters of the system.
In one dimension 共1D兲, a BEC droplet, or a matter-wave
bright soliton, is stable with an attractive interaction between
atoms counterbalancing zero-point quantum pressure. This
novel state of a gas has been experimentally achieved by the
ENS group 关1兴 and the Rice group 关2兴 by using a 7Li condensate in quasi-1D traps. In 2D and higher dimensions,
however, there is neither a stable nor metastable state of a
BEC droplet if the interaction is short range and constant in
time 关3兴.
Dynamic stabilization is a possible way to obtain a BEC
droplet in 2D and 3D. It has been shown that if the interaction is made to oscillate in time, a BEC droplet can be dynamically stabilized in 2D 关4,5兴 by a mechanism similar to
that for the stabilization of an inverted pendulum 关6兴. This
stabilization mechanism for a BEC droplet has been studied
by several authors 关7–12兴. We have shown that the same
mechanism can also stabilize a BEC droplet in 3D in the
presence of dissipation 关13兴. Another dynamic scheme to stabilize a BEC droplet in 3D is to use feedback control of the
interaction 关14兴.
With respect to the stabilization method proposed in Refs.
关4,5兴, we must oscillate the interaction between repulsive and
attractive at a frequency much higher than the characteristic
frequencies of the system. If we use the magnetic Feshbach
resonance 关15兴 to oscillate the interaction, we should oscillate the strength of the applied magnetic field at such a high
frequency. We propose in the present study a method to
achieve this dynamic stabilization without using any timedependent Feshbach control of the interaction. Our idea is to
use two hyperfine states with different scattering lengths. We
will show that the Rabi oscillation between these hyperfine
1050-2947/2007/76共5兲/053619共6兲

states causes an effective oscillation of the scattering length,
thereby stabilizing a BEC droplet through the mechanism
proposed in Refs. 关4,5兴. This method simply irradiates the
system with a constant electromagnetic wave.
This paper is organized as follows. Section II is devoted
to describing a system of a two-component BEC driven by
an external field. Section III performs numerical integration
of the two-component Gross-Pitaevskii equation to show that
the BEC droplet is indeed dynamically stabilized. The stability diagram for the scattering lengths is obtained. Section IV
derives an effective single-component equation and combines it with a variational method to elucidate the stabilization mechanism for a BEC droplet by hyperfine Rabi oscillations. Section V provides conclusions.
II. FORMULATION OF THE PROBLEM

We consider a situation in which bosonic atoms with hyperfine degrees of freedom are irradiated by a uniform electromagnetic wave that is resonant with the energy difference
between two hyperfine states of the atoms. The atoms are
assumed to be tightly confined in the z direction by harmonic
potential mzz2 / 2 that is independent of the hyperfine state.
If បz is much larger than the other characteristic energy
scales, the wave function in the z direction is frozen in the
ground state of the harmonic potential, and then the system
can be reduced to 2D. We will consider the 2D system in the
subsequent analysis.
The Hamiltonian for the system consists of three parts:
共1兲

Ĥ = Ĥ0 + Ĥf + Ĥint .

The noninteracting part of the Hamiltonian Ĥ0 is given by
Ĥ0 =

冕

2

冋

dr 兺 ˆ †i 共r兲 −
i=1

册

ប2 2
ⵜ + Vi共r兲 ˆ i共r兲,
2m

共2兲

where ˆ i共r兲 annihilates an atom in hyperfine state i, m is the
atomic mass, and Vi共r兲 is an external trapping potential for
hyperfine state i. The effect of the resonant field on atomic
state is described by
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Ĥf = ប

冕

dr关⍀ˆ †1共r兲ˆ 2共r兲 + ⍀*ˆ †2共r兲ˆ 1共r兲兴,

(a)

共3兲

where 兩⍀兩 is the Rabi frequency and arg共⍀兲 is the phase of
the field. The interaction between ultracold atoms is short
range and described by the contact Hamiltonian
Ĥint =

2ប
m

2

冑 冕
mz
2ប

1
0.8

d1+d2

0.6

N100µm(t)/N

0.4
0.2

2

dr 兺 aijˆ †i 共r兲ˆ †j 共r兲ˆ j共r兲ˆ i共r兲,

0
0

共4兲

(b) 0.6

where aij is the s-wave scattering length between atoms in
hyperfine states i and j. The factor 关mz / 共2ប兲兴1/2 in Eq. 共4兲
comes from the integration with respect to z.
In the mean-field approximation, the system at zero temperature is described by the 2D Gross-Pitaevskii 共GP兲 equations

0.4

iប

冉

434 500
t [ms]

504

t = 430 ms

0.4

t = 500 ms

共5a兲

冊

+ g12兩1兩22 ,

共5b兲

where i共r , t兲 is the macroscopic wave function satisfying
the normalization condition
2

dr 兺 兩i共r,t兲兩2 = N,

共6兲

i=1

with N being the number of atoms, and
gij =

2

0

(c)
t=0

2
ប2 2
= −
ⵜ + V2 2 + ប⍀*1 + g22兩2兩22
t
2m

冕

1.5
d1+d2
d1
d2

0
430

冊

冉

1
t [s]

0.2

1
ប2 2
= −
ⵜ + V1 1 + ប⍀2 + g11兩1兩21
t
2m
+ g12兩2兩21 ,

iប

0.5

i,j=1

4ប2aij
m

冑

mz
2ប

共7兲

representing the interaction coefficients.
III. STABILIZATION OF A TWO-COMPONENT BEC
DROPLET

The interaction parameter of the system oscillates between g11 and g22 by the Rabi oscillation between two hyperfine states. If one of them is positive and the other is
negative, the stabilization mechanism in Refs. 关4,5兴 is expected to be applicable to the present system. This is the
main idea of the present paper.
We assume that all the atoms are initially in hyperfine
state 1 and confined in radial trapping potential V1
2 2
= m⬜
r / 2. The initial wave function 1 is then the ground
state of GP equation 共5a兲 with 2 = 0 and ⍀ = 0. At t = 0, the
radial trapping potential is switched off and the radiation
field is switched on—i.e., V1 = V2 = 0 and ⍀ ⫽ 0 for t ⬎ 0.
We first investigate the dynamics of the system for specific values of the scattering lengths: a11 = 0.75 nm, a22 =
−1.5 nm, and a12 = 0. The radial trapping frequency for preparing the initial state is ⬜ = 2 ⫻ 25 Hz, and the trapping

FIG. 1. 共Color兲 共a兲 Time evolution of the normalized peak density d1 + d2 and that of the fraction of atoms within r = 100 m for
a11 = 0.75 nm, a22 = −1.5 nm, a12 = 0, and ⍀ = 2 ⫻ 500 Hz. The initial state is the ground state in the presence of a radial trapping
potential with ⬜ = 2 ⫻ 25 Hz, and the trapping potential is
switched off at t = 0. 共b兲 Time scale of 共a兲 is magnified. Smallamplitude oscillations in 共b兲 are invisible in 共a兲 because of the time
resolution. 共c兲 Snapshots of the normalized density profiles 共兩1兩2
+ 兩2兩2兲ប / 共m⬜N兲 at t = 0, 430 ms, and 500 ms. The size of the
images is 30 m ⫻ 30 m.

frequency for confinement in the z direction is z = 2
⫻ 5 kHz. The ratio z / ⬜ = 200 is sufficient for the 2D approximation to be valid. The number of atoms is N = 2500,
and the Rabi frequency is ⍀ = 2 ⫻ 500 Hz. The ratio
z / ⍀ = 10 assures that no axial modes are excited by the
Rabi oscillation. For this condition, the attractive interaction
by a22 dominates the kinetic pressure and the system collapses even in the absence of the trapping potential if the
atomic state is fixed to the hyperfine state 2.
Figure 1共a兲 shows the time evolution of normalized peak
density d1 + d2 and that of the fraction of atoms around the
center, N100 m共t兲 / N, where
di共t兲 =

ប
兩i共r = 0,t兲兩2
m  ⬜N
2

N共t兲 = 兺
i=1

冕



共i = 1,2兲,

2r兩i共r,t兲兩2dr.

共8兲

共9兲

0

We can clearly see that collapse is prevented and the BEC
droplet is dynamically stabilized. The Rabi oscillation between the two hyperfine states induces oscillations of the
total density at the same frequency, with the amplitude being
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IV. ANALYTIC RESULTS
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In this section, we analytically study the stabilization of a
BEC droplet shown in Sec. III.
We first transform wave functions 1 and 2 into

sta

-1.6
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冊

We note that ⍀ is included only in the term of the radial
trapping potential used for preparing the initial state, and
therefore the change in ⍀ only affects the initial wave function in the normalized form of GP equation 共10兲. We performed numerical simulations also for ⍀ = 2 ⫻ 1 kHz and
confirmed that the stability region is almost the same as in
Fig. 2.
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FIG. 2. Stability diagrams for a BEC droplet with respect to 共a兲
a12 and a11 for a22 = −1.5 nm and 共b兲 a12 and a22 for a11 = 0.5 nm.
The gray scale shows the lifetime of the BEC droplet. The white
region has a lifetime of at least 2 s. The solid lines divide the
regions of collapse and expansion. The dashed lines are given by
Eq. 共28兲.

larger for higher density 关compare the left and right panels in
Fig. 1共b兲兴. The long-period oscillation at the frequency of
about 8 Hz persists for a long time 关solid curve in Fig. 1共a兲兴.
The initial decrease in the dashed curve in Fig. 1共a兲 shows
that a small fraction of atoms are lost from the central region
mainly during the initial formation of the droplet. These atoms have escaped from the droplet for lack of the radial
trapping potential.
We next consider the stability of the BEC droplet for various values of scattering lengths. Figure 2共a兲 shows the stability diagram with respect to a11 and a12 for a11 = −1.5 nm
and Fig. 2共b兲 with respect to a22 and a12 for a11 = 0.5 nm. In
the white region, the lifetime of the BEC droplet is at least
2 s. We find that a band of stable region lies between regions
of collapse and expansion. These two types of instability are
divided by the solid lines in Fig. 2. The stable region disappears for a12 ⱗ −0.2 nm. As we can see in Fig. 2共a兲, the value
of a11 in the stable region becomes negative as a12 increases.
However, this would not hinder an initial state of the condensate from being prepared. One can prepare the condensate in a positive a11 and switch a11 to an appropriate negative value at t = 0.
The stability region is not sensitive to the Rabi frequency
⍀. To see this, we normalize the time, length, and wave
function by 兩⍀兩−1, 关ប / 共m兩⍀兩兲兴1/2, and N关m兩⍀兩 / ប兴1/2, respectively. GP equation 共5a兲 then becomes

⌿1 = 1 cos兩⍀兩t + iei2 sin兩⍀兩t,

共11a兲

⌿2 = 2 cos兩⍀兩t + ie−i1 sin兩⍀兩t,

共11b兲

where ⍀ = ei兩⍀兩. Substituting Eq. 共11兲 into GP equation 共5兲,
we find that the terms proportional to 兩⍀兩 vanish, and we
obtain
iប

g11 + g22
⌿1
ប2 2
=−
共3兩⌿1兩2⌿1 + 2兩⌿2兩2⌿1
ⵜ ⌿1 +
8
t
2m
− e2i⌿1*⌿22兲 +

g12
共兩⌿1兩2⌿1 + 2兩⌿2兩2⌿1
4

+ e2i⌿1*⌿22兲 + 共g11 − g22兲

再

cos 2兩⍀兩t
兩⌿1兩2⌿1
2

冎

+

i sin 2兩⍀兩t −i * 2 i
关e ⌿2 ⌿1 − e 共2兩⌿1兩2 + 兩⌿2兩2兲⌿2兴
4

+

g11 + g22 − 2g12
兵cos 4兩⍀兩t共兩⌿1兩2⌿1 − 2兩⌿2兩2⌿1
8

+ e2i⌿1*⌿22兲 + i sin 4兩⍀兩t关e−i⌿2*⌿21 + ei共− 2兩⌿1兩2
+ 兩⌿2兩2兲⌿2兴其,

共12兲

where we set V1 = V2 = 0. The expression of iប⌿2 / t is obtained by replacements ⌿1 ↔ ⌿2, g11 ↔ g22, and ei ↔ e−i in
Eq. 共12兲.
The initial state of 2 is assumed to be 2 = 0 and then
⌿2 = 0 at t = 0. Setting ⌿2 = 0 in the expression of iប⌿2 / t
gives
iប

⌿2 ie−i
=
关2共g11 − g22兲sin 2兩⍀兩t
t
8
+ 共g11 + g22 − 2g12兲sin 4兩⍀兩t兴兩⌿1兩2⌿1 ,

共13兲

which indicates that ⌿2 is of the order of 1 / 兩⍀兩. We therefore
approximate that ⌿2 is always zero. Equation 共12兲 is then
approximately reduced to the single-component GP equation
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iប

⌿1
ប2 2
=−
ⵜ ⌿1 + G共t兲兩⌿1兩2⌿1 ,
t
2m

共14兲

R̈0共t兲 =

冊

3N
1
ប2 NG0
−
3
2 +
m
2m R0共t兲 2mR40共t兲

⫻共t兲共G1 cos 2兩⍀兩t + G2 cos 4兩⍀兩t兲 + O共2兲,

where
G共t兲 = G0 + G1 cos 2兩⍀兩t + G2 cos 4兩⍀兩t,

G0 =

3共g11 + g22兲 + 2g12
,
8

共16兲

g11 − g22
,
2

共17兲

g11 + g22 − 2g12
.
8

共18兲

G1 =

G2 =

冑N

冑R共t兲

冋

exp −

册

mṘ共t兲r2
r2
,
+
i
2បR共t兲
2R2共t兲

共19兲

where R共t兲 is the variational parameter that characterizes the
size of the droplet and the second term in the exponent describes mass current which is required to satisfy the equation
of continuity. The action that derives Eq. 共14兲 has the form

冕 冋

册


ប2 * 2
G共t兲
兩⌿1兩4 .
⌿ ⵜ ⌿1 +
drdt − iប⌿1* ⌿1 −
2
t
2m 1
共20兲

Substituting Eq. 共19兲 into Eq. 共20兲 and taking ␦K / ␦R = 0, we
obtain the equation of motion for R共t兲,

冋

where the overbar indicates the time average for the rapid
oscillation, we finally obtain an effective equation of motion
for slowly varying parameter R0共t兲 as
R̈0共t兲 ⯝

To check if Eq. 共14兲 captures the stabilization mechanism
for a BEC droplet, we perform a variational analysis by using time-dependent Gaussian variational wave function 关16兴
⌿1 =

共25兲

共15兲

with

K=

冉

册

1
ប2 NG共t兲
.
R̈共t兲 =
2 +
3
m
2m R 共t兲

R共t兲 = R0共t兲 + 共t兲.

共22兲

mNG0
⬍ − 1,
2ប2

N
共G1 cos 2兩⍀兩t + G2 cos 4兩⍀兩t兲,
2mR30共t兲

共23兲

where we neglect the terms of order 兩⍀兩−2. Since R0 can be
regarded as a constant in the fast time scale in Eq. 共23兲, we
have
共t兲 ⯝ −

共27兲

which gives the condition for stability against expansion. Using Eqs. 共16兲 and 共27兲, the boundary between the stable and
unstable regions is given by
3共a11 + a22兲 + 2a12 = −

4
N

冑

2ប
.
mz

共28兲

This boundary is shown in Fig. 2 by the dashed lines, which
show close agreement with the numerically obtained boundary.
We note that the second term on the right-hand side of Eq.
共26兲, which originates from the oscillating part of the interaction in Eq. 共14兲, prevents the system from collapsing.
Thus, the effective oscillation of the interaction by the Rabi
oscillation dynamically stabilizes the BEC droplet. The system is stationary 共R̈0 = 0兲 with the size of the droplet,
R0 =

冋

3N2共4G21 + G22兲
64兩⍀兩2兩2ប2 + mNG0兩

册

1/4

,

共29兲

which is ⯝6.4 m for the parameters in Fig. 1. Comparing
the density profile at t = 0 关R = 共ប / m⬜兲1/2 ⯝ 7.6 m兴 with
those at t = 430 and 500 ms in Fig. 1共c兲, we can see that this
value of R0 agrees well with the numerical one. The frequency of the small oscillation around Eq. 共29兲 is obtained as

The rapidly oscillating part of Eq. 共21兲 is approximated to be
¨ 共t兲 ⯝

冊

The first term on the right-hand side of Eq. 共26兲 originates
from the kinetic energy and the constant part of the interaction energy. For stationary R0 to exist, the coefficient of the
first term must be negative, i.e.,

共21兲

Noting that the dynamics comprises rapid and slow oscillations as shown in Figs. 1共a兲 and 1共b兲, we separate R共t兲 into a
slowly varying part R0共t兲 and rapidly oscillating part 共t兲 as

冉

3N2共4G21 + G22兲
1
ប2 NG0
+
. 共26兲
+
m2 2m R30共t兲 128m2兩⍀兩2R70共t兲

=

8冑2兩⍀兩兩2ប2 + mNG0兩

冑3mN冑4G21 + G22

,

共30兲

which is ⬃2 ⫻ 12 Hz for the parameters in Fig. 1, in qualitative agreement with the numerical result of about 2
⫻ 8 Hz. The difference may be due to the large amplitude of
the oscillation as shown in Fig. 1共a兲.
V. CONCLUSIONS AND DISCUSSION

N
共4G1 cos 2兩⍀兩t + G2 cos 4兩⍀兩t兲.
32mR30共t兲兩⍀兩2
共24兲

Substituting Eq. 共24兲 into the slowly varying part of Eq. 共21兲,

We have studied a 2D BEC of atoms in two hyperfine
states which undergo Rabi oscillation by an external field.
When scattering lengths a11, a22, and a12 are different, the
Rabi oscillation leads to effective oscillation of the interac-
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tion. If the scattering lengths fall in the stable regions such as
those in Fig. 2, the self-trapped BEC in free space—a BEC
droplet—can be stabilized by the mechanism discussed in
Refs. 关4,5兴.
Solving the two-component GP equation 共5兲 numerically,
we have shown that the stabilization mechanism works and
the BEC droplet is stabilized 共Fig. 1兲. The stabilization is
shown to be possible even if the system starts from the
ground state in a radial trapping potential, which is switched
off at t = 0. We have obtained the stability diagram with respect to scattering lengths 共Fig. 2兲, in which there exists the
stability region between the regions of collapse and expansion.
To elucidate the mechanism for the dynamic stabilization
of a BEC droplet, we approximately reduced the twocomponent GP equation to a single component equation 共14兲
and studied it by using the Gaussian variational method. We
found that the Rabi oscillation generates an effective potential that counteracts the attractive interaction, thereby creating a stable droplet state. The size of the droplet and its
breathing-mode oscillation frequency are obtained by the
variational analysis, which produces results in qualitative
agreement with the numerical ones.
Our scheme applies to any system where atoms in the two
relevant hyperfine states are not transferred to other states by
inelastic collisions and the coupling field is available that
makes Rabi oscillations between the two states. For example,
the hyperfine states 兩F , mF典 = 兩1 , 1典 and 兩2, 2典 of 87Rb and
23
Na and 兩2, 2典 and 兩3, 3典 of 85Rb are possible candidates if
their scattering lengths can be tuned to fall in the stable region. Unfortunately, for 兩1, 1典 and 兩2, 2典 hyperfine states of
7
Li, the scattering lengths are a11 ⯝ 0.26 nm 关2兴, a22 ⯝
−1.4 nm 关17兴, and a12 ⯝ −1.4 nm 关18兴, and this set of scattering lengths is located out of the stability region. By systematic calculations as in Fig. 2, we found that there is no
stable set of a11 and a22 for this value of a12.
Using the above pairs of hyperfine states, inelastic decay
of the upper hyperfine state occurs only through dipoledipole interaction. The dipolar decay rate K is typically less
than 10−14 cm3 / s 关19兴, and the peak density in Fig. 1共a兲 is
n ⯝ 0.4Nm⬜ / ប关mz / 共ប兲兴1/2, which gives nK ⱗ 0.2 s−1.
Therefore, the lifetime of the droplet in the presence of the
dipolar loss is estimated to be more than 5 s.
Another possibility is the use of two states in the same
hyperfine manifold, e.g., 兩1, 1典 and 兩1, 0典, in which modest

magnetic fields 共⬃1 – 10 G兲 should be applied to suppress
the spin-exchange collisions 共兩1 , 0典 + 兩1 , 0典 → 兩1 , 1典 + 兩1 , −1典兲.
For example, for these states of 7Li, there are regions in
which Eq. 共28兲 becomes small and negative as a function of
magnetic field, suggesting that stabilization is possible.
The 2D potential may not be perfectly flat in experiments,
and a residual weak potential in 2D—e.g., a weak harmonic
potential—may exist. Even in this case, we can distinguish
self-trapping from trapping by a residual potential if the size
of a droplet is made much smaller than the scale of inhomogeneity in the 2D potential.
As in the case of oscillating the scattering length 关4,5兴, we
have not been able to create a stable BEC droplet in 3D in
the absence of dissipation. One reason for this difficulty is
that collapse is stronger for higher dimensions 关3兴, and therefore the amplitude of the rapid oscillation should be larger to
suppress the collapse. However, this breaks the smallamplitude and Gaussian approximations, and unstable modes
are dynamically induced.
The present method is different from the one in Refs.
关4,5兴, in that explicit oscillation of the interaction using the
Feshbach resonance is not needed. The rapid modulation of
the applied magnetic field for the Feshbach resonance may
cause some experimental difficulties—e.g., an induced current in the apparatus and resultant heating—and therefore the
present method is expected to facilitate the experimental realization of a BEC droplet.
Note added in proof. A recent paper by H. Susanto et al.
关20兴 discusses a model similar to ours but in the regime of
relatively small ⍀. In that case, they find that constant ⍀
cannot stabilize a BEC droplet in 2D.
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