


ABSTRACT

The Minimal k-core Problem for Modeling k-Assemblies

by

Cynthia Ivette Wood

In this thesis, I present a backtracking algorithm to find all minimal k-cores of a

given undirected graph, which belongs to the class of NP-hard problems. The pro-

posed method is a modification of the Bron and Kerbosch algorithm for finding all

cliques of an undirected graph. The minimal k-core problem has applications in the

area of neuroscience. For example, in the study of associative memory, a cell assem-

bly is a group of neurons that are strongly connected and represent a “concept” of

our knowledge. This group is wired in a specific manner such that only a fraction of

its neurons will excite the entire assembly. Recent studies have linked the concept

of a particular type of cell assembly called k-assembly to the closure of a minimal

k-core. Therefore, the proposed method puts us a step closer to test its mathematical

definition.
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Notation

G = (V,E) The graph G with vertex set V and edges E

cl(S) The closure of S = (Ṽ , Ẽ) where S ⊆ G

c(u, v) The weight associated with uv ∈ E

fn
k (S) The nth iteration of the threshold function f

C A clique C = (Ṽ , Ẽ) where C ⊆ G

K A k-core K = (Ṽ , Ẽ) where K ⊆ G

K̃ A k-plex K̃ = (Ṽ , Ẽ) where K̃ ⊆ G

deg(v) The degree of a vertex v ∈ V

δ(G) The degree of a vertex of minimum degree

N(v) The set of neighbors of a vertex v ∈ V
∗

∗For more details on the notation see [3]
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Chapter 1

Introduction

The brain’s complex networks of neurons have been studied in an effort to understand

human cognition and behavior. Memory is a fundamental mental process in the brain.

Some of its attributes are to represent concepts and objects in the brain and recall

information. In addition, memory is closely connected to the perceptual and learning

processes. The term “cell assembly” was defined in 1949 by Hebb [11] as a group of

neurons that are strongly connected and represent a “concept” of our knowledge. It

refers to a memorized pattern in the auto-associative memory scheme, and according

to Hebb’s definition it plays an important role in the structural change of long-term

memory. For more details on associative memories as brain models and its storage

capacities see [14]. The aforementioned definition can easily describe features of

memory and its relations with other processes. Nevertheless, it is not known if the

relations described by cell assemblies exist. If they were to be real, then the nodes of

a given network could represent portions of a cell assembly, and its connections will

describe the flow of activity in the cortex . For further discussion, see Collins and

Loftus [8].

Until today, there does not exist enough evidence to contradict Hebb’s definition

of cell assembly. From the physiological point of view, the idea requires variable exci-
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tatory synapses that obey Hebb’s rule. In other words, the connectivity is enhanced

by coincident pre- and postsynaptic activity [15]. However, this specific point of view

is difficult to test due to the unavailability of experimental data. According to Hebb’s

definition, a cell assembly represents only one concept in our brain. This implies that

there must exist a large number of cell assemblies in order to store all the concepts

in the brain. As a consequence, in theory, it is possible to find all cell assemblies

of a given network. However, due to the complexity of the definition; the number

of neurons on a brain-sized neuronal network; and the number of connections per

neuron, it still may not be possible, in practice, to solve the problem of finding all

cell assemblies. Therefore, let us focus on a particular type of cell assembly called a

k-assembly.

A k-core is a subgraph with minimum degree greater than or equal to k. The

study of k-assemblies emerged from the detection of a link between the definition of

cell assembly and the definition of a k-core. Further details on this relation and the

formal definition of a k-core will be discussed in the following section.

This thesis analyzes the problem of finding all minimal k-cores of a given undi-

rected graph. Its study is important in the development of a graph theoretical ap-

proach towards understanding memory. In addition, it presents a backtracking algo-

rithm to solve the problem, and shows that the k-core containment problem belongs

to the class NP -complete. The solution of this problem is useful to understand asso-

ciative memories as brain models. Numerical and theoretical results are discussed to
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validate the proposed algorithm.

Chapter 2 provides the necessary background to understand the mathematical

definition of cell assembly and k-assembly. A brief overview of the Bron and Kerbosch

Algorithm is covered in Chapter 3. The proposed algorithm to find all minimal k-

cores and its complexity are discussed in Chapter 4. Lastly, numerical results and

conclusions are presented in Chapter 5.
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Chapter 2

Basic Terminology and Background

This chapter introduces basic terminology necessary to link the concepts of cell assem-

bly and k-assembly, it also explains the relation of cliques and k-cores. The purpose

of this chapter is to state definitions that will be referred throughout this thesis. For

a detailed discussion of cell assemblies see [11]. For an introduction to cliques, see

[12].

2.1 The Cell Assembly: A Graph Theoretical Approach

Palm [15] proposed a mathematical interpretation of Hebbian theory in the framework

of graph theory, in 1981. He gave a mathematical interpretation to the cell assembly.

In order to understand Palm’s mathematical definition of a cell assembly, the reader

must be introduced to some background definitions introduced by Palm.

Given a simple graph G = (V,E) in which each node represents a neuron, and

each edge represents a connection between two neurons, the threshold is denoted

as the minimum number of inputs each node receives in order to become excited.

Throughout this thesis, the threshold value will be fixed to a particular given integer

k. However, it is of high interest to study the behavior of networks as the value of k

changes with respect to time.
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Given a weighted graph (G, c), where the weight c(u, v) represents the strength

of the synapses from neuron u to neuron v for all edges uv ∈ E. For the rest of this

thesis, we fix the value of c(u, v) = 1 ∀ uv ∈ E.

Definition 2.1 Given S ⊆ V and an integer k, a threshold function fk is described by

fk(S) = {v ∈ V |
�

u∈S

c(u, v) ≥ k}

The resulting active set of nodes of S ⊆ V at a threshold k is obtained when S is

given as an input to the threshold function fk. That is, given a subset S of activated

nodes, other nodes in the graph will become activated if they satisfy the threshold

inequality, for simplicity we denote f i
k(S) = fk(f

i−1
k (S)) for i ≥ 2 and f 1

k = fk. Figure

2.1 illustrates this process for k = 2. On the left, we see the original graph with only

the given set S excited, fk(S) in the middle, and f 2
k (S) in the right.
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S = {1, 2, 6} 
k = 2 
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Figure 2.1 : Threshold function fk for k = 2
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Definition 2.2 A subset of vertices S is called invariant if fk(S) = S.

Definition 2.3 The closure of S, denoted cl(S), is the invariant set generated when

fn
k (S) = fn−1

k (S) for some n ≥ 1.

In Figure 2.1, the closure of the set S = {1, 2, 6} is achieved when n = 3, and it is

the entire vertex set V .

Definition 2.4 A subset S is called persistent if fk(S) ⊇ S, and it is called minimal

persistent if no proper subset of it is persistent.

In Figure 2.1, the set S � = {1, 2, 3, 6} is persistent when k = 2. However, S =

{1, 2, 6} is a persistent subset of S �, which implies S � is not minimal.

Definition 2.5 A subset S is called weak if there exist an n ≥ 1 such that fn
k (S) = ∅.

In Figure 2.1, the set S � = {1, 2} is weak, since fk(S �) = {6} and f 2
k (S

�) = ∅.

Definition 2.6 A tight set is a persistent set P in which every persistent subset of P

whose complement in P is not weak ignites the whole of P .

Finally, the reader has the necessary background concepts to understand Palm’s

mathematical definition of cell assembly.

Definition 2.7 A cell assembly is the closure of the tight set.

The mathematical definition of cell assembly encompasses a variety of tight sets.

For instance, in Figure 2.1, S is a tight set and any superset of S is also a tight set.
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Yet, Palm proposed that a minimal persistent set is a tight set [15]. Therefore, we

focus on the study of cell assemblies generated by minimal persistent sets. The next

section discusses cliques and minimal k-cores, which are a particular type of tight

sets.

2.2 Cliques and k-cores

The study of network structure has been used for years to study social interaction.

However, it was in 1949 when Luce and Perry [12] introduced the clique model to

analyze experimental data.

Definition 2.8 A subgraph C = (Ṽ , Ẽ) is a clique if for every two vertices u and v ∈

Ṽ there exists an edge e = uv ∈ Ẽ.

Originally, the clique model was used to study social networks. Each vertex rep-

resented an actor and the edges represented the relations between them. In addition,

this model was used to develop a non-rigorous approach towards the study of network

cohesion [9]. A cohesive subgroup consists of actors connected through dense rela-

tions that enable members to share information and perform as a group [20]. Thus,

the notion of a cohesive subgroups is of high interest in social network analysis.

Definition 2.9 A cohesive subgroup is characterized by the following properties:

(i) Mutuality of ties.

(ii) Closeness or reachability of subgroup members.
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(iii) Frequency of ties among members.

(iv) High frequency of ties among members as opposed to those between members

and non-members.

A clique is the perfect example of a cohesive subgroup. Due to the fact that every

pair of edges is adjacent to each other, the four properties of the cohesive subgroup

definition are immediately satisfied. However, this definition is too restrictive and

leaves out models that do not have all possible edges. As a consequence, clique

generalizations have been introduced to overcome the limitations of the clique model.

For example a k-plex was introduced by Seidman and Foster [17] in 1978. Let N(v)

be the set of neighbors of v ∈ V such that N(v) := {u | uv ∈ E}, deg(v) := |N(v)|

and δ(G) := minv∈V deg(v).

Definition 2.10 A subgraph K̃ ⊆ G is a k-plex if δ(K̃) ≥ |K̃|− k.

From the sociological perspective, a k-plex allows the members of a group to be

non-adjacent to at most k members in the group. In contrast, a k-core requires the

members of a group to be adjacent to at least k members (for more details on clique

generalizations see [2] and [18]).

Sociological problems were not the only ones in need for clique generalizations.

For example, if we restrict our focus in the study of cell assemblies to cliques, the

absence of one edge among the group members leaves a node outside the model. Yet,

Palm stated that a cell assembly is a set of neurons that contribute more excita-

tion to each other than they contribute to the average neuron. In graph theoretical
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terms, this means that vertices among the subgroup have relatively higher degree with

themselves. Hence, a clique generalization is a feasible option to model this problem.

Seidman [16] introduced k-cores to study network structure, and demonstrate that

k-core cohesion increases as k increases. He defined a k-core as a maximal connected

induced subgraph with degree greater than or equal to k. Through out this thesis,

the maximal property of Seidman’s definition will not be considered. In other words,

we define a k-core to only be a subgraph with minimum degree at least k.

Definition 2.11 A subgraph K ⊆ G is a k-core if |N(v) ∩ V (K)|≥ k ∀ v ∈ V (K).

Definition 2.12 A k-core is minimal if no proper subset of its vertices induces a k-

core.

It is clear by the definition that the subgraph generated by fk(Ṽ ), for some Ṽ ⊆ V

is a k-core if and only if Ṽ is a persistent set. That is if fk(Ṽ ) is a k-core, then

for all ṽ ∈ Ṽ |N(ṽ) ∩ fk(Ṽ ) | ≥ k, which implies Ṽ ⊆ fk(Ṽ ). Likewise, if Ṽ is

a persistent set, then Ṽ ⊆ fk(Ṽ ), which implies fk(Ṽ ) is a k-core. In addition,

note that for an unweighted graph, the threshold function definition of a tight set

S becomes fk(S) = {v ∈ V | |N(v) ∩ S |≥ k}, that is cl(S) generates a k-core. By

definition, a k-core is tight as long as its complement is not weak, since every subset of

its vertex set is persistent. Hence, the closure of any k-core generates a cell assembly.

Nevertheless, finding k-cores is not an easy task.

Theorem 2.1 The k-core containment problem is NP -complete
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Proof 2.1 The decision version of the problem is the following:

Instance: Given a graph G and integers s ≤ |V | and k > 0

Question: Does G have a k-core of size s?

Clearly, the k-core problem belongs to NP since given a solution of the problem,

a nondeterministic Turing Machine checks if the choice is true in polynomial time.

Furthermore, If we restrict the k-core problem by considering only instances in which

the cardinality of the k-core s = k + 1, then we get the clique problem [10]. Hence,

the k-core containment problem is NP -complete.

2.3 Graphical Enumeration

Graphical enumeration refers to the art of counting the number of graphs with a

specific property. Note that for some problems to count the number of graphs with a

given property is harder than to determine if there exists a graph that satisfies such a

property. For instance, “Given a graph G and a fixed value k > 0 , how many distinct

k-cores are there for G? ” is not a trivial problem and it empirically depends on the

density of the graph. Enumeration problems associated with NP -complete problems

are NP -hard [10]. This is true since the enumeration version of the problem must

be at least as hard as the decision version of the problem. Hence the enumeration of

k-cores is NP -hard.

To study in depth enumeration problems Valiant [19] introduced the complexity

class #P .
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Definition 2.13 The class #P contains all problems computed by nondeterministic

polynomial time Turing machines that have the additional facility of outputting the

number of accepting computations.

Moreover, #P -complete is the analog definition of NP -complete for P . The class

#P asks for the number of solutions rather than its existence. For NP -complete

problems counting the number of solutions is #P -complete. Therefore enumeration

of k-cores belongs to the class of #P -complete problems.

2.4 k-assembly

The definition of cell assembly tell us that it only takes a fraction of the assembly to

get excited in order to excite the entire assembly. However, the motivation and focus

of this thesis comes from the study of cell assemblies generated by tight sets that are

minimal, that is the deletion of any node from the set generates a subset that is not

tight. In addition, the mathematical definition of cell assembly for its study on simple

graphs follows the definition of a k-core. According to Palm’s definition of tight set,

a particular type of tight set is a minimal k-core. Hence, the vertex set of a minimal

k-core generates a particular type of cell assembly called k-assembly.

Definition 2.14 A k-assembly is the closure of a minimal k-core.

Recall this definition only holds for cases in which the G has c(u, v) = 1 for all

e = uv ∈ E. In the following figure, we observe on the left that any two adjacent
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vertices satisfy the definition of cell assembly for k = 3, since the edges have weights

with value greater than one. Nevertheless, a set with less than k + 1 vertices cannot

be a minimal k-core, and its closure is not a k-assembly. In contrast, the graph on the

right has every edge with weight equal to one, and the entire vertex set constitutes a

3-assembly.

k = 3 
5 

3 

7 
8 

9 
4 

Figure 2.2 : cell assembly vs. k-assembly for k = 3

The definition of k-assembly and cell assembly served as motivation to solve the

problem of finding all cell assemblies and tight sets that generate them, in particular

minimal k-cores. The remainder of this thesis focuses on solving the problem of

finding all minimal k-cores for a given simple undirected graph.
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Chapter 3

Literature Review

3.1 Solving the Maximal Clique Enumeration Problem

The Maximal Clique Enumeration Problem (MCEP) asks to compile a list of all

maximal cliques in a given undirected graph G. Besides its applications in sociological

problems [5], it is also useful in the study of biological networks. MCEP in the

worst case scenario runs exponential with respect to the number of vertices. More

specifically, Moon and Mooser [13] showed that the maximum number of maximal

cliques in an n vertex graph is 3
n
3 . In other words, they proved that there may

be a graph with an exponential number of maximal cliques, which implies that any

algorithm that solves MCEP for an arbitrary given graph would be exponential.

Bron and Kerbosch (B&K) [4] developed a backtracking algorithm to solve MCEP

in 1973. Although other algorithms to solve the problem were developed around the

same period [1], the B&K approach is still one of the most widely known to solve this

problem and it is used as a basis for other algorithms that solve MCEP. For further

discussion on modifications of B&K, see [7]. The B&K algorithm depends on the

number of nodes in the graph, and numerical experiments show it runs in O(3.14
n
3 )

on Moon-Mooser graphs with a theoretical limit of 3
n
3 . The B&K Algorithm will be
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discussed in more detail in the following chapter.

3.2 Solving the Minimal k-core Enumeration Problem

As in MCEP, The Minimal k-core Enumeration Problem (MKEP) asks to create a

list of all minimal k-cores in a given undirected graph. As previously mentioned, one

application of interest of MKEP is in the area of neuroscience. There is not a known

bound for the maximum number of minimal k-cores on a given graph. However, the

fact that a clique with vertex set cardinality k+1 is a minimal k-core, intuitively tells

us that the number of minimal k-cores grows exponentially in the worst case scenario.

Cox, Rubinstein, Cavazos and Halani [6] proposed a solution to MKEP through

exhaustive search, it follows the structure of a branching algorithm. Their algorithm,

as well as the one we propose in Chapter 4 initially obtains the maximum k-core.

The following greedy algorithm obtains the maximum k-core in polynomial time [2]:

Algorithm 3.1 [Maximum k-core]

MaximumKcore(G)

if G is empty
0. End

else
1.Choose a vertex v of minimum degree δ(v)

if δ(v) ≥ k
2. The minimum k-core is found

3. End
if δ(v) < k

4. MaximumKcore( G := G\v)
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A description of the algorithm proposed by Cox et al. [6] is the following:

Algorithm 3.2 [k-core Enumeration of G]

Given an undirected graph G = (V,E)

0. if G is a minimal k-core
End

else
1. Find the maximum k-core, call it H

for each v ∈ V (H)

2. V (G) := V (H)\v

3. Go to step 1

The algorithm described above finds all minimal k-cores of given graph. However,

a major disadvantage is the fact that it may return the same minimal k-core multiple

times. It initially checks if the given graph G is a minimal k-core, and stops in the

case it is in fact a minimal k-core. Otherwise, it proceeds to find the maximum k-core,

and then minimal k-cores. No numerical results are given for the k-core enumeration

approach performance. Yet, it is mentioned that it takes minutes to enumerate the

k-cores of a graph with a vertex set of 10 nodes. The algorithm I developed to solve

MKEP will be discussed in Chapter 4 and its performance is analyzed in Chapter 5.
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Chapter 4

Backtracking Algorithm Techniques

Backtracking is a type of recursive strategy commonly used to find all the solutions

of some problem. It incrementally builds a tree in a such a way that it faces a number

of options at each level, and tries all of them. In a problem with N possible solutions,

exhaustive search techniques evaluate all the options in N trials. In contrast, a

backtracking algorithm yields the solution with less than N trials, and its solution

space is organized as a tree. Initially, it starts at the root of the tree and proceeds to

make a choice between one of its children, then it continues to make a choice among

the children of each node until it reaches a leaf. Each leaf is either a solution of the

problem or does not lead to a solution, and at that point the algorithm backtracks.

In the remaining of this chapter, we discuss two backtracking algorithms. The first

one solves the problem of finding all maximal cliques in a given graph. The second

one offers a solution to the problem of listing all minimal k-cores of a graph. In

addition, an example of a backtracking tree is shown later in this chapter to illustrate

the second presented algorithm.
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4.1 The Bron and Kerbosch Algorithm for Finding All Cliques

of an Undirected Graph

The B&K algorithm utilizes a recursively defined extension operator that is applied

to three sets: compsub, not and candidates. The set compsub contains the nodes

already defined as part of the clique and it is initially empty. The set candidates is

the set of nodes adjacent to all nodes in the set compsub. The set not stores the nodes

that had already been processed, leading to a valid extension of the set compsub and

should remain ignored. In addition to these three sets, there are nodes that are not

considered at each step.

In order to obtain all maximal cliques, a backtrack search tree is constructed

through recursive calls to the extension operator. Every time the recursion is called

the three main sets are modified. The set not and candidates are given to the ex-

tension operator as input parameters and are locally defined. In contrast, the set

compsub is globally defined and behaves like a stack. It is important to point out,

that if at some point the set not contains a vertex that is adjacent to all vertices in

compsub, then the algorithm backtracks since no further selection of candidates will

lead to obtaining a maximal clique from the current configuration of the set compsub.

The basic mechanism can be described in the following pseudocode:
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Algorithm 4.1 [Bron and Kerbosch]

Extension(compsub, candidates, not)

if candidates = ∅ and not = ∅

1. Report compsub as a maximal clique

else For each vertex v ∈ candidates :

2. Select a candidate s

3. Add s to compsub such that new compsub := compsub ∪ s

4. Create new sets candidates and not by removing all points

not connected to s and store old sets, that is

candidates := candidates ∩ N(s)

not := not ∪ N(s)

5. Extension(compsub, candidates, not)

6. Upon return, remove s from compsub and add it to not

compsub := compsub \ s

not := not ∪ s

End

A clique is found if and only if the sets candidates and not are empty. If not is

not empty then the current configuration of the set compsub is not maximal. The

algorithm terminates if there is no candidates left or if there is an element in not that is

connected to all elements in the set candidates. If the second condition for termination
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is met, then the addition of any candidate to compsub will not be maximal.

To optimize the algorithm and make it terminate as early as possible, the number

of times the extension operator is called must be minimized. To do this, every node in

not is assigned a counter that indicates to how many candidates a node is not adjacent

(or disconnected). We then proceed to pick the node with the smallest number of

disconnections and on each step select a candidates not adjacent to this node.

4.2 Algorithm for Finding All Minimal k-cores of an Undi-

rected Graph

The problem of finding all minimal k-cores of a given graph is computationally ex-

pensive. There exists a variety of algorithms to find all cliques in a given undirected

graph. However, the B&K algorithm is commonly used to find all maximal cliques,

since numerical experiments support its efficiency. We propose a modification of the

B&K algorithm to find all minimal k-cores on a given graph.

As in B&K, the algorithm presents a backtracking technique to find all minimal

k-cores. Three sets are utilized to obtain all minimal k-cores recursively, namely

kcore, not and candidates. However, since a k-core is a generalization of a clique,

and every clique on k + 1 or more nodes contains a minimal k-core, but not every

minimal k-core is a clique, there are some subtle changes in the definition of our sets.

For example, we take into account that given a connected simple undirected graph,

all minimal k-cores must be contained in the maximum k-core, which can be found
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in polynomial time (for more details see [2]).

The set kcore stores the nodes that are part of a k-core and is initially the entire

vertex set. The set candidates contains the nodes that can be deleted to obtain a

minimal k-core. The set not represents the nodes that had already been processed

and cannot be deleted from kcore. As in B&K, these three sets are modified by a

recursively defined extension operator. The set kcore is globally defined, whereas, the

sets not and candidates are locally defined and handed as parameters to the extension

operator.

We construct our backtracking search tree by recursively calling the extension

operator. At the root of the search tree, the number of branches generated is equal

to the cardinality of the set candidates. Each branch corresponds to removing one

vertex from our configuration of the set kcore, and creating new sets candidates and

not. The algorithm always selects the vertex of smallest degree one at a time. It

continues traversing the search tree on a depth first search approach if there is at least

one vertex in the set candidates whose deletion leads to obtaining a k-core of smaller

cardinality and backtracks if the configuration of kcore cannot lead to returning a

minimal k-core. That is, if the set not contains vertices that must be deleted in order

to obtain a minimal k-core then no further calls to the extension operator will lead

to a valid configuration of the set kcore. Hence, such a branch must not be extended.

The basic idea behind the algorithm is the following:
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Algorithm 4.2

0. Obtain maximum k-core

Extension (kcore, not, candidates)

if candidates = ∅ and kcore\vi does not induce a k-core ∀ vi ∈ not

1. Report kcore as a minimal k-core

else For each vertex v ∈ candidates :

2. Select a candidate s of smallest degree

3. Remove s from kcore such that

kcore := kcore\s and candidates := candidates\s

4. Create new sets candidates and not and store old sets, that is

candidates := set of all candidates v ∈ V \not

that still leave a k-core

5. Extension(kcore, not, candidates)

6. not:= not ∪ s

kcore:= kcore ∪ s

candidates:= candidates\s

The majority of the steps described above are straight forward to implement.

However, there are several different options on how to implement step 2, which is

how to select a well chosen candidate to minimize the number of times the extension
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operator is called. At the moment, it is impossible to give a good theoretical explana-

tion on why one way to choose a candidate is better than other. They vary on a case

by case basis, and its efficiency is determined by observations on numerical experi-

ments. We chose to select a candidate of minimum degree because this way ensures

that the set not is filled in correctly. However, modifying the original given set of

candidates to be in the form required to be a candidate and selecting the candidate

of maximum degree will also yield a solution to our problem. The following figure

displays the backtrack search tree of our algorithm for a given graph G.

1 

2 

3 

4 5 
kcore: {1, 2, 3, 4, 5} 
candidates: {1, 2, 3, 4, 5} 
not: empty  

kcore: { 2, 3, 4, 5} 
candidates: {5} 
not: empty  

2 

3 

4 5 

kcore: {2, 3, 4} 
candidates: empty set 
not: empty set 

2 

3 

4 

kcore: { 1, 2, 4, 5} 
candidates: {4} 
not: {1}  

1 

2 

4 5 

kcore: { 1, 2, 5} 
candidates: empty set 
not: {1} 

1 

2 

5 

kcore: { 1, 2, 3, 5} 
candidates: empty set 
not: {1,3}  

1 

2 

3 

5 kcore: { 1, 2, 3, 4} 
candidates: empty set 
not: { 1, 3, 4}  

2 

4 

1 
3 

kcore: { 1, 3, 4, 5} 
candidates: empty set 
not: {1, 3, 4, 5}  

1 3 

4 5 

Not a Extension Node Not a Extension Node Not a Extension Node 

Figure 4.1 : Backtrack search tree for a given graph G

Now, we have to show that our proposed algorithm terminates and performs cor-
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rectly. Clearly, for a given graph G with finite vertex and edge sets the algorithm

terminates since the number of subgraphs to enumerate is finite. However, the num-

ber of subgraphs in a given graph G depends on its structure, and it may be very large

for dense graphs. The next lemma is of extreme importance in showing correctness

of Algorithm 4.2, since it guarantees that for every subgraph that contains a k-core

all its minimal k-cores are generated without duplication.

Lemma 4.1 The extension of the backtracking search tree for a given configuration of

the set kcore by applying the extension operator generates all minimal k-cores without

repetition that contain kcore\vi ∀ vi ∈ candidates

Proof of Lemma 4.1 This proof is by strong induction on the cardinality of the set

kcore.

For our base case, we consider |kcore| = k + 1 ∀ k > 0. If |candidates| = 0

then k-core is minimal. Since we start with the largest k-core of the graph and our

algorithm only allows to remove a vertex v ∈ V \not such that the subgraph obtain

by the deletion of this vertex contains a k-core. The case |candidates| > 0 is not

possible, since it implies that there exist a k-core of cardinality less than or equal to

k which is false by definition of a k-core.

Now suppose that the statement is true for all l > k ∈ Z such that l ≤ N , and

that all minimal k-cores obtained by removing an element of not from the current

configuration of the set kcore have been previously generated. We can suppose the

later since it is guaranteed by our definition of the set candidates.
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Consider a configuration of kcore with cardinality N +1. Let {v1 . . . vc} represent

the set of candidates for c ≥ 0. If |candidates\vi| = 0 for some 0 ≤ i ≤ c then we

have that kcore is a minimal k-core.

If |candidates\vi| > 0 the we have the following two cases:

Choose ṽ as in step 2 of our algorithm and create a new set of candidates :=

candidates\ṽ, call extension(kcore\ṽ, candidates, not). If the cardinality of the new

set of candidates is greater than 0, then by inductive hypothesis we have that the

statement is true for l = N + 1. If it is zero then kcore\ṽ is not minimal, and ṽ is

added to not. Which completes our proof and we get that Lemma 4.1 is true ∀ n ∈ Z.

�

Since Lemma 4.1 is true for any subgraph of any given finite cardinality, we get that

Algorithm 4.2 finds all minimal k-cores of a given undirected graph without repetition.

In the following chapter, the results from running the backtracking algorithm for

several test instances are presented.
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Chapter 5

Numerical Results and Conclusion

In this chapter, results of numerical experiments are run to test the backtracking

algorithm on random graphs. More specifically, we utilized graphs that follow a

Bernoulli process in the generation of edges, and are known as Bernoulli random

graphs. In this type of graphs, the existence of an edge occurs independently between

each pair of nodes. For instance, given some probability p and the number of vertices

n. There exists an edge (i, j), where i �= j and 0 < i, j ≤ n.

A summary of the obtained results is presented at the end of this chapter, where

one hundred Bernoulli random graphs were generated for each test instance, then the

average time and number of k-cores were computed among the number of graphs that

in fact contained at least one k-core for k = 2, 3 and 5.

The average number of minimal k-cores is displayed to highlight the fact that the

number of minimal k-cores depends on the density of the graph, and not on the value

of k. Even though every k-core is a k − 1-core, the fact that we restrict our solution

set to k-cores that are minimal give us cases in which the number of k-cores is greater

that the number of k − 1-cores.

The following tables illustrate the performance of Algorithm 4.2 when the number

of vertices n = 10, 15, 20 and 25, the probability for generating an edge p = 0.1, 0.5
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and 0.7 and the value of k = 2, 3 and 5.

k p Average number of k-cores Average Time Number of Graphs with k-cores

2 0.1 1.1764 ≈ 0 s 17

3 0.1 0 ≈ 0 s 0

5 0.1 0 ≈ 0 s 0

2 0.5 27.72 ≈ 0 s 100

3 0.5 12.2041 ≈ 0 s 98

5 0.5 1 ≈ 0 s 6

2 0.7 57.14 0.0001 s 100

3 0.7 54.02 ≈ 0 s 100

5 0.7 5.4634 ≈ 0 s 82

Table 5.1 : Algorithm 4.2 performance for n = 10 and p = 0.1, 0.5 and 0.7

In the previous table, we observed the results for graphs with 10 vertices. The

graphs generated with probability 0.1 only had a few 2-cores, since they are not dense

enough to even contain k-cores for larger values of k. As the probability increased,

we observed that more minimal 3-cores and 5-cores were part of the random graphs.

However, the average number of minimal 2-cores is always greater than 3-cores and

5-cores. It is important to point out, that we observe this behavior only because the

vertex set cardinality is small. But, it is not always the case to have more minimal
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2-cores than minimal 3-cores as we will see in later results.

k p Average number of k-cores Average Time Number of Graphs with k-cores

2 0.1 1.9108 ≈ 0 s 56

3 0.1 0 0 s 0

5 0.1 0 0 s 0

2 0.5 166.54 0.0636 s 100

3 0.5 303.01 0.059 s 100

5 0.5 25.22 0.0029 s 90

2 0.7 258.46 0.0577 s 100

3 0.7 630.02 0.0604 s 100

5 0.7 619.09 0.0457 s 100

Table 5.2 : Algorithm 4.2 performance for n = 15 and p = 0.1, 0.5 and 0.7

In Table 5.2, the results for graphs with 15 vertices are displayed. We still observe

a low existence of minimal k-cores for sparse graphs with p = 0.1. However, graphs

generated with probabilities 0.5 and 0.7 show a different behavior and contain a larger

number of k-cores. Note that in contrast to graphs on 10 vertices, on these cases the

number of minimal 3-cores is larger than the number of minimal 2-cores and decreases

again for the number of 5-cores.

Table 5.3 displays the results obtained for random graphs with 20 vertices. In
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k p Average number of k-cores Average Time Number of Graphs with k-cores

2 0.1 6.8370 1.8583 s 92

3 0.1 2 0.485 s 2

5 0.1 0 0 s 0

2 0.5 635.11 2.3256 s 100

3 0.5 3511.19 1.4819 s 100

5 0.5 2661.11 0.0029 s 100

2 0.7 791.66 2.0905 s 100

3 0.7 3902.45 2.3057 s 100

5 0.7 17010.33 2.9131 s 100

Table 5.3 : Algorithm 4.2 performance for n = 20 and p = 0.1, 0.5 and 0.7

the set of graphs generated with p = 0.7, we observe that the average number of

minimal 5-cores exceeds the average number of minimal 3-cores and 2-cores. The

same behavior is observed in Table 5.4 for random graphs on 25 vertices with p = 0.5

and 0.7.

In Table 5.4, we observe an interesting phenomena, which is that Algorithm 4.2

finds all minimal k-cores of a random graph faster when the graph is dense for the

three values of k utilized to test it. Although, this result may seem counterintuitive,

observations showed that the algorithm backtracks faster whenever it is dealing with
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k p Average number of k-cores Average Time Number of Graphs with k-cores

2 0.1 25.13 122.0613 s 99

3 0.1 1.833 2.905 6

5 0.1 0 0 s 0

2 0.5 1990.34 85.1718 s 100

3 0.5 25318.58 101.519 s 100

5 0.5 84110.96 117.7972 s 90

2 0.7 1900.64 80.9009 s 100

3 0.7 16796.83 83.4447 s 100

5 0.7 211859.96 109.2354 s 100

Table 5.4 : Algorithm 4.2 performance for n = 25 and p = 0.1, 0.5 and 0.7

a dense graph. Algorithm 4.2 initially takes longer to output the first minimal k-core

for a dense graph than for a sparse one. However, after the first minimal k-core is

found; it backtracks to deal with more cases in which minimal k-cores in fact exist and

with less configurations of the set compsub that do not lead to obtaining a minimal

k-core.

In this thesis, I proposed a backtracking algorithm to solve the problem of finding

all minimal k-cores of an undirected graph. The motivation to study this problem

emerges from the urge to understand memory. A graph theoretical approach for the
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analysis of associative memory is presented along with details on the derivation of the

k-assembly from the cell assembly model. Although Algortihm 4.2 is not fast enough

to solve the problem in a brain-sized neuronal network, it does offer a solution to

the problem, permits us to analyze the structure of a given random graph and gain

insight on understanding k-assemblies and cell assemblies.

The objective of this project was to gain understanding about the k-assembly

model and to solve the problem of finding all minimal k-cores of an undirected graph.

There is still much to explore in the model of the k-assembly. In particular, it would

be interesting to study the k-assembly for a non-fixed value of k. For this approach,

it would be necessary to analyze the change in the value of k with respect to time

and design a dynamical system on the graph. In terms of the algorithm, a promising

research direction is to explore the structure of the graph to minimize the number

of times the extension operator is called; this would be extremely helpful for solving

the problem on sparse graphs. In general, the problem of finding all minimal k-cores

continues to be difficult to solve due to the fact the number of minimal k-cores in a

graph grows with the number of vertices and edges. Therefore, any condition to make

Algorithm 4.2 backtrack faster or that minimizes the number of times the extension

operator is called would be a significant contribution to the solution of the problem.
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