


ABSTRACT

Resonant Compton Scattering in Highly-Magnetized Pulsars

by

Zorawar Wadiasingh

Soft gamma repeaters and anomalous X-ray pulsars are subset of slow-rotating

neutron stars, known as magnetars, that have extremely high inferred surface mag-

netic fields, of the order 1013 − 1015 Gauss. Hard, non-thermal and pulsed persistent

X-ray emission extending between 10 keV and 230 keV has been seen in a number of

magnetars by RXTE, INTEGRAL, and Suzaku. In this thesis, the author considers

inner magnetospheric models of such persistent hard X-ray emission where resonant

Compton upscattering of soft thermal photons is anticipated to be the most efficient

radiative process. This high efficiency is due to the relative proximity of the surface

thermal photons, and also because the scattering becomes resonant at the cyclotron

frequency. At the cyclotron resonance, the effective cross section exceeds the classi-

cal Thomson one by over two orders of magnitude, thereby enhancing the efficiency

of continuum production and cooling of relativistic electrons. In this thesis, a new

Sokolov and Ternov formulation of the QED Compton scattering cross section for

strong magnetic fields is employed in electron cooling and emission spectra calcula-

tions. This formalism is formally correct for treating spin-dependent effects and decay

rates that are important near the cyclotron resonance. The author presents electron

cooling rates at arbitrary interaction points in a magnetosphere using the QED cross

sections. The QED effects reduce the rates below high-field extrapolations of older

magnetic Thomson results. The author also computes angle-dependent upscattering

model spectra, formed using collisional integrals, for uncooled monoenergetic rela-



iii

tivistic electrons injected in inner regions of pulsar magnetospheres. These spectra

are integrated over closed field lines and obtained for different observing perspectives.

The spectral cut-off energies are critically dependent on the observer viewing angles

and electron Lorentz factor. It is found that electrons with energies less than around

15 MeV will emit most of their radiation below 250 keV, consistent with the observed

turnovers in magnetar hard X-ray tails. Moreover, electrons of higher energy still

emit most of the radiation below 1 MeV, except for very select viewing perspectives

that sample tangents to field lines. This small parameter space makes it difficult

to observe signals extending into the Fermi-LAT band. Polarization dependence in

spectra is illustrated, offering potential constraints for models of magnetar emission

in anticipation of a future hard X-ray polarimetry missions.
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away from the meridian (or anti-meridian), the hardest emission is

never beamed towards the observer. The resonant interactions

realized off-meridian are at low final scattering energies εf for polar

regions of the loop (see Figures 4.1, 4.3 and 4.4). . . . . . . . . . . . 166

4.7 Spectra III: Fixed γe meridional field loops as a function of viewing

angle. Both left and right panels present seven curves of varied

viewing angle θv = 0◦...180◦ with respect to the magnetic axis, for

meridional φ∗ = 0 with rmax = 4 and Bp = 10. The left panel is fixed

at γe = 101 while the right panel is for γe = 103. The relatively low

Lorentz factor for the left panel is insufficient to fully sample resonant
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distribution, while the Lorentz factor of 103 for the right panel
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4.8 Spectra IV: Meridional field loops at γe = 102 as a function of

viewing angle, differing in local B. The spectra here illustrate the

effect of changing local B for a given stellar temperature with a fixed

Lorentz factor of γe = 102 in both panels. The left panel has

relatively high local B at the resonant interaction point, with

Bp = 100 and rmax = 2 while the right panel illustrates the same

parameters as those in Figure 4.7 but with γe = 102. The right panel

also illustrates spectra computed using final-photon polarization state

dependent in the Sokolov and Ternov cross section (Chapter 2). Here

⊥ exceeds ‖ at the highest energies for all viewing angles, a signature

of resonant Compton scattering that may be observable in the future. 169

4.9 Shown here is a special φ∗-integrated spectra, with shadowing, for

instantaneous θv = 30◦, Bp = 10, rmax = 4 and fixed and uncooled

γe = 103. This flat spectrum is reminiscent of spectra presented in
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Compared to meridional spectra shown in Figures 4.5, 4.7 and 4.8

here the spectrum is steeper by a factor ∼ ε
−1/2
f due to the strong

beaming of the hardest emission observed only near meridional field

loops. Due to the small spatially confined region of extend 1/γe

around the meridional field loop, such steeper spectra should also be

realized for bundles of field loops around the meridional loop that

may be invoked in twisted magnetospheric models. . . . . . . . . . . 171
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a constant factor C for a field loop of rmax = 4 with polar field

Bp = 10 and stellar temperature T = 106 K. The black dotted curves

are straightforward calculations of the approximate peak of resonant
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traces are potential RRLA electron cooling trajectories for injection
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4.11 RRLA spectra for meridional and anti-meridional field loops, with an
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Chapter 1

Introduction

The end point of massive stars M >∼ 8 solar masses (M�) in a type Ib/Ic/II supernova

inevitably results in the formation of a compact object, when nuclear fusion burning

in the vicinity of the stellar core is no longer radiatively efficient enough to counteract

the force of gravity. The progenitor star’s mass, elementary abundances, spin, local

environment and stellar magnetic field determine the resulting compact object and

its properties (e.g. Longair 2011) – either a white dwarf (M <∼ 8M�), neutron star or

black hole (M >∼ 8M�). Millions of these stellar remnants exist throughout our galaxy,

many in binary systems, with only a minuscule fraction observed and characterized

in the last century.

Neutron stars (and pulsars, an observational subset) are particularly interesting

astrophysical laboratories of extreme physics due to their compact nature, structure

and composition along with high inferred magnetic fields consistent with conservation

of magnetic flux (“flux freezing”) from the collapse of stellar progenitor. Densities

deep in neutron star interiors can exceed 1014 g cm−3, the scale of packed nuclear

densities (e.g. mass density of proton ∼ 6 × 1014 g cm−3). The detailed formation

mechanisms and internal structure of neutron stars are still open research questions

in nuclear physics and supernovae simulations. Because of the diversity in the prop-

erties of stellar progenitors, there exists a large diversity of pulsars in the galactic

population. Magnetars are a particular interesting subset of isolated neutron stars,

due to their extremely high inferred magnetic fields and unusual spectral properties,
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entering a regime where exotic quantum electrodynamic (QED) processes begin to

operate efficiently. Moreover, unlike many canonical pulsars, magnetars derive their

spectral energy budget from magnetic energy rather than stellar rotation.

This Introduction begins with an overview of pulsars, the theoretical and observa-

tional basis for the neutron star paradigm of pulsars, and how magnetars are a subset

of the population of neutron stars. Some general theory of pulsars, developed over

the last 45 years, is briefly summarized to give a proper context for the definition

and theory of magnetars. An observational overview of magnetars is found in Section

1.2, with a focus on the class-defining observational characteristics, contrasting them

from canonical pulsars. Particular attention is given to magnetars that are persistent

emitters of X-ray emission, and detailed summaries of observational features of three

representative sources which emit hard X-rays are presented. The origin of hard X-ray

pulsed emission from magnetars is currently an active area of research. The subject

of this thesis is explore resonant Compton upscattering in the context of multiwave-

length observations of magnetars and high field pulsars, particularly to understand

and model their hard X-ray magnetospheric emission. A brief theoretical overview of

the physics of charges in high magnetic fields is presented in Section 1.3, as well as a

recent developments of magnetar theory for bursts and X-ray emission. This provides

context for a proper QED treatment in Chapter 2, and the resonant Compton model

developed in this thesis. The results will show that resonant Compton upscattering

of thermal soft X-rays is characterized by the Lorentz factor of charges, the magnetic

field strength and geometry of scattering.
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1.1 Pulsars: History and Background

The understanding of neutron stars and pulsars gives essential context for the study of

magnetars, a subset of the population of observed neutron stars. Thus in this section,

a brief overview of pulsars and neutron stars is presented to the reader. The knowledge

that pulsars are rotating neutron stars with magnetic fields serves as a foundational

assumption for the resonant Compton model developed for magnetars in this thesis.

Shortly after Chadwick’s discovery of the neutron in 1932, Baade and Zwicky

(1934) radically conjectured that neutron stars might be the end point of stellar

evolution in supernovae. Oppenheimer and Volkoff (1939) formulated the general

relativistic equations for hydrostatic equilibrium appropriate for a slowly-spinning

compact star, and while their original paper used a simplified degenerate gas of neu-

trons, the equations are relevant for theoretical models of neutron star structure given

a generalized nuclear equation of state for pressure and density. It would be another

three decades before pulsars were serendipitously discovered by Bell and Hewish in

1967 (Hewish et al. 1968) while hunting for extragalactic radio quasars by search-

ing for scintillating sources at extremely low radio frequencies. The scintillation of

point-source quasars was expected to be caused by interplanetary plasma and the

solar wind, and hence transient but irregular point radio sources were the target of

the search. However, Bell soon discovered a stable pulsating point source outside

the solar system with a period of 1.33 seconds, the first pulsar CP 1919+21. In the

months after Bell and Hewish’s discovery, several other radio pulsars were discovered,

such as the Crab pulsar PSR B0531+21 with a period of 0.033 seconds, associated

with the Crab nebula and historical supernova observed by Chinese astronomers in

1054 AD.

It was soon established that pulsars were also spinning down, i.e. they possessed
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a positive temporal period derivative, and that their radio pulse profiles were ex-

tremely stable when averaged over multiple pulsation periods. This fact combined

with a detection of polarized radio emission, led to the widespread acceptance by the

community that pulsars were isolated rotating magnetized neutron stars, as proposed

by Gold (1968) and Pacini (1967, 1968). The neutron star paradigm for pulsars is

the only tenable model given that casuality arguments for pulse duration and vari-

ability suggest an emitting region D < Γ2 c δt which for the shortest duration pulsars

is smaller than a few hundred kilometers, where Γ ∼ 1 is the bulk Lorentz factor of

the emitting region beamed toward the observer, c is the speed of light, and δt is the

variability timescale characteristic to the source (i.e. the pulsar period). Rotating or

pulsating white dwarfs are similarly ruled out by such timescale arguments for the

shorter period pulsars; the longer period pulsars such as magnetars have spectra, as

presented later, usually inconsistent with a white dwarf model (although such mod-

els have been proposed for certain sources). The fact that pulsars’ periods secularly

increase also rules out compact-object binary systems, due to orbital decay expected

by emission of gravitational radiation.

There are currently over 2300 pulsars catalogued mostly by radio searches, with

around 117 high-confidence gamma-ray pulsars (Abdo et al. 2013). Periods range

from as short as 1.5 ms for millisecond pulsars, which is less than an order of magni-

tude from break-up rotation speed for a 10 km 1 − 2M� star, to on the order of 10

seconds for soft gamma repeaters and anomalous X-ray pulsars. Millisecond pulsars

are typically “reprocessed” neutron stars, i.e. pulsars born initially with much longer

unexceptional periods that have accreted matter and acquired angular momentum via

Roche lobe overflow from a stellar companion. Most discovered pulsars are spatially

confined within the Milky Way’s galactic plane and many have spatially coincident

associations with supernova remnants. Those young pulsars that do not appear to be
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Figure 8. Light curves of seven gamma-ray pulsars in five energy bands. Each panel

shows one full rotation of the neutron star. Adapted from Thompson (2004).

B0656+14, and PSR J0218+4232, the only millisecond pulsar with evidence of gamma-

ray emission (Kuiper et al 2000, 2002).

Although the pulsations identify sources as rotating neutron stars, the observed

energy spectra reflect the physical mechanisms that accelerate charged particles and help

identify interaction processes that produce the pulsed radiation. Broadband spectra for

the seven highest-confidence gamma-ray pulsars are shown in Figure 9. The presentation

in !F! format (or E2 times the photon number spectrum) indicates the observed power

per frequency interval across the spectrum. In all cases, the maximum power output is

in the gamma-ray band. Other noteworthy features on this figure are:

• The distinction between the radio emission (which originates from a coherent

Figure 1.1 : Pre-Fermi satellite pulse profiles of CGRO (Compton Gamma-Ray Ob-
servatory) EGRET rotation-powered pulsars from the radio through gamma-rays
(Thompson 2008).

part of a gravitationally bound system, such as some observed at high galactic lati-

tudes, typically have high peculiar motions, consistent with kick velocities expected

in some asymmetric type Ib/Ic/II supernovae and anisotropic neutrino cooling kicks

at birth. Small asymmetries in neutrino production and escape in the stellar core

during the supernova that creates a neutron star can plausibly, by conservation of

momentum, impart large (∼ 102 − 103 km/s) kick velocities.

In general, pulsars emit radiation anisotropically but otherwise have remarkable

diversity in their global energetics and emission characteristics. Most canonical pul-
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sars are rotation-powered, deriving their angular momentum loss and spin down

through magnetic breaking, emitting from radio to gamma-ray wavelengths through

disparate radiative processes some with transient behavior like the subclass of rotat-

ing radio transients. Figure 1.1 shows some sample pulse profiles of young (and bright

in gamma-rays) rotation-powered pulsars – note the characteristically narrow peaks,

suggesting strong beaming or anisotropy for the emission geometry. Other classes

include magnetars, which are characterized by their high inferred magnetic field, spo-

radic bursting activity, and luminosities exceeding canonical dipole spin down power.

Many millisecond pulsars are part of accreting binary systems with low or high mass

stellar companions; a subclass are X-ray bursters, which periodically have thermonu-

clear explosions as matter accretes onto the neutron star. A class called Isolated Neu-

tron Stars are simply cooling neutron stars with latent heat, but not associated with

remnants. Central Compact Objects, also sometimes called anti-magnetars (Gotthelf

& Halpern 2008), are observed as X-ray point sources in supernova remnants and

thought to be born with weak magnetic fields.

1.1.1 Neutron Star Structure

A brief overview of neutron star structure is presented in this subsection. Magnetars

must generate and sustain large internal magnetic fields, the detailed physics of which

is beyond the scope of this thesis and also highly speculative. However, the decay of

the internal magnetic field and injection of magnetic energy features prominently in

many models of magnetar bursts and flares, and must also ultimately power magnetar

persistent emission.

Like white dwarfs, neutron stars are supported against gravity by degeneracy

pressure – pressure due to the Fermi-Dirac statistics of particles that forbid them

from occupying the same quantum state, which is important at high densities when
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the inter-particle spacing is small, on the order of the de Broglie wavelength. Fermions

at such as densities can be relativistic, and if so the equation of state approximately

follows that of a cold relativistic degenerate gas p ∝ ρ4/3 rather than p ∝ ρ5/3 for an

nonrelativistic ideal gas. Theoretical knowledge of the structure and composition of

the outer layers of a neutron star is more certain than the interior where pressures

and densities exceed densities of nuclei.

At sufficiently high densities, protons in heavy nuclei and electrons are converted

to neutrons through inverse β-decay, e− + p → n + νe where the neutrino escapes

relatively unimpeded and cools the interior of the star – this begins to occur at about

1.2 × 107 g cm−3. Neutron stars, however, are significantly denser; nuclei are ex-

tremely neutron-rich, far away from the “valley of stability” of nuclear chemistry and

get increasingly more neutron rich at higher densities via inverse β-decay eventually

becoming unbound and releasing neutrons (“neutron drip”) to form a free neutron

gas at about 4× 1011 g cm−3. Beyond about 2.7× 1014 g cm−3, the so-called nuclear

saturation density, nucleons begin to merge and the physical properties are theoret-

ically uncertain with collective condensed matter phenomena operating in concert

with QCD in the presence of strong magnetic fields in neutron star cores.

The theoretical expectations for the structure for a neutron star of ∼ 1.4M� fol-

low Shapiro & Teukolsky (1983) and Lattimer & Prakash (2007). For most models,

the resultant moment of inertia is of order 1045 g cm2. Neutron star structure is

delineated into an atmosphere, envelope, crust, outer core and inner core. The at-

mosphere/envelope has a density of about 106 g cm−3 and is only about 1 cm thick,

but is of high import for the interpretation of blackbody X-ray spectra from the sur-

face layers. The strong magnetic field also elongates atoms into cylindrical shapes,

with high conductivity parallel to the field – this, and other processes such Hall drift

can cause the magnetic field to diffuse or decay. In Hall drift, the magnetic field is



8

entrained by electrons which have a velocity or drift vdrift relative to the protons

since they are much lighter, and ∂B/∂t ∼ ∇ × (vdrift × B). The surface layers are

mostly 56Fe nuclei in a lattice, with the outer crust increasingly getting more neutron

rich nuclei with increasing depth, with densities of order 1011 g cm−3 for ∼ 1 km

depth. The outer core is beyond saturation density and consists of neutron-proton

fluid, with free relativistic degenerate electrons and free degenerate neutrons. Deeper

inside, there is a superfluid of protons and neutrons, with superconducting protons,

as free nucleons form Cooper pairs by net attractive forces mediated by bulk nuclear

forces. A strong magnetic field may be present even deep within the neutron star

due to the presence of the relativistic degenerate electron gas, although the situa-

tion is uncertain due to the presence of superconducting protons screening magnetic

fields. At even higher densities entering the realm of QCD, mesons and exotic matter

might exist, introducing new degrees of freedom, softening the equation of state and

enhancing neutrino cooling.

There is significant observational guidance for the structure of neutron stars, with

measured masses of pulsars in binary systems (see Figure 1.2 left panel) using orbital

attributes combined with general relativistic effects like orbital evolution parameters

and Shapiro delay. There is clearly a clustering of masses near 1.4M�, as might

be expected from degenerate electrons in Fe cores near the Chandrasekhar limit in

type Ib/Ic/II core-collapse supernovae. The Chandrasekhar limit is the maximum

mass a relativistic cold degenerate electron gas can hydrostatically support against

gravity without radiation pressure. Such conditions are approximately true for inert

Fe cores that reside in high mass stars which later form neutron stars in core-collapse

supernovae. Additionally, timing anomalies such as spin-up (P̈ < 0) glitches can be

interpreted as evidence of superfluidity inside neutron stars, in terms of relaxation of
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FIG. 3: Measured and estimated masses of neutron stars in radio binary pulsars (gold, silver and blue regions) and

in x-ray accreting binaries (green). For each region, simple averages are shown as dotted lines; weighted averages

are shown as dashed lines. The labels (a) = [24] through (C) = [52] are references cited in the bibliography. For

the stars with references z-C, a lower limit to the pulsar mass of 1 M! was assumed.

Assuming that the hyperon-nucleon couplings are comparable to the nucleon-nucleon couplings typi-
cally results in the appearance of ! and "" hyperons around 2 to 3 ns in neutron star matter [54, 55, 56, 57].
In beta equilibrated neutron star matter, the various chemical chemical potentals satisfy the relations
µn ! µp = µe = µ!! and µn = µ". As a consequence, the proton fraction in such matter is quite small,
of order 5-10%. Little is known about the symmetry dependence of the hyperon-nucleon couplings as
these couplings are chiefly determined from hyperon binding energies in more or less symmetric nuclei. If
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and masses to date [3]. The long-term monitoring of
burst sources with the Rossi X-ray Timing Explorer, with
its excellent photon statistics, has resulted in a large
(> 1000) database of bursts [21], from which systematic
uncertainties can be determined and controlled, and ideal
sources that act as standard candles can be identified.
High resolution X-ray spectroscopy with the Chandra X-
ray Observatory and XMM-Newton has led to a detailed
measurement of the soft X-ray spectra of bursters and re-
duced the uncertainties introduced by interstellar extinc-
tion [22]. Finally, pointed optical/infrared observations
with the Hubble Space Telescope and large ground-based
facilities (e.g., the Magellan telescope) have substantially
improved distance measurements to these sources (see
Ref. [3] and references therein).

The wealth of such high quality data allows us to em-
ploy a novel approach, combining di!erent spectroscopic
measurements to break the degeneracies between neutron
star masses and radii inherent to each observable [23, 24].
The first observable is the apparent surface area during
the cooling phase of the bursts,

A =
R2

D2f4
c

!
1 ! 2GM

Rc2

"!1

, (1)

where D is the distance to the source, and fc is a cal-
culated ratio between the spectral (color) and e!ective
temperature, T , of the emerging radiation that accounts
for the non-Planckian spectrum of the burst. Because
the emitted luminosity is " T 4, the apparent surface area
in Eq. (1) shows the same T dependence, which we ab-
sorb into the definition of fc. The apparent surface area
remains constant in time and is highly reproducible in
multiple events from the same source, indicating that the
entire neutron star surface, rather than a variable area
on the surface, participates in the burst emission.

The second phenomenon occurs in a subset of bursts,
when the flux becomes so high that it exceeds the local
Eddington limit and lifts the photosphere of the neutron
star. The flux achieved during these events is also highly
reproducible for a large number of sources including the
three discussed below, and is related to the neutron star
mass and radius through

FEdd =
GMc

kesD2

!
1 ! 2GM

Rc2

"1/2

. (2)

This “touchdown” flux is evaluated at the moment when
the photosphere has receded back to the neutron star
surface (see also Ref. [3]). In the above equation, kes =
0.2(1 + X) cm2 g!1 is the electron scattering opacity in
the stellar atmosphere. In the atmospheric models, we
considered a wide range of hydrogen mass fraction X
consistent with the properties of each binary system.

Combining the measurements of A and F with the dis-
tance D to each source, we obtain tight, uncorrelated
constraints on the masses and radii of neutron stars. We
have applied this technique to three sources, the neu-
tron stars in the binaries 4U 1608!248, EXO 1745!248,

FIG. 1: The 1- and 2-! confidence contours for the masses
and radii of three neutron stars in the binaries 4U 1608!248
(green/red), EXO 1745!248 (yellow/blue), and 4U 1820!30
(cyan/magenta), compared with predictions of representative
EoS (see text for details). The details of the measurements are
described in Refs. [3]. The diagonal lines are the black-hole
event horizon (solid) and Buchdahl (dashed) [25] limits.

and 4U1820!30, and show in Fig. 1 the 1- and 2-!
confidence contours of their masses and radii determi-
nations [3]. The results are a set of uncorrelated mea-
surements of neutron star masses and radii. (An earlier
measurement of the mass and radius of the neutron star
in EXO 0748!676 [23] was based on the identification of
atomic line features in its X-ray spectrum with gravita-
tionally redshifted lines from its surface, which has since
been shown to be inconsistent [27] with the recent mea-
surement of its rapid spin frequency [28]).

The measurements in Fig. 1 incorporate the correc-
tions and systematic uncertainties associated with the
modeling of emission from the hot surfaces of neutron
stars following a thermonuclear burst, the composition
of the neutron star surface, as well as statistical or sys-
tematic uncertainties in the distances to the binaries. In
all three measurements, uncertainties arising from sub-
traction of the background flux are negligible, because in
each source, the luminosity from the neutron star surface
exceeds the accretion luminosity by more than a factor
of ten. Since not every combination of observables leads
to a solution for M and R, we converted the probability
densities over the measured fluxes, apparent areas, and
distances to those over the neutron star mass and radius
following standard Bayesian statistics [3]. As a result, the
uncertainties in the mass and radius, of order 15%, are
smaller than those of the individual spectroscopic quan-
tities. Note that the confidence contours shown in Fig. 1
correct a small numerical error in the Jacobian transfor-
mation of Refs. [3].

As noted, three distinct measurements of neutron star

Figure 1.2 : (Left) Measured neutron star masses (Lattimer & Prakash 2007), and
measured masses and radii. (Right) from PRE bursts for three X-ray bursting binary
systems 4U 1608-248, 4U 1820-30 and EXO 1745-248 (Özel et al. 2010) overlaid on
mass-radii equilibrium tracks for representative equations of state.

a crust-core rigid body rotation interaction.

Moreover, a study of photospheric radius expansions (PRE) in low-mass X-ray

binary systems of known distance allows for simultaneous mass and radius determi-

nations (e.g. Özel et al. 2010). During PREs, accretion from a low-mass stellar

companion precipitates thermonuclear reactions causing the emission of quasither-

mal X-ray flares, with the whole surface of the neutron star assumed to participate

radiatively. X-ray emission is briefly super-Eddington, that is, the radiation pres-

sure force exceeds the force of gravity expanding the photosphere radially. When the

burst subsides, the photosphere touches down in a manner that is easily identifiable

in X-ray light curves and spectroscopically as a brightening followed by cooling. A
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measurement of the touch-down flux, combined with gravitational redshift allows for

a simultaneous measurement of mass and radius for a source with known distance.

These PRE measurements show masses in the range of 1.2 − 1.8M� with radii 8-12

km (see Figure 1.2 right panel) consistent within errors with mass determinations of

other neutron stars in binary systems.

1.1.2 Pulsar Magnetospheres and Emission Mechanisms

Study of pulsar magnetospheres form essential background for the definition of mag-

netars. Emission mechanisms in canonical pulsars differ from those in magnetars.

Canonical pulsars are rotation-powered for injection of energy into charged particles

that then suffer energy losses and emit radiation. In this subsection, the key equations

and background for pulsars is presented.

Simple flux-freezing arguments show that neutron stars must possess strong mag-

netic fields. A magnetic flux conserving spherical collapse ΦB ∝ BR2 of a star with

magnetic field ∼ 103 G will amplify the field to order ∼ 1013 G if the collapse’s end-

state is ∼ 10−5 of the original radius. Electron cyclotron lines or features in X-ray

binary systems have been observed in the hard X-rays (e.g. Hercules X-1, Truemper

et al. 1978) suggesting fields of order 1012 − 1013 G do exist in nature.

The canonical model of pulsars is that of a rotating neutron star with a large

dipole magnetic field slowing down by magnetic breaking. Although it is certain

higher order multipoles exist in a real neutron star, the dipole component is expected

to be the largest in any spherical harmonic expansion of a pulsar magnetosphere,

especially for large distances of the outer magnetosphere coupling the field to the

pulsar wind nebula. Realistic models of pulsar magnetospheres must depart from a

vacuum dipole for pulsar emission due to plasma loading and necessity of radiating

charges to produce the observed nonthermal emission.
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The simplest model used to categorize pulsars, is of a uniformly magnetized sphere

rotating with angular velocity Ω = ΩΩ̂ in a vacuum. What follows is found in many

texts on pulsars, such as Shapiro & Teukolsky (1983) and Lorimer et al. (2004).

We neglect all general relativistic effects incorporated into static or time-dependent

solutions for the exterior of the neutron star as well as magnetic field enhancements.

From Jackson (1998) eq. (5.107), the dipole moment of a uniformly magnetized sphere

of radius RNS and polar surface field Bp in CGS units is,

|µB| =
BpR

3
NS

2
. (1.1)

In general, it is misaligned by angle α from the rotation axis, sinα ≡ Ω×µB/(|Ω||µB|).

Inserting this into the Larmor formula for the electromagnetic power radiated, and

hence energy loss rate, yields

−P = ĖEM = −2|µ̈B|2
3c3 = −B

2
pR

6
NSΩ4 sin2 α

6c3 . (1.2)

This dipole radiation carries away angular momentum from the neutron star, and

correspondingly reduces the rotational kinetic energy, Erot = IΩ2/2 where I ∼MR2
NS

is the moment of inertia about the rotation axis. Thus,

Ėrot = IΩΩ̇ = −4π2IṖP−3 (1.3)

where P is the period of the pulsar. It is interesting to note that using the measured

{P, Ṗ} values of the Crab pulsar, with I = 1045 g cm2 yields Ėrot ≈ 4 × 1038 erg/s,

similar to the energy output estimated in the Crab, as affirmed by Gold (1969) and

important early evidence in favor of the neutron star paradigm for pulsars. It should

also be noted that this estimate is purely kinematic and independent of radiative
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mechanisms that operate in a more realistic nonvacuum magnetosphere. The rota-

tional and vacuum dipole electromagnetic energy loss rates may be equated, solving

for the polar field in the case of an orthogonal vacuum rotator (sinα = 1),

Bp =

√
3c3IP Ṗ
2π2R6 = 6.4× 1019

√
PṖ

(
I

1045 g cm2

)1/2(
106 cm
RNS

)3

G (1.4)

where P is given in seconds. It is conventional for some observational astronomers to

use the equatorial field magnitude as a metric, thus the formula above is reduced by

a factor of two in this case (e.g. Manchester & Taylor 1977) .

Another pulsar metric that can be quoted from period and period derivative values

is the characteristic age of the pulsar. Neglecting gravitational radiative losses which

are important early in the history of a pulsar, we note that for dipole radiation Ω̇ ∝ Ωn

with n = 3, the “breaking index”. A measurement of the breaking index requires a

measurement of the second derivative P̈ or Ω̈; those few pulsars with measured second

derivatives typically have weakly constrained values of n, spanning values between

±2000. The large uncertainty in measured n is because of timing limitations; large

temporal baselines are needed for second derivative determination, and poor sampling

resolution often results in glitches being missed. The differential equation for Ω̇ is

trivially solved; then assuming a very large initial angular velocity yields the current

age of the pulsar τ ,

τEM =
P

2Ṗ
(1.5)

for n = 3. For the Crab pulsar, the characteristic age of τCrab ≈ 1240 years is

in reasonable agreement with the observed supernova in 1054 AD. Similar order-of-

magnitude agreements with remnant ages are found for other pulsars, adding weight

to the picture of pulsars as spinning neutron stars.
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The population of observed pulsars can now be summarized in a P − Ṗ log-log

plot Figure 1.2, which is similar in import to the Hertzsprung-Russell diagram for the

population of nuclear-burning stars. One caveat that makes the analogy less secure

– the P − Ṗ diagram is biased by an overweighting of nearby radio pulsars, being

brighter due to their proximity to Earth, and is not a representative sample of the

intrinsic galactic population. The characteristic ages are all younger than the age

of the galaxy, indicating a “death line” where aged pulsars are no longer observable.

Magnetic field decay may also operate on longer timescales > 10 Myr for the evolution

of neutron stars. Due to angular momentum conservation and mass transfer from a

companion, most older millisecond pulsars are found in binary systems. A similar

more recent P − Ṗ diagram emphasizing gamma-ray pulsars may be found in the

second Fermi pulsar catalog (Abdo et al. 2013).

The population of soft gamma repeaters (SGRs) and anomalous X-ray pulsars

(AXPs), characterized by rapid spin down, high fields, long periods and young ages

stands out from the population of canonical radio pulsars. These are the magnetars

and are focus of the next two sections in this Introduction, and this thesis.

The simple models of a vacuum rotating dipole, even self-consistent solutions such

as Deutsch (1955), are inadequate to explain the non-thermal emission of pulsars.

There must be plasma present in the magnetosphere, and as first pointed out by

Goldreich and Julian (1969), a vacuum dipole solution is unstable. In the absence of

plasma, a rotating perfecting conducting sphere with a dipole magnetic field induces a

strong electric field E = −∇Φ = −(Ω×r)×B/c by redistributing surfaces charges, a

phenomenon also known as unipolar induction. The radial component of this electric

field at the surface of the star produces a force many times the gravitational force,

and will shear off charges if the electric potential exceeds the electron or proton work
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1

Fig. 1. Three examples of Chandra-observed pulsar wind nebulae. (Left) The

Crab Nebula (the image is 5! across) with its clear toroidal morphology and jet structure

(NASA/CXC/SAO/F. Seward et al). (Middle) The PSR B1509!58 pulsar wind nebula, knick-

named the “hand of God” (image is 20! across; NASA/CXC/SAO/P.Slane, et al., Ng et

al. in prep.). (Right) The ‘Mouse’ ram-pressure-confined pulsar wind nebula (1.2! across;

NASA/CXC/SAO/B.Gaensler et al. Radio: NSF/NRAO/VLA; [19]). These images provide an

indication of the variety of structures possible in PWNe.

Fig. 2. P -Ṗ diagram for 1704 objects, including 1674 RPPs (small black dots), 9 AXPs

(blue crosses), 5 SGRs (green crosses), 3 CCOs (cyan circles), 6 INSs (mageneta squares), and 7

RRATs (red triangles) for which these parameters have been measured. Open circles indicate bi-

nary systems. Data from the ATNF Pulsar catalog (www.atnf.csiro.au/research/pulsar/psrcat),

the McGill SGR/AXP Online Catalog (www.physics.mcgill.ca/ pulsar/magnetar/main.html), as

well as from [75] and [59]. MSPs are RPPs having periods below "20 ms. Lines of constant

B (dashed) and ! (dot-dashed) are provided. The solid line is a model death line (see text).

Footline Author PNAS Issue Date Volume Issue Number 7

Figure 1.3 : P − Ṗ diagram for the population of known pulsars (Kaspi 2010, adapted
from Manchester et al. 2005). Lines of characteristic age τEM and magnetic field are
shown. Open circles indicate pulsars in binary systems.

function of the envelope matter, easily achieved for large B and RNSΩ× r̂ typically

attained in neutron stars (but not white dwarfs). Hence the magnetosphere will be

plasma loaded rather than a vacuum. If the number of charges is abundant enough,

which may occur due to e+e− pair production if some electrons are accelerated to

ultrarelativistic energies, the magnetohydrodynamic (MHD) approximation may be

an appropriate macroscopic physical description. In the ideal MHD approximation,

the charges form a perfectly conducting plasma shorting-out the induced electric

fields, so that E ·B = 0 everywhere in the inner magnetosphere.

With a rotating magnetosphere, an important physical scale is the light cylinder,
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where the plasma or field lines corotate faster than the speed of light,

RLC = c/Ω ≈ 4.8× 103RNS

(
106 cm
RNS

)(
P
1 s

)
. (1.6)

In the parlance of electromagnetic potentials of radiating systems (cf. Jackson Chap-

ter 9), the volume inside the light cylinder is the “near zone” while outside it is

the “induction” or “far” zone. Those field lines of an approximately dipole magne-

tosphere that are inside the light cylinder are called closed field lines, while those

that extend beyond RLC near the polar cap are open field lines. This feature is also

found in the analytic vacuum rotator Deutsch (1955) solution. The angle subtended

by the polar cap is approximately θcap ≈ (RNS/RLC)1/2; the potential difference be-

tween the pole and the last open field can be enormous allowing charged particles to

stream out carrying away angular momentum. For an aligned rotator, particles and

the coupled magnetic field far beyond the light cylinder approximately sweep out an

Archimedean or Parker spiral in the equatorial plane, forming part of a pulsar wind

nebula. A similar, but more complex, picture for the wind is true for oblique rotators.

Within the light cylinder, the density of electrical charges that produce the equi-

librium configuration E ·B = 0 is the Goldreich-Julian (GJ) net charge density,

ρGJ ≈ −Ω ·B
2πc

≈ −BpΩR
3
NS

8πcr3 (3 cos2 θcol − 1) (1.7)

where the last equality assumes α = 0. This charge density corotates inside the

closed magnetosphere, and in general ρGJ = e(n+−n−) so that electron and positron

densities could be arbitrarily high as long as the net charge is the GJ value. Note that

a null charge cone or surface is defined when Ω ·B = 0, i.e. when cos θcol =
√

1/3 for

an aligned rotator.



16

Most rotation-powered pulsars emit a few percent of their total spin down power

as pulsed emission, with the rest of the spin down power lost as a Poynting flux or in

a relativistic plasma wind. Spitkovsky (2006) has shown by numerical ideal “force-

free” MHD simulations of oblique pulsar magnetospheres, where the inertia of the

charges is neglected, the spin down power retains the same dimensional dependence

as a vacuum rotator model,

ĖMHD ≈ −
B2
pR

6
NSΩ4(1 + sin2 α)

4c3 (1.8)

leading to modest corrections to the canonical characteristic age and magnetic field

derived for an orthogonal vacuum rotator. Unlike an aligned vacuum rotator (α = 0),

a non-vacuum magnetosphere still suffers angular momentum losses due to plasma

loading.

In a more sophisticated magnetospheric models, there may be vacuum or accel-

eration gaps, places where the plasma does not screen out electric fields and allows

particles to accelerate to high energies. The location and structure of these gaps is

key to understanding the radio and gamma-ray emission of pulsars, since acceler-

ated charges are a prerequisite in many radiative processes. For accelerated charges,

any momentum perpendicular to the magnetic field is rapidly lost by synchrotron

radiation on timescale of order 10−16 − 10−20 seconds near the surface. The primary

energy loss mechanism for accelerated charges parallel to field lines is curvature radia-

tion (Ruderman and Sutherland 1975, Arons 1983), which for ultrarelativistic charges

can produce photons of gamma-ray energies εCR ∝ γ3
e/ρCR for Lorentz factor γe and

field curvature radius ρCR. Inverse Compton scattering may also operate if the soft

photon field energy density is high enough.
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Figure 1. Magnetic field lines in the µ!! plane for a 60" inclined dipole. Color represents out-of-plane magnetic field into (red) and out of (blue) the page. The color
table shows only values up to 30% of the maximum of the out-of-plane magnetic field, and a square root stretching has been applied to its magnitude. The maximum
out-of-plane magnetic field values are given in Table 1. Conduction and displacement currents weaken with decreasing conductivity. (a) Force-free dipole; (b) resistive
dipole at (!/!)2 = 40; (c) (!/!)2 = 4; (d) (!/!)2 = 0.4; (e) (!/!)2 = 0.04; (f) vacuum dipole.
(A color version of this figure is available in the online journal.)

4

Figure 1.4 : (Left) Cartoon of the Crab pulsar magnetosphere with illustrating key
concepts (Aliu et al. 2008). (Right) Force-free with E ·B = 0 MHD simulation of a
pulsar magnetosphere in flat spacetime from Li, Spitkovsky and Tchekhovskoy (2011)
– here RNS = 3/8RLC and α = π/3, with field lines shown for the poloidal field in
the Ω−µB plane and color coding indicating the direction and strength of a toroidal
field component.

In inner magnetospheric models for high-energy pulsar emission, gamma-ray pho-

tons from curvature radiation then interact with the transverse component of the

magnetic field and produce electron-positron pairs via single magnetic photon pair

creation which has a threshold of εγ = 2mec
2/ sin θkB where θkB is the angle be-

tween the photon and local magnetic field (e.g. Sturrock 1971). The produced pairs

then lose energy by curvature radiation that again cascade to produce more pairs via

curvature radiation photons. This pair cascade occurs if multiplicity is high enough

before radiation reaction cooling quenches production of high energy curvature pho-

tons. The electrons and positions accelerate in opposite senses to each other in the



18

accelerating field, creating a “gap”. For gamma-ray pulsars, such a scenario would

produce a super-exponential turnover at the highest energies, and this model is now

disfavored by spectroscopic observations by Fermi for some pulsars such as the Crab

or Vela.

Although radio emission from pulsars is poorly understood, it is thought to be

caused by electron-positron pairs created by curvature radiation or other mechanisms

in the polar regions of the magnetosphere. As shown in Figure 1.1, radio pulse

profiles are typically very narrowly peaked. The pairs then radiate coherently in the

radio as a plasma phenomenon in a narrow emission cone around the magnetic pole.

Radhakrishnan and Cooke (1969) were the first such empirical geometric polar model

to explain pulsar beaming, and polarization as function of pulse phase. The origin of

the radio “death line” in the P − Ṗ diagram is then due to aged pulsars no longer

having sufficiently high Ω to produce pair cascades from curvature radiation around

a small polar cap defined by the last open field line.

In outer magnetospheric models high-energy pulsar emission, gaps may be pro-

duced by non-ideal MHD plasma effects in a magnetosphere or exist near the null

charge surface and the last open field line (e.g. Cheng et al. 1986). Charge extracted

from the vicinity of the null charge surface and last open field line cannot be reloaded

by surface charges, leaving a gap between surfaces of opposite charge. An impor-

tant metric for these models is the value of the magnetic field at the light cylinder.

Some outer gaps can be characterized by solving Poisson’s equation with appropriate

boundary conditions on the null charge surface and last open field line (e.g. Hirotani

et al. 2003) and then solving Boltzmann’s equations for the charge distributions.

However, no complete self-consistent simulations for the charges, currents and fields

exist for a pulsar magnetosphere for either inner or outer magnetospheric models.
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1.2 Magnetars: Observational Overview

Key observational evidence for magnetars and their defining characteristics are pre-

sented in this section. Although this thesis is primarily limited to the persistent emis-

sion of magnetars, much of the flaring activity can spectrally mimic the persistent

emission on shorter timescales. This observational overview is also necessary to form

a coherent broadband theoretical picture of magnetars.

Flux-freezing arguments can explain the field strengths ∼ 1011 − 1013 G of most

normal pulsars and may explain the formation of magnetars if the massive progenitors

are the subset of the population with the highest magnetic fields. Isolated pulsars

with high magnetic fields may also be formed if there is dynamo action present in

the formation of the neutron star during a core-collapse supernova (Thompson &

Duncan 1993). Rapid spin of the progenitor may be sufficient to explain the formation

of magnetar field strengths 1013 − 1015 G. During core-collapse in the formation of

a protoneutron star, convection is expected to present in the neutron fluid due to

neutrino cooling being more efficient in the outer layers than the core. If the rotation

period of the protoneutron star is much shorter than the convective timescale of

neutrons (∼ 10 ms), dynamo action may plausibly amplify the magnetic field to

magnetar strengths as the flux-frozen field in degenerate electrons inertially traces

the neutrons. The expectation is thus a short birth period near break-up rotation of

P0 ∼ 1 ms with a field of 1015 G, which through dipole breaking Ω̇ ∝ −Ω3 slows down

to periods of order P = 1− 10 seconds in a timescale on the order of 103− 104 years,

neglecting any gravitational radiative losses due to asphericity. Since rapidly spinning

progenitor stars are rare, and the spin down timescale is astronomically short, the

number of magnetars expected to be observed in the short period state is vanishingly

small.
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Phenomenologically, magnetars are distinct from rotation-powered pulsars or those

sources powered by accretion or vestigal thermal energy. In terms of emission and

flares, magnetars’ energy budget derives from energy stored in magnetic field rather

than rotation. For an order of magnitude estimate, the ratio to energy stored in the

magnetic field filling the volume of a neutron star to rotational kinetic energy is,

EB
Erot

∼ (4/3)πR3
NSB

2/(8π)
(1/2)IΩ2

≈ 3× 102

(
P
6 s

)2(
B

1015 G

)2(
RNS

106 cm

)3(
1045 g cm2

I

)
(1.9)

which is typically comparable to or much greater than unity for magnetars. A sim-

ilar estimate is obtained if the field energy density for a dipole is integrated out

from the surface to the light cylinder, which is substantial for slow rotators. This

is because the energy density is predominantly stored in the inner magnetosphere,
∫
|B|2dV ∝

∫
r−4dr and even more so for higher multipole components. This mag-

netic energy budget has import not only in internal models for magnetar bursts, but

also magnetospheric burst and emission models.

The evidence for magnetars has seen steady growth in strength over the past

three decades, with the unification of two distinct classes of sources – AXPs and

SGRs – under the umbrella of the magnetar paradigm (Duncan & Thompson 1992,

Thompson & Duncan 1995, 1996). They are characterized by high magnetic fields

1013 − 1015 G from {P, Ṗ} measurements, sporadic and sometimes extreme bursting

activity, and luminosities exceeding canonical dipole spin down power. SGRs were

historically bursting or transient high-energy sources, while AXPs X-ray sources that

were thought to be accreting X-ray binaries but were inconsistent with such models.

Over the years, defining attributes of each have been found in the other, such as flaring
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AXPs or quiescent AXP-like spectra in SGRs. What exactly defines a magnetar is

still ambiguous – other pulsars that are neither AXPs nor SGRs may be magnetars,

and some SGR/AXPs may not be true magnetars. For example, there are normal

pulsars with inferred fields in the magnetar regime (e.g. PSR J1119-6127, Ng et al.

2012), magnetar-like outbursts from a normal pulsar (PSR J1846-0258 Gavriil et al.

2008), and other neutron stars with low inferred fields that could be observationally

classified as SGRs (e.g. SGR 0418+5729, Rea et al. 2013). However, in this Section

I will focus on the SGRs and AXPs as magnetar candidates.

The notable exception of SGR 0418+5729 poses a problem for the naive definition

of a magnetar where the field inferred from the canonical electromagnetic vacuum

dipole torque Bp = 6.4× 1019
√
PṖ G is > 4× 1013 G. First detected from magnetar-

like outbursts in 2010 (van der Horst et al. 2010, Rea et. al 2010), SGR 0418+5829

is a 9.08 second pulsar with an inferred polar field of “only” ∼ 1.2 × 1013 G with

τEM ∼ 4×104 kyr. There is some evidence for high fields 1014−1015 G from a proton

cyclotron line observation by Tiengo et al. (2013). Yet like most other magnetars, it

is invisible in deep radio, IR and optical searches while having an X-ray luminosity

one to two orders of magnitude higher than ĖEM for a dipole field. Moreover, it’s

soft X-ray spectra and broad pulse profiles are very magnetar-like, with a blackbody

temperature of ∼ 0.3 keV. SGR 0418+5729 may thus be an unusual aged magnetar,

detectable at its low flux level due to its relatively close proximity (∼ 2 kpc, one the

closest magnetars) and serendipitous outbursts that led to its discovery.

A generally agreed upon but tentative set of attributes that identify AXPs and

SGRs as magnetars are:

1. Long periods and rapid spin down with inferred spin down magnetic fields of

1013 − 1015 G;
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2. Short characteristic ages τEM < 105 years;

3. High persistent pulsed quiescent emission in hard or soft X-rays, with isotropic

luminosities ∼ 1033 − 1035 erg/s exceeding the dipole spin down luminosity;

4. Nonthermal emission power law indices for the soft X-ray band typically steeper

than any extant hard X-ray power law component;

5. Broad pulse profiles, contrasting those narrow pulse profiles observed in rotation-

powered radio pulsars e.g. Figure 1.1;

6. Sub-second outbursts and flares, most super-Eddington, in the X-ray or soft

gamma ray bands with lingering but fading flux enhancements after outburst

phases on month/year long timescales;

7. Absence of stellar companions and strong limits in IR/NIR/visible bands for

accretion scenarios;

8. Weak or absent radio emission.

Several of these observational features suggest SGR/AXPs are isolated neutron stars

with superstrong magnetic fields. Notably, both accretion and white dwarf models

have difficulty with IR/optical observational limits and the prolific bursting found in

SGR/AXPs.

One scenario that is plausible for some SGR/AXPs, as an alternative to the mag-

netar hypothesis, is a fall-back disk where a residual fossil disk, from the formation

supernova, accretes in a manner that does not result in spin-up (van Paradijs et

al. 1995; Chatterjee et al. 2000; Alpar 2001). The spin-down occurs via a disk-

magnetosphere MHD coupling, requiring only normal pulsar magnetic fields of order
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1012 − 1013 G. Matter accretes from the disk down along field lines toward the sur-

face where a radiative shock forms at the bottom of the accretion column, naturally

focused at polar locales. The fall-back disk model can explain the persistent hard X-

ray emission via bulk motion Comptonization (repeated inverse Compton scattering,

Blandford & Payne 1981) in the shock, with emission beamed with rotational phase.

Truemper et al. (2013) use the fall-back disk model to fit spectra and pulse profiles

for AXP 4U 0142+61, deriving fit parameters such as magnetic inclination angles

with respect to the spin axis, optical depth (Compton y ∼ 4kT/(mec
2)Max[τ, τ 2]

parameter) and height of the radiative shock. Besides having problems explaining

recurrent short bursts and giant flares in SGR/AXPs, IR and optical observations

place severe constraints on the location and size of the accreting disk.

1.2.1 Bursts and Variability

SGRs were historically classified as a subset of classical gamma-ray bursts, and even

today bursting magnetars are typically categorized by observers as SGRs rather than

AXPs. Unlike classical GRBs which are now thought to be more extreme extragalac-

tic events, magnetars are differentiated by having multiple episodes of activity with

detectable pulsations. By isotropic peak luminosity there is a continuum of bursts,

but with two distinct classes: rare giant flares (1044−1047 erg/s) and recurrent bursts

(1037− 1043 erg/s). Typical recurrent bursts have a wide range of durations (0.01 - 1

second) following a log-normal distribution peaking at about 100 ms (Aptekar et al.

2001). Periods of flaring activity or flux enhancements in SGR/AXPs can coincide

with bursting activity, glitches, pulse-profiles changes and spectral hardening.
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Figure 1a: The SGR spike and tail light curve from the Burst Alert Telescope (BAT) on

Swift at measured energy >50 keV (64 ms bins). Although BAT was pointed 105! away

from the SGR at the time of the main spike, it recorded !!rays above 60 keV passing

through and scattering within the spacecraft body and instrument shielding. As part of

a pre-planned observing schedule, Swift slewed to observe a di!erent source shortly after

the main peak, reaching a steady pointing direction 61! from the SGR at 143 seconds. The

spacecraft re-orientation improved the detection e"ciency of the SGR, visible as an apparent

(not intrinsic) rise in the light curve to a peak at 140 s. This is followed by a second slew to

67!.

Figure 1.5 : The > 50 keV light curve of the giant flare from SGR 1806-20 and its
pulsating tail at a period of 7.6 seconds as observed by Swift-BAT (Palmer et al.
2005).

1.2.1.1 Giant Flares and Pulsating Tails

Giant flares are exceptional galactic events releasing 1044−1046 erg of energy, compa-

rable to ∼ 10−1− 10−3 of the total energy stored in the magnetic field of a magnetar.

Their general character is a short, hard spike with a rise time of a few milliseconds and

duration of 0.2−0.5 seconds followed by an energetic tail persisting for several minutes,

modulated at the rotation period of the magnetar and decaying quasi-exponentially.

Only three giant flares have been detected: SGR 0526-66 on March 5, 1979, SGR

1900+14 on August 27, 1998 and SGR 1806-20 on December 27, 2004. The initial

spike from SGR 1806-20, located ∼ 9 kpc away, was powerful enough to not only sat-

urate detectors, but also cause measurable changes in the earth’s ionosphere; flares

of this strength pose interesting questions about habitability zones near magnetars in

our galaxy. More prosaic ‘intermediate’ flares have been detected from SGR 1900+14

(Kouveliotou et al. 2001) that resemble giant flares’ pulsating tail but without the

initial spike.

Spectrally, the initial spike is fit by a broadly nonthermal continuum extending to

102 − 103 keV while the cooling tail is fit by optically thin thermal bremsstrahlung

of temperature 20 − 40 keV sometimes with an additional power-law component
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dN/dE ∝ E−Γ. Figure 1.5 shows the truncated hard spike followed by the pulsating

tail for the giant flare of SGR 1806-20; the pulsating tails for the other two giant

flares are very similar. Short timescale variability suggests an emitting region near

the pulsar. It is important to note that in the magnetar model (Thompson & Duncan

1995), the initial spike is interpreted as expanding electron/positron fireballs released

by a catastrophic event such as a crustal fracture or caused by magnetic reconnection

(Lyutikov 2003). Those models that rely on crustal fractures are ‘internal’ models,

contrasting with ‘external’ magnetospheric models of bursts. Some fraction of a fire-

ball that becomes magnetically-trapped, and arguments show (Thompson & Duncan

2001) that a field of order ∼ 1014 G is required for confinement. The pulsating tails

are then interpreted as the cooling phase of a trapped fireball.

Quasi-periodic oscillations (QPOs) of frequencies in the tens to hundreds of Hertz

have also been detected in the pulsating tails in the two most recent giant flares.

These QPOs, which are phase dependent and remain coherent for tens of seconds,

are interpreted as core or crust seismic normal modes of the magnetar. Such QPOs

are hard to explain other than in a neutron star model for SGR giant flares, and

may constrain the equation of state of magnetars with assumptions about frequencies

and normal modes of core-crust coupling. High frequency QPOs for SGR 1806-20

at 625 and 1840 Hz involve extreme temporal luminosity variations that violate the

Cavallo-Fabian-Rees variability limit (typically applied to blobs in GRBs and blazars,

cf. Cavallo & Rees 1978, Fabian 1979). This luminosity limit is essentially formed by

causality arguments for a baryon-loaded fireball radiating with some energy extraction

efficiency η with δt δL ∼ ηR3nmpc
2 and size scale set by the Thomson optical depth

R ∼ τT/(σTn). The timescale of luminosity variations must be comparable to the dif-

fusion time δt > R(1+τT )/c. To avoid violating this very general causality-variability

criterion, Vietri et al. (2007) suggest that reduction of the magnetic Thomson scatter-
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ing cross section in high fields implies a lower limit on surface magnetic of > 1.8×1015

G for a radiative efficiency of 10% in the trapped fireball of size 30 km, consistent

with the magnetar nature of the object.

1.2.1.2 Active Phases and Recurrent Short Bursts

Short recurrent bursts in SGR/AXPs of peak isotropic luminosities 1037− 1043 erg/s

are far more frequent than giant flares. The Eddington limit, with ionized hydrogen

for a 1.4M� neutron star is about Ledd ≈ 4πGMmpc/σT ∼ 1038 erg/s in flat spacetime

– avoidance of this limit requires a reduction in the Thomson scattering cross section

(away from cyclotron resonances) for electrons in high magnetic fields, again implying

fields in excess of 1014 G. The wait time between recurrent bursts, like their duration,

follows a log-normal distribution (Hurley et al. 1994); for a given source they can be

extremely sporadic or clustered in time. Like giant flare pulsating tails, short bursts

can be fitted with an optically thin bremsstrahlung models with narrow temperature

ranges of ∼ 20 − 40 keV. However, in some sources a better fit is obtained with a

two-component blackbody model (e.g. Lin et al. 2012).

Recurrently bursts are frequently associated with enhancements in total flux, spec-

trum changes, timing anomalies or glitches, and pulse profile changes in both the soft

(1− 10 keV) and hard (> 10 keV) X-ray bands. However, glitches in magnetars are

not necessarily associated with any radiative outbursts, flux variations or pulse profile

changes. Most glitches, including those in ordinary pulsars, are spin-up glitches where

briefly P̈ < 0. However recently a sudden spin down glitch was observed in AXP 1E

2259+586 coincident with a Fermi GBM burst (Archibald et al. 2013). There is

significantly flux evolution of many sources after outbursts (see Figure 1.6).
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Fig. 3 Flux evolution over the first ∼ 200 days of recent magnetar outbursts (all observed with
imaging instruments). Fluxes are reported in the 1–10 keV energy range, and the reported times
are calculated in days from the detection of the first burst in each source. In particular we
show CXOU J1647−4552 in red [76], SGR 1627−41 in grey [31], SGR 1806−20 in orange
[39], 1E 1547−5408 in green and blue for the 2008 and 2009 outbursts, respectively [75, 116],
SGR 0501+4516 in black [127], SGR 0418+5729 in yellow [37], and SGR 1833−0832 in light
blue [50, 33].

1042 erg for the three outbursts in chronological order [22]. We note that Gaensler
et al. [43] propose an association between 1E 1048.1−5937 and the hydrogen shell
GSH 288.3–0.5–28, which would pose the source at a much shorter distance of 2.7
kpc.

A candidate infrared counterpart to 1E 1048.1−5937 (Ks = 19.4 mag) was se-
lected in 2001 with the Baade (Magellan I) telescope[156] and confirmed by subse-
quent observations of large variability (∼2 mag) [74, 24]. Changes in the infrared
flux were initially suggested to be anti-correlated with those in the X-ray flux [24].
Recent observations however showed a behavior inconsistent with this hypothesis,
with infrared flux enhancements near those at X-rays, indicating that neither dispo-
sition holds all the time [138, 155].

Figure 1.6 : Post-burst total soft X-ray (1 − 10 keV) flux temporal evolution of
magnetar bursts (Rea & Esposito 2011).

1.2.1.2.1 SGR 1550-5418 As a brief case study we shall focus on the outbursts

of SGR 1550-5418 (formerly AXP 1E 1547-5408), the lowest period magnetar with

P ≈ 2.07 seconds, whose burst spectra and pulse profiles show remarkable similarity

to persistent emission of other magnetars in quiescence, which are the focus of this

thesis. Other magnetars in outbursts

SGR 1550-5418 went through a phase of outbursts on October 3 2008 and January

22 2009 detected by Swift, Fermi-GBM, INTEGRAL and a panoply of other X-ray

missions. In addition several ‘minibursts’ were detected over a year-long timescales

after the major outbursts. Figure 1.7 shows the light curve, frequency and pulse profile

evolution – note the appearance and disappearance of a pulsed hard X-ray component
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Figure 1. Evolution of the total flux (top panel) and pulsed flux (bottom panel) of 1E 1547.0!5408 from 2008 October 3 until 2010 December 25 as measured by the
PCA/PCU-2, summing the signals from all three detection layers for the pulse-height-channel range 4–27 ("2–10 keV). We have subtracted the 1997 pre-outburst
reference level (see Section 3.1) for the total rate (top panel; dashed line) and superposed the best-fit decay model as a solid line (top panel). The middle panel shows
the frequency measurements (data points), three incoherent fit segments (solid plus dashed lines (=1! uncertainty)), and five bold segments representing reliable
coherent timing solutions. Time intervals for which detailed PCA pulse morphology and spectral studies were performed are labeled at the bottom of the middle panel
(11 segments). At the top of the middle panel, seven intervals are shown for which INTEGRAL observations are available (see Table 2). The dashed line in the bottom
panel represents the best fit of a linear decay model for the period MJD 54868–55555.

It is clear that since 2008 October 3 the total flux decayed
to almost its reference level just before the 2009 January 22
outburst. The flux decay of the much more intense second
outburst, however, has still not reached its reference level
"2 year after the onset. We studied the decay of the total
flux since the 2009 January 22 outburst in more detail by
fitting the data, excluding the time intervals in which the mini-
outbursts occurred (see Section 3.1.1), with a model composed

of a constant, an exponential, and a power-law-like decay
component:

Rtot(t) = a + b ·
!

1 +
t ! t0

"0

"#

+ c · exp
!

! t ! t0

"1

"
. (1)

We fixed t0 at MJD = 54853.035, used only times with
t ! 54854 (MJD), and fitted the six free parameters to obtain the

5
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Figure 8. Evolution of the morphology of the (PCA) X-ray pulse profiles in three different energy bands (see headings at the top of the figure). Time-segment identifiers
are shown on the right-hand side and are defined in Table 5. In particular, segments 1 and 2 refer to the time period between the 2008 October 3 and 2009 January 22
outbursts. Segment 3 represents a time period of only 11 days in duration starting just after the 2009 January 22 outburst, during which rapid and drastic morphology
and flux changes occur.

matrices with (60 ! 256) elements by binning the pulse-phase
range [0,1] into 60 phase bins for all 256 PHA channels. In
this process we used data from all three Xenon layers of each
PCU, which considerably improves the signal-to-noise ratio for
energies above "10 keV. This allows us to better characterize
the hard X-ray (>10 keV) properties. In Figure 8 the pulse
profiles of 1E 1547.0#5408 are shown for all 11 time segments
adopting three different X-ray bands: <4.14 keV (soft band,
PHA 4–10), 4.14–11.22 keV (medium band, PHA 11–27), and
11.22–33.82 keV (hard band, PHA 28–80). Drastic morphology
changes as a function of time are shown for the hard and medium
energy bands, especially for the transitions from segment 2 to
3, and 3 to 4. Apparently, the dramatic changes of physical
conditions after the 2009 January 22 event (the timing glitch
and radiative outburst occur just prior to the start of segment 3)
are responsible for these phenomena.

Noteworthy is that the hard X-ray bands of segments 1 and 2
already show pulsed emissions at the 4.7! and 2.9! significance
levels (applying Z2

2-tests), respectively. Therefore, the period
just after the 2008 October 3 outburst represents the first time
period in which pulsed emission from this source has been
detected significantly at energies above "10 keV.

From Figure 8 it is also clear that the soft X-ray pulse profiles
(<4.14 keV) exhibit the least variability and remain relatively
stable. This stability was the main reason for choosing the soft
X-ray band for the ToA correlation analysis (see Section 3.2.2).

4.1. Evolution of a Transient Hard X-Ray Pulse above "10 keV

In the hard X-ray band of segment 4 (see Figure 8, right panel
labeled 4) a completely new, relatively sharp, emission feature
pops up near phase 0.6 after a short transition phase during

10

Figure 1.7 : [Left] 2 − 10 keV total (top panel) and pulsed (bottom panel) light
curves for SGR 1550-5418, with major outbursts indicated by arrows and observa-
tional epochs enumerated. The middle panel shows frequency changes and glitches
relative to a phase-coherent timing model. [Right] Pulse profile evolution (RXTE) for
different X-ray energies (array columns) and enumerated observational epoch (rows).
(Kuiper et al. 2012)

with the burst, and delayed flux maxima of the pulsed component after ∼ 10 days

from burst onset. The broad pulse profiles found here contrast the case of normal

pulsars from Figure 1.1, and highlight the similarity of pulse profiles found in other

magnetars in quiescence (cf. next section). However SGR 1550-5418’s bursting is

not asserted in this subsection as representative of magnetars. Phases following flares

in other magnetars may or may not be concomitant with pulse profile and spectral

changes. In general, short recurrent bursts may also not be strongly correlated with

changes in pulse profile morphology or spectra, and across bursts even for the same
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magnetar.

One should note that the pulsed components are free of nebular contamination, in

contrast to the total flux components which may contain emission well away from the

vicinity of the magnetar. The pulsed interstellar photoelectric absorption-corrected

spectra immediately following flares of SGR 1550-5418 also show remarkable similarity

to magnetars in quiescence. There are marked differences in the spectra of the pulsed

and total flux contributions of SGR 1550-5418 following the outbursts. For the pulsed

component as measured by RXTE/HEXTE, at peak flux (segment 4) the differential

flux spectra can be fit acceptably by a steep low-energy (< 12 keV) power-law of

index Γ ∼ −4 plus a hard high energy (> 12 keV) power-law of index ∼ 0 at 30 keV

to around −1.2 to −2 between 70−90 keV (Kuiper et al. 2012). Adopting a distance

of ∼ 3.9 kpc (Tiengo et al. 2010) this results in a peak pulsed isotropic luminosity

of around 1.4× 1035 erg/s, exceeding the dipole spin down luminosity by a factor of

1− 2 (Kuiper et al. 2012). Moreover, INTEGRAL pulsed fraction of the total flux in

the 20−150 keV range was 31±7% immediately following the January burst, 34±9%

in the months following burst onset (segment 4) to 45 ± 14% in segment 5. These

high pulsed fractions for hard X-ray emission are also similar in quiescent magnetars.

In contrast, the total absorption-corrected spectra as observed by Swift XRT and

INTEGRAL are acceptably fit by a blackbody plus high-energy power-law over the

entire soft-hard X-ray range. Typical blackbody temperatures in observational epochs

following the burst are around 0.6−0.7 keV, with photon indices in the range of −1.4

to −0.9. Figure 1.8 plots the total and pulsed flux evolution for SGR 1550-5418

following the bursts, showing a striking similarity to quiescent emission spectra from

magnetars that follows in the next section.
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Figure 12. INTEGRAL/ISGRI significance map for the 20–150 keV band of a 20! " 10! field centered on 1E 1547.0#5408 based on observations performed
during INTEGRAL Revs. 899–912 (2010 February 23–April 3), more than a year after the 2009 January outburst. The effective exposure on 1E 1547.0#5408 is
$717.7 ks, and its detection significance is still 9.5! . The location of another radio-loud magnetar, PSR J1622#4950, not detected by INTEGRAL, is also indicated
by a yellow circle. Other high-energy sources detected by ISGRI during Revs. 899–912 are indicated either by name or number. Those labeled with a number are
(1) IGR J16207#5129, (2) AX J1619.4#4945, (3) IGR J16318#4848, (4) AX J1631.9#4752, and (5) 4U 1636#536.

Figure 13. Spectral evolution after the timing glitch/outburst in 2009 January
up to 2010 April of the total (unabsorbed) emission of 1E 1547.0#5408 in
the 1–300 keV band as measured by Swift/XRT (PC mode; filled circles),
INTEGRAL JEM-X (filled squares), and ISGRI (filled diamonds). BB plus
Pl-model fits for the combined fluxes are shown. The different colors indicate
the INTEGRAL observations (revolutions) with (nearly) contemporaneous Swift
observations. Note that for the period covering Revs. 782–791 no XRT
observations have been performed in the PC mode. Black 2! upper limits
are shown for the combined exposure of $4 Ms of all INTEGRAL observations
(prior to the 2008 October outburst) from 2003 March to 2006 February.

We added in Figure 13 also the 2! upper limits on the
1E 1547.0#5408 flux derived from a deep 4 Ms mosaic
(see, e.g., Kuiper et al. 2008) using INTEGRAL observations
performed between Revs. 46 and 411 (2003 March 2–2006
February 24) targeting on PSR J1617#5055, which is located
within 5.!5 from 1E 1547.0#5408. These upper limits are at least
10 times lower than the flux levels reached during INTEGRAL
Revs. 767–791 in which the hard spectral tail is detected most
significantly.

During the intensive monitoring campaign (Revs. 767–772)
of 1E 1547.0#5408 the source was also for $264.8 ks within
3.!75 of the JEM-X1 pointing axis. In the combination of these
observations JEM-X1 clearly detected 1E 1547.0#5408 at a
8.6! level between 3.04 and 15.04 keV. Flux values are obtained
using similar procedures as applied for ISGRI, i.e., count
rates are expressed in Crab (total) flux units and subsequently
converted to flux units; however, now we have to take into
account the different column densities along the line of sight for
the Crab (NH of 3.2 " 1021 cm#2) and 1E 1547.0#5408 (NH of
3.12 " 1022 cm#2). The four JEM-X1 flux measurements (three
detections and one upper limit) are shown in Figure 13 as filled
squares.

5.4. INTEGRAL and Swift/XRT Total-emission
Spectral Evolution

To extend the spectral coverage down to $1 keV we combined
the ISGRI/(JEM-X1) observations with the (nearly) contempo-
raneous Swift/XRT observations performed in the PC mode (see
Section 5.2). This allowed us to study the spectral shape and
spectral evolution over the broad 1–300 keV interval. We found
that a fit with a BB plus (single) Pl model to the flux measure-
ments over the total energy range provided a statistically good
fit. No fudge factors were used in these fits to absorb calibration
uncertainties between different instruments. The model fits are
shown in Figure 13. The spectra of the two late-time Swift/XRT
observations of 2010 September 28 and 2011 February 25 are
not shown for clarity because these are fully overlapping with
the spectrum (aqua-colored) of the observation performed on
2010 April 12 slightly after INTEGRAL Revs. 899–912.

Characteristics of these XRT/ISGRI combined spectral fits
are listed in Table 8. The first thing to note is that also for
this broad energy band two spectral components, a BB plus a
Pl model, appear to be sufficient to fit the flux values (see also
Bernardini et al. 2011). The fit values for the BB temperature
kT (Table 8) are close to those derived for solely 0.5–10 keV
band Swift/XRT data (Table 7); however, the Pl photon indices
! in the third column of Table 8 are very different, ranging
from $ # 1.4 after the 2009 January glitch/outburst to $#0.9
almost 14 months later, while the 20–150 keV flux is fading
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Table 6
Characteristics of the Spectral Fits, Adopting a Combination of a Power Law and a Cutoff Power Lawa, to RXTE/PCA and HEXTE (2.5–150 keV) Pulsed Flux Data

RXTE E0 k1
b !1 k2

b !2 Ec F 2–10
E

c F 20–150
E

c

Segm. (keV) (!106) (!105) (keV)

3 12.9295 1.10 ± 0.11 "4.63+0.08
"0.07 1.49 ± 0.32 +0.37+0.20

"0.28 44.0 ± 10.4 1.47+0.06
"0.07 6.9+1.2

"1.0

4 12.8760 2.68 ± 0.21 "3.92+0.06
"0.06 1.86 ± 0.33 +0.59+0.19

"0.25 33.8 ± 5.9 1.28+0.04
"0.05 7.5+0.9

"1.0

5/6/7 12.8875 2.50 ± 0.15 "3.92+0.05
"0.05 0.43 ± 0.15 +1.55+0.26

"0.42 25.3 ± 4.8 1.18+0.03
"0.04 4.1+0.9

"0.9

Notes. Quoted errors are for a 68.27% confidence level (1! ).
a The (photon flux) fit model is F" (E" ) = k1 · (E" /E0)!1 + k2 · (E" /E0)!2 · exp("E" /Ec).
b The normalizations k1 and k2 are in units ph cm"2 s"1 keV"1 at pivot energy E0.
c The unabsorbed energy fluxes F 2–10

E and F 20–150
E are in units 10"11 erg cm"2 s"1.

Figure 11. Spectral evolution from 2008 October to 2010 December of the
pulsed (unabsorbed) emission of 1E 1547.0"5408 in the 2.5–150 keV band as
measured by RXTE/PCA (filled circles) and HEXTE (filled squares) for time
segments 1–11 (see Table 5 and the middle panel of Figure 1). Power-law plus
cutoff power-law-model fits are superposed for segments 3, 4, and 5/6/7 (see
Table 6), during which significant pulsed emission was detected by HEXTE
above #15 keV, otherwise only power-law-model fits are shown below 10 keV.
The pulsed hard X-ray emission (!10 keV) becomes maximal during segment
4, showing therefore a delayed increase with respect to the onset of the 2009
January outburst, before a gradual decline sets in.

levels during segment 2, but increased dramatically after the
2009 January outburst, reaching eventually a maximum during
segment 4, after which a gradual decrease sets in resulting to
undetectable levels beyond segment 7.

During the periods with significant pulsed hard X-ray emis-
sion the best spectral description over the full 2.5–150 keV band
consists of a combination of a power-law plus a cutoff power-
law model (see Table 6 for quantitative information). The im-
provement relative to a model composed of two power laws is
about 3.5! , considering the combination of the three periods,
segments 3, 4, and 5/6/7, during which significant pulsed hard
X-ray emission has been detected.

For the cutoff power-law model component, F (E" ) =
k · (E" /E0)! · exp("E" /Ec) with k the normalization in
ph cm"2 s"1 keV"1, E0 the pivot energy, ! the power-law
(photon) index, and Ec the cutoff energy, the photon index
at a specific energy !$ := (d ln F )/(d ln E" ) is given by

!$ = ! " E" /Ec. Therefore, for this model component the
maximum in a #F# spectral representation (maximum power
per energy decade) is found at Emax

" = (! + 2) ·Ec. For the spec-
tral fits of segments 3, 4, and 5/6/7 the best-fit parameters for !
and Ec yield #F# maxima for energies in the range 90–105 keV
with an uncertainty of about 20 keV. We stress that our data do
not constrain the extrapolation of the spectra, the spectral shape,
above these energies.

1E 1547.0"5408 exhibits in time segment 4, extending over
87 days, the maximal pulsed flux at energies above 10 keV.
An important parameter for theoretical modeling is the time
between the onset of the outburst/timing glitch and the epoch at
which the maximal flux of the non-thermal transient component
is reached. We used the high count rate in the RXTE/PCA to
divide segment 4 in three time intervals to study the spectral
evolution in more detail. The normalization of the spectra
appeared maximal in two intervals between 37 and 101 days
after the onset of the 2009 January outburst. We refer to this
delay as 70 ± 30 days.

5.2. Swift/XRT Soft X-Ray Spectra of the Total Emission

To study the evolution of the total (=pulsed plus un-
pulsed) emission spectrum of 1E 1547.0"5408 at soft X-rays
(0.5–10 keV) since the 2009 January outburst we used
Swift/XRT data obtained in the PC mode, allowing full two-
dimensional imaging information (see Section 2.3). This infor-
mation is necessary to get rid of the emission from the dust scat-
ter rings (Tiengo et al. 2010) which were prominently present
during the early part of the decay phase after the 2009 January
outburst.

The Swift observations selected for this analysis are chosen
such that these cover (sometimes approximately) time periods
for which hard X-ray INTEGRAL observations have been
performed (see Table 2 and Section 2.3 for the INTEGRAL
and Swift observations, respectively), supplemented with some
recent observations (e.g., those with observation identifiers
00090404019, 2010 September 28, and 00090404027, 2011
February 25) to follow the late-time evolution.

We selected events from a 60%% circular aperture centered
on 1E 1547.0"5408 using (default) cleaned event lists. For
this selection we executed procedure xrtmkarf (version 0.5.8
embedded in the HEASOFT instrument specific software analysis
environment) to obtain appropriate sensitive area information,
stored in so-called ancillary response files (arf), which takes into
account the reduction in sensitive area for off-axis observations
and the finite angular size of the source extraction region (about
90% of the source counts fall within a 60%% circle centered on
the source). The energy redistribution matrix (rmf) used was
swxpc0to12s6_20070901v011.rmf.
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Figure 1.8 : (Left) Total flux evolution of SGR1550-5418 as observed by Swift XRT
(circles) and INTEGRAL (squares and diamonds). Blackbody plus power-law fit
curves are shown. (Right) Pulsed flux evolution as measured by RXTE/HEXTE
(circles/squares). Power-law plus cutoff power-law model curves are shown. (Kuiper
et al. 2012).

1.2.2 Persistent Emission

This subsection presents essential background on the persistent emission of magnetars.

These observational characteristics are the fundamental empirical constraints on the

resonant Compton model developed in this thesis.

More than half of all AXP/SGRs are persistent sources of X-rays, with isotropic

X-ray luminosities of 1034−1035 erg/s showing low variability in total flux over decade-

long timescales. Sporadic and minor periods of bursting activity resulting in modest

spectral changes are common even for many persistent sources; semantically, quies-

cent emission is qualified as non-outburst persistent emission from a source that is not

well-correlated with bursts or flares. Although the isotropic luminosities quoted here

may be upper limits to the true luminosity if there is significant beaming towards the

observer, broad pulse profiles and flux stability suggesting a steady emission scenario



31

with minor to moderate beaming. The distances for most AXP/SGRs are poorly

constrained within a few kpc, and SGRs as a class are not surprisingly intrinsically

farther away than AXPs due to the mode of their discovery and classification. There

is some evidence that AXP/SGRs can enter states of low luminosity 1033− 1034 (e.g.

AXP 1E 1048.1-5937) over longer timescales, and that SGRs as a class may also be

more luminous than AXPs but also exhibit AXP-like behavior decades after a giant

flare (e.g. SGR 0526-66, Kulkarni et al. 2003).

AXPs were historically discovered as peculiarly bright and stable persistent X-ray

sources with steep soft X-ray spectra possessing luminosities greater the canonical

electromagnetic dipole value. This led to the early suspicion that AXPs were not

isolated neutron stars, but accreting binary sources. However unlike massive bina-

ries, AXPs as a class have a relatively narrow period distribution, secular spin down

and young age (as inferred from SNR associations). No orbital doppler modulation

of periods in AXP/SGRs, a signature of binary systems, have been detected after

exhaustive searches (Mereghetti et al. 1998). Moreover, for many years no radio, in-

frared or optical counterparts were observed, with limits imposing onerous constrains

on an accretion scenario. One should also note that the consistent young ages for some

magnetars with associated SNRs produced by a type Ib/Ic/II supernova, implying a

massive progenitor, are also problematic for a white dwarf model of AXP/SGRs.

Recently, radio pulsations have been detected from transient or bursting magne-

tars but none from any persistent ones (Burgay et al. 2006). Given that the light

cylinder is large for a magnetar, very few magnetars should be detected in the radio

due to strong beaming of the open field line region and perhaps suppressed produc-

tion of electron/positron pairs in consideration of strong-field QED effects (Baring

& Harding 2001). Very faint infrared and optical counterparts to a few AXP/SGRs
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Figure 1. Background-subtracted !F! spectra of the persistent emission of
the magnetars, shown after eliminating the instrumental responses. Interstellar
absorption is included. Individual spectra are shown with offsets and are
arranged in order of increasing characteristic age from top (young) to bottom
(old). Blue horizontal lines indicate a 1 mCrab intensity. Green, red, and
blue lines represent the soft component, the hard-tail component, and the
SNR contamination (including line emission) in the 1E 1841!045 spectrum,
respectively. If a source was observed more than once, one observation is shown.
The GSO data of 1E 1547.0!5408 are included after Enoto et al. (2010a). The
full names of the sources, which are shown here as abbreviations, are listed in
a footnote to Table 1.

15–60 keV range, which is consistent with the previous re-
sult from INTEGRAL (Figure 10 in Kuiper et al. 2006). These
Suzaku spectra reconfirm the previous INTEGRAL detections of
the hard-tail component from some persistent sources, includ-
ing 4U 0142+61, 1RXS J170849.0!400910, 1E 1841!045,
SGR 1806!20, and SGR 1900+14 (Mereghetti et al. 2005;
Kuiper et al. 2006; Götz et al. 2006; den Hartog et al. 2007,
2008). The absorbed 2–10 keV and 15–60 keV X-ray fluxes are
summarized in Table 1. Thus, the hard-band flux is comparable
to, or sometimes even higher than, that in the softer band.

The unified presentation in Figure 1 yields an intriguing
inference that the hard-tail component becomes weaker for older
objects. To quantify this property, we simultaneously fitted the
XIS and the HXD spectra of each object with a common spectral
model. For the hard-tail component, we employed a single
power law for all the sources. The soft component of younger
magnetars was reproduced by a single blackbody (Model A),
but older sources required some modification to this model
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Figure 2. Portion of the P–Ṗ diagram of pulsars (Manchester et al. 2005;
http://www.atnf.csiro.au/research/pulsar/psrcat/). Sizes of the red circles corre-
spond to the " values in the present sample. Blue and green lines represent
constant values of the magnetic field strength and the characteristic age, re-
spectively. Small gray circles represent magnetars with upper limits on the
hard-tail component, or those not observed with Suzaku. Ordinary radio pulsars
are indicated by crosses.

due to a “soft-tail” excess around 8 keV, which is thought to
arise via some sort of Comptonzation process (Thompson et al.
2002; Lyutikov & Gavriil 2006; Rea et al. 2008). We therefore
introduced an empirical Comptonized blackbody model (Model
B; Tiengo et al. 2005; Halpern et al. 2008; Enoto et al. 2010a)
and obtained successful fits in most cases. In the case of
SGR 0501+4516, neither Model A nor B was acceptable, but
a successful fit was obtained by adding a cooler blackbody to
Model B (Model C; Enoto et al. 2010b). The XIS spectrum of
1E 1841!045 needed an additional plasma emission component
from the surrounding supernova remnant.

From these fit results, we calculated absorption-corrected
fluxes for the soft component Fs and the hard-tail component
Fh, both defined in the 1–60 keV range. These values, given
in Table 1, are considered physically more meaningful than
the raw 2–10 keV and 15–60 keV fluxes, because the two
components are separated, and the absorption is corrected. The
lower boundary of 1 keV was adopted not only for Fs but also
for Fh, because sources with young characteristic ages have
substantial contributions of the hard-tail even in the lowest
energy range at "0.8 keV (e.g., SGR 1806!20 in Figure 1).
We may then define the “hardness ratio” (HR), " # Fh/Fs. As
shown in Table 1, the values of " range over almost 2 orders of
magnitude from 0.2 to 10.

As visualized in Figure 2, " exhibits a clear gradient on the
P–Ṗ plane. To assess this implication, we show in Figure 3 the
values of " as a function of the characteristic age #c = P/2Ṗ s
and the surface magnetic field Bs = 3.2 $ 1019(P Ṗ )1/2 G,
where the errors associated with " include both statistical and
systematic errors. The latter is dominated by the 2% uncertain-
ties of PIN-NXB (Section 2), with additional contributions (by
"1% in " ) from uncertainties in the XIS versus HXD cross

268 P. R. den Hartog et al.: Detailed high-energy characteristics of AXP 1RXS J170849-400910

Fig. 3. Fluxes (20!70 keV) and photon indices for the half-year time
sets specified in Table 1 and one shorter observation (see Sect. 3.1.1).
Indicated as horizontal dotted lines are the time-averaged values with
their 1! errors (grey bands). Glitches and candidate glitches (Israel et al.
2007; Dib et al. 2008) are indicated as vertical black and grey lines,
respectively.

Unfortunately, it turned out that 1RXS J1708-40 is not bright
enough above "100 keV to be detected with INTEGRAL-SPI,
even for this long exposure. In Fig. 4 three 2! upper limits de-
rived from SPI spatial analysis are added. These limits are all
above the extrapolation of the power-law fit to the ISGRI flux
values, contrary to the case of 4U 0142+61, for which SPI up-
per limits provided evidence for the presence of a spectral break
(den Hartog et al. 2008).

Following den Hartog et al. (2008) we have fitted all
INTEGRAL and COMPTEL spectral information (including
limits) with a logparabolic function;

F = F0 #
!

E
E0

"!"!#·ln
#

E
E0

$

(4)

where E0 (in units keV) is the pivot energy to minimize
correlations between the parameters and F0 is the flux (in
units ph cm!2 s!1keV!1) at E0. This function is a power-law if
the curvature parameter # is equal to zero. Assuming this spec-
tral shape we get an acceptable broad-band (20 keV!30 MeV) fit
with best-fit parameters " = 1.637±0.049, # = 0.261±0.035 and
F0 = (1.68±0.08)#10!6 ph cm!2 s!1keV!1 at E0 = 143.276 keV.
The peak energy Epeak is 287+75

!45 keV. This value lies remarkably
close to the peak energy found for 4U 0142+61 (i.e. 279+65

!41 keV;
den Hartog et al. 2008). In Fig. 4 both the power-law and the
logparabolic fit are drawn.

3.1.3. XMM-Newton total spectrum

For energies below 12 keV we extracted the absorbed total
(pulsed + DC) spectrum using XMM-Newton EPIC-PN data (see
Sect. 2.3). In order to obtain an estimate for the Galactic absorp-
tion column (NH) we fitted the spectrum globally with a canon-
ical logparabolic function, including fixed INTEGRAL param-
eters for the hard X-ray contribution above "8 keV. We de-
rive an NH of (1.47 ± 0.02) # 1022 cm!2, which can be com-
pared with the value (1.36 ± 0.03) # 1022 cm!2 obtained by

Fig. 4. High-energy spectra of 1RXS J1708-40. In this figure the follow-
ing is plotted: the unabsorbed total spectra of XMM-Newton (<12 keV)
and INTEGRAL (with triangle markers) in black, also in black three
COMPTEL upper limits (Kuiper et al. 2006), three INTEGRAL-SPI
upper limits in grey (with triangle markers); also in grey a power-law
fit to the INTEGRAL-IBIS spectrum, in blue a logparabolic fit to the
INTEGRAL-IBIS, SPI and COMPTEL data, total pulsed spectra of
XMM-Newton in black, RXTE-PCA and HEXTE are shown in blue and
aqua, and the total pulsed spectrum of INTEGRAL-ISGRI in red (with
triangle markers).

Rea et al. (2005) fitting the same XMM-Newton data with
an absorbed black-body plus a power-law model. Durant &
van Kerkwijk (2006b) used a model-independent approach
analysing X-ray grating spectra taken with the Reflection
Grating Spectrometer (den Herder et al. 2001) onboard
XMM-Newton. Their value for NH of (1.40 ± 0.4) # 1022 cm!2

is consistent with both estimates. We adopted NH = 1.47 #
1022 cm!2 in this work for the XMM-Newton and RXTE anal-
yses. The total unabsorbed spectrum is shown in Fig. 4. The
2!10 keV unabsorbed flux is (3.398±0.012)#10!11 erg cm!2 s!1.
The error is statistical only. The 2!10 keV unabsorbed fluxes for
NH = 1.40#1022 and 1.36#1022 cm!2 are (3.361±0.009)#10!11

and (3.339±0.013)#10!11 erg cm!2 s!1, respectively. These val-
ues are within 2% of our value.

3.2. Pulse profiles

3.2.1. INTEGRAL and XMM-Newton pulse profiles

Kuiper et al. (2006) showed for the first time pulsed hard X-ray
emission (>10 keV) from 1RXS J1708-40 using data from
RXTE-PCA, RXTE-HEXTE and INTEGRAL-ISGRI. For the
INTEGRAL pulse profiles "1.4 Ms on-source exposure was
used, resulting in a 5.9! detection for energies 20!300 keV. In
this work, we present INTEGRAL pulse profiles using "5.2 Ms
on-source exposure. The result is a very much improved pulse
profile with a 12.3! detection significance (Z2

3 test; Buccheri
et al. 1983) for energies 20!270 keV (Fig. 5). The profile shows
a single pulse which peaks around phase 0.8 with a steep trailing
wing dropping o! to the DC level at phase "1.05 (0.05). On the
leading wing there appears to be a weak pulse or shoulder.

Presented in Fig. 6E–H are four exponentially-binned di!er-
ential INTEGRAL pulse profiles. The profiles have significances
of 6.3!, 6.8!, 6.2! and 3.5!, respectively, using a Z2

2 test. All

Figure 1.9 : (Left) Broadband 1 − 60 keV νFν Suzaku spectra of magnetars with
hard tails. Soft X-ray portions are absorption corrected and fitted with a blackbody
plus power-law. (Enoto et al. 2010) (Right) XMM-Newton, RXTE and INTEGRAL
pulsed and total spectra for AXP RXS J1708-40. Pulsed components are shown as
crosses and COMPTEL upper bounds are shown in black. (den Hartog et al. 2008b)

been detected now, with the relative IR/optical flux in a νFν or E2 dN/dE represen-

tation three to four orders of magnitude below that of the soft X-ray contribution

(e.g. Hulleman et al. 2001). These IR/optical fluxes are still above what can be

extrapolated down from a blackbody spectrum in the soft X-rays. Optical pulsations,

with the same period as X-ray pulsations have been detected from AXP 4U 0142+61,

with high pulsed fraction. Although the radiative mechanism to produce optical pul-

sations in a magnetar is unknown, the high pulsed fraction presents a problem for

an accretion or fossil disk model where optical emission is reprocessed from higher

energies (Kern & Martin 2002).

The low-energy < 10 keV quiescent X-ray spectra magnetars are acceptably fit by
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Figure 4. (a) Photon indices !h of the hard-tail component of the present sample, plotted as a function of the characteristic age. Quoted errors are statistical and
systematic 1! . Colors and symbols are the same as in Figure 3. Green squares and triangles represent photon indexes of pulsed and total fluxes, respectively, after
Kaspi & Boydstun (2010). (b) Relation between !h and " .

From the burst-active magnetars SGR 0501+4516 and
1E 1547.0!5408, we successfully detected the hard-tail com-
ponents. On the "–#c correlation, their " values generally agree
with data points of the other magnetars, which mainly refer to
quiescent or less active states. Therefore, the bursting activity of
a magnetar is thought to cause a significant enhancement in the
hard component, roughly to the same intensity as the soft com-
ponent, which is known to increase by 1–2 orders of magnitude
(Tam et al. 2008; Rea et al. 2009; Enoto et al. 2010a). The upper
limit on the second observation of SGR 0501+4516 is consis-
tent with this picture. These results further suggest that the basic
mechanism of quiescent wide-band emission is retained during
increased activity.

In addition to the above interpretation invoking #c, the same
magnetar "–#c correlation may be interpreted in an alternative
way. The strong magnetic field B, combined with the rotation,
would induce an electric field up to

| "E| # R"B

= 2.6 $ 1012 V
cm

!
6 s
P

· Ṗ

1011 s s!1

"1/2 !
R

10 km

"

%

#
1
#c

(3)

where R and " are the distance from the center of the star and
the angular frequency, respectively. Thus, #c can be uniquely
converted to | "E|, as shown at the top of Figure 3 (left). Thus, the
magnetar "–#c correlation can also be regarded as a correlation
between " and | "E|. If so, the hard-tail component, which should
require the presence of particles more energetic than #100 keV,
might be related to particle acceleration by this induced electric
field.

A closer inspection of Figure 1 suggests a hardening of the
hard-tail component for objects with larger #c. This is more
clearly shown in Figure 4(a), where !h is observed to evolve
from #1.7 to #0.4. Such a correlation was first pointed out in
the 1–10 keV band by Marsden & White (2001) and recently
extended into hard X-rays by Kaspi & Boydstun (2010). The
latter authors found a correlation of !h with Bs or Ṗ , with
implications similar to those of our Figure 4(a). In contrast,
they did not find any correlations that can be compared with our

Figure 3, presumably due to lack of simultaneity between the
soft and hard X-ray measurements. Thanks to the simultaneous
observations with Suzaku, we can plot, in Figure 4(b), the values
of " as a function of !h. Contrary to normal expectations that
sources with lower broadband HRs should have softer (larger)
values of !h, this figure reveals an opposite correlation: that
older magnetars with weaker hard-tail fluxes (smaller " ) in fact
have harder (smaller) slopes !h. Since this is not affected by the
selection of energy bands (Section 3), such a trend should imply
an intrinsic property of the hard-tail production mechanism.

The present magnetar observations require the hard-tail emis-
sion mechanism to satisfy both the "–#c correlation and the
hardening of the hard-tail component toward older objects.
The difference of !h among the sources rules out those mod-
els which predict a fixed common hard-tail slope (e.g., the
fast-mode breakdown model; Heyl & Hernquist 2005). Such
a large variation of !h with #c is not expected by a thermal
bremsstrahlung model from the transition layer on the stellar
surface, either (Thompson & Beloborodov 2005; Beloborodov
& Thompson 2007). Similarly, observed !h values have not
yet been reproduced by existing resonant magnetic Compton
upscattering models (Baring & Harding 2007; Fernández &
Thompson 2007). It remains to be examined whether the results
of the present observations can be explained by any of the ex-
isting (or future) theoretical explanations (e.g., those based on
the “twisted magnetosphere” model; Thompson et al. 2002).

As an alternative possibility, a photon-splitting process can
act to produce the hard-tail emission. At the neutron star surface,
sub-MeV photons can be produced through electron–positron
annihilation or resonant magnetic Compton upscatterings. Since
there is no low energy threshold for the photon splitting (Harding
& Lai 2006), these sub-MeV photons may repeat splitting
(Harding et al. 1997; Baring & Harding 2001) in the strong field,
to form the hard continuum downward toward lower energies.
In this case, the higher magnetic fields of younger magnetars
will allow the photons to repeat splitting toward lower energies,
thus making !h larger in agreement with our figure.

We thank members of the Suzaku magnetar Key Project,
including Y. E. Nakagawa and M. Morii for discussion on
SGR 1900+14 and 1E 2259+586. We are also grateful to L.
Dong, N. Shibazaki, and M. Baring for suggestions on the "–#c
correlation.

Figure 1.10 : Spectral index and hardness ratio ξ scatter plots by Suzaku suggesting
possible correlations amongst timing and spectral parameters. Squares and triangle
symbols contrast pulsed and total spectral indices, respectively (Enoto et al. 2010).

an empirical interstellar absorption-corrected blackbody plus steep power-law model

(e.g. Perna et al. 2001), or more rarely, two or three component blackbody models

like those used to fit burst spectra in flaring magnetars (e.g. SGR 1550-5418, Lin et

al. 2012). Blackbody temperatures for magnetars are clustered around 0.4−0.5 keV,

and do not significantly vary with time (Marsden & White 2001) strongly suggesting

thermal emission from the neutron star surface as the origin of component. The

nonthermal soft X-ray power-law indices dN/dE ∝ E−Γ vary in the range of Γs ∼

1.5 − 4 for different magnetars, and also vary with time. Marsden & White (2001),

Kaspi & Boydstun (2010) and Enoto et al. (2010) have all also found correlations

with spectral hardness (i.e. Γs) and functions of the spin down rate, e.g. Ṗ , τEM

or Bp. The correlations suggest, in general, spectrally harder magnetars also have a

higher spin down rates Ṗ , i.e. those magnetars that are young or have higher inferred

fields, chiefly of the SGR rather than AXP class, have higher flux hardness ratios.

In the past decade, nonthermal persistent and stable hard X-ray (> 10 keV)

emission has been detected by several magnetars by INTEGRAL, RXTE, and Suzaku
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first reported by Kuiper et al. (2004) for hard X-ray pulsations for AXP 1841-045.

The hard X-ray emission is usually characterized by flat power-laws indices dN/dE ∝

E−Γ of Γh ∼ 1 peaking at 150−250 keV in a νFν representation. These power-law hard

tails are characteristically flatter than the soft X-ray power-laws in most magnetars

(except SGR 1900+14) and also highly pulsed, with pulsed fractions increasing with

energy. Phase-resolved spectroscopy studies have also shown that the pulsed spectral

index of the hard tails are generally flatter than the phase-averaged value. The

luminosities of the hard tails are comparable to the soft component and exceed the

canonical dipole spin-down value by one to three orders of magnitude. Archival data

from the COMPTEL instrument on the Compton Gamma-Ray Observatory (CGRO)

constrains the extension of the hard tails to around 200− 500 keV (e.g. den Hartog

et al. 2008a) where a spectral turnover must exist. Such spectral turnovers are

reinforced by upper limits in Fermi-LAT data above 100 MeV for several magnetars

(Abdo et al. 2010), although Wu et al. (2013) have reported the discovery of pulsed

gamma-ray emission above 200 MeV from AXP 1E 2259+586 with a targeted search

of public 4-year Fermi data.

Some magnetar spectra are shown in Figure 1.9, with Figure 1.11 contrasting

pulsed spectra of several hard-tail AXPs to canonical higher-field gamma-ray pulsars

such as the Crab which can produce pulsed gamma-ray emission up to ∼ 400 GeV.

Moreover, the pulse profiles and luminosities of these hard tails are relatively stable at

the ∼ 20−40% level over decade-long timescales. As reported by Enoto et al. (2010)

and Kaspi & Boydstun (2010) there is also evidence of correlations with the hard

band index Γh or hard over soft hardness flux ratios ξ ≡ Fh/Fs and combinations of

timing parameters. The correlations suggested by the data are that ξ decreases with

τEM and increases with Bp. Moreover, Γh weakly decreases with τEM and increases

with ξ. That is, magnetars with higher hard X-ray fluxes typically have steeper hard
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energies characterizing SGRs. Our discovery of pulsed emission
from AXPs up to at least!150 keVadds a completely new non-
thermal component requiring a steady mechanism for accelerat-
ing particles in magnetospheres of magnetars. In addition, this
new quiescent emission component is far too luminous to be pow-
ered by rotational energy loss, as is evident in Table 4. Recently,
INTEGRAL also found for the first time quiescent hardX-ray emis-
sion from a SGR (SGR 1806"20; Molkov et al. 2005; Mereghetti
et al. 2005). As for AXPs, its spectrum above 10 keV could be
fitted with a hard power-law model, photon index 1:6 # 0:1, an
index comparable to, but somewhat softer than, that measured
for the total AXP spectra in that energy window but significantly
softer than the hard spectra reported in this work for the quiescent
pulsed spectra of AXPs. In addition, the quiescent SGR spectrum
does not exhibit a blackbody component at energies below 10keV.
This underlines again that AXPs and SGRs are (very) different
manifestations of the magnetar scenario.

In Table 4, we listed the high-energy characteristics for five
AXPs studied in this work, out of a total of six persistent AXPs
known to date. Although this sample is still very small, we veri-
fied whether there are already any apparent correlations between
the measured parameters. There is a hint for a correlation be-
tween the magnetic field strength Bs and the luminosity Lp10 100
of the pulsed emission of the hard tail (10–100 keV) for four
AXPs, as well as the total emission of the hard tail (now for three
AXPs). However, 1E 1048.1"5937 has a Bs 3 times higher than
4U 0142+61 and is located at a similar distance, but no hard
X-ray emission has been detected, and its luminosity at!10 keV
is about 3 times lower than that of 4U 0142+61. It is interesting
to note that the spin-down luminosity of 1E 1048.1"5937 is the
highest of this sample, mainly due to its large Ṗ, and reaches
almost 50% of the luminosity of the pulsed emission between 1
and 10 keV, a factor of 10–100 higher than for the other four
AXPs.

Surprisingly, the high-energy AXP spectra are very similar
to those of ‘‘middle-aged’’ radio pulsars in the !10–300 keV
energy band. This can be seen in Figure 15, in which the AXP
spectra are shown together with the spectra of two young ra-
dio pulsars, PSR B0531+21 (Crab) and PSR B1509"58, and the
middle-aged Vela pulsar (PSR B0833"45). These are the only
radio pulsars that have been detected from soft X-rays up to the
gamma-ray domain. The other middle-aged high-energy gamma-
ray pulsars detected by CGRO EGRET (Energetic Gamma-Ray
Experiment Telescope; see, e.g., the review by Thompson et al.
1997) are detected at high-energy gamma rays (>100 MeV) and
soft X-rays but not in the intermediate hard X-ray range, in which
they are weaker than the Vela pulsar. The overall high-energy
spectral shape of these middle-aged pulsars is expected to be
similar to that of Vela. Like the AXPs, the Vela pulsar has a
(pulsed) thermal blackbody component (only visible below
2 keV, and not shown in Fig. 15), and an extrapolation of its
power-law shape spectrum above 10 keV to the IR, optical, and
radio domains is approximately in agreement with the measured
flux values at these longer wavelengths. This is rather similar to
the case of, e.g., AXP 4U 0142+61, with the difference that none
of the AXPs have so far been seen in the radio, and the X-ray and
IR emissions exhibit a time-variable behavior, not seen for Vela.
This similarity of themultiwavelength spectra could suggest some
similarity in production processes in the two different scenarios
of rotation-powered pulsars and magnetars starting from very
different sources of power.

A first attempt, before our discovery of hard X-ray emission
fromAXPs, to model possible production of high-energy (X-ray
and gamma ray) emission in the magnetospheres of AXPs, ap-

plying a scenario proposed for high-energy production in the
magnetospheres of radio pulsars, was made by Cheng & Zhang
(2001). They modeled the production of high-energy (above
100 MeV) gamma radiation in outer magnetospheric gaps of
AXPs. They argued that due to the strong field of a magnetar, the
gamma-ray emission rooted at the polar caps will be quenched.
However, far away from the pulsar surface, i.e., in outer vacuum
gaps, gamma radiation could be emitted because the local field
will drop below the critical quantum limit. They predict that the
NASA Gamma-Ray Large Area Space Telescope (GLAST ), due
for launch in 2007, might be able to detect this very high energy
emission from AXPs (see Fig. 15 for the 3 ! GLAST sensitivity
assuming an E"2 source spectrum for an all-sky survey duration
of 1 yr). However, their model calculations do not reproduce the
hard spectra and high X-ray luminosities now discovered above
10 keV.

The publication of the discovery of a hard spectral tail of
1E 1841"045 by Kuiper et al. (2004) stimulated Thompson &
Beloborodov (2005) to reconsider high-energy emission from
magnetars due to an ultrastrong magnetic field. A gradual release
of energy in the stellar magnetosphere is expected if it is twisted
and a strong electric current is induced on the closed field lines.
They considered two mechanisms of gamma-ray emission:

1. A thin surface layer of the star is heated by the downward
beam of current-carrying charges, which excite Langmuir turbu-
lence in the layer. Thus, a temperature kT of !100 keV can be
reached, emitting bremsstrahlung photons up to this characteris-
tic temperature. Interestingly, three of the AXPs, 1RXS J1708"
4009, 4U 0142+61, and 1E 1841"045, were detected up to these
energies of !150 keV, the shapes of their total and/or pulsed
spectra being consistent with this mechanism with peak lumi-
nosities around the predicted energy. However, the 100% pulsed
fraction around 20 keV for 1RXS J1708"4009 is difficult to

Fig. 15.—A "F" spectral representation of the pulsed emission for the four
AXPs showing hard spectral tails. For comparison purposes, the pulsed high-
energy (!1 keV to 10 GeV) spectra of the young Crab (PSR B0531+21) and
PSRB1509"58 pulsars and themiddle-agedVela pulsar (PSRB0833"045) are
also shown. Furthermore, the 3 ! GLAST sensitivity (green dash-dotted line)
assuming an E"2 source for an all-sky survey duration of 1 yr (>100 MeV) is
shown.

LUMINOUS PULSED HARD X-RAY EMISSION FROM AXPs 573No. 1, 2006

Figure 1.11 : Pre-Fermi pulsed AXP and gamma-ray pulsar broadband νFν spectra,
contrasting magnetars with select gamma-ray pulsars (Kuiper et al. 2006).

tails, as shown in Figure 1.10. The concurrent positive correlations of ξ with Bp and

Γh essentially suggest that harder X-ray flux ratio ξ magnetars have higher fields and

younger ages but steeper hard tails. These correlations plausibly suggest some sort of

reprocessing mechanism dependent on field strength, such as QED magnetic photon

splitting, that is operating in magnetar magnetospheres.

Pulse profiles for all magnetars are ubiquitously broad with a single or double

sinusoidal peak per cycle, contrasting the narrow peaks found in canonical radio or

gamma-ray pulsars. Although pulse profile morphology and structure for any given

magnetar can in general change with energy and time, they remain relatively broad

with peaks roughly at the same phase like in the example of SGR 1550-5418 pulses

shown in Figure 1.7. Figure 1.12 shows the soft X-ray persistent emission pulse profiles
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Fig. 14.10. The folded pulse profiles of eight di!erent magnetar candidates. The
sources are ranked according to inferred dipole magnetic field strength. Magnetic
field increases from top to bottom and left to right. All profiles are of X-rays
between 2 and 10 keV as observed with the RXTE PCA. Note that the folded
profile of SGR 1900+14 is from after the August 27 flare. AXP pulse profiles
courtesy of V.M. Kaspi and F.P. Gavriil.

the peak-to-peak values for any given AXP/SGR pulse profile. Similar to

the pulse shape, the pulsed fractions of the AXPs show little or no change

with photon energy (0.5!10 keV). Since the relative contribution of the

blackbody spectral component to the total photon flux changes from 0% to

as much as "70% over this bandpass, Özel, Psaltis & Kaspi (2001) argued

that the two spectral components of the AXPs must by highly correlated

or caused by the same physical process. The pulsed fraction also places

strong constraints on models in which the 2-10 keV emission of the AXPs

is purely due to cooling emission through the surface of the star (Özel et

al. 2001). It should be kept in mind that emission due to surface heating

can be much more strongly beamed (e.g. Basko & Sunyaev 1974); and that

cyclotron scattering by persistent electric currents can strongly modify the

observed pulse profile in active magnetars (Thompson et al. 2002).

P. R. den Hartog et al.: Detailed high-energy characteristics of AXP 1RXS J170849-400910 269

Fig. 5. IBIS-ISGRI pulse profile of 1RXS J1708-40 between 20 keV
and 270 keV. This profile has a 12.3! significance using a Z2

3 test (fit
shown as a solid curve). The fitted DC level is indicated with an hor-
izontal line. The grey lines and the colours indicate three phase inter-
vals Ph I, II and III (see Table 6). The colours are consistently used in
this paper in figures showing results of phase-resolved analyses (see
Sect. 3.3.2).

profiles show single pulses which all peak at phase !0.8, like for
the total pulse in Fig. 5.

The complementary high-statistics XMM-Newton pulse pro-
files at lower energies (0.5"12 keV) are shown in Figs. 6A"D.
The pulse profile with the lowest statistics, in panel D, still has a
significance of 10.7! (Z2

3 test). The drastic change in morphol-
ogy moving up in energy from 0.5 keV up to 270 keV is evident
and will be investigated further. Note that in the timing analysis
the pulsed emission has been detected to higher energies than
the total emission in the sky maps.

3.2.2. RXTE-PCA and RXTE-HEXTE pulse profiles

The RXTE-PCA bridges the observational gap (12"20 keV)
in energy between XMM-Newton and INTEGRAL, with
XMM-Newton being sensitive down to !0.5 keV and
INTEGRAL extending the coverage to !300 keV. In addition,
RXTE-HEXTE is sensitive over about the same energy band as
INTEGRAL-ISGRI. Analysis of data from these three missions
allow for consistency checks, particularly when the observations
are covering the same epochs and for checks on long-term vari-
ability. RXTE observations set A (Table 3) covers about 6 years
(mostly before the launch of INTEGRAL) and was used by
Kuiper et al. (2006). Set B overlaps in time with the INTEGRAL
observations up to December 2006. Therefore, we first com-
pared the time-averaged RXTE-PCA pulse profiles in 5 di!er-
ential energy bands for set A with those for set B. We did not
find significant di!erences in these time averaged (over years)
profile shapes. This is in agreement with the findings by Dib
et al. (2008), who compared the profile shapes for seven (glitch-
free) intervals of the total set A plus B. We should note that the
PCA gain changed over time, what can o!er an explanation for

Fig. 6. Pulse profiles from soft to hard X-rays. XMM-Newton pulse
profiles in the energy range 0.5–12.0 keV are shown in panels A"D.
Panels E"H show INTEGRAL pulse profiles in the energy range
20"270 keV. The di!erential energy ranges are indicated in the figures.
The phase intervals are indicated as in Fig. 5.

some indications for small changes with time in the profiles as
discussed in Dib et al. (2008).

In order to exploit the maximal statistics, we created pulse
profiles using all available data collected with the PCA and
HEXTE over nine years (see Table 3 and Sect. 2.2). Before
summing the profiles obtained at di!erent epochs we corrected
for the above-mentioned PCA gain drift in the conversion from
channels to energy. In Fig. 7 the RXTE-PCA (panels A–E) and
HEXTE (panels F"H) pulse profiles are presented. The “lowest-
significance” profiles above !15 keV (Figs. 7D"H) have signif-
icances of 18.5!, 4.8!, 12.0!, 6.4! and4.3!, respectively.

3.2.3. Pulse profile changes with energy

Comparing the profile shapes derived with INTEGRAL (Fig. 6)
with those obtained with the PCA and HEXTE in similar energy
bands (Fig. 7), shows very good agreement, INTEGRAL achiev-
ing the best statistics above 70 keV. Above !20 keV there does

Figure 1.12 : (Left) Soft X-ray < 10 keV pulse profiles for select magnetars (Woods
& Thompson 2006). (Right) XMM-Newton and INTEGRAL pulse profiles of AXP
RXS J1708-40 as a function of energy (den Hartog et al. 2008).

of several magnetars, along with energy-dependent pulse profiles for AXP RXS J1708-

40. Pulsed fractions for a given flux in quiescent magnetars in general change weakly

with time, but more strongly with energy. In most magnetars, pulsed fractions in

the soft X-ray band < 10 keV are to a few to few tens of percent, with AXP 1E

1048-59 having the highest typically > 60% in low flux states (Tam et al. 2008). For

magnetars where hard X-ray pulsed emission is temporally resolved, pulsed fractions

in hard tails typically increase with energy, approaching 100% at a few hundred keV

(e.g. AXP 1RXS J1708-40, den Hartog et al. 2008).

Details of the three pulsed hard X-ray persistent magnetars are now individually

summarized. Additionally, Table 1.1 summarizes the timing, spectral properties and
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metrics of other persistent AXP/SGRs.

1.2.2.1 AXP 4U 0142+61

AXP 4U 0142+61 was first observed in 1978 by Uhuru, but only recently did its

magnetar nature become apparent with detection of pulsations (P ≈ 8.69 s) and spin

down implying a surface polar field of 2.7× 1014 G. It is the brightest persistent soft

X-ray magnetar, with LX ∼ 1035 erg/s, and the only magnetar with detected optical

pulsations. There has been some bursting activity in 2006-2007 (Kaspi et al. 2006,

Dib et al. 2006, Gavriil et al. 2007) with an extended pulsating tail similar to SGR

bursts.

It’s soft X-ray spectrum is well fit by a blackbody plus power-law model with

kTb ∼ 0.4 keV and Γs ≈ 3.88. Kuiper et al. (2006) first reported the discovery of

hard X-ray pulsations and emission up to 229 keV, with the phase-averaged total

hard index Γh = 1.05± 0.11 and total hard X-ray flux exceeding the soft X-ray flux

by greater than a factor of two. The total X-ray luminosity, assuming a distance of

3.6±0.4 kpc (Durant & van Kerkwijk 2006), yields values Lx/|ĖEM | > 2000 securing

its magnetar nature. Further observations by INTEGRAL reported by den Hartog et

al. (2008) show Γh = 0.93±0.06 between 20−229 keV and that total flux and spectral

index are stable within a 17% level at one sigma, with evidence of a spectral turnover

at around 280 keV. Pulsed emission is detected up to 160 keV, and phase-solved

spectroscopy in den Hartog et al. (2008) show possibly three different extremely flat

pulsed components with Γph = 0.12 − 0.50 with Γph = 0.40 ± 0.15 for the total pulse.

Total pulsed fractions seems to steadily increase from 10% at 1 keV, ∼ 40% at 40−80

keV and extrapolating to 100% near 200 keV. No pulsed gamma ray emission above

0.1 GeV has been detected by Fermi for this magnetar (Abdo et al. 2010, Şaşmaz

Muş & Göǧüş 2010).
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1.2.2.2 AXP 1RXS J1708-40

AXP 1RXS J1708-40 is a recently discovered magnetar, with P ≈ 11.0 seconds and

Ṗ ≈ 1.9 × 10−11 (Gavriil & Kaspi 2002) yielding a spin down surface polar field of

Bp ≈ 9.3 × 1014 G. Durant & van Kerkwijk (2006) estimate a distance of 3.8 ± 0.5

kpc using interstellar reddening of IR-band standard candles combined with X-ray

photoelectric absorption column densities, yielding an isotropic soft X-ray luminosity

of ∼ 1035 erg/s. It’s soft X-ray XMM-Newton spectrum is well fit by the standard

blackbody plus steep power-law model, with kTb = 0.456± 0.009 and Γs ≈ 2.8, with

pulse profiles only showing modest changes with energy (Rea et al. 2005). Pulsed

hard X-ray emission was first detected by RXTE (Kuiper et al. 2006) with a phase-

averaged total photon index of 1.44 + ±0.5. A follow-up study using INTEGRAL,

RXTE and XMM-Newton by den Hartog et al. (2008b) found little variability in

the source on yearlong timescales, with X-ray flux of the hard exceeding the soft

component by a factor of ∼ 2.3, similar to that of AXP 4U 0142+61. A hard tail

of Γh = 1.13 ± 0.06 extending up to 175 keV was found, with pulsed emission up to

270 keV of index Γph = 0.86±0.16. Pulse morphology and fraction varies significantly

with energy. Below 10 keV the pulsed fraction varies between ∼ 30−50% while above

20 keV in the INTEGRAL band averages around 40% but sharply rises above 100

keV extrapolating to 100% at 200 keV energies.

1.2.2.3 AXP 1E 1841-045

With Bp ≈ 1.4 × 1015 G, AXP 1E 1841-045 is the highest magnetic field AXP. It is

located in SNR Kes 73 at a distance of ∼ 8.5 kpc, with τEM ≈ 4.7 kyr compared

to the SNR’s true age of 0.5 − 1.1 kyr (Tian & Leahy 2008), roughly the same

order of magnitude, with the discrepancy readily explained with variety of possible
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mechanisms, such as additional gravitational radiative losses or field decay. The soft

X-ray spectrum is acceptably fit as a blackbody with power-law, with kT ≈ 0.45 and

Γs ∼ 2 (one of the flattest of the magnetars). Molkov et al. (2004) first detected non-

thermal hard X-ray emission from the vicinity of SNR Kes 73; a follow up analysis with

RXTE by Kuiper et al. (2004) confirmed pulsed hard X-ray emission up to ∼ 150 keV

albeit it was later learned that the analysis was contaminated by the diffuse galactic

X-ray emission. Improved and corrected observations by Kuiper et al. (2006) using

INTEGRAL and RXTE show that Γph = 0.72 ± 0.15 and Γh = 1.32 ± 0.11 in the

20 − 300 keV band. The pulsed fraction is about ∼ 20% at 20 keV, rising to 100%

for energies over 100 keV. The combined soft and hard X-ray isotropic luminosity

(∼ 8× 1035 erg/s) is greater than the dipole spin down valve by almost three orders

of magnitude.

More recently, some very SGR-like bursts were detected by Swift-BAT from AXP

1E 1841-045 (Kumar & Safi-Harb 2010) with persistent flux almost doubling post-

outburst. The phase-averaged total burst spectrum in the 15 − 100 keV range is

acceptably fit by a single power law with index Γ ∼ 3, with an isotropic luminosity

of ∼ 2 × 1039 erg/s. The post-burst persistent emission is fit well with Γs ≈ 2.6,

suggesting a modest spectral softening in the soft X-ray band concomitant with higher

flux.

1.3 Magnetars: Theory

The release of energy stored in the magnetic field of SGR/AXPs that powers both

bursts and persistent emission can be processed by a variety of mechanisms. With

an energy reservoir of ∼ 1047 − 1048 ergs (see numerator of Eq. 1.9), persistent

emission of roughly 1034 − 1035 erg/s can be powered for ∼ 104 − 105 years. In
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Table 1.1 : Timing, associations and persistent spectral characteristics of magnetars.

– 1 –

Table 1. Persistent Spin-Down and Spectral Parametersa for Magnetars

P Ṗ τ = P/2Ṗ Bp
b Bp/Bcr

c Lx
|Ė|

d kTb Γs
e Γh

f Γp
h
f

Pulsar SNR (sec) (sec sec−1) (kyr) (Gauss) (keV) (total) (pulsed)

SGR 1806-20g – 7.60 7.5× 10−10 0.16 4.8× 1015 110 6.2 0.6±0.2
0.1 1.6±0.1

0.3 1.7± 0.3 –

SGR 1900+14h – 5.20 9.2× 10−11 0.90 1.4× 1015 32 14 0.47± 0.02 1.9± 0.1 3.1± 0.5 –

AXP 1E 1841-045i Kes 73 11.78 ∼ 4× 10−11 4.7 1.4× 1015 31 880 0.450± 0.03 1.9± 0.2 1.32± 0.11 0.72± 0.15

SGR 0526-66j N49 8.05 3.8× 10−11 3.4 1.1× 1015 25 > 50 0.44± 0.02 2.5±0.11
0.12 – –

AXP CXOU J171405.7-381031k CTB 37B 3.83 ∼ 6× 10−11 1 9.7× 1014 22 > 0.75 0.38±0.08
0.05 ∼ 3.3 – –

AXP 1RXS J1708-40l – 11.0 1.9× 10−11 9.1 9.3× 1014 21 340 0.456± 0.009 2.83±0.03
0.08 1.13± 0.06 0.86± 0.16

AXP CXOU J0100-72m SMC 8.02 1.88× 10−11 6.8 7.9× 1014 18 > 42 0.38± 0.02 2.0± 0.6 – –

AXP 1E 1048.1-5937n GSH 288.3-0.5-28 6.45 ∼ 2.3× 10−11 4.4 7.8× 1014 18 > 1.8 0.52 2.8 – –

PSR J1622-4950o – 4.33 1.7× 10−11 4.0 5.5× 1014 12 > 0.08 ∼ 0.4 – – –

SGR 1627-41p CTB 33 2.59 1.9× 10−11 2.2 4.5× 1014 10 > 0.06 – 2.9± 0.8 – –

SGR J1550-5408q G327.24-0.13 2.07 2.2× 10−11 1.5 4.4× 1014 9.9 > 0.008 0.43±0.03
0.04 3.7±0.8

2.0 – –

AXP XTE J1810-197r – 5.54 7.8× 10−12 11 4.2× 1014 9.5 > 0.02 3 BB fit – – –

SGR 0501+4516s – 5.76 5.8× 10−12 16 3.7× 1014 8.4 – – – – –

SGR 1833-0832t – 7.57 3.4× 10−12 35 3.3× 1014 7.4 – – – – –

SGR J1834.9-0846u W41 2.48 8.0× 10−12 4.9 2.8× 1014 6.4 – – – – –

AXP 4U 0142+61v – 8.69 2.0× 10−12 69 2.7× 1014 6.0 2900 0.410±0.004
0.002 3.88± 0.01 0.93± 0.06 0.4± 0.15

AXP CXOU J1647-45w Westerlund 1 10.61 8.3× 10−13 200 1.9× 1014 4.3 > 10 0.49± 0.1 3.5±1.3
0.3 – –

AXP 2259+586x CTB 109 6.98 4.8× 10−13 230 1.2× 1014 2.7 > 390 0.412± 0.006 3.6± 0.1 – –

SGR J1822.3-1606y M17 8.44 3.1× 10−13 430 1.0× 1014 2.3 – – – – –

SGR 0418+5729z – 9.08 ∼ 4× 10−15 3.6× 104 1.2× 1013 0.3 ∼ 50 < 0.3 – – –

aOnly sources with constrained Ṗ and thought to be in their quiescent state are included in this table, adapted from the McGill magnetar catalog:

http://www.physics.mcgill.ca/∼pulsar/magnetar/main.html b Bp is the polar field estimate from the dipole spin-down energy loss rate for an orthogonal vacuum rotator,

Bp = 6.4 × 1019
�

PṖ , derived in, for example, Shapiro & Teukolsky (1983). cBcr is the quantum critical field, Bcr = m2
ec

3/(e�) = 4.413 × 1013 G. dLx is the approximate

phase-averaged isotropic X-ray absorption-corrected luminosity in the soft X-ray band, with the inclusion of hard X-ray components of the five sources where persistent hard X-ray

(> 10 keV) flux measurements are available. |Ė| is the kinematic spin-down energy loss rate assuming a moment of inertia of 1045g cm2. ePhase-averaged total emission < 10 keV

absorbed BB+PL spectral fit dN/dE ∝ E−Γs . fPhase-averaged total or phase-resolved pulsed emission > 10 keV pure-PL spectral fit dN/dE ∝ E−Γh .

References: gEsposito et al. (2007), Götz et al. (2006), Bibby et al. (2008) hMereghetti et al. (2006), Götz et al. (2006), Davies et al. (2009) iKumar & Safi-Harb (2010),

Vasisht & Gotthelf (1997), Kuiper et al. (2006) jTiengo et al. (2009), Park et al. (2012), Klose et al. (2004) kTian & Leahy(2012), Halpern & Gotthelf (2010), Sato et al. (2010)

lden Hartog et al. (2008), Rea et al. (2005), Durant & van Kerkwijk (2006) mTiengo et al. (2008), McGarry et al. (2005), Lamb et al (2002) nTam et al. (2008), Gaensler et al.

(2005) oLevin et al. (2010) pAn et al. (2012), Esposito et al. (2009a), Esposito et al. (2009b), Esposito et al. (2008), Corbel et al. (1999) qGelfand & Gaensler (2007), Camilo et

al. (2007), Tiengo et al. (2010), Dib et al. (2012) rCamilo et al. (2007), Bernardini et al. (2009), Gotthelf et al. (2004), Minter et al. (2008) sRea et al. (2009), Göğüş et al. (2010)

tEsposito et al. (2011) uKargaltsev et al. (2012) vden Hartog et al. (2008), Rea et al. (2007), Durant & van Kerkwijk (2006) wKothes & Dougherty (2007), Israel et al. (2007),

Woods et al. (2011) xKuiper et al. (2006), Patel et al. (2001), Kothes & Foster (2012), Zhu et al. (2008) yScholz et al. (2012) zRea et al. (2010), Rea et al. (2013)

essence, there are dynamical processes inherent to magnetars that inject energy from

the magnetic field reservoir into either charged particles in the magnetosphere or the

topology/structure of the exterior magnetic fields which then evolve via a variety

of dissipative and radiative processes. The strong field of magnetars allows exotic

quantum electrodynamic processes to take place in the inner magnetosphere as well
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as modifying known physical processes used in the weak field limit for radio pulsar

models.

There are diverse models proposed for the mechanism in short recurrent bursts, gi-

ant flares, soft X-ray and hard X-ray persistent emission. The observational attributes

of magnetars, expounded upon in previous section, place strong constraints on the

radiative or dissipative mechanisms – for example, stability of broad pulse profiles and

fluxes strongly suggests an underlying emission model for persistent emission stable

on long timescales. Polarized X-ray observations in the future will help discriminate

amongst these models.

1.3.1 Charges in High Magnetic Fields

In this subsection, we shall begin with a nonrelativistic Newtonian treatment for

electrons in magnetic fields as a point of comparison later to relativistic treatments.

A fully relativistic high-field treatment is too cumbersome to completely develop in

this introductory chapter, and we defer it to subsequent chapters dealing with the

spin-dependent resonant Compton scattering cross section.

Consider a charge q with 3-momentum p in a constant time-independent magnetic

field B = Bẑ in a frame where E = 0 for simplicity. Magnetic fields do no work – the

particle’s kinetic energy |p|2/(2m) (non-relativistically) or relativistic energy γmc2

is a constant of motion of the Hamiltonian. The equation of motion of the charged

particle is then (the Lorentz force law),

dp
dt

= qv ×B/c (1.10)

which implies the particle gyrates in a helical motion with constant angular velocity

ωc = |q|B/(mc) and Larmor or cyclotron gyroradius ρc = v⊥/ωc = mv⊥c/(|q|B).
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Quantum mechanically, the particle is described by a wavefunction Ψ and the

energy transverse to the field becomes quantized. The charged particle’s stationary

states, eigenstates of the Hamiltonian, are called Landau levels (Landau 1930) with

discretized energy eigenvalues analogous to electron states of a Hydrogen atom. Fol-

lowing the treatment of Landau & Lifshitz (1977) and Harding & Lai (2006), the

generalized QM Hamiltonian for a non-relativistic spin-1/2 charged particle (with

g-factor ≈ 2) in a magnetic field with the scalar potential φ, canonical conjugate

momentum operator p̂ = −i~∇ and vector potential A is

H = HEM +Hspin =
(p̂− qA/c)2

2m
+ qφ− q~

2mc
σ ·B. (1.11)

Here σ are the usual Pauli spin matrix operators, representations in a given basis

as generators of the Lie group SU(2), forcing two-component wavefunctions (spinor)

in an ad-hoc procedure rather than arising in a natural manner established in the

Dirac equation. However, the magnetic moment operator term σ ·B commutes with

the electromagnetic Hamiltonian for B = Bẑ, and thus z-component of the spin is

conserved freeing us to replace the operator with its eigenvalues for spin up and spin

down. For clarity, we ignore the spin angular momentum term for now and also set

the scalar potential φ = 0.

In general, the commutator [p̂,A] = −i~∇ · A and thus for a uniform field the

commutator vanishes for a gauge choice A ∝ B × r allowing a simpler expansion of

the square term in the Hamiltonian. Uniqueness of the wavefunctions is not guar-

anteed since the scalar/vector potentials explicitly appearing in the Hamiltonian are

not gauge invariant; as usual, only the norm |Ψ|2 is gauge invariant. Adopting an

expedient gauge choice for the vector potential A = Bxŷ, preserving translational

invariance along ŷ, for an electron q → −e, we then have H = p̂2
x/(2m) + p̂2

z/(2m) +
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(p̂2
y + eBx/c)2/(2m). Here, we define p̂y = −i~ ∂/∂y and similarly for the other com-

ponents. Since the commutators [H, p̂z] = [H, p̂y] = 0 vanish the wave function Ψ

is separable in Cartesian coordinates allowing us to substitute the eigenvalues ~ky,z

for the operators p̂y,z in the Hamiltonian, i.e. Ψ(x, y, z) = ei(kyy+kzz)X(x). Thus we

obtain,

HEM =
p̂2

2m
+

(~ky + eBx/c)2

2m
=

p̂2

2m
+

1
2
mω2

c

(
~ky
mωc

+ x

)2

(1.12)

which is the same form as the Hamiltonian of a position-shifted quantum simple har-

monic oscillator, yielding standard suitably normalized x-space wavefunctions X(x)

that are defined in terms of Gaussians multiplied by Hermite polynomials. Although

the value of parallel momentum may take any value, the position operators cor-

responding to the classical “guiding center” do not commute [x̂0, ŷ0] 6= 0 where

x̂0 = x + v̂y/ωc = x + (p̂y − qAy/c)/(mωc) and similarly for ŷ0. Hence the guid-

ing center of the classical cyclotron orbit of the particle does not have a localized

value in the x − y plane in a quantum mechanical treatment. The nonrelativistic

Landau stationary state energy eigenvalues are equally-spaced and linear in B,

E` =

(
`+

1
2

)
~ωc ≈ 1.158

(
`+

1
2

)(
B

1014 G

)
MeV (1.13)

and are a factor of 1/1836 lower for protons, implying proton cyclotron lines in the

1 − 10 keV range for magnetars. Tiengo et al. (2013) report the discovery of an

absorption feature in SGR 0418+5729, that if interpreted as a proton cyclotron line,

implies a local magnetic field strength of 1014− 1015 G. To enable a consistency with

the weak spin-down field of SGR 0418+5729, the high local field could result from a

strong surface multipole component, with a weaker dipole component regulating the

timing parameters far out in the magnetosphere.
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The Hspin introduces degeneracy for the total energy for a spin-1/2 charged par-

ticle,

En = n~ωc +
p2
z

2m
(1.14)

where pz is the parallel momentum with the quantum number n = 0, 1, 2, 3 . . . =

`+ (1 + s)/2 for s± 1. Consequently, spin-state s = −1 is the only allowed spi- state

for the ground state n = 0. There is also additional degeneracy since the guiding

center is not localized as noted in Landau & Lifshitz (1977).

Classically, particles accelerated by magnetic fields will radiate via cyclotron (non-

relativistic) or synchrotron (relativistic) radiation. Since Landau states are stationary

states in nonrelativistic quantum mechanics, they do not have a formal finite lifetime.

Similar to spontaneous electronic transitions in free atoms, in QED, interactions with

the quantized electromagnetic field mean there are no true stationary states. The

spontaneous or free decay can be expressed by an infinite series of perturbative decay

channels, Feynman diagrams for QED processes with one photon external line, that

can result in a single photon final state from an excited electron state. To get an idea

of the cyclotron decay lifetime, a contrived classical radiation-reaction dimensional

argument can be made that coincidentally gets the right leading-order low-field result.

For a given Larmor power Prad = (2/3)a2e2/c3, the inverse lifetime (transition rate)

of a particle with kinetic energy (1/2)mv2
⊥ and v/a ∼ ω−1

c is

Γ =
Prad

(1/2)mv2
⊥

=
4
3
e2ω2

c

mc3 (1.15)

=
4
3
αf

(
B
Bcr

)2
c
λ–c

(1.16)

≈ 3.9× 1015

(
B

1012 G

)2

s−1 (1.17)

where we have introduced αf = e2/(~c) ≈ 1/137 the fine structure constant, λ–c =
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~/(mc) the Compton wavelength divided by 2π, and Bcr = m2c3/(e~) = 4.413× 1013

G, the quantum critical field where the energy ~ωc is equal to the rest mass of the

electron, i.e. ~ωc = mc2(B/Bcr). The quantum critical field, also known as the

Schwinger limit or field (with a dual electric field Ecr = 1.324× 1018 V/m in SI units;

Ecr = Bcr in Gaussian units), denotes a relativistic regime where a quantum field

theory treatment of the problem is compulsory for rigorously calculating physical

phenomena. Written in terms of the Compton wavelength and the fine structure

constant, Bcr = Ecr = mc2/(eλ–c) = e/(αfλ–
2
c), one can make alternative definitions

such that it is the field required to do work mc2 over the distance λ–c i.e. eEcrλ–c = mc2,

or αf times the classical Coulomb electric field of an electron at distance λ–c.

Magnetars are the only established astrophysical laboratories in the universe re-

alizing fields exceeding the magnetic quantum critical field. Laser pulse energy in-

tensities of order >∼ 1029 W cm−2 (Bulanov et al. 2013) are required to reach the

regime of the quantum critical field in the pulses’ RMS fields, about six to eight

orders of magnitude higher than achievable using current or planned state-of-the-

art laser facilities. Terrestrial pulsed laser experiments colliding intense laser pulses

of order 1018 W cm−2 with 101 − 102 GeV electrons (e.g. Bamber et al. 1999, at

SLAC) can generate electric fields of order the critical field in the center of momen-

tum frame. However these accelerator experiments’ interactions occur over relatively

short timescales where fields are extremely ephemeral and difficult to probe directly,

thus establishing astrophysical observations of magnetars as invaluable for probing

long-timescale radiative and scattering phenomena in fields approaching the critical

field.

A relativistic, leading-order no-loop Feynman diagram, low-field quantum electro-

dynamic treatment found in Daugherty & Ventura (1978) Equation (A5) yields the

same inverse lifetime as Eq. (1.17) for the n = 1 → 0 for the “no-spin-flip” transi-
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tion, with more general n→ n′ low-field transition rates expressions found Baring et

al. (2005) equation (26) and other references therein. Here n and n′ denote initial

and final Landau states, respectively, for the cyclotron transition. A spin-averaged

low-field transition rate is approximately half the above result, due to the spin-flip

transition being highly suppressed in low fields. Spin-dependent rates in higher fields

B/Bcr � 1 are also developed in Baring et al. (2005), muting the B dependence to

Γ ∝
√
B. Spin-dependent rates in high fields differ upon the choice of wavefunction

eigenstates of the magnetic Dirac equation, collapsing in low fields to the above re-

sult. Those that are eigenstates of the kinetic moment operator p̂−qA/c in Cartesian

coordinates are known as Johnson and Lippman (JL) states (Johnson & Lippmann

1949), while those that are eigenstates of the magnetic moment operator in cylindrical

coordinates are known as Sokolov & Ternov (ST) states (Sokolov & Ternov 1968).

The ST states are the relativistically correct choice for incorporating spin-dependent

widths into cross sections, and are used in this thesis. The reasons for ST states

being the physically correct formalism in QED are briefly summarized in Chapter 2.

For rates in high fields, the lifetime is approximately ∼ 10−16 − 10−20 s in a magne-

tar, hence perpendicular momentum of electrons relative to the field is rapidly lost

to cooling, reducing electrons to the ground Landau state and constraining them to

move parallel or anti-parallel to B. Moreover, as noted by Harding & Lai (2006), the

free decay cyclotron transition rate is far superior numerically to the plasma collision

rate for astrophysical electron number densities so that radiative processes dominate

over collisions for precipitating Landau level transitions.

As a consequence, combined cyclotron absorption and decay is effectively a “first-

order” magnetic Compton scattering process with the transition rate Γnn′ entering in

the exponential of the time-dependent part in the wavefunction for electron/position

intermediate states that are “on-shell”. Momentum-space representations (Fourier
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transforms) of these exponentials with Γ in transition amplitudes cause Γ to appear

in denominator factors. In calculation of transition amplitudes for scattering, the

norming of matrix elements then yields a Lorentzian function [(ω − ωc)2 + (Γ/2)2]
−1

with width Γ (e.g. Harding & Daugherty 1991), a manifestation of the Heisenberg un-

certainty principle ∆E∆t ∼ ~. A classical analogue is the displacement of a damped

driven harmonic oscillator. The nonrelativistic polarization-averaged resonant mag-

netic Thomson scattering (e.g. Herold 1979) differential cross section takes the form,

dσres
d(cos θf )

≈ 3σT
16

(1 + cos2 θf )
ω2
i

(ωi − ωc)2 + (Γ/2)2 (1.18)

where σT is the Thomson scattering cross section and θf is the scattering angle be-

tween the incoming photon and B. However this formulation, sometimes referred to

as the resonant cyclotron scattering cross section, is only valid when B � Bcr and

neglects electron recoil making its use improper for relativistic electrons and high

fields.

Solving the Dirac equation in a uniform magnetic field yields a relativistically

correct form of the Landau quantization energy eigenstates,

En =
[
m2c4 + (pzc)

2 + 2nmc2~ωc
]1/2

(1.19)

which in more natural unitsB/Bcr → B withmc2 = c = 1 yields En =
√

1 + p2 + 2nB.

Several exotic QED processes, otherwise not allowed by 4-momentum conservation,

can take place in the presence of the magnetic field since momentum perpendicular

to the field need not be conserved. Two of these processes that may be relevant in

magnetars, due to their rates being strongly dependent on functions of B/Bcr, are

photon splitting γ+B → γ+γ+B and magnetic pair creation γ+B → e−+e+ +B.
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Additionally, “non-linear” macroscopic effects such as vacuum dispersion and bire-

fringence, related to magnetic pair creation and other QED processes by the optical

theorem, are important considerations in very high fields. The propagation of pho-

tons above the Schwinger field no longer follows the standard dispersion relation

ω = kc with polarization modes perpendicular or parallel to the field having different

indices of refraction (e.g. Adler 1971, Tsai & Erber 1975). The leading order correc-

tion factor for the refractive index below pair creation threshold n‖,⊥ ∼ 1 + δ being

δ ∼ (1/50)αf (B/Bcr)
2 sin2 θkB for B/Bcr � 1 and δ ∼ (1/20)αf (B/Bcr) sin2 θkB for

B/Bcr � 1 and ω sin θkB(B/Bcr)� 1 where ω is the photon energy in units of mec
2.

Hence the smallness of the fine structure constant αf requires that fields of order

B/Bcr
>∼ 10/αf ∼ 102 − 103 are necessary before vacuum dispersion relations signifi-

cantly modify photon propagation, for photons crossing B i.e. sin θkB <∼ 1. Only SGR

1806-20 qualifies with a polar surface field of Bp/Bcr ≈ 110, and hence the import

of vacuum polarization in an extended inner magnetosphere is expected to be minor

for all known magnetars unless considering photon propagation close to the surface

where non-dipolar high field structure may be present.

1.3.2 Burst Mechanisms

Although the focus of this thesis is persistent emission, as with SGR 1550-5418 high-

lighted earlier, bursts may inject large amounts of energy or currents into the magne-

tosphere precipitating long-lasting persistent emission. The interior and composition

of magnetars is very uncertain, the internal magnetic field is thought to be evolving

and decaying through various dissipative processes due to coupling and advection of

the core/crust matter and the field. The internal field can be a source of residual

heating as well as mechanical stresses on the crust, especially if the field is not a true

dipole with strong internal toroidal components. Such toroidal components can also
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Figure 1.13 : The fireball model for large magnetar flares, as advanced in Thompson
& Duncan (1995). (Left) Displacement of magnetic footprints causes an Alfvenic
instability to propagate into the magnetosphere. (Right) An optically thick pair
fireball is created after a large amount of energy is transferred into the magnetosphere,
confined by field loops.

cause the exterior magnetosphere to become a “twisted dipole”, causes large-scale

super-Goldreich-Julian currents to flow, possibly causing temporary increases in spin

down torque (e.g. Thompson et al. 2002).

As noted in Thompson & Duncan (1995, 1996), since crust matter is a dense

lattice with relatively low malleability and ductility, a nonequilibrium magnetic field

evolving possibly causes persistent cracking and fracturing. In the context of re-

current short bursts, the spikes may be due to minor cracks causing Alfven waves

to propagate in the inner magnetosphere when magnetic footpoints are perturbed.

Large and giant flares are simply larger fractures, with the pulsating tail then due

to the contraction and cooling of a magnetically-confined optically thick e+e− fire-

ball, cf. Figure 1.13 that forms due to pair production from the energy dumped into

particles in the magnetosphere. To ensure high radiative efficiency, the fireball must
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be mostly leptonic in content so that the energy budget is not depleted into heating

baryons. The timescale of the burst afterglow is coupled to the cooling and photo-

spheric opacity of the fireball. This fireball scenario is consistent with some magnetar

flare spectra that are fit with several-component blackbodies or optically thick ther-

mal bremsstrahlung (e.g. SGR 1550-5418). Heyl & Hernquist (2005) propose a QED

vacuum polarization model for the mechanism of fireball formation, where nonlinear

propagation of MHD waves from the surface (e.g. caused by fractures) produces the

analog of shocks that dissipate via pair production.

An alternative model of bursts and flares is given by a magnetic reconnection sce-

nario (Thompson & Duncan 1995, Lyubarsky et al. 2002). In general, magnetic field

loops mergers in MHD plasmas are energetically favorable but the timescale on which

such reconnection occurs is model dependent. The magnetic field can also evolve from

a higher energy non-dipolar energy state, possibly with a twisted field topology, to

a lower energy state producing currents and transferring energy into magnetospheric

charges that then dissipate radiatively or in more energetically extreme cases form

a fireball. Similar exquisitely rich activity is observed in the Sun, with some solar

flares due to the magnetic reconnection or evolution of energetically volatile loops

and arcades untwisting/unkinking and merging.

1.3.3 Soft X-ray persistent emission

The soft X-ray photons are a key requirement in the resonant Compton up scattering

model for hard X-ray emission. Thus a coherent theoretical understanding of this

component of emission is presented as background to the reader.

As stated in the previous observational section, the soft X-ray spectra of magne-

tars are quasi-thermal with very steep (and thus minor) nonthermal power-law com-

ponents in the Wien portion of the Planck spectra. Pulsed fractions of these steep
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power-laws are typically on the order of 10 − 40%. A leading physical candidate to

explain the nonthermal component is the resonant cyclotron scattering (RCS) model

(Lyutikov & Gavriil 2006, Fernandez & Thompson 2007). Here electrons in the mag-

netosphere are assumed to be nonrelativistic or “mildy” relativistic (v/c < 0.3) such

that the magnetic Thomson scattering cross section is amenable, i.e. in the rest frame

of the electron ~ωi � mec
2 where the thermal incoming photon is ~ωi ∼ kT ∼ 0.3−1

keV. The problem is then treated as radiative transport through a one-dimensional

scattering resonant layer where photons repeatedly scatter. A key parameter in this

model is the resonant optical depth, formally defined by

τres =

∫
σ n dl ∼ π2e2nR

3mcωc
(1 + cos2 θf ) (1.20)

which is found by employing the approximation
∫ dω

(ω − ωc)2 + (Γ/2)2 → 2π/Γ, using

the nonrelativistic width Γ = (4/3)α(B/Bcr)
2c/λ– and assuming (R/RNS)3 ∼ ~ωc/E.

This coupling of the radius of interaction and energy essentially comes about by the

resonance condition E ′ = ~ωc selecting out the dipole field that declines as R−3 for

some fixed photon energy E ′. The electron number density required for τres = τ0 ∼ 1

is super-Goldreich-Julian, but still low by astrophysical standards for slow rotators

like magnetars,

τres ∼
(

n
nGJ

)(
R
RLC

)
(1.21)

where nGJ ∼ ΩB/(2πce) = B/(2πeRLC) is the characteristic Goldreich-Julian num-

ber density scale and RLC is the light cylinder radius. Moreover, resonant scattering

is highly efficient compared standard Thomson scattering τT ∼ σTnR,

τres
τT
∼ c
reωc

∼ 104

(
1 keV
~ωc

)
(1.22)
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Figure 4. Modification of an initially Planckian spectrum (dashed line) by multiple cyclotron scattering; !T = 0.3 for different values of " res.

plane parallel. If the spectrum of the surface emission is given by n s(#0), then the observed spectrum becomes

nobs =
!

d#0n+(#, #0)ns(#0) +
!

d#1n+(#, #1)

!
n!(#1, #0)ns(#0)d#0 + · · · , (42)

where the sum is over multiple reflections. Fortunately, the sum quickly converges since each consecutive term is at least two times smaller
than the previous one (for numerical computation we limit the sum to six terms, which results in an error of the order of 2 per cent at most).

Results of the calculations are presented in Fig. 4. First, the spectrum is overall up-scattered. The initial spectrum is shifted to higher
energies, by as much as 1 + 2!T in the limit " 0 " 1 (for smaller optical depths the shift of the emission peak is smaller). As a consequence,
the real surface temperature is smaller by as much as a factor of 1 + 2!T than the one inferred from the Compton up-scattered flux.

Secondly, for optical depth " 0 # 1 the transmitted spectrum is non-Planckian, see Fig. 5. Modification of the spectra comes both from
increased photon dispersion during each reflection as well as from summing contributions from several reflections. Note that the non-Planckian
form of the transmitted spectrum is mostly prominent at " 0 # few. In this case the reflected flux becomes comparable to the initial flux. On the
other hand, in the limit of large optical depth " 0 " 1, each reflection does not lead to an increase in the flux dispersion, so that the transmitted
flux remains mostly Planckian, but with the peak shifted to larger energies by 1 + 2!T.

The asymptotic spectrum at frequencies much higher than the initial frequency can be estimated if we assume that each reflection acts as
a Gaussian filter with a typical dispersion $ # !T#0 ! #0 and that the reflection probability is 0 < p < 1/2. Neglecting the small frequency
shift during the final transmission, the resulting flux F is a sum over all reflections,

F $
%"

n=0

e!(#2/2(n+1)$ 2) pn+1

&
2!(n + 1)$

. (43)

For n " 1, we can substitute the sum by an integration and evaluate the integral by the steepest descent method at n # #/(
&

2 ln(1/p)$ ),

F $ 1&
2$

e!
&

(2/ ln(1/p))(#/$ ). (44)

Qualitatively, it takes on average n # #/(!T#0) scatterings to reach a frequency # " #0, but the intensity of radiation is decreased by
pn+1. Thus, scattering by weakly relativistic warm plasma with !T ! 1 produces a non-thermal spectrum with an exponential cut-off at # #
kBT /(h!!T).

C' 2006 The Authors. Journal compilation C' 2006 RAS, MNRAS 368, 690–706

Figure 1.14 : Modified Planckian spectra through repeated cyclotron scattering for
different resonant optical depths τ0 and fixed electron velocity βT = 0.3 (Lyutikov &
Gavriil 2006).

where re = e2/(mc2) ≈ 2.8 × 10−13 cm is the classical electron radius. Hence, if

number densities of electrons are a few orders of magnitude higher than nGJ , reso-

nant cyclotron scattering will dominate the opacity of thermal photons in the inner

magnetosphere.

Lyutikov & Gavriil (2006) treat the radiative transfer through the one-dimensional

resonant layer, parameterized in terms of an optical depth τ0, as a repeated scattering

and reflection process in an inhomogeneous magnetic field, much like non-magnetic
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Comptonization using the Kompaneets equation. The limit βT � 1, where βT = v/c

is the normalized thermal velocity of the electrons is used inside the radiative transfer

differential equations, with a simplified top-hat distribution for the electrons’ β ≤ βT .

The resonant layer for large τ0 is half opaque and is analogous to a shock boundary

in Fermi acceleration processes. The Fermi process (first order) results in the ac-

celeration of charged particles by their scattering and diffusion through converging

magnetized shock layers and is relevant in a variety of astrophysical systems modeled

with MHD shocks such as jets, supernova remnants, and the solar wind termination

shock. For the resonant cyclotron scattering model, the outcome is that transmitted

flux through the resonant layer is upscattered by fraction ∼ 1 + 2βT , but the process

is repeated for multiple reflections and scattering amongst different resonant layers

resulting in smearing of the upscattered energies. Consequently, the thermal Planck

spectrum is modified for moderate optical depths τ0 ∼ 1, resulting in a nonthermal

tail with exponential cutoff at ω ∼ kT/(~βT ). Such theoretical modified thermal

spectra are presented in Figure 1.14. Note, since the repeated reflection and scat-

tering is a smearing process, proton cyclotron absorption lines or features from the

surface of the neutron star are expected to broadened or even destroyed.

Fitting actual magnetar soft X-ray spectra requires the same number of free pa-

rameters with the RCS model as with the standard empirical blackbody plus power

law model (RCS parameters: 1 normalization, T , τ0 and βT ; BB+PL: T , Γs and 2

normalizations). This RCS fitting procedure has been systematically done for many

magnetars by Rea et al. (2008) and in general the fits are as statistically good as

the empirical models in describing spectra below 10 keV, reproducing the nonthermal

power law component with a physically grounded model. The RCS model fit temper-

atures are systematically lower than other fits due to the upscattering nature of the

process, and the parameters are typically τ0 ∼ 1− 4 and βT ∼ 0.1− 0.5, confirming
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the model assumptions are appropriate and self-consistent. Nobili et al. (2008a) have

also successfully fitted the soft X-ray XMM-Newton spectra of AXP CXOUJ1647-

4552 using a more sophisticated Monte Carlo resonant Comptonization model. As

shown Fernandez & Thompson (2007), nonrelativistic magnetic Thomson scattering

cannot explain the hard X-ray emission consistently.

1.3.4 Hard X-ray tails: Resonant Compton Scattering

The presence of pulsed hard tails reaching up to possibly 200 − 500 keV in some

magnetars strongly suggests the existence of a nonthermal relativistic population of

electrons or positrons in the magnetosphere. These the charges ultimately derive

their kinetic energy from the magnetic field reservoir to power the observed emis-

sion. One plausible mechanism to inject energy into particles is the globally twisted

dipole model of Thompson et al. (2002). Internal stresses between the crust-core,

the magnetic dynamo and some toroidal components of the field in the neutron star

may cause shearing of the crust where the external field is anchored, leading to a

twisted dipole magnetosphere. These twists dissipate (Beloborodov & Thompson

2007, Beloborodov 2009) by shearing charges off the surface and causing pair produc-

tion converting magnetic energy into large-scale super-Goldreich-Julian currents or

“bundles” to flowing along field loops gradually untwisting the field loop. Electrons

or positrons in the field loops may be accelerated to very high Lorentz factors > 103

depending what acceleration and cooling/radiative processes operate. The presence

of these large-scale currents may differentiate magnetars from pedestrian high-B radio

pulsars. In the quantitative analysis that follows in this thesis, the exact mechanism

for accelerating charges is not modeled in detail with the only requirement that such

energized particles exist in the magnetosphere.

The energy loss and reprocessing mechanism for these charges is essential to un-
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derstanding the hard X-rays. In the Heyl & Hernquist (2005) model pairs produced

by the shocks QED MHD breakdown emitting by synchrotron radiation, and could

produce hard tails at high altitudes. Thompson & Beloborodov (2005) posit two

mechanisms: bremsstrahlung, and synchrotron radiation from a pair cascade. In the

former scenario, particles in field loops slam into the thin atmosphere and crust of

the magnetar, depositing their kinetic energy and forming thermal bremsstrahlung

spectrum characteristically peaking at ∼ 100 keV. In the synchrotron scenario, elec-

trons and positrons resonantly scatter off thermal 1− 10 keV photons at altitudes of

50 − 200 km. A strong potential develops, causing runaway acceleration of charges,

which then cool via nonresonant inverse Compton scattering producing very hard

gamma-rays that then pair produce via single photon magnetic pair creation. These

pairs then radiate synchrotron radiation in the outer magnetosphere with hard X-ray

energies.

If the site of the electron acceleration is close to the neutron star surface, resonant

inverse Compton scattering of electrons/positrons by thermal seed photons may be

the most efficient radiative process. The Compton upscattering process is resonant at

the cyclotron frequency where it is effectively a first-order QED process of cyclotron

absorption followed by emission from the intermediate Landau state. The close prox-

imity of the thermal photon bath combined with a distribution of incoming photon

angles with respect to the electrons ensures the sharp resonances (capped by inverse

lifetime width) will be sampled, effectively increasing the cross section over Thomson

scattering by a factor of one to three orders of magnitude. Thus resonant Compton

scattering may dominate the energy loss mechanism for relativistic electrons thereby

being the principal source of emission in the hard X-ray and soft gamma-ray bands.

Baring & Harding (2007) suggested magnetic Compton scattering in this magnetar

hard tail context, adapted from previous work such as Dermer (1990) that considered



56

it in the context of the deprecated neutron star model of classical gamma-ray bursts.

A similar resonant scattering process cross section for protons is reduced by a factor

of (me/mp)
2 ∼ 3 × 10−7 greatly suppressing their contribution to emergent spectra

compared to electrons/positrons, with proton recoil being negligible for photons of

X-rays energies ensuring Thomson kinematics.

As an alternative to the optical depth arguments presented previously, the super-

Goldreich-Julian number densities required for the observed hard tail luminosities

can be estimated by the energetics argument presented in Baring & Harding (2007).

Here electrons have some mean Lorentz factor 〈γe〉 and number density ne accelerated

over some length scale Rc (which could be a polar cap radius, but likely not) having

some effective radiative efficiency εrad. Then LX ∼ εrad〈γe〉mec
2neR

2
cc up to factors

of unity, yielding ne ∼ 1017/(εrad〈γe〉) cm−3 if LX ∼ 1035 erg/s and Rc ∼ 106 cm

where ne is the total number density of electrons/positrons. Comparing this to the

Goldreich-Julian number density ρGJ ∼ B/(Pc), we get

ene
|ρGJ | ∼ 4× 103 LX,35

εrad〈γe〉
P

B15R
2
c,6

(1.23)

a ratio similar in the order-of-magnitude to the result found earlier in the context

of producing steep soft X-ray tails by resonant cyclotron scattering. If the efficiency

and average Lorentz factor are such that εrad〈γe〉 ∼ 102 − 103 the density is only

modestly higher than the Goldreich-Julian value. However, note that if positrons

are present and copious, then the total density need not be super-Goldreich-Julian

and is arbitrary, limited by the residence time of the positrons and the constraint

that resonant Compton scattering be the dominant radiative process (rather than,

for example, optically thin bremsstrahlung). The density could also in principle be

equal to the Goldreich-Julian value, i.e. ne = n+ + n− while ρGJ = e(n+ − n−)



57

implying n+ ≈ n− with a small excess of one species conspiring to yield the GJ value.

In strong fields, the cross section is not only resonant at the cyclotron fundamental

~ωc but also higher harmonics (cf. Daugherty & Harding 1986) that are not equally-

spaced in high fields. For relativistic electrons, formulating kinematics in the electron

rest frame (ERF) is crucial to whether the resonances are sampled since the cross

section is most naturally formulated in this frame. For highly relativistic electrons in

the ERF that move along B, incident photons essentially are beamed head-on by the

aberration of light, and in this expedient approximation it turns out that full cross

section only exhibits the cyclotron fundamental with no higher harmonics. Explicit

definitions of the angles will be developed in a subsequent chapter, but the cyclotron

fundamental is sampled when, for γe � 1,

γeεγ(1± cos θkB) ≈ B/Bcr (1.24)

with the ± sign choice dependent on if electrons are in motion parallel or anti-parallel

to the incident photon direction. If photons are emitted from a single point from

the surface for a magnetar, then there is a fixed cos θkB = k · B/(|k||B|) where

the resonance criterion is satisfied for a given fixed Lorentz factor γe and energy

εγmec
2. These are conveniently encapsulated in parameter Ψ ≡ Bp/(2Bcrγeεγ), with

the locus of polar angles forming azimuthally symmetric surfaces of resonant Compton

scattering in the magnetosphere, as shown in Figure 1.15 for the case of radial emission

at the magnetic poles by a point source. The “resonasphere” is effectively a surface

of last or maximal resonant Compton scattering since non-dipolar fields will modify

θkB and reduce the local value of B at high altitudes, hence Ψ, thereby effectively

pulling the contours of resonant scattering to lower altitudes over the dipole case.
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!" (r/R, !; !e) of the photon to the field via the relation
cos !" = k.B/|k|.|B| = (krBr + k!B! )/|k|.|B|:

cos !" = 2 cos ! [# ! cos(! ! !e)] + sin ! sin(! ! !e)"
1 + 3 cos2 !

!
1 ! 2# cos(! ! !e) + #2

. (5)

Inserting this into (2), for the specific case of !e = 0, yields
the equation for the locus defining the surface of resonant
scattering for outward-going electrons:

#3 = $

"
1 + 3 cos2 !

1 ! cos !"
, $ = Bp

2"e%"
. (6)

Here $ is the key parameter that scales the altitude of the
resonance locale, and typically might be in the range 1!103

for magnetars of "e # 102–104. Equation (6) can be re-
arranged into polynomial form, but must be solved numeri-
cally. For the special case of soft photons emitted from the
surface pole (!e = 0), the surfaces of resonant scattering for
different $ are illustrated in Fig. 1 as the heavy blue con-
tours. The shadows of the emission point are also indicated
to demarcate the propagation exclusion zone for the chosen
emission colatitude.

The altitude of resonance is clearly much lower in the
equatorial regions, since the photons tend to travel more
across field lines in the observer’s frame, and so access the
resonance in regions of higher field strength. In contrast,
at small colatitudes above the magnetic pole, !" is neces-
sarily small, pushing the resonant surface to very high al-
titudes where the field is much lower. In this case, the loci
asymptotically approach the polar axis at infinity, satisfy-
ing #3 sin2 ! $ 16$ for the depicted case of !e = 0. For
!e %= 0 cases (not depicted), the contours are morphologi-
cally similar, though they incur significant deviations from
those in Fig. 1, both in equatorial and polar regions; for ex-
ample, when ! & 0, the loci do not extend to infinity for
!e > 0. Clearly, by sampling different emission colatitudes
!e these surfaces are smeared out into annular volumes. Fur-
thermore, since most photons not emitted at the poles pos-
sess azimuthal components to their momenta, propagation
out of the plane of the diagram must also be considered,
modifying (5) and (6). In the interests of compactness, such
algebra is not offered here. It suffices to observe that in-
troducing an azimuthal component to the photon momen-
tum generally tends to increase propagation across the field
in the observer’s frame, i.e. increasing !" , so that the reso-
nance criterion in (2) is realized at lower altitudes and higher
field locales. Hence, taking into account azimuthal contribu-
tions to photon propagation in the magnetosphere, loci like
those depicted in Fig. 1 actually represent the outermost ex-
tent of resonant interaction, and so are surfaces of last reso-
nant scattering, i.e. the outer boundaries to the Compton res-
onasphere. It is evident that, for the majority of closed field
lines for long period AXPs, this resonasphere is confined to

Fig. 1 Contours in a section of a pulsar magnetosphere that depict
cross sections of the surfaces of last resonant scattering, i.e. the max-
imal extent of the Compton resonasphere. The heavyweight contours
(in dark blue) are computed for different values of the resonance para-
meter $ defined in (6), and at extremely high altitudes asymptotically
approach the magnetic axis (vertical line). The filled red circle denotes
the neutron star, whose radius R establishes the spatial scale for the
figure. The case illustrated is for photons emanating from the polar
axis (i.e. !e = 0'), denoted by black dots, for which the neutron star
shadow regions are demarcated by the dotted boundaries, and only the
surfaces (azimuthally-symmetric about the magnetic axis) are accessi-
ble to resonant Compton interactions. In computing the contours, the
upscattering electrons were assumed ultra-relativistic, and the depicted
spatial scales are linear

within a few stellar radii of the surface. Clearly, introduc-
ing more complicated, non-dipolar field topologies will also
tend to lower the altitudes of the resonasphere.

3 Compton upscattering spectra in AXPs

To gain an initial idea of what emission spectra might be
produced in the resonasphere of AXPs, collision integral
calculations of upscattering spectra are performed. Here re-
sults are presented for monoenergetic electrons of Lorentz
factor "e, from which spectral forms for various electron
distributions can easily be inferred. This approach forgoes
considerations of electron cooling, which naturally gener-
ates quasi-power-law distributions, at least in the magnetic
Thomson limit (e.g., see Dermer 1990; Baring 1994); such
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Fig. 3 Resonant Compton upscattering spectra appropriate for an
AXP magnetosphere, scaled as in Fig. 2, but this time displaying the
two polarizations ! (heavyweight) and " (lightweight) for the pro-
duced photons; the dominance of the ! polarization near the upper-
most energies is evident. Again, the emergent photon energy !f is
scaled in terms of mec

2, and results are presented for different relativis-
tic electron Lorentz factors "e , as labelled. Specific emergent angles of
the emission in the observer’s frame, with respect to the magnetic field
direction, are indicated by the filled magenta symbols, with triangles
denoting #f = 5#, squares corresponding to #f = 1#, and circles rep-
resenting #f = 0.2#. The magnetic field strengths of B = 3Bcr (blue)
and B = 0.3Bcr (red) correspond perhaps to lower and higher altitudes,
respectively. Again, the green vertical line marks the soft photon en-
ergy !s = 0.003, with downscattering resonant emission at !f < !s not
being exhibited

$e)B/(1 + 2B) is still controlled by (16), but now the cy-
clotron decay rate dependence %cyc $ B1/2 and recoil re-
ductions at the highest !f come into play, so that the cool-
ing rate d"e/dt possesses a dependence on the field strength
that is much weaker than B3/2.

The resonant upscattering spectra are potentially polar-
ized, perhaps strongly. Isolating the specific polarization
forms in (13), the polarization-dependent resonant Compton
spectra are readily computed and are illustrated in Fig. 3. It
is clear from (13) that the emissivities for photons of final
polarization state ! should always be superior to those for
the " state. In a classical description, this is a consequence
of the physical ease with which an oscillating electron can
resonantly drive emission with electric field vectors perpen-
dicular to B. Yet for much of the range of emergent photon
energies above !s = 0.003, there is no material difference
between fluxes for the two final polarizations. This case cor-
responds to cos &f % 1, i.e. photon emission along the field
in the ERF, and hence induces zero linear polarization by
symmetry, but permits emergent circular polarization. At the
highest produced energies, significant differences between

! and " emission appear, with 1 & cos &f no longer very
small (see (13) to help identify this characteristic). This do-
main motivates the development of medium energy gamma-
ray polarimeters as a tool for geometry diagnostics.

Another feature of the upscattering process that is high-
lighted in the Fig. 3 is the intense beaming of radiation along
the field in the observer’s frame of reference, and the pro-
found correlation of the angle of emission #f with the emer-
gent photon energy !f . This tight correspondence is math-
ematically guaranteed by the appearance of the kinematic
delta function in (11) together with the intrinsically narrow
nature of the scattering resonance, which permits the delta
function approximation in (14). The extremely narrow range
of #f for each observed energy !f is broadened when non-
resonant scattering is introduced. In the resonant case here,
the "e ' 1 regime dictates that most of the emission is col-
limated to within 5# of the field direction, and rapidly be-
comes beamed to within 0.2# as the final photon energy in-
creases towards its maximum. This kinematic characteristic
guarantees that spectral formation in Compton upscattering
models is extremely sensitive to the observer’s viewing per-
spective in relation to the magnetospheric geometry, offering
useful probes if pulse-phase spectroscopy is achievable.

It should be noted that the spectra in Figs. 2 and 3 are
in principal subject to attenuation by magnetic pair produc-
tion, " ( e+e&, reprocessing the highest energy photons
to lower energies. This process is sensitive to the angle #f

of the scattered photons to the field, which, from the re-
sults depicted here, is strongly coupled to their energy !f .
Gonthier et al. (2000) demonstrated (see their Fig. 7) that
generally, for an extended range of values for B , pair cre-
ation attenuation would only operate for 'i ! 10–30 in the
ERF, since the resonant Compton process couples the val-
ues of 'f and &f . For the resonant scattering considerations
here, this criterion translates to " ( e+e& being rife for lo-
cal fields B ! 10 and being marginal, or more probably in-
effective, at lower field strengths. For B ! 10 scattering cir-
cumstances, any pair creation that ensues does so by gener-
ating pairs in the ground state (e.g. Usov and Melrose 1995;
Baring and Harding 2001), with Lorentz factors less than "e

since !f < "e. Accordingly the cascading would consist at
first of generations of upscattering and subsequent pair cre-
ation, until high enough altitudes are encountered for pair
production to access excited Landau levels for the pairs, and
then synchrotron/cyclotron radiation can ensue and compli-
cate the cascade.

4 Discussion

It is clear that the spectra exhibited in Fig. 2 are considerably
flatter than the hard X-ray tails ()!&1

f ) seen in the AXPs,
and extend to energies much higher than can be permitted by

Figure 1.15 : (Right) Surfaces of last resonant Compton scattering, with soft seed
photons emitted from the black dot, off ultrarelativistic electrons with parameter
Ψ = Bp/(2Bcrγeεγ). (Left) Polarized (⊥ - heavy weight, ‖ - light weight) uniform
B upscattering spectra for different fields and electron Lorentz factors. (Baring &
Harding 2007)

Baring & Harding (2007) also computed uniform field fixed Lorentz factor spectra

for monoenergetic soft photons, effectually formulated in terms of differential photon

production rate (or scattering rate) dnγ/(dtdεfdµf ) ∼ c
∫
σnγ integrated over initial

and final scattering angles. This formalism, simplest in the ERF, is adapted to the

observer frame (OF) via Lorentz transformations as in Ho & Epstein (1989) since it

is an invariant quantity. Rather than using a nonrelativistic magnetic Thomson cross

section, Baring & Harding (2007) used a fully relativistic ground state to ground state

Landau level scattering cross section with a spin-averaged width. The resonance is the

dominant contribution to the spectra, and in a resonant approximation there is a one-

to-one between the final scattering angle and final scattered photon energy, as made

evident in Figure 1.15 where the pink symbols represent angles successively closer to

forward scattering. This implies that realistic emergent spectra in a more complex
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magnetospheric model will depend essentially on observer perspectives and the locale

of resonant scattering, both of which vary with rotational phase of a magnetar. Final

photon polarization dependence is also illustrated with the line weighting. It should

be noted that the spectra produced are considerably harder/flatter than those of real

magnetars, and violate Fermi and COMPTEL bounds when γe >∼ 50.

More recently, Beloborodov (2013) has computed observer-angle dependent spec-

tra as well as cooling using Monte Carlo techniques for the case of resonant scattering

along field loop current bundles, including possible self-reflection components. How-

ever, Beloborodov (2013) uses the nonrelativistic resonant cyclotron scattering cross

sections for cooling and scattering, which is generally not appropriate in the inner

magnetosphere of a magnetar unless B/Bcr � 1 and ~ω � mec
2 in the electron rest

frame. In Beloborodov (2013), this objection is circumvented by considering resonant

interactions only at high altitudes; lower altitude emission is assumed to be repro-

cessed by photon-splitting and magnetic pair creation. QED physics that have been

neglected may have profound impacts on kinematics and cooling and must be treated

rigorously to make for a complete and self-consistent spectral model.

1.4 Description of Results in This Dissertation

In this thesis, I present a detailed study of fully relativistic electron cooling rates

and observer-line-of-sight directed spectra in the collisional integral formalism. Fully

relativistic QED differential cross sections and decay widths are used throughout

the calculations presented in this thesis. This level of sophistication is necessary for

the inner magnetosphere of magnetars where relativistic electrons can readily scatter

photons at the cyclotron resonance in the electron rest frame.

Electron cooling rates are computed as a function of altitude and colatitude for var-
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ious dipole field strengths and incident surface photon temperatures. It is found that

computation of monoenergetic soft photon electron cooling rates differ profoundly

from between magnetic Thomson and QED treatments for cross sections and kine-

matics. Moreover, there are significant corrections in resonant cooling rates between

QED spin-averaged and spin-dependent Sokolov and Ternov treatments, the latter be-

ing the physically correct method to treat spin-dependent Landau transitions of the

intermediate state at resonance. Computation of rates for thermal incoming photons

confirm that the cooling is highly temperature dependent, with cooling rate length

scales that are short compared to the inner magnetospheric size. The cooling rate

curves illustrate that for inner magnetospheric interactions in magnetars, electrons

accelerated along field loops are limited to Lorentz factors γe <∼ 102 − 104, far below

values where curvature cooling will dominate resonant Compton cooling.

To facilitate calculations of directed spectra beamed along an instantaneous ob-

server angle, resonant criteria are determined for electrons of fixed Lorentz factor

along field loops. Resonant scattering is highly anisotropic, with Lorentz transfor-

mations yielding a direct relationship between final scattering angle and final photon

energy in the observer frame. It is found that the resonant scattering emission at

the highest energies is confined to a spatially limited extent of the magnetosphere,

sensitive to the observer viewing perspective and field loop size and azimuthal loca-

tion. Emergent spectra for fixed Lorentz factor are integrated along arbitrary field

loops in the magnetosphere as a function of observer perspective and include geo-

metric shadowing dependent on observer perspective. For scattering that effectively

samples resonant interactions for incoming thermal photons, it is found that Lorentz

factors must be limited to γe <∼ 102 for a wide range of viewing angles that sample the

hardest emission to satisfy 200− 500 keV COMPTEL bounds on magnetar emission.

Polarization-dependent spectra suggest that future phase-resolved energy-dependent
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X-ray polarization observations will be essential for discriminating and constraining

model parameters in future studies. The spectral index on emergent spectra of fixed

Lorentz factor is found to be harder than observed magnetars, suggesting a self-

consistent acceleration and cooling analysis is necessary for the inner magnetosphere

of magnetars to distribute Lorentz factors’ phase-space density and steepen the emer-

gent directed photon spectrum. Such a 3D Monte Carlo exploration may also include

other QED processes such as photon splitting and single photon pair production that

may operate in the inner magnetosphere of magnetars.

1.5 Organization of Thesis

This thesis is organized into five chapters, with several supporting appendices. The

chapters’ material are largely cumulative, with prior chapters’ content being prereq-

uisite or integral elements in a following chapter’s content.

Chapter 2 is a relativistic generalization of Section 1.3.1 of this Introduction,

extended to fields and relativistic electrons found in the inner magnetosphere of mag-

netars. Resonant Compton kinematics, QED differential cross sections, and inter-

mediate Landau state decay widths presented in Chapter 2 are intrinsic elements of

computations advanced in Chapters 3 and 4. Analytical reductions used in Section

2.5 are essential checks to numerics therein, with the techniques used for analytics in

Chapter 3 and Appendices A and B.

Chapter 3 presents electron cooling rate calculations, for both monoenergetic and

thermally distributed soft photons at arbitrary interaction points. Section 3.1 defines

the Lorentz transformations between the observer and electron rest frames, key ele-

ments to the upscattering phenomenon and cooling rate formalism. Cooling rates for

monoenergetic soft photons are presented in Section 3.2 for magnetic Thomson and
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QED cross sections. Computations with QED cross sections are extended to thermal

photons for a uniformly bright stellar emission thereafter. Cooling rate length scales,

highlighting the efficiency of resonant Compton scattering, are presented in Sections

3.2 and 3.3. Computation of reaction rates and mean energy loss rates are developed

in Section 3.4. Analytics associated with the computation of rates and associated

integral approximations are presented in Appendices A and B, respectively. The an-

gular distribution function f(µi), necessary for computations at arbitrary interaction

points, is first derived in Section 3.5 and later developed in Appendix D for use in

Chapter 4. Cooling rate computations as a function of altitude are presented in Sec-

tion 3.5.1, highlighting the higher cooling efficiency of the process at lower altitudes.

Directed model resonant Compton spectra are developed in Chapter 4, with the

photon production rate formalism beamed at an observer line-of-sight defined in Sec-

tion 4.1 along with key inversion formulae. The formalism is specialized to a dipole

magnetic field geometry in Section 4.2 and thereafter. Resonant interaction points

beamed towards an observer are presented in Section 4.2.1, with other geometric

complexity of shadowing and rotation developed in Section 4.2.2 and Appendix E.

Using the analytics of Appendix D for f(µi), spectra are computed as a function

of Lorentz factor and observer viewing angle in Section 4.3 using the Sokolov and

Ternov QED cross section. The uncooled electron spectra are extended to a simple

radiation-reaction limited model in Section 4.3.2 and 4.3.3.



Chapter 2

Resonant Compton Cross Sections

Summary and Results

• Kinematics of resonant Compton scattering depend on the final scattering angle

of the photon, unlike elastic Thomson scattering at low energies.

• The incoming photon angle in the ERF θi is assumed to be small for relativistic

electrons; there is only one cyclotron resonance at the fundamental value ωc.

• In this thesis, only ground-state to ground-state transitions are considered due

to the high fields B/Bcr
>∼ 0.1 expected in the inner magnetosphere of magne-

tars.

• Spin-averaged and spin-dependent cross sections for resonant Compton scatter-

ing are presented in Section 2.3, essential ingredients for calculations of Chapters

3 and 4.

• Away from the resonance, spin-dependent cross section converges to the spin-

averaged one.

• At resonance ωi = B, the process is highly efficient with total resonant cross

sections exceeding the Thomson scattering value σT by several orders of mag-

nitude.

• The spin-dependent transition rates or widths of the intermediate state that

cap the resonance in the cross sections are compactly expressed in Section 2.4.

• Approximate analytic forms of the cross section and it angular integrations near

and away from the resonance are presented in Section 2.5.1; similar variable
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transformations are used for analytically integrated asymptotics of cooling and

reaction rates in Chapter 3.

Photon scattering in this thesis is treated in a vacuum particle-physics formal-

ism, rather than as a plasma process, and thus can be described by scattering cross

sections. Previous treatments of resonant scattering (e.g. Canuto, Lodenquai & Rud-

erman 1971) have treated resonant scattering in the Thomson domain as a semiclassi-

cal plasma dispersion phenomenon. In the astrophysical context of neutron star and

magnetar magnetospheres and their high energy electromagnetic emission, plasma

densities are relatively low such that the plasma frequency ωpe =
√

4πnee2/me is

much less than characteristic X-ray photon angular frequency. In the purview of neu-

tron star atmospheres where densities are high, plasma effects can become important

considerations for the radiative transport of thermal surface X-rays. Macroscopic

plasma effects such as dispersion can be safely neglected in the context of this the-

sis since magnetospheric phenomena are the focus, rather than surface emission. A

non-vacuum formalism is not the correct method to characterize the interaction of

high energy photons with relativistic charges in supercritical fields B >∼ 0.1Bcr far

removed from the neutron star atmosphere. A microphysical description in terms of

scattering of individual photons is more appropriate in the non-Thomson domain,

forming differential cross sections that must satisfy the relativistic kinematics at each

scattering interaction.

In this chapter, the kinematics, derivation and analytic reduction of the resonant

Compton scattering cross section are outlined. Although the majority of this deriva-

tion is not my original work, analytic reductions of the differential cross sections and

widths are used throughout my cooling and spectra calculations. Specifically, these

derived forms are employed in Chapter 3 and Chapter 4. Moreover, some of the an-
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alytic reduction methods and approximations presented here are work where I have

significantly contributed. In particular, the black points in Figure 2.3 are equivalent

to analytical forms I derived, later further reduced algebraically into more compact

forms for Gonthier et al. (2013). These approximate forms also serve as a rigorous

check on the numerical angular integration of the cross section.

2.1 Preliminaries

In this chapter, the scattering of electromagnetic waves or photons by charges is

characterized in the rest frame of the charge that is common practice in photon

scattering problems, in contrast to a center-of-momentum frame preferred in some

processes of particle physics. For relativistic electrons in the presence of an isotropic

gas of photons, in the electron rest frame (ERF) most of the incident photons are

beamed and blueshifted into a narrow cone of angular size θi ∼ 1/γe � 1. For low

electron Lorentz factors γe and incident photon energies, εi and ωi in the laboratory

and rest frame respectively, we have γe~εi ∼ ~ωi � mec
2 so that the scattering

is in the Thomson regime, where electron recoil due to the collision can be safely

neglected, i.e. ωi = ωf . The polarization-averaged differential cross section, which

can be derived from considering a classical incident electromagnetic wave on a electron

(c.f. Jackson 1998), is then simply dσT/d cos θf = (3/4)σT (1 + cos2 θf ).

When electron recoil is not neglected, conservation of 4-momentum yields the

standard kinematic relation for Compton scattering (c.f. Rybiki & Lightman 1979)

in the absence of a magnetic field. Here the incident photon can be taken without

loss of generality to arrive at angle θi = 0 with respect to the beam axis. The initial
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and final photon energies for a scattering angle θf in the ERF are constrained by,

ωf
ωi

=
1

1 + ~ωi/(mec
2)[1− cos θf ]

≤ 1 (B=0 Compton Scattering) (2.1)

which reduces to the Thomson result when ~ωi � mec
2. The derivation of the

cross section for Compton scattering is more involved, but constitutes a standard

example in elementary particle physics or QFT texts (e.g. Halzen & Martin 1984,

Peskin & Schroeder 1995) derived by solving the Dirac equation and then using QED

technology to calculate the spin-averaged scattering amplitude for two first-order

Feynman diagrams shown in Figure 2.1. The resulting differential cross section is

known as the Klien-Nishina formula,

dσKN
d cos θf

=
3σT

4
ω2
f

ω2
i

[
ωi
ωf

+
ωf
ωi
− sin2 θf

]
(B=0 Compton Scattering) (2.2)

is suppressed over the Thomson cross section at high energies and angles away from

the forward scattering direction (θf = 0).

2.2 Resonant Compton Kinematics

In the presence of a magnetic field, the component of linear momentum in the trans-

verse direction of photons and electrons need not be conserved since some momentum

may be taken up by the field – there is no translational invariance around B. The

magnetic field breaks the symmetry under rotations by imposing a preferred direc-

tion. Unlike the field-free case, the initial photon angle with respect to the magnetic

field in the ERF θi is then a parameter of the problem and cannot arbitrarily be set

to zero. Spin-averaged cross sections and kinematics for the case θi 6= 0 can be found
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FIG. 1. The two traditional Feynman diagrams for Compton scattering, with the left one labelled

(1) and the right one labelled (2) corresponding to the contributions to the first and second lines

in Eq. (5) for the S-matrix element. Solid lines represent spin-dependent electron wave functions

scattering in a magnetic field. The wavy lines represent polarized photon states.

of the quantum critical field Bcr = m2
ec

3/e� ≈ 4.414 × 1013 Gauss, the field at which the

electron cyclotron energy equals its rest mass energy. For our ERF specialization, we will

have j = 0 and pj = 0 . The energy of the intermediate state assumes a similar form and

is denoted by En . Here, and throughout this paper, all photon and electron energies and

momenta will be rendered dimensionless via scalings by mec
2 and mec , respectively. The

kinematic relations between the four-momenta of the incoming and outgoing species can be

expressed via (e.g. see Eq. (15) of [32])

ωf =
2(ωi − �B) r

1 +
�
1− 2(ωi − �B) r2 sin2 θf

, r =
1

1 + ωi (1− cos θf )
(3)

for the photon, which initially assumes an angle θi = 0 relative to B, and is scattered to

an angle θf relative to the field direction. The final electron’s parallel momentum p� and

energy E� are given by

p� = ωi − ωf cos θf , E� = 1 + ωi − ωf ≡
�
1 + 2�B + (ωi − ωf cos θf )

2 . (4)

The equivalence of the forms for E� can be derived from Eq. (3). In the Appendices, the

quantities p� and E� are labelled by pf and Ef for the special case of � = 0 that will be

9

Figure 2.1 : Feynman diagrams for Compton scattering, for index m = 1 (left) and
m = 2 (right). For the magnetic Compton scattering case, the crossed diagram on
the right has no resonant denominators in contrast to the m = 1 diagram. The m = 1
diagram at resonance ωi = B is effectively two successive first-order diagrams (see
Daugherty & Ventura 1978) for cyclotron absorption followed by cyclotron emission.

in Daugherty and Harding (1986) and the spin-dependent cross section for θi 6= 0

is a future avenue of research. However, θi ≈ 0 is one expedient approximation, in

the ERF, that we make which drastically simplifies the differential cross section, and

is generally valid in this thesis when electrons are relativistic, due to aberration of

light. Moreover, in the θi ≈ 0 case, the cross section dependence on the polarization

of incoming photons is degenerate, that is, the final polarization state is independent

of the initial polarization state. Here polarizations are defined as the photon’s elec-

tric field vector parallel (coplanar) or perpendicular (normal) relative to the plane

spanned by the photon’s momentum and macroscopic magnetic field vectors.

The overall kinematics of scattering for either Feynman diagram are identical. In

general, the incoming electron and photon three-momenta are ~pi and ~ki , respectively.
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The corresponding quantities for the outgoing electron are ~pf and ~kf . By definition,

in the ERF, we are restricted to ~pi ≡ 0 , but cross sections for non-zero initial electron

momenta along B can be recovered via a Lorentz boost. The energies of the incoming

and outgoing electrons in the quantizing field are generally given by

Ej =
√

1 + 2jB + p2
j , E` =

√
1 + 2`B + p2

` (2.3)

for Landau level quantum numbers j and ` , and dimensionless momenta pj and p`

parallel to the field, respectively. Here the units of the field are taken to be in terms

of Bcr, and all photon and electron energies and momenta are rendered dimensionless

via scalings by mec
2 and mec , respectively. For our ERF specialization, we will have

j = 0 and pj = 0 . The energy of the intermediate state, relevant in calculating the

cross section and cyclotron widths, assumes a similar form and is denoted by En and

pz. The kinematic relations between the 4-momenta of the incoming and outgoing

species can be expressed via (e.g. Eq. (15) of Gonthier et al. 2000)

ωf =
2(ωi − `B) r

1 +
√

1− 2(ωi − `B) r2 sin2 θf

, r =
1

1 + ωi (1− cos θf )
(2.4)

for the photon, which initially assumes an angle θi = 0 relative to B, and is scattered

to an angle θf relative to the field direction. The final electron’s parallel momentum

p` and energy E` are given by

p` = ωi−ωf cos θf , E` = 1+ωi−ωf ≡
√

1 + 2`B + (ωi − ωf cos θf )
2 . (2.5)

Note that the kinematic relations Eq. (2.4) can be derived from solving for ωf in the

energy conservation equation 1 + ωi − ωf −E` = 0. These kinematic identities apply
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to any spin-state formalism for the wavefunctions, decay widths and cross sections.

Conceptually, it is important to note the above kinematic identities do not reduce,

as B → 0, to the field-free B = 0 Compton scattering result because here it is assumed

the field can absorb any amount of transverse momentum, i.e. the field lines are

arbitrarily rigid. In the classical low-field limit, since the field cannot absorb large

transverse momenta from the photon for logical consistency, the resultant scattering

is in the Thomson rather than Compton domain.

As shown in Baring et al. (2005), the general character of cyclotron decay rates

is that they are increasing monotonic functions of B. Cyclotron transitions to the

ground state dominate the line widths in resonant scattering (e.g. Harding & Preece

1987). Thus in magnetars and high-field pulsars B >∼ 1, it is expected that both

electrons’ initial and final Landau states are well approximated by the ground state

(j, ` = 0). In this thesis, we only consider ground state to ground state transitions,

and present the relevant decay widths in Section 2.4. The ground state to ground state

transitions capture the most important portion of the phase space that is germane

to the cooling of electrons through scattering. The full cross section, in general, also

includes a sum over all intermediate states n, but for a final Landau state of ` = 0,

only the n = 1 intermediate state contributes in the cross section development in the

next section. Moreover, as shown in Figure 1 of Baring et al. (2005), the n = 1→ 0

intermediate state rate dominates over higher Landau transitions.

2.3 Resonant Compton Scattering Differential Cross Sections

A key point for resonant Compton scattering, illustrated by Figure 2.1, is that at

resonance, the scattering is effectively “first-order”, i.e. the scattering event can

be described by a cyclotron/synchrotron absorption followed by an emission where
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the virtual electron’s intermediate state behaves as a real one (“on-shell”). This

introduces the resonance that has profound astrophysical implications in high fields.

Although we specialize to ` = 0 here, it is important to note that a full `-sum presented

in Gonthier et al. (2000) for θi = 0 results in a cross section that converges with the

Klien-Nishina formula at high initial photon energies above the fundamental cyclotron

resonance, and is independent of the spin-dependent choice of the wavefunctions.

Higher ` contributions have a kinematic threshold of ωi = `B, thus only higher level

Landau states contribute to the cross section well above the resonance, while the

portion below the first fundamental ωi = B is well approximated by the sole ` = 0

contribution.

The derivation of the spin-dependent magnetic Compton cross section has been

developed in an upcoming paper Gonthier et al. (2014), building upon earlier work

by Sina (1996) and Daugherty and Harding (1986). The standard prescription in

QED for finding the cross section is employed, by computing S-matrix elements Sfi

over the pertinent phase space factors for produced electrons and photons for the two

first-order Feynman diagrams. The full derivation is algebraically cumbersome and

not very enlightening, so it is not presented in this thesis. The transition matrix Sfi

is calculated using a particular choice JL or ST for the wavefunctions and photon

polarization states.

The total cross section for magnetic Compton scattering can be written

σ =

∫
L3

1− βi cos θi

|Sfi|2
T

L3d3kf
(2π)2

Ldpf
2π

eB Ldaf
2π

(2.6)

using standard notation, where natural units, ~ = c = 1 have been employed. In

terms of the formation of the S-matrix element, the time T denotes the duration of

the temporal integral, and the spatial integrations are over a cube of side length L .
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The incoming electron speed is βic taken to be zero in the ERF. Here ai,f represents

the spatial location of the guiding center of the incoming/outgoing electron, the QED

analog of the nonrelativistic ones presented in Chapter 1. To facilitate the formation

of the different cross section dσ/dΩf in terms of the angles of the outgoing photon,

the identification d3kf → ω2
fdωf dΩf is formulated in Eq. (2.6), where ωf = |~kf | .

For the specialized case of θi = 0 and ` = 0 where only the n = 1 intermediate

state contributes, the differential cross section calculations yield

dσ
d cos θf

=
3σT

4
ω2
fe
−ω2

f sin2 θf/2B

ωi (2ωi − ωf − ζ)

∑

s=±

[∣∣G(1)
s

∣∣2 +
∣∣G(2)

s

∣∣2
]
n=1

(2.7)

where

ζ = ωiωf (1− cos θf ) . (2.8)

Here the G
(m)
s are matrix elements in a particular spin-state formalism JL or ST,

and contain “energy-conservation” denominators

G(m)
s =

Ssu
ωm − Em + iΓs/2

+
Ssv

ωm + Em − iΓs/2 . (2.9)

where we have introduced some kinematic variables that depend on the Feynman

diagram index m, namely

ωm=1 = 1 + ωi , ωm=2 = 1− ωf , (2.10)

and energies En of the intermediate electron/positron state

Em=1 =
√
ω2
i + ε2⊥ , Em=2 =

√
ω2
f cos2 θf + ε2⊥ (2.11)
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for

ε⊥ =
√

1 + 2B (2.12)

as the threshold energy of the first Landau level. Using the identity E2
m = p2

m + ε2⊥ ,

pm=1 = ωi , pm=2 = −ωf cos θf (2.13)

define the components of momenta parallel to B that correspond to the Em . It is

then evident that the m = 1 diagram has the resonant denominator since

ω1 − E1 = (1 + ωi)−
√
ω2
i + 2B + 1 ≈ (ωi −B)/(1 +B) forωi ≈ B. (2.14)

The spin-dependent widths Γs ≡ ξsΓ of the cyclotron resonance truncate the

divergences at Em = ωm . The spin-correction factor ξs does depend on the basis

states being employed to describe the virtual particle; using the forms for Γs , found

in Baring et al. (2005) Eq. (1) therein for the ST case, and Eq. (53) for the JL states,

we have

ξST± = 1∓ 1
ε⊥

, ξJL± = 1∓ Em + ε2⊥
ε2⊥ (Em + 1)

(2.15)

for the ST and JL basis states. The analytic form of the spin-averaged widths Γ are

presented in this next section, and are used throughout this thesis.

Squaring the matrix elements G as in Harding and Daugherty (1991) while only

keeping only terms that are of the highest order in Γs in the denominator results in

the Breit-Wigner form for the m = 1 diagram. After some algebraic manipulation,
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the cross sections are encapsulated in the forms

(
dσ

d cos θf

)‖,⊥

ST

= F
2∑

m=1

[
T (m),‖,⊥

ave + T
ST,(m),‖,⊥
spin

ε2m + ξ2
+,STE2

mΓ2 +
T (m),‖,⊥

ave − T ST,(m),‖,⊥
spin

ε2m + ξ2
−,STE2

mΓ2

]

(
dσ

d cos θf

)‖,⊥

JL

= F
2∑

m=1

[
T (m),‖,⊥

ave + T
JL,(m),‖,⊥
spin

ε2m + ξ2
+,JLE2

mΓ2 +
T (m),‖,⊥

ave − T JL,(m),‖,⊥
spin

ε2m + ξ2
−,JLE2

mΓ2

]
(2.16)

(
dσ

d cos θf

)‖,⊥

ave

= 2F
2∑

m=1

T (m),‖,⊥
ave

ε2m + E2
mΓ2 ,

where

F =
3σT

8
ω2
fe
−ω2

f sin2 θf/2B

ωi (2ωi − ωf − ζ)
. (2.17)

The ⊥, ‖ designations apply to the polarizations of the scattered (final) photon. For

both JL and ST basis states, the resulting Tave values appearing in these forms are

the identical,

T⊥ave = ωi (ωi − ζ)

(2.18)

T ‖ave = (2 + ωi) (ωi − ζ)− 2ωf

for ⊥, ‖ final photon polarizations. The more complicated T
(m)
spin terms are presented

in the appendices of Gonthier et al. (2014) for a particular spin-state formalism. Spin-

averaged cross sections have traditionally been used in previous work such as Baring

and Harding (2007) for spectra and cooling calculations. But such previous work

neglects the correct spin-dependence at and near the resonance, forming an incorrect

harmonic mean instead of the correct sum of two truly spin-dependent width terms.

Shown in Figure 2.2 are the angular distributions of the cross sections at and near

the resonance ωi = B = 3, highlighting the differences between the two spin-state
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FIG. 2. The differential cross sections from Eq. (27) as a function of the final scattering angle

θf for a magnetic field of B = 3. The upper, middle and bottom sections display the cross

section for ST and JL basis states, and the spin-independent cross section using the average width,

respectively. The left, middle and right sections display the cross sections right below the resonance

at ωi/B = 0.998, at the resonance ωi/B = 1. and right above the resonance at ωi/B = 1.002,

respectively. The red dashed curves and the blue dotted curves correspond to perpendicular and

parallel polarizations of the scattered photon, respectively. All cross sections are scaled in units of

the Thomson cross section.

Note that T
(m),�
ave remains positive either side of this zero. The JL cross section also displays

a minimum in the parallel polarization at a slightly larger angle than in the case of the

average cross section. A small minimum is observed in the case of the ST basis states, but

the cross section there does not go to zero. In the case of T
(m),⊥
ave , there is no minimum.

One striking feature of the ST angular distributions is that at the peak of the resonance,

both perpendicular and parallel differential cross sections become identical: there is then no

dependence on the polarization states of either incoming or outgoing photons. A derivation

21

Figure 2.2 : Angular distributions in θf of the differential cross sections for B = 3 in
Eq. (2.16) at and close to the resonance ωi = B normalized in units of the Thomson
cross section, as presented in Gonthier et al. (2014).

formalisms. The prominent peak is due to the exponential in F being close to unity,

i.e. when the argument ω2
f sin2 θf/(2B) is close to zero when θf ∼ 1/ωf . The dip

can be understood by considering where the T
(m),‖
ave of Eq. (2.18) actually goes to zero

at the condition

cos θf =
ωi

2 + ωi
. (2.19)

Moreover, far above the resonance, there is an additional local minimum at cos θf =

ωi/(1+ωi) due to the exponential factor in F , but this non-resonant effect is typically

not important in cooling and spectra calculations.
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2.4 Cyclotron Widths in High Fields

The free decay rate or lifetime of Landau states for electrons cap the divergent domina-

tors present in resonant scattering cross sections. In a quantum mechanical treatment,

the resonant denominators come from energy-time Fourier transforms of complex ex-

ponentials that arise from energy conservation. The finite lifetime is manifested as a

complex time term in the argument of complex exponentials appearing in the tran-

sition matrix, the Fourier transform of which consequently results in a Breit-Wigner

form for small widths. As mentioned in Chapter 1, spin-dependent decay rates de-

pend on the choice of operator and wavefunctions/eigenstates used to diagonalize the

Dirac equation in a constant magnetic field. In subcritical fields, the rates are still

spin-dependent but spin-flip transitions are highly suppressed thus spin-averaged rate

is half the classical rate derived in Chapter 1 (also see Section 2.6). Formulated in

Cartesian coordinates, the JL wavefunctions are eigenstates of the canonical kinetic

momentum operator πππ = p−eA(x)/c used for the nonrelativistic derivation in Chap-

ter 1. In contrast, the ST wavefunctions, specifically their “transverse polarization”

states, are calculated in cylindrical coordinates and are eigenfunctions of the mag-

netic moment (or intrinsic spin) operator µz (with µµµ = mcσσσ+γ5βσσσ× [p− eA(x)/c]

where γ5 is the gamma matrix in Dirac algebra) in Cartesian coordinates formulated

in the “Landau gauge” A(x) = (0, Bx, 0) as used in the nonrelativistic treatment

in Chapter 1.

As summarized in the previous section in the context of QED cross sections, at the

cyclotron resonance, the lifetime of the intermediate electron state is spin-dependent

so that sums over electron propagator spin states no longer generate simple averages,

yielding a feedback between the value of the cross section and the choice of basis

states. There are strong logical reasons to suspect that the ST spin-dependent rates
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are the physically correct rates to incorporate into a spin-dependent cross section

(see Graziani 1993, Baring et al. 2005 and references therein) at resonance. This is

because the ST states diagonalize the spin operator, are preserved instead of mixed

under Lorentz boosts along B, have symmetry between electron and positron states,

and are eigenfunctions of the Hamiltonian with radiative corrections (i.e. higher-order

loop Feynman diagrams).

Formally, the line width for resonant scattering involves an infinite sum over in-

termediate states, but for the case of the fundamental resonance for ` = 0, the n = 1

intermediate state rate dominates (see Figure 1 of Baring et al. 2005). The spin-

dependent widths were first derived by Herold et al. (1982) and Latal (1986) for the

ST case and Baring et al. (2005) generalizing the JL case treatment in Daugherty

and Ventura (1978). Expressions for the spin-dependent widths are most conveniently

given in terms of the spin-averaged width Γ, found in Eq. (13) and (14) of Baring

et al. (2005). The average rates for 1 → 0 cyclotron transitions at non-zero pz for

electrons are here scaled (by ~/mec
2 = λ–/c ) into dimensionless form:

Γ ≡ Γave(pz) =
αfB
E1

I1(B) , E1 =
√

1 + 2B + p2
z , (2.20)

with

I1(B) =

∫ Φ

0

dφ e−φ√
(Φ− φ) (1/Φ− φ)

[
1− φ

2

(
Φ +

1
Φ

)]
, Φ =

√
1 + 2B − 1√
1 + 2B + 1

(2.21)

expressing the integration over the angles θ of radiated cyclotron photons. Near the

resonance pz = ωi ≈ B so the factor E1 ≈ 1 +B is a good approximation, since away

from the fundamental resonance the form of the width is irrelevant. The presence of

the E1 factor in Eq. (2.20) essentially accounts for time dilation when boosting along
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B from the electron rest ( pz = 0 ) frame; the Lorentz factor for this boost is simply

γ = E1/
√

1 + 2B .

The integral for I1(B) can alternatively be expressed as an infinite series of Leg-

endre functions of the second kind,

I1(B) =
∞∑

k=0

(−1)k

k!

{
Qk

(
1 +

1
B

)
−
(

1 +
1
B

)
Qk+1

(
1 +

1
B

)}
, (2.22)

where the Qν(z) are Legendre functions of the second kind. These special func-

tions are finite sums of elementary logarithmic and polynomial functions of z (cf.

Abramowitz & Stegun 1965). The form for I1(B) in Eq. (2.22) is used throughout

in the calculations of widths for the cooling and spectra calculations presented in

Chapters 3 and 4.

2.5 Total Cross Sections and Series Development

For astrophysical considerations, the angle-integrated total cross section is an in-

formative quantity since cooling and spectra are typically weighted integrals of the

cross section that kinematically sample the resonance. Since resonant contributions

are usually dominant, a numerical and analytical assessment away from and at the

resonance is important for quantifying differences that arise from the spin-state for-

malisms.

Plotted in Figure 2.3 are the angle integrated cross sections for B = 3. Note that

the resonant cross section is overestimated by 40% and 20% by the JL and average

cross sections, respectively, over the true ST result. Away from the resonance, the

spin-dependent terms are negligible and the spin-averaged cross section is sufficient.

Consequently, a computationally efficient procedure employed in cooling and spectra

calculations, is to bracket the ST cross section around the resonance and use the
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FIG. 5. The angle-integrated cross sections (in units of σT ), averaged over polarization, are

displayed in the upper panels with an exploded view near the resonance in the upper right panel.

The spin-dependent JL (green solid), the ST (blue solid), and the spin-averaged (red solid) cross

sections are displayed in the upper panels. In the bottom panels, the ratios of the JL and average

cross sections to that of ST cross section are displayed. The diagonal dashed black line is the

familiar non-relativistic result in Eq. (44) that applies when ωi � B . The horizontal dotted line

is the low frequency spin-dependent anomaly whose asymptotic form σ ≈ Γ2σT/[B
2(1 + 2B)] is

deducible from Eq. (50) below. The dots represent numerical evaluations of the integral expression

for the total cross section in Eq. (41) for the left panel, i.e. outside the resonance, and for the

approximate cross section in the resonance in Eq. (77) for the right hand panel.

average differential cross sections above that of the ST one becomes evident near the reso-

nance shown in Figure 5. For this B = 3 example, the resonant cross section is overestimated

by 40% and 20% by the JL and average cross sections, respectively. The doubled-peaked

curve for the average cross section at the resonance exhibits a minimum at the resonance

25

Figure 2.3 : Angle-integrated cross sections, highlighting the spin-state dependence
near the resonance. The black points are the two different approximations paths
developed away and near the resonance for the ST case presented in sections 2.4.1
and 2.4.2 that also serve as a check for the numerical integration. The right panel is
a close-up of the vicinity of the resonance, highlighting the dependence of the cross
second on the spin-state formalism. The bottom panes of both left and right figures
show the ratio of JL, ST and spin-averaged cross sections.

spin-averaged form for |1− ωi/B| <∼ 0.03 that is later approximated in this chapter.

The spin-averaged expression for the differential cross section in Eq. (2.16) can be

integrated over θf using the protocol developed in Baring, Wadiasingh, and Gonthier

(2011). This method changes the variables of the integration to conveniently render

the integrals more compact. The first step is to convert the integration to one in

terms of the variable r = 1/[1 +ωi(1− cos θf )] , defined in Eq. (2.4). The integration
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limits become 1/(1 + 2ωi) ≤ r ≤ 1 . The kinematic relation in Eq. (2.4) can be

rearranged to generate the identity

2ωir
2 sin2 θf ≡ Q(r, ωi) =

2
ωi

(1− r)
[
(2ωi + 1)r − 1

]
. (2.23)

It turns out that a more convenient variable for expressing the angular integration is

φ ≡ ω2
f sin2 θf

2ωi
=

1−
√

1−Q
1 +

√
1−Q

. (2.24)

This then encapsulates the angular dependence of the argument κ of the exponential

in the F factor. This change of variables amounts to the integration mapping

2

∫ 1

−1

d cos θf F → 3σT

4ωi

∫ Φ

0

e−ωiφ/B dφ√
1− 2φz + φ2

, z = 1 +
1
ωi

. (2.25)

The r dependence of the integrand is contained in the factors in square brackets in

Eq. (2.16). One subtlety is that there are two branches of r that map over to the

same interval for the φ integration. By inverting Eq. (2.24) for Q , and solving the

resulting quadratic for r , these are described by

r± =
z(1 + φ)±

√
1− 2φz + φ2

(1 + φ)(1 + z)
, z = 1 +

1
ωi

. (2.26)

These two branches are summed over, simplifying the algebraic complexity of the

T⊥ave and T
‖
ave in Eq. (2.18) somewhat, and the resulting integrals span the range

0 ≤ φ ≤ Φ ≡
√

1 + 2ωi − 1√
1 + 2ωi + 1

= z −
√
z2 − 1 . (2.27)

Since the Γ terms in the resonant denominators can be neglected, these manipulations
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lead to the compact forms for the total cross section:

σ⊥ ≈ 3σT

8

∫ Φ

0

e−ωiφ/B dφ√
1− 2φz + φ2

×
{[

1
1 + 2ωi

1
(∆1)2 +

1
∆2

]
g⊥(z, φ)− 2B

(∆2)2

(
1− 2φz + φ2

)}

(2.28)

σ‖ ≈ 3σT

8

∫ Φ

0

e−ωiφ/B dφ√
1− 2φz + φ2

×
{[

1
1 + 2ωi

1
(∆1)2 +

1
∆2

]
g‖(z, φ)− 2(B + 2φ)

(∆2)2

(
1− 2φz + φ2

)}

for the polarized results away from the cyclotron fundamental. Here ∆1 = 1− (z −

1)B = (ωi−B)/ωi for the m = 1 diagram, ∆2 = (z2−1)B2 +2B(z−φ)+1 captures

the denominator of the second Feynman diagram, and

g⊥(z, φ) = z − φ

g‖(z, φ) = z + (1− 2z2)φ (2.29)

g(z, φ) =
g⊥ + g‖

2
= z(1− φz).

These compact forms and the following analytical result were result of collaboration

with Matthew Baring to reduce from equivalent forms I derived. The polarization-

summed result is

σ = σ⊥ + σ‖ ≈ 3σT

4

∫ Φ

0

e−ωiφ/B dφ√
1− 2φz + φ2

(2.30)

×
{[

1
1 + 2ωi

1
(∆1)2 +

1
∆2

]
g(z, φ)− 2(B + φ)

(∆2)2

(
1− 2φz + φ2

)}

We now summarize the protocol of deriving Legendre series expressions for the

cross sections in Eqs. (2.28) and (2.30) that are applicable outside the cyclotron
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resonance. The starting point is the polarization-summed result in Eq. (2.30). The

ensuing analysis is made more compact by defining the expressions

Υ1 =
ω2
i

(ωi −B)2 and Υ2 =
ω2
i

(ωi +B) (ωi +B + 2ωiB)
(2.31)

to represent (∆1)−2 and the φ→ 0 limit of 1/∆2 , respectively. To manipulate the

total cross section, first form a partial fractions decomposition

2(B + φ)
(∆2)2 =

1
B

{
1

∆2
+

(zB + 1)2 +B2

(∆2)2

}
. (2.32)

Then integrate the residual (∆2)−2 portion by parts using

2B

∫ Φ

0

e−ωiφ/B dφ
(∆2)2

√
1− 2φz + φ2 = −Υ2

(2.33)

+

∫ Φ

0

e−ωiφ/B dφ√
1− 2φz + φ2

1
∆2

[
(z − φ) +

ωi
B

(
1− 2φz + φ2

)]

In expressing the integrations, we will make use of the class of integrals

Hn(z, p) =

∫ Φ(z)

0

φn e−p φ dφ√
1− 2zφ+ φ2

=
∞∑

k=0

(−p)k
k!

Qk+n(z) . (2.34)

Here, Qµ(z) is a Legendre function of the second kind, defined in 8.703 of Gradshteyn

and Ryzhik (1980). This evaluates the (∆1)−2 terms nicely and we extend this to

treat the ∆−1
2 pieces by defining

Gn(z, p, τ) =

∫ Φ(z)

0

φn e−p φ dφ√
1− 2zφ+ φ2

1
τ − φ ≡

∫ ∞

0

dµ

∫ Φ(z)

0

φn e−p φ−µ(τ−φ) dφ√
1− 2zφ+ φ2

.

(2.35)
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To make the algebra more compact, this uses the definition

τ =
(z2 − 1)B2 + 2Bz + 1

2B
=

1
2BΥ2

, (2.36)

so that ∆2/(2B) = τ −φ . Then we can use the definition of Hn(z, p) to advantage:

Gn(z, p, τ) =

∫ ∞

0

dµ e−µτ
∫ Φ(z)

0

φn e−(p−µ)φ dφ√
1− 2zφ+ φ2

≡
∫ ∞

0

dµ e−µτ
∞∑

k=0

(µ− p)k
k!

Qk+n(z) ,

(2.37)

recognizing that the series identity for Hn(z, p) is valid for both positive and negative

p . Reversing the order of summation and integration, the terms of the series now

are the integrals

∫ ∞

0

(µ− p)k e−µτ dµ =
e−pτ

τ k+1

∫ ∞

−pτ
xk e−x dx =

e−pτ

τ k+1 Γ(k + 1, −pτ) , (2.38)

employing the integral representation of the incomplete Gamma function. The RHS

of Eq. (2.38) distills down to a finite series of k+1 terms using 8.352.2 of Gradshteyn

and Ryzhik (1980). It follows that

Gn(z, p, τ) = e−pτ
∞∑

k=0

Γ(k + 1, −pτ)
τ k+1 k!

Qk+n(z) ≡
∞∑

k=0

Qk+n(z)
τ k+1

k∑

m=0

(−pτ)m

m!
.

(2.39)

The numerical facility of computing this series representation is only marginally more

demanding than computing that for Hn(z, p) .

Assembling these pieces, the integration by parts identity in Eq. (2.33) can be

recast as

∫ Φ

0

e−ωiφ/B dφ
(∆2)2

√
1− 2φz + φ2 = −Υ2

2B
+

1
4B2

{
zG0 − G1 +

ωi
B

(
G0 − 2zG1 + G2

)}
.

(2.40)
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This can then be combined with all the other terms to yield an expression for the

total polarization-summed cross section away from the resonance:

σ ≈ 3σT

4

{
zΥ1

1 + 2ωi

[
H0 − zH1

]
+

z
2B

[
G0 − zG1

]
− 1

2B2

(
G0 − 2zG1 + G2

)

(2.41)

− (zB + 1)2 +B2

4B3

[
−2BΥ2 + zG0 − G1 +

ωi
B

(
G0 − 2zG1 + G2

)]}

This amounts to an efficient computation using the two series representations for Hn

and Gn . Similar expressions can be derived for the individual polarization modes.

2.5.1 Approximate Cross Section at Resonance

In this subsection, some analytic reductions of ST cross sections near the resonance

are presented. Besides being of academic interest for angle-integrated cross sections,

these analytic forms are expedient when patching between spin-dependent and spin-

averaged forms near the resonance. In Baring, Wadiasingh and Gonthier (2011), we

developed such analytic approximations near the resonance that are more fully devel-

oped and presented in this thesis. The approximations presented here are indicated

by the black points in the right panel of Figure 2.3 which also serve as a check on the

numerical integration.

The starting point is Eq. (2.16). One need only consider the first Feynman diagram

that contributes to the resonance, which is given by

(
dσ

d cos θf

)

res

≈ F
∑

s=±1




(
T⊥ave + T ‖ave

)
+ s

(
T⊥spin + T

‖
spin

)

4 (ωi −B)2 + (ε⊥ − s)2 (1 +B)2 Γ2/ε2⊥


 (2.42)

where the superscript (1) has been suppressed for the T terms. Here, Γ is the

spin-average width, E1 =
√

1 + ω2
i + 2B → 1 +B and with s = +1 for spin up and
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s = −1 for spin down. We define the polarization-averaged sum,

Tave = T⊥ave + T ‖ave = 2
[
(1 + ωi) (ωi − ζ)− ωf

]
. (2.43)

Adding together the Tspin terms for the perpendicular and parallel polarizations for

the first Feynman diagram yields a moderately lengthy numerator. This can be

made more compact by eliminating terms that are of higher order in the parameter

δ = 2(ωi−B) ; observe that δ <∼ 2(1+B)Γ is small relative to ωi within the Lorentz

profile of the resonance, for arbitrary field strengths. To improve the integrity of the

approximation, the algebra of the numerator can be expanded modestly to retain all

terms of order δ , eliminating only those of order δ2 (there are no terms of higher

order in δ ). The result of this manipulation, as presented in Gonthier et al. (2014),

generates a factor

Ns = 2ε3⊥(Tave + sTspin) = (ε⊥ − s)2
{

(2ε⊥ + s)Tave − s (ε⊥ + s)2 (ωi − ωf )
}

(2.44)

− 2s δ
(
1 + cos θf

)[
(1 + ωi) ζ − ωi(ωi + ωf )

]

for the spin-dependent numerator forms given in that paper’s appendices. The

polarization-averaged differential cross section spanning the resonance can then be

written in a compact form as

(
dσ

d cos θf

)

res

≈ F
2ε3⊥

∑

s=±1

Ns
Ds , Ds = 4 (ωi −B)2 + (ε⊥ − s)2 (1 +B)2 Γ2

ε2⊥
.

(2.45)

For each spin case s = ±1 , this result is numerically accurate to a precision of better

than 0.03 % across the resonance Lorentz profile, for fields in the range 0.1Bcr
<∼ B <∼

10Bcr , with only a slight degradation of the approximation at highly subcritical and
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supercritical fields. In particular, for all fields, the precision is improved from 0.03 %

in the wings of the resonance to better than 0.003 % when |ωi − B| < Γ(1 + B)/8

where the core of the resonance peak is sampled. Observe that the Ds do not depend

on θf , only the Ns and F do.

The analogous polarization-dependent forms of the differential cross section can

be developed in a similar manner, replacing Ns by N⊥s and N ‖s , where

N⊥s = (ε⊥ − s)2

[
(2ε⊥ + s)T⊥ave − s (ε⊥ + s)2

{
ζ − (ωi − ωf )/2

}]

(2.46)

−2s δ
[
(1 + 2ωi) ζ − 2ω2

i

]
,

with T⊥ave = ωi (ωi − ζ) , and

N ‖s = (ε⊥ − s)2

[
(2ε⊥ + s)T ‖ave − s (ε⊥ + s)2

{
−ζ + 3(ωi − ωf )/2

}]

(2.47)

−2s δωi

[
−ζ + (ωi − ωf )

]
− 2s δ cos θf

[
(1 + ωi) ζ − ωi(ωi + ωf )

]
.

Note that Ns = N⊥s + N ‖s . Individually, these polarized approximations are of the

same order of accuracy as the combination of Eqs. (2.44) and (2.45). These forms for

Ns ,N⊥s and N ‖s , when inserted into Eq. (2.45), constitute an extremely useful set of

approximations for the magnetic Compton differential cross section in the resonance.

They apply specifically to the ST formulation, and provide a concise toolkit for in-

corporating spin-dependent resonant Compton formalism into astrophysical models.

To derive compact approximate forms for the total cross section near resonance, we

again employ the change of variables previously developed for the angular integration.

Specifically, one replaces the integration over θf by one over the variable φ that is



86

defined in Eq. (2.24). This change of variables yields

∫ 1

−1

d(cos θf )F
∑

s=±1

Ns
Ds →

3σT

8ωi

∫ Φ

0

e−ωiφ/B dφ√
1− 2φz + φ2

∑

r±

∑

s=±1

Ns
Ds . (2.48)

There are two different forms of integrals present in the resulting cross section. The

first is

I =

∫ Φ

0

(1− φz) e−ωiφ/B√
1− 2φz + φ2

dφ . (2.49)

This integral contributes to the leading order terms that are dominant when δ � 1 .

For the sum over polarizations, the approximate cross section can be expressed as

σres ≈ 3σT

8
ωi
ε3⊥

∑

s=±1

Is + sδĴ
Ds , (2.50)

where for s = ±1 , the integrals Is can be cast in the form

Is = (ε⊥ − s)2

{
2ε⊥ +

sδ
1 + 2ωi

}
I , (2.51)

using Eq. (B.1). There are also residual terms proportional to δ (∝ sδĴ ) that involve

a more complicated integrand that includes the quadratic factor z(1 +φ)2− (1 +φ2)

in the denominator. This introduces an analytic complexity that is largely avoidable

with appropriate approximation and simplification. The pathological nature of the

Ĵ integrand can be eliminated by replacing the cos θf factor in Eq. (2.44) by its

angle-integrated average. We find that

〈
cos θf

〉
peak

≈ 1 + 2ωi
2(1 + ωi)

(2.52)

is an approximation numerically accurate to better than 1.5% when computing the
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average at the peak of the resonance. Employing such an approximation in a small

(of order δ ) term is both tolerable and expedient. Substituting this in Eq. (2.44),

the resulting form is obtained from Eq. (2.50) via the replacement

Ĵ → 3 + 4ωi
ωi(1 + ωi)

J , J =

∫ Φ

0

e−ωiφ/B dφ√
1− 2φz + φ2

. (2.53)

This introduces the second integral appearing in the resonance cross section. Collect-

ing results, we now have the final form for the approximate total cross section

σres ≈ 3σT

8
ωi
ε3⊥

∑

s=±1

1
Ds

{
2ε⊥(ε⊥ − s)2 I + sδ

[
(ε⊥ − s)2

1 + 2ωi
I +

3 + 4ωi
1 + ωi

J
]}

(2.54)

algebraically reduced in collaboration with Matthew Baring from an equivalent ana-

lytic form I derived. The precision of this approximation relative to exact numerical

integrations of the full ST differential cross section is better than around 0.3% for

0.01 < B < 100 , at the peak and in the within a few percent of the wings of the reso-

nance, and is considerably better than this tolerance outside the interval 0.2 < B < 3 .

It can be applied in the energy range |ωi/B − 1| <∼ 0.03 spanning the resonance.

The same manipulations can be applied to the ⊥ polarization version of the ap-

proximate differential cross section in the resonance, encapsulated via the numerator

factor in Eq. (2.46). Using the identity s(ε⊥− s)2 = 2s(1 +ωi)− 2ε⊥− sδ , the result

is

σ⊥res ≈
3σT

8
ωi
ε3⊥

∑

s=±1

1
Ds

{
ε⊥(ε⊥ − s)2 I − s

1 + 2ωi
1 + ωi

(
J − I

)

(2.55)

+ sδ

[
8ω2

i + ωi − 1
1 + 2ωi

I + 6J
]}

.

It is then a simple matter to subtract this from Eq. (2.54) to generate the equivalent
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result for σ
‖
res .

Numerical evaluation of the I and J integrals can be facilitated by two algo-

rithms. The first is to employ the class of integrals

Iν(z, p) =

∫ Φ(z)

0

e−p φ
(
1− 2zφ+ φ2

)ν/2
dφ , (2.56)

defined in Baring, Wadiasingh and Gonthier (2011), then we can simply write I =

(1 − z2) I−1(z, p) − zp I1(z, p) + z and J = I−1(z, p) for p = ωi/B . Techniques

for the series evaluation of the integrals Iν are developed in Appendix B. Note the

identity

I = H0(z, p)− zH1(z, p) , J = H0(z, p) (2.57)

so one can employ the Legendre series to efficiently compute the integrals, using Eq.

(2.34).

2.6 Nonrelativistic Magnetic Thomson Scattering

To make a connection with sub-critical field B � 1 magnetic electron cooling rates

and other calculations in the pulsar literature in the next chapter of this thesis, the

magnetic Thomson cross section is defined. This form of the cross section is commonly

encountered in past neutron star radiative applications (e.g. see Dermer 1990; Baring

1994) and more recent magnetar ones in the context of their soft X-ray emission. It

is also a frequent approximation for resonant scattering, even in relativistic electron

and supercritical field contexts where it is not strictly appropriate.

The Thomson regime is when B � 1 and ωf ≈ ωi � 1 , for which the spin-
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averaged cross section for θi = 0, it can be shown to simplify to

dσT

d(cos θf )
≈ 3σT

16

[
1 + cos2 θf

]
Σκ

(
ωi
B

)
, (2.58)

where the subscript T denotes here the magnetic Thomson domain, and

Σκ(ψ) =
ψ2

(ψ − 1)2 + κ2 +
ψ2

(ψ + 1)2 , κ =
2αfB

3
(2.59)

encapsulates both the resonant and non-resonant contributions to the cross section

using ψ as the incoming photon energy scaled in terms of B . The parameter κ =

Γ/(2B) is a scaling of the nonrelativistic natural line width Γ = 4αfB
2/3 of the

cyclotron harmonic derived semi classically in Chapter 1, the only resonance that

appears in the Thomson limit. However, note that this choice is precisely twice the

B → 0 limit of the spin-averaged width in the spin-averaged cross section. The

reason for this choice stems from the fact that in this B � 1 domain, the cyclotron

rate is highly spin-asymmetric: spin-flip decays n = 1→ 0 are profoundly inhibited

so that only spin-down to spin-down transitions are probable (e.g. see Melrose &

Zheleznyakov 1981; Herold et al. 1982). This no-spin-flip cyclotron transition has

a rate given by Γ = 4αfB
2/3 , exactly the classical rate (e.g. Bekefi 1966), so that

the spin-averaged decay rate is exactly half of this, as outlined in Latal (1986) and

Baring et al. (2005). It is this higher, spin-biased width that has been adopted in

the aforementioned astrophysical applications of magnetic Thomson scattering. This

presumes that one spin state is prepared by successive, predominantly no-spin-flip

cyclotron transitions from much higher states, a description that is satisfactory for

semi-classical or nonrelativistic quantum cyclotron problems.



Chapter 3

Resonant Compton Cooling Rates

Summary and Results

• Resonant Compton cooling of electrons is dominated by resonant interactions,

which are sampled by kinematics of scattering in the ERF for a given electron

Lorentz factor γe.

• The collisional integral of the resonant Compton differential cross section and

incoming photon distribution weighted by final scattering energy εf forms the

electron cooling rate γ̇e.

• For monoenergetic incoming photons there are profound differences in the rates

between the Thomson and spin-averaged high-B QED cross sections.

• For thermal soft photons, resonant interactions are always sampled with the

cooling rate curve mirroring the Planck distribution, sampling the Rayleigh-

Jeans tail at high Lorentz factors.

• The cooling is more efficient for higher temperatures. Cooling rate length scales

for magnetar temperatures and B fields are much shorter than the length scale

of the inner magnetosphere.

• Mean energy loss rate calculations show that, at high Lorentz factors, the

fractional energy changes per interaction are large. This implies that a self-

consistent cooling analysis cannot employ a Fokker-Planck type continuous dif-

ferential equation for the particle distribution.
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• For a uniformly bright sphere, the incoming photon angular distribution is de-

rived for a dipole loop geometry in Section 3.5. At high altitudes, the cooling

rates are reduced roughly as the inverse square law.

• Analytic asymptotic forms for the cooling rates are derived and summarized,

with compact forms and reductions detailed in Appendices A and B.

This thesis chapter summarizes the electron cooling rate for calculations for reso-

nant Compton upscattering, previously published in Baring, Wadiasingh and Gonthier

(2011). Single resonant Compton upscatterings by electrons with ultrarelativistic

Lorentz factors γe � 1 is potentially a viable mechanism of producing the hard

X-ray tails found in magnetars, provided such a source of electrons exists in a scat-

tering locale close to the hot photon bath on the surface. Electron cooling rates, in

dimensionless form γ̇e for the electrons, are equivalent to the energy loss rate or power

radiated by electrons by resonant upscattering of incoming soft photons. The cooling

rates are a function of γe, and as will be shown, resonant Compton up scattering is

the dominant cooling mechanism in the inner magnetosphere. Resonant cooling, if

kinematically sampled, then constrains the maximum attainable Lorentz factor for

electrons accelerated close to the neutron star surface and is an important constraint

for Chapter 4. As will be shown in this chapter, the fractional energy loss rate can

large for such single scatterings for large electron Lorentz factors γe. If electrons are

injected with some fixed Lorentz factor, resonant cooling is equivalent to a classical

drag force in the limit where the mean fractional energy loss rate is small.

Previous magnetic inverse Compton scattering work applied to pulsar magneto-

spheres (Daugherty & Harding 1989), and also in the context of neutron star mod-

els for gamma-ray bursts (e.g. Dermer 1990) computed upscattering spectra and

electron cooling rates and in the non-relativistic magnetic Thomson limit (extended
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from nonmagnetic Comptonization in Ho & Epstein 1989). These magnetic Thom-

son models serve as a crucial check in the non-relativistic or weak field limits of any

fully-relativistic QED formalism. Sturner (1995) further extended Dermer (1990) and

presented more sophisticated cooling rate calculations with consideration of thermal

seed photons as well as Klein-Nishina corrections. These analyses are not necessarily

sufficient for magnetars’ hard X-rays in the relativistic quantum domain, where both

fields in excess of the quantum critical value Bcr ≈ 4.413 x 1013 G, and ultrarela-

tivistic Lorentz factors for electrons, may be realized. Baring and Harding (2007)

and Nobili, Turolla, & Zane (2008) have presented some basic analyses in this ul-

trarelativistic QED domain, and find substantive differences relative to results from

magnetic Thomson cases. Ultimately, the maximum electron energy and emission

spectral characteristics will be controlled by the cooling rate, so that accurate com-

putation of such rates is essential for complete models of inverse Compton spectral

formation. Hence, extending such resonant Compton cooling analyses to treat the

relativistic, quantum domain is required for modeling magnetars.

This chapter presents numerical calculations of the electron cooling rates, and as-

sociated analytical approximations, for magnetic Compton upscattering in the fully

relativistic quantum regime. The analysis forms collision integrals for these rates

by weighting the scattering cross sections from Chapter 2. A central assumption

employed is the restriction to ultrarelativistic electrons moving along B, an approxi-

mation that is generally highly accurate for resonant interactions in high-field pulsars

and magnetars due to rapid synchrotron/cyclotron cooling. Relativistic reductions

profoundly change the cooling rates; classic inverse Thomson γ̇e ∝ γ2
e cooling is not

realized in the ultrarelativistic regime since the cross section is well below the Thom-

son value. The rates for both monoenergetic soft photons, and thermal surface X-rays

are presented; the latter case profoundly alters the kinematic accessibility of the res-
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onance, yielding γ̇e ∝ γ−1
e regimes extending to extremely high Lorentz factors. The

cooling rate calculation also encapsulates arbitrary interaction altitudes and colati-

tudes in neutron star magnetospheres, via a generalized angular distribution function,

under the simplifying assumption of photons emitted isotropically and uniformly over

the entire stellar surface. Compact analytic asymptotic approximations to resonance

cooling rates are presented that verify the numerics. In addition, it is found that

the Lorentz factors for the onset of resonant cooling rates are controlled by simple

kinematic constraints that depend on the surface temperature and the value of the

field strength in the interaction zone.

3.1 Definitions and Formalism

The Lorentz transformations between frames and kinematics of scattering are sum-

marized, followed by the collisional integral formalism for the scattering and cooling

rates which are Lorentz scalars. Both the Lorentz transformation from the observer’s

or laboratory frame to the electron rest frame, and the scattering kinematics in the

ERF, are central to determining the character of resonant Compton upscattering

spectra and the cooling rates.

3.1.1 Upscattering Kinematics and Inertial Frames

As choices of photon angles in these two reference frames are not unique, the con-

ventions adopted here are now stated; they follow those used in Baring and Harding

(2007). Let the electron velocity vector in the OF be ~βe , which is parallel or anti-

parallel to B due to rampant cyclo-synchrotron cooling perpendicular to the field.

The dimensionless pre- and post-scattering photon energies (i.e. scaled by mec
2 ) in

the OF are εi and εf , respectively, and the corresponding angles of these photons
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Figure 3.1 : Shown here are definitions for angles and scaled photon energies in the
two inertial frames of interest. The OF is the frame from the pulsar, for slow rotations.
The Lorentz transformation’s boost is along the local magnetic field vector since the
electrons occupy the lowest Landau level. The label σ = i, f represents either the
initial ( i , incoming) or final ( f , scattered) photon. The kinematic relationships
between photon energies and angles in the two frames of reference are defined by
Lorentz transformations Eq. (3.2).

with respect to −~βe (i.e. field direction) are Θi and Θf , respectively. With this

definition,

µi,f ≡ cos Θi,f = −
~βe.~ki,f
|~βe|.|~ki,f |

, (3.1)

and the zero angles are chosen anti-parallel to the electron velocity, corresponding to

head-on collisions. Here, ~ki and ~kf are the initial and final photon three-momenta

in the OF. Whether ~βe is either parallel to or anti-parallel to B is only relevant

to the scattering problem in how the incoming/outgoing photon angles are defined.

Boosting by ~βe to the ERF then yields pre- and post-scattering photon energies in

the ERF of ωi and ωf , respectively, with corresponding angles with respect to −~βe
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of θi and θf . The relations governing this Lorentz transformation are

ωi,f = γeεi,f (1 + βe cos Θi,f ) ,

(3.2)

cos θi,f =
cos Θi,f + βe

1 + βe cos Θi,f
,

the kinematic picture of which is illustrated in Figure 3.1. The inverse transformation

relations are readily obtained from these by the interchange θi,f ↔ Θi,f and the

substitutions ωi,f → εi,f and βe → −βe . The form of Eq. (3.2) clearly indicates

that head-on collisions in the OF generate the largest values of ωi , and guarantees

that for most Θi , the initial scattering angle θi in the ERF is close to zero when

γe � 1 . Exceptions to this general rule arise when cos Θi ≈ −βe , cases that form

a small fraction of the upscattering phase space, and generally provide only a small

contribution to the cooling rate for ultra-relativistic electrons. The dominance of θi ≈

0 interactions motivates the particular laboratory frame angle convention adopted in

Eq. (3.1).

The scattering kinematics in the electron rest frame (ERF), assuming an ` = 0

outgoing electron Landau state, are given by Chapter 2 Eq. (2.4),

ωf = ω′(ωi, θf ) ≡ 2ωi r

1 +
√

1− 2ωir2 sin2 θf

, r =
1

1 + ωi(1− cos θf )
(3.3)

where r is the ratio ωf/ωi that would correspond to the non-magnetic Compton

formula, which in fact does result if ωir
2 sin2 θf � 1 . This form can be simply

rearranged into the following convenient form:

(ωf )
2 sin2 θf − 2ωiωf (1− cos θf ) + 2(ωi − ωf ) = 0 (3.4)
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which proves useful in Chapter 4 when inverting the kinematics for a observer line-

of-sight.

3.1.2 General Cooling Rate Formalism

To ascertain representative electron cooling rates in pulsar and magnetar magneto-

spheres, collision integral calculations of these rates are performed. For the purposes

of this thesis, the electrons will be assumed to be monoenergetic, with Lorentz factor

γe and number density ne , i.e. their distribution function is neδ(γ − γe) . A self-

consistent acceleration and cooling simulation is necessary to model the true electron

distribution in a magnetar, but a monoenergetic model can help assess the relevant

contributions of Lorentz factors in the electron distribution. To simplify the formal-

ism for the cooling rates, monoenergetic, incident photons of dimensionless energy

εγ = εs will first be assumed, with the implicit understanding that εs ∼ 3kT/mec
2

approximating the quasi-thermal surface X-ray temperature distribution of neutron

stars. Values of εs ∼ 3 × 10−4 − 3 × 10−3 are commensurate with thermal photon

temperatures kT ∼ 0.1 − 0.3 keV observed in or inferred for middle-aged canonical

rotation-powered pulsars and hotter surface temperatures ( kT ∼ 0.4 − 0.6 keV) in

magnetars (see Table 1). Later in this chapter, the soft photon energies εs will be

distributed via a Planck spectrum. This more precise approach provides more than

just a smearing out of sharp cooling function features exhibited in the various figures

below that pertain to monoenergetic soft photons; it provides an extension of the

kinematically accessible phase space for resonant interactions. It will become clear

that this extension is a profound inclusion, defining the character of the cooling rates

at high Lorentz factors.

The possibility of soft photon anisotropy will be retained in the formalism. This is

appropriate for moderate and high altitude locales for scattering interactions, where
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remoteness from points of origin on the stellar surface incurs stronger anisotropies

in the target X-ray population. Accordingly, in the analyses of monoenegertic soft

photons cooling rates, the soft photon number density distribution will take the form

nγ(εi, µi) = ns
f(µi)

µ+ − µ− δ(εi − εs) for

∫ µ+

µ−

f(µ) dµ
µ+ − µ− = 1 (3.5)

prescribing the normalization of the angular portion, which is separable from the

energy dependence. Observe that the azimuthal dependence is integrated over in

forming f(µi) , a step that can be taken from the outset since the Compton differential

cross section does not depend on such azimuthal angles; this is true regardless of the

interaction locality. Details of how azimuthal dependence is subsumed in f(µi) are

expounded later in this chapter, forging a direct connection to the magnetospheric

interaction geometry. To simplify earlier parts of our analysis, we will first assume

photon isotropy within a cone (or hemisphere), which amounts to setting f(µi)→ 1 ,

i.e. a uniform distribution of angle cosines µi in some range µ− ≤ µi ≤ µ+ . This is

often broad enough to encompass the resonance, i.e. the value µi = [B/(γeεs)−1]/βe ,

but not always so, as it will become evident. In following sections dealing with a

thermal soft photon distribution, an alternative normalization protocol is adopted,

adding the complexity of photon anisotropies at and above the surface.

The formulation for upscattering spectra appropriate to the resonant Compton

problem was presented in Baring and Harding (2007). This made use of generic

Compton upscattering formalism presented in Eqs. (A7)–(A9) of Ho and Epstein

(1989) that is applicable to both Thomson and Klein-Nishina regimes, and moreover

is readily adaptable to incorporate magnetic kinematics and the QED cross section

for fully relativistic cases of magnetic Compton scattering. The spectrum of photon

production dnγ/(dt dεf dµf ) , differential in the photon’s post-scattering laboratory
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frame quantities εf and µf = cos Θf , can be written as

dnγ
dt dεf

=
nens c
µ+ − µ−

∫ µu

µl

dµf

∫ µ+

µ−

dµi f(µi) δ
[
ωf−ω′(ωi, θf )

] 1 + βeµi
γe(1 + βeµf )

dσ
d(cos θf )

.

(3.6)

Observe that in deriving this, the angle convention specified in Eq. (3.1) requires the

substitution βe → −βe in Eqs. (A7–A9) of Ho and Epstein (1989). Here, the notation

µi = cos Θi and µf = cos Θf is used for compactness. In Eq. (4.4), the factor c(1 +

βeµi) expresses the relative velocity in photon-electron collisions, remembering that

µi = 1 represents head-on impacts. Also, the γe(1+βeµf ) factor in the denominator

arises because of the Lorentz transformation of the differential cross section between

the ERF and the observer’s frame. The rate can then be routinely weighted by the

factor −(εf − εi)/ne ≈ −εf/ne when γe � 1 , and integrated over all produced

energies εf , to generate the required electron cooling rate:

γ̇e = − ns c
µ+ − µ−

∫
εf dεf

∫ µu

µl

dµf

∫ µ+

µ−
dµi f(µi) δ

[
ωf−ω′(ωi, θf )

] 1 + βeµi
γe(1 + βeµf )

dσ
d(cos θf )

.

(3.7)

Hereafter the specializations µl → −1 and µu → 1 are adopted to encompass the

full cooling parameter space. Explicit presentation of the limits on the εf integration

is suppressed for the moment, since these are somewhat complicated with this choice

of variables.

It is more convenient to change the angular integration variables µi,f at this

juncture to ωi and ωf , for which the Jacobian identity for this transformation is

dµi dµf = dωi dωf/(γ
2
eβ

2
eεiεf ) . In addition, the substitution (1 +βeµi)/(1 +βeµf )→

ωiεf/(ωfεi) can be employed. The limits on the subsequent ωi integration are simply

obtained from Eq. (3.2), namely γe(1 + βeµ−)εs ≤ ωi ≤ γe(1 + βeµ+)εs .

In Baring, Wadiasingh and Gonthier (2011), the ωf delta function is incorrectly

evaluated because of a nuance: ω′ depends on ωf implicitly due to the θf dependence,
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through the Lorentz transformation cos θf = [1− εf/(γeωf )] /βe. The delta function

must be transformed in a mathematically consistent manner. The physically correct

solution ω′′, corresponding to one quadratic branch that satisfies the zero of the

argument in the delta function ωf − ω′(ωi, θf ) = 0, is

ω′′ =
√
λ2 + ρ− λ =

ρ√
λ2 + ρ+ λ

(3.8)

λ ≡ γ2
eβ

2
e − γeεf − γ2

eβe(1− βe)ωi (3.9)

ρ ≡ 2ωi(γ
2
eβ

2
e − γeβeεf )− ε2f . (3.10)

The kinematic delta function must transform as follows,

δ[ωf − ω′(ωi, θf )] =
δ (ωf − ω′′(ωi, εf ))∣∣∣∣
∂(ωf − ω′)

∂ωf
[ω′′]

∣∣∣∣
. (3.11)

This nuance of kinematics and the delta function does not alter the central physi-

cal conclusions of Baring, Wadiasingh and Gonthier (2011). Thermal cooling rates

undergo flattening for γe � B/Θ in the Rayleigh-Jeans tail of the sampled soft pho-

tons, but otherwise are indistinguishable from those rates computed in the paper for

lower Lorentz factors. For hereafter, we neglect this delta function nuance in the

calculations of the cooling and reaction rates. The statements that follow later in

this chapter about the resonant cooling wall encountered by electrons remain valid,

limiting the realized Lorentz factors for electrons that form spectra in Chapter 4.

The limits on the εf integration are less easily derived, since they are formed

from the combination of the Lorentz transformation characteristics in Eq. (3.2) and

the Compton scattering kinematic constraint on ωf in Eq. (3.3), in concert with the
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domain | cos θf | ≤ 1 . The resulting range is

γe(1− βe)ωi ≤ εf ≤ γe(1 + βe)ωi
1 + 2ωi

, (3.12)

for which the resonant ωi = B specialization is offered in Eq. (15) of Baring and

Harding (2007). Since the bounds on εf are dependent on ωi , it is expedient to

reverse the order of the integrations. Then the final nuance in the manipulations is to

change variables from εf to cos θf via εf = γeωf (1−βe cos θf ) , motivated by the fact

that the differential cross section for Compton scattering is expressed most compactly

in terms of cos θf . Note that the range in Eq (3.12) corresponds to −1 ≤ cos θf ≤ 1 .

The culmination of these steps is the final general form for the cooling rate:

γ̇e = − ns c
µ+ − µ−

1
γ2
eβ

2
eε

2
s

∫ ω+

ω−

ωi dωi

∫ 1

−1

d(cos θf ) [1−βe cos θf ] f(µi)

∣∣∣∣
∂εf

∂(cos θf )

∣∣∣∣
dσ

d(cos θf )

(3.13)

for µi = [ωi/(γeεs)− 1]/βe , with

ω+ = γe(1 + βeµ+)εs , ω− = γe(1 + βeµ−)εs . (3.14)

This double integral form provides the basis for the subsequent calculations in this

chapter. It is understood that ωf is given by Eq. (3.3). The computational con-

venience of this result is underlined by the fact that the integration variables are

now those embodied in the differential cross section dσ/d(cos θf ) . Using εf =

γeωf (1− βe cos θf ) and Eq. (3.4), it can be established that

∂εf
∂(cos θf )

= γe(1− βe cos θf )
∂ωf

∂(cos θf )
− γeβeωf (3.15)
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for

∂ωf
∂(cos θf )

=
ω2
f (ωi − ωf cos θf )

2ωi − ωf [1 + ωi(1− cos θf ) ]
(3.16)

In the Thomson limit where ωf ≈ ωi � 1 , the ∂ωf/∂(cos θf ) term contributes

insignificantly to Eq. (3.15) and the Jacobian satisfies |∂εf/∂(cos θf )| = γeβeωf .

Finally, we remark that in the neighborhood of the resonance, further manipulation

of Eq. (3.13) is detailed in later in this chapter, so as to facilitate both numerical

computations and the derivation of analytic asymptotics for the rates.

3.2 Monoenergetic Soft Photons

As a starting point, we consider monoenergetic soft photons that are uniformly dis-

tributed in angles within a conical sector of the sphere, to capture the essential char-

acteristics of resonant cooling. This simple cases corresponds to cooling near the

surface at the polar cap, where the photon angular distribution is uniform within a

cone whose axis coincides with the neutron star magnetic dipole axis.

3.2.1 Magnetic Thomson Cooling Rates

Cooling rates here are computed using the Thomson cross section, Eq. (2.58) from

Chapter 2. For a uniform conical beam of incident photons centered on an axis

coincident with the local magnetic field vector, f(µi) = 1 in the range µ− ≤ µi ≤ µ+ ,

and zero outside. The Thomson limit then reduces the Jacobian in Eq. (3.13) to a

simple form |∂εf/∂(cos θf )| = γeβeωf ≈ γeβeωi , so that the cooling rate in Eq. (3.13)

becomes analytically tractable. The θf integration is almost trivial, and the resulting
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compact analytic form, valid for γe � 1 , is

γ̇e = − ns σTc
2(µ+ − µ−)

B3

γeβeε
2
s

[
I2
κ(ψ+)−I2

κ(ψ−)
]

, ψ± =
ω±
B

=
γeεs
B

(1+βeµ±) ,

(3.17)

where the pertinent integrals over ωi lead to the definitions of the functions

Ipκ(ψ) =

∫ ψ

1

tp Σκ(t) dt+ cp(κ) . (3.18)

The constant terms cp(κ) are merely introduced to render the forms of the Ipκ(ψ)

more compact, and cancel out in all computations of γ̇e . The specific case of interest

here is p = 2 , for which

I2
κ(ψ) =

2ψ3

3
+ (6− κ2)ψ − 1

1 + ψ
− 4 loge(1 + ψ)

(3.19)

+ 2(1− κ2) loge

[
(ψ − 1)2 + κ2

]
+

1− 6κ2 + κ4

κ
arctan

(
ψ − 1
κ

)
,

and

c2(κ) ≡ I2
κ(1) =

37
6
− κ2 + 4 loge

κ
2
− 4κ2 loge κ . (3.20)

Since κ� 1 , the mathematical character of I2
κ(ψ) is that of a step function smoothed

on the scale of κ . Useful asymptotic forms for I2
κ(ψ) are given by

I2
κ(ψ) ≈





− π
2κ

(
1− 6κ2

)
− 1 +

2
5
ψ5 +O(ψ7) +O(κ2) , ψ � 1 ,

π
2κ

(
1− 6κ2

)
+

2ψ3

3
+O(ψ) +O(κ2) , 1� ψ .

(3.21)

Only these leading order terms are required for the results subsequently listed. Cool-

ing rates computed using the magnetic Thomson limit in Eq. (3.17) are displayed
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in Fig. 3.2, for both isotropic (µ± = ±1 ) and hemispherical (µ− = 0 , µ+ = 1 )

monoenergetic soft photon distributions. In both cases, the resonant contribution

appears as a sharp “wall” signifying its onset at low γe , resolving into a slowly-

declining rate. The hemispherical case is for roughly head-on collisions between the

soft photons and the relativistic electrons. In comparing the two panels of the Figure,

it becomes apparent that the removal of those soft photons that chase the electrons

kinematically curtails the resonant “plateau” at higher Lorentz factors γe , so that

this feature becomes narrower: its width is defined by the boundaries ψ± = 1 . Other

asymptotic domains for the cooling rate are not qualitatively influenced by such soft

photon collimation.

Various asymptotic cooling rates can now be obtained to establish correspondence

with extant results in the literature, and also to define the characteristics of general

cooling rate numerics in uniform fields. The most familiar of these is the non-magnetic

cooling rate, where B � 1 . In principal, this domain is realized when 1� ψ− ≤ ψ+ ,

i.e. B/(γeεs) � 1 + βeµ− , and the resonance is never sampled kinematically. In

practice, this situation often doesn’t arise until γe is extremely large, or it may not

arise at all. For example, if µ− ≈ −1 , corresponding to electrons and soft photons

chasing each other along ~B , then 1 + βeµ− ≈ 1/(2γ2
e ) so that 1� ψ− cases are not

attained in highly-magnetized systems that satisfy B >∼ εs . This occurrence could be

common in high-field pulsars. However, a sufficient condition for the realization of a

non-magnetic cooling rate is that the contribution of the resonance is dwarfed by non-

resonant cooling. This arises when ψ− < 1� ψ+ , specifically when ψ3
+ � 3π/(4κ) ,

and this domain is always accessible for the cross section in Eq. (2.58), regardless

of the value of µ− . Then, the second form in Eq. (3.21) readily yields the classical
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Thomson cooling rate

γ̇e ≈ γ̇T = −ns σTc γ
2
eεs

(1 + βeµ+)3 − (1 + βeµ−)3

3βe (µ+ − µ−)
, γeεs(1+βeµ+) �

(
3πB2

8αf

)1/3

.

(3.22)

For isotropy with µ+ = 1 and µ− = −1 , the βe -dependent factor simply yields

4/3 when γe � 1 , and this rate then corresponds to the well-known classical form

in Eq. (7.16a) of Rybicki & Lightman (1979). It shall become apparent in high-

field sections below that in strong fields, this regime will never be realized because

Klein-Nishina reductions above the resonance will reduce the cross section below the

Thomson scale, σT .

As the field is increased, or equivalently γe is reduced, the phase space for resonant

interaction becomes larger, so that domains ψ− < 1 < ψ+ can be accessed. For these,

the cooling rate is dominated by the contribution of the cyclotron resonance, and if

ψ− <∼ 1� ψ+ , with ψ3
+ � 3π/(4κ) , then both the forms in Eq. (3.21) are employed

in arriving at the resonant Thomson cooling rate:

γ̇e ≈ γ̇T,RES ≡ − 3π
4αf

ns σTc
µ+ − µ−

B2

γeε
2
s

, B � γeεs(1 + βeµ+) �
(

3πB2

8αf

)1/3

.

(3.23)

This is exactly equivalent to the γe � 1 limit of Eq. (24) of Dermer (1990) in the

specific case of monoenergetic soft photons. If the ratio B/(γeεs) is increased further,

the cooling again becomes non-resonant, but this time accessing an energy-dependent

regime of the cross section, namely σT ∝ ω2
i . This then introduces a stronger depen-

dence on γe than in Eq. (3.22), principally via the extra factor (ωi/B)2 ∝ γ2
eε

2
s/B

2

that appears because ψ− ≤ ψ+ � 1 . Then

γ̇e ≈ −ns σTc
γ4
eε

3
s

B2
(1 + βeµ+)5 − (1 + βeµ−)5

5βe (µ+ − µ−)
, γeεs(1+βeµ+) � B . (3.24)
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If B <∼ εs , this third asymptotic regime is clearly never realized. Moreover, because

it critically depends on ω2
i cross section behavior for incident photons propagating

along the field, relatively small incident photon angles θi in the ERF will modify it

profoundly. When sin θi >∼ ωi/B , the scattering cross section below the resonance

is approximately σT sin2 θi (for incoming photons of ‖ polarization only; e.g. see

Herold 1979), and since θi ∼ 1/γe , at low Lorentz factors γe <∼ (B/εs)
1/2 such non-

zero ERF θi will cause the cooling rate to saturate at a finite value γ̇e ∼ −nsσTc εs

(a suggestion of the onset of this appears in Figure 2 of Xia et al. 1985). In other

words, the curves in Fig. 3.2 will be modified for mildly-relativistic electrons with

γe <∼ 3 − 5 , when taking into account this finite ERF incidence angle θi effect.

Finally, observe that as γe decreases from very high values, these three asymptotic

regimes are accessed sequentially in order from Eq. (3.22) to Eq. (3.24).

It is important to note also that for the classical Thomson regime in Eq. (3.22) to

be effectively realized in practice, the neutron star local magnetic field must be rela-

tively low, considerably lower than the field choices illustrated. When B approaches

a sizeable fraction of unity, the constraint on γe pushes the scattering into the Klein-

Nishina domain γeεs ∼ 1 , wherein the simplifying assumptions concerning the cross

section that underpin this asymptotic result are strictly not valid. In order to realize

a truly Thomson regime, one requires B2/αf � 10−3 , specifically B <∼ 3 × 10−4

(i.e. <∼ 1010 G). This will occur only at moderately high altitudes in conventional

pulsars, such as ten stellar radii above the surface, or down near the surface of a

millisecond pulsar. For proximity to the polar cap of normal or high-field pulsars, the

Klein-Nishina reductions and recoil effects embodied in the full magnetic scattering

cross section must be included, thereby motivating developments presented in this

chapter.
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Figure 3.2 : Cooling rates computed for the classical magnetic Thomson cross section,
appropriate for fields far below the critical field Bcr. The soft photon energy distribu-
tion is monoenergetic, with εs = 10−3 , typical of that for neutron star surface X-rays.
The two cases portrayed, for the incoming photon angles µ±, are isotropic soft pho-
tons (left panel) and hemispherical ns(εs) (right panel). In both panels, the dotted
lines encapsulate the asymptotic approximations embodied in Eqs. (3.22)–(3.24) [see
text].

3.2.2 JL Spin-averaged Cooling Rates

Cooling rates discussed here are computed using the full formulation in Eq. (3.13).

These are double integrals in general, though we anticipate analytic developments

below that will reduce one of these integrations. For now, specialization to monoen-

ergetic soft photons is retained. For the purposes of illustration, the spin-averaged

Johnson and Lippmann cross section is employed in computing these rates. The

numerical results, devised using Mathematica coding, are displayed in Fig. 3.3, for

two local field strengths B = 1, 10 . When the rates are computed using the spin-

dependent Sokolov and Ternov cross section, similar curve morphology emerges. The

rates are obtained for soft photons distributed uniformly within conical sectors with
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Figure 3.3 : Resonant Compton cooling rates for two different field strengths, B = 1
(left panel) and B = 10 (right panel), again in units of Bcr ≈ 4.413 × 1013 Gauss.
These are computed using the spin-averaged JL QED differential cross section. The
soft photon energy distribution is monoenergetic, with εs = 10−3 , corresponding to
typical surface X-ray temperatures. In each panel, three cases are depicted: isotropic
(µ− = 1 ) and hemispherical (µ− = 0 ) soft photons, and an intermediate case, µ− =
−1/2 . In both panels, the dotted lines encapsulate the asymptotic approximations
listed in in Eqs. (3.24), (3.29) and (3.30) for the µ− = 0 hemispherical soft photon
case.

axes coincident with the B vector. All cases have µ+ = 1 , so that head-on colli-

sions abound; the curves therefore represent interactions at the magnetic pole near

(or just beneath) the stellar surface for electrons heading into the neutron star. The

cooling rate curves display a steeply-rising portion below the resonance peak, a 1/γe

dependence in the resonance “plateau,’ and steeply-declining section at γe above

the resonance. It is this high Lorentz factor regime that evinces profoundly different

character from that in the Thomson domain exposition in Fig. 3.2: the rapid decline

reflects the reduction of the cross section in the Klein-Nishina regime when B >∼ 1

(see Gonthier et al. 2000). Since the Thomson cross section in Eq. (2.58) does not

possess such a decline, the cooling rates illustrated in Fig. 3.2 exhibit the classic γ2
e
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Thomson cooling rate at high γe . Therefore, when B >∼ 0.03 , the full relativistic

quantum cross section must be used.

It is insightful to generate analytic approximations pertinent to Fig. 3.3. In su-

percritical fields, whenever ωi � 1 the differential cross section is extremely sensitive

to the amount of electron recoil in a scattering, by virtue of the exponential factor.

Specifically, the focus here is on the ω2
i /B � 1 domain. This spawns a strong depen-

dence of dσJL/d(cos θf ) on θf , with the dominant contribution arising from narrow

collimation about forward scattering, θf ≈ 0 . The collimation is controlled by the

exponential factor so that outside the range (1− cos θf ) <∼ 3B/ω2
i , corresponding to

recoil being either moderate or strong, the contributions to the differential cross sec-

tion and the total cooling rate are insignificant when B � 1 and ωi � 1 . With this

restriction, ωf ≈ ωi and the kinematics are quasi-Thomson. The JL spin-averaged

differential cross section simplifies dramatically to

dσJL

d(cos θf )
≈ 3σT

8
exp
{
−ω

2
i

B
(1− cos θf )

}
Σκ

(
ωi
B

)
, (3.25)

using the definition of Σκ(ψ) in Eq. (2.59). Furthermore, the Jacobian in Eq. (3.13)

again reduces to a simple form |∂εf/∂(cos θf )| = γeβeωf ≈ γeβeωi , so that the cooling

rate in Eq. (3.13) for B � 1 is analytically tractable. The dominant contribution

from the relative velocity factor 1 − βe cos θf = (1 − βe) + βe(1 − cos θf ) is from

the βe(1 − cos θf ) portion, since βe is so nearly unity. Assuming a uniform beam

of incoming photons such that f(µi) = 1 on µ− ≤ µi ≤ µ+ , the θf integration is

simple, and the resulting compact result is

γ̇e ≈ − 3ns σTc
8(µ+ − µ−)

B3

γeβeε
2
s

[
I−2
κ (ψ+)− I−2

κ (ψ−)
]

, ψ± =
γeεs
B

(1 + βeµ±) .

(3.26)
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The definition of the I−2
κ function is given in Eq. (3.18), and it can be expressed as

I−2
κ (ψ) = − 1

1 + ψ
+

1
κ

arctan
(
ψ − 1
κ

)
, c0(κ) ≡ I0

κ(1) = −1
2

. (3.27)

Again, since generally κ <∼ 1 , the mathematical character of I−2
κ (ψ) is that of a step

function smoothed on the scale of κ . Useful asymptotic forms for I−2
κ (ψ) are given

by

I−2
κ (ψ) ≈





− π
2κ
− κ2

3
+ ψ − ψ2 + ... , ψ � 1 ,

π
2κ
− 1
ψ

+
1
ψ2 + ... , 1� ψ .

(3.28)

Eq. (3.26) formally applies only to B � 1 regimes. An alternative formulation that

addresses arbitrary field strengths is offered later this in chapter.

As with the Thomson regime considerations, there are three main asymptotic

domains of potential interest here. At low Lorentz factors, specifically when γeεs � 1 ,

the relevant analytic approximation is that in Eq. (3.24), so that γ̇e ∝ γ4
e . This form is

depicted in both panels of the Figure, and again follows from the σ ∝ ω2
i dependence

of the cross section. When γeεs exceeds unity, but still is below B , Klein-Nishina

reductions emerge below the resonance. This regime is evident for the B = 10 case

in Figure 3.3. The resonant cooling rate for highly supercritical fields is:

γ̇e ≈ −3π
4

ns σTc
µ+ − µ−

B4

γeβeε
2
s

1
Γ

= − 9π
16αf

ns σTc
µ+ − µ−

B2

γeβeε
2
s

, (3.29)

if we use the low-field cyclotron decay width. Well above the resonance, recoil in-

fluences are profound, Klein-Nishina reductions are dramatic, and the cooling rate

is

γ̇e ≈ −3
4

ns σTc
(1 + βeµ+) (1 + βeµ−)

B2

γ2
eε

3
s

, 1 � B � γeεs(1 + βeµ−) , (3.30)
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Figure 3.4 : Resonant Compton cooling rates for field strength B = 10 , in units of
Bcr ≈ 4.413 × 1013 Gauss, for interaction locales at the surface ( r = RNS ) and the
magnetic pole ( Θcol = 0◦ ) of the neutron star. These are computed using the Sokolov
& Ternov differential cross section in the resonance, and the spin-averaged Johnson &
Lippmann form at all other ERF energies ωi . The two cases depicted are for outgoing
electrons (upward; left panel) and ingoing (downward; right panel) electrons. The soft
photon energy distribution is thermal, with surface X-ray temperatures as labelled,
and is isotropic within a hemisphere. In both panels, the lightweight lines encapsulate
the asymptotic approximations for the resonant and non-resonant regimes, embodied
in Eqs. (3.42) and (3.46), respectively. The horizontal dashed line denotes the light
escape timescale tesc corresponding to a stellar radius.

where the ψ � 1 limit of Eq. (3.28) has been invoked. This limit is depicted in the

Figure. Clearly, for isotropic soft photons with µ− = −1 , it is never realized since

the resonance can always be accessed kinematically for large γe , so that the resonant

contribution dominates all others. It will become evident below, that distributing the

soft photon energies can also circumvent the appearance of a regime exhibiting this

profoundly reduced cooling rate.
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3.3 Thermal Soft Photons

Contributions to pulsar and magnetar spectra in the X-ray band from the neutron

star surface are necessarily approximately thermal, due to the high radiative opaci-

ties in their atmospheres. The spectrum is not expected to be of a perfect Planck

form because there are radial and colatitudinal temperature gradients, line processes

can be involved in its formation, and therefore Kirchhoff’s Third Law seeds the ex-

pectation that absorption lines can be present. A plethora of theoretical models of

neutron star atmospheres exist, differing in assumptions about composition, ioniza-

tion balance, and active radiative transport processes. Generally, they now predict

non-Planckian forms with at most modest spectral structure due to the smearing

of features by spatial distribution or vacuum polarization effects (e.g., see Bulik &

Miller 1997; Özel 2001; Ho et al. 2007, and references therein). Discrete lines have

not been unambiguously observed below 10 keV, but there are indications of devi-

ations from isothermal Planck forms. For example, state-of-the-art spectroscopy of

some neutron stars, like RX J1856.53754, in the Chandra/XMM Newton era suggests

two-component blackbody models as the best fits to data (e.g., see Burwitz et al.

2003). In addition, radiative transfer and heat conduction in surface layers is heavily

suppressed perpendicular to the field, so the photon distribution must be decidedly

anisotropic, as discussed by Zavlin, Shibanov & Pavlov (1995), Pérez-Azorn, Miralles

& Pons (2005) and Mori, Ho & Wynn (2007). This anisotropy, and departures from

Planck spectral form for the soft photons are higher order influences on resonant

Compton cooling rates. The focus here is the exploration of the major features of

distributing the soft photons in energy beyond the delta function approximation in

Eq. (3.5). To this end, for interaction locales on the magnetic polar axis, the Planck
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spectral form

nγ(εs) =
Ωs

π2λ–3
ε2s

eεs/Θ − 1
(3.31)

is employed in the computation of Eq. (3.13) for the Compton cooling rate. Here,

Θ = kT/mec
2 is the dimensionless temperature of the thermal surface photons, and

λ– = ~/(mec) is the Compton wavelength over 2π . Also, Ωs represents the solid angle

of the blackbody photon population, divided by 4π . This fractional solid angle is

introduced to accommodate anisotropic soft photon cases, in particular hemispherical

populations ( Ωs = 1/2 ) just above the stellar atmosphere. The total number density

of soft photons is therefore 2Ωsζ(3)/(π2λ–3) , for ζ(n) being the Riemann ζ function.

The analysis here will be restricted to interaction points on the magnetic axis, for

which the angular distribution is flat-topped and within a range specified in Eq.

(3.55). In such axisymmetric cases, the solid angle factor Ωs is neatly separable from

the ωi integration. As will soon be apparent, the spreading of seed photon energies

profoundly alters the morphology of the cooling rate curves at high Lorentz factors

γe , a feature that is apparent in magnetic Thomson cooling rate expositions (e.g.

Dermer 1990; Sturner 1995).

The triple integration in Eq. (3.13) for photons with a Planck spectrum is com-

putationally expensive. Below the resonance, the integrands are relatively stable and

Mathematica was used without undue burden on the integration time. At the high

Lorentz factors where the resonance is generally sampled, numerical evaluations of

the triple integration are computationally inefficient, and asymptotic approximations

are desirable. The dominance of the resonance in determining the rate does in fact

lead to analytic simplification of the integrations, so that two of them can be rendered

tractable, thereby leaving a single numerical integration. Retaining the full mathe-

matical structure of the Lorentz profile limits the simplification: if one imposes just a
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γe � 1 approximation, then the cooling rates distill to double integrations. In either

case, the non-resonant term in the cross section is neglected as a small contribution

whenever the cyclotron resonance is sampled. The analysis for these developments is

presented in Appendix A, with the results summarized in this chapter. If one takes

the γe � 1 limit, the Jacobian factor in Eq. (3.13) simplifies according to Eq. (A.1).

Then a change of variables for the angle integration is employed. Consider first the

Johnson & Lippmann spin-averaged resonant cross section, in Baring, Wadiasingh &

Gonthier (2011) and the similar form presented in Chapter 2. For monoenergetic soft

photons, these manipulations yield a JL cooling rate in and near the resonance of

γ̇e,JL ≈ −3
4

ns σTc
µ+ − µ−

1
γeε

2
s

∫ ω+

ω−

F (zω, p)− G (zω, p)
(ωi −B)2 + (Γ/2)2

ω4
i dωi

(1 + 2ωi)
2 , zω = 1+

1
ωi

,

(3.32)

for p = ωi/B ≈ 1 parametrizing how ωi maps through the peak and wings of the

resonance. As before, ω± = γeεs (1+βeµ±) defines the kinematic extrema of incoming

photon energies in the ERF. The functions F and G express the integration over

cos θf , and take the functional forms

F(z, p) =

∫ Φ(z)

0

f(z, φ) e−p φ dφ√
1− 2zφ+ φ2

, G(z, p) =
2(z − 1)
(1 + z)2

∫ Φ(z)

0

g(z, φ) e−p φ dφ

(1− φ)
√

1− 2zφ+ φ2
,

(3.33)

for f(z, φ) and g(z, φ) being polynomial functions of z and φ as defined in Eqs. (A.15)

and (A.16), respectively. The incoming photon energy parameter is conveniently ex-

pressed via

Φ(z) = z −
√
z2 − 1 ⇔ z =

1
2

(
Φ +

1
Φ

)
(3.34)

thereby defining the upper limit to the integrals in Eq. (3.33), with 0 ≤ Φ(z) < 1 for

z ≥ 1 . Both F and G can be approximated by analytic functions to the required
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accuracy, as derived in Appendix B, sparing the user of a numerical evaluation of

the integrals. Series expansions of the integrations in terms of Legendre functions

are possible, but do not significantly expedite the evaluations. A similar form for the

resonant rates is obtained for the general Sokolov & Ternov cooling rate in and near

the resonance:

γ̇e,ST ≈ − 3
16

ns σTc
µ+ − µ−

1
γeε

2
s

∑

s=±1

∫ ω+

ω−

(sε⊥ + 1) Υs (zω, p)
(ωi −B)2 + (Γs/2)2

ω4
i dωi

(1 + 2ωi)
2 , zω = 1+

1
ωi

,

(3.35)

for p = ωi/B ≈ 1 , and

Υs (z, p) =

{(
s
ε⊥

+ 1

) [
F(z, p)− G(z, p)

]
+

(
s
ε⊥
− 1

) [
F∆(z, p)− G∆(z, p)

]}
.

(3.36)

The label s = ±1 refers to the electron spin state quantum number. The F∆ and

G∆ functions are specified by

F∆(z, p) = (z + 1)

∫ Φ(z)

0

φ(1− φ) e−p φ√
1− 2zφ+ φ2

dφ

(3.37)

G∆(z, p) = 2
z − 1
z + 1

∫ Φ(z)

0

φ2 (z + 2φz − φ2) e−p φ

(1− φ)
√

1− 2zφ+ φ2
dφ ,

and, like F and G , can be approximated by analytic functions developed in Appendix

B.

Both Eqs. (3.32) and (3.35) represent single integrations within this construct.

For the cases treated here of interaction points on the magnetic axis, the additional

integration over the Planck spectrum in Eq. (4.14) can be handled in an analytic

manner by reversing the order of the resulting double integral, and using the defini-
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tion/identity

`T (χ) =

∫ ∞

χ

dx
ex − 1

≡ loge
1

1− e−χ . (3.38)

With this re-ordering, the ωi integrations for the two rates are semi-infinite, i.e. on

the interval 0 ≤ ωi ≤ ∞ , but the εs integration is now over a finite interval, defined

by

χ− ≤ χ ≡ εs
Θ
≤ χ+ , χ± =

B
γeΘ (1 + βeµ∓)

. (3.39)

One can then quickly write down the result for the neighborhood of the resonance in

the ST formulation as

γ̇e,ST ≈ −3 Ωs

16
nsσTc
γe

{
`T (χ+)− `T (χ−)

} ∑

s=±1

∫ ∞

0

(sε⊥ + 1) Υs (zω, p)
(ωi −B)2 + (Γs/2)2

ω4
i dωi

(1 + 2ωi)
2 ,

(3.40)

with a similar factor `T (χ+) − `T (χ−) appearing in the equivalent JL formulation.

Generally, this factor has approximately logarithmic dependence on γe and is of the

order of unity for χ− <∼ 1 , however when χ− � 1 and the angular phase space for

access to resonant interactions samples the high energy tail of the Planck spectrum,

the resonant rate is exponentially suppressed. Such compact forms were used to

compute asymptotic results for the cooling rates in the resonant domains for the

graphical illustrations in the remainder of this chapter.

One remaining analytic refinement is addressed before proceeding to the display of

numerical results. For all field strengths, the width of the resonance is comparatively

small, in the sense that Γ� B , a statement that applies to the spin-averaged width,

but also extends to spin-dependent contexts . In such cases, the Lorentz profile in

Eqs. (3.32) and (3.35) can be approximated by a delta function in ωi space of identical

normalization:

1
(ωi −B)2 + (Γ/2)2 →

2π
Γ
δ(ωi −B) . (3.41)
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This then trivially evaluates the ωi integration. When also integrated over the Planck

spectrum, the asymptotic expression for the resonant Sokolov and Ternov rate, for

monoenergetic electrons is

γ̇e,ST ≈ −3 Ωs

4π
σTc
λ–3

Θ
γeΓ
RST(B)

{
`T (χ+)− `T (χ−)

}
, γeΘ >∼ B , (3.42)

using the function

RST(B) =
B2

(1 + z)2

{
[F(z)− G(z)]+[F∆(z)− G∆(z)]

}
≈





2B4

3
, B� 1,

B2

(
1− 2

e

)
, B� 1,

(3.43)

for z = 1 + 1/B , to define the major portion of the magnetic field dependence of the

integrations over the resonance. Here F(z) ≡ F(z, 1) represents the p = ωi/B = 1

specialization, and similarly for G , F∆ and G∆ . Observe that when µ− = 0 , as

is the case for outgoing electrons at the neutron star surface, `T (χ+) → 0 . The

equivalent result to Eq. (3.42) for the JL formulation is simply obtained by replacing

RST(B) by the function RJL(B) that is given by

RJL(B) =
2B2

(1 + z)2

{
[F(z)− G(z)]

}
≈





4B4

3
, B� 1,

B2

(
1− 2

e

)
, B� 1,

(3.44)

The Johnson & Lippmann B � 1 limit, when substituted into Eq. (3.42), reproduces

exactly the thermal cooling rate in Eq. (54) of Dermer (1990) for choices of Ωs = 1/2 ,

namely hemispherical soft photons at the surface, and Γ = 4αfB
2/3 , the standard

classical cyclotron decay width. Comparing Eqs. (3.43) and (3.44), the ratio of the

resonant cooling rates in the two formulations is just described by the simple function
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RST(B)/RJL(B) of the magnetic field strength:

RST(B)
RJL(B)

=
1
2

{
1 +
F∆(z)− G∆(z)
F(z)− G(z)

}
, z = 1 +

1
B

. (3.45)

This function ranges from 1/2 in the magnetic Thomson domain to unity in the

ultra-quantum, B � 1 regime, where the choice of wavefunctions is immaterial since

the spin-dependent widths collapse to the spin-averaged one. Note that the resonant

cooling rates scale roughly as Θ/γe , modulo the logarithmic factors. If the electron

Lorentz factor drops too low, the leading order mildly-relativistic correction is of

the order of 1/γ2
e ; see for example, Eq. (35) of Harding & Muslimov (1998). The

derived asymptotic rates at resonance (i.e. Eq. (3.42) for the ST formulation, and

its JL equivalent) provide useful checks on the ensuing numerical evaluations, and

expressions that can be used with facility in resonant Compton cooling models for

X-ray and gamma-ray emission in neutron star systems.

It is also possible to derive asymptotic approximations to the rate in the non-

resonant regime at much lower Lorentz factors. By integrating Eq. (3.24) over the

Planck spectrum, in the low γe quasi-Thomson regime, all values of εs are sampled,

and an analytic approximation is obtainable:

γ̇e ≈ −8π4Ωs

315
σTc
λ–3

γ4
e

βe

Θ6

B2

{
(1 +βeµ+)5− (1 +βeµ−)5

}
, γeΘ(1 +βeµ+) � B .

(3.46)

This result is applicable to both JL and ST formulations, since the differential cross

section is independent of electron spin-state choice outside the resonance. It coincides

precisely with the result one would generate by taking the leading order, γ4
e , term of

Eq. (20) of Dermer (1990) and inserting the Planck spectrum of Eq. (4.14) therein,

for any choice of soft photon solid angle Ωs . For the on-magnetic axis illustrations
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in Figs. 3.4 and 3.5, the hemispherical choice Ωs = 1/2 is adopted, corresponding to

near-surface electon-photon collisions. It should be emphasized that when γe <∼ 10 ,

this formula should be corrected using more general forms of the differential cross

section than are employed in this thesis, namely those applying to non-zero incoming

photon angles θi in the ERF. The mathematical involvement of such generalizations

is substantial (e.g. see Daugherty & Harding 1986; Bussard, Alexander & Mészáros

1986), and are beyond the scope of this chapter and thesis, which focuses mainly on

higher Lorentz factor, resonant domains.

Cooling rates for soft photons with the Planck distribution are exhibited in Fig. 3.4.

These constitute surface polar collisions for the two cases of outward-propagating (left

panel) and inward-moving (right panel) electrons. While the outgoing case mimics

the situation invoked on models of conventional gamma-ray pulsars, returning pair

currents in such pulsars and twisted magnetosphere models for magnetars include the

possibility of inward-propagating electrons. Of course, the Doppler beaming of scat-

tered photon angles guarantees that such downward electron cases spawn upscattered

photons that mostly impact and thereby heat the neutron star surface, if the interac-

tion altitude is low. The morphology of the cooling rate curves in the Figure is very

similar for the two electron directions, with modest numerical differences incurred due

to the differing angular phase space in scatterings for the two cases. Notably, greater

logarithmic curvature is evident in the resonant domain for outgoing electrons since

then χ+ � χ− . The key feature of these plots is that resonant interaction parameter

space extends now to arbitrarily high Lorentz factors, contrasting the strong drops

at the upper end of the “resonant plateaux” evinced in the monoenergetic soft pho-

ton cases. This extension of the resonant contribution, also realized in the magnetic

Thomson studies of Dermer (1990), Sturner (1995) and Harding & Muslimov (1998),

is borne in the fact that as γe increases, there is always a low soft photon energy
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Figure 3.5 : Resonant Compton cooling rates for five different field strengths, as
labelled, and in units of Bcr ≈ 4.413× 1013 Gauss. All curves are for surface thermal
temperatures T = 106 K, for scatterings at the polar surface with colatitude Θcol =
0◦ , and for outgoing (upward moving) electrons. Solid curves are for Sokolov & Ternov
(ST) cases, and the dashed curves for B = 10−2, 0.1, 1 are Johnson & Lippman (JL)
determinations. The B = 10, 100 , JL evaluations are essentially indistinguishable
on this plotting scale from their ST counterparts, and so were not exhibited. The
light solid curve in the resonant regime is the B = 100 asymptotic ST result in
Eq. (3.42). The light solid straight line for the low γe , non-resonant regime is the
B = 10 asymptotic result in Eq. (3.46). As in Fig. 3.4, the horizontal dashed line
denotes the light escape timescale tesc corresponding to a stellar radius.

εs available to access the cyclotron resonance at ωi = B . Therefore the shapes of

the cooling curves in the resonant contribution serve as inverted images of the Planck

spectrum: the exponential tail is sampled in the sharp rises on the left, the peak

being controlled by the εs ∼ Θ = kT/(mec
2) regime, and the high γe portion where

γ̇e ∝ 1/γe samples the Rayleigh-Jeans tail of the Planck distribution.

For each surface temperature T , the cooling curves depicted were calculated us-
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ing the Sokolov & Ternov differential cross section in the resonance, with the spin-

averaged Johnson & Lippmann form being employed at all other ERF energies ωi .

The numerical results were obtained as full two-dimensional integrations based on

Eq. (3.13), but employing an integration by parts over the εs variable so as to elim-

inate the ωi integration, and the weaken sensitivity of the integrand to εs . This

computational protocol can be simply adopted only for cases where f(µi) is constant

over the integration range; hemispherical angular distributions satisfy this constraint.

At this high field strength of B = 10 , resonant JL cooling rates are indistinguish-

able on the scale of this plot from the displayed ST ones. Also depicted in the plots

for T = 105 K and T = 106 K are the asymptotic resonant rates resulting from

Eq. (3.42), which are just single integrations. The precision of this asymptotic form

is considerably better than 1% when compared with the full numerical integrations.

Hence, it is expedient to use the asymptotic approximation whenever resonant cooling

rates are needed in pulsar and magnetar models incorporating Compton upscattering

interactions.

An illustration of the magnetic field dependence of the cooling rates at polar

surface locales is offered in Fig. 3.5, for outgoing electrons, and for Planckian soft

photons of temperature T = 106 K possessing a hemispherical distribution ( Ωs =

1/2 ). Close agreement with the Sokolov & Ternov asymptotic forms in Eqs. (3.42)

and (3.46) is evident for the highlighted choices, and is numerically obtained for

all field strengths. For B = 10 and B = 100 , the resonant JL cooling rates are

indistinguishable on the scale of this plot from the displayed ST ones, deviating by

less than around 2 percent for B >∼ 10 . However, for B = 1 , the dashed curve depicts

the JL cooling rate that differs in the resonant domain from the ST one by a factor

of 1.32, according to Eq. (3.45). A notable feature of this Figure is that the cooling

rate at the “peak” of the resonance, defined by γe ∼ B/Θ is almost independent of
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the field strength. This property can readily be deduced from Eq. (3.42) using the

supercritical field proportionality RST(B) ∝ B2 in Eq. (3.43), and also the width

dependence Γ ∝ B . This behavior changes for subcritical fields. It is clear from

Eqs. (3.42) and (3.43) that when B � 1 , the cooling rates scale with field as B2 at

fixed γe , which indicates a decline of the peak rate as subcritical fields are accessed.

Moreover, the difference between the γ̇e ∝ B2 behavior at B � 1 and the weaker

dependence ( γ̇e ∝ B ) in supercritical regimes in noteworthy. This motivates the

deployment of the relativistic quantum magnetic scattering formalism offered in this

chapter. A principal conclusion is that the QED cooling rates improve upon older

magnetic Thomson formulations, which overestimate the cooling rates by an order of

magnitude or more if extrapolated to B � 1 domains.

One measure of the effectiveness of resonant Compton cooling is whether its

lengthscale is shorter than the neutron star radius. One naturally anticipates that

this may be the case near the neutron star surface, where the field is high, the X-ray

photon bath is intense, and accordingly the scattering is very efficient. To assess

this quantitatively, we form resonant Compton cooling lengths λc = γec/|γ̇e| from

the cooling rates, and plot them in Fig. 3.6. For illustrative purposes, the λc are

displayed only for ST evaluations of the cooling rates. The neutron star radius RNS

is highlighted to benchmark the cooling scales. It is evident that for this B = 10 ,

polar colatitude example, when T >∼ 3×105 K, λc <∼ RNS and cooling is very efficient

near the magnetic poles. This is true also near the equator, as will become evident

when colatitudinal influences on the cooling rates are explored later in this chapter

deriving the anisotropic angular distribution function for incoming soft photons. The

shortest cooling lengths arise at the onset of the resonant contribution, which is de-

fined by setting γeΘ ∼ B in Eq. (3.42), and approximating the logarithmic `T terms
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by unity. This generates the scaling

λc

∣∣∣
γe∼B/Θ

∼ 4π
3Ωs

1
Θ3

λ–3

σT

B2Γ
RST

≡ 1
2ΩsΘ

3
λ–
αf

B2Γ
αfRST

(3.47)

for the Sokolov & Ternov computation. Using the definitions presented in Chapter

2 for the width Γ , and Eq. (3.43) for RST , it becomes clear that the B2Γ/(αfRST)

factor is 1/2 when B � 1 , i.e. is independent of B . For surface polar interaction

locales, when Ωs = 1/2 , this sets λc ∼ λ–/(2αfΘ
3) at the onset of resonant cooling

in the magnetic Thomson domain. In contrast, for highly supercritical fields, the

B2Γ/RST factor yields a field dependence proportional to B , a signature of the

Klein-Nishina reduction of the cross section in this ultra-quantum regime. Then

λc ∼ 2λ–B/(αfΘ
3) for B � 1 at the magnetic pole on the stellar surface. Observe

that the shapes of the cooling curves are qualitatively similar to those computed in

Sturner (1995), who employed the magnetic Thomson cross section rather than the

full magnetic QED forms that are the focus here.

It is natural to compare these results with the key lengthscale in polar cap models

of gamma-ray pulsars. In these energetic neutron stars, the principal mechanism

for primary photon production is curvature emission in the presumed dipolar field

morphology. The cooling rate γ̇CR for classical curvature radiation in pulsar models

(e.g. Ruderman & Sutherland 1975; Daugherty & Harding 1982) can be employed to

express the curvature emission cooling length λCR :

γ̇CR = −2
3
r0c
ρ2
c

γ4
e ⇒ λCR =

γec
|γ̇CR| =

3
2γ3

e

ρ2
c

r0
. (3.48)

Here r0 = αfλ– = e2/(mec
3) is the classical electron radius. Also, ρc is the local

radius of field curvature, which generally scales as the altitude r in a pulsar magne-
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tosphere, except above the pole, where it scales as r1/2 . In general, ρc > r , and the

curvature radius decreases with colatitude. As a representative case, the curvature

cooling length λCR obtained from Eq. (3.48) for the (optimal) surface interaction case

ρc/RNS = 3 is depicted in the right panel of Fig. 3.6 as the steep, dashed red line.

Clearly, if γe <∼ 105.5 , resonant Compton cooling is much more efficient than that

due to curvature emission when T >∼ 105.5 K. The origin for this is obviously that the

scattering process masquerades in some sense as stimulated cyclotron/synchrotron

emission at the resonance, and so its efficiency far exceeds that for curvature radia-

tion.

A different assessment of the efficiency of resonant Compton cooling is defined by

the conditions under which it quenches electron acceleration in the magnetosphere.

The rate of electrostatic acceleration in the magnetospheres of either gamma-ray pul-

sars or magnetars is largely an unknown commodity. The simplest assumption is

that the parallel electric field E‖ invoked in an electrostatic gap due to departures

from Goldreich-Julian (Goldreich & Julian 1969) current flow (e.g. Shibata 1995;

Takata et al. 2006) is a sizable fraction of the co-rotation v×B electric field, which

scales as ∼ rΩB/c . Such is approximately the case in twisted magnetosphere mod-

els for magnetar energization/dissipation (e.g. see Thompson & Beloborodov 2005;

Zane, Nobili & Turolla 2011). Defining an acceleration efficiency parameter η via

E‖ = 2πRNSηB/(Pc) , the electrostatic acceleration rate γ̇acc and lengthscale λacc

can quickly be written down:

γ̇acc =
2πηRNSB

Pλ–
⇒ λacc =

γec
|γ̇acc| =

γe
2πB

λ–Pc
ηRNS

, (3.49)

where the magnetic field B in this equation is expressed in units of Bcr . Evaluation
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Figure 3.6 : Resonant Compton cooling lengths for B = 10 corresponding to the
cooling lengths in the left panel of Fig. 3.4, for different X-ray soft photon temper-
atures, as marked. The outgoing electrons are scattered just above the polar cap
( Θcol = 0◦ ), and at the stellar surface ( r = RNS ), so that the X-rays are defined by a
hemispherical angular distribution. Only ST calculations are exhibited, with JL eval-
uations virtually coinciding with these curves because B � 1 . The diagonal, dashed
line represents the curvature radiation cooling length near the surface, according to
Eq. (3.48). When T > 105.5 K, cooling arises on scales shorter than RNS for a range
of e− Lorentz factors.

of this for conditions typical of magnetars yields acceleration length scales of the or-

der of λacc ∼ 10−2 − 100 cm when γe ∼ 104 ; these short scales are consequences of

the extremely high E‖ assigned by a Goldreich-Julian construct near the surface of a

magnetar. Such values are clearly inferior to the cooling lengths by at least 3–4 orders

of magnitude; a similar situation arises for normal pulsars – see Fig. 3 of Harding &

Muslimov (1998). Accordingly, for resonant Compton to effect a radiation-reaction-

limited acceleration (RRLA) in a magnetar, the accelerating fields must be weak

enough to set η <∼ 10−4 . Then, the maxiumum Lorentz factor is controlled by the
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onset of resonant interactions, and is proximate to the minima exhibited in Fig. 3.6

near γe ∼ B/Θ . RRLA is commonly invoked in conventional gamma-ray pulsar

models using curvature emission at fairly high altitudes where the magnetic field is

much weaker and λCR is much longer than illustrated in the Figure. In such circum-

stances, higher values of η can be tolerated and the equality λacc = λCR is realized

for γe ∼ 106− 107 . Then, cooling due to resonant Thomson scattering can intervene

to temporarily slow, but not halt, the acceleration (e.g. Daugherty & Harding 1996;

Harding & Muslimov 1998). Returning to magnetars, if η exceeds around 10−4 ,

then the accelerating electric fields must be quenched by some process other than

resonant Compton cooling. Screening of the fields by magnetic pair creation γ → e±

is an obvious candidate, given its invocation in models of conventional pulsars. If the

electrons can acquire modest pitch angles or populate sufficiently high Landau levels

in the strong magnetic field, then RRLA spawned by cyclo-synchrotron radiation is

also a possibility.

3.4 Mean energy Loss Rates

The cooling rates computed so far are immediately useful for kinetic equation analyses

where the cooling is continuous, i.e. changes in the electron energy incurred by reso-

nant Compton interactions are small or infinitesimal: this is the Thomson scattering

regime. In Compton cooling problems where Klein-Nishina domains are sampled and

electron recoil is significant, kinetic equation formulations of the evolution of the elec-

tron distribution function require a more complicated treatment involving collisions

integrals (e.g. see Blumenthal & Gould 1970), whose differences do not collapse to

Fokker-Planck type differential constructs where γ̇e explicitly appears. Therefore,

it is instructive to assess when the resonant Compton process is in quasi-Thomson
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regimes, or when electron recoil is substantial. Intuitively, Klein-Nishina cases are

expected to correspond to γeεs >∼ 1 or B >∼ 1 , and this turns out to be the case. To

quantify this parameter space, here the mean energy loss per collision is calculated,

as a function of neutron star parameters B (localized) and surface temperature Θ .

This requires an additional derivation of the Compton collision rate to augment the

cooling rates computed so far, which are essentially averages of the dimensionless

electron energy loss, −∆γe = εf − εi , weighted by the differential cross section. The

incoming photon energy can be neglected, so that the γ̇e rates approximately average

the value of ∆γe . If the reaction rate of the collisions per electron is ṅe/ne = 1/τe ,

i.e. the inverse collision timescale, then the mean energy exchange per collision is

−〈∆γe〉
γe

=
τe |γ̇e|
γe

. (3.50)

The reaction rate can be assembled simply by replacing the εf = γeωf (1−βe cos θf ) ≡

ωf/γe/(1+βeµf ) factor in the integrand of the cooling rate expression in Eq. (4.4) by

unity. The number density rate per electron can then be written down by applying

this routine modification to Eq. (3.13), which then yields

1
τe

=
ns c

µ+ − µ−
1

γ3
eβ

2
eε

2
s

∫ ω+

ω−

ωi dωi

∫ 1

−1

d(cos θf )
f(µi)
ωf

∣∣∣∣
∂εf

∂(cos θf )

∣∣∣∣
dσ

d(cos θf )
,

(3.51)

a minus sign being introduced to render the rate positive. The development of this

integration is identical to that for the cooling rates, and follows the procedures out-

lined in Appendix A. The collisional reaction rate can then be written in a form that
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parallels Eq. (3.32), namely

1
τe,JL

≈ 3
4

ns σTc
µ+ − µ−

1
γ2
eε

2
s

∫ ω+

ω−

Fτ (zω, p)− Gτ (zω, p)
(ωi −B)2 + (Γ/2)2

ω3
i dωi

1 + 2ωi
, zω = 1 +

1
ωi

,

(3.52)

for p = ωi/B ≈ 1 , for the Johnson & Lippmann formulation; the partner result for

ST collisional rates is given in Eq. (A.37). These forms can be routinely integrated

over the Planck spectrum for the soft photons in Eq. (4.14). Numerical computations

of these collisional rates are not explicitly illustrated in this chapter. The general

forms for these rates are summarized in Appendix A via approximations appropriate

to the resonant regime in Eqs. (A.40) and (A.41), together with low and high-field

asymptotic results.

Combining the cooling and collisional rates, the ratio in Eq. (3.50) for the mean

energy exchange per collision is illustrated in Fig. 3.7 for the Sokolov and Ternov

cross section. These were computed for surface interactions at the magnetic pole,

where Ωs = 1/2 , and soft photon temperatures T = 105 K and T = 106 K. We

note that since both the cooling and collisional rates scale as Ωs , the solid angle

dependence drops out of the problem for on-magnetic axis locales. The curves evince

a clear delineation between two regimes. At low Lorentz factors, γe <∼ 1/(10Θ) ,

the fractional energy loss by the electrons is much less than unity, and a quasi-

Thomson regime emerges where the interactions are not resonant. This is the portion

of phase space where cooling modifications to the evolution of electron distributions

can be modeled using Fokker-Planck forms for kinetic equations. Using the analysis

in presented in Appendix A, the ratio of the cooling rate in Eq. (3.46) to the reaction
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Figure 3.7 : The mean fractional energy loss for electrons in magnetic Compton
interactions, as defined in Eq. (3.50), with thermal photons at the neutron star
surface and at the magnetic pole ( Θcol = 0◦ ). The six cases correspond to two
temperatures, T = 105 K (solid curves) and T = 106 K (dashed curves), and for each
three magnetic fields, B = 1, 10, 100 , as labelled. They constitute Sokolov & Ternov
(ST) evaluations for outgoing (upward moving) electrons. At low Lorentz factors,
〈−∆γe〉 � γe , and the scatterings are in the quasi-Thomson regime, with the mean
fractional energy loss being given by Eq. (3.53). At high γe , a magnetic Klein-
Nishina regime delineated approximately by 〈−∆γe〉/γe > 0.1 is realized, where the
upscattered photons acquire a sizable fraction of the incident electron energy. As
γe →∞ , the fractional energy loss depends only on B , and not temperature T , as
given by Eq. (3.54).

rate in Eq. (A.44) for thermal soft photon spectra is independent of B , and leads to

−〈∆γe〉
γe

=
τe |γ̇e|
γe

≈ 4π6 γeΘ
945 ζ(5)

(1 + βeµ+)5 − (1 + βeµ−)5

(1 + βeµ+)4 − (1 + βeµ−)4 , γeΘ � 1 ,

(3.53)

where ζ(n) is the Riemann zeta function. In the case where γe is moderately large so

that βe ≈ 1 and µ+ = 0, µ− = −1 at the surface on the magnetic axis, the numerical

factors yield a ratio of 3.924γeΘ . This analytic form nicely describes the curves in
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Fig. 3.7 for γe <∼ 102 . Since the scattering in the ERF generates ωf ≈ ωi ∝ γeεs ,

i.e. Thomson kinematics, the upscattered photon energy in the OF scales as γ2
eΘ so

that one naturally anticipates a fractional energy change proportional to γeΘ , and

independent of the field strength. As expected, since the resonance is not sampled in

this γe range, Eq. (3.53) applies to both JL and ST cases.

At the higher γe , the mean energy exchange saturates at sizable fractions of

unity that are dependent on the field strength. This Klein-Nishina domain of large

electron recoil is coincident with resonant interactions, and for such Lorentz factors,

the evolution of electron populations due to magnetic Compton cooling must be

treated using full Boltzmann collisional integrals. The mean energy losses for γe >∼
1/Θ are assembled in Appendix A; using Eqs. (A.42) and (A.43), together with the

equivalent JL and ST asymptotic limits for the cooling rates, it can be inferred that

they possess the limiting forms

−〈∆γe〉
γe

=
τe |γ̇e|
γe

≈





e− 2
e− 1

≈ 0.418 , B� 1,

B , B� 1.

(3.54)

Note that these limiting ratios apply to both JL and ST ratios, which are identical; in

other words, the spin-dependent nuances in each of the cooling and collisional rates

cancel in both the B � 1 and B � 1 domains. It should be noted that for field

strengths in between these limits there is, in general, a modest difference between

the JL and ST predictions for the mean energy loss, maximized at just under 9%

in the B = 2 − 3 range. Clearly when B <∼ 1 , the resonant interactions do not

sample Klein-Nishina reductions, and a magnetic Thomson description suffices. The

insensitivity to the value of γe is evident from a comparison of Eqs. (3.32) and (3.52),

from which one can also infer that integrating over the Planck spectrum will yield
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τeγ̇e/γe also independent of temperature, as is observed. In strong recoil regimes,

information on the initial photon energy is obscured as the electron loses much of its

energy in a scattering event. Note that the morphology of the curves in Fig. 3.7 is

similar for other interaction altitudes and colatitudes.

3.5 Thermal Soft Photon Cooling Rates at Arbitrary Inter-

action Points

The focus on isotropic photon distributions presented earlier in this chapter need to

be extended to include geometric influences at arbitrary locations in pulsar magneto-

spheres. The electron cooling rate determinations depend on the altitude r above the

neutron star surface and the colatitude Θcol away from the magnetic axis, due to the

changing photon angle with respect to the magnetic field and because of a curtailed

sampling of photons from the surface at high altitudes. We now assume target X-ray

photons are emitted uniformly and radially from the star surface, and thus at a given

altitude are collimated in a cone of angle θc given by

cos θc =

√
1−

(
RNS

r

)2

, r ≥ RNS (3.55)

(e.g. Rybicki & Lightman 1979; Dermer 1990). The fractional solid angle of the

soft photon population therefore is Ωs ≡ (1/2)(1 − cos θc) , and Ωs ∼ (RNS/r)
2 de-

scribes the inverse square law when r � RNS . Departures from the simplification

in Eq. (3.55) are required when taking into account anisotropies that arise in radia-

tive transfer models of magnetic neutron star atmospheres (e.g. Zavlin, Shibanov &

Pavlov 1995; Pérez-Azorn, Miralles & Pons 2005; Mori, Ho & Wynn 2007), and tem-

perature non-uniformities in transitioning from polar to equatorial zones; treatment
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of such higher-order refinements is neglected in this thesis. Here, we specialize to the

dipole magnetic field, but other cases such as a twisted dipole field (e.g. Thompson &

Beloborodov 2005) also follow the logical developments below, with just routine geo-

metrical modifications. Also, in the analysis here, flat spacetime will be presumed, so

that general relativistic effects are neglected: photons propagate in straight lines, and

the photon energy and field morphology are not modified by a stellar gravitational

potential. It is expected that the character of the results presented here would not

change appreciably with the accurate treatment of curved spacetime in Schwarzschild

or Kerr metrics, which would just incur modest changes to the numerical values of

the rates at any location.

3.5.1 Derivation of the Angular Distribution Function f(µi) for a Dipole

Field

Considering interaction points remote from the magnetic axis, the local magnetic field

is in general is at an angle θBr with respect to the radial direction, which is easily found

compactly using in the dipole form of the magnetic field ~B = B0 r
−3(2 cos Θcol r̂ +

sin Θcol θ̂)/2 in terms of specified colatitude θ ≡ Θcol ,

B =
B0

2r3

√
1 + 3 cos2 Θcol. , cos θBr ≡

~B · r̂
| ~B|

=
2 cos Θcol√

1 + 3 cos2 Θcol

(3.56)

Note that value of the local magnetic field magnitude, central to the cross section

and cyclotron width calculations, and of critical import at resonance, also depends

on altitude and colatitude, and the surface polar magnetic field, B0. At varying

locales, we may have θc ≤ θBr or θc ≥ θBr , the former being realized at high

altitude or close to the magnetic equator, while the latter at low altitudes or close

to the magnetic axis. These delineate two algebraic regimes in the ensuing analysis,
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corresponding to comparatively small or large radii of curvature for the field lines. For

more generalized, non-dipolar magnetic field geometries, the principal modifications

to the subsequent developments can be introduced via alternative expressions for B

and θBr to those in Eq. (3.56).

We wish to derive the f(µi) angular distribution function (normalized to unity)

at a given colatitude and altitude as a function of the photon angle with respect to

the magnetic field, Θi = arccosµi , in the inertial frame of the star, but indepen-

dent of the azimuthal angles since the cross section is independent of such. This

involves the intersection of two spherical caps, one with a radial axis and one along

the magnetic field direction, and an integration over the azimuthal angle with respect

to the magnetic field; the global geometry is displayed in the left panel of Fig. 3.8.

Let Θi and φi denote the spherical polar and azimuthal angles, respectively, with

respect to the magnetic field in the observer’s frame. Similarly, let θr and φr be the

angles with respect to the radial vector at some colatitude θ . These angles and the

pertinent geometry are displayed in Fig. 3.8 for the case of outgoing electrons. The

case of ingoing electrons differs from the outgoing case by the simple mirroring of

the angular distribution, π −Θi → Θi in the ensuing algebra below. From spherical

trigonometry’s laws of cosines and sines, we have the following relations

− cos Θi = cos θr cos θBr + sin θr sin θBr cosφr

cos θr = − cos θBr cos Θi − sin θBr sin Θi cosφi (3.57)

sin θr =
sin Θi sinφi

sinφr
.

Here θr is uniformly distributed in the range 0 ≤ θr ≤ θc reflecting the uniform

brightness approximation of the surface emission, together with the constancy of
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light intensity during propagation in a flat spacetime. It is easy to show that the

Jacobian of the solid angle transformation is unity between the two spherical caps,

i.e. dµrdφr = dµidφi, signifying the conservation of volume elements under rotations.

Thus the f(µi) dependence is imposed merely by geometrical restriction of the limits

of integration over the azimuthal angles φi.

These limits are specified by the two values of the azimuthal angle φi at the

intersection of extremities to the spherical caps, corresponding to the “threshold”

values ±φrt of the azimuthal angle φr that are defined by the condition θr = θc (see

Fig. 3.8, right panel), which has solutions provided that |θBr−θc| ≤ π−Θi ≤ θBr+θc .

Using the spherical law of cosines, these values are expressed as functions of Θi :

φrt = arccos [µrt] , µrt ≡ − cos Θi − cos θc cos θBr
sin θc sin θBr

, (3.58)

while taking the appropriate branch cut for the inverse trigonometric function arccos .

The corresponding threshold angle φit is found in terms of φrt via the spherical law

of sines,

sinφit =
sin θc
sin Θi

√
1− µ2

rt , (3.59)

so that the threshold intersection φit is given by the appropriate definition of arcsin

such that 0 ≤ φit ≤ π. After some routine algebra, we can express φit terms of µ±

for the case θBr > θc ,

sinφit =
1

sin θBr

√[
µ+ − µi
1− µi

] [
µi − µ−
µi + 1

]
, θBr > θc . (3.60)

Here the lower (µ− ) and upper (µ+ ) limits to the µi integration in the cooling

rate are restricted to the domain where f(µi) is non-vanishing, and hence become
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functions of altitude and colatitude according to

µ+ = − cos(θBr + θc)

(3.61)

µ− =





−1 , if θBr ≤ θc

− cos(θBr − θc) , if θBr > θc

for the case of outgoing electrons. From these forms, one can deduce that on the

magnetic axis, (µ−, µ+) = (−1,−µc) , and at the surface on the equator, (µ−, µ+) =

(−1, 1) . It is clear that for µ− < µi < µ+, the argument of the square root in

Eq. (3.60) is positive-definite, and so that this equation can be inverted to generate

a well-defined value of φit. It is precisely the value of φit that controls the azimuthal

contribution to the angular distribution for a particular interaction angle π−Θi with

respect to the magnetic field direction.

Without loss of generality, the inversion of Eq. (3.60) is established by restricting

the range of the arcsinx function to the interval [0, π/2] . The extremeties of this

interval, where | sinφit| = 1 , correspond to a critical value of Θi , denoted by Θ̂i =

arccos[cos θc/ cos θBr] . This division point delineates two branches to the inversion,

encapsulated in the identity

φit =





arcsin

[
sin θc
sin Θi

√
1− µ2

rt

]
, if π −Θi ≤ arccos

[
cos θc
cos θBr

]

π − arcsin

[
sin θc
sin Θi

√
1− µ2

rt

]
, otherwise.

(3.62)

These branches span the intervals 0 ≤ φit ≤ π/2 and π/2 ≤ φit ≤ π , respectively.

Integrating over the azimuthal angles as restricted above, and normalizing to unity

when at the magnetic pole at the surface (i.e. Θcol = 0◦ and r = RNS ), we obtain
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the angular distribution function for various cases,

f(µi) =





1− 1
π
φit(Θi, θBr, θc) , if Θi 6= π and θBr 6= 0

1 , if (π −Θi ≤ θc and θBr = 0) or (Θi = π and θBr < θc)

1/2 , if Θi = π and θBr = θc

0 , if (Θi = π and θBr > θc) or Θi < 0

(3.63)

with cos Θi = µi ≡ [ωi/(γeεs)−1]/βe forging a connection to the scattering kinemat-

ics. Clearly f(µi) vanishes on a domain that is a function of altitude and colatitude,

a constraint transmitted through the values of θBr and θc . Angular distributions

defined according to Eq. (3.63) are depicted in Fig. 3.9 and deployed in the com-

putations below. Only intermediate colatitudes, Θcol = 30◦ and Θcol = 60◦ , are

illustrated. The polar axis cases are simple top-hat functions, while the equatorial

cases are quasi-circular bubbles that are concentrically declining in size at high alti-

tudes (much like the Θcol = 60◦ case in Fig. 3.9), and centered on and symmetric

about Θi = π/2 . The declining size of the envelope loci with altitude reflects the

dilution of the soft photon population with remoteness from the stellar surface.

Finally, the above derivation and analysis was performed for the case of upward

propagating electrons for 0 ≤ Θcol ≤ π/2 . For the case of ingoing electrons, the

polarity of B flips and distribution is identical to the outgoing case for π/2 ≤ Θcol ≤

π . Moreover, the downward propagating distribution for 0 ≤ Θcol ≤ π/2 is simply a

mirror of the upward case in terms of Θi , i.e. Θi → π−Θi , along with some obvious

redefinitions of µ± , namely µ− = cos(θBr + θc) , and µ+ = cos(θBr − θc) if θBr > θc .

When θBr ≤ θc , one sets µ+ = 1 . These identities keep the original definition of θBr

from Eq. (3.56).
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Figure 3.8 : The geometry for Compton collisions at arbitrary altitudes and colati-
tudes in the magnetosphere. Left panel: Magnetospheric view depicting an interaction
point located at r/RNS = 3 and a colatitude of Θcol = 45◦ . Here θBr lies outside
the soft photon cone of opening angle θc . The spatial scale is linear, in units of
RNS . Right panel: An outside blow-up perspective of the interaction cones, with
the circles representing caps on angular cones with apexes at the interaction point
~r . The left (shaded) circle defines the solid angle of the collimated soft photon cone
above the stellar surface. The unshaded circle at the right represents the cap of a
cone, whose axis coincides with the local ~B vector, and whose opening angle π−Θi

defines the incoming photon angle with respect to B in the observer’s frame. The
highlighted (blue) arc on this circle that lies within the soft photon cone’s cap signifies
the azimuthal angles permitting interactions for a specified Θi . Various angles in the
depicted triangle are related by spherical trigonometry according to Eq. (3.57).

3.5.2 Cooling Rate Computations

Numerical evaluations of the cooling rates at representative locales in the magneto-

sphere are illustrated in Fig. 3.10. The rates were generally computed as fully three-

dimensional integrals using Eq. (3.13) as a basis, inserting in the angular distribution

given by Eq. (3.63), and then integrating over the Planck spectrum in Eq. (4.14).

The Θcol = 0◦ , r = RNS case was computed as detailed previously in this chapter.

Most curves are displayed for ST cases, though each panel displays a single JL case

for r = 4RNS for comparison (JL computations at other altitudes are omitted in the

interest of clarity of the illustration). The resonant portions of JL cooling rates are
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Figure 3.9 : Shown here is the angular distribution function f(µi) for two interme-
diate colatitudes Θcol and four altitudes r , as labelled, for outgoing electrons. It is
readily apparent that as the photon cone becomes collimated at high altitudes, the
phase space of angles around the local magnetic field is both distorted and curtailed,
as highlighted for altitudes r/RNS = 1, 2, 3, 4 by the solid, long-dash, short-dash and
dotted lines, respectively. Moreover, the normalization of the areas under f(µi) in µi
coordinates as a function of altitude yields 1−µc , i.e., the inverse-square law to first
order at high altitudes. As one moves to the equatorial regions ( Θcol ∼ 60◦ − 90◦ ),
the ranges of angles sampled migrates towards a phase space in the neighborhood
of Θi = π/2 . Distributions for ingoing electrons are simply obtained by invoking a
Θi → π −Θi transformation.

closest to the depicted ST ones at the surface, where the fields are the strongest, and

exhibit the greatest departures from ST values at high altitudes and therefore low

local B (but never by more than a factor of two). Below the resonant portions, the

JL and ST rates are, of course, identical. The general shapes and spectrum of regimes

are similar for all altitudes and colatitudes of the interaction point: at low γe the

cooling is non-resonant and approximately proportional to γ4
e , and at high Lorentz

factors, the cooling is resonant, sampling the Rayleigh-Jeans tail of the Planckian,

and scales roughly as 1/γe (i.e., modulo logarithmic factors). These global charac-

teristics extend to both lower and higher surface polar fields B0 , though the specific

values for γe for the onset of the resonant cooling, and the normalizations of the

cooling curves are modified as previously shown.
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Figure 3.10 : Resonant Compton cooling lengths for surface polar field strength B0 =
10 , as in Fig. 3.4, for interaction locales at and above the surface ( r/RNS = 1 (blue),
2 (green), 3 (yellow, unlabelled), 4 (magenta), i.e., from top to bottom in the resonant
regime) and at different magnetic colatitudes: (a) Θcol = 0◦ (above the pole), (b)
Θcol = 30◦ , (c) Θcol = 60◦ and (d) Θcol = 90◦ , i.e. above the equator. The
solid curves are for ST evaluations, while the sole dashed curve in each panel is for
JL rates at r = 4RNS . At lower altitudes, JL and ST cooling rates are visually
indistinguishable on this scale. All curves are computed for outgoing electrons.

The principal differences in comparing curves for the various colatitudes are im-

posed by the kinematic constraints due to the µ± values in Eq. (3.61) associated with

the angular distribution. Above the magnetic pole, where photons and electrons are

predominantly chasing each other, altitudinal collimation of the soft photons does not

dramatically curtail the phase space for accessibility to resonant interactions beyond

the 1/r2 dilution trend. There is significant compensation between the altitudinal
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decline of the 1 + βe cos Θi factor in Eq. (3.2) and the decline of B , so that the

value of γe marking the onset of resonant collisions does not appreciably depend on

r . The normalization of the resonant portion of the curves declines roughly as r−3 ,

reflecting the drop in the field strength at the locale of interaction. As the colatitude

increases, the reduction of θc not only diminishes the number density of soft photons,

but, for fixed γe , pushes the kinematic conditions that permit access to the resonance

deeper into the Rayleigh-Jeans tail. This means that for fixed γe , there is both an

impact of the altitude in reducing the range of µi values that contribute to the cool-

ing rate, and a concomitant reduction in γ̇e due to the decline in the field strength.

Accordingly, these reinforcing effects precipitate a decline with r at the equator that

is considerably faster than that above the pole. In addition, the effective pinning of

Θi ≈ π/2 in high altitude equatorial regions forces the onset of resonant interactions

to much lower Lorentz factors, being approximately described by γe ∝ B ∝ r−3 .

This trend is evident in Fig. 3.10d.

In all cases, polar, equatorial, or in between, the onset of resonant cooling at

30 < γe < 104 occurs on scales much shorter than the neutron star light crossing

time, and also the curvature emission cooling timescale, at least for altitudes below

around 5 − 10RNS (i.e. coincident with the Compton resonaspheres enunciated in

Baring and Harding (2007). The implication is that for moderately-scaled accelerat-

ing electric fields that permit resonant Compton RRLA (the radiation-reaction limit),

the maximum electron Lorentz factors in the acceleration zone will be considerably

lower for electrodynamic potentials located in the equatorial regions as opposed to

polar zones. The scattering kinematics then sets the maximum dimensionless photon

energy εf to be less than but around γe for Klein-Nishina interactions with strong

recoil, or more appropriately γ2
eΘ for magnetic Thomson collisions when B <∼ 1 at

higher altitudes. Consequently, one expects that the emergent spectrum from this
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process can potentially extend to 1 GeV in polar emission geometries, such as is seen

in some high-field Fermi pulsars, but perhaps only to around 1 MeV in equatorial

acceleration locations. This provides an interesting context for resonant Compton

upscattering models of magnetars, such as that proposed by Baring and Harding

(2007): a quasi-equatorial RRLA picture at altitudes above 2− 3RNS should gener-

ate emission spectra that are not too disparate from those needed to accommodate

the Comptel upper limits (e.g. Kuiper et al. 2006; den Hartog et al. 2008a,b; Götz

et al. 2006) at a few hundred keV to quiescent AXP and SGR hard X-ray tail emis-

sion. The detailed assessment of the viability of this picture awaits an exploration

of a combined photon emission and electron cooling analysis in neutron star mag-

netospheres, including a foray into scenarios invoking non-dipolar field morphologies

(e.g. Thompson & Beloborodov 2005). The development of time-dependent cooling

of electrons for such future models will build upon the foundation and understanding

presented in this thesis.



Chapter 4

Directed Resonant Compton Spectra

Summary and Results

• Directed emission kinematics are restricted by selecting final scattering angles

beamed at an instantaneous observer line-of-sight θv, and inverting the ERF

scattering kinematic relations.

• A collisional integral is formed for directed spectra, with the total spectrum

proportional to a path length of emission.

• Spectra are specialized to the case of a dipole field geometry, with integrations

along field loops for a given azimuthal angle φ∗ relative to the line-of-sight

direction.

• For resonant interactions, the hardest emission is observed from observer line-

of-sight tangential to the field loops.

• Resonant interactions dominate the integral if kinematically accessible. The

“meridional” field loops contribute the hardest emission, while field loops per-

pendicular to the meridian cannot access angles necessary to beam the highest-

energy emission at the observer.

• For thermal incoming photons and fixed electron Lorentz factor along a loop,

spectra are profoundly sensitive to the polar field Bp, Lorentz factor, observer

viewing angle, field loop extent rmax, and loop azimuthal location.

• Spectra can violate COMPTEL bounds on magnetar emission, limiting the

highest plausible Lorentz factors to γe <∼ 102 for some viewing angles.
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• Resonant spectra along a single meridional field loop exhibit a power-law dN/dE ∝

E1/2 while azimuthal angle-integrated spectra are steeper, roughly E0.

• Shadowing of emission by the star can be an important consideration for some

instantaneous viewing angles.

• Distributing Lorentz factors in the phase-space density of electrons will steepen

the spectra presented in Section 4.3. A self-consistent acceleration and cool-

ing simulation for the electron distribution is necessary for a more complete

modeling of magnetar pulse profiles and spectra.

Provided there is a source of ultrarelativistic electrons with Lorentz factor γe � 1,

single inverse Compton scattering events can readily produce the general character of

hard X-ray tails, due to the efficiency of the resonant Compton interaction. Previous

magnetic inverse Compton scattering work in the context of neutron star models of

gamma ray bursts such as Dermer (1989; 1990) and Baring (1994) computed upscat-

tering spectra and electron cooling rates and in the non-relativistic magnetic Thomson

limit, extended from nonmagnetic Compton scattering in Ho & Epstein (1989). These

magnetic Thomson models, serve as a crucial check in the non-relativistic or weak

field limits of any fully-relativistic QED formalism. Such analyses are not appropri-

ate for modeling magnetars’ hard X-ray signals at low altitudes, where both fields

approaching or exceeding the quantum critical value Bcr ≈ 4.413 x 1013 Gauss, and

ultra-relativistic Lorentz factors for electrons, may be realized. Baring & Harding

(2007) computed spectra in the ultra-relativistic QED domain, specifically for uni-

form magnetic fields, producing output photon spectra considerably flatter than those

presented in Chapter 1, and violating Fermi and COMPTEL bounds when γe >∼ 50 .

The strong angular dependence of spectra computed for uniform fields automatically

implies that realistic emergent spectra in a more complex magnetospheric model will
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depend critically on observer perspectives and the locale of resonant scattering, both

of which vary with rotational phase of a magnetar.

The Chapter extends the analysis of Baring & Harding (2007) to encapsulate non-

uniform field geometries. A goal is to explore the hard tails of high field pulsars by

using more a complete model of the magnetosphere for an array of observer perspec-

tives. As in previous analyses, we presume electrons of γe � 1 are confined to move

along field lines. The seed for electron energization is not in this analysis, whose goal

is to make the most direct connection to observations as is possible. Since thermalized

photons from the neutron star atmosphere are inferior in energy to the electron rest

mass, we expediently specialize to scatterings that leave the electron in the zeroth

Landau level, using cross sections from Chapter 2.

The work in this Chapter computes output spectra using the collisional integral

formalism for the photon production rate as described in Ho & Epstein (1989) but

extended to observer perspectives for different electron paths. The observer perspec-

tive relative to the magnetic axis is a parameter, with spectra computed for various

portions of a dipole magnetosphere. I explore the parameter space of output spec-

tra, largely for uncooled electrons but also for radiation-reaction-limited electrons,

utilizing some of the general cooling characteristics from Chapter 3. These emergent

photon production rate calculations will serve as a foundation for a future radiative

model for phase-resolved spectroscopy with self-consistent acceleration and cooling ki-

netic equation analyses or Monte Carlo simulations of the time-dependent evolution

of the underlying electron population.
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4.1 Resonant Scattering Formalism

The general picture presented here is of soft X-ray photons from the neutron star

surface scattering off electrons in the magnetosphere, as first developed in Baring &

Harding (2007). The vast majority of both outer and inner magnetospheric gamma-

ray pulsar models inject electrons with ultrarelativistic Lorentz factors γe ∼ 104–107,

mandated by the observation of hard gamma rays by EGRET and Fermi (see the

Fermi-LAT Pulsar Catalog). Most modeled cascades generally do not cool electrons

to mildly relativistic regimes (Daugherty & Harding 1982; Zhang & Harding, 2000;

Hibschman & Arons 2001; Sturner 1995; Dyks & Rudak 2000; Harding & Muslimov

2002). Moreover, we have previously also shown (Chapter 3) that resonant Compton

cooling does not operate efficiently for mildly relativistic electrons except for subcrit-

ical fields and generally can operate, for magnetar fields, for Lorentz factors as high

as 103–104.

4.1.1 Scattered Spectra and Directed Emission Formalism

Of key importance in directed spectra is the inversion of the photon kinematic rela-

tions defined in Chapter 2 and 3 Eq. (3.4), where an assumed final photon energy εf

and scattering angle Θf in the OF then fixes a value of ωi in the ERF via the Lorentz

transformation ωf = γeεf (1 + βe cos Θf ) = εf/[γe(1 − βe cos θf )]. A direct algebraic

inversion of Eq. (3.4) yields,

ωi =
ωf (2− ωf + ωf cos2 θf )
2(1− ωf + ωf cos θf )

(4.1)
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but care must be taken since, physically, ωi/ωf ≥ 1 in the ERF. Imposing this

inequality on the inversion Eq. (4.1) yields a restriction on the allowed θf and ωf ,

0 < ωf <
1

1− cos θf
for | cos θf | < 1 (4.2)

which, in turn, is implicitly a restriction on θf for a fixed εf when forming spectra.

Note that this restriction is unimportant for values of εf � γe for γe � 1. Addition-

ally, we must also impose a restriction for the incoming soft photon angles µ± in the

OF, transforming into the kinematic constraint γeεs(1+βeµ−) ≤ ωi ≤ γeεs(1+βeµ+),

but this restriction is already imposed by definition for a Planck spectrum in εs with

the definition of the angular distribution function f(µi) found in Eq. (71) of Baring,

Wadiasingh, & Gonthier (2011) and also re-defined and analyzed in Appendix D in

the context of this Chapter. In totality, these restrictions are imposed in the colli-

sional integral formalism of the spectra as Heaviside functions, the latter embedded in

the definition of f(µi) while the former Eq. (4.2) added in explicitly. The form of this

equivalent Heaviside function expressing the restriction Eq. (4.2) inside an integral

is,

Θ (cos θf − A)−Θ(cos θf − 1) (4.3)

A = Max

[
−1, 1− γe(1− βe cos θf )

εf

]
.

To form upscattering spectra from the magnetosphere for thermal soft photons,

collision integral calculations are performed. In this Section we assume uncooled

electrons at fixed Lorentz factor and fixed number density ne, i.e. their distribution

function is neδ(γ−γe). This assumption must be relaxed in future explorations incor-

porating fully self-consistent cooling and acceleration, using cooling rates presented
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in Baring, Wadiasingh & Harding. Additionally, an anisotropic spatial distribution

of ne may also be realized in magnetars due to antisymmetric pulse profiles of most

AXP/SGRs, thereby suggesting disparate upscattering locales in the magnetosphere.

The formulation for upscattering spectra appropriate to the resonant Compton

problem was presented in Baring & Harding (2007) and Baring, Wadiasingh, &

Gonthier (2011). This made use of generic Compton upscattering formalism presented

in Eqs. (A7)–(A9) of Ho and Epstein (1989) that is applicable to both Thomson and

Klein-Nishina regimes, and moreover is readily adaptable to incorporate magnetic

kinematics and the QED cross section for fully relativistic cases of magnetic Comp-

ton scattering. The spectrum of photon production dnγ/(dt dεf dµf ) , differential in

the photon’s post-scattering laboratory frame quantities εf and µf = cos Θf , can

be written as

dnγ
dt dεf

= nens c

∫ µu

µl

dµf

∫ µ+

µ−
dµi f(µi) δ

[
ωf − ω′(ωi, θf )

] 1 + βeµi
γe(1 + βeµf )

dσ
d(cos θf )

. (4.4)

Observe that in deriving this, the angle convention specified in Eq. (3.1) requires the

substitution βe → −βe in Eqs. (A7–A9) of Ho and Epstein (1989). Here, the notation

µi = cos Θi and µf = cos Θf is used for compactness. In Eq. (4.4), the factor

c(1 +βeµi) expresses the relative velocity in photon-electron collisions, remembering

that µi = 1 represents head-on impacts for electrons that move parallel along B. The

γe(1 + βeµf ) factor in the denominator arises because of the Lorentz transformation

of the differential cross section between the ERF and the observer’s frame. Also note

that we have assumed a separable monoenergetic incoming soft photon distribution,

nγ(εs, µi) = nsf(µi) with fixed Lorentz factor electrons.

The above formalism is modified for a directed spectrum emitted towards an

observer line-of-sight. Electrons are assumed to follow an arbitrary path S in the

magnetosphere (along B, later specialized to dipole geometry). Fixing a observer
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viewing angle with respect to the magnetic field, denoted by subscript Bn in the

OF, fixes the final photon scattering angle, i.e. dΩfδ
2(Ω − ΩBn) = dµfdφfδ(µf −

µBn)δ(φf − φBn). Thus µBn is the polar angle to the observer with respect to the

magnetic field direction. Since neither the scattering cross section nor the kinematics

depends on φf , the azimuthal angle with respect to the local magnetic field (in either

the ERF or OF), we trivially integrate it out to obtain

dΩfδ
2(Ω− ΩBn)→ 1/(2π)δ(µf − µBn)dµf . (4.5)

We have introduced a factor of 1/(2π), a convention choice, for the azimuthal angle

delta function to cancel the factor already integrated out in the cross section definition

dσ/d cos(θf ). Moreover the solid angle transformation between angles defined with

respect to an arbitrary direction and the local B direction is unity, and angles converge

to the above delta functions where the arbitrary direction is the observer line-of-sight.

We integrate over angles and energy of the soft photon distribution, defined as

the incoming differential photon number density

nγ(εs, µi) = nγ(εs)f(µi) (4.6)

with µi = [ωi/(εsγe)− 1] /βe. For monoenegetic electrons, ne(γe) = neδ(γe − γ′e), the

collision integral output spectrum integrated along an electron path for an arbitrary

soft photon distribution, directed at some observer, is defined to be

dNγ

dt dεf
=

nec
2πS

∫

S
ds

∫ ∞

0

dεsnγ(εs)

∫ µu

µl

dµfδ(µf − µBn)

∫ µ+

µ−

dµi f(µi)

× δ
[
ωf − ω′(ωi, θf )

] 1 + βeµi
γe(1 + βeµf )

dσ
d(cos θf )

. (4.7)
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Although we do not consider self-consistent electron cooling in this thesis, note that

the electron distribution need not be monoenergetic or spatially uniform. In the ab-

sence of electron cooling, the total spectrum should be proportional to the path length

sampled. In a more complete radiation-reaction limited resonant Compton cooling

model than is presented in this Chapter, the electron Lorentz factor will be a function

of the integration path S for γe � 1, with additional modifications to the collisional

integral scattering spectrum element ds when the electrons are nonrelativistic βe � 1.

There are two equivalent methods of evaluating the delta functions present above

Eq. (4.7), the first one being simpler algebraically but the second more illustrative in

making a connection with previous work of the uniform field case in Baring & Harding

(2007). We also specialize the above to where µl = −1 and µh = 1 for the range final

OF scattering angles allowed. The second method is outlined in Appendix C.

We manipulate the angular µi integration to an ωi integration, with dµi = γeεsβedωi.

The limits on the ωi integration are likewise readily obtained from the Lorentz trans-

formations Eq. (3.2), i.e. γe(1 + βeµ−)εs ≤ ωi ≤ γe(1 + βeµ+)εs . We get

dNγ

dt dεf
=

nec
2πS

1
γ2
eβe

∫

S
ds

∫ ∞

0

dεs
nγ(εs)
ε2
s

∫ 1

−1

dµfδ(µf − µBn)

∫ ω+

ω−

dωi f(µi)

× δ
[
ωf − ω′(ωi, θf )

] ωi
γe(1 + βeµf )

dσ
d(cos θf )

. (4.8)

Recall that ω± = γe(1 + βeµ±)εs from Chapter 3. We now interchange the order of

integration of ωi and εs, defining a new variable χ± with dimensionless temperature

Θ,

Θχ± =
ωi

γe(1 + βeµ∓)
(4.9)

for the new integration limits of the εs integral. Moreover, we use the identity
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ωi/ [γe(1 + βeµf )] = γeωi(1− βe cos θf ) to reorder the integrations

dNγ

dt dεf
=

nec
2πS

1
γeβe

∫

S
ds

∫ 1

−1

dµfδ(µf − µBn)

∫ ∞

0

dωi δ
[
ωf − ω′(ωi, θf )

]

× ωi(1− βe cos θf )
dσ

d(cos θf )

∫ Θχ+

Θχ−

dεs
nγ(εs)
ε2
s

f(µi) (4.10)

where µi = 1/βe [ωi/(γeεs)− 1]. Now, we transform the ωf delta function to one for

ωi using the rule standard rule for transforming variables for delta functions, ω̂i being

the single root of the equation ωf − ω′ = 0,

δ(ωf − ω′(ωi, θf )) =
δ (ωi − ω̂i(εf , µf ))∣∣∣∣

∂(ωf − ω′)
∂ωi

[ω̂i(εf , µf )]

∣∣∣∣
=
δ (ωi − ω̂i(εf , µf ))∣∣∣∣
∂ω′

∂ωi
[ω̂i(εf , µf )]

∣∣∣∣
(4.11)

where ω̂i(εf , µf ) is the inversion Eq. (4.1) evaluated at ωf = γeεf (1 + βeµf ) and ω′

is defined by Eq. (3.3) with r = 1/(1 + ωi(1 − cos θf )). Note that this use of the

inversion necessitates the insertion of the constraint Eq. (4.3) into the integrand to

avoid unphysical contributions to the integrals. Algebraically, the transformation

denominator is

∣∣∣∣
∂ω′

∂ωi
[ω̂i(εf , µf )]

∣∣∣∣=
−1 +

√
1− 2ω̂ir2 sin2 θf + r(1 + cos θf )

(1 + cos θf )
√

1− 2ω̂ir2 sin2 θf

, cos θf 6= −1 (4.12)

with the angle aberration formula to convert θf to µf and r evaluated at ω̂i. For µf = 1,

this factor Eq. (4.12) is unity, while for µf = −1, the derivative is algebraically well-

behaved and approaches 1/(1 + 2ω̂i)
2 so the correction is only appreciable for large
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recoil regimes. The resulting spectrum is formally

dNγ

dt dεf
=
nec
2πS

1
γeβe

∫

S
ds

∫ 1

−1
dµfδ(µf − µBn)

∫ ∞

0
dωi

δ (ωi − ω̂i(εf , µf ))∣∣∣∣
∂ω′

∂ωi
[ω̂i(εf , µf )]

∣∣∣∣
(1− βe cos θf )

× ωi
dσ

d(cos θf )
[Θ (cos θf −A)−Θ(cos θf − 1)]

∫ Θχ+

Θχ−
dεs

nγ(εs)

ε2
s

f(µi). (4.13)

At this point the evaluation of the delta functions rendered are trivial, and the

spectrum collapses to a simpler double integral over ds and dεs. For resonant regimes

that are expected to be the dominant contribution, an additional delta function ap-

proximation at the peak of the resonance can be made in the cross section which then

transforms to equivalent delta function(s) over the path S where, for a given viewing

angle and scattered energy, only certain spatial points satisfy the resonance criteria;

this results in a single integral over εs for the spectra. These resonance criteria are

developed in Section 4.2 for a dipole field geometry.

Specializing to this collisional integral Eq. (4.13) to case of thermal soft photons

uniform over the neutron star surface, we express the soft photon energy as an approx-

imate Planck function in flat spacetime, appropriate here as a first approximation to

more sophisticated non-Plankian models that treat radiative transfer, line formation

and vacuum polarization in the neutron star atmosphere. The Planck spectral form

for the differential photon number density is

nγ(εs) =
Ωs

π2λ–3
ε2
s

eεs/Θ − 1
(4.14)

and εs integrated over the real line in Eq. (4.4) with f(µi) implicitly depending on

εs. Here, Θ = kT/mec
2 is the dimensionless temperature of the thermal surface

photons, and λ– = ~/(mec) is the Compton wavelength over 2π . Also, Ωs represents
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the solid angle of the blackbody photon population, divided by 4π . This fractional

solid angle is introduced to accommodate anisotropic soft photon cases, in particular

hemispherical populations ( Ωs = 1/2 ) just above the stellar atmosphere. The total

number density of soft photons is therefore 2Ωsζ(3)/(π2λ–3) , for ζ(n) the Riemann

ζ function.

This f(µi) integration for thermal soft photons is defined and analytically devel-

oped in Appendix D. The form of f(µi) is essentially adapted from Baring, Wadias-

ingh, and Gonthier (2011) for the model and loop geometry developed in Section 4.2.

The essential results of Appendix D are achieved breaking up the form of f(µi) into

relatively tractable integrals and series, which are then employed into the integrand

of Eq. ( 4.13).

From here onwards, we assume a dipole field geometry for the magnetic field in

calculations throughout this Chapter, with field loops parameterized by their foot-

point colatitude or equivalently their maximum equatorial altitude rmax in units of

the neutron star radius. Moreover, without loss of generality we specialize to the case

of electrons moving anti-parallel to B along field loops. We define a dimensionless

stellar radius r ≡ R/RNS scale for the spatial geometry considered in this Chapter.

We integrate over a field loop parameterized by its colatitude r(θcol) = rmax sin2 θcol

forming a distance element ds = rmax
√

sin4 θcol + sin2 2θcoldθcol which we then nor-

malize to the total length of the loop from its foot-points. This arclength can be

found analytically by elementary integration

S =
√

(rmax − 1)(4rmax − 3) +
rmax√

3
arctanh

√
3(rmax − 1)
4rmax − 3

(4.15)

in terms of the field loop parameter rmax, normalized in units of the neutron star

radius. Here rmax can be equivalently expressed in terms of the field foot-point colat-
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itude θfp on the surface where r = 1,

1/ sin2 θfp = rmax. (4.16)

4.2 Model Geometry

We now give a concrete, albeit idealized and expedient, case study of the formalism

defined in Section 4.1 for directed emission to an observer for a high-field pulsar. A

dipole field geometry for the star is assumed, with dipole moment BpR
3
NS/2 (e.g.

Shapiro & Teukolsky 1983) twice the value used conventionally used by radio as-

tronomers. Treatment of more complicated multipole field configurations, outer mag-

netospheric field geometry, twisted dipole, and curved spacetime enhancements of the

field are deferred to future work; such added complexity will alter the beaming char-

acteristics significantly in a model-dependent way. The lack of a fully self-consistent

model for the global field structure for high-field pulsars presents an uncertainty,

with force-free MHD models sustaining complicated non-dipolar morphologies with-

out significantly altering the spin-down characteristics. We expect a more thorough

treatment not to profoundly modify the general character of the results and conclu-

sions of the results presented in this Chapter.

We define a right-handed cartesian coordinate system {x̂, ŷ, ẑ} in the corotating

frame of the neutron star, origin star-centered, with the ẑ unit vector collinear with

the magnetic field axis. An observer at infinity’s instantaneous line of sight in the

corotating frame is defined by angle θv relative to ẑ, i.e. ẑ · n̂v ≡ cos θv. Without loss

of generality, we define the vector field of observer line of sights (directed away from
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the star) to be in the x⊗ z plane,

n̂v = cos θvẑ + sin θvx̂. (4.17)

Photons are assumed to propagate in straight lines, neglecting curved spacetime ef-

fects, rotating metrics and birefringence in the magnetosphere. Relativistic aberration

is small for magnetars at low altitudes considered here, since they are slow rotators.

Curved spacetime will be important for photons beamed to the observer from behind

the star that then propagate through low altitudes, or photons emitted at low alti-

tudes. Such a treatment of photon geodesics is deferred to future work, but is not

expected to profoundly influence the results presented in this Chapter since much of

the spectral generation here arises above two stellar radii.

The dipole magnetic field and its unit vector in spherical polar coordinates are

parameterized by a polar angle θcol

~B =
Bp

2r3 (2 cos θcolr̂ + sin θcolθ̂) (4.18)

B̂ =
2 cos θcolr̂ + sin θcolθ̂√

1 + 3 cos2 θcol
(4.19)

where r ≡ R/RNS the radius in units of neutron star radii. The magnetic field is

azimuthally symmetric in definition above, and thus we can parameterize individual

field loops in terms of an azimuthal angle φ∗ defined to be zero in the observer x− z

meridional plane,

B̂ = sin ζ cosφ∗x̂ + sin ζ sinφ∗ŷ + cos ζ ẑ (4.20)

where ζ is the angle between the local direction of ~B and ẑ axis. It is easily found by

consideration of transformations between spherical polar and cartesian coordinates,
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parameterized in terms of θcol,

cos ζ =
2 cos2 θcol − sin2 θcol√

1 + 3 cos2 θcol
(4.21)

sin ζ =
3 cos θcol sin θcol√

1 + 3 cos2 θcol
. (4.22)

The angle between the observer line of sight and local direction of ~B for a particular

loop, parameterized by φ∗, where φ∗ = 0 and φ∗ = π denote “meridional” and “anti-

meridional” field loops respectively. The angle is routinely found

cos ΘBn ≡ n̂v · B̂ = cos θv cos ζ + sin θv sin ζ cosφ∗ (4.23)

forging the connection between the final scattering angle in the observer (corotating)

frame and the observer direction. The direction of electron propagation is irrelevant

to the present discussion, since that consideration only enters when the definition

Lorentz transformations into the ERF are defined by a chosen direction relative to

~B boosted by ±βe. A choice of Lorentz transformation sense ±βe and angles then

defines the direction of electron propagation.

4.2.1 Resonant Criteria

Since resonant contributions in directed spectra are dominant, the energies and loca-

tion along a field loop where the resonant condition in the ERF ωi = B is accessed

are crucial to understand. The essential connection is that the final photon scat-

tering angle in the OF must be constrained to point in the viewer direction, i.e.

cos Θf = cos ΘBn at an interaction point along a given field loop for electrons moving

antiparallel to B along a field loop (−βe). Given the inversion relationship Eq. (4.1),

at each point along a field loop, the parameters that determine if resonant interactions
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become sampled are Bp, rmax, εf , γe given by an algebraic equation for cos θcol,

ω̂i =
εf [εf − εf cos2 ΘBn − 2γe(1 + βe cos ΘBn)]
−2 + 2εfγe(1− βe)(1− cos ΘBn)

=
Bp

√
1 + 3 cos2 θcol

2R3
max sin6 θcol

= | ~B|. (4.24)

provided the constraint Eq. (4.2) is also satisfied. The maximum value of εf for

resonant interactions, i.e. the cut-off energy, occurs when cos ΘBn = −1,

εmaxf =
| ~B|γe(1 + βe)

1 + 2| ~B|
(4.25)

for a value of cos θcol on a particular field loop where electrons are beamed towards

the observer line of sight. Note that this beaming occurs only along meridional

and anti-meridional field loops or for φ∗ within 1/γe of these special cases, and thus

represents a spatially small portion of the emitting region. Shadowing, considered

in Section 4.2.2, for certain instantaneous observer angles can curtail some beaming

contributions significantly, particularly for anti-meridional loops for moderately large

viewing angles.

Note that for γe � 1, cos ΘBn 6= −1, we have ω̂i ≈ γeεf (1 + cos ΘBn) arising from

the Taylor series of Eq. (4.24) in the limit γe � 1. This expression for ω̂i is equivalent

to Thomson kinematics ωi ≈ ωf in the ERF. Using this limit, the equation for the

location of resonant interactions along a loop is

K(θcol) ≡ sin6 θcol(1 + cos ΘBn)√
1 + 3 cos2 θcol

=
Ψ
r3
max

(4.26)

with Ψ ≡ Bp/(2εfγe). Note that Ψ/r3
max � 1 for γe � 1 or rmax � 1, and in this

limit, the root is θ0 which is equivalent to where cos ΘBn = −1 in the numerator

of K. Without loss of generality for the meridional field loop (in contrast to the
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Figure 4.1 : Resonance interaction points (black) for an observer viewing angle θv =
60◦ plotted as a function of θcol along a meridional field loop fixed at rmax = 4 at fixed
Lorentz factor. The color coding traces the final photon energy εf in units of mec

2

extending from a few keV to hundreds of MeV. Only a finite range of final energies
have access to resonant interactions.

anti-meridional loop), the analytic expression for θ0 is given by solving an algebraic

equation for cos θcol when cos ΘBn = −1. The result is readily found to be

cos θ0 = −

√
5 + cos(2θv)∓

√
2 cos2 θv(17 + cos(2θv))

2
√

3
(4.27)

where the − and + branches are for θv ≤ π/2 and θv ≥ π/2 respectively. For viewing

angles such that θ0 is greater than the maximum foot-point colatitude of a meridional

field loop, no hard beaming is realized for resonant interactions for the field loop. A



157

similar statement holds for the anti-meridional field loop when π− θ0 is smaller than

the minimum foot-point colatitude.

Expanding around θ0,

K(θcol) ≈ K(θ0) +K ′(θ0)(θcol − θ0) +
K ′′(θ0)

2
(θcol − θ0)2 + ... (4.28)

we note that, by definition of θ0, K(θ0) = 0 = K ′(θ0) since K(θcol) = ω̂iΨ/(r
3
max| ~B|).

Solving, to first nontrivial order for θcol, we get two symmetric roots for the location

of the resonance

θ± = θ0 ±
√

2Ψ
K ′′(θ0)r3

max

= θ0 ±∆θ (4.29)

which is a good approximation as long as Ψ/(r3
max) � 1. Thus, there exists locus

of points around the emitting point of εmaxf where the resonance criteria is satis-

fied. Shown in Figures 4.1 are color-coded numerical solutions of Eq. (4.25) in the

magnetosphere for fixed Lorentz factor given instantaneous observer viewing angle,

highlighting the the beaming and resonant interaction points for the. Moreover, for

a given viewing angle, if εf is too high or low, no resonant interactions are accessed.

Similarly, Figure 4.2 illustrates the rmax and beaming variation of resonant interac-

tions for a final photon energy of ∼ 160 keV as the magnetic field drops at higher

altitudes. Figures 4.3 and 4.4 illustrate variation of resonant interactions with φ∗ in a

full 3D geometry at fixed rmax, γe and Bp for different instantaneous viewing angles.

4.2.2 Shadowing and Rotation

For some observer viewing perspectives, the emission regions shadowed by the star

can have a profound impact of the spectra observed since emission is strongly sensitive

on the final scattering angle. Neglecting curved spacetime effects and other radiative
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Figure 4.2 : Resonance interaction points (black) along a meridional field loop for
an observer viewing angle θv = 60◦ at fixed Lorentz factor. Shown are various loops
extending from rmax = 2 to rmax = 12. As the magnetic field drops with increas-
ing altitude, the interaction points converge on tangent for beaming to satisfy the
kinematic constraints.

transport complexities, we wish to derive the locus of points on a given field loops

where emission is shadowed by the star as seen by an observer at infinity. The field

“equipotential” surface is parameterized by the angle θcol with r(θcol) = rmax sin2 θcol

in polar coordinates with respect to the ẑ axis where rmax is the maximum altitude

at the equator. An equivalent definition of a particular field surface or loop can be

given by specifying the footpoint colatitude θfp on the surface of the star where r = 1

rather than rmax, i.e. 1/ sin2 θfp = rmax.
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Figure 4.3 : 3D orthographic projections of resonant interaction points for a bubble
of field loops of extent rmax = 4 color coded for final scattering energy εf in the OF,
illustrated here for Bp = 100 and uncooled γe = 103. The left panel is for θv = 0◦ while
the right panel is for θv = 60◦. The black points bound emission that is greater than
∼ 160 keV, indicating that most of the COMPTEL-violating high energy emission is
confined to a spatially small region. The gray region denotes that of shadowing by
the star with respect to the line-of-sight.

The shadow volume is a cylinder, whose boundary intersection with the dipole

field surface can be found using simple coordinate rotations given in Appendix E.

The resulting equation for the shadow boundary in terms of selected observer viewing

angle θv and field loop parameter φ∗ is a 6th degree polynomial in cos2 θcol,

r2
max sin4 θcol

[
sin2 φ∗ sin2 θcol + (cosφ∗ cos θv sin θcol − cos θcol sin θv)

2] = 1. (4.30)

The roots the above equation must additionally satisfy the constraint to select the

occulted dark half of the magnetosphere, given by the inequality

cosφ∗ sin θv sin θcol + cos θcol cos θv < 0. (4.31)
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Analytic solutions to the above pair of equations in expedient cases are identified in

Appendix E. Shown in Figure 4.3 are orthographic projections of a magnetospheric

bubble at fixed rmax = 4, with shadowing indicated by gray zones.

4.2.2.1 Rotation and Obliquity

When the magnetic moment of the star is inclined with respect to the rotation axis,

the effective viewing angle as defined previously changes as a function of rotation

phase. A magnetic field loop at phase φ∗ then is defined in terms of a redefined θv

at any given rotation phase, if we expediently assume azimuthal symmetry (about

the magnetic field axis) and because rotations of the star about the viewer direction

n̂v are irrelevant to any physical considerations. Quantities such as bulk electron

Lorentz factor and number density can in principle vary with azimuthal angle in the

magnetosphere (indeed, many such current bundles are a defining feature of some

models e.g. Beloborodov & Thompson 2007) and can be accommodated although we

do not attempt it here, deferred for future work incorporating a fully self-consistent

magnetospheric model.

We define a new coordinate system such that the axis of rotation of the star

is Ω̂ = ẑ for an angular rotation vector ~Ω = ΩΩ̂. The magnetic obliquity angle

α then allows us to define the magnetic dipole moment unit vector µ̂B such that

Ω̂ · µ̂B = cosα,

µ̂B = sinα cos(Ωt)x̂ + sinα sin(Ωt)ŷ + cosαẑ (4.32)

where Ωt is an arbitrary time coordinate for rotation phase. In this coordinate system,

we define the viewer direction is at angle θv0 with respect to the magnetic axis µ̂B at
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time t = 0. The observer vector itself is fixed and independent of time,

n̂ = sin(α + θv0)x̂ + cos(α + θv0)ẑ. (4.33)

Note that trigonometric double angle identities confirm µ̂B(t = 0) · n̂ = cos θv0.

For general rotation phase, we define the effective viewing angle θv ∈ {0, π} as the

instantaneous angle between the viewer and magnetic moment,

cos θv ≡ µ̂B · n̂ = sinα cos(Ωt) sin(α + θv0) + cosα cos(α + θv0) (4.34)

with sin θv =
√

1− cos2 θv since θv ∈ {0, π}.

A magnetic field loop at a given meridian-relative azimuthal angle φ∗ then is

just defined in terms of this new time-dependent instantaneous θv with inclination

parameter α. Spectra as a function of rotation phase are then equivalent to varying

θv with phase for a given inclination. By the above definition, at phase cos(Ωt) = 1

we have θv = θv0. The other extremum is realized when the phase cos(Ωt) = −1

where cos θv = cos(2α+ θv0). If one neglects time-of-flight effects for different photon

interaction locales, a good approximation in the inner magnetosphere, pulse profiles

as a function of energy can then be constructed in the assumed azimuthally symmetric

magnetosphere.

4.3 Spectra

The computation of spectra begins with Eq. (4.13) utilizing the Planck form in Eq.

(4.14) for a uniformly bright sphere with a dipole magnetic field. The spin-dependent

Sokolov and Ternov cross section and widths from Chapter 2 are employed, patched
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Figure 4.4 : 3D orthographic projections for rmax = 2 illustrating the effects of
shadowing for various θv possibly accessed when the pulsar may rotate with nonzero
obliquity, illustrated here for Bp = 10 and uncooled γe = 103. Some of the high-
est energy emission is occulted for some viewing angles. The black points bound
emission that is greater than ∼ 160 keV, as in Figure 4.3. The gray region denotes
that of shadowing by the star with respect to the line-of-sight. Also note that large
instantaneous viewing angles never sample the highest energy emission.

with the spin-averaged cross section away from the resonance utilizing the identical

switch procedure adopted in Chapter 3. The definition, analytic developments and

approximations of the f(µi) soft photon angular integral are presented in Appendix D.

Portions of the field loop that are shadowed are excluded from the integral Eq. (4.13),

the boundary found in terms of θcol stated in Eqs. (4.30) -(4.31) and derived in

Appendix E.
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In this section we illustrate computations of differential spectra and highlight

important features while exploring the phase space of key parameters. In our current

simplified resonant Compton up scattering model with no self-consistent cooling, there

are six parameters: the electron Lorentz factor γe, the instantaneous viewing angle

θv, the stellar temperature T , the polar dipole field strength Bp, and the field loop

extent and azimuthal location with respect to the line-of-sight given by rmax and φ∗

respectively.

In the present context, we constrain the stellar temperature to T = 106 in all

following spectra presented in this Chapter to reduce the parameter space. This

is a conservatively lower estimate or bound of magnetar surface temperatures, corre-

sponding to 0.086 keV. Previous electron cooling calculations (Chapter 3) have shown

a strong temperature dependence on resonant Compton upscattering, with higher

temperatures being profoundly more efficient for cooling and upscattering. Hence, it

is expected that computations of spectra with higher temperatures will only increase

the parameter space where resonant Compton upscattering interactions are realized

for the other parameters presented in this section.

4.3.1 Uncooled electrons at fixed γe

Spectra for uncooled electrons can qualitatively be understood by a careful inspection

of Figures 3.5, 4.1, 4.3 and 4.4 and relevant geometric and kinematic relations. For

meridional field loops with viewing angles that sample beaming, the combination of γe

and local B ∼ Bp/r
3
max essentially controls the onset of resonant interactions, similar

to cooling curves in Figure 3.5, in that γe ∼ B/Θ is required to access the Wien peak

of the quasi-Planckian reaction rate. Moreover, for resonant interactions the scaling

ω̂i ∼ Bp/r
3
max ∼ γeεf (1+cos ΘBn) operates so increasingly larger γe must compensate
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Figure 4.5 : Spectra I: Meridional field loops. Both left and right panels illustrate
spectra computed for meridional φ∗ = 0 field loops for a viewing angle of θv = 30◦

with fixed Lorentz factors ranging from γe = 101 − 103. The left panel illustrates
higher-altitude and lower-field directed spectra computed for Bp = 10 and rmax = 4
where the resonant interactions are readily sampled for Lorentz factors > 102. The
right panel’s local B is much higher by a factor of∼ 80, with rmax = 2 and Bp = 100 so
resonant interactions near equatorial regions for the given stellar temperature are not
realized unless Lorentz factors are much higher. Overlaid on the computed spectra,
with arbitrary normalization, are observational data points for AXP 4U 0142+61
(den Hartog et al. 2008b) along with a schematic E−1/2 power-law with 250 keV
exponential cutoff.

for large Bp/r
3
max. For values of local B that are large, resonant interactions in the

Wien peak are also not fully sampled, as is evident from computed spectra presented

in Figure 4.5.

The onset of resonant interactions in spectra, as characterized by the “horns” or

cusps at low εf in Figures 4.5 (left panel), 4.6, 4.7 (right panel) and 4.8 (right panel)

can be understood by the red curve intersections in Figure 4.1 with consideration of

Thomson kinematics B ∼ γeεf (1 + cos ΘBn). In this regime, there is a one-to-one

correspondence between the final scattering angle along a field line beamed towards

the observer, defined by ΘBn and the final scattering energy, in agreement with Baring

and Harding (2007). The low εf cusps are realized for large θBn where the angle of
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scattering in the ERF is modest or small. Similarly, the highest final scattered energy

εmaxf is realized when the largest backscattering in the ERF of the incoming photon

occurs, given by Eq. (4.25) for meridional field loops. For loops that are off-meridional

with φ∗ small, one can routinely derive from Eq. (4.23) for γe � 1 that

εmax,φ∗f ≈
(

Bp
γer

3
max sin θv

)(
1

cosφ∗ − 1

)
1 + 3 cos2 θcol

3 sin(2θcol) sin6 θcol
φ∗ � 1 , θcol ∼ θ0 , φ∗ 6= 0

(4.35)

for θcol ∼ θ0 when φ∗ � 1. A similar corresponding identity holds for the anti-

meridional case. Figure 4.6 illustrates the effect of considering off-meridional field

loops, reducing the maximum resonant εf attained as evident from the 3D plots of

Figures 4.3 and Figures 4.4. In essence, for large φ∗, i.e. far off the meridian, the

only resonant interactions sampled are those of the red curves intersections in Figure

4.1 in polar regions of a field loop.

The quasi-power-law dependence between the horns/cusps is another essential

characteristic of the spectra presented in this section. For most of the range in

εf , the spectra that sample resonant interactions are characteristically E1/2, i.e.

dn/(dtdεfdεs) ∼ ε
1/2
f . This approximate power-law dependence can be derived by

considering the analytics of Figure 4.1 and the integral Eq. (4.13) in the Thomson

regime. Considering only the two roots around θ0, we first note that to leading order

∂
∂θcol

(
ω̂i
| ~B|

)
(θ±) =

r3
max
Ψ

K ′(θ0 ±∆θ)

≈ r3
max
Ψ

[
K ′(θ0)±K ′′(θ0)∆θ +

K ′′′(θ0)
2

(∆θ)2 + ...

]

≈ r3
max
Ψ

[
±K ′′(θ0)

√
2Ψ

K ′′(θ0)r3
max

+
K ′′′(θ0)

2
2Ψ

K ′′(θ0)r3
max

]

= ±
√

2r3
maxK

′′(θ0)
1√
Ψ

+
K ′′′(θ0)
K ′′(θ0)

. (4.36)
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Figure 4.6 : Spectra II: Off-Meridional field loops. Adopting most of the parameters of
the left panel of Figure 4.5, both left and right panels here illustrate spectra computed
for off-meridional field loops φ∗ = 5◦ and φ∗ = 90◦ respectively, for a viewing angle of
θv = 30◦ with fixed Lorentz factors ranging from γe = 101− 103. For loops somewhat
away from the meridian (or anti-meridian), the hardest emission is never beamed
towards the observer. The resonant interactions realized off-meridian are at low final
scattering energies εf for polar regions of the loop (see Figures 4.1, 4.3 and 4.4).

using the definition Eq. (4.29) and those immediately proceeding it. Then, approx-

imating the resonant m = 1 term of the cross section as a delta function, we note

with Ψ/r3
max � 1 that

2π
Γ
δ(ω̂i − | ~B|) ≈ 2π

| ~B|Γ
∑

±

δ(θcol − θ±)∣∣∣∣
∂

∂θcol

(
ω̂i
| ~B|

)
(θ±)

∣∣∣∣
(4.37)

≈ 2π

| ~B|Γ




δ(θcol − θ+)

|
√

2r3
maxK

′′(θ0)
1√
Ψ

+
K ′′′(θ0)
K ′′(θ0)

|
+

δ(θcol − θ−)

| −
√

2r3
maxK

′′(θ0)
1√
Ψ

+
K ′′′(θ0)
K ′′(θ0)

|




≈ 2π

| ~B|Γ

√
Ψ

2K ′′(θ0)r3
max

[δ(θcol − θ+) + δ(θcol − θ−)] +O(Ψ)

∝ ε−1/2
f

where the last line is deduced from the definition Ψ = Bp/(2εfγe) ∝ 1/εf . This be-
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havior captures the character that longer path lengths ds along field lines are sampled

by an observer when the field points towards him/her.

The absolute value for the θ− case flips because K ′′′ is negative at θ0, as evident

by the curvature in Figure 4.1. The factor ω̂i(1 − βe cos θf ) ∼ εf/γe present in the

integral Eq. (4.13) results in the total spectrum behaving as a power-law of ε
1/2
f except

at the highest energies where non-Thomson kinematics are realized. On face value,

compared with observations of magnetars presented in Chapter 1, this spectral index

is too hard. Shown in the figures of spectra in this section is a representative hard X-

ray spectrum of AXP 4U 0142+61 (den Hartog et al. 2008b) with COMPTEL upper

bounds set at an arbitrary normalization. Moreover, a power-law of E−1/2 with an

exponential cut-off of 250 keV is also shown as a guide to these data points. The

normalization of the spectral computations is controlled by the electron density, also

an arbitrary parameter in this presentation. At this point it must be mentioned that

additional sources of steepening are in reality present, such as bundles of loops and

self-consistent electron cooling leading to variation and pile-up of in the phase-space

density of electron Lorentz factors along a loop. The total spectra are convolutions of

the forms presented here, with the energy and density distributions along field loops

self-consistently determined by resonant Compton cooling: forming these is a future

stage of this program.

The effect of viewing angle variation is illustrated in Figures 4.7 and 4.8, important

when considering non-zero obliquity for pulse profiles. Clearly, viewing angles that

never sample the beaming towards the observer line-of-sight never attain the highest

εf . For those that do attain these angles, the modest differences in the curves (see

left panels of Figure 4.7 and 4.8) essentially come about due to the different location

(i.e. altitude and colatitude) these the angles are attained thereby sampling different
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Figure 4.7 : Spectra III: Fixed γe meridional field loops as a function of viewing angle.
Both left and right panels present seven curves of varied viewing angle θv = 0◦...180◦

with respect to the magnetic axis, for meridional φ∗ = 0 with rmax = 4 and Bp = 10.
The left panel is fixed at γe = 101 while the right panel is for γe = 103. The
relatively low Lorentz factor for the left panel is insufficient to fully sample resonant
interactions in the peak of the Planckian incoming soft photon distribution, while the
Lorentz factor of 103 for the right panel violates COMPTEL bounds for most viewing
angles. The spectra in both panels include shadowing, although it is not a significant
effect for these meridional field loops.

values of the local magnetic field strength. A secondary effect is also the different

values of incoming soft photon angles µi sampled at these emission points. These

figures also confirm that even with variation of viewing angle, modest Lorentz factors

of ∼ 102 must be realized in a self-consistent cooling analysis so as not to violate

COMPTEL upper bounds on emission. The viewing angle dependence and geometry

here is consistent with the broad pulse profiles observed in many magnetars. Figure

4.8 right panel also presents a polarization-dependent calculation, with the result

that ⊥ exceeds ‖ at the highest energies for all viewing angles in agreement with

previous uniform B results of Baring and Harding (2007). Polarization degree is only

significant at higher energies, for those corresponding to backward scatterings in the
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Figure 4.8 : Spectra IV: Meridional field loops at γe = 102 as a function of viewing
angle, differing in local B. The spectra here illustrate the effect of changing local
B for a given stellar temperature with a fixed Lorentz factor of γe = 102 in both
panels. The left panel has relatively high local B at the resonant interaction point,
with Bp = 100 and rmax = 2 while the right panel illustrates the same parameters
as those in Figure 4.7 but with γe = 102. The right panel also illustrates spectra
computed using final-photon polarization state dependent in the Sokolov and Ternov
cross section (Chapter 2). Here ⊥ exceeds ‖ at the highest energies for all viewing
angles, a signature of resonant Compton scattering that may be observable in the
future.

ERF. At lower observer frame final energies εf the polarization drops to zero.

Finally, an important consideration is an integration of Eq. (4.13) over φ∗. Such

a case is representative of a uniformly activated magnetosphere. Such uniformity is

unlikely to be the case, for example for a current “j” bundle of field loops invoked in

twisted magnetosphere models of magnetars (e.g. Beloborodov & Thompson 2007,

Beloborodov 2013). Since most of the hardest emission is realized for a relatively small

spatial portion of the magnetosphere, the highest energies of a spectrum integrated

over φ∗ is dominated by this region. The sharp fall-off in εmaxf in Eq. (4.35) away

from the meridional zones results in a steepening of the spectrum, as evident in the

computation presented in Figure 4.9 which is an integration over the entire toroidal
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surface. The result, which is relatively flat E0 reminiscent of Baring and Harding

2007, can be understood by considering an empirical model of the spectra curves for

| cosφ∗| 6= 1:

dnemp
dtdεfdεsdφ∗

∼ ε
1/2
f if εf < εmax,φ∗f . (4.38)

Routine integration of this empirical function over φ∗ ∈ (0, π) results in the function

∫ π

0

dnemp
dtdεfdεsdφ∗

dφ∗ ∼ ε
1/2
f arccos(1− κ/εf ) εf � 1 (4.39)

for some constant κ. The Taylor series arccos[1− 1/(2x)] ≈ x−1/2, x� 1 with εf � 1

for this representative functional form yields a leading order term as ε0f , i.e. flat as

realized in Figure 4.9 for the full computation. Integrations over a narrower region

of azimuthal φ∗, perhaps for <∼ 15◦ around the meridian for a current bundle with

high Lorentz factor γe >∼ 102 will also yield similarly flat spectra for large εf up to

the cut-off εmaxf given by Eq. (4.25).

4.3.2 Radiation Reaction Limited Acceleration

From the calculations in Baring, Wadiasingh and Gonthier (2011) summarized in

Chapter 3, resonant Compton scattering cooling rates γ̇e typically peak at γe ∼

B/Θ where Θ is the thermal soft photon temperature in units of mec
2. At this

most-efficient cooling point, the corresponding cooling rate length scale, Eq. (55) of

BWG11, λc|γe∼B/Θ = cγe/γ̇e scales as λ–Θ−3α−1 times a B-dependent factor of order

unity correcting for sub- or super-critical fields. This approximate general character

also holds when the previously-mentioned nuance of correcting the delta function in

BWG11 is addressed. For B = 10 and T ∼ 106 K the corresponding cooling length

scale is approximately 103 − 104 cm � RNS at the surface.
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Figure 4.9 : Shown here is a special φ∗-integrated spectra, with shadowing, for in-
stantaneous θv = 30◦, Bp = 10, rmax = 4 and fixed and uncooled γe = 103. This
flat spectrum is reminiscent of spectra presented in Baring and Harding (2007) that
accessed all final scattering angles. Compared to meridional spectra shown in Figures
4.5, 4.7 and 4.8 here the spectrum is steeper by a factor ∼ ε

−1/2
f due to the strong

beaming of the hardest emission observed only near meridional field loops. Due to the
small spatially confined region of extend 1/γe around the meridional field loop, such
steeper spectra should also be realized for bundles of field loops around the meridional
loop that may be invoked in twisted magnetospheric models.

There is significant theoretical uncertainty in the mechanism of particle accelera-

tion operating in high B pulsars and magnetars, and no self-consistent solutions for

pulsar magnetospheres exist. The acceleration may be precipitated by electrostatic

potential gaps or non-potential twisted geometry for the field loops close to the sur-

face. As noted in BWG11, a first approximation for accelerating potential is a flat

γe-independent acceleration parameterized in terms of an efficiency η of the corotat-

ing electric field E‖ ∼ rΩB/c. The acceleration rate is then γacc ∼ ηRNSB/(Pλ–) so
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that the acceleration length scale is λacc ∼ γeλ–PC/(ηBRNS). This length scale is of

order 10−3 − 100 cm for B ∼ 1 − 10 and γe ∼ 103 for η ∼ 1, significantly inferior

numerically to the resonant Compton cooling lengths.

Varying the efficiency of acceleration η results in three cases to assess the im-

portance of resonant Compton cooling length λc|γe∼B/Θ relative to the acceleration

length λacc . For the case λacc � λc|γe∼B/Θ, when η � 1, the cooling is in the

nonresonant regime, and moreover, is not a significant influence in the inner magne-

tosphere since this acceleration length scale far exceeds RNS. In such a scenario, the

dominant cooling mechanism may be curvature radiation or Thomson scattering in

the outer magnetosphere where the thermal photon energy density and field strength

are low (e.g., Daugherty & Harding 1996; Harding & Muslimov 1998). For the case

λacc � λc|γe∼B/Θ, the acceleration rate is too high to be quenched by resonant Comp-

ton scattering for neutron star thermal temperatures in the soft X-ray band. In such

a case that may be encountered in gamma-ray pulsars (Daugherty & Harding 1982,

Sturner 1995 for the magnetic Thomson regime), electrons will reach Lorentz factors

of γe > 107 before losing energy to curvature radiation and other processes such as

magnetic pair creation.

Finally the case where λacc ∼ λc|γe∼B/Θ within a factor <∼ 104 (see Chapter 3)

causes accelerated particles to hit the resonant Compton cooling wall in the inner

magnetosphere. As further expedient simplifications, we assume a monoenergetic

initial distribution of particles and an impulsive acceleration close to the surface of

the star λacc ∼ 10−2− 10−4RNS. In a radiation-reaction-limited acceleration (RRLA)

scenario, we assume that resonant Compton cooling quenches electron acceleration

efficiently. Instead of an electron distribution ne in γe, we have a maximum Lorentz

factor γRRLAmax that depends on altitude and colatitude. Moreover, the electron density,

in general, will also vary with altitude and colatitude, although here we assume it
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to be constant. In general, neglecting a self-consistent treatment of electron cooling

using kinetic theory or PIC simulation, we have

ne(γe) = n0e(r, θcol)δ
[
γRRLAmax (r, θcol)− γe

]
. (4.40)

4.3.3 γRRLAmax Estimates as a Function of Altitude and Colatitude

To provide some guidance to the impact of cooling on spectral calculations, we derive

a simple form of γRRLAmax in this section. The form of the electron accelerating potential

which then yields an acceleration rate, along with a full numerical calculation of the

cooling rate, sets γRRLAmax as a function of altitude and colatitude in the magnetosphere

for impulsive acceleration of a monoenergetic species. In general, it is some function

of γe in units of inverse seconds, and may vary with altitude and colatitude, γ̇acc =

Q(γe, r, θcol)[s
−1] = constant for expediency. The γRRLAmax is found by determining

where the accelerating potential accesses the resonant electron cooling rate wall, i.e.

the intersection of the cooling rate and the γ̇acc. This is obtained numerically, in

general, by a root solving method γ̇e − γ̇acc = 0 because of the nontrivial way the

angular distribution function f(µi) folds into the cooling rate calculation. However,

this root solving can be computationally expensive, and given the already present

uncertainties and assumptions in the accelerating potential, is a complicated issue

that is deferred to future work where self-consistent cooling and emission is treated.

To form an estimate of where the intersection occurs for a constant accelerating

potential, by estimating where the peak of the resonant cooling rate occurs and

extrapolating down to lower Lorentz factors or acceleration potentials. This estimate

is allowable because of the relative similarity between cooling rate curves for a fixed

temperature, mirroring the underlying Planck spectrum for the incoming soft photons.

For expediency, we also assume that f [µi(γe)] = constant – this assumption introduces
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some significant errors (∼ factor of 2), compared with numerical calculations at higher

altitudes, but is a reasonable first approximation given the uncertainties in the form

of the accelerating potential. With these simplifications, the functional form of the

cooling rate is (see Chapter 3),

γ̇e,resonant ∼ A
`T (χ+)− `T (χ−)

γe
(4.41)

where

χ± =
B

γeΘ(1 + βeµ∓)
and `T (χ) = loge

1
1− e−χ (4.42)

and where A is a constant scaling dependent on B. We have neglected the nuance of

the delta function transformation correction to BWG11 presented in Chapter 3 that

introduces additional γe dependence. Here B is the local field magnitude, which varies

as a function of altitude and colatitude, for a dipole B = (Bp/(2r
3))
√

1 + 3 cos2 θcol.

The local maximum is found by taking the derivative with respect to γe and setting

it equal to zero,

∂
∂γe

(
`T (χ+)− `T (χ−)

γe

)
= 0. (4.43)

However, inverting the derivative function for γe is not analytically tractable in

terms of elementary functions. A good approximation may be found by iteration

about a solution γe ≈ B/Θ. Additionally the approximation βe ≈ 1 is used every-

where, except for the case where it appears with µ− where it is taken to second order

1 + βeµ− ≈ 1 + µ− − µ−/(2γ2
e ) to avoid the singularity when µ− ≈ −1. Changing

variables to y ≡ B/(γeΘ), we seek solutions to

∂
∂y

(
y

{
`T

[
y

1 + µ− − (1/2)µ−(yΘ/B)2

]
− `T

[
y

1 + µ+

]})
= 0 (4.44)
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that results in the transcendental equation

h(y) + y m(y) = 0 (4.45)

with σ ≡ Θ/B for compactness, and definitions

M− =
y

1 + µ− − (1/2)µ−(yσ)2

M+ =
y

1 + µ+

h(y) ≡ `T [M−]− `T [M+] (4.46)

m(y) ≡ (2(1 + µ−) + µ−σ
2y2)M2

−
2y2(1− eM−)

− (1− eM+)−1

(1 + µ+)
. (4.47)

Solving by iteration about y ≈ 1 to first order, the peaks of the Planckian cooling

rates are found to be

γpeake ≈ −B
Θ
m(1)
h(1)

. (4.48)

Thus the peak is approximately at B/Θ as expected, and the above analytic solution

is generally within 30% of the numerical solution to the transcedental equation. The

γRRLAmax may then be found by γRRLAmax ≈ Cγpeake where C <∼ 1 is an scaling parameter

of order 10−2 − 100 taken uniformly for varying altitude or colatitude and possibly

dependent on the efficiency η of γ̇acc. Shown in Figure 4.10 are two approximate

representative RRLA curves computed using Eq. (4.48) for C = {1, 0.1} in, traced

in red and blue where electrons are injected with γe = 103 at the south magnetic

foot-point of a loop of extend rmax = 4. Notable for the black dotted curves is the

asymmetry due to the incoming photon angle with respect to the magnetic field µ±

dependence.

The above analysis is a simple model that ignores pile-up at lower Lorentz factors
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Figure 4.10 : RRLA cooling curves for the peak of the resonance, or modulated by
a constant factor C for a field loop of rmax = 4 with polar field Bp = 10 and stellar
temperature T = 106 K. The black dotted curves are straightforward calculations
of the approximate peak of resonant cooling given by Eq. (4.48). The asymmetry of
these curves about π/2 highlights the different incoming photon angles with respect to
the magnetic field µ± for the two hemispheres. The red and blue traces are potential
RRLA electron cooling trajectories for injection at γe = 103 at the south magnetic
foot-point, coasting after reaching the lowest Lorentz factor along a field loop.

in the electron phase space density distribution, and its spatial non-uniformity along a

field loop. Shown in Figure 4.11 are shadowed meridional and anti-meridional spectra

computations in this simple picture, highlighting the differences sampled Lorentz

factors and photon angles encountered. The spectral shape and index are very similar

to the uncooled electron spectra presented in the previous section, highlighting the

relatively narrow spatial region where the hardest beaming towards the observer is

sampled. Indeed, the spectra in Figure 4.11 can be well-approximated by uncooled

spectra of γe,eff ∼ 102.7 and γe,eft ∼ 102.3 for meridional and anti-meridional loops
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Figure 4.11 : RRLA spectra for meridional and anti-meridional field loops, with an
initial injection of γe = 103 cooling using Eq. (4.48) at the south magnetic foot-point
for a loop of rmax = 4. The curves reflect the cooling trajectory of electrons that
follow the red curve in Figure 4.10. The difference, and lack of symmetry, in the
two spectra above highlight the different Lorentz factor sampled at the small spatial
location where resonant beaming towards the observers occurs on the loops as well
as the different incoming photon angles with respect to the magnetic field in f(µi)
for the two hemispheres. From the red curve in Figure 4.10 it is evident that for
the meridional field loop, the effective Lorentz factor is γe,eff ∼ 102.7 while for the
anti-meridional case it is γe,eff ∼ 102.3.

respectively.

4.4 Discussion

Some high Lorentz factor resonant Compton directed spectra presented in this Chap-

ter violate COMPTEL upper bounds imposed on canonical magnetars. A self-consistent

radiative reaction limited model for acceleration and cooling for the electron distri-
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bution ne(γe) along a field loop will cause a pile-up of electrons at low Lorentz factors

typically at high altitudes, for a constant accelerating potential γ̇acc. This accelerat-

ing potential may be due to non-potential field configurations invoked in models for

the transient behavior of magnetars. The one-dimensional electron distribution along

a field loop convolved with the directed observer line-of-sight photon production rate

will naturally steepen the spectrum and induce a cut-off related to the maximum

Lorentz factor at a colatitude found from electron cooling studies.

There are additional radiative mechanisms in the hard X-ray band to reprocess

hard emission produced by resonant Compton interactions by ultrarelativistic elec-

trons. Single-photon magnetic pair creation, in which the magnetic field allows for

four-momentum conservation, has a formal threshold of εγ = 2/ sin θkB, in units of

mec
2, to produce pairs in the ground Landau state with equal parallel momenta

cot θkB where θkB angle between the photon direction and the local magnetic field.

Above threshold, pairs may be created in excited Landau states inducing edges in the

attenuation coefficient for gamma-rays. The general energy-momentum conservation

equations (Daugherty & Harding 1983) for production of pairs in arbitrary Dirac

Landau states j, l and parallel momenta p, q are

εγ = Ej,p + El,q

εγ cos θkB = p+ q (4.49)

Ej,p =
√

1 + p2 + 2jB

where momentum perpendicular to the field is not conserved and absorbed by the

field, a requirement for four-momentum conservation in pair production. The energy

El,q takes the same form as above. Asymptotically, in the limit of low fields or high

photon energies far exceeding threshold averaging over Landau states and neglecting
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bound-state (e.g. positronium formation) resonances, the attenuation coefficient is a

smooth function proportional to B sin θkBχ
−1/3 Ai2

(
χ−2/3

)
where χ = εB sin θkB/2

(Erber 1966). Using asymptotic expansions for the Airy function, this attenuation

coefficient scales as B sin θkB times χ−1/3 and exp [−4/(3χ)] for χ� 1 and χ� 1 re-

spectively. The χ� 1 regime asymptotic is rarely of practical use, since attenuation

usually proceeds in the χ <∼ 1 domains. However, such an asymptotic polarization-

averaged analysis is not appropriate for magnetar fields for photon energies near

threshold due to the importance of discrete Landau levels Eq. (4.49) modifying the

attenuation coefficient and introducing strong polarization modifications in the appro-

priate QED analysis. A treatment of threshold magnetic pair creation near threshold

for strong fields was studied by Daugherty & Harding (1983) who found that the

created pairs in high fields generally will congregate into bimodal energy distribution

near minimum and maximum kinematically allowable energies (E ≈ 1 and εγ − 1)

for photon energies of a few MeV. The attenuation coefficients near threshold also

exhibit strong polarization distortions with parallel more attenuated than perpen-

dicular polarizations, a signature of single-photon magnetic pair creation that may

become evident in a future sensitive hard X-ray polarimetry mission with distinct

pulse-phase polarization-dependent modulations.

Hence for high fields, photons produced above pair threshold energy by reso-

nant Compton interactions of ultrarelativistic electrons may be readily reprocessed

in regions of the magnetosphere where B sin θkB ≥ 1 creating a population of mildly

relativistic electrons and positrons in the electron distribution along field loops in the

magnetosphere. The pairs may annihilate either by the one or two-photon pair anni-

hilation processes depending on the density of pairs and local magnetic field; electrons

and positrons that do not annihilate will be trapped in the closed magnetosphere and

eventually impact the neutron star crust at the magnetic foot-points. The population
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of mildly relativistic electrons may play an integral role in the soft X-ray emission

seen in magnetars by the repeated resonant cyclotron scattering model (Lyutikov &

Gavriil 2006) depending on their occupation timescale versus annihilation timescale,

the latter of which is dependent on local pair density that is ultimately regulated by

the population of ultrarelativistic electrons. Moreover, an abundant supply of pairs

will short-out or screen the accelerating potentials that spawned the ultrarelativistic

electrons. A detailed self-consistent model of the electron distribution and for the

production of mildly relativistic pairs spawned by the resonant Compton cooling of

ultrarelativistic electrons and resonant cyclotron scattering in the magnetosphere of

a magnetar is deferred for the future, and likely requires a Monte Carlo analysis. The

bolometric luminosities of soft and hard X-ray non-thermal components in many mag-

netars are comparable, and may suggest a regulation mechanism in the underlying

electron/positron population after initial injection of energy in ultrarelativistic elec-

trons by, for example, a non-potential twisted magnetosphere precipitated by internal

crustal rearrangements.

For energies below the single-photon pair production threshold, magnetic photon

splitting, a third-order QED process, is also expected to significantly attenuate and

reprocess the emergent spectra. Three polarization splitting modes are allowed by

QED’s CP symmetry (⊥→‖‖, ‖→⊥‖, and ⊥→⊥⊥ ). Vacuum dispersion caused by

a magnetic field (e.g. Adler 1971) introduces significant complexity in the calculation

of attenuation coefficients for photon splitting – in the weakly dispersive regime, only

the ⊥→‖‖ is kinematically allowed. It is currently an open research question if all

three modes permitted by CP symmetry are allowable in the nonlinear supercritical

regime. Observations by a future X-ray polarimetry mission of high-field pulsars

and magnetars may lead to a strong polarization signal. The attenuation coefficient

for photon splitting (e.g. Harding, Baring & Gonthier 1997) for any splitting mode
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scales as ∝ ε5f sin6 θkBC(Blocal/Bcr) where C a function of B′ = (Blocal/Bcr) such that

C(B′) ∼ 1 for B′ � 1 and C(B) ∼ B′6 for B′ � 1. Thus, intrinsically, photon splitting

in a magnetosphere is strongly sensitive to the altitude of emission and observer line-

of-sight. High-energy photons below pair production threshold reaching an observer

traversing low altitudes in regions of high B and sin θkB ∼ 1 may be significantly

attenuated in high-field pulsars. This will result in a pileup of photons at moderately

lower energies if all three splitting modes are allowed. Such photon paths are expected

for interaction points on the back side of the star relative to the observer passing near

the limb. It has been shown (Baring & Harding 1998; Harding, Baring & Gonthier

1997) that photon splitting cascades may be the dominant attenuation mechanism for

supercritical fields in high-field pulsars if all three splitting modes are kinematically

allowed. A treatment of detailed anisotropic photon splitting and single photon pair

creation in magnetars for resonant Compton interactions at arbitrary observer line of

sights is also deferred for future work.



Chapter 5

Summary and Implications

Neutron stars are a fascinating class of compact stellar remnants that must be de-

scribed by relativistic astrophysics for their structure and emission. Magnetars,

slow-rotating neutron stars with high inferred magnetic fields, are differentiated from

canonical rotation-powered radio and gamma-ray pulsars in several attributes that

make this unusual class of objects exceptionally interesting for study as astrophysi-

cal laboratories of extreme physics. Apart from their high magnetic field, magnetars

are characterized by high-energy flares and bursts and persistent X-ray emission that

exceeds electromagnetic dipole spin-down power by several orders of magnitude. In

addition to a quasi-thermal soft X-ray spectral component, a subset of magnetars have

been shown to possess a persistent hard X-ray component that is characteristically

flat, extending up to a few hundred keV. In contrast with narrow pulse profiles of

rotation-powered pulsars, magnetars have pulses that are relatively broad. Moreover,

the pulsed faction of the persistent hard X-ray component typically increases with

observed photon energy, approaching 100% at the highest detectable energies.

In this thesis, I considered an inner magnetospheric model for this persistent hard

X-ray emission where resonant Compton upscattering of soft thermal photons by

electrons moving along field lines is the primary electron cooling mechanism. The

process, described by a cross section derived in QED for Compton scattering in a

magnetic field, is resonant at the cyclotron fundamental ωi = ωc for relativistic elec-

trons that beam the soft photons along the magnetic field. The spin-dependent cross
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section for scattering, described in Chapter 2, attains values that exceed the Thomson

scattering one by several orders of magnitude at the resonance, where the formally

divergent cross section is capped by the cyclotron decay widths for Landau-level tran-

sition n = 1→ 0. The spin-dependent Sokolov and Ternov cross section developed in

Chapter 2 is for the first time employed in calculations of electron cooling and emis-

sion in an appropriate astrophysical context, magnetars, as advanced in Chapters 3

and 4.

Extensive electron cooling rate calculations confirm that resonant Compton scat-

tering is an efficient cooling process that operates in magnetars for a wide range of

initial electron Lorentz factors for arbitrary interaction points in a dipole magneto-

sphere. The mechanism is prolific for up to several stellar radii above the surface

for a uniformly bright soft thermal photon source at the stellar surface. The cooling

rate calculations developed in this thesis applied in the Thomson limit confirm ear-

lier low-field and spin-averaged magnetic Thomson treatments of electron cooling in

derived in different astrophysical contexts. Moreover, the cooling rate exploration in

Chapter 3 suggests that for a wide variety of altitudes of emission, for magnetar fields

and surface temperatures, electron Lorentz factors are limited to γe ∼ B/Θ <∼ 104

due to highly efficient resonant Compton cooling if the electron acceleration length

scale is not too short. The acceleration can perhaps be generated via potential gaps,

or current loop twists, the details of which are not explored in this thesis.

Resonant Compton upscattering emission is necessarily anisotropic, due to the rel-

ativistic kinematics and Lorentz transformations that are a key ingredient in sampling

the resonant interaction. I examine a simple model of directed anisotropic emission

in Chapter 4 to capture the essential character of the emission, where electrons of

fixed Lorentz factor are constrained along field loops in a perfect dipole magneto-

sphere. The inversion of the kinematics for resonant interactions yields a one-to-one
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correspondence between the final scattering angle and observer-frame scattered en-

ergy, yielding a relatively small spatial location where the highest energy emission is

beamed toward an observer line-of-sight. Most magnetospheric emission is beamed

in other directions, so the observer only detects a much softer spectrum, below 1

MeV. Neglecting reprocessing of high-energy emission, observed COMPTEL upper

bounds for magnetars necessarily constrain electron Lorentz factors at these emission

locations to γe <∼ 102 for a wide range of instantaneous viewing angles, consistent

with the cooling rate calculations in Chapter 3.

Beyond analyses in Chapters 3 and 4, the next step of this program of research

must be a self-consistent kinetic or Monte Carlo analysis of emission and cooling in

a magnetosphere, with considerations for single-photon pair production and photon

splitting. These QED hard X-ray/gamma-ray attenuation mechanisms are germane

to details of the formation of the 150−300 keV spectral turnover in magnetar spectra.

The electron distribution in density and Lorentz factors will necessarily be compli-

cated by such considerations, with a pile-up of Lorentz factors in density likely depen-

dent on location along a loop and the acceleration mechanism. General relativistic

corrections must be incorporated for photon trajectories close to the surface, as well as

NS atmosphere radiative transport for the soft thermal photons that impose modest

spectral modifications and polarization mode dependence on the incoming thermal

photons. General relativistic modifications are expected to be small since most of

the hard spectra beamed towards the observer are produced above ∼ 2 stellar radii.

However, in the modeling of pulse profiles for a full magnetosphere, modifications of

photon trajectories that pass close to the stellar surface may be a significant influence,

for example those photons that are generated close to the shadow boundary on the

far side of the star. The acceleration model of electrons is also uncertain, with loop

geometry and current/magnetic twist discharge that may also have to be considered
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in a self-consistent manner in a complex Monte Carlo simulation.

Detailed analysis of energy-dependent pulse profile with a self-consistent model

will allow for constraining attributes of a magnetar and its magnetosphere, such as

magnetic field inclination angle α, emission location, participating loop/bundles and

acceleration mechanism as well as the minimum magnetic field, independent of the

spin-down parameters. For a model of an electron distribution along a bundle of field

loops, the pulse profiles’ shapes will depend critically on the magnetic inclination

angle that modulates the instantaneous viewing angle. Because of the one-to-one

correspondence between final observed scattering energy and scattering angle, exam-

ination of energy-dependent pulse profiles will allow for a consistent estimate of the

magnetic inclination angle. Applying this method to a pool of magnetars with dif-

ferent ages, a correlation between age (or a proxy for age, i.e. P/Ṗ ) and magnetic

obliquity may be revealed since pulsars are expected to evolve to α → 0 on long

timescales (e.g. Philippov et al. 2013).

The high polarization fraction at the highest energies is an essential feature of the

emission in the spectra in Chapter 4. A future hard X-ray Compton telescope with

ability to discriminate photon polarization as a function of pulse in the 101 − 104

keV band will be a key advance for modeling magnetars and determining which QED

processes are operating at the highest energies. A Compton telescope, with relatively

heavy detector technology and high launch expense, is necessary for good sensitivity

and energy/temporal resolution in the hard X-ray band. Although Compton po-

larimetry technology is rapidly improving, such a major telescope is not likely to be

launched by any western government in the next decade perhaps due to other higher-

ranked science priorities by astronomical community. Thus using polarimetry to help

disentangle the enigma of magnetars will likely have to wait a decade or more.



186

References

Abdo, A. A., Ackermann, M., Ajello, M., et al. 2010, ApJ, 725, L73

Abdo, A. A., Ajello, M., Allafort, A., et al. 2013, ApJS, 208, 17

Abramowitz, M., & Stegun, I. A. 1965, Dover Books on Advanced Mathematics,

New York: Dover, —c1965, Corrected edition, edited by Abramowitz, Milton;

Stegun, Irene A.,

Adler, S. L. 1971, Annals of Physics, 67, 599

Aliu, E., Anderhub, H., Antonelli, L. A., et al. 2008, Science, 322, 1221

Alpar, M. A. 2001, ApJ, 554, 1245

Aptekar, R. L., Frederiks, D. D., Golenetskii, S. V., et al. 2001, ApJS, 137, 227

Archibald, R. F., Kaspi, V. M., Ng, C.-Y., et al. 2013, Nature, 497, 591

Arons, J. 1983, ApJ, 266, 215

Baade, W., & Zwicky, F. 1934, Proceedings of the National Academy of Science,

20, 254

Bamber, C., Boege, S. J., Koffas, T., et al. 1999, Phys. Rev. D, 60, 092004

Baring, M. G. 1994, Gamma-Ray Bursts, 307, 572



187

Baring, M. G., Gonthier, P. L., & Harding, A. K. 2005, ApJ, 630, 430

Baring, M. G., & Harding, A. K. 1998, ApJ, 507, L55

Baring, M. G., & Harding, A. K. 2001, ApJ, 547, 929

Baring, M. G., & Harding, A. K. 2007, Ap&SS, 308, 109

Baring, M. G., Wadiasingh, Z., & Gonthier, P. L. 2011, ApJ, 733, 61

Bekefi, G. 1966, Radiation Processes in Plasmas, (Wiley and Sons, New York)

Beloborodov, A. M. 2009, ApJ, 703, 1044

Beloborodov, A. M. 2013, ApJ, 762, 13

Beloborodov, A. M., & Thompson, C. 2007, ApJ, 657, 967

Blandford, R. D., & Payne, D. G. 1981, MNRAS, 194, 1041

Blumenthal, G. R., & Gould, R. J. 1970, Reviews of Modern Physics, 42, 237

Bulanov, S. S., Schroeder, C. B., Esarey, E., & Leemans, W. P. 2013, Phys. Rev. A,

87, 062110

Bulik, T., & Miller, M. C. 1997, MNRAS, 288, 596

Burgay, M., Rea, N., Israel, G. L., et al. 2006, MNRAS, 372, 410
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Lin, L., Göǧüş, E., Baring, M. G., et al. 2012, ApJ, 756, 54

Longair, M. S. 2011, High Energy Astrophysics, by Malcolm S. Longair, Cambridge,

UK: Cambridge University Press, 2011,

Lorimer, D. R., Kramer, M., Ellis, R., et al. 2004, Handbook of pulsar astronomy,

by D.R. Lorimer and M. Kramer. Cambridge observing handbooks for research

astronomers, Vol. 4. Cambridge, UK: Cambridge University Press, 2004,

Lyubarsky, Y., Eichler, D., & Thompson, C. 2002, ApJ, 580, L69

Lyutikov, M. 2003, MNRAS, 346, 540

Lyutikov, M., & Gavriil, F. P. 2006, MNRAS, 368, 690

Manchester, R. N., Hobbs, G. B., Teoh, A., & Hobbs, M. 2005, AJ, 129, 1993



193

Manchester, R. N., & Taylor, J. H. 1977, San Francisco : W. H. Freeman, c1977.,

36

Marsden, D., & White, N. E. 2001, ApJ, 551, L155

Melrose, D. B., & Zhelezniakov, V. V. 1981, A&A, 95, 86

Mereghetti, S., Israel, G. L., & Stella, L. 1998, MNRAS, 296, 689

Molkov, S. V., Cherepashchuk, A. M., Lutovinov, A. A., et al. 2004, Astronomy

Letters, 30, 534

Mori, K., & Ho, W. C. G. 2007, MNRAS, 377, 905

Ng, C.-Y., Kaspi, V. M., Ho, W. C. G., et al. 2012, ApJ, 761, 65

Nobili, L., Turolla, R., & Zane, S. 2008, MNRAS, 386, 1527

Oppenheimer, J. R., & Volkoff, G. M. 1939, Physical Review, 55, 374
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Appendix A

Analytic Reduction of Compton Cooling and

Collision Rates in γe � 1 Domains

The expressions for the asymptotic resonant rates in supercritical fields were summa-

rized in Chapter 3. These expressions, which validated the numerical computations

presented, are now derived in this appendix for completeness. For thermal photons of

dimensionless temperature Θ , they correspond to the regime γeΘ >∼ B . Yet, it must

be noted that the core equations developed here, Eq. (A.14) for the Johnson & Lipp-

mann case, and Eq. (A.25) for the Sokolov & Ternov formalism, are also applicable to

non-resonant cases, but only under the γe � 1 ultra-relativistic presumption. Soft

photon anisotropies at high altitudes and non-polar colatitudes are not encapsulated

by the developments herein.

A.1 Resonant Cooling Rates: Johnson & Lippmann Forms

The starting point is the full formulation in Eq. (3.13). The resonant domain is

realized in the γe � 1 regime, for which the Jacobian in Eq. (3.15) receives a leading

order contribution of

∣∣∣∣
∂εf

∂(cos θf )

∣∣∣∣ ≈ γeβeωf [1−Ψ] , Ψ =
(1− µ)ωf (ωi − ωfµ)

2ωi − ωf − ζ . (A.1)

The correction factor Ψ is small in the limits B → 0 and B →∞ , but contributes

approximately 30-40% in the near-critical field regime. In addition, the relative ve-
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locity factor 1 − βe cos θf becomes approximately βe(1 − cos θf ) . Under these ap-

proximations, for isotropy of soft photons f(µi)→ 1 on the cone, the monoenergetic

cooling rate simplifies to

γ̇e ≈ − ns c
µ+ − µ−

1
γeε

2
s

∫ ω+

ω−

ωi dωi

∫ 1

−1

d(cos θf ) [1−cos θf ]ωf [1−Ψ]
dσ

d(cos θf )
(A.2)

As a reminder, here ω± = γeεs (1 + βeµ±) defines the kinematic maximum and

minimum of incoming photon energies in the ERF. The dominant contribution to the

ωi integration comes from the resonance, so that the non-resonant terms (m = 2) in

the cross sections can be neglected. The Johnson & Lippman differential cross section

with this assumption, presented in BWG11, is

dσJL

d(cos θf )
≈ 3σT

16
ω3
f e
−κ

ωi [2ωi − ωf − ζ ]
ωf T

(ωi −B)2 + (Γ/2)2 , κ =
ω2
f sin2 θf

2B
(A.3)

for ζ = ωiωf (1−cos θf ) . The polarization-averaged factor in the numerator is defined

to be:

ωfT = 2ωi − (1 + ωi)ωf (1− cos θf )
2 . (A.4)

At this stage, the focus will be on analytic reduction of the the JL formulation.

Using r = 1/[1 + ωi(1 − cos θf )] , a change of variables for the θf integration is

employed, so that d(cos θf ) = −dr/(r2ωi) with 1/(1 + 2ωi) ≤ r ≤ 1 . Therefore, the

scattering kinematics is described via

ωf
ωi

=
2r

1 +
√

1− q(r, ωi)
, q(r, ωi) =

2
ωi

(1− r)
[
(2ωi + 1)r − 1

]
. (A.5)
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The cooling rate reduces to

γ̇e,JL ≈ − 3
16

ns σTc
µ+ − µ−

1
γeε

2
s

∫ ω+

ω−

ω2
i dωi

(ωi −B)2 + (Γ/2)2

∫ 1

1/(1+2ωi)

dr
(1− r)
r3

×
(
ωf
ωi

)4
[1−Ψ]ωfT e−κ

2ωi − ωf − ζ . (A.6)

The following identities then prove useful:

ωf sin2 θf =
1
r

{
1−

√
1− q

}
,

ζ =
2ωi (1− r)
1 +

√
1− q , (A.7)

φ =
1−

√
1− q

1 +
√

1− q .

Accordingly, the argument κ of the exponential is purely a function of q at the peak

of the resonance, and is most compactly expressed as κ = φωi/B . It follows that

r(2ωi − ωf − ζ) = ωf
√

1− q and rωfT = 2ωir− (1 + ωi) [1−√1− q ] , defining two

useful identities that can compactly express the last factor in Eq. (A.6).

The next step is to change to use φ as the angular integration variable, since it

proves more convenient than r . For this development, the ERF incoming photon

energy is expressed via the parameter

zω =
1
2

(
Φ +

1
Φ

)
≡ 1 +

1
ωi

, Φ =

√
1 + 2ωi − 1√
1 + 2ωi + 1

. (A.8)

To facilitate the algebra, it proves convenient to effect the re-scaling R = (1+zω) (1+

φ)r , which spawns the identities

ωi =
1

zω − 1
, ωf =

R
z2
ω − 1

, µ = zω − z2
ω − 1
R

(1 + φ) . (A.9)
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The cooling rate can then be re-cast in the form

γ̇e,JL ≈ −3
8

ns σTc
µ+ − µ−

1
γeε

2
s

∫ R+

R−

e−φ dR
(1 + zω)3

1 + φ
1− φ (R+ −R)

{
R−zω(zω+1)φ

}
[1−Ψ] ,

(A.10)

for R± = (zω ± 1)(1 + φ) . We note also the identity

Ψ =
(1− µ) r (ωi − ωfµ)√

1− q =
{R+ −R} {(zω − 1)R+ + 1 + zω −Rzω}

(1− φ)(1 + zω)2 . (A.11)

Since q(r, ωi) is quadratic in r , there are two branches to the R→ φ transformation,

defined by R = R± , where

R± = zω (1 + φ)±
√

1− 2φzω + φ2 . (A.12)

Both branches, R− ≤ R− ≤ zω(1 + φ) and zω(1 + φ) ≤ R+ ≤ R+ , span the domain

0 ≤ q ≤ 2ωi/(1 + 2ωi) , or equivalently, 0 ≤ φ ≤ Φ , and for each we have

∣∣∣∣
dR
dφ

∣∣∣∣ =
1− φ
1 + φ

1 + zω√
1− 2φzω + φ2

. (A.13)

After substantial cancellation from contributions from the two branches, the algebra

routinely yields a resonant asymptotic approximation for the JL cooling rate in and

near the resonance:

γ̇e,JL ≈ −3
4

ns σTc
µ+ − µ−

1
γeε

2
s

∫ ω+

ω−

F (zω, p)− G (zω, p)
(ωi −B)2 + (Γ/2)2

ω4
i dωi

(1 + 2ωi)
2 , zω = 1+

1
ωi

,

(A.14)

for p = ωi/B ≈ 1 , where the leading order term in the zω ≈ 1 and zω � 1 domains
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has the functional form

F(z, p) =

∫ Φ(z)

0

f(z, φ) e−p φ dφ√
1− 2zφ+ φ2

, f(z, φ) = z − 1 + z(3− z)φ− (1 + z2)φ2 .

(A.15)

Here, Φ(z) = z−
√
z2 − 1 . The correction term corresponding to the Ψ contribution

is

G(z, p) =
2(z − 1)
(1 + z)2

∫ Φ(z)

0

g(z, φ) e−p φ dφ

(1− φ)
√

1− 2zφ+ φ2
, (A.16)

where

g(z, φ) = 2z−φ(1−2z+5z2)−φ2(1−5z+3z2−3z3)−φ3(1−4z+z2−2z3)−φ4(1+z2) .

(A.17)

This separation is convenient, because it is trivial to show that G(z, p)→ 0 in both

the limits z → 1+ and z →∞ . The integrals for F and G can be expressed in terms

of series of special functions, an analytic path that does not facilitate computation.

However, for numerical purposes, it suffices to evaluate them as series in the (z−1)�

1 and z � 1 limits, as outlined in Appendix B. Observe that Eq. (A.14) is reproduced

in Eq. (3.32).

Numerical evaluation of Eq. (A.14) is somewhat cumbersome, and requires algo-

rithmic intricacy and precision due to the presence of the rapidly-varying Lorentz

profile. Since Γ/B � 1 for all domains of interest in this chapter, the Lorentz profile

in the cross section can be approximated by a delta function in ωi space of identical

normalization:

1
(ωi −B)2 + (Γ/2)2 →

2π
Γ
δ(ωi −B) . (A.18)

This standard mapping was adopted in Dermer (1990, for the specific non-relativistic

cyclotron decay case of Γ = 4αfB
2/3 ) and Baring and Harding (2007), and renders
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the ωi integration trivial. Accordingly, one integral is removed from the computation,

the integral that offers the greatest potential for numerical imprecision. The result of

this manipulation is

γ̇e,JL ≈ −3π
2

ns σTc
µ+ − µ−

B2

γeε
2
sΓ
F(z)− G(z)

(1 + z)2 , z = 1 +
1
B

, (A.19)

with the functional identification F(z) ≡ F(z, 1) , G(z) ≡ G(z, 1) representing the

p = ωi/B = 1 specialization. In the high-field limit, B � 1 , which is obtained

via setting z → 1 , we have G(z) → 0 and the integrand in Eq. (A.15) possesses no

divergence as φ→ Φ→ 1 . Then F → 2(1− 2/e) , giving

γ̇e,JL ≈ − ns σTc
µ+ − µ−

3πB2

4γeε
2
sΓ

(
1− 2

e

)
, B � 1 . (A.20)

Likewise, for B � 1 , z � 1 and Φ ≈ 1/(2z) , yielding G → 0 and F → 2/3 , and

the magnetic Thomson limit result becomes

γ̇e,JL ≈ − ns σTc
µ+ − µ−

πB4

γeε
2
sΓ

, B � 1 . (A.21)

When substituting Γ → 4αfB
2/3 for the “non-relativistic” cyclotron decay width,

this result generates Eq. (3.23), and is commensurate with the leading-order, high-

γe contribution from Eq. (24) of Dermer (1990), specifically for mono-energetic soft

photons. We note in concluding this reduction of the Johnson and Lippmann resonant

formalism that Eqs. (A.14) and (A.19) can be routinely integrated over a Planck

spectrum for soft photons to yield a separable temperature factor contributing to the

thermal, resonant cooling rate.



204

A.2 Resonant Cooling Rates: Sokolov & Ternov Formulation

For Sokolov and Ternov states, the analytic manipulations proceed using an almost

identical protocol. Eq. (A.3) is replaced by the spin-dependent form for the approxi-

mate differential cross section at and near resonance (see Chapter 2):

dσST

d(cos θf )
=

3σT

64
ω2
f e
−κ

ωi [2ωi − ωf − ζ] ε3
⊥

∑

s=±1

(ε⊥ + s)2 Λs

(ωi −B)2 + (Γs/2)2 , (A.22)

for κ = ω2
f sin2 θf/[2B] and

Λs = (2ε⊥ − s) ω2
fT + s ε2

⊥ (ωi − ωf ) . (A.23)

Here the quantum number s labels the intermediate electron’s spin state, yielding

the two Lorentz profiles that are described by the widths

Γs = (ε⊥ + s)
1 +B
ε⊥

Γ , ε⊥ =
√

1 + 2B . (A.24)

Again, Γ is the same spin-averaged cyclotron width/decay rate as is used in the JL

formulation.

Now, in terms of the development algebra, the ω2
fT piece has already been han-

dled in the JL resonance asymptotics, yielding an integral involving the F(zω, p) −

G(zω, p) factor. The remaining piece possesses an integrand proportional to ωi−ωf ,

and can be manipulated in a similar fashion through the changes of variables θf → φ ,

amounting to a replacement of the factor R− zω(zω + 1)φ in Eq. (A.10) by one pro-

portional to (1 + φ) (R − z − 1) . This algebraic rearrangement is routine. Progress

can be expedited by extracting out the F − G piece that reproduces half the JL

result, i.e. provides the dominant contribution to the B � 1 limit. The end result
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for the Sokolov and Ternov cooling rate in and near the resonance can be cast in the

form, summarized in Eq. (3.35),

γ̇e,ST ≈ − 3
16

ns σTc
µ+ − µ−

1
γeε

2
s

∑

s=±1

∫ ω+

ω−

(sε⊥ + 1) Υs (zω, p)
(ωi −B)2 + (Γs/2)2

ω4
i dωi

(1 + 2ωi)
2 , zω = 1+

1
ωi
,

(A.25)

for p = ωi/B ≈ 1 , and

Υs (z, p) =

{(
s
ε⊥

+ 1

) [
F(z, p)− G(z, p)

]
+

(
s
ε⊥
− 1

) [
F∆(z, p)− G∆(z, p)

]}
.

(A.26)

This path of manipulation leads to the identification of two new integral functions:

F∆(z, p) = (z + 1)

∫ Φ(z)

0

φ(1− φ) e−p φ√
1− 2zφ+ φ2

dφ

(A.27)

G∆(z, p) = 2
z − 1
z + 1

∫ Φ(z)

0

φ2 (z + 2φz − φ2) e−p φ

(1− φ)
√

1− 2zφ+ φ2
dφ .

The incorporation of spin-dependence necessitates a total of two integrals expressing

the angular integrations, which in this chapter are each divided into differences of

terms (F − G and F∆ − G∆ ) that isolate the mathematical character of the contri-

butions to the Jacobian in Eq. (A.1). As with the JL resonant analytics above, for

numerical purposes, it suffices to evaluate each of these four functions as series in the

(z − 1)� 1 and z � 1 limits, a development outlined below.

Again, one may form a more compact analytic approximation to the resonant ST

contribution by appealing to the fact that Γ/B � 1 for all domains of interest in

this chapter. The Lorentz profile in the JL cross section is then again approximated

by a delta function in ωi space via Eq. (A.18). Then the p→ 1 limit can be taken,

the ωi integration is trivial, and the two-dimensional integral in Eq. (A.25) reduces
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to

γ̇e,ST ≈ −3π
4

ns σTc
µ+ − µ−

1
γeε

2
sΓ

B2

(1 + z)2

{
[F(z)− G(z)] + [F∆(z)− G∆(z)]

}
, (A.28)

with z = 1 + 1/B and again with the functional identification F(z) ≡ F(z, 1) ,

G(z) ≡ G(z, 1) , etc., representing the p = ωi/B = 1 specialization. Observe that

the magnetic field-dependent factors here are just represented by the RST(B) function

defined in Eq. (3.43). Observe also that Eq. (A.28) can be derived in an alternative

fashion by asserting the Eq. (A.18) correspondence early on, and then following the

same changes of variables for the angular integration. This amounts to employing the

spin-averaged ST differential cross section

dσST

d(cos θf )
≈ 3πσT

16Γ
ω2
f e
−κ δ(ωi −B)S

ωi (1 + ωi) [2ωi − ωf − ζ]
, (A.29)

for

S =
1

2ε2
⊥

∑

s=±1

(ε⊥ + s) Λs =

(
2− 1

ε2
⊥

)
ω2
fT + (ωi − ωf ) . (A.30)

This is slightly more involved than the corresponding JL form, which is obtained

by substituting S → 2(1 + B)ω2
fT . Note that an identical alternative protocol for

derivation applies to the JL resonant asymptotic result in Eq. (A.19).

The high field limit of the ST resonant rate is readily obtained. Setting z → 1 ,

we have F(z) → 2(1 − 2/e) , as before, and F∆ → 2(1 − 2/e) also. The G(z) and

G∆(z) terms contribute zero in this limit, yielding

γ̇e,ST ≈ − ns σTc
µ+ − µ−

3πB2

4γeε
2
sΓ

(
1− 2

e

)
, B � 1 , (A.31)

a result identical to that in Eq. (A.20) for the JL cross section formalism. In the
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B � 1 limit, since z � 1 and Φ ≈ 1/(2z) , again the G(z) and G∆(z) terms can

be neglected, indicating that the ωi − ωf term is of order O(1/z) . Similarly, the

F∆(z) contribution is small. Then, since F(z)→ 2/3 when z →∞ , the Thomson

limit result is

γ̇e,ST ≈ − ns σTc
µ+ − µ−

πB4

2γeε
2
sΓ

, B � 1 , (A.32)

i.e. half that of the Johnson & Lippman value in Eq. (A.21).

A.3 Compton Upscattering Collisional Rates

Now the focus turns to collision rates, i.e. inverse lifetimes for Compton upscattering

collisions that are employed in the computation of mean energy losses for the electrons

that are considered in deriving the mean energy loss rate in Chapter 3. These are

mathematically very similar to the cooling rates, being just devoid of an energy factor

εf − εi ≈ εf in the integrand. Accordingly, the reaction rate can quickly be written

down by introducing a factor −1/εf = −(1 + zω)/γe/(R+ − R) into Eq. (A.10) for

the JL case. This reduces the order of the polynomial factors in the integrand by one.

The manipulations then parallel those for the cooling rates, and the end result is of

a very similar form. For JL states, one arrives at

1
τe,JL

≈ 3
4

ns σTc
µ+ − µ−

1
γ2
eε

2
s

∫ ω+

ω−

Fτ (zω, p)− Gτ (zω, p)
(ωi −B)2 + (Γ/2)2

ω3
i dωi

1 + 2ωi
, zω = 1 +

1
ωi

,

(A.33)

where again, p = ωi/B . Now we have two new functions expressing the integrals

over photon scattering angles in the ERF:

Fτ (z, p) =

∫ Φ(z)

0

fτ (z, φ) e−p φ dφ√
1− 2zφ+ φ2

, fτ (z, φ) = z(1− zφ) , (A.34)
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where again, Φ(z) = z −
√
z2 − 1 . The correction term corresponding to the Ψ

contribution is

Gτ (z, p) =
z − 1

(1 + z)2

∫ Φ(z)

0

gτ (z, φ) e−p φ dφ

(1− φ)
√

1− 2zφ+ φ2
, (A.35)

with

gτ (z, φ) = 2z − φ(1− z + 4z2) + φ2z(5 + z + 2z2)− φ3(1 + z2) . (A.36)

This separation yields a dominance of Fτ in both the limits z → 1+ and z →∞ , for

which it is trivial to show that Gτ (z, p) → 0 . The reduction proceeds along similar

lines for the ST states, resulting in

1
τe,ST

≈ 3
16

ns σTc
µ+ − µ−

1
γ2
eε

2
s

∑

s=±1

∫ ω+

ω−

(sε⊥ + 1) Υτ
s (zω, p)

(ωi −B)2 + (Γs/2)2
ω3
i dωi

1 + 2ωi
, zω = 1+

1
ωi

,

(A.37)

for p = ωi/B ≈ 1 , and

Υτ
s (z, p) =

{(
s
ε⊥

+ 1

) [
Fτ (z, p)− Gτ (z, p)

]
+

(
s
ε⊥
− 1

) [
Fτ∆(z, p)− Gτ∆(z, p)

]}
.

(A.38)

This arrangement seeds the identification of two new integral functions:

Fτ∆(z, p) =

∫ Φ(z)

0

(1− zφ) e−p φ√
1− 2zφ+ φ2

dφ

(A.39)

Gτ∆(z, p) =
z − 1
z + 1

∫ Φ(z)

0

φ2(1 + 2z − φ) e−p φ

(1− φ)
√

1− 2zφ+ φ2
dφ .

Analytics and evaluation of these functions are presented in Appendix B for com-

pleteness.
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As with the cooling rates, it is possible to form more compact analytic approxi-

mations to the resonant contributions by invoking the delta function in ωi space to

the Lorentz profile via Eq. (A.18), since Γ/B � 1 for all fields. Then the p → 1

limit can be taken, the ωi integrations are trivial, and the two-dimensional integral

in Eq. (A.33) collapses to

1
τe,JL

≈ 3π
2

ns σTc
µ+ − µ−

B2

γ2
eε

2
sΓ
Fτ (z)− Gτ (z)

1 + z
, z = 1 +

1
B

, (A.40)

and likewise for the ST form in Eq. (A.37):

1
τe,ST

≈ 3π
4

ns σTc
µ+ − µ−

1
γ2
eε

2
sΓ

B2

1 + z

{
[Fτ (z)− Gτ (z)] + [Fτ∆(z)− Gτ∆(z)]

}
. (A.41)

Using the fact that Fτ → 2/3 as z → ∞ yields the dominant contribution for

B � 1 , and Fτ → 1 − 1/e and Fτ∆ → 1 − 1/e as z → 1+ dominate the B � 1

case, one arrives at the asymptotic forms

1
τe,JL

≈ ns σTc
µ+ − µ−

πB2

γ2
eε

2
sΓ





B , B� 1 ,

3
4

(
1− 1

e

)
, B� 1 ,

(A.42)

and

1
τe,ST

≈ ns σTc
µ+ − µ−

πB2

γ2
eε

2
sΓ





B
2

, B� 1 ,

3
4

(
1− 1

e

)
, B� 1 .

(A.43)

As with the cooling rates, the collision rates for the JL and ST formulations differ by

a factor of two in the highly-subcritical field limit, but are identical in ultra-quantum

domains, B � 1 , as expected. Combining these properties automatically gives a

fractional mean energy loss per collision that is independent of the cross section
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employed in both the B � 1 and B � 1 limits.

In the non-resonant regime, either Eq. (A.33) or Eq. (A.37) can be used to derive

the asymptotic collision rate appropriate to ω+ � B cases. Remembering that

they are both posited in the γe � 1 approximation, an extra factor of 1/βe must

be reintroduced to capture the more general nature of the integral over Eq. (4.4).

Considering the JL formulation, as zω →∞ the Gτ term becomes insignificant, and

Fτ → 2/3 , resulting in an integrand that is proportional to ω3
i /B

2 . This formally

includes only the resonant term; the non-resonant term in the cross section contributes

an identical value in this limit (deducible, for example, from the presentation in

Thomson cooling presented earlier), so that a factor of two is introduced. The integral

over ωi is then trivial, producing a dependence 1/τe ∝ ε2
s . This can then be routinely

integrated over the Planck spectrum in Eq. (4.14) to assemble the limiting non-

resonant result

1
τe
≈ 6ζ(5)Ωs

π2
σTc
λ–3

γ2
e

βe

Θ5

B2

{
(1 +βeµ+)4− (1 +βeµ−)4

}
, γeΘ(1 +βeµ+) � B .

(A.44)

The subscripts JL and ST are suppressed because this form applies to either formal-

ism. Generating a rate proportional to γ2
e is naturally expected given that the cross

section in the ERF scales as ω2
i , with ωi ∝ γe .
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Appendix B

Evaluation of the Angular Integrals for Cooling

and Collision Rates

The cooling and collisional rates developed in Appendix A, Chapter 2 and Chapter

3 subsume the angular integration into a set of relatively compact integrals. Here,

we hone these integrals by expressing them in terms of four key integrals that are

chosen to afford stability of numerical evaluation. Specifically, the z ≈ 1 range can

be problematic in some of the integrals due to singularities in the integrands. The first

step is to isolate identities for the more numerically pernicious integrals in terms of the

more benign ones. Consider first F(z, p) and F∆(z, p) . Both are fairly routine to

compute in the z → 1+ limit since the singularity at φ = Φ ≈ 1 in the denominator

is negated by an emerging root in the numerator. Define a class of integrals

Iν(z, p) =

∫ Φ(z)

0

e−p φ
(
1− 2zφ+ φ2

)ν/2
dφ . (B.1)

Then rearrangement of the quadratic factor in the numerator of the integrands can

be employed to establish the identity

F(z, p) = zF∆(z, p) + (z − 1) I1(z, p) . (B.2)

All three of these integrals are particularly stable to numerical integration, and we

opt to use F∆ and I1 as a basis for the determination of the JL and ST rates.

The integrals G(z, p) and G∆(z, p) are more pathological around z ≈ 1 , and
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since G∆(z, p) possess a more compact integrand, we seek a relation between the two

functions. In analogy with the F(z, p) case, we define another class of integrals

Jν(z, p) =

∫ Φ(z)

0

e−p φ

1− φ
(
1− 2zφ+ φ2

)ν/2
dφ , (B.3)

which are introduced because the integral for G cannot be expressed simply in terms

of the Iν functions. The integrand for G can be efficaciously simplified using the

identification of a class of polynomials that result from useful perfect derivatives:

pk(z, φ) = ep φ
√

1− 2zφ+ φ2 d
dφ

{
φke−p φ

√
1− 2zφ+ φ2

}
. (B.4)

Because 1− 2zΦ + Φ2 = 0 , these readily generate the following useful integral iden-

tities:

∫ Φ

0

e−φ p0(z, φ)√
1− 2zφ+ φ2

dφ = −1 ,

∫ Φ

0

e−φ pn(z, φ)√
1− 2zφ+ φ2

dφ = 0 for n ≥ 1 .

(B.5)

These are used to reduce the order of the polynomial g(z, φ) in Eq. (A.17). The

same can be done for the quartic in the numerator of G∆(z, p) . This process incurs

an increase in the polynomial order in the parameter z . Rather than solve each

explicitly, which effectively incorporates I−1 terms, it is expedient to form a linear

combination of G , G∆ , J1 and I1 and solve for the coefficients as a linear algebra

problem, demanding identity in all powers of φ . The result is quickly obtained:

[2 + p+ 2(p− 1)z] (z + 1)2 G(z, p)=
[
2 + (p− 2)z + (3p+ 2)z2 + 2(p− 1)z3

]
(z + 1)G∆(z, p)

+2(z − 1)
[
−3− 2p+ (p+ 10)z + 9(p− 1)z2 − 2(p− 1)z3

]
J1(z) (B.6)

−2(z − 1)2
[
4 + 3p+ 3pz − 2(p− 1)z2

]
I1(z) + 2(z − 1)2 .
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Through this relation, and Eq. (B.2), we can express the cooling rates in terms of

the basis integrals F∆ , G∆ , J1 and I1 , and these four functions form the anchors

of our numerical evaluations. The same protocol can be adopted for the collisional

rates so that no new functions need to be computed. The relevant identities are

(1 + 2z)Fτ (z, p) = z (1 + 2z)Fτ∆(z, p) = z
{

1 + F∆ + (1− p+ z)I1

}

(1 + 2z)(1 + z)2Gτ (z, p) = z(z + 1)(1 + F∆)− (1 + 2z)
{
z [z(z − 2) + 4]− 1

}
J1

−
[
1 + z(p+ (−3 + p)z − 2z3)

]
I1 (B.7)

(1 + z) (1 + 2z)Gτ∆(z, p) = 1 + F∆ + (2z2 − p)I1 − z (2z + 1)J1 .

These suffice to evaluate the reaction rates in Eqs. (A.33) and (A.37) in terms of

the same four basis integrals. It should be remarked that G∆ is not more stable,

numerically, in the neighborhood of z = 1 than G , Gτ or Gτ∆ ; it is preferred only

because it is analytically more compact.

The procedure with evaluating all four integrals is to change variables to x =

1− φ/Φ and then form a Taylor series expansion of the exponential in the integrand

in terms of the parameter pΦ . The result is a convergent series, rapidly so in the

limit of pΦ � 1 , and collectively, or term-by-term, each of the integrals assumes a

form expressible in terms of elementary functions:

(
A+B arctan(

√
Φ) + C loge

[
1 + Φ
1− Φ

])
e−pΦ (B.8)

where A,B and C are functions of p and Φ(z) . The B terms are zero for the

F∆ and I1 integrals. This method is computationally faster than a full numerical

evaluation of the integrals, which slows down when tailoring the algorithm to achieve

suitable precision near z ≈ 1 . Using the notation q = (1 − Φ2)/Φ2 , we start with
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I1 , and manipulate it as follows:

I1(z, p) ≡ Φ2e−pΦ
∫ 1

0

epΦx
√
x (x+ q) dx = e−pΦ

∞∑

n=0

(pΦ)n

n!
in , (B.9)

for series coefficients

in = Φ2

∫ 1

0

xn+1/2√x+ q dx . (B.10)

For integer n , the in are analytically tractable in terms of elementary functions, and

the result can be expressed as a recurrence relation that is readily obtained by an

integration by parts technique:

in =
1

2 + n

[
1
Φ
− 1− Φ2

Φ2

(
n+

1
2

)
in−1

]
, i0 =

1 + Φ2

4Φ
−(1− Φ2)2

8Φ2 loge

[
1 + Φ
1− Φ

]
.

(B.11)

In this way, retaining up to the n = 3 in the series generated an analytic approxi-

mation, which, at p = 1 , is accurate to < 0.85% for z ≥ 1 .

The J1 integral is treated in a similar fashion, and includes terms with the arctan

form. The same change of variables yields

J1(z, p) ≡ Φ2e−pΦ
∫ 1

0

epΦx
√
x (x+ q)

1− Φ + Φx
dx = e−pΦ

∞∑

n=0

(pΦ)n

n!
jn , (B.12)

where the series coefficients are

jn = Φ2

∫ 1

0

xn+1/2√x+ q
1− Φ + Φx

dx . (B.13)

A partial fractions manipulation of the denominator in the integrand then quickly
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yields a recurrence relation for the jn :

jn =
1
Φ
in−1−1− Φ

Φ
jn−1 , j0 = 1−2(1− Φ)√

Φ
arctan

√
Φ+

(1− Φ)2

2Φ
loge

[
1 + Φ
1− Φ

]
.

(B.14)

Truncating the series in Eq. (B.12) at three terms is sufficient for the purposes here:

at p = 1 , this is accurate to < 0.6% for z ≥ 1 .

The F∆ integral is handled similarly. The presence of more powers of φ in the

numerator of the integrand lengthens the algebra somewhat, but the manipulations

involve partial fractions and integration by parts. In this way, one arrives at

F∆(z, p) ≡ (1 + Φ)2

2
e−pΦ

∫ 1

0

epΦx (1− x)
1− Φ + Φx√
x (x+ q)

dx = e−pΦ
∞∑

n=0

(pΦ)n

n!
fn ,

(B.15)

where the series coefficients are

fn =
(1 + Φ)2

2

∫ 1

0

xn−1/2 (1− x)
1− Φ + Φx√

(x+ q)
dx

(B.16)

=
3 + 4n(2 + n)− (1 + 2n)Φ(1− Φ)− 3Φ3

2(2n+ 1) Φ (1− Φ)
in − 2n+ 1− Φ

(2n+ 1) (1− Φ)
,

thereby making use of the in recurrence relation. Accordingly, the F∆ integral

exhibits the same elementary function structure as the I1 integral. Truncating the

series at n = 3 generates, at p = 1 , an accuracy of < 0.25% for z ≥ 1 .

Finally, the G∆ integral can be expressed as

G∆(z, p) ≡ Φ(1− Φ)2

(1 + Φ)2 e−pΦ
∫ 1

0

epΦx
(1− x)2(1 + Φ2 + 2(1− x)Φ + 2(1− x)xΦ3)

(1− Φ + Φx)
√
x (x+ q)

dx

(B.17)

= e−pΦ
∞∑

n=0

(pΦ)n

n!
gn ,
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with

gn =
Φ(1− Φ)2

(1 + Φ)2

∫ 1

0

xn−1/2 (1− x)2(1 + Φ2 + 2(1− x)Φ + 2(1− x)xΦ3)

(1− Φ + Φx)
√

(x+ q)
dx .

(B.18)

If we define

ln =
Φ(1− Φ)2

(1 + Φ)2

∫ 1

0

xn−1/2

(1− Φ + Φx)
√

(x+ q)
dx , (B.19)

then

gn = (1+Φ)2ln+2(Φ3−Φ2−3Φ−1)ln+1+(1+6Φ+Φ2−6Φ3)ln+2+2Φ(3Φ2−1)ln+3−2Φ3ln+4

(B.20)

with a recurrence relation for the ln in terms of the jn and the in :

ln =
Φ (1− Φ)
(1 + Φ)2

{
jn−1 − 2(n+ 1) Φ

1− Φ2 in−1 +
2Φ2

1− Φ2

}
, l0 =

2(1− Φ) Φ3/2

(1 + Φ)2 arctan
√

Φ .

(B.21)

The result is, for p ≈ 1 , that retaining terms to second order in p gives an approxi-

mation for G∆ that is accurate to < 0.1% for all z ≥ 1 .
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Appendix C

Alternative Delta Function Evaluations in the

Spectral Integral

This in section, we form an alternative formulation and evaluation of the delta func-

tion in Eq. (4.7). We manipulate the integration variables from angular variables µi,f

to ωi,f via the Jacobian identity dµidµf = dωidωf/(γ
2
eβ

2
e εsεf ) and also use the Lorentz

transformations to simplify the factor εs(1 + βeµi)/(εf (1 + βeµf )) → ωi/ωf . As in

the previous case, the the limits on the ωi integration are readily obtained from the

Lorentz transformations; the orders of ωi and εs integration are then interchanged in

the standard way. The intermediate result is

dNγ

dt dεf
=

nec
2πS

1
γ3
eβ

2
e

∫

S
ds

∫
dωfδ(µf − µBn)

∫ ∞

0

dωi δ
[
ωf − ω′(ωi, θf )

]

× ωi
ωf

dσ
d(cos θf )

∫ Θχ+

Θχ−

dεs
nγ(εs)
ε2
s

f(µi) (C.1)

At this point, we wish to point out an error in the evaluation of the ωf delta function

in previous work (Baring & Harding 2007; Baring, Wadiasingh & Gonthier 2011). The

evaluation is not entirely trivial, except in the Thomson limit, because the definition of

ω′ has an explicit dependence on θf and thus an implicit one on ωf through the identity

cos θf = [1− εf/(γeωf )] /βe. This introduces algebraic complexity and corrections

into the integrand for regimes that are non-Thomson, i.e. backscattering in the ERF

where cos θf ≈ −1 where ωi 6= ωf . To evaluate the delta function properly, we

must transform it to a root of the argument of the delta function, eliminating the
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θf variable. The resulting equation is a quadratic for ωf , with one physical solution,

denoted ω′′, depending explicitly on ωi, εf ,

ωf → ω′′(ωi, εf ) =
√
λ2 + ρ− λ =

ρ√
λ2 + ρ+ λ

(C.2)

λ ≡ γ2
eβ

2
e − γeεf − γ2

eβe(1− βe)ωi (C.3)

ρ ≡ 2ωi(γ
2
eβ

2
e − γeβeεf )− ε2

f . (C.4)

Hence the delta function δ
[
ωf − ω′(ωi, ωf )

]
correctly transforms as

δ(ωf − ω′(ωi, ωf )) =
δ (ωf − ω′′(ωi, εf ))∣∣∣∣
∂(ωf − ω′)

∂ωf
[ω′′]

∣∣∣∣
. (C.5)

The factor in the denominator is unity in the case of Thomson kinematics. We

are still left with a ωi integration and µf delta function; the evaluation of this

delta function must use the identity for µf in terms of ω′′(ωi, εf ), i.e. µf (ωi, εf ) =

1/βe [ω′′/(γeεf )− 1]. The root of the argument of the delta function δ(µf − µBn) is

then ω̂i evaluated at scattering angle µBn. That is,

δ(µf − µBn) =
δ [ωi − ω̂i(εf , µBn)]∣∣∣∣
∂µf
∂ωi

[ω̂i(εf , µBn)]

∣∣∣∣
. (C.6)

In the limit γe � 1 it can be shown algebraically that this denominator factor scales

as 1/(γeεf ), thus multiplying the whole spectrum by γeεf . As in the previous case,

use of the inversion ω̂i necessitates the insertion of the constraint Eq. (4.3) into the

integrand to avoid unphysical contributions to the integrals. The final formal result
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for the spectrum is then

dNγ

dt dεf
=

nec
2πS

1

γ3
eβ

2
e

∫

S
ds

∫
dωf

∫ ∞

0
dωi

δ [ωi − ω̂i(εf , µBn)]∣∣∣∣
∂µf
∂ωi

[ω̂i(εf , µBn)]

∣∣∣∣

δ
(
ωf − ω′′(ωi, εf )

)
∣∣∣∣
∂(ωf − ω′)

∂ωf
[ω′′]

∣∣∣∣

× ωi
ωf

dσ
d(cos θf )

[Θ (cos θf −A)−Θ(cos θf − 1)]

∫ Θχ+

Θχ−
dεs

nγ(εs)

ε2
s

f(µi) (C.7)

and is numerically equivalent to Eq. (4.13), with use of Lorentz transformation iden-

tities for µf or cos θf in terms of ωf . However, it is more algebraically cumbersome

than the equivalent form presented in Chapter 4. This form is also reminiscent of the

integrals of the cooling or reaction rates from Chapter 3, with the directed angle µBn

buried in the definition of ω̂i. Indeed, similar delta function correction factors must

be incorporated into the cooling rate formalism of BWG11, as mentioned in Chapter

3.
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Appendix D

The f (µi) Incoming Soft Photon Angular Integral

We analytically develop the soft photon integral

∫ Θχ+

Θχ−

dεs
nγ(εs)
ε2
s

f(µi) (D.1)

in the photon production rate. For uniform hemispherical thermal soft photons Eq.

(4.14) this integral is specialized to

Ωs

π2λ–3

∫ Θχ+

Θχ−

f [µi(εs)]

eεs/Θ − 1
dεs =

Ωs

π2λ–3
βeωi
γe

∫ µ+

µ−

f(µi)
1

eεs(µi)/Θ − 1

1
(1 + βeµi)

2dµi

with εs(µi) ≡ ωi
γe(1 + βeµi)

. (D.2)

This integral also appears in the calculation of electron cooling rates at arbitrary

interaction points in BWG11. To speed up numerical computations considerably,

analytical approximations and series developed in this appendix for the above f(µi)

integral.

D.1 Definitions

The definition of µ± and f(µi) depend on the choice and sense of the charge carriers

relative to the magnetic field at an interaction point. Two assumptions we now adopt

are a dipole field geometry r = rmax sin2 θcol and that electrons are propagating along

field loops from a southern to a northern magnetic footpoints located at colatitudes
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θmin and θmax.

The angular distribution along a field line for electrons moving from the south

pole outward is given by modifying the definition of f(µi) given in BWG11 Eq. (71),

f(µi) =





f [µi(θcol)]down if θmin ≤ θcol ≤ π/2

f [µi(π − θcol)]up if π/2 ≤ θcol ≤ θmax

(D.3)

where we have “downward” electrons for θmin ≤ θcol ≤ π/2 and “upward” electrons

for π/2 ≤ θcol ≤ θmax.

The definitions of µ± also depend on the hemisphere, and for the present case of

downward electrons for θmin ≤ θcol ≤ θmax are defined as

µ+ =





1 if θmin ≤ θcol ≤ π/2 and θBr ≤ θC
cos(θBr − θC) if (θmin ≤ θcol ≤ π/2 and θBr > θC) or (π/2 ≤ θcol ≤ θmax)

(D.4)

and

µ− =





cos(θBr + θC) if (θmin ≤ θcol ≤ π/2) or (π/2 ≤ θcol ≤ θmax and π − θBr > θC)

−1 if π/2 ≤ θcol ≤ θmax and π − θBr ≤ θC
(D.5)

where we have defined, for the branch 0 ≤ arccosx ≤ π,

θC = arccos
√

1− 1/r2 r ≡ R/Rns (D.6)

θBr = arccos

[
2 cos θcol√

1 + 3 cos2 θcol

]
. (D.7)

At high altitudes and equatorial locales along a field line, when θBr > θC , the
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form of f(µi) is the arcsin as in BWG2011,

f(µi) → 1
π

arcsin
1

sin θBr

√
(µ+ − µi)(µi − µ−)

1− µ2
i

=
1
π

arcsin
1

sin θBr

√
(cos(θBr − θC)− µi)(µi − cos(θBr + θC))

1− µ2
i

(D.8)

and this form is also valid when θcol ≥ π/2 i.e. when θBr ≥ π/2 as long as π−θBr ≥ θc.

For polar locales, the definition Eq. (D3) can also be interpreted as defining a

new θ′Br ≡ π − θBr where 0 ≤ θ′Br ≤ π/2 while θc remains unchanged, because along

a field line, r = rmax sin2 θcol = rmax sin2(π − θcol). This is equivalent to defining θ′Br

by

θ′Br = arccos

∣∣∣∣
2 cos θcol√

1 + 3 cos2 θcol

∣∣∣∣ (D.9)

in the first quadrant 0 ≤ θ′Br ≤ π/2. This form is convenient at polar locales when

θ′br ≤ θc for θcol ≥ π/2 and θbr ≤ θc for θcol ≤ π/2. The definitions of µ± above then

transform to those defined in BWG2011.

The form of f(µi) at polar locales along the field line has three pieces, as adopted

here by Eq. (D3) and the branches of the arcsin defined in BWG2011. For the case

θcol ≤ π/2, the electrons are downward, and we can write the distribution as

f(µi)→





1 if cos(θBr − θc) ≤ µi ≤ 1

1− 1
π

arcsin

(
1

sin θBr
D
)

if cos θc sec θBr ≤ µi < cos(θBr − θc)
1
π

arcsin

(
1

sin θBr
D
)

if cos(θBr + θc) ≤ µi < cos θc sec θBr

0 otherwise

(D.10)
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where

D ≡
√

(cos(θBr − θC)− µi)(µi − cos(θBr + θC))
1− µ2

i

. (D.11)

Note the µ± limits are automatically satisfied for f(µi).

Similarly, for θcol > π/2, the prescription for ‘upward electrons’ applies µ′i ↔ −µi
with the definition of θ′Br. Then the distribution is

f(µ′
i)→





1 if − 1 ≤ µ′
i ≤ cos(θBr + θc) = − cos(θ′Br − θc)

1− 1
π

arcsin

(
1

sin θ′Br
D′
)

if cos(θBr + θc) < µ′
i ≤ cos θc sec θBr = − cos θc sec θ′Br

1
π

arcsin

(
1

sin θ′Br
D′
)

if cos θc sec θBr < µ′
i ≤ cos(θBr − θc) = − cos(θ′Br + θc)

0 otherwise

(D.12)

where

D′ =
√

(cos(θ′Br − θC)− µ′i)(µ′i − cos(θ′Br + θC))

1− µ′i2
(D.13)

and we see the same argument of the arcsin appears as in the θcol ≤ π/2 case but

now in terms of θ′Br and µ′i.
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D.2 Equatorial Locales

For the case of equatorial locales θBr > θc to make the following analytical reductions

expedient, we define new variables

x0 ≡ 1
2

(µ+ − µ−) = sin θBr sin θc (D.14)

x1 ≡ 1
2

(µ+ + µ−) = cos θBr cos θc (D.15)

a ≡ 1 + x1

x0
> 1 (D.16)

b ≡ −1− x1

x0
< −1 (D.17)

c ≡ cos θc sin θbr =
x0x1

d
(D.18)

d ≡ sin θc cos θbr =
x0x1

c
. (D.19)

For the f(µi) integrand, we transform the arcsin to arctan with the aid the trig

identity GR 1.624.7, arctanχ = arcsin(χ/
√

1 + χ2). In this transformation, we use

0 < θc ≤ π/2 and 0 < θbr < π, with the condition sin θbr > sin θc for the valid

use of the cos part µ± definitions. Additionally, we change variables to x, where

xx0 = µi − (µ+ + µ−)/2 = µi − x1 with Jacobian x0dx = dµi to get

∫ Θχ̂+

Θχ̂−

f [µi(εs)]

eεs/Θ − 1
dεs =

βeω̂i
γe

x0

π

∫ 1

−1

dx arctan

[
sin θc

√
1− x2

cos θc sin θbr − x cos θbr sin θc

]

× 1

ew(x) − 1

1

[1 + βe(xx0 + x1)]2

where w(x) ≡ ω̂i
γeΘ [1 + βe(xx0 + x1)]

. (D.20)

Integrating the arctan by parts, the boundary term at x ± 1 vanishes and the
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integral is reduced to the form

∫ Θχ̂+

Θχ̂−

f [µi(εs)]

eεs/Θ − 1
dεs=

Θ sin θc
2πx0

∫ π/2

−π/2

[
ac+ d

sin t+ a
− bc+ d

sin t+ b

]
log
(

1− e−w(sin t)
)
dt (D.21)

and we get integrals of the form
∫ π/2
−π/2 dt(sin t+ α)−1 log

(
1− e−w(sin t)

)
.

D.3 Polar Locales

Without loss of generality, we specialize to θcol ≤ π/2. We have the additional

constant term and discontinuity to deal with before the integration by parts,

βeω̂i
γe

∫ µ+

µ−

1

eεs(µi)/Θ − 1

f(µi)dµi
(1 + βeµi)

2 =
βeω̂i
γe

∫ 1

cos θc sec θBr

1

eεs(µi)/Θ − 1

dµi
(1 + βeµi)

2

+
βeω̂i
πγe

∫ cos θc sec θBr

cos(θBr+θc)

1

eεs(µi)/Θ − 1

Λdµi
(1 + βeµi)

2 (D.22)

−βeω̂i
πγe

∫ cos(θBr−θc)

cos θc sec θBr

1

eεs(µi)/Θ − 1

Λdµi
(1 + βeµi)

2

where Λ is defined as the inverse trigonometric portion of f(µi) in the integrand,

Λ ≡ arcsin
1

sin θBr

√
(cos(θBr − θC)− µi)(µi − cos(θBr + θC))

1− µ2
i

. (D.23)

Changing variables and transforming the arcsin to arctan as in the equatorial case,

we have

∫ Θχ̂+

Θχ̂−

f [µi(εs)]

eεs/Θ − 1
dεs =

βeω̂i
γe

x0

∫ −b

c/d

1

ew(x) − 1

1

[1 + βe(xx0 + x1)]2
dx

+
βeω̂i
γe

x0

π

∫ c/d

−1
arctan

[
sin θc

√
1− x2

c− xd

]
1

ew(x) − 1

1

[1 + βe(xx0 + x1)]2
dx

+
βeω̂i
γe

x0

π

∫ 1

c/d
arctan

[
sin θc

√
1− x2

c− xd

]
1

ew(x) − 1

1

[1 + βe(xx0 + x1)]2
dx. (D.24)

The first term is a perfect derivative and can be routinely integrated. For the other
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two terms, the integration by parts must be handled more carefully. Although this is

the same integrand as the previous section, the arctan for the parameters here has a

jump discontinuity when the argument of the arctan changes sign at x = c/d. Thus

a simple integration by parts is not correct because the integrand is not continuously

differentiable on the whole interval. The solution is to break up the interval of the

integral with directional limits at the discontinuity. The end result is still some

boundary terms plus integrals of the form

∫ π/2

−π/2
dt(sin t+ α)−1 log

(
1− e−w(sin t)

)
. (D.25)

Let Ξ(x) be the antiderivative of the first term, i.e.

Ξ(x) ≡ −Θ log
(
1− e−w(x)

)
(D.26)

∂Ξ(x)
∂x

=
βeω̂i
γe

x0
1

ew(x) − 1

1

[1 + βe(xx0 + x1)]2
(D.27)

and Ω(x) be the derivative of the arctan,

Ω(x) =
∂
∂x

arctan

[
sin θc

√
1− x2

c− xd

]
=

sin θc√
1− x2

−cx+ d
−x2

0(x+ a)(x+ b)
(D.28)
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so that integrating by parts we have

∫ Θχ̂+

Θχ̂−

f [µi(εs)]

eεs/Θ − 1
dεs = Ξ(−b)− Ξ(c/d)

+
1
π


Ξ(x) arctan

[
sin θc

√
1− x2

c− xd

]∣∣∣∣∣

c/d

−1

−
∫ c/d

−1
Ξ(x)Ω(x)dx




+
1
π


Ξ(x) arctan

[
sin θc

√
1− x2

c− xd

]∣∣∣∣∣

1

c/d

−
∫ 1

c/d
Ξ(x)Ω(x)dx




= Ξ(−b)− Ξ(c/d) +
1
π

[
Ξ(c/d)

(
π
2

)
−
∫ c/d

−1
Ξ(x)Ω(x)dx

]

+
1
π

[
−Ξ(c/d)

(
−π

2

)
−
∫ 1

c/d
Ξ(x)Ω(x)dx

]

= Ξ(−b)− 1
π

∫ 1

−1
Ξ(x)Ω(x)dx

= Ξ(−b) +
Θ sin θc
2πx0

∫ π/2

−π/2

[
ac+ d

sin t+ a
− bc+ d

sin t+ b

]
log
(

1− e−w(sin t)
)
dt (D.29)

which has the same integral as Eq. (D21). A similar analysis for θcol ≥ π/2 polar

locales yields the same integral with a different boundary term,

∫ Θχ̂+

Θχ̂−

f [µi(εs)]

eεs/Θ − 1
dεs = −Ξ(−a) +

Θ sin θc
2πx0

∫ π/2

−π/2

[
ac+ d

sin t+ a
− bc+ d

sin t+ b

]
log
(

1− e−w(sin t)
)
dt.

(D.30)

Thus, for both polar and equatorial locales, the incoming thermal soft photon integral

is reduced to integrals of form

∫ π/2

−π/2
dt(sin t+ α)−1 log

(
1− e−w(sin t)

)
(D.31)

or ∫ π

0

dt(cos t+ α)−1 log
(
1− e−w(cos t)

)
. (D.32)
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D.4 Analytic Approximations to the Angular Integral

In the previous section of this appendix we showed that incorporating the Planck

spectrum with f(µi) leads to integrals of the form
∫ π

0
dt(cos t+α)−1 log

(
1− e−w(cos t)

)
.

We define new variables to simplify the expressions in the log factor,

log
(
1− e−w(x)

)
= log

(
1− e−A/(s+x)

)
(D.33)

A ≡ ω̂i
γeΘβex0

> 0 (D.34)

s ≡ 1 + βex1

βex0
> a > 1 (D.35)

where s is closely related to a, only differing by a factor of βe. Hence the problem is

approximation of the integral

J (α, s, A) =

∫ π

0

dt
α + cos t

log

[
1− exp

{
1− A

s+ cos t

}]
(D.36)

for |α| > 1 and s > 1.

To facilitate numerical calculations of spectra, we now develop some analytic ap-

proximations to J in the limits of A small and large. Only in a small gap of the

parameter space where A is neither small nor large where accuracy drops below the

0.1% threshold over numerical integration does the integral require computation by

numerical methods.

D.4.1 Small A

Although series expansion of the logarithm for A � 1 in terms of coefficients of

Bernoulli numbers is an obvious path, the radius of convergence for A/(s+cos t) only

2π presenting a large gap region. Moreover term-by-term integration yields integrals

expressible in terms of Legendre polynomials not as expedient as the method outlined
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in this section.

Employing Euler’s infinite product representation of the sinh function GR 1.431.2

valid for all real χ,

log

[
2
χ

sinh

(
χ
2

)]
=
∞∑

k=1

log

[
1 +

χ2

4k2π2

]
(D.37)

one arrives at the identity

log
(
1− e−χ

)
= −χ

2
+ logχ+

∞∑

k=1

log

[
1 +

χ2

4k2π2

]
. (D.38)

For χ = A/(s + cos t) this series must be carried to k � A/(2π(s − 1)). Defining

xk ≡ A/(2πk), the logarithm portion of the integrand can be expressed as,

log
(
1− e−χ

)
= − A

2(s+ cos t)
+ logA− log(s+ cos t)

+
∞∑

k=1

{
log
[
(s+ cos t)2 + x2

k

]
− 2 log [s+ cos t]

}
. (D.39)

Term-by-term integration of the series requires several integral identities, which

we shall not prove in this section in detail. The first is

I1(α) ≡
∫ π

0

dt
α + cos t

=
π Sign(α)√
α2 − 1

(D.40)

which is easily established by contour integration on the unit circle with z + 1/z =

2 cos t for poles that lie outside, i.e. |α| > 1. Using partial fraction decomposition,

one can easily establish the second integral identity,

I2(α, s) ≡
∫ π

0

dt
(α + cos t)(s+ cos t)

=
π

s− α

{
Sign(α)√
α2 − 1

− 1√
s2 − 1

}
. (D.41)



230

The third integral identity can be established by recasting I2 as a perfect derivative

of a log or using identity GR 4.397.16. We define a parameter σ such that α =

(σ + 1/σ)/2,

σ (α) =





α−
√
α2 − 1 if α > 1

α +
√
α2 − 1 if α < −1

(D.42)

such that

I3(α, s) ≡
∫ π

0

log [s+ cos t]
α + cos t

dt =
π Sign(α)√
α2 − 1

log

{
[1− σ(s)σ(α)]2

2σ(s)

}
. (D.43)

The fourth integral identity is harder to establish, but can be found by analytically

continuing s to the complex plane, s± = s± ixk and summing over the factorization

of the log to yield a sum integrals in the form of I3. Defining 2τ =
√

(s+ 1)2 + x2
k +

√
(s− 1)2 + x2

k and κ = σ(τ) = τ −
√
τ 2 − 1, the fourth identity is found to be

I4(α, s, xk) ≡
∫ π

0

log
[
(s+ cos t)2 + x2

k

]

α + cos t
dt

=
2π Sign(α)√

α2 − 1
log

{
[1− κσ(α)]2

2κ
− [κ− σ(s)][1− κσ(s)]σ(α)

σ(s)(1 + κ2)

}
.(D.44)

Note that in this form it is easily apparent that limxk→0 I4(α, s, xk) = 2I3(α, s) where

τ → s.

The original integral is now casted in terms of the four integrals,

J (α, s,A) = logAI1(α)− A
2
I2(α, s)− I3(α, s) +

∞∑

k=1

[I4(α, s, xk)− 2I3(α, s)] . (D.45)

Numerical evaluation of the sum is carried to some kmax � A/(2π(s− 1)) bounded

above such that the computation speed is superior to numerical integration, generally

by factors up to 101 − 102 for a modest amount of terms. The remainder term can
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be approximated by considering the leading order term in expansion of the sum’s

argument for xk � 1, which is quadratic in xk due to the form of τ ,

I4(α, s, xk)− 2I3(α, s) ≈ x2
k lim
xk→0

∂κ
∂x2

k

∂I4

∂κ
. (D.46)

This quadratic expansion term is a Riemann Zeta function but summed to infinity

from kmax + 1, yielding a Polygamma function of order one ψ1(1 + kmax),

∞∑

k=1

[I4(α, s, xk)− 2I3(α, s)] ≈
kmax∑

k=1

[I4(α, s, xk)− 2I3(α, s)]

+

(
A
2π

)2

ψ1(1 + kmax) lim
xk→0

∂κ
∂x2

k

∂I4

∂κ
. (D.47)

D.4.2 Large A

The analytics developed for small A in the previous section, although valid for arbi-

trarily large values of A, quickly become numerically inefficient and prohibitive for a

given accuracy when A is large due to the high number of terms required for conver-

gence. Here we develop asymptotic approximations for large A, by first forming the

series of logarithm,

J (α, s, A) = −
∞∑

n=1

1
n

∫ π

0

e−An/(s+cos t)

α + cos t
dt. (D.48)

Changing variables to y = (s2−1) [u− 1/(s+ 1)] /2 with u = (s+cos t)−1 transforms

the integral in the sum to,

∫ π

0

e−An/(s+cos t)

α + cos t
dt =

e−An/(s+1)
√
s2 − 1

(1 + α)(s− 1)

∫ 1

0

y−1/2(1− y)−1/2(1− By)−1e
−

2Any
s2 − 1dy

(D.49)
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where

B =
2(s− α)

(1 + α)(s− 1)
(D.50)

with 0 < B < 1 when α = a, s > a > 1. This integral is given by a double sum in GR

3.385, but it is not an efficient path for computation.

For large An, the exponential dominates the integrand suppressing all contribu-

tions to the integral except those for small y. Thus the method of steepest descents

is appropriate, concomitant with the approximation of extending the upper limit to

infinity. For the case α > 1 where 0 < B < 1, we form a Maclaurin series of the

non-singular algebraic part in the integrand about y = 0,

(1− y)−1/2(1− By)−1 =
∞∑

k=0

[
Bk+1/2
√
B − 1

+
(−1)k

√
π 2F1(1, 3/2 + k, 2 + k, 1/B)
BΓ(k + 2)Γ[−(k + 1/2)]

]
yk

≈ 1 +

(
1
2

+ B
)
y +

(
3
8

+
B
2

+ B2

)
y2. (D.51)

The hypergeometric function is simplified using Abramowitz and Stegun 15.4.21 to

yield an expression of Legendre polynomials,

2F1(1, 3/2+k, 2+k, 1/B) = 2k+1Γ(k+2)B(k+1)/2(1−1/B)−1/2P
−(k+1)
k

(√
1− 1/B

)
. (D.52)

For each term in the k series with the upper limit of the integral sent to infinity, one

can analytically express the integral using the definition of the Gamma function

∫ ∞

0

y
k−

1
2 e

−2Any
s2 − 1 dy =

(
s2 − 1
2An

)k+
1
2

Γ

[
k +

1
2

]
(D.53)

noting that from the Gamma function duplication formula, one can reduce Γ(k +

1/2) = 21−2k
√
π(2k− 1)!/(k− 1)! in the usual manner. Thus to second order in k for
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large A and α > 1, we obtain the asymptotic approximation

∫ π

0

e−An/(s+cos t)

α + cos t
dt≈ e

−An/(s+1)
√
s2 − 1

(α + 1)(s− 1)

(
s2 − 1
2An

)1
2

×√π
[
1 +

1
2

(
1
2

+ B
)(

s2 − 1
2An

)]
. (D.54)

For the regime α < −1 a better approximation is found by keeping the (1 − By)

denominator intact, since B < 0 and |B| → ∞ as α → −1. We note again that the

dominant contribution to the integral comes from y ≈ 0. As such, we employ the first

few terms in Taylor series of the (1− y)−1/2 portion about y = 0,

(1−y)−1/2 =

∞∑

k=0

(−1)k
(−1/2

k

)
yk =

√
π

∞∑

k=0

(−1)k

k!Γ(1/2− k)
yk ≈ 1+(1/2)y+(3/8)y2 (D.55)

As for the α > 1 case, we send the upper limit of the integral to infinity for

expediency, and note the identity

∫ ∞

0
y−1/2(1−By)−1yme−cydy = (−B)−(m+1/2)e−c/BΓ [m+ 1/2] Γ [1/2−m,−c/B] (D.56)

for c > 0 and B < 0. Here the incomplete Gamma function simplifies to linear

combinations complementary error functions by the identity Γ[1/2, x] =
√
π erfc(

√
x)

when combined with recurrence relations of the gamma function. Thus, for α < −1

to second order

∫ π

0

e−An/(s+cos t)

α + cos t
dt ≈ e−An/(s+1)

√
s2 − 1

(α + 1)(s− 1)

√
πeE√
−B (D.57)

×{Γ [1/2, E ]− 1/(4B)Γ [−1/2, E ]}
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where

E = − 2An
B(s2 − 1)

. (D.58)

Numerically, for large An, only two or three terms of the k series for either case

outlined above are required in the sum over n. For a minimal the gap region, these

asymptotic approximations are accurate when 2A/(s2 − 1) � 1 and exp[−A/(s +

1)]/
√
A <∼ 5. The sum over n is taken to nmax ∼ ncMax[(s2− 1)/(2A), (s+ 1)/A, (s−

α)/A] where nc � 1 with the value chosen such that it is no slower than numerical

integration as one approaches the gap where the accuracy threshold is not satisfied.
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Appendix E

Shadowing Analytics

For certain viewing perspectives, emission regions shadowed can have a profound im-

pact of the spectra observed since emission is strongly sensitive to the final scattering

angle as presented in Chapter 4. Neglecting curved spacetime effects and higher order

complications that are expected to be small, we derive the locus of points on a given

field loops where emission is shadowed by the star as seen by an observer at infinity.

Each field loop can be parameterized in cartesian coordinates in terms of the

azimuthal angle measured from the observer line of sight meridian in the standard

way, adopting the angle definitions and conventions of Chapter 4,

{rx, ry, rz} = rmax sin2 θcol{cosφ∗ sin θcol, sinφ∗ sin θcol, cos θcol}. (E.1)

To make the algebra elegant, we define a new primed rotated coordinate system so

that x̂′ is parallel to n̂v with the origin still at the center of the star. The definitions

of the variables and angles that follow trace those of Section 4.2. The coordinate

transformation is thus given by

x̂′ = n̂v = cos θvẑ + sin θvx̂ (E.2)

ŷ′ = ŷ (E.3)

ẑ′ = sin θvẑ− cos θvx̂ (E.4)

which in turn mixes the components of the field loop in the primed coordinate system
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as one expects,

r′x = cos θvrz + sin θvrx = rmax
[
cosφ∗ sin θv sin3 θcol + cos θv sin2 θcol cos θcol

]

r′y = rmax sinφ∗ sin3 θcol (E.5)

r′z = sin θvrz − cos θvrx = rmax
[
sin θv sin2 θcol cos θcol − cosφ∗ cos θv sin3 θcol

]
.

The shadow volume, the interior volume bounded by a cylinder, is defined by

Shadow volume: r′x < 0 and (r′z)
2

+
(
r′y
)2 ≤ 1 (E.6)

where the inequality for r′x constrains the solutions to field loops occulted by the star.

The shadow boundary is thus given by when r′x < 0 and (r′z)
2 +
(
r′y
)2

= 1; the latter

is an algebraic equation for cos θcol

r2
max sin4 θcol

[
sin2 φ∗ sin2 θcol + (cosφ∗ cos θv sin θcol − cos θcol sin θv)

2] = 1. (E.7)

We can explicitly show the algebraic nature of this equation by transforming to

cos θcol ≡ x. Since arccosx = θcol ∈ [0, π], we can write sin θcol =
√

1− x2 and

the shadow boundary is given by the real roots of

r2
max(1− x2)2

[
sin2 φ∗(1− x2) +

(
cosφ∗ cos θv

√
1− x2 − x sin θv

)2
]

= 1. (E.8)

By isolating the
√

1− x2 term and squaring, the task is reduced to finding real roots

of a 12th-degree polynomial (6th order in x2),

[
1 + r2

max((x
2 − 1)3(cos2 θv − cos2 φ∗ sin2 θv)− (x2 − 1)2 sin2 θv)

]2

+ r4
maxx

2(x2 − 1)5 cos2 φ∗ sin2(2θv) = 0 (E.9)
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whose roots must also simultaneously satisfy the constraint r′x < 0 for the occulted

region,

r′x < 0 ⇐⇒ cosφ∗ sin θv
√

1− x2 + x cos θv < 0. (E.10)

Special cases for the Shadow Boundary Condition We consider six special

cases: φ∗ = {0, π/2, π} and θv = {0, π/2} for the shadow boundary equation (22).

First, for the trivial cases with θv = 0, the φ∗ dependence drops out (as expected)

and the equation for the boundary is

r2
max sin6 θcol = 1 with cos θcol < 0 (E.11)

=⇒ r2
max(1− x2)3 = 1 with x < 0 (E.12)

=⇒ θcol = arccos

[
−
√

1− r−2/3
max

]
(E.13)

and similarly for θv = π but with the condition x > 0.

For the meridional and antimeridional cases φ∗ = 0, π we get

r2
max sin4 θcol sin

2(θcol − θv) = 1 φ∗ = 0 (E.14)

r2
max sin4 θcol sin

2(θcol + θv) = 1 φ∗ = π (E.15)

which can also be derived from elementary planar geometry rules rather than coor-

dinate transformations.

For the cases φ∗ = π/2 or θv = π/2, we get algebraically-solvable (but messy)

polynomials 3rd-order in x2,

φ∗ = π/2 → r2
max sin4 θcol(sin

2 θcol + cos2 θcol sin
2 θv) = 1 with x cos θv < 0

θv = π/2 → r2
max sin4 θcol(cos2 θcol + sin2 θcol sin

2 φ∗) = 1 with cosφ∗
√

1− x2 < 0.


