


Abstract

Uncovering Mechanisms of Bistability and Ultrasensitivity in Bacterial Stress
Response

by

Abhinav Tiwari

Bacteria have evolved optimized biochemical and genetic networks to sense
diverse stimuli and implement appropriate dynamic responses. Despite the
remarkable progress in experimental approaches and the increasingly common
use of mathematical modeling, very few examples exist of general design principles
that relate a network’s structure to its response. To improve this understanding we
develop biochemically accurate models of networks that contain well-conserved
regulatory modules, which allows us to make both specific and biologically-relevant
predictions. First, we analyze the mycobacterial stress-response network which
consists of the MprA/MprB two-component system and the alternative sigma
factor σE. This network contains multiple positive feedback loops which may
give rise to bistability, thereby making it a good candidate for controlling the
mycobacterial persistence switch. We find that neither the positive autoregulation
in the two-component system nor the σE-mediated feedback is sufficient to
induce bistability. Nonetheless, including the post-translational regulation of σE

by RseA increases system’s effective cooperativity resulting in bistability. We
predict that overexpression or deletion of RseA, the key element controlling the
ultrasensitive response, can eliminate bistability. Second, we investigate how
dynamical properties of a network with positive autoregulation are affected by
additive or multiplicative coupling with another positive or negative feedback. We
find that a network’s bistability range is positively correlated with its maximum
open-loop gain and that both quantities depend on the sign of feedback loops
and the type of feedback coupling. Moreover, we show that addition of a positive
feedback can decrease, whereas addition of a negative feedback can increase
the bistability range. Third, we examine the mechanism of pulsing in Bacillus
subtilis stress-response sigma factor σB. We determine that the concentration
of anti-sigma factor RsbW must lie in an optimal range for pulsing. We also
observe that pulsing occurs only above a phosphatase threshold, beyond which
the amount of RsbW is insufficient to fully sequester its binding partners σB and
anti-anti-sigma factor RsbV. Furthermore, we compare our simulation results with
experimental data to show that the network encodes phosphatase burst size into
σB pulses. We predict that genetic perturbations which disrupt the fine-tuning of
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RsbW concentration will curb pulsing.
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Chapter 1

Introduction

Living cells react to external stimuli by mediating specific responses that
are governed by underlying biochemical and genetic networks. To fully
understand these cellular responses it is not enough to simply assign functions
to individual genes and proteins which constitute these networks. Although
such characterization of network components is an important first step, by itself
it is inadequate to understand the underlying complexity. This is because a
network is not just a combination of genes and proteins. It is a complex system
whose functions are determined by the interactions between various components
(network structure) and how it behaves over time (network dynamics). A major
bottleneck in system-level understanding is identifying the network structure. Partly
this has been overcome by recent advances in high-throughput technologies that
have generated enormous data in the form of expression profiles of thousands
of genes and proteins [1, 2]. Examining correlations in such large-scale data
often gives rise to clustering of genes that are co-expressed, but lacks sufficient
information to establish causal regulatory relationships. Further progress in
quantitative experimental approaches that result in more accurate measurements
of biochemical properties will imporve our understanding of network structure.
Nevertheless, at this stage we can investigate the dynamics of networks
with partially-known structures, and this may yield useful predictions regarding
unknown interactions. For dynamical analysis of a system we need to first
build a mathematical model and then validate it using available experimental
data. Subsequently, these models can be used to make experimentally-testable
predictions, to study puzzling experimental results, and to explore questions that
are not amenable to experimental examination. The use of modeling-based
approaches together with quantitative experiments to analyze network structure
and dynamics is referred to as ’systems biology’ [3–6].

1.1 Stress response in bacteria

Systems biology addresses a wide variety of questions ranging from design
principles of network to decision making at cellular level. One such question is:
How do bacteria survive in fluctuating environmental conditions? For a successful
survival bacteria either adopt a bet-hedging strategy [7] or simply sense and
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respond to a range of diverse stimuli such as high and low temperatures; salt,
ethanol and acid stress; cell wall stress imposed by antibiotics; starvation for
nutrients and depletion of ATP [8]. Bacteria have evolved to rapidly adapt to
these environmental changes which occur over different time scales. These
responses are carried out via changes in gene expression that are controlled
by stress-response networks. Molecular details of these responses have been
uncovered for many model bacteria, however, we still lack network-level knowledge
of these responses across species. Only then we will have a deeper understanding
of cellular functions and can best apply results obtained with model bacteria
to species that are poorly characterized or cannot be cultured in a laboratory.
The two common basic building blocks of bacterial stress-response networks
are two-component systems (TCSs) [9, 10] and alternative sigma-factor networks
[11, 12].

1.1.1 Two-component systems

A typical TCS consists of a membrane-integrated sensor histidine kinase (SHK)
and a cytoplasmic response regulator (RR). The SHK perceives environmental
stress and then modulates the phosphorylation of cognate RR, which then
dimerizes and becomes transcriptionally active (Figure 1.1(a)). Subsequently RR
alters gene expression, thereby mediating the response to stress. Usually RR
and SHK are part of the same operon and are transcribed in that order from an
initiation site just upstream of RR. In most known cases, expression of RR is
much higher than that of SHK, resulting in a large difference in their intracellular
concentrations that may stem from differential processing of RR and SHK mRNA
[13]. In many cases, the transcriptionally active form of RR regulates the TCS
operon (Figure 1.1(a)); this autoregulation is usually, but not always, positive
[14–17].

Typically, bacterial species have many TCSs. For example, Escherichia coli
has approximately 30 TCSs [18], most with a single SHK-RR cognate pair that is
kinetically preferred [10, 19]. SHKs typically respond to a set of specific physical
and chemical stresses, such as osmotic stress, shifts in extracellular acidity or
ion content, and phosphate changes [9]. The mechanisms for sensing specific
stresses are poorly understood, and some sensors respond to multiple signals.
For example, the PhoP/PhoQ TCS in Salmonella typhimurium primarily responds
to Mg2+ depletion, but can also respond to depletion of other divalent cations, such
as Ca2+ [20]. Nevertheless, the overall pattern is that a stress results in a unique
response by altering expression of appropriate genes [19].

The prototypical SHK responds to an environmental stress by
autophosphorylating a histidine residue on its cytoplasmic tail [10]. Classic
SHKs have a single phosphorylation domain that transfers the phosphate to
an aspartate residue in the unphosphorylated RR. However, the interactions
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Figure 1.1 : Master-level regulation of bacterial stress response. (a) Response
regulator (RR) and sensor histidine kinase (SHK) are transcribed from a single
operon as a polycistronic mRNA, which after translation gives rise to the
respective proteins. Bifunctional SHK modulates both the phosphorylation and the
dephosphorylation of RR. The transcriptionally active form of RR is its dimerized
phosphorylated form (RR ∼ P)2, which regulates its own operon. (b) Alternative
sigma factors (σ) associate with RNA polymerase (RNAP) core to control gene
expression. Activity of most sigma factors is controlled post-translationally by
binding of anti-sigma factors (anti-σ). This prevents the sigma factors from binding
to the core RNAP.

between SHK and RR are more complex than this simple model suggests. Lately,
SHK phosphatase activity, a separate catalytic event that dephosphorylates
phosphorylated RR (RR∼P), has been recognized to play an important role in
TCS response dynamics [9]. Phosphatase activity may speed up responses by
increasing RR∼P turnover rates, but may also be an important buffer against
non-cognate SHK-RR signaling [21]. The strength of SHK-RR binding and the
balance of phosphotransfer to phosphatase activity of SHK often differ from
system to system, with important dynamic consequences. In some TCSs the
single-step phosphotransfer is replaced by a phosphorelay which employs mutiple
phosphotransfers and can thus possibly integrate multiple signals received on
their different layers [22]. A modeling study on such a variant network showed
that phosphorelays are capable of producing sigmoidal activation kinetics while
maintaining robustness to noise in the input stimulus [23].
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1.1.2 Alternative sigma-factor networks

A sigma factor is a subunit of the bacterial RNA polymerase complex (Figure 1.1(b))
that is necessary for promoter recognition and transcription initiation [11]. The
number of sigma factors encoded by different bacterial species varies considerably.
Typically one housekeeping sigma factor is associated with simple growth and
division of cells in rich environments, whereas multiple alternative sigma factors
ensure specificity of transcription initiation under different conditions. Each sigma
factor specifically interacts with the nucleotide sequence of various promoters
to regulate the expression of multiple genes. Alternative sigma factors mediate
the response to various environmental changes, such as stresses arising from
nutrient depletion, heat shock, or oxidative damage [12]. Hence, controlling the
level and activity of an alternative sigma factor determines the expression of the
corresponding regulon.

A common mechanism that post-translationally controls activity is the
sequestration of a sigma factor by binding of its antagonists (Figure 1.1(b)),
called anti-sigma factors [24]. This sequestration prevents the sigma factor from
binding to core RNA polymerase. In many cases sigma and anti-sigma factors are
co-transcribed from the same operon, which is preceded by a promoter positively
regulated by the sigma factor [25–27]. The corresponding positive autoregulation
is an example of transcriptional control of sigma factor levels [12]. Sometimes
sigma-factor networks also consist of an anti-anti-sigma factor which as the name
suggests is an antagonist of the anti-sigma factor. In these networks the anti-sigma
factor can switch between its two binding partners (sigma and anti-anti-sigma)
depending upon a reversible phosphorylation event. The partner-switching
mechanism is best characterized in Bacillus subtilis where it is used to control
the activity of general stress response factor σB [28] and sporulation-specific factor
σF [29]. Subsequently, the partner-switching mechanism has been identified as a
signalling component in a number of gram-positive bacteria [30].

1.2 Coupled feedback loops

As mentioned above, in many cases the genes encoding TCSs and sigma-factor
networks are transcriptionally autoregulated (Figure 1.2), thereby resulting in a
positive or negative feedback – the property of a control system whereby its
output is used as an input [31]. Statistical analysis of the transcriptional regulation
network in E. coli confirmed that feedback is a network motif i.e. it is a recurring
theme which occurs much more frequently compared to randomized networks [32].
Moreover, coupled positive and negative feedback loops are a common feature
of biochemical and genetic networks which govern diverse cellular processes
such as stress-response, galactose signaling and the cell cycle [33–35]. The
dynamical properties of feedback in some simple genetic networks were examined
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theoretically way back in the 1970s [36–38], and since then some of these
predictions have been extended and experimentally demonstrated [34, 39–41].
Research indicates that negative feedback is likely to result in faster responses
[39], robustness against fluctuations [42] and dynamical stability [43], whereas
positive feedback is likely to result in slower responses [44], increased noise [45],
and possibly, ultrasensitivity [46] and bistability [47].

signal

Figure 1.2 : Transcriptional autoregulation results in feedback. Transcription and
translation of a gene gives rise to the respective protein which gets phosphorylated
by a post-translational signal. The transcriptionally active form of the protein is its
dimerized phosphorylated form which positively (arrow) or negatively (blunt arrow)
regulates its own production. The chain of events result in a feedback whereby
system output (protein) is used as an input (active protein).

1.2.1 Bistable response

Bistability is the property of a system whereby it possesses two stable steady
states over a range of signals (Figure 1.3(a)). At the boundaries of this range,
sometimes also referred as thresholds, steady-state response of the system
discontinuously jumps from one state to the other. One of the first experiments
in which bistability was observed dates back more than 50 years to Novick and
Weiner, who characterized induction of the lactose (lac) operon with a gratuitous
inducer [48]. They showed that there exists a range of inducer concentrations for
which cells can either be in an OFF state, in which the operon is not induced, or
an ON state, in which the operon is fully induced. In this intermediate range of
inducer concentrations, the composition of the cell population will depend on its
history: initially fully induced cells will remain in the ON state for many generations,
whereas initially uninduced cells will remain mostly OFF and will have a small
probability of switching to the ON state. Later, single-cell experiments confirmed
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the conclusions of Novick and Weiner [48], and explained switching between states
on the basis of underlying stochasticity in bacterial gene expression [49–51].
Lately, many bistable genetic networks have been identified. Among these are
those controlling the alternative lifestyles of phage λ [52, 53], the induction of
maturation in Xenopus laevis oocytes [47, 54], cell cycle progression [55, 56], and
cell fate determination in the sea urchin [57, 58] and hematopoietic stem cells
[59, 60]. In addition, several synthetic bistable switches have been constructed
[61–63].

R
es

po
ns

e

Signal

R
es

po
ns

e 

Signal

OFF

ON
(a) (b)

mLG >> 1

threshold

Figure 1.3 : Bistable and ultrasensitive systems exhibit switch-like behavior. (a)
In a bistable system, the steady-state signal response curve shows a range of
signals for which two different steady states are possible. At the boundaries of
the bistable regime, the response of the system discontinuously jumps from one
state to the other (see arrows). The two solid curves represent the stable steady
states, which are separated by an unstable steady state (dashed curve). (b) In
an ultrasensitive system, the steady-state signal response curve shows a sharp
increase beyond a threshold (gray line). The response is termed ultrasensitive if
the maximum logarithmic gain (mLG), which is essentially the maximum slope of
the system in log-log coordinates, is much larger than 1.

Widespread bistability observed in genetic networks [64] poses the question:
Is bistability possible in those TCSs and sigma-factor networks in which
transcriptional autoregualtion of the operon results in a positive feedback (see
section 1.1)? Such a TCS is unlikely to be bistable for at least two reasons.
First, the feedback proportionally upregulates expression of both RR and SHK,
which may lead to an implicit negative feedback if the SHK is bifunctional and
dephosphorylates RR∼P [65]. Second, many TCSs have a signal-response
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relation that is nearly independent of RR and SHK expression levels; thus,
the effects of feedback on signal level are negated and TCSs function robustly
regardless of gene-expression fluctuations [66, 67]. Similarly, the positive
feedback in a sigma-factor network is counteracted by a negative feedback from
anti-sigma autoregulation making bistability unlikely [28]. For example, the σB

stress-response network in B. subtilis does not exhibit a bistable response because
of insufficient cooperativity in the transcriptional feedback loops [28]. Thus, the
presence of positive feedback loops in a network does not necessarily result in
bistability.

1.2.2 Ultrasensitive response

Ultrasensitivity is the property of a system in which a threshold concentration
of signal triggers entry into a different state while bypassing intermediate states
(Figure 1.3(b)). Both bistable and ultrasensitive systems display a ’switch-like’
behavior i.e. a graded signal is converted into an all-or-none response [68].
However, there is one important difference – the discontinuity in a bistable
response gives rise to history dependence or hysteresis [69]. As a result bistable
systems can tolerate fluctuations in signals near its switching thresholds. On the
other hand, though ultrasensitive systems can buffer signal fluctuations far from
the switching threshold, near-threshold fluctuations cause the system to switch
back and forth between the two states. Nonetheless, ultrasensitivity is prevalent in
signaling networks such as MAPK cascade in Xenopus oocytes [70], the system
controlling mating decision in yeast [71], a non-canonical TCS with split histidine
kinase [72], and the circuit controlling patterning of Drosophila embryos [73].

Is ultrasensitivity also possible in the TCSs and sigma-factor networks which
consist of a positive feedback? At best these networks will generate weak
ultrasensitive responses because as discussed in section 1.2.1 their inherent
positive feedback is countered by an implicit negative feedback. However,
the source of ultrasensitivity in a biological system is not always a positive
feedback. It can result from several other mechanisms such as cooperativity [74];
multimerization [62]; zero-order ultrasensitivity [75], when a kinase-phosphatase
pair operates at saturation ; and molecular titration [76], where an active protein is
sequestered into an inactive complex by its inhibitor. Barring the last mechanism
ultrasensitivity generated from most others is limited in certain respects. The
degree of ultrasensitivity in the case of cooperative binding is always less than
or equal to the stocihiometry of the cooperative reaction, for example, 2 in the
case of a dimer. Similarly, multimerization requires multiple protein-protein and
protein-DNA interactions, whereas zero-order ultrasensitivity depends on enzyme
saturation. On the other hand, molecular titration is a more flexible mechanism
that can generate ultrasensitive responses comparable to highly cooperative
processes. This ultrasensitivity-generating mechanism has possible implications
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in sigma-factor networks as many sigma factors are sequestered by anti-sigma
factors into an inactive complex (see section 1.1.2).

1.3 Thesis Overview

The overall objective of this thesis is to understand the various stress-response
mechanisms employed by bacteria. Though the stress-response networks that
we analyze here belong to two different bacteria Mycobacterium tuberculosis
and B. subtilis, they have several common features. First, both consist of an
alternative sigma factor and an anti-sigma factor. Second, they contain multiple
transcriptional feedback loops. Third, post-translational interactions play a central
role in controlling the activity of sigma factor and other transcription factors (TFs).
We also perform a separate analysis on autoregulatory networks which is not for a
particular bacterium, but still involves features like positive and negative feedback
loops.

In chapter two we analyze a stress-response network in M. tuberculosis which
has been recently linked to mycobacterial persistence. We hypothesize that the
multiple positive transcriptional feedback loops in this network may give rise to
bistability, thereby making it a good candidate for controlling the mycobacterial
persistence switch. To test this hypothesis, we build a detailed mathematical model
and develop a novel modular approach to check for bistability. Subsequently, we
systematically examine the various reduced versions of the network to understand
the role of each component in generating bistability. We find that neither the
positive autoregulation in the MprA/MprB TCS nor the σE-mediated feedback is
sufficient to induce bistability, and the system becomes bistable only when we
include the post-translational regulation of σE by RseA.

In chapter three we study how the features of feedback architecture, such as
number of loops, sign of loops and type of their coupling affect the dynamical
performance of an autoregulatory network. Specifically, we investigate how
bistability range, maximum open-loop gain and switching times of a network with
transcriptional positive feedback are affected by additive or multiplicative coupling
with another positive or negative feedback. We show that a network’s bistability
range is positively correlated with its maximum open-loop gain and that both the
quantities depend on the sign of feedback loops and the type of feedback coupling.
We also find that in contrast to previous research an addition of a positive feedback
can decrease, whereas addition of a negative feedback can increase the bistability
range.

In chapter four we examine the σB stress-response network in B. subtilis which
has been recently shown to produce pulsing in σB when exposed to energy stress.
We hypothesize that the multiple protein sequestration reactions and feedback
loops in the network may lead to ultrasensitivity, thereby causing pulsing in σB.
To test this hypothesis we build a detailed mathematical model and examine
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system dynamics both with and without feedback. We find that the concentration
of anti-sigma factor RsbW must lie in an optimal range for pulsing. We show
that pulsing occurs only above a threshold level of phosphatase, beyond which
the amount of RsbW is insufficient to fully sequester its binding partners σB

and anti-anti-sigma factor RsbV. Lastly, we compare our simulation results with
experimental data to show that the network encodes phosphatase burst size and
not burst frequency into σB pulses.

Finally, in chapter five we summarize the general conclusions of this research
and proposes some possible future directions.
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Chapter 2

Bistability in mycobacterial stress response

2.1 Introduction

Persistence is a physiological state in which a genetically identical fraction of
a bacterial population can survive exposure to stress such as antibiotics and
thereafter grow to regenerate a population with the same antibiotic sensitivity [78].
This effect has been linked to phenotypic heterogeneity in bacterial populations
[79] – persister cells in E. coli display either reduced growth rates or a non-growing
phenotype [80, 81]. In the pathogen M. tuberculosis, persistence plays an
important role in successful colonization of the host, because persistent bacteria
avoid elimination by the immune response or by drugs [82]. With no or very slow
replication, these pathogens can persist in a latent state for years [83]. Although
multiple genes associated with persistence in M. tuberculosis have been identified
[84–86], the detailed molecular mechanisms underlying the phenotypic switch to
persistence remain unknown.

Mycobacterial persistence has been recently associated with the
stress-response network containing the MprA/MprB TCS along with the
alternative sigma factor σE and its anti-sigma factor RseA (Figure 2.1). MprA,
the transcriptional regulator of the TCS, has been reported to be essential for
mycobacterial persistence [85]. Moreover, upregulation of σE expression has
been observed in various stress conditions such as nutrient depletion, heat
shock and exposure to oxidizing agents and detergents [87–89], all of which
mimic persistence-inducing environmental changes. Importantly, σE mediates
transcription of stringent response regulator RelA, which regulates the expression
of antigenic and enzymatic factors required for mycobacterial persistence [90].
The network is triggered by autophosphorylation of SHK MprB [91] in the
presence of polyphosphate as a phosphate donor [92]. The phosphate is then
transferred to MprA, thereby activating it [91]. MprB is a bifunctional enzyme also
capable of dephosphorylating phosphorylated MprA (MprA∼P) [91]. σE activity is
post-translationally regulated by the anti-sigma factor RseA [93], which binds to σE

in reducing environments [94]. Positive autoregulation of the mprAB operon due
to transcriptional regulation by MprA∼P gives rises to a positive feedback [95].

This work is in collaboration with Gábor Balázsi, Maria L. Gennaro, and Oleg A. Igoshin [77].
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mprA mprB

sigE

MprA

MprA P

MprBP

RseA

RseA

MprB

Figure 2.1 : Schematic of the mycobacterial stress-response network. Dashed
lines represent transcriptional regulation. MprA phosphorylation state is modulated
through the phosphorylation-dephosphorylation reactions controlled by MprB.
Phosphorylated MprA (MprA∼P) upregulates the transcription of the mprAB and
the sigE operons. The activity of σE is regulated by binding of the anti-sigma factor
RseA. Only free σE upregulates transcription of mprAB operon.

The second feedback arises from transcriptional activation of sigE by MprA∼P
[96] and subsequent upregulation of mprAB transcription from a σE-dependent
promoter [88].

A study of relA transcription dynamics from a σE-dependent promoter in
single Mycobacterium smegmatis cells revealed bimodal distribution of gene
expression in the population [97]. This bimodality (Figure 2.2, adapted from [97])
was hypothesized to be associated with bistability in the upstream MprA/MprB
TCS originating from its transcriptional autoregulation. The accompanying
mathematical model indeed suggested that bistability is possible under certain
parameter values and biochemical assumptions, including phosphatase activity of
the phosphorylated form of MprB (MprB∼P), which dephosphorylates MprA∼P.
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Figure 2.2 : Distribution of relA in Mycobacterium smegmatis cells is bimodal. Flow
cytometry was used to measure the GFP expression in M. smegmatis cells that
were grown for different periods of time. In these cells GFP expression was driven
by a relA promoter. With time cells transition from low to high GFP expression
state. Figure adapted from [97].

Experimental results suggest, however, that non-phosphorylated MprB acts as
a phosphatase in the above reaction [91], as it does in many other bacterial
TCSs [67]. Recently, a stochastic kinetic model of TCSs with the correct
dephosphorylation mechanism was constructed [98]. This model showed that
TCSs can exhibit all-or-none, graded or mixed-mode responses depending on
the actual kinetic parameters. However, this model did not include feedback
for the SHK from phosphorylated RR similar to that for DegS/DegU TCS in B.
subtilis [99]. Moreover, for the MprA/MprB TCS both mprA and mprB genes are
co-transcribed from one autoregulated operon, making the above stochastic kinetic
model inapplicable. Thus, we re-examine here the mechanism of bistability in the
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mycobacterial stress-response network, including both the phosphatase activity
and the positive feedback associated with bistability.

We hypothesize that the multiple positive feedback loops in the network may
lead to bistable behavior (one state corresponding to basal expression of mprAB
and sigE and the other to near maximal expression), thereby making it a good
candidate for the persistence switch. To test this hypothesis, we construct a
comprehensive mathematical model and develop a novel approach to analyze this
stress-response network for presence of bistability. We examine the dynamics
of various reduced versions of the full network to understand the role of each
component in generating bistability. We first analyze the autoregulated MprA/MprB
TCS and find that it is not bistable in a biochemically relevant parameter range.
We then introduce the second positive feedback loop via transcriptional regulation
of the sigE operon by MprA∼P and of the mprAB operon by a σE-dependent
promoter. We find that the second positive feedback is insufficient to induce
bistability because it weakens the overall positive feedback. Finally, we include the
post-translational regulation of σE by the anti-sigma factor RseA. This interaction
significantly increases the effective cooperativity in the system and leads it to
bistability, which is robust to parameter variation. Thus, by investigating the role of
multiple feedback loops in the network architecture we decipher the mechanisms
controlling bistability in the mycobacterial stress-response network.

2.2 Results

2.2.1 Necessary condition for bistability

The presence of positive feedback in a biochemical network has been shown to be
a necessary, but not sufficient condition for the system to be bistable [14, 46]. Here,
we develop a new approach to establish a stricter necessary condition for bistability
which can sometimes be sufficient to find a region of bistability, given the freedom
to adjust certain biochemical parameters characterizing feedback interactions. The
general ideas of the approach are sketched in this section, while the detailed steps
of the treatment follow in the next section.

Generally, the dynamical systems representation of biochemical networks
comprises more than three ordinary differential equations making graphical or
analytical stability analysis impossible. However, since protein translation and
transcription reactions are often slower than the post-translational steps a system
can be decoupled into two modules: a post-translational interaction module
describing system dynamics at quasi-steady state by algebraic equations and a
transcriptional regulation module describing dynamics of the total concentrations of
each chemical species (conserved in the post-translational module) with ordinary
differential equations. This separation greatly reduces the dimensionality of
a dynamical system and thereby enables independent input-output analysis in
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the two modules. The transcriptional regulation module relates the rate of
change of the total protein concentration vector (XT = [X1

T , X
2
T , ..., X

N
T ]), with the

concentration vector of the active form of TFs (XA = [X1
A, X

2
A, ..., X

M
A ]):

dXT

dt
= kpdeg[F([X

1
A, X

2
A, ..., X

M
A ])−XT] = kpdeg[F([XA])−XT] (2.2.1)

where F([XA]) = [F1(XA), F2(XA), ..., FN(XA)] is the vector of protein production
normalized by kpdeg - protein degradation rate constant assumed to be same for all
protein forms for notation simplicity. The components of the concentration vectors
X i
T (i = 1, ..., N) and X i

A(i = 1, ...,M) correspond to concentrations of the total
protein and the active form of TFs respectively. In the post-translational interaction
module we analyze the steady-state levels of active forms of TFs represented by
the vector XA as functions of total protein concentrations XT in the absence of
protein production or degradation:

XA = G([X1
T , X

2
T , ..., X

N
T ]) = G(XT) (2.2.2)

Thus, the input to one module is the output from the other and vice versa, and at
steady state XT = F(XA) = F(G(XT)). The stability of the system is determined
by the Jacobian matrix Jij =

∂Fi(G(XT ))

∂Xj
T

.
In a one-dimensional dynamical system graphical analysis is useful as steady

states correspond to intersections of curves XT = F (XA) and XA = G(XT ) and
their stability is given by respective slopes. These slopes can be easily expressed
in terms of the logarithmic gains (LGs) of the modules LGT (transcriptional)
and LGP (post-translational), which are effective kinetic orders of the power-law
system representation [100]. To obtain multistability, at least one unstable
steady state must exist which requires that the inequality LG−1

T < LGP be
satisfied. Due to decoupling approximation the LGs of the two modules depend
on non-overlapping set of biochemical parameters, thereby simplifying the analysis
and search for bistability. The post-translational interaction module contains only
the post-translational rate constants, while the transcriptional regulation module
involves protein synthesis and degradation rates. Therefore, the search for
bistability is effectively transformed into two independent optimization problems
of maximizing the LGs.

2.2.2 Bistability in the MprA/MprB TCS

Recent work showed bimodal distribution of relA expression in the population which
was hypothesized to originate from the positive feedback due to transcriptional
autoregulation in the MprA/MprB TCS [97]. These results were explained
by an accompanying mathematical model which included the assumption that
the phosphorylated form of MprB (MprB∼P) functions as a phosphatase for
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dephosphorylating MprA∼P. Experimental results suggest, however, that the
unphosphorylated form of MprB functions as a phosphatase in that reaction
[91]. Thus, the bistable behavior must be re-examined within a framework
that incorporates the experimentally observed molecular interactions. Below we
analyze the reduced network comprising MprA/MprB TCS (Figure 2.3(a)) and show
that biochemically realistic parameters in this network do not result in bistability.

mprA mprB
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MprA P

MprBP MprB

(a) (b)
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Figure 2.3 : MprA/MprB TCS is not bistable. (a) Reduced network consisting only
of the MprA/MprB TCS. (b) The steady-state circuit output (AP ) is controlled by
the intersection of the phosphorylation and autoregulation curves describing the
relation between total (AT ) and phosphorylated MprA (AP ) concentrations. In the
physiologically relevant range of the amplification gain (f1 = 10) and in the absence
of an external phosphatase dominating the dephosphorylation flux of MprA P
(kexd = 0), the MprA/MprB TCS is not bistable regardless of other parameters.
The only stable steady state is represented by the filled circle at the intersection of
the two curves.

To illustrate the derivation of the necessary condition involving the LGs,
we analyze the MprA/MprB TCS (Figure 2.3(a)). Using the decoupling
approximation described in 2.2.1 and in [101], we divide the MprA/MprB TCS
into an autoregulation module and a phosphorylation module, which respectively
comprise transcriptional regulation and quasi-steady state approximation of
post-translational interactions present in the system. The various interactions are
modeled as a set of ordinary differential equations which, after simplifications (See
section 2.4.2), can be described by two dynamical equations, one for total MprA
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concentration (AT ) and another for phosphorylated MprA concentration (AP ),
which are the input-output signals of the two modules:

dAT
dt

= kpdeg[F (AP )− AT ] (2.2.3)

AP = G(AT ) (2.2.4)

where, F and G represent the functional dependence of AT and AP on each other
in the autoregulation and the phosphorylation modules respectively (see section
2.4.2).

In a one-dimensional dynamical system, the existence of two stable steady
states requires the existence of an unstable steady state in between. Linearizing
equations (2.2.3) and (2.2.4) around the steady state (A0

T , A
0
P ) and using the

definition of LGs of the autoregulation and phosphorylation modules at steady state
(F (A0

P ) = A0
T , G(A

0
T ) = A0

P ).

LGA =
A0
P

F

∂F

∂AP
LGP =

A0
T

G

∂G

∂AT
(2.2.5)

the equation for perturbation ε1(t) in AT is

dε1
dt

= kpdeg(LGALGP − 1)ε1 (2.2.6)

In the above equation the product LGALGP evaluated at some steady state must
be greater than 1 for at least one unstable steady state and bistability to exist. This
constraint results in the following necessary condition for bistability:

1

LGA

< LGP (2.2.7)

Later the above condition is used to examine the presence of bistability in various
sub-networks and ultimately in mycobacterial stress-response network.

Using the decoupling approximation (equations (2.2.3) and (2.2.4)) the
MprA/MprB TCS is examined as a combination of autoregulation and
phosphorylation modules. The LG for the autoregulation module (equation (2.2.5))
was calculated analytically using equation (2.2.3) at steady state, with F defined in
section 2.4.2.

LGA =
2
A2

P

K1
(f1 − 1)(

1 +
A2

P

K1

)(
1 + f1

A2
P

K1

) (2.2.8)

where (f1) is the amplification gain and (K1) is the equilibrium constant for
dissociation of two MprA∼P molecules from DNA (the transcriptionally active form
of MprA is the phosphorylated dimer [95]). The equations for the phosphorylation
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module are not analytically tractable and therefore the LG is computed numerically
or analytically under certain approximations. Since LGA and LGP depend on
non-overlapping sets of parameters, checking for bistability is reduced to two
independent optimization problems of maximizing the LGs. Using (2.2.8), the
maximum value of LGA was computed analytically over the range of AP :

max(LGA) = 2

(√
f1 − 1

)(√
f1 + 1

) (2.2.9)

This expression depends only on the amplification gain f1: max(LGA) increases
with f1 such that for f1 = 9 it is 1, while for f1 →∞ it is 2.

The maximum value of LGP is computed numerically and is found to depend
on the predominant biochemical mechanism of MprA∼P dephosphorylation. If
the dephosphorylation is dominated by MprB (which is expected since MprB is
a bifunctional enzyme and no external phosphatase has been identified in this
system), then max(LGP ) is 1. This result can be analytically demonstrated for the
reduced model with no exogeneous phosphorylation-dephosphorylation of MprA
and irreversible autophosphorylation of MprB (see section 2.4.2). This limit was
also considered in [66, 67].

Therefore, the left hand side of equation (2.2.7) is greater than 1 for
MprA/MprB TCS. In contrast, the right-hand side is smaller than 1 in the absence
of exogenous phosphatase activity. Together these results indicate that the
MprA/MprB TCS does not satisfy the necessary condition (equation (2.2.7)) for
measured amplification gain (f1 ≈ 8) [95, 102] (Figure 2.3(b)). The only stable
steady state is represented by the filled circle on the intersection of autoregulation
and phosphorylation curves. Nonetheless, an autoregulated TCS can be bistable
under certain conditions not applicable to the MprA/MprB system. The specific
modifications that induce bistability in the MprA/MprB TCS are: i) Increase in
amplification gain (f1 > 9), and ii) Dominant dephosphorylation flux due to
exogenous phosphatase (kexd 6= 0). Modifications i) and ii) increase LGA

and LGP respectively, thereby satisfying the necessary condition for bistability.
Consequently, bistability can be induced in the MprA/MprB TCS either by including
large amplification gain (f1 = 100) (Figure 2.4(a)) or by allowing for a dominant
exogenous dephosphorylation (kexd 6= 0) (Figure 2.4(b)). However, since there
is no evidence demonstrating the presence of an external phosphatase or large
amplification gains in the MprA/MprB TCS, these cases are not considered in
subsequent analysis.

It should be noted that the value for amplification gain used in the above
analysis has been estimated from experimental data on M. tuberculosis [96, 102].
These estimates can be used in this model of bistability in M. smegmatis because
MprA/MprB TCS and σE are highly conserved in mycobacteria [8, 31].
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Figure 2.4 : Inducing bistability in the MprA/MprB TCS. The two curves have the
same meaning as in 2.3(b). In the cases of (a) large amplification gain (f1 = 100
and (b) dominant dephosphorylation flux due to exogenous phosphatase (kexd =
0.001s−1, kexp = 0s−1) the MprA/MprB TCS is bistable. The stable and unstable
steady states are represented by the filled and empty circles respectively on the
intersections of the two curves. Amplification gain f1 is defined as the ratio between
the maximal and the basal mprA transcription levels. The value of K1 used in (a)
and (b) is 9µM2 and 0.0015µM2 respectively.

2.2.3 Indirect σE-mediated feedback does not make the TCS bistable

In the absence of the anti-sigma factor RseA, free σE upregulates the transcription
of the mprAB operon [88]. Also, the sigE operon is upregulated by the TCS
transcriptional regulator - MprA∼P [96]. The net effect of these transcriptional
regulations can be perceived as a σE-mediated indirect feedback to the mprAB
operon. Therefore, it is possible that this indirect feedback in combination with
the direct feedback analyzed in the preceding subsection can lead to bistability
in the network. For simplicity, the network is first analyzed in the absence of the
post-translational regulation of σE by RseA (Figure 2.5(a)).

The σE-dependent and MprA∼P-regulated promoters of the mprAB operon
were modeled by considering their effects in an additive fashion such that the
total transcription is the sum of the individual transcriptional rates. Application
of decoupling approximation to this network leads to the following two-dimensional
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Figure 2.5 : σE-mediated feedback decreases the logarithmic gain (LG) of the
autoregulation module. (a) The reduced network consisting of the MprA/MprB
TCS and sigma factor σE, but no anti-sigma factor RseA. (b) Autoregulation curves
for the cases with direct, indirect and total feedback. LGD

A and LGI
A are the

autoregulation module LGs for the direct feedback due to autoregulation in the TCS
and the indirect feedback due to transcriptional regulation of the mprAB operon by
σE. LGT

A is the total LG for the autoregulation module in the reduced network.
Inclusion of additional feedback due to σE decreases the total LG LGT

A < LGD
A ,

thereby preventing the necessary condition for bistability to be satisfied. (c) LG
curves for the cases with direct, indirect and total feedback. The dotted line (LG=1)
represents the maximum LG for the phosphorylation module.
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system for the total concentrations of MprA (AT ) and σE:

dAT
dt

= kpdeg[F
D(AP ) + F I(ET )− AT ] (2.2.10)

dET
dt

= kpdeg[H(AP )− ET ] (2.2.11)

where, FD and F I respectively represent the transcription of the mprAB operon
due to the direct and σE-mediated indirect feedback respectively and H(AP )
represents the transcription of the sigE operon due to MprA∼P regulation (see
section 2.4.3 for details). These equations along with (2.2.4) describe the
MprA/MprB/σE network dynamics and can be further reduced to a one-dimensional
system by following the nullcline ET = H(AP ). Biochemically, this corresponds to a
quasi-steady state approximation for ET and analyzing the effect of the additional
feedback through its contribution to the LG of the autoregulation module. This
reduced system is described by equations (2.2.3) and (2.2.4) with:

F (AP ) = FD(AP ) + F I(H(AP )) (2.2.12)

The necessary condition described earlier was used to analyze this
one-dimensional system for bistability. The necessary condition for bistability in
the two-dimensional system is also calculated and found to be identical to that
of the one-dimensional system. This equivalence justifies the quasi-steady state
approximation for ET . Generally, the LG of the sum of two fluxes is given by a
weighted average of the LGs of individual fluxes with weights being their fractional
contribution to the total flux:

LG(y1 + y2) =
y1

y1 + y2
LG(y1) +

y2
y1 + y2

LG(y2) (2.2.13)

Thus, the net LG due to combination of the direct and indirect feedbacks is given
by the following expression:

LGT
A = ωLGD

A + (1− ω)LGI
A (2.2.14)

where, ω is the fraction of transcription that takes place via the direct feedback loop,
and LGD

A = AP

FD
∂FD

∂AP
and LGI

A = AP

F I
∂F I

∂AP
are the LGs of the autoregulation module

due to the direct feedback (equation (2.2.8)) and the indirect feedback, respectively.
The expression for LGI

A is the same as LGD
A , with f1 and K1 replaced by feff

and Keff , respectively. feff is the effective amplification gain due to the indirect
feedback composed of transcriptional regulation of the sigE operon by MprA∼P
and of the mprAB operon by σE, and Keff is the effective dissociation constant
for MprA∼P-DNA binding in the case of indirect feedback. Maximum LGI

A can be
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represented by an expression similar to that for LGD
A (equation (2.2.9)):

max(LGI
A) = 2

(√
feff − 1

)(√
feff + 1

) (2.2.15)

This maximum occurs at the maximal value of feff (see section 2.4.3) which is a
function of f2 and f3, the amplification gains for transcriptional regulation of the
mprAB and sigE operons by σE and MprA∼P, respectively. It can be further shown
that max(feff ) < f2 and max(feff ) < f3. Moreover, since f1, f2 and f3 are of the
same order [88, 96, 102],

max(feff ) < f1 (2.2.16)

From equations (2.2.9), (2.2.15) and (2.2.16), we obtain

max(LGI
A) < max(LGD

A) (2.2.17)

Based on equation (2.2.14) the weighted average of the two LGs will be smaller
than the maximum of them. Thus, introduction of the indirect feedback via σE into
the network makes bistability less likely because σE-mediated feedback decreases
the LG of the autoregulation module in the MprA/MprB/σE network. This result
is schematically depicted in Figures 2.5(b) and 2.5(c), where panel (b) shows
input-output curves for the autoregulation module in the cases of direct feedback,
indirect feedback and total feedback. In this panel the slopes of curves represent
the LGs. Figure 2.5(c) numerically illustrates the analytical result: LGI

A < LGT
A <

LGD
A . In conclusion, the decrease in LGA prevents the necessary condition for

bistability to be satisfied and hence an additional feedback through σE does not
make the system bistable.

2.2.4 Autoregulated σE-RseA network is bistable

In mycobacteria, σE activity is regulated by the anti-sigma factor RseA which is
encoded in the operon downstream of sigE [103]. This post-translational regulation
of σE is studied in the reduced network consisting of the σE-RseA interaction
and positive autoregulation of the sigE operon (Figure 2.6(a)). The positive
autoregulation is either a result of the indirect feedback via MprA/MprB TCS
[11,30] or the putative direct autoregulation effect of σE on its own transcription
[88]. In this analysis, the autoregulation is modeled phenomenologically with
a Hill-equation to allow closed-form analytical results. The reduced network
is analyzed by decomposing it into σE autoregulation and σE-RseA interaction
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Figure 2.6 : Sequestration of σE by RseA leads to bistability in the mycobacterial
stress-response network. (a) The reduced network consisting of the σE/RseA
interaction and the positive autoregulation (dashed lines) by σE. (b) The maximum
value of the logarithmic gain of the interaction module (LGI) increases with σ/anti-σ
interaction strength (low KD). (c-d) The steady-state circuit output (E) in the
reduced network and in the complete network consisting of the MprA/MprB TCS
and the σE-RseA circuit is controlled by intersection of the interaction and the
autoregulation curves describing the relationship between the total (ET ) and the
free (E) concentrations. Both the σE-RseA reduced network (c) and the complete
network (d) are bistable; the two filled circles represent the stable steady states,
while the empty circle between is the unstable steady state.



23

modules, described by the following equations:

dET
dt

= kpdeg[U(E)− ET ] (2.2.18)

E = V (ET ) (2.2.19)

where, U and V represent the functional dependence of total σE and free σE

concentrations on each other in the autoregulation and the interaction module
respectively (see section 2.4.4). This separation allows analytically calculation of
LGs for the autoregulation (LGA = E

U
∂U
∂E

) and interaction modules (LGI =
ET

V
∂V
∂ET

)
(see section 2.4.4). This was used to analytically compute expressions for the
maximum values of these LGs:

max(LGA) = q

(√
f − 1

)(√
f + 1

) (2.2.20)

max(LGI) =

(
2
√

KD

RT
(KD

RT
+ 1) + 1 + 2KD

RT

)
2
(
2
√

KD

RT
(KD

RT
+ 1) + KD

RT

) (2.2.21)

where f is the amplification gain due to positive autoregulation by σE; q is the
Hill coefficient representing effective cooperativity in the autoregulation module;
RT is the total RseA concentration; and KD is the dissociation constant for
the sigmaE-RseA interaction complex. Equation (2.2.21) shows that max(LGI)
increases with decreased KD, i.e., with increased σE-RseA interaction strength
Figure 2.6(b)). By analyzing equations (2.2.20) and (2.2.21) it can be concluded
that given a sufficiently strong σE-RseA interaction, one can find parameters
satisfying the necessary condition:

1

max(LGA)
< max(LGI) (2.2.22)

Thus, regardless of the amplification gain and the effective cooperativity in the
autoregulation module a parameter set can be found such that the σE-RseA
network is bistable. Figure 2.6(c) demonstrates bistability in the autoregulated
σE-RseA network for a sample parameter set. In conclusion, the σE-RseA
interaction can significantly increase effective cooperativity and thereby lead to
bistability in the presence of positive autoregulation. The increase in effective
cooperativity leading to an ultrasensitive response is characteristic of systems
where protein is sequestered by an inhibitor [104–106].
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Figure 2.7 : Bifurcation analysis in the complete mycobacterial stress-response
network demonstrates bistability. (a-b) Steady state concentrations of
phosphorylated MprA (AP ) and sigma factor (E) versus MprB autophosphorylation
rate (kap), the external signal representing the application of stress to the network.
The solid gray lines represent the stable steady states which are separated by the
unstable steady state (dotted black line). Insets contain the respective bifurcation
diagrams on a linear scale (X axis).

2.2.5 Bistability in the complete mycobacterial stress-response network

The promising result in the previous subsection paved the way for the analysis
of integrated mycobacterial stress-response network comprising MprA/MprB
TCS and σE-RseA circuit. The complete network is studied by decoupling
it into autoregulation and interaction modules. Also, the phenomenological
(Hill-equation) model of σE autoregulation is replaced with a more rigorous
mathematical model explicitly incorporating transcriptional regulation of the mprAB
and sigE operons by σE and MprA∼P respectively (see 2.4.5). Therefore, the
autoregulation curve for the complete network changes in comparison to the
σE-RseA reduced network, whereas the interaction curve remains the same
(see Figures 2.6(c) and 2.6(d)). The complete network is found to be bistable
for a sample parameter set - the two filled circles on intersections of the
autoregulation and interaction curves represent the stable steady states, while
the empty circle in between is the unstable steady state 2.6(d). Thus, the
mycobacterial stress-response network is bistable in a biochemically feasible range
of parameters.
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Subsequently, full network bifurcation analysis was performed to understand
bistability in greater detail and to study its dependence on physiologically
relevant network parameters. The mycobacterial stress-response pathway is
triggered by polyphosphate kinase activity [92], which catalyzes the synthesis
of polyphosphate. Polyphosphate, a linear polymer of orthophosphate
residues, serves as a phosphate donor in the MprB autophosphorylation
reaction. Eventually, the phosphorylation state of MprB modulates MprA
activity through phosphorylation-dephosphorylation reactions. Therefore, MprB
autophosphorylation rate (kap) is an important physiological input to the system.
Also, MprA∼P and free σE concentrations are good measures of system output
as they are the transcriptional regulators controlling the expression of numerous
downstream genes involved in stress response. Thus, in Figures 2.7(a) and 2.7(b)
the steady-state MprA∼P (AP ) and free σE (E) concentrations are respectively
plotted as a function of MprB autophosphorylation rate (kap). In both panels the
two solid lines represent the stable steady states, which are separated by the
unstable steady state (dotted line). The system displays a bistable response, which
indicates the existence of two stable steady states for an intermediate range of
autophosphorylation rates. The system can reach either of the two steady states
depending on the initial conditions.

Finally, the robustness of bistability predictions against variations in parameter
values was analyzed to evaluate the general applicability of these conclusions to
biological situations. (Figure 2.8. Parameters were varied in pairs to determine
the region of bistability. The most sensitive parameter is (rT ), the dimensionless
parameter representing total concentration of RseA, which regulates σE activity
through inactive complex formation. This parameter can be varied 7-fold, while
β∗
2 and f1, the dimensionless parameters representing basal transcription of

MprA/MprB TCS from an σE-regulated promoter and amplification gain for an
MprA∼P regulated promoter, can be varied 50-fold without disturbing the bistability.
The rest of the parameters can be varied at least 100-fold without affecting
bistability. Thus, the mycobacterial stress-response network exhibits robust
bistable behavior over a significant range of parameters.

2.2.6 Stochastic simulations reproduce bimodality in reporter gene
expression

A flow cytometry study of relA transcription dynamics in M. smegmatis cells
revealed bimodal distribution of gene expression in the population [97]. The
observed distributions were time dependent so that the population with a low
level of expression decreased and the high-expressing population grew with longer
exposure to stress. To check if the observed bistability in a deterministic model will
lead to a bimodal distribution of relA reporter as was observed in [97], a stochastic
model was developed for the MprAB/σE/RseA mycobacterial stress-response
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Figure 2.8 : Robustness of bistability to parameter variations. Shaded region
in each panel depicts the parameter space where bistability is observed. In
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(2.4.13) and (2.4.14).
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network. Stochastic fluctuations in the elementary biochemical processes involving
small numbers of reactant molecules can cause phenotypic switching between two
physiological states [36]. To reproduce this result, stochastic simulations were
performed for the complete model comprising the MprA/MprB TCS and σE-RseA
circuit along with a reporter gene under control of σE (Appendix A). 10,000
simulation trajectories for 50 hours (maximum duration of incubation in [97]) were
obtained using the built-in stochastic simulator of COPASI [107].

Simulations produce bimodal distribution of reporter gene expression, with
peaks corresponding to near basal and fully induced levels of relA reporter
(Figure 2.9). Furthermore, it was observed that the number of cells showing
induced expression slowly increases over time. These simulations correctly
reproduce the qualitative behavior of relA reporter expression in the population
[97]. This simplified model does not match the experimental results quantitatively
as it does not account for transcriptional bursting [108] or extrinsic noise sources
[50]. Moreover, the population dynamic aspects of the problem were completely
ignored, i.e., it was assumed that cells grow with the same rate regardless of
network dynamics. Nevertheless, the stochastic formulation of the deterministic
model confirms that the bistability in the stress-response network is capable
of producing the experimentally observed bimodal distribution of reporter gene
expression.

2.3 Discussion

Here we studied the dynamical properties of the biochemical network possibly
responsible for the persistence switch in mycobacteria. This switch plays a
pivotal role in the spread of tuberculosis in host organisms, as persistent
bacteria exhibiting reduced growth rates can survive drug treatment by entering
a latent state [82]. Recently, mycobacterial persistence has been linked to
genes downstream of the stress-response network consisting of the MprA/MprB
TCS, alternative sigma factor σE and its anti-sigma factor RseA [85, 86, 93].
This network contains two positive feedback loops. The first positive feedback
loop originates through the positive autoregulation of the mprAB operon by
the phosphorylated response regulator MprA∼P [95]. The second positive
feedback loop arises through the transcriptional regulation of sigE operon by
MprA∼P [96] and subsequent regulation of mprAB operon by σE [88]. we
hypothesized that the various feedback loops operating in the network may lead
to bistable behavior, thereby giving rise to population heterogeneity associated
with persistence. Indeed, a recent experimental study of single-cell transcriptional
reporters expressed from the relA promoter controlled by this network in M.
smegmatis revealed bimodal distribution in the cell population [97].

The first feedback loop in the MprA/MprB TCS is not sufficient to produce a
bistable response in the physiologically relevant parameter range. The second
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Figure 2.9 : Bistability in the stress-response network results in bimodal distribution
of reporter gene expression. Stochastic simulations of the MprA/MprB/σE network
with 10,000 independent trajectories show bimodal reporter protein distribution.
The heights of the two peaks (corresponding to basal and fully induced levels of
the reporter gene) change with time (i.e., after 18, 25 and 50 hours). The resulting
distribution dynamics qualitatively agree with experimental data (cf. Figure 2 in
[97]).

feedback loop involving σE makes the network bistable, but only because
of an increase in the effective cooperativity of the system arising from the
post-translational regulation of σE by RseA. Thus, the network displays bistability
that is robust to variation in parameter values. Essentially, the σE-RseA interaction
follows the widespread mechanism of protein sequestration by an inhibitor which is
known to exhibit an ultrasensitive response [104–106]. Furthermore, the stochastic
formulation of the deterministic model qualitatively reproduces the experimentally
observed bimodal distribution of reporter gene expression.

These results have some general implications for the existence of bistability
in core bacterial genetic networks with feedback loops. This system contains
representatives from two major classes of master-level transcriptional regulation
modules in bacteria: a two-component system [14] and an alternative σ/anti-σ
factor network [12, 24]. Both these classes of networks often contain positive
feedback loops, for example the PhoP/PhoQ, PhoB/PhoR and VanR/VanS TCSs
[14] and the σF -UsfX [27], σR-RsrA [27] and σB-RsbW [28] σ/anti-σ systems that
are sometimes hypothesized to be associated with bistability. Bistability has been
demonstrated in the DegS/DegU TCS in B. subtilis which is of slightly different
design as only DegU, the response regulator, is autoregulated [99]. The modular
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analysis employed here is capable of assessing implications of feedback regulation
in each of these networks.

In many TCSs, genes for the response regulator and the sensory kinases
are transcribed from the same operon, which is transcriptionally upregulated by
the phosphorylated response regulator [14]. Recent work on TCSs analyzes the
physiological roles of this autoregulation and suggests that positive autoregulation
does not necessarily give rise to overall positive feedback [65]. The presence of a
bifunctional sensory kinase in the autoregulated operon may result in a decrease
of the phosphorylated fraction of the response regulator due to an increase in
the phosphatase activity. The model predicts that some TCSs are capable of
switching between positive and negative feedback depending on the biochemical
characteristics. The ability to shift feedback signs allows the system to respond
appropriately under different circumstances. Here this analysis is extended to
analyze whether this feedback can lead to bistability. It was observed that the
standard TCS with a bifunctional SHK is incapable of inducing bistability, unless
the amplification gain due to the positive autoregulation is very large f >> 10
or there exists an exogenous phosphatase that dominates the dephosphorylation
flux (effectively eliminating bifunctionality of the sensory kinase). Thus, because
of the lack of sufficiently strong feedback, positive autoregulation may not lead
to bistability in TCSs with a bifunctional signaling histidine kinase. The intuitive
explanation for this is similar to that for the results reported in [65] – negative
feedback due to upregulation of the bifunctional sensory kinase transcription
compensates the positive feedback component and decreases the bistability
range. This additional function of bifunctionality of the sensory kinase–protection
from bistability–also works for the bistability originating from TCS biochemical
interactions proposed in [44].

Many alternative sigma factors are transcribed from autoregulated operons,
and usually their activity is postranslationally modulated by anti-sigma
factors. Previously studied B. subtilis stress-response networks exhibiting
the partner-switching mechanism in which the anti-sigma factor RsbW forms
complexes with either the sigma factor σB or the anti-anti-sigma factor RsbV [28].
In this network bistability was not observed despite positive autoregulation of the
sigB operon. A significant difference between that network and the one considered
here, besides the presence of anti-anti-sigma factor, is the physical arrangement of
genes encoding sigma and anti-sigma factors. In the B. subtilis network, the sigma
and anti-sigma genes are part of the same operon [28], while in the mycobacterial
stress-response network the genes are part of two separate operons [103]. These
results suggest that the arrangement in which the sigma and the anti-sigma factor
genes belong to different and differentially regulated operons facilitates bistability.
This prediction may be experimentally verified by constructing a strain in which
both sigE and rseA are expressed from the native sigE promoter, in which case
we expect the bistability to be lost. When the genes are part of the same operon,
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a negative feedback arises because the anti-sigma factor sequesters the sigma
factor away from RNA polymerase, and thereby attenuates autoregulation. This
negative feedback interferes with the positive feedback, diminishing its effect and
leading to loss of bistability.

The effect of the interplay of two positive feedbacks on network bistability
has been extensively studied theoretically and experimentally [109, 110]. Our
analysis indicates that when two feedbacks control two independent additive
promoters, then the second feedback will induce bistability in the system only
when bistability already exists in the presence of the first feedback. We observe
that, in the case of two feedbacks, the total LG is always less than the greater of
the two individual LGs, which reduces the chances of bistability according to the
formulated necessary condition. The rationale for this difference is the additive
transcription from two promoters of the mprAB operon, resulting in ”‘additive
coupling”’ between MprA∼P and σE activated transcription (activation of either
promoter will be sufficient for mprAB expression). However, if the interplay
of feedback loops causes multiplicative transcription, resulting in ”‘multiplicative
coupling”’ the presence of the second feedback will extend the range of bistability.
These conclusions are in agreement with the results from a recent study on
coupling of feedbacks [110].

The method developed here allows one to identify exact biochemical
interactions that facilitate bistability in the studied network and to find the parameter
range that supports it robustly. Angeli and collaborators developed methods
to deduce bistability for networks of arbitrary complexity that do not contain
negative feedback loops [111]. This method cannot be applied to the current
system because the presence of the bifunctional sensory histidine kinase in the
autoregulated operon can result in negative feedback. Hence, a new method
was developed for analyzing the presence of bistability in signaling networks
by decoupling it into transcriptional and post-translational interaction modules.
This separation reduces the dimensionality of the dynamical system and enables
an independent input-output analysis in the two modules as they depend on
non-overlapping sets of parameters. Subsequently, a general necessary condition
for bistability based on LGs of the two modules is formulated and used to examine
the existence of multiple steady states. A similar condition based on graphical
method was used to study functions that can be combined together to operate
as a switch in two repressor systems [112]. The log-gains used in this paper
to formulate the bistability condition are essentially exponents of the effective
power-law system representation [100]. In this sense, this method extends
previous analysis of Savageau [27], who formulated a condition of bistability for
some simple networks in terms of the reaction kinetic orders.

In the current model, constant degradation/dilution rates were assumed for
all proteins. However, slow growth caused by σE overexpression could result
in dependence of growth rate on σE concentration, effectively strengthening the



31

σE-dependent positive feedback in this system. Bistability due to growth retardation
has been described recently [113] and will be included in future versions of
this model. Also, proteolytic degradation of RseA was ignored, which causes
release of σE in conditions of surface stress and is associated with an additional
feedback loop [94]. Despite these limitations, the model makes important biological
predictions. The decoupling method was used to investigate the presence of
bistability in the mycobacterial stress-response network, which was previously
analyzed in [97]. Their results were re-interpreted within the framework of a
comprehensive mathematical model based on the decoupling approximation. It
was shown that the autoregulated MprA/MprB TCS cannot produce a bistable
response and that σE post-translational regulation by anti-sigma factor RseA is
the key architectural feature that induces bistability in the system. Thus, only when
the multiple positive feedbacks are combined with the ultrasensitive response of
the σE-RseA interaction is bistability introduced in the system. Furthermore, in
accord with earlier research [104], the threshold and the degree of ultrasensitivity
(measured using LG of the interaction module in the σE-RseA circuit) depend on
the total concentration of RseA. Evidently RseA plays an important role in the
network, and the model predicts that its overexpression or deletion can eliminate
bistability.

2.4 Methods

2.4.1 Decoupling approximation

The mycobacterial stress-response network was separated into transcriptional
regulation and post-translational interaction modules based on the decoupling
approximation. The mass-action equations and subsequent approximations are
described in detail in Appendix A, while here only the equations corresponding to
the decoupling approximation are considered. The total concentrations of network
proteins change slowly because of the different time scales of the two modules.
The total concentrations of MprA (AT ), MprB (BT ) and σE are defined as follows:

AT = A+ AP + (A-BP ) + (AP -B) (2.4.1)
BT = B +BP + (A-BP ) + (AP -B) (2.4.2)
ET = E + (E-R) (2.4.3)

where AP (BP ) and A(B) are the phosphorylated and unphosphorylated
concentrations of MprA (MprB), respectively; E is free σE concentration; and
A-BP , AP -B and E-R are the concentrations of complexes. Subsequently, the
equations for the transcriptional regulation module were obtained by separating
and adding together the individual protein production and degradation terms in



32

equations (A.0.37) and (A.0.41)-(A.0.45).

dAT
dt

= β1

1 + f1
A2

P

K1

1 +
A2

P

K1

+ β2

[
1 + f2

E
K2

1 + E
K2

]
− kpdegAT (2.4.4)

dBT

dt
= λβ1

1 + f1
A2

P

K1

1 +
A2

P

K1

+ λβ2

[
1 + f2

E
K2

1 + E
K2

]
− kpdegBT (2.4.5)

dET
dt

= β3

1 + f3
A2

P

K1

1 +
A2

P

K1

− kpdegET (2.4.6)

where β1, β2, β3 and f1, f2, f3 are the basal transcription rates and amplification
gains associated with promoters P 1

AB, P 2
AB, PE, respectively; K1 and K2 are the

equilibrium dissociation constants for MprA∼P-DNA and σE-DNA binding; and kpdeg
is the protein degradation rate. Comparing (2.4.4) and (2.4.5), we concluded that
given zero or proportional initial conditions, the total concentrations of MprB and
MprA stay proportional:

BT = λAT (2.4.7)

thereby reducing the dimensionality of the dynamical system. Therefore, here
onwards the equation for BT will not be considered and instead equation (2.4.7)
will be used.

Gathering the phosphorylation terms from equations (A.0.41)-(A.0.45) and
applying the quasi-steady state approximation leads to a set of linearly-dependent
equations. Consequently, two of these equations were substituted with the MprA
and MprB conservation equations (equations (2.4.1) and (2.4.2)) to obtain,

kt

(
ABP

KT

)
− kp

(
APB

KP

)
+ kexpA− kexdAP = 0 (2.4.8)

kapB − kadBP − kt
(
ABP

KT

)
= 0 (2.4.9)

AT − A− AP −
(
ABP

KT

)
−
(
APB

KP

)
= 0 (2.4.10)

λAT −B −BP −
(
ABP

KT

)
−
(
APB

KP

)
= 0 (2.4.11)

Here, kt

(
ABP

KT

)
and kp

(
APB
KP

)
represent fluxes for MprB-mediated

phosphorylation and dephosphorylation of MprA (kt and kp are catalytic rates
and KT and KP are Michaelis-Menten constants for respective MprB-dependent
phosphorylation and dephosphorylation of MprA); kexpA and kexdAP represent
fluxes for exogenous phosphorylation and dephosphorylation of MprA; kapB and
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kadBP represent MprB autophosphorylation and dephosphorylation fluxes. The
expressions (in parentheses) for (AP -B) and (A-BP ) in equations (2.4.10) and
(2.4.11) are from equations (A.0.38) and (A.0.39). Equations (2.4.8) - (2.4.11)
represent the phosphorylation module of the MprA/MprB TCS. The solution for this
module is cumbersome to obtain analytically, but can be approximately calculated
for certain limiting cases shown below.

Eliminating R and (E-R) using equations (2.4.3), (A.0.40) and (A.0.46) leads to
the following relationship which describes the σE-RseA interaction module.

E = −1

2
[RT − ET +KD] +

1

2
[(RT − ET +KD)

2 + 4KDET ]
0.5 (2.4.12)

where, KD is the equilibrium dissociation constant for σE-RseA complex, ET and
RT are the total concentrations of σE and RseA respectively. The equations (2.4.8)
- (2.4.12) describe the post-translational interaction module.

To reduce the number of free parameters in the system AT , AP , A, BP and B
were normalized by β1

kpdeg
, whereas E and ET were normalized by β3

kpdeg
. This gave

rise to the following dimensionless parameters apart from f1, f2 and f3:

k∗t =
kt
kpdeg

, k∗p =
kp
kpdeg

, k∗ap =
kap
kpdeg

, k∗ad =
kad
kpdeg

, k∗exp =
kexp
kpdeg

, k∗exd =
kexd
kpdeg

, β∗
2 =

β2
β1

(2.4.13)

K∗
T =

KTkpdeg
β1

, K∗
P =

KPkpdeg
β1

, K∗
1 =

K1k
2
pdeg

β2
1

, K∗
2 =

K2kpdeg
β3

, K∗
D =

KD

RT

, rT =
RTkpdeg
β3

(2.4.14)

The normalized concentrations and dimensionless parameters were used in all the
simulations.

2.4.2 Examining MprA/MprB TCS for bistability

The equation for the transcriptional regulation (autoregulation) module of the
MprA/MprB TCS was obtained by substituting β2 = 0 in (2.4.4) which results in
(2.2.3), where

F (AP ) = β1

1 + f1
A2

P

K1

1 +
A2

P

K1

 (2.4.15)

The equations (2.4.8)-(2.4.11) describe the post-translational interaction
(phosphorylation) module. This set of equations reduces to (2.2.4) whereG depicts
the functional dependence of AP on AT .

The necessary condition based on the LGs of modules (equation (2.2.7))
was used to evaluate the MprA/MprB TCS for bistability. The LG for the
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autoregulation module (equation (2.2.8)) and its maximum value (equation (2.2.9))
were calculated analytically, whereas the LG for the phosphorylation module
(equation (2.2.5)) and its maximum value were calculated numerically. The fsolve
and ga optimization functions in MATLAB (The Mathworks, Inc., Natick, MA)
were used to solve the system of equations and to compute the maximum value,
respectively. In the absence of exogeneous phosphorylation-dephosphorylation
of MprA (kexd = kexp = 0) and irreversible autophosphorylation of MprB kad =
0, equations (2.4.8)-(2.4.11) were analytically solved to obtain the LG for the
phosphorylation module:

LGP =

{
1 if AT <

KP kap
kP

0 if AT <
KP kap
kP

2.4.3 Examining the MprA/MprB/σE network for bistability

In this subnetwork, the analysis was restricted to the LG of the transcriptional
regulation (autoregulation) module, because inclusion of σE-mediated feedback
affected only the transcriptional interactions in the MprA/MprB TCS studied above.
In the absence of the anti-sigma factor RseA, σE-RseA complex is not formed and
therefore ET = E. The autoregulation module equations are the same as (2.4.4)
and (2.4.6), the only difference being E in (2.4.4) was replaced by ET . These
equations are equivalent to (2.2.10) and (2.2.11), where

FD =
β1
kpdeg

1 + f1
A2

P

K1

1 +
A2

P

K1

 F I =
β2
kpdeg

(
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E
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K2

)
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β3
kpdeg

1 + f3
A2

P

K1

1 +
A2

P

K1


(2.4.16)

At steady state, the expression for ET was substituted from (2.2.11) into (2.2.10)
to obtain the following equation, which is equivalent to (2.2.12):

F I(H(AP )) = β
′

1

1 + f1
A2

P

K1

1 +
A2

P

K1

+ β
′

eff

1 + feff
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P

Keff

1 +
A2

P

Keff

 (2.4.17)

where

β
′
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′

2

1 + f2β
′
3

K2

1 +
β
′
3

K2
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′
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βi
kpdeg

(i ∈ 1, 2, 3) (2.4.18)
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 (2.4.19)
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feff is the effective amplification gain due to the indirect feedback composed of
transcriptional regulation of the sigE operon by MprA∼P and of the mprAB operon
by σE, Keff is the effective dissociation constant for MprA∼P-DNA binding in the
case of indirect feedback.

In (2.4.17), the first and second terms represent the direct and indirect feedback
to the mprAB operon, respectively. Since the two terms have the same functional
form and differ only in the constants (β, f,K), the expressions for their maximum
LGs are also similar (equations (2.2.9) and (2.2.15)). Furthermore, the maximum
for LGI

A (equation (2.2.15)) depends on feff (equation (2.4.19)). In order to
calculate max(LGI

A), max(feff ) was obtained by finding the maxima of feff as

a function of β
′
2

K2
:

max(feff ) =

(
1 +
√
f2f3√

f2 +
√
f3

)2

(2.4.20)

This equation gives rise to the inequalities max(feff ) < f2 and max(feff ) < f3
for f2 > 1 and f3 > 1, respectively, which were used to establish the inequality
in (2.2.17). The total LG for the autoregulation module (equation (2.2.14))
was calculated from (2.4.17) using the relationship defined in (2.2.13) and was
subsequently subjected to the necessary condition (equation (2.2.7)) to analyze
the presence of bistability in the MprA/MprB/σE network.

2.4.4 Examining the σE-RseA network for bistability

To reduce analytical complexity, the MprA/MprB TCS (equations (2.4.4),
(2.4.8)-(2.4.11)) was not explicitly considered in this subnetwork. Instead, σE

autoregulation was included, which can be perceived as a combination of the
transcriptional regulation of the mprAB operon by σE and of the sigE operon by
MprA∼P. The autoregulation module was modeled in (2.2.18), where

U(E) =
β

kpdeg

[
1 + fEq

Kq

1 + Eq

Kq

]
(2.4.21)

where, β and f are the basal transcription rate and the amplification gain
associated with the autoregulated sigE promoter, K is the σE concentration at
which transcription rate is at half-activated from of its maximum value (≈ βf

2
), q is

the effective Hill coefficient.
The interaction module described earlier in (2.4.12) is equivalent to (2.2.19),

where V describes the functional dependence of E on ET . The LGs for the
autoregulation and interaction modules were analytically calculated using (2.2.18)
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and (2.4.12), respectively, at steady state:

LGA =
q E

q

Kq (f − 1)(
1 + Eq

Kq

) (
1 + fEq

Kq

) (2.4.22)

LGI =
(E2 + (2KD +RT )E +KD(KD +RT ))

(E2 + 2KDE +KD(KD +RT ))
(2.4.23)

The maximum values of LGA and LGI ((2.2.20) and (2.2.21)) were computed
analytically using (2.4.22) and (2.4.23). These were constrained by the necessary
condition (equation (2.2.22)) to obtain a sample parameter set for which the
σE-RseA network exhibits bistability (Figure 2.6(c)).

2.4.5 Examining the complete mycobacterial stress response network for
bistability

The equations for the transcriptional regulation (autoregulation) and
post-translational interaction modules for the complete network were described
earlier (equations (A.0.41)-(A.0.45) and (2.4.12) with kexp = kexd = 0). The LG
for the autoregulation module (LGA = E

ET

∂ET

∂E
) was computed numerically from

equations (A.0.41)-(A.0.45) at steady state. The fsolve function in MATLAB was
used to solve the system of equations. The LG for the σE-RseA interaction module
(LGI = ET

E
∂E
∂ET

) was computed using (2.4.23). These LGs were constrained
by the necessary condition (2.2.22) to obtain a sample parameter set for
which the complete mycobacterial stress-response network exhibits bistability
(Figure 2.6(d)).
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Chapter 3

Bistability in autoregulatory networks with coupled
feedback loops

3.1 Introduction

Coupled positive and negative feedback loops are common features of biochemical
networks [33–35]. Such loops have been identified in regulatory pathways that
govern diverse cellular processes, such as stress-response [115], galactose
signaling [116] and the cell cycle [117]. The dynamic consequences of feedback
in simple genetic circuits were theoretically analyzed by Savageau [37, 38]. Since
then, these predictions have been extended and verified experimentally. It was
demonstrated that negative feedback is likely to result in faster transient responses
[39], robustness against the fluctuation of parameters [42] and dynamical stability
[43]. On the other hand, positive feedback is likely to result in slower response
times [44], increased noise [45] and possibly bistability [47].

Network bistability is defined as the ability of a system to exhibit two different
stable steady states for the same biochemical conditions. For a system to be
bistable, the underlying circuit must possess positive feedback along with some
type of non-linear behavior [46]. Previously, it was shown that the stability
properties of a positive-feedback system can be deduced by analyzing the behavior
of the open-loop system for which the feedback is blocked but the system is subject
to tunable input instead [111]. As long as the open-loop system is monotone
(lacks negative feedback loops; excluding self-feedback) and displays sigmoidal
input-output curve, the closed system is guaranteed to be bistable for some range
of feedback strengths [111]. Furthermore, information about closed system’s
stability is determined by analyzing the slope of the steady state input-output curve
of the open-loop system at fixed points. For such analysis, it is often useful to
analyze the slope of this curve in log-log coordinates. This is a local quantity
defined for a given input signal and is referred to as open-loop gain (LG). In the
previous chapter it was shown that the necessary condition for bistability in a
network depends on the maximum value of LG (mLG): a global quantity computed
over the range of signals [77].

This work is in collaboration with Oleg A. Igoshin [114].
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The simplest transcriptional regulatory network that can exhibit bistability is
an autoregulatory circuit, in which a TF positively regulates the production of its
own mRNA. Such single feedback autoregulatory circuits play a crucial role in
several cellular processes, such as stress-response [22], differentiation [59] and
cell cycle [118]. These observations raise the following question - if a circuit with a
single positive feedback can mediate diverse cellular responses, then why do some
biological systems have more than one feedback? Several answers have been
suggested by past studies, some of which is briefly discussed here. First, duplicate
feedback loops provide robustness against perturbations simply via redundancy of
their effect [119]. For example, a genetic mutation or fluctuation disabling one of
the feedback loops may not drastically affect the network performance if there is
another loop. Second, the presence of fast and slow positive feedback loops can
result in a ’dual time’ monostable or bistable switch that is both rapidly inducible
and resistant to noise during signaling [109, 120]. Third, positive feedback loops
can interact to increase effective cooperativity thereby increasing the range of
conditions at which bistability is observed [110]. Fourth, coupled positive feedback
loops can give rise to multistable decision switches that can robustly discriminate
differences in strength, duration and timing of signal [121]. On the other hand,
interlinked positive and negative feedback loops offer flexibility in the network’s
dynamical performance as modulating their relative strengths enables transitions
between bistable and oscillatory regime [122, 123]. The presence of a positive
feedback in an oscillatory network (designed primarily using negative feedback
loops) increases the robustness of the oscillations and allows for greater tunability
[124]. The presence of a negative feedback in a bistable network produces faster
reversible transitions and transient switching responses [125].

Here, we focus on how a single transcriptional positive feedback interacts
with another positive or negative feedback loop to affect dynamical properties
of a bistable network. Hereafter, the interaction between two feedback loops is
referred to as ’coupling’ and depending on the number of promoters in the genetic
architecture it can be classified into additive (two promoters with one operator site
each) or multiplicative (one promoter with two operator sites). Previously, it was
shown that additive coupling between positive feedback loops always increases the
bistability range and switching times [126]. In contrast, additive coupling between
a positive and a negative feedback decreases the bistability range [123]. However,
these results are based on a limited choice of parameter values and did not
explicitly consider the possibility of multiplicative coupling. This work investigates
how the bistability range and the switching time of a network with an autoregulatory
positive feedback are affected by both additive and multiplicative coupling with
another positive or negative feedback loop. In general, we aim to understand how
the features of feedback architecture, such as the number of loops, the sign of the
loops and the type of their coupling affect a network’s dynamical performance.
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3.2 Networks with coupled feedback loops

The type of coupling between feedback loops is a consequence of the underlying
genetic architecture and as discussed below depends on the number of promoters
(although not exclusively). Here four different genetic architectures were
considered which result in additively or multiplicatively coupled positive/positive
and positive/negative feedback loops (Figure 3.1). Ordinary differential equation
based models were built for these networks assuming mRNA concentrations are at
quasi-steady state to understand the effects of the number of loops, the sign of the
loops and the type of their coupling. The resulting equations are given below along
with some key attributes, while detailed derivations are presented in Appendix B.

3.2.1 Additively coupled positive/positive feedback loops (PPA-network)

Figure 3.1(a) depicts a scenario in which the transcription of gene X is controlled
from two independent promoters, P1 and P2. Post-translationally, an activating
signal converts the protein X into an active form XA. This form functions as
a TF and positively regulates transcription of its own gene by binding to the
operator sites upstream of the two promoters, thereby resulting in two positive
feedback loops. An example of such a regulatory architecture is the phoPR operon
in B. subtilis whose transcription is controlled by two σA-dependent promoters
both regulated by TF PhoP∼P [127]. A detailed biochemical model for this
network shows that the coupling between the feedback loops results in an additive
relationship between them. The following equations between the normalized
concentrations of the active transcription factor (xA) and the total protein (xT )
display the additive effect:

dxT
dτ

= b

(
1 + f1

xn1
A

xn1
A + 1

+ f2
xn2
A

xn2
A + ln2

)
− xT (3.2.1)

xA = γxT (3.2.2)

These equations are in dimensionless form – concentrations are normalized
with the dissociation constant of TF binding to the first operator site, whereas
dimensionless time τ is obtained by normalizing time with the protein degradation
rate. All parameters in the above equations are positive and have a clear meaning:
b is the combined basal protein synthesis rate from two promoters, f1 and f2 are
the fold changes in protein synthesis resulting from each operator site, n1 and n2

are the respective Hill coefficients for the two positive feedback loops (number
of molecules of XA required to activate each operator site), and l is the ratio
of the TF dissociation constants of the second site to that of the first site. For
simplicity, the activation of TF is modeled with a linear equation (3.2.2), which
expresses the concentration of active TF as a fraction of the concentration of total
protein. This linear relation corresponds to first order activation and deactivation
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Figure 3.1 : Genetic architectures and corresponding transcriptional logic depicting
the coupling of feedback loops. (a) PPA: a gene network depicting the additive
coupling of two positive feedback loops. The transcription of gene X is controlled
from two independent promoters, P1 and P2, both of which possess upstream
operator sites for the TF XA. Bound TF upregulates transcription from the two
promoters, thereby giving rise to two positive feedback loops. (b) PPM: a gene
network depicting multiplicative coupling of two positive feedback loops. The
transcription of gene X is controlled from one promoter P . TF XA regulates
transcription by binding to the operator sites upstream of the promoter, thereby
resulting in two positive feedback loops such as in the case of additive coupling.
(c) PNA: a gene network depicting additive coupling of a positive and a negative
feedback loop. The transcription of gene X is controlled from two independent
promoters P1 and P2, both of which possess upstream operator sites for the TF XA.
Bound TF upregulates and downregulates the transcription from the promoters P1

and P2, respectively, thereby giving rise to positive and negative feedback loops.
(d) PNM: a gene network depicting multiplicative coupling of a positive and a
negative feedback loop. The transcription of gene X is controlled by one promoter
P . TF XA regulates transcription by binding to the operator sites upstream of the
promoter, thereby resulting in positive and negative feedback loops similar to the
case of additive coupling.

reactions (see Appendix B). Biologically, this can occur when activation or
deactivation is achieved via binding to a small molecule present in excess or
via unsaturated phosphorylation-dephosphorylation reactions. The parameter
represents the fraction of the total TF that is active and thus has a value between
0 and 1. Henceforth, it will be considered as the activation signal for the network.
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3.2.2 Multiplicatively coupled positive/positive feedback loops
(PPM-network)

Figure 3.1(b) depicts an alternate scenario in which the transcription of gene X
is controlled by one promoter P with two operator sites that bind an active form
XA and positively regulate transcription rate. Consequently, there are two positive
feedback loops, similar to section 3.2.1 but with different coupling. In B. subtilis
TF DegU∼P controls its own transcription in a similar fashion by binding to two
operator sites upstream of its promoter [128]. As above a detailed biochemical
model was built for this network with one promoter. Under the two assumptions
stated below it was found that the coupling between the feedback loops results in a
multiplicative relationship between them. First, it was assumed that TF molecules
binding to different operator sites do not interact, i.e. bind non-cooperatively.
This assumption leads to an additive free energy of binding and as a result
the dissociation constant of the TF molecules from the two operator sites is the
product of the dissociation constants from each individual operator site. Second
assumption is that TF molecules bound to different operator sites interact with RNA
polymerase independently and, as a result, the fold change in the rate of protein
synthesis from the two operator sites is the product of the fold changes from the
individual operator sites. Under these assumptions, equation (3.2.1) is replaced
with the following equation, which displays the multiplicative effect:

dxT
dτ

= b

(
1 + f1

xn1
A

xn1
A + 1

)(
1 + f2

xn2
A

xn2
A + ln2

)
− xT (3.2.3)

The same mechanism for linear activation was assumed as in equation (3.2.2). All
parameters have the same meanings as in section 3.2.1, except b, which is now
the basal protein synthesis rate from single promoter P . Note that equation (3.2.3)
is derived assuming non-cooperative binding of TFs. However, cooperative binding
of TFs at different operator sites is possible in the case of coupled positive/positive
feedback loops. For example, in bacteriophage λ the CI repressor positively
regulates its own transcription from promoter PRM by cooperatively binding to the
operator sitesOR1 andOR2 [34]. Therefore, an alternate framework was developed
which takes cooperativity into account; however, the main conclusions do not
depend on it (see Appendix B).

3.2.3 Additively coupled positive/negative feedback loops (PNA-network)

Figure 3.1(c) depicts a scenario in which the transcription of gene X is controlled
from two independent promoters, P1 and P2. The two-promoter situation is
similar to Figure 3.1(a); however, in this case, the active form XA regulates
the transcription both positively and negatively from the promoters P1 and P2,
respectively, thereby resulting in positive and negative feedback loops. For
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example, in B. subtilis TF Spo0A P positively and negatively regulates its own
transcription through σH and σA-dependent promoters by binding to different
operator sites [129]. As in section 3.2.1, a detailed biochemical model for this
network was built and it was found that the coupling between the two feedback
loops results in an additive relationship between them, as depicted in the following
equation:

dxT
dτ

= b

(
1 + f1

xn1
A

xn1
A + 1

− f2
xn2
A

xn2
A + ln2

)
− xT (3.2.4)

The same mechanism for linear activation was assumed as in equation (3.2.2).
Compared to section 3.2.1, some of the parameters now have slightly different
meanings, as noted. f2 is now the fold change reduction in protein synthesis,
n2 is the Hill coefficient for the negative feedback. All parameters are positive.
Additionally, to ensure that the rate of change of protein (dxT

dτ
) in the above equation

remains positive in the limit of non-saturated positive feedback and saturated
negative feedback (l << xA << 1), f2 is constrained to be less than one.

3.2.4 Multiplicatively coupled positive/negative feedback loops
(PNM-network)

Figure 3.1(d) depicts a scenario in which the transcription of gene X is controlled
from one promoter P . The one promoter situation is similar to Figure 3.1(b);
however, in this case, the active form XA both positively and negatively regulates
its own transcription by binding to operator sites that are upstream of the promoter,
thereby resulting in positive and negative feedback loops. In E. coli PapB
autoregulates itself in a similar manner – it activates transcription by binding to
an upstream operator site, while it represses transcription by binding to another
which includes the position of transcription initiation by RNA polymerase [130]. As
in section 3.2.2, a detailed biochemical model was built for this network, to find that
the coupling between the two feedback loops results in a multiplicative relationship
between them, as depicted in the following equation:

dxT
dτ

= b

(
1 + f1

xn1
A

xn1
A + 1

)(
1− f2

xn2
A

xn2
A + ln2

)
− xT (3.2.5)

The same mechanism for linear activation was assumed as in equation (3.2.2),
and all of the parameters have the same meaning as in section 3.2.3.

Note that substituting f2 = 0 in equation (3.2.1) (or in equations (3.2.3)-(3.2.5))
removes the second positive or negative feedback, whereby the system reduces
to a single positive feedback network (P-network). The bistability properties of this
network are depicted in Figure 3.2. Steady states of the network are determined by
the intersections between the systems nullclines: open-loop transcriptional transfer
function (production term in equation (3.2.1) after substituting f2 = 0, solid curve)
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and the dotted line (equation (3.2.2)), depicting the input signal (Figure 3.2(a)). The
two dashed lines with slopes γ−1

1 and γ−1
2 represent the boundaries of the bistability

range. Any signal inside this range (dotted line in Figure 3.2(a)) will result in three
intersections with the transcriptional transfer function, indicating the existence of
two stable steady states and an unstable steady state. LG in Figure 3.2(a) refers
to the slope of the transcriptional transfer function in the log-log coordinates. For
a sigmoidal transcriptional transfer function (as in Figure 3.2(a)), LG depends on
the given input signal through the concentration of TF XA and attains its maximum
value in the interval γ1 < γ2 (Figure 3.2(b)). Figure 3.2(c) shows the steady-state
signal-response curve (one-parameter bifurcation diagram) containing a range of
signals for which two different steady states are possible. This curve consists
of three branches: two of the branches represent the stable steady states (solid
lines), and the intermediate dotted branch represents the unstable steady state
(dotted line). At the boundaries of the bistability range, the steady-state response
of the system discontinuously jumps from one state to the other (see arrows in
Figure 3.2(c)).

Although the above models in sections 3.2.1-3.2.4 are developed for different
variants of an autoregulatory network with a single TF, they can be extended to
include multiple TFs. For example, let us assume that the first positive feedback
in the scenarios discussed above is mediated through another gene Y, such that
genes X and Y mutually activate each others transcription. In this case, gene
Y serves as an intermediate node, which increases the dimensionality of the
equations at hand. Nevertheless, this scenario can be reduced to the form of
equations discussed above by assuming a quasi-steady state approximation for
TF YA(

dyA
dτ
≈ 0). This assumption will allow us to substitute TF YA as a function

of TF XA in the differential equation governing xT , thereby reducing the system to
one dimension. The quasi-steady state approximation discussed above may not
always be applicable for additional TFs, but is sometimes useful for example when
the second TF has a faster degradation rate. Moreover, this assumption does
not affect the condition for bistability (LG>1) which has been derived for systems
with indirect feedback loops and is hence applicable for networks with multiple TFs
[111].

3.2.5 Brief methods

10,000 parameter sets were sampled (See Appendix B for details) for which the
following networks were simultaneously bistable: i) P, PPA and PPM, and ii) P,
PNA and PNM. For each parameter set, the command-line bifurcation package
MATCONT [131] was used to obtain the bifurcation diagram. Subsequently,
MATLAB was used to analyze the sampling data and to numerically compute
bistability range, mLG, effective fold change and switching times. Bistability range
is defined as the ratio between the higher (γ2) and lower (γ2) thresholds of the
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Figure 3.2 : Dynamical characteristics of a bistable P-network. (a) Steady states
of the network are determined by the intersections between the transcriptional
transfer function (solid curve) and the dotted line depicting the input signal. Dashed
lines parameterized by signals γ1 and γ2 represent the boundaries of the bistability
range which are inverse of the slopes of the dashed lines. The dotted line
represents a signal inside the bistability range and results in three intersections
with the transcriptional transfer function, corresponding to two stable steady states
(filled circles) and an unstable steady state (empty circle). (b) The slope of
the transcriptional transfer function represents the systems open-loop gain which
depends on the input signal through the concentration of TF XA and attains its
maximum value in the interval γ1 < γ < γ2. (c) The steady-state signal-response
curve shows a range of signals (horizontal bar) for which two different steady-state
responses are possible. At the boundaries of the bistability range, the steady-state
response of the system discontinuously jumps from one state to the other (arrows).
The two solid curves represent the stable steady states (OFF and ON), which are
separated by the unstable steady state (dotted curve).

signal at which the system, respectively, switches from an OFF state to an ON
state, and vice versa. LG is defined as the slope of transcriptional transfer function
at steady state (xT = U(xA)) in log-log coordinates (LG= xA

U
dU
dxA

), while mLG is the
maximum value of this slope. Effective fold change is defined as the ratio of the
maximum and basal total protein levels. The effective fold change for P-network
is equal to the fold change in protein synthesis due to the feedback, i.e. f1, but in
the case of remaining four networks it will be a function of the two fold changes f1
and f2. A network’s switching time from an OFF to an ON state is defined as the
time that is taken to make the transition between the states when there is a step
increase in the activating signal (γ) from 0 to 1. Similarly, the switching time from
an ON to an OFF state is defined for the reverse transition.

The methodology of [132] was adopted to compute a network’s robustness
score which represents the fraction of sampled parameter sets that result in
bistability range greater than 5. The mean and standard deviation for each
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networks robustness score was obtained using bootstrapping techniques as
follows. For each network, the distribution of bistability ranges (original dataset
obtained after parameter sampling) was used to produce 1000 resamples of the
original dataset using bootstrp function in MATLAB. Each resample is created by
random sampling with replacement from the original dataset, and its size is equal
to the size of the original dataset (10,000 in this case). Next, for each resample
the robustness score was computed as described above. Finally, the robustness
scores from 1000 resamples were used to calculate the mean and standard
deviation of a networks robustness score. As an alternate robustness measure,
we also compute the sensitivity of bistability range to fold change f1, the common
parameter across all networks, SBRf1 = f1

BR
BR
f1

. Sensitivity for P-network was
computed analytically using its bistability range expression derived in Appendix
B. For other networks MATCONT was used to obtain bistability ranges when f1
was varied by ±10% and ±20% while other parameters are kept constant. These
values were used to calculate the first derivative in the sensitivity expression using
the five-point center difference formula and thereby compute the sensitivity.

3.3 Results

3.3.1 Bistability range positively correlates with maximum open-loop gain

The deciding role played by mLG in determining the necessary condition for
bistability [77] led to the question - does it also control the bistability range –
the range of signal levels over which a system displays two stable states (see
Figure 3.2). First, the expressions for mLG and bistability range were analytically
computed (see Appendix B) for P-network (case f2 = 0 discussed in section 3.2.4).
Both of these quantities increase with the Hill coefficient n1 and the fold change in
protein synthesis f1 (Figure 3.3). This confirms the initial supposition that bistability
range is controlled by mLG.

Subsequently, PPA, PPM, PNA and PNM networks were analyzed. Bistability
ranges and mLGs for these networks were computed numerically because their
equations are analytically intractable. Parameter sets were sampled for all five
networks (see Appendix B for details), and for each parameter set, the two
aforementioned quantities were computed numerically. Figure 3.4 shows the result
of this analysis, which allows one to conclude that mLG and bistability range of
a network are highly correlated (Spearman correlation coefficient=0.93, Pearson
correlation coefficient=0.89). The reason for this high correlation becomes clear
by analyzing a typical transcriptional transfer function, as shown in Figure 3.2(a).
The steepest slope of this transfer function in log-log coordinates represents the
mLG, which governs the separation between the two tangents (dashed lines) that
determine a networks bistability range. Therefore, an increase in mLG increases
the separation between the two tangents, eventually resulting in a larger bistability
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Figure 3.3 : Maximum open-loop gain (a) and bistability range (b) for P-network
increase with an increase in fold change and hill coefficient.

range.
The large variability in Figure 3.4 is a consequence of different effective fold

changes (ratio of maximal and basal total protein levels) for parameter sets that
result in the same mLG. Since the effective fold change controls the height of the
transcriptional transfer function, it also plays a role in determining the points of
tangency that describe the bistability range. Thus, between two parameter sets
with same mLG, the set with a larger effective fold change will lead to a higher
bistability range as it will further separate the two tangents. Consequently, the
variability in the sampling results can be explained by the fact that parameter sets
with same mLG could result in different bistability ranges for different fold-change
values. Therefore, it was checked whether the bistability range also depends on
the effective fold change. The data obtained from parameter sampling was used
to compute the effective fold change for each of the five networks. Surprisingly,
the bistability range is somewhat weakly correlated with the effective fold change,
as shown by the low Spearman and Pearson correlation coefficients (Figure B.1 in
Appendix B).

3.3.2 Network’s open-loop gain is determined by the sign of feedback loops
and the type of coupling

The above analysis suggests that mLG is an important property of a bistable
network as it not only determines the possibility of bistability but also determines
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Figure 3.4 : Bistability range is positively correlated with maximum open-loop gain.
Parameter sets were sampled for P, PPA, PPM, PNA and PNM bistable networks,
and the corresponding bistability ranges and maximum open-loop gains were
computed. High Spearman and Pearson correlation coefficients demonstrate a
strong correlation between a networks bistability range and its maximum open-loop
gain.

the bistability range. LG can sometimes be computed independently of the choice
of parameters and transcriptional transfer functions. For example, let the following
equation describe the rate of change of the total protein in the case of coupled
feedback loops:

dxT
dτ

= U(xA)− xT (3.3.1)

For additive coupling,
U(xA) = F (xA) +G(xA) (3.3.2)

whereas for multiplicative coupling

U(xA) = F (xA)G(xA) (3.3.3)

here F (xA) and G(xA) represent general transcriptional transfer functions for the
two feedback loops. Using the formula for LG defined in 3.2.5 the expressions for
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LGs for the two types of coupling are:

LGadditive = ωLGF + (1− ω)LGG (3.3.4)
LGmultiplicative = LGF + LGG (3.3.5)

where LGF = xA
F

dF
dxA

and LGG = xA
G

dG
dxA

are the LGs from the first and second
feedback, respectively, and ω = F

F+G
represents the ratio between the amount of

total protein produced from the first feedback loop and the coupled feedback loops.
Because the expressions in equations (3.3.4) and (3.3.5) are general, they can
be converted to the LGs for the five networks discussed above, after substituting
corresponding F (xA) and G(xA) from equations (3.2.1) and (3.2.3)-(3.2.5). This
analysis will unravel the effects of the sign of feedback loops and the type of
coupling on a networks LG.

Open-loop gain for PPA-network : The LG for PPA-network (LGPPA) is given by
equation (3.3.4), where F = b(1 + f1

x
n1
A

x
n1
A +1

) and G = bf2
x
n2
A

x
n2
A +ln2

are, respectively,
the transcriptional transfer functions (defined in equation (3.2.1)) for the first and
second positive feedback loops and ω < 1. As LGPPA is a weighted average of
two LGs, it lies between those two quantities. If LGF > LGG, then equation (3.3.4)
leads us to conclude that additive coupling with a second feedback that has a
smaller LG (LGG ) decreases the LG of P-network (LGP ) which corresponds to
the limiting case G = 0 and ω = 1 in equation (3.3.4):

LGP = LGF (3.3.6)

The opposite is true in the case LGF < LGG. Thus, if the second feedback’s LG is
smaller than that of the first one, then additive coupling between the two feedback
loops always result in a smaller LG compared to a single positive feedback network.

Open-loop gain for PPM-network : The LG for PPM-network (LGPPM) is given
by equation (3.3.5), in which F (defined above) and G = (1 + f2

x
n2
A

x
n2
A +ln2

) are,
respectively, the transcriptional transfer functions (defined in equation (3.2.3)) for
the first and second positive feedback loops. Comparing equations (3.3.5) and
(3.3.6) shows that LGPPA > LGF . Hence, multiplicative coupling of positive
feedback loops always results in a larger LG compared to a single positive
feedback network.

Open-loop gain for PNA-network : The LG for PNA-network (LGPNA) is given by
equation (3.3.4), in which F (defined above) and G = −bf2

x
n2
A

x
n2
A +ln2

are, respectively,
the transcriptional transfer functions (defined in equation (3.2.4)) for the positive
and negative feedback loops and ω > 1 (since G < 0). Subtracting equation (3.3.6)
from equation (3.3.4), we obtain LGPNA − LGP = (ω − 1)(LGF − LGG). Now, if
LGF > LGG, then additive coupling with a negative feedback that has a smaller
LG (LGG) increases the LG of P-network (LGP ). The opposite is true in the case
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LGF < LGG. Thus, if the negative feedbacks LG is smaller than that of the positive
feedback, then additive coupling between the two feedback loops always results in
a larger LG compared to a single positive feedback network.

Open-loop gain for PNM-network : The LG for PNM-network (LGPNM) is given
by equation (3.3.5), in which F (defined above) and G = (1 − f2

x
n2
A

x
n2
A +ln2

) are,
respectively, the transcriptional transfer functions (defined in equation (3.2.5)) for
the positive and negative feedback loops. However, LGG < 0 because dG

dxA
< 0.

Hence, equation (3.3.5) results in LGPNM < LGP , which allows us to conclude
that multiplicative coupling of positive/negative feedback loops always results in a
smaller LG compared to a single positive feedback network.

The above conclusions can be summarized in the following inequality, which
depicts the relationship between the LGs for the five networks:

LGPPM > LGPPA, LGP , LGPNA > LGPNM (3.3.7)

In order to increase the LG of P-network, one can add a i) positive feedback that
is multiplicatively coupled to the first one, or ii) positive feedback that is additively
coupled and has an LG larger than the first one, or iii) negative feedback that
is additively coupled and has an LG smaller than the first one. On the other
hand, decrease in the LG could be achieved by replacing positive feedback by
a negative feedback (in i and ii) and vice versa (in iii). It should be noted that the
theoretical results obtained in this section are independent of parameter values
and actual functional forms of F and G, and are therefore quite general in nature.
Additionally, mLG was computed numerically for each parameter set during the
parameter sampling discussed above. The sampling results (Figure 3.5) are in
accord with the theoretical results summarized in the above inequality.

3.3.3 Network’s bistability range is determined by the sign of feedback
loops and the type of coupling

The preceding sections revealed that bistability range is highly correlated with
mLG, which itself depends on the sign of feedback loops and the type of coupling.
Hence, bistability range might also depend on these two network features. To
expand on previous studies [123, 126] the relationship between the bistability range
and the features of the feedback architecture was investigated over a wide range of
parameter values. To this end, parameter sets were sampled for all five networks
(see Appendix B for details). In contrast with previous studies [123, 126] following
scenarios were considered: non-zero basal protein production rate, multiplicative
coupling and distinct dissociation constants of TF binding for the different operator
sites.

To understand how coupled feedback loops control the bistability range,
bistability ranges were compared in networks with i) one feedback versus two
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Figure 3.5 : Comparison of maximum open-loop gains for networks with different
feedback architecture. Panels represents histograms of the ratio of the maximum
open-loop gains for networks (a) PPA and P, (b) PNA and P, (c) PPM and P, (d)
PNM and P, (e) PPM and PPA, (f) PNM and PNA. φ represents the fraction of
sampled parameter sets for which ratio is less than one.(c)-(f) Histograms lying
entirely on the right or left of the dashed line (for which ratio=1) indicate that one of
the networks always has a larger maximum open-loop gain. (a)-(b) Depending on
parameters, either of the networks can achieve a larger maximum open-loop gain.

feedback loops, ii) additive versus multiplicative coupling, and iii) positive versus
negative feedback loops. Sampling results for these comparisons are presented in
Figure 3.6 and are discussed below.

Additive coupling with another positive or negative feedback can either
increase or decrease P-network’s bistability range. Figures 3.6(a) and 3.6(b)
present comparisons between the bistability ranges of a single positive feedback
network and additively coupled positive/positive or positive/negative feedback
loops. Histograms show that, irrespective of the sign of second feedback, additive
coupling has the capacity to both increase and decrease the bistability range of
P-network. This is in contrast with previous research which showed that the second
positive or negative feedback respectively increases or decreases the bistability
range. Counterexamples to this original claim are discussed in the next section.

Multiplicative coupling with another positive or negative feedback always
increases or decreases P-network’s bistability range. Figures 3.6(c) and 3.6(d)
present comparisons between the bistability ranges of a single positive feedback
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Figure 3.6 : Comparison of bistability ranges for networks with different feedback
architecture. Panels represent histograms of the ratio of the bistability ranges for
networks (a) PPA and P, (b) PNA and P, (c) PPM and P, (d) PNM and P, (e) PPM
and PPA, (f) PNM and PNA. φ represents the fraction of sampled parameter sets
for which the ratio is less than one. (c)-(f) Histograms lying entirely on the right
or left of the dashed line (for which ratio=1) indicate that one of the networks has
a larger bistability range.(a)-(b) Depending on parameters, either of the networks
can achieve a larger bistability range.

network and multiplicatively coupled positive/positive or positive/negative feedback
loops. Histograms show that multiplicative coupling always increases the bistability
range of P-network if the second feedback is positive, and decreases the bistability
range if the second feedback is negative.

PPM-network has larger bistability range, whereas PNM-network has smaller
bistability range, compared to analogous additively coupled system. Figures
3.6(e) and 3.6(f) present comparisons between the bistability ranges of additively
and multiplicatively coupled positive/positive or positive/negative feedback loops.
Histograms show that, when the coupling between two positive feedback loops is
changed from additive to multiplicative, the bistability range increases. However,
the same modification in the case of coupled positive/negative feedback loops
decreases the bistability range.

The above conclusions can be summarized in the following inequality, which
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governs the relationship between the bistability ranges for the five networks:

BRPPM > BRPPA, BRP , BRPNA > BRPNM (3.3.8)

Comparing equations (3.3.7) and (3.3.8) further confirms that bistability range and
mLG are correlated. Thus, to increase or decrease P-network’s bistability range,
one can add a multiplicatively coupled positive or negative feedback, respectively.
Additive coupling can also increase or decrease the bistability range by employing
the mechanisms discussed below.

3.3.4 Positive feedback can decrease, while negative feedback can increase
bistability range

Parameter sampling shows that in contrast to previous findings [123, 126] adding a
second positive feedback to P-network can decrease the bistability range, whereas
adding a negative feedback can increase the bistability range (Figure 3.7). In
Figure 3.7(a), the steady-state signal-response curves for P and PPA networks
reveal that the latter has a smaller bistability range (compare corresponding
horizontal bars on the x axis). This result can be explained by inspecting
the transcriptional transfer functions in Figure 3.7(c), which show that mLG for
PPA-network is smaller than that of P-network (compare the maximum slopes of
the two curves). The reduction in mLG causes the higher signal boundary of the
bistability range to move significantly (see arrow), thereby resulting in a smaller
bistability range.

In Figure 3.7(b), the steady-state signal-response curves for P and
PNA networks reveal that the latter has a larger bistability range (compare
corresponding horizontal bars on the x axis). This result is also explained by
inspecting the corresponding transcriptional transfer functions in Figure 3.7(d). The
presence of negative feedback in the PNA-network results in a non-monotonic
response in the transcriptional transfer function. This response is produced
because the dissociation constant of TF binding for the negative feedback operator
site is much lower than that the positive feedback operator site. Correspondingly,
parameter l, the ratio between the two dissociation constants, is much smaller
than 1. The non-monotonic response causes the higher signal level boundary of
the bistability range to move significantly (see arrow), thereby resulting in a larger
bistability range.

3.3.5 Coupling of feedback loops affects robustness of network’s bistability
range

Although the results summarized in equations (3.3.7) and (3.3.8) describe
important relationships between the bistability ranges and LGs for the five
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Figure 3.7 : Positive feedback can decrease, while negative feedback can increase
the bistability range. Steady-state signal-response curves for networks (a) P
and PPA, and (c) P and PNA show that the addition of a positive and negative
feedback has the capacity to, respectively, decrease and increase the bistability
range (compare corresponding horizontal bars on the x-axis). (b) Steady-state
curves (similar to Figure 3.2(a)) for panel (a) show that maximum open-loop gain
for PPA-network is smaller than that of P-network. This causes the higher threshold
(γ1 in Figure 3.2(a)) to decrease significantly (see arrow; the slope of the dashed
line is the inverse of the threshold), resulting in a smaller bistability range. (d)
Steady-state curves for panel (c) show that PNA-network has a non-monotonic
response. This causes the higher threshold to increase significantly (see arrow),
resulting in a larger bistability range. Parameters (panels (a) and (b)): b = 0.73, f1 =
18.52, f2 = 20.48, n1 = 7.42, n2 = 1.65, l = 2.06. Parameters (panels (c) and
(d)):b = 2.86, f1 = 53.2, f2 = 0.69, n1 = 6.89, n2 = 9.68, l = 0.17.
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networks, these equations do not reveal if the network with coupled feedback
loops has any performance advantage over a single positive feedback network.
For example, single positive feedback can achieve very large bistability range and
mLG if it has sufficiently high fold change and hill coefficient (Figure 3.3, and
does not necessarily need a multiplicatively coupled second positive feedback.
To understand possible performance advantages of multiple feedback loops,
the methodology of [132] was adopted to quantify how strongly bistable a
network is by computing robustness scores. These scores represent the fraction
of sampled parameter sets that result in robust network bistability (bistability
range greater than 5). It was found that an additively coupled second positive
feedback as in the PPA-network increases the robustness score as compared to
P-network (Figure 3.8(a)). Moreover, changing the type of coupling to multiplicative
(PPM-network) further increases the robustness score (Figure 3.8(a)). On the
other hand, a multiplicatively coupled negative feedback as in the PNM-network
decreases the robustness score as compared to P-network (Figure 3.8(b)).
However, an additively coupled negative feedback (PNM-network) does not affect
its robustness score (Figure 3.8(b)).
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Figure 3.8 : Positive feedback increases while negative feedback decreases
robustness of network’s bistability range. Robustness scores represent the fraction
of sampled parameter sets that result in robust network bistability (bistability
range > 5, see section 3.2.5 for details).(a) An additively coupled second positive
feedback increases the robustness of P-network. Changing the type of coupling to
multiplicative further increases the robustness.(b) An additively coupled negative
feedback does not affect the robustness of P-network, whereas a multiplicatively
coupled negative feedback decreases it.

The measure of robustness described above was based on the number of
sampled parameter sets, some with very different bistability ranges. In addition,
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it would be interesting to know the differences between networks with single and
coupled feedback loops for a particular parameter set that resulted in the same
bistability range. Specifically – what is the advantage of a network with coupled
feedback loops if one can achieve the same bistability properties with a single
positive feedback network? To answer this all those parameter sets were selected
for which the bistability range and mLG of P-network are equal to that of the
network with coupled feedback loops. PPM-network was not included in this
analysis as none of the parameter sets in the sampling results matched the above
criteria. For the PPA, PNA and PNM network the sensitivity of bistability range to
fold change f1 was calculated (see 3.2.5 for details). It was found that irrespective
of the sign of feedback adding a second loop to P-network reduces this sensitivity
(Figure 3.9). Thus, in networks with coupled feedback loops bistability range is
more robust to parameter variation.
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Figure 3.9 : Adding a second feedback to P-network can reduce the sensitivity
of bistability range to fold change. Panels represent a scatter plot between the
sensitivities of bistability range to fold change (f1) for P-network (one feedback)
and (a) PPA, (b) PNA and (c) PNM networks (two feedback loops). Sensitivities are
calculated for sampled parameter sets for which the two networks being compared
have same the bistability range. In each panel all the data points lying below the
diagonal (dashed line) indicate that the bistability range of the network with two
feedback loops is less sensitive as compared to that of single feedback network.

3.3.6 Examining the dependence of switching times on number, sign and
coupling of feedback loops

In a monostable system, positive feedback results in slower response times,
whereas negative feedback leads to faster response times [39, 133] (response



56

time is defined as the time it takes to reach half-way between the initial and final
protein levels). A more interesting dynamical property to study in the case of a
bistable system is the time that it takes for the system to switch between the two
steady states when exposed to a step increase or decrease in the signal. In light of
the dependence of response times for monostable systems on the sign of feedback
loops [39, 133], the addition of another positive or negative feedback to P-network
may cause the network’s switching times to increase or decrease, respectively.

OFF to ON switching time displays no clear dependence on the sign of
feedback loops and the type of coupling. Parameter sampling results show that
any of the four networks with coupled feedback loops can have faster or slower
switching time compared to a single positive feedback network (Figure 3.10). Thus,
OFF to ON switching time displays no clear dependence on the sign of feedback
loops and the type of coupling. The variability in switching times for any of the five
networks is a consequence of different OFF to ON switching thresholds for different
parameter sets. Notably, for a bistable system, the switching time depends on the
signal strength which in turn determines the distance between the input signal and
the switching threshold [134]. For example, if a bistable system is in the OFF state
and two step-increases in the signal are provided γL and γH > γL such that both
cross the switching threshold (γ2, see Figure 3.2(c)), then the signal closer to the
threshold (γL in this case) will result in slower dynamics.

ON to OFF switching time is determined by the networks effective fold
change. A step decrease in the signal from 1 to 0 instantly makes the active TF
concentration zero (see equation (3.2.2)). This reduces the production term in the
differential equations (3.2.1) and (3.2.3)-(3.2.5) to basal synthesis level, which is
same for all five networks. As a result, during the transition, the protein production
term remains constant and does not depend on the active TF concentration.
Moreover, since the protein degradation rate is identical in all five networks, the
switching time depends only on the pre-transition (ON state) total protein levels.
Thus, larger the effective fold change for a network, greater is the separation
between the ON and OFF states and, hence, slower are the switching times.
Effective fold changes are in turn affected by the sign of feedback loops and the
type of coupling. Consequently, ON to OFF switching time depends on networks
feedback structure, but through a combined parameter – effective fold change.

Not surprisingly, parameter sampling results show that ON to OFF switching
time depends on the sign of feedback loops and the type of coupling (Figure 3.11).
As compared to P-network, PPA and PPM networks always increases the switching
time, whereas PNA and PNM networks always decreases the switching time. As
expected ON to OFF switching time is highly correlated with the effective fold
change (Figure B.2, Appendix B). Subsequently, the analytical expression for ON
to OFF switching time was computed and was found to depend only on the effective
fold change (See Appendix B). The effective fold changes for the five networks are
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Figure 3.10 : Comparison of OFF to ON switching times for networks with different
feedback architecture. Panels represents histograms of the ratio of the OFF to ON
switching times for networks (a) PPA and P, (b) PNA and P, (c) PPM and P, (d) PNM
and P, (e) PPM and PPA, (f) PNM and PNA. φ represents the fraction of sampled
parameter sets for which ratio is less than one. (a-f) Histograms lying on both sides
of the dashed line (for which ratio=1) indicate that depending on parameters, either
of the networks can have longer OFF to ON switching time.

related as follows:

f effPPM > f effPPA > f effP > f effPNA > f effPNM (3.3.9)

Thus, based on analytical expression and sampling results ON to OFF switching
times for the five networks are related as follows:

tONtoOFFPPM > tONtoOFFPPA > tONtoOFFP > tONtoOFFPNA > tONtoOFFPNM (3.3.10)

3.4 Discussion

Complex cellular behavior is a result of interactions between the biochemical
molecules that mediate responses to external stimuli. Therefore, to understand
cellular behavior, one must examine the network of interactions and their dynamical
properties. This investigation is further simplified by focusing on network motifs,
i.e., a set of recurring regulatory interactions [135]. The most commonly studied
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Figure 3.11 : Comparison of ON to OFF switching times for networks with different
feedback architecture. Panels represents histograms of the ratio of the ON to OFF
switching times for networks (a) PPA and P, (b) PNA and P, (c) PPM and P, (d) PNM
and P, (e) PPM and PPA, (f) PNM and PNA. φ represents the fraction of sampled
parameter sets for which ratio is less than one. Histograms lying entirely on the
right or left of the dashed line (for which ratio=1) indicate that one of the networks
always has longer ON to OFF switching time.

network motif is a feedback loop for which dynamical properties in isolation are well
known. Feedback loops are often coupled together suggesting that these networks
may possess a performance advantage over networks with single feedback loops.
Here it was analyzed how bistability range and switching times of a network with a
transcriptional positive feedback are affected by additive or multiplicative coupling
with another positive or negative feedback loop.

It was shown that mLG is highly correlated with the bistability range. Hence,
experimental perturbations that increase mLG of a bistable network will, in general,
lead to an increase in the bistability range. Moreover, a system’s stability properties
could be inferred by analyzing LGs [111]. For example, in Figure 3.2(a), the
stability of intersection points of transcriptional transfer function (solid curve) and
dotted line depicting input signal can be determined by comparing the LGs of
the two curves at those points. If the product of the LGs of the two curves is
less than one, then the intersection point is stable (filled circles); otherwise, it
is unstable (empty circle). A possible experimental manipulation facilitating LG
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measurement for the transcriptional transfer function involves replacing the native
copy of a gene under positive feedback by a transcriptional-fusion reporter, and
integrating it somewhere else on the chromosome under the control of an inducible
promoter. In such a synthetic construct, one can measure the promoter activity as
fluorescence readout at different inducer (signal) levels. Finally, the slope of the
log-log plot between the fluorescence readout and signal will give LGs. Thus,
without a detailed understanding of the biochemical mechanism that produces the
input-output curve, we have some information about the systems stability and its
bistability range. This type of analysis could prove to be useful, because very
rarely detailed mechanisms associated with a biochemical network are available.
Additionally, it was shown analytically that the LG and the bistability range for
increase with increases in the fold change and with increases in the Hill coefficient.
These results have general implications in synthetic biology, as a useful guide on
which parameters can be tuned experimentally for the optimization of a bistable
switch.

Earlier models of coupled positive feedback loops have focused only on additive
coupling [126]. In the case of additive coupling the network’s LG is a weighted
average of the individual LGs of the two loops. Thus, adding a second feedback
whose LG is smaller than that of the first feedback will reduce the network’s LG,
which in turn reduces the bistability range. This was not observed in previous
studies, because here a non-zero basal protein production rate was considered.
Setting the basal production rate to zero constrains the system’s lower steady
state to be zero; as a result, the higher threshold (γ2 in Figure 3.2(c)) is at infinity.
Because of this approximation, only the lower threshold (γ1 in Figure 3.2(c)) was
used to compare the bistability ranges in the previous analysis. Moreover, additive
coupling with a positive feedback always increases the total protein levels (see
equation (3.2.1)), and consequently its transcriptional transfer function always
lies above that of a single positive feedback network (see Figure 3.7(b)). As a
result, the slope of the left tangent to this transfer function increases. Since the
lower threshold is the inverse of the slope, it decreases in the case of additive
coupling (see Figure 3.7(b)). Not surprisingly, a zero basal production rate in
the previous analysis resulted in a larger bistability range for PPA-network, as
compared to P-network. In the case of multiplicative coupling (which has not been
considered earlier), the individual LGs resulting from the two loops add, as a result
of which the networks overall LG always increases due to the addition of a second
feedback. This increase results in a larger mLG which causes the lower threshold
to decrease. Hence, a multiplicatively coupled second positive feedback always
increases the bistability range. It was also found that incorporating positive or
negative cooperativity in the PPM-network does not affect the main conclusions
on the comparison between bistability range, mLG and OFF to ON switching
time of P, PPA and PPM networks (compare panels (a-b), (c-d) and (g-h) in
Figure B.3 or B.4 with panels (c-e) in Figures 3.6, 3.5 and 3.10 respectively).



60

Furthermore, introducing cooperativity can decrease the ON to OFF switching
time of PPM-network in comparison to P and PPA networks (compare panels (e-f)
in Figure B.3 or B.4 with panels (c-e) in Figure 3.11). In conclusion the type of
feedback coupling plays a crucial role in determining bistability range.

Past findings show that an additively coupled negative feedback always
decreases the bistability range [123]. This decrease was attributed to the increase
in the lower threshold, while the higher threshold was not affected significantly.
The increase in the lower threshold is explained by inspecting the transcriptional
transfer function for PNA-network, which is always below than that of P-network
(see equation (3.2.4) and Figure 3.7(d)). This downward shift in the transfer
function causes the lower threshold to increase. Hence, if the higher threshold
is not affected significantly, then an additively coupled negative feedback always
decreases the bistability range because of an increase in the lower threshold.
However, parameter sampling reveals that an additively coupled negative feedback
can increase the bistability range (Figure 3.7(c)). This happens when the TF
dissociation constant for the negative operator site is much lower than that of
the positive feedback site, as a result of which the transcriptional transfer function
becomes non-monotonic. The non-monotonic response decreases the slope of
the right tangent (corresponding to the higher threshold, Figure 3.7(d)), which in
turn increases the higher threshold (Figure 3.7(c)). If the increase in the higher
threshold is greater than the increase in the lower threshold, the net effect is an
increase in the bistability range. Thus, in contrast with past findings, negative
feedback has the capacity to increase the bistability range when it is additively
coupled to a positive feedback. On the other hand, negative feedback always
decreases the bistability range when it is multiplicatively coupled to a positive
feedback as it always reduces the mLG which in turn increases the lower threshold.
Multiplicative coupling can also produce a non-monotonic response; however, it
scales both the thresholds by the same factor. For this reason, bistability range,
defined as the ratio of the thresholds, is not affected as the common factor gets
cancelled out during division.

This analysis shows that, irrespective of the sign of the second feedback (first
feedback being positive), additive coupling has the capacity to both increase and
decrease a network’s LG and bistability range. In contrast, the effects produced
by multiplicative coupling on the two quantities depend on the sign of the second
feedback. In this sense, multiplicative coupling is more restrictive because the
second positive feedback will only increase the LG and bistability range, while
adding a negative feedback instead will decrease them. Thus, one can speculate
that, owing to its flexibility, additive coupling could be selected for during evolution.
In fact, an earlier study notes that OR regulation logic is more common than
AND logic in a coupled feedback system [126], where OR and AND logic closely
resemble additive and multiplicative coupling. On the other hand, multiplicatively
coupling of positive feedback loops increases the robustness of networks bistability
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range as compared to additive coupling (Figure 3.8(a)). In contrast, in the case
of coupled positive/negative feedback loops multiplicative coupling decreases the
robustness compared to additive coupling (Figure 3.8(b)).

The differential equation-based modeling used in this analysis represents a
deterministic approximation that is only capable of describing systemic quantities
averaged over a large population of cells. However, many important dynamic
responses are observed at the single-cell level, where fluctuations in the number
of molecules present at low concentrations as well as the random nature of
binding kinetics at the promoter produce stochastic effects [135]. These effects
result in large variability in the switching times of bistable networks. A recent
study showed that, at large effective fold changes, the switching times for an
autoregulatory network computed using a stochastic model deviates strongly from
the deterministic network, and a significant slowdown is predicted [136]. Thus, it
would be interesting to explore the effects of the features of feedback architecture
studied here in a stochastic framework especially with regards to switching times.

The bistability generating mechanism that analyzed here is based on purely
transcriptional interactions, such as the presence of positive feedback loops
and cooperativity resulting from multimerization of TFs [69]. There also exist
post-translational mechanisms that can generate bistability, such as multi-site
activation of a substrate, cascading of phosphorylation steps and sequestration
of a protein by its specific antagonist [69]. In the presence of more complicated
post-translational modifications, the assumption of a linear activation (equation
(3.2.2)) may not hold and will require a more rigorous analysis of the corresponding
interactions. This scenario could simplify the analysis of transcriptional interactions
as high cooperativity in TF binding may no longer be essential in generating
bistability. The crucial role played by post-translational interactions has been
further emphasized by a recent study that showed that a purely transcriptional
network is the most fragile in generating ultrasensitive and bistable responses
[132]. It was concluded that hybrid networks that consist of both transcriptional
and enzymatic reactions were the most robust.

In conclusion, the specific effect of coupled feedback loops on open-loop
gain, bistability range and switching times depends on the underlying mechanistic
details.These results serve as a useful guide and provide information about various
parameters, such as the number of feedback loops, the sign of the loops and
the type of coupling, which could be tuned experimentally to construct a bistable
switch.
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Chapter 4

Pulsing in B. subtilis stress-response sigma factor

4.1 Introduction

Several species have developed general stress-response pathways to sense
diverse stresses and to mount appropriate responses typically involving
coordinated gene expression. For example, in mammals, p53 is activated by DNA
damage [137] and hypoxia [138], and coordinates expression of genes controlling
DNA repair [139], cell cycle progression [140] and angiogenesis [141]. Similalry,
in yeast Msn2/4 controls the response to glucose starvation [142], osmotic shock
[143] and calcium stress [144]. The two most well-studied examples of general
stress-response in bacteria include the alternative sigma factors RpoS in E. coli
[145] and σB in B. subtilis.

The σB-mediated pathway controls a regulon whose products mediate the
response against broad array of energy and environmental stress [30]. In turn
σB activity is tightly regulated by a partner-switching network (Figure 4.1(a))
comprising σB, anti-sigma factor RsbW and anti-anti-sigma factor RsbV [11, 146].
In the absence of stress, RsbW dimer (RsbW2) binds to σB and prevents its
association with RNA polymerase, turning OFF the σB regulon [147]. Under
these conditions RsbV is mostly in the phosphorylated form (RsbV∼P) due to
phosphorylation by RsbW2 kinase [148]; RsbV∼P has a low affinity for RsbW2. In
the presence of stress a phosphatase dephosphorylates RsbV∼P, following which
RsbV attacks the σB/RsbW2 complex to induce σB release, thereby turning ON
the σB regulon [149, 150]. The genes encoding σB and its regulators lie within
a σB-controlled operon [11], thereby resulting in positive and negative feedback
loops.

Recently, it was shown that under energy stress σB is activated in transient
pulses and increasing stress resulted in higher pulse frequencies (Figure 4.1(b),
[151]). This behavior was attributed to the combination of several factors: an
ultrasensitive phosphorylation switch, noise in phosphatase levels and mixed
feedback loops. The accompanying mathematical model indeed suggested that
zero-order ultrasensitivity [75] is possible under certain parameter values and
biochemical assumptions, including some which are inconsistent with the network.

This work is in collaboration with Oleg A. Igoshin and James Locke
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Here, we re-examine the mechanism responsible for pulsatile activation of σB

by extending a previous mathematical model of σB network [28] which includes
the experimentally observed details. However, this model neither showed an
ultrasensitive response, nor a pulsatile activation of σB.

Ultrasensitive responses are common in networks controlling sporulation
decision in B. subtilis [152], mating in yeast [71] and patterning of Drosophila
embryos [73]. Based on this we hypothesize that the multiple protein sequestration
reactions and feedback loops in the σB network may lead to ultrasensitivity, thereby
causing pulsing in σB. To test this hypothesis we modify the existing model of σB

network [28] and examine system dynamics both with (closed-loop) and without
(open-loop) feedback. We show that the concentration of total RsbW must lie in
an optimal range for pulsing to occur: it should be greater than total σB, but less
than its two binding partners. Additionally, we find that pulsing in σB occurs only
above a threshold level of phosphatase. Beyond this threshold the concentration
of RsbW2 is insufficient to fully sequester its binding partners, thereby leading
to an ultrasensitive increase in σB. Lastly, we compare our simulation results
with experimental data to show that the σB network encodes phosphatase burst
size and not burst frequency into σB pulses. Thus, by investigating the source
of post-translational ultrasensitivity in the network we decipher the mechanism
controlling pulsing in the σB stress-response network.

4.2 Results

4.2.1 Biochemically accurate model of the partner-switching network
shows pulsing in σB

A recent study demonstrated that a step increase in energy stress results in
pulsatile activation of σB and that increasing stress resulted in higher pulse
frequencies [151]. The study also proposed a minimal mathematical model of the
network which reproduced pulsing in σB. However, certain model assumptions
were both biochemically inaccurate and inconsistent with the network. First, the
Michaelis-Menten kinetics assumed for phosphorylation reaction is only applicable
if the enzyme (RsbW2) is at much lower concentration then the substrate RsbV, but
in the minimal model the concentrations of these proteins are comparable. Second,
the reactions describing partner-switching, and the formation and dissociation
of various RsbW2 complexes were ignored. Third, σB was not included in the
model as a separate species and was lumped together with RsbV. Fourth, both
the phosphorylation and dephosphorylation reactions were assumed to operate
in the saturated regime to generate the observed ultrasensitivity, however this
may not be always true. In summary though this minimal model demonstrated
the effects observed experimentally, it depicts a biochemically inaccurate picture
due to these oversimplifying assumptions and can not be used to study detailed
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Figure 4.1 : Non-stoichiometric synthesis of network proteins is necessary for
pulsing in σB. (a) Schematic of B. subtilis stress-response network. σB activity
is tightly regulated by a partner-switching network comprising σB, anti-sigma factor
RsbW (W) and anti-anti-sigma factor RsbV (V). In the absence of stress RsbW
binds to σB, whereas RsbV is mostly in the phosphorylated form (RsbV∼P) due
to the phosphorylation by RsbW kinase. RsbV∼P has a low affinity for RsbW.
In the presence of stress a phosphatase dephosphorylates RsbV∼P, following
which RsbV attacks the σB/RsbW complex to induce σB release. The genes
encoding σB and its regulators lie within a σB-controlled operon resulting in multiple
feedback loops. It should be noted that only RsbW dimer form is involved in
complex formation. For simplicity we ignore the RsbW dimerization and the
binding of second RsbV molecule to RsbW dimer in the schematic. (b) σB is
activated in transient pulses in response to energy stress and increasing stress
results in higher pulse frequencies [151]. (c) σB dynamics in response to a step
increase in phosphatase concentration for stoichiometric (λ1 = 2, λ2 = 2) and
non-stoichiometric (λ1 = 3.5, λ2 = 4) synthesis of network proteins. λ1 and λ2
represent the ratio of RsbW and RsbV synthesis rate to that of σB respectively.

network dynamics. Hence, pulsing in σB must be re-examined within a framework
that incorporates the experimentally observed molecular interactions.

Previously a comprehensive mathematical model was built for the σB network
which included the known molecular interactions [28]. However, this model did
not produce pulsing in σB for the chosen parameter regime (black curve in
Figure 4.1(c)). This model assumed that the synthesis rates for σB and its network
partners are such that the proteins achieve concentrations near their stoichiometric
ratios in the network. We find that relaxing this constraint such that protein
concentrations are in non-stoichiometric ratios results in pulsing (Figure 4.1(c)) for
a step increase in phosphatase concentration. Hereafter, we refer to these two sets
of synthesis rates as stoichiometric and non-stoichiometric synthesis rates. We
perform all dynamic analysis with respect to changes in phosphatase concentration
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as the stress-response network is triggered by the dephosphorylation of RsbV∼P
by phosphatase. Recent evidence also suggests that stress modulates the level of
phosphatase [151] and not its catalytic activity.

4.2.2 Non-stoichiometric synthesis of network proteins is necessary for
pulsing in σB in the open-loop system

The deciding role played by non-stoichiometric synthesis rates in producing pulsing
in σB led us to analyze whether it also controls pulsing in the network without the
feedback i.e. an open-loop system where the operon expression is inducible and is
independent of σB. For this analysis we delete the feedback in the model and use
the parameter representing basal transcription rate to independently control the
operon transcription, which is similar to an inducer in experiments. Subsequently,
we examine σB dynamics in response to a step increase in the operon transcription
rate while keeping the phosphatase concentration fixed. We again find that only
non-stoichiometric synthesis rates (λ1 = 3.5, λ2 = 4) result in pulsing in σB

(Figure 4.2a). We also repeat the above simulation for different step increases in
the operon transcription rate to reproduce the experiment in an open-loop system
which showed that pulsing in σB is observed only above a threshold level of operon
expression (Figure 4.2(c-d), panel (d) adapted from [151]).

We further investigate how pulsing in σB depends on the synthesis rates in the
open-loop system. To this end we analyze σB dynamics for a step increase in the
operon transcription rate and for a fixed concentration of phosphatase for 1000
pairs of (λ1, λ2). We find that λ1 > 2 i.e. RsbW and σB synthesis rates resulting
in excess of total concentration of RsbW over that of σB is necessary for pulsing
in σB (Figure 4.2(b)). The λ1 − λ2 parameter space in Figure 4.2(b) that results
in pulsing is further divided into two regions by the line λ2 = λ1 − 2. This line
represents the limit in which the total concentration of RsbW is equal to the sum of
the total concentrations of its binding partners σB and RsbV (WT = 2BT +VT ). 2 in
the equality is a consequence of the stoichiometry of complex formation reactions:
two molecules of RsbW (RsbW2 dimer) can bind to one molecule of σB or two
molecules of RsbV.

We examine the differences in pulsing in these two regions by using previous
open-loop experiments from [151] as a guide. First experiment showed that the σB

promoter activity is ultrasensitive to phosphatase concentration and the degree
of ultrasensitivity increases with increasing operon expression (Figure 4.3(a),
adapted from [151]). We simulate this experiment for (λ1 = 3.5, λ2 = 4) and
(λ1 = 3.5, λ2 = 1) which lie in different pulsing regions in Figure 4.2(b) and
thereafter quantify the ultrasensitivity to phosphatase concentration by computing
the maximum open-loop gain (where LG = PT

B
dB
dPT

). This is essentially the
maximum slope of the curve describing the sensitivity of σB promoter activity to
phosphatase concentration when plotted in log-log coordinates. We find that only



66

0 10 20 30 40 50
Time (min)

σB
 (µ

M
) λ1=2, λ2=2

λ1=3.5, λ2=4

(a)

0 5 10 15 20
Total W / Total σB (λ1)

To
ta

l V
 / 

To
ta

l σ
B
 (λ

2)

0

0.4

0.8

1.2

1.6

0

4

8

12

16

20(b)
No pulsing Pulsing

10-5

100

0

50

100

Operon transcription 

      r
ate (µM/min)

Time (min)

σB
 (µ

M
)

0

0.5

1

1.5
(c) (d)

σB
 P

ro
m

ot
er

 A
ct

iv
ity

 (a
u)

Time (min)
Operon expression (au)

10-1 100 101 102

0
150

300

Start operon
 expression

0
20

40
60

80

Figure 4.2 : Non-stoichiometric synthesis of network proteins is necessary for
pulsing in σB in the open-loop system. (a) σB dynamics in response to a step
increase in operon transcription rate for stoichiometric (λ1 = 2, λ2 = 2) and
non-stoichiometric (λ1 = 3.5, λ2 = 4) synthesis of network proteins. (b) σB

dynamics in response to a step increase in operon transcription rate for 1000 pairs
of (λ1, λ2). Pairs which resulted in pulsing are shown as cyan or blue dots, whereas
others are marked red. λ1 − λ2 parameter space is divided into three regions by
two black lines, λ1 = 2 and λ2 = λ1 − 2. (c-d) Comparing model simulations (c) for
open-loop system with experimental data (d) from [151]. Pulsing in σB occurs only
above a threshold level of operon expression. At lower operon induction levels,
the system produces a sustained response, whereas at higher induction levels it
exhibits pulsatile activation of σB.



67

0 0.1 0.2 0.3
Operon transcription rate (µM/min)

M
ax

im
um

 o
pe

n-
lo

op
 g

ai
n

 

 

0 0.2 0.4 0.6 0.8 1
     Phosphatase (µM)

A
m

pl
itu

de
 (µ

M
)

 

 

0 10 20 30

0 4 8

0

4

8

12

Time (min)

Time (min)

σB
 (µ

M
)

σB
 (µ

M
)λ1=3.5, λ2=4

λ1=3.5, λ2=1

LG T

T

P dB
B dP

=

P

P

0

2

4

6

8

10

12

0

0.2

0.4

0.6
0

4

8

12

(d)(c)

operon 
expression

low
medium
high

n = 3

n = 2

n = 1.1

(a)

0 50 100 150
0 

50

100

150

200

250

Phosphatase expression (au)

σB  P
ro

m
ot

er
 A

ct
iv

ity
 (a

u)

Phosphatase expression (au)

 P
ul

se
 A

m
pl

itu
de

 (a
u)

0 20 100 12040 60 80

(b)

0 

10

20

30

40

50
(b)

Figure 4.3 : Properties of pulsing in σB in the open-loop system. (a) Operon
was induced to different basal levels, and after equilibration phosphatase was
induced to different levels to create a grid of conditions. Data (circles, cells with
similar phosphatase expression were binned together) was grouped according to
operon expression levels (low, medium, high), and each data group was fit to a hill
function (lines). The degree of ultrasensitivity was quantified by the hill coefficient
n. (b) Phosphatase was induced to different levels, and after it had reached
steady state operon was induced to the maximum level. Circles represent the
mean experimental data, whereas the line is an unweighted linear fit (R2 = 0.86).
(c) Dependence of maximum open-loop gain (mLG) on operon transcription rate
for (λ1 = 3.5, λ2 = 4) and (λ1 = 3.5, λ2 = 1), two pairs which lie in different
pulsing regions in Figure 4.2(b). (d) Dependence of σB pulse amplitude on the
concentration of phosphatase for the two (λ1, λ2) pairs noted in panel (c). Insets
show σB dynamics for increasing phosphatase concentrations (see arrow) for the
same (λ1, λ2) pairs.
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one of the pairs (λ1 = 3.5, λ2 = 4) results in large maximum open-loop gains which
increase with operon expression (Figure 4.3(c)). In the second experiment it was
observed that the pulse amplitude of σB promoter activity proportionally increases
with phosphatase concentration (Figure 4.3(b), adapted from [151]). We simulate
this experiment for the two (λ1, λ2) pairs mentioned above to find that again only
(λ1 = 3.5, λ2 = 4) results in the experimentally observed outcome (Figure 4.3(d)).
Thus, based on these results we conclude that only (λ1, λ2) pairs which lie in the
region bounded by the two black lines (2 < λ1 < 2 + λ2) result in experimentally
observed pulsing.

4.2.3 Pulsing in σB occurs above a phosphatase threshold

The above analysis in the open-loop system shows that pulsing in σB is possible
only when the ratios of synthesis rates λ1 and λ2 follow the inequality 2 < λ1 <
2+λ2. Here we investigate if this necessary condition also needs to be satisfied for
pulsing in σB in the system with feedback (wild-type or closed-loop system). Hence,
we analyze σB dynamics for a step increase in the phosphatase concentration (like
in section 4.2.1) for 1000 pairs of (λ1, λ2). We find that similar to the open-loop
system pulsing in σB is possible only in the regime where λ1 and λ2 satisfy the
abovementioned inequality (Figure 4.4, compare with Figure 4.2(b)).

Previously it was shown that the σB promoter activity is ultrasensitive to
phosphatase concentration (Figure 4.5(a), adapated from [151]). Also, as
we mentioned above σB network senses energy stress through phosphatase.
Motivated by this we analyze the response of σB to phosphatase concentration
in our model. We find that a step increase in the phosphatase concentration leads
to pulsing in σB only if the phosphatase concentration is above a threshold level
(Figure 4.5(b)).

To understand this threshold-generating mechanism we inspect the equations
for conservation of mass for the three network proteins, which after some
re-arrangement and simplification give rise to the following relation:

2(W2 −B − 0.5V ) ≈ (WT − 2BT − VT ) + VP (4.2.1)

where W2, B, V and VP are respectively the concentrations of dimeric RsbW,
σB, unphosphorylated RsbV and phosphorylated RsbV; WT , BT and VT are the
concentrations of total proteins RsbW, σB and RsbV.

The first term in the right-hand side (RHS) of the above equation is negative
because we determine in preceding sections that 2 < λ1 < 2 + λ2 is necessary
for pulsing in σB. It should be noted that the concentrations of total protein
follow the same inequality as their production rates are proportional (λ1 and
λ2 are the proportionality constants) and degradation rates are assumed to
be same. Also, the second term in the RHS depends on the concentration
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Figure 4.4 : Necessary condition for pulsing in σB. σB dynamics in response to a
step increase in phosphatase concentration for 1000 pairs of (λ1, λ2). Only (λ1, λ2)
pairs lying in the region between the two lines resulted in pulsing. Colors have the
same meaning as in Figure 4.2(b).

of phosphatase as it dephosphorylates RsbV∼P to produce RsbV. When the
phosphatase concentration is below the threshold (Figure 4.5(b), green circle)
very little RsbV∼P is dephosphorylated. As a result, the second term in the RHS
is large (at low phosphatase VT ≈ VP ) enough to compensate the negative first
term (RHS > 0). Since LHS ≈ RHS this means that there is enough RsbW2

to sequester its binding partners, σB and RsbV, into complexes and hence no
pulsing in σB (Figure 4.5(b), Inset – green trajectory). On the other hand, when the
phosphatase concentration is above the threshold (Figure 4.5(b), orange circle) it
dephosphorylates a lot of RsbV∼P to RsbV, and as a result the RHS becomes
negative. In this case the amount of RsbW2 is insufficient to sequester all of its
binding partners and hence leads to a surge in free σB (Figure 4.5(b), Inset –
orange trajectory). The ultrasensitive response observed here is characteristic
of systems where protein is sequestered by an inhibitor [76, 104]. For better
understanding we schematically depict the ultrasensitive response to phosphatase
in Figure 4.6 and the mechanism of pulsing in Figure 4.7.
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Figure 4.5 : Pulsing in σB occurs above a phosphatase threshold. (a) Phosphatase
was induced to different levels, and after equilibration σB promoter activity was
measured. Each circle represents an individual cell, whereas the curve is a
hill function fit (n is the hill coefficient). (b) σB pulse amplitude is ultrasensitive
to phosphatase concentration. Dashed line dentoes the phosphatase threshold
(1µM ). Inset - σB dynamics in response to a step increase in the phosphatase
concentration from 0µM to 0.5µM (green) or 2µM (orange). λ1 = 3.5 and λ2 = 4
for all simulations unless otherwise noted.

4.2.4 Network encodes phosphatase burst size into σB pulses

Previous experiments showed that energy stress increases σB pulse frequency by
shifting the distribution of phosphatase copy number from lower to higher values
i.e. increasing the mean [151]. In this section we aim to understand how the
distribution of phosphatase copy number determines σB pulse frequency. Based
on previous theoretical [153, 154] and experimental [155] studies we assume that
the phosphatase copy number follows gamma distribution which is described by
two parameters - burst size (b, average number of molecules produced per burst)
and burst frequency (a, number of bursts per cell cycle). The mean phosphatase
in this case is the product of burst size and burst frequency (m = ab). Thus, stress
can increase mean phosphatase by either changing burst size or burst frequency.

The effect of changing burst size and burst frequency is schematically depicted
in Figures 4.8(a) and 4.8(e) respectively. Comparing the diagrams for smaller
(top) and larger (bottom) burst size shows that increasing burst size increases
the size of individual bursts (depicted by arrows), which in turn increases the
number of threshold (dashed line) crossing bursts, thereby increasing σB pulse
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Figure 4.6 : Ultrasensitive response of σB to phosphatase concentration. Below
the phosphatase threshold all of σB and RsbV is bound to RsbW2, whereas RsbV is
mostly in the phosphorylated state. Increase in phosphatase concentration results
in dephosphorylation of RsbV∼P, and the newly formed RsbV is sequestered by
RsbW2. At the threshold the amount of RsbW2 is equal to the amount of its binding
partners. Above the threshold increased dephosphorylation of RsbV∼P produces
more RsbV which in the absence of free RsbW2 displaces σB from the complex,
thereby resulting in a surge of free σB. The analytical constraints that characterize
the three regimes (below, at and above threshold) are also provided.

frequency. Similar comparisons for low (top) and high (bottom) burst frequency
diagrams shows that increasing burst frequency increases the number of bursts,
which also increases the number of threshold (dashed line) crossing bursts,
and as a result increases σB pulse frequency. Also it is known that gamma
distribution for protein copy number assumes uncorrelated and exponentially
distributed bursts [153, 154]. Hence, we examine how changing burst size and
burst frequency affects the exponential burst size distributions. Figures 4.8(b) and
4.8(f) respectively show that increasing burst size and burst frequency both modify
the burst size distribution such that the area under the curve which is to the right
of the threshold (dashed line) increases. This means that in both the cases the
number of bursts above the threshold increase and consequently both modulations
are capable of increasing σB pulse frequency. Based on this initial understanding
we perform stochastic simulations for the σB network where mean phosphatase
concentration was varied by changing either burst size or burst frequency. We find
that both types of modulation increase σB pulse frequency ≈ 25 fold, key difference
being that in the case of burst size the increase is non-linear, whereas in the case
of burst frequency the increase is linear (Figures 4.8(c) and 4.8(g)). Additionally,
we observe that σB pulse amplitude increases ≈ 5 fold for burst size modulation,
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Figure 4.7 : Mechanism of pulsing in σB. (1) Initial State: Protein concentrations
are at low levels. In the absence of phosphatase RsbV is mostly in the
phosphorylated state. Fluctuation in phosphatase crosses the ultrasensitive
threshold and dephosphorylates RsbV∼P to form RsbV which forms complex with
RsbW2. Since the amount of RsbV produced is more than what can be bound
by RsbW2, RsbV begins to displace σB from its complex with RsbW2, thereby
leading to (2) Pulse Initiation. Free σB is transcriptionally active and up-regulates
the synthesis of network proteins. (3) Pulse Peak: σB activity peaks when all of it
has been displaced from its complex with RsbW2, and the latter is saturated with
RsbV∼P. (4) Pulse Termination: Phosphorylation of RsbV releases free RsbW2

which re-captures σB to turn off the pulse. Protein concentrations relax to the
original state due to dilution. The analytical constraints that characterize the
different steps in pulsing are noted along each step.
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whereas it remains constant for burst frequency modulation (Figures 4.8(d) and
4.8(h)).
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Figure 4.8 : Network can encode both phosphatase burst size and burst frequency
into σB pulses. (a) Schematic shows that increase in burst size of phosphatase
(comparing top and bottom panels) increases the number of bursts that cross the
threshold (dashed line). (b) Phosphatase burst size histograms for burst size 1
(blue) and 3 (green). Here and in panel (f) shaded region represents the area under
the curve which is to the right of the threshold (dashed line). (c)-(d). Stochastic
simulations of the σB network with 100 trajectories in which mean phosphatase
concentration was varied by modulating the mean burst size of phosphatase.
σB pulse frequency increases ≈ 25 fold, whereas amplitude increases ≈ 5 fold
with mean phosphatase concentration. (e) Schematic shows that increase in
burst frequency of phosphatase (comparing top and bottom panels) increases the
number of bursts that cross the threshold. (f) Phosphatase burst size histograms
for burst frequency 0.05 (blue) and 0.25 (green). (g)-(h). Stochastic simulations
of the σB network with 100 trajectories in which mean phosphatase concentration
was varied by modulating the burst frequency of phosphatase. σB pulse frequency
increases ≈ 25 fold, whereas amplitude remains constant with mean phosphatase
concentration.

We next examine the pulse amplitude cumulative histograms for different
phosphatase concentrations for burst size and burst frequency encoding. We find
that when these histograms are normalized by the maximum cumulative frequency,
they overlap for burst frequency encoding, but not for burst size encoding (Figures
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4.9(b)-(c)). To ascertain the type of modulation encoded in the σB network, we
re-examine data from [151] as normalized cumulative histograms and find that
it matches well with burst size modulation strategy (Figure 4.9(a)). Hence, we
conclude that the stress-response network encodes phosphatase burst size into
σB pulses.
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Figure 4.9 : Network encodes phosphatase burst size into σB pulses. (a)-(c) Pulse
amplitude cumulative histograms for (a) experimental data, stochastic simulations
with (b) burst size modulation and (c) burst frequency modulation. Different colors
represent varying levels of mycophenolic acid (MPA, energy stress) in experiments
or phosphatase in model.

4.3 Discussion

In this work we study the dynamical properties of the σB network which controls
the general stress response in B. subtilis. The activity of σB is tightly controlled
by a partner-switching mechanism in which reversible phosphorylation drives
interactions between σB, anti-sigma RsbW and anti-anti-sigma RsbV [156]. In
non-stressed cells σB is sequestered into an inactive complex by RsbW2, whereas
most of RsbV is phosphorylated by RsbW2 which also functions as a protein
kinase [148]. In the presence of stress the phosphatase levels increase and the
ensuing phosphatase-dependent dephosphorylation of RsbV∼P produces RsbV
which attacks σB/RsbW2 complex to release σB [150]. Recently, a study of σB

activation dynamics in single B. subtilis cells exposed to energy stress revealed that
σB is activated in discrete stochastic pulses [151]. Also, increasing stress resulted
in higher pulse frequencies, but relatively weak increases in pulse amplitude and
duration.
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We find that the pulsing in σB is possible only when there is a stoichiometric
imbalance between the concentration of various network proteins. Specifically,
the concentration of RsbW needs to be in a sweet-spot: greater than the
concentration of σB, but less than the total concentration of its two binding
partners. This prediction can be tested experimentally by measuring the relative
concentration of σB and it’s network partners in the presence of several mutations
that promote or curb pulsing. In the model, stoichiometric imbalance is achieved
by choosing synthesis rates which result in protein concentrations away from their
stoichiometric ratios. Not surprisingly a previous model with synthesis rates that
maintain stoichiometric balance neither observed an ultrasensitive response, nor
pulsing in σB [28]. Although stoichiometric balance between network proteins is
detrimental for pulsing in the σB network, it plays a key role in generating robust
circadian rhythms in Drosophila [157].

Our model also demonstrates that pulsing in σB occurs only above a
certain phosphatase level. Above this threshold phosphatase-dependent
dephosphorylation of RsbV∼P produces RsbV in excess of what can
be sequestered by RsbW2, and as a result RsbV displaces σB from
its complex with RsbW2. Hence, the ultrasensitive response of σB to
phosphatase cocentration. The sequestration-based mechanism that generates
post-translational ultrasensitivity in this network has been also shown to produce
ultrasensitive responses in other natural [76, 158] and synthetic systems [104,
159]. Moreover, sequestration-based ultrasensitivity in combination with a positive
feedback can give rise to bistability [77, 160].

We show that frequency of σB pulses can be modulated by either phosphatase
burst size or burst frequency, however, comparison with published data [151]
supported the theory of burst size modulation. Still the following question remains
unanswered: how do bacteria specifically convert increase in stress to increase in
phosphatase burst size? A recent work, which studied gene expression dynamics
across the human genome, showed that weaker expression loci modulate burst
frequency whereas stronger expression loci modulate burst size to increase activity
[161]. Thus, it would be interesting to investigate the strength of the loci in
B. subtilis where phosphatase is encoded. Another puzzling aspect is why the
bacteria choses a frequency-modulated strategy to control σB activity? An earlier
work proposed that frequency modulation results in proportional expression of
downstream genes which is not possible with an amplitude-modulation strategy
[144]. Such proportional expression becomes relevant if the proteins encoded by
these genes interact with each other to produce a specific response. Furthermore,
in conditions of limiting RNA polymerase, non-overlapping pulsing in sigma factors
could be a useful strategy to eliminate competition among sigma factors to bind
RNA polymerase.
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Chapter 5

Conclusions

Biochemical and genetic networks in different organisms feature optimized
mechanisms for sensing the environment and implementing appropriate dynamic
responses. Despite the phenomenal progress in experimental techniques and
the increasingly common use of mathematical modeling, very few examples exist
of general biological principles that relate a network’s structure to its response.
Pioneering work in the past has identified design principles for certain classes of
regulatory networks using dynamical system models [28, 36–38, 44, 162, 163].
However, most of the existing approaches to uncover design principles fall into
two broad categories: (i) phenomenological models of oversimplified networks
with little relevance to any specific experimental system, and (ii) detailed models
of a specific network which are unlikely to reveal general design principles. The
first approach often results in broad predictions but may lack biological relevance,
whereas the second approach is usually too focused to be generalized. This
thesis aimed to bridge the gap by concentrating on core regulatory modules
like TCSs, sigma-factor networks and autoregulatory motifs that are conserved
across species, and by building biochemically accurate models that generate
experimentally-testable predictions.

The mycobacterial stress-response network studied here is unique as it
contains representatives from all the regulatory modules listed above. The
detailed model of the network showed that neither the positive autoregulation in
the MprA/MprB TCS, nor the σE-mediated transcriptional feedback is sufficient
to induce bistability in a biochemically realistic parameter range. The general
observation that a prototypical TCS is incapable of producing bistability is in
agreement with previous research [65], which demonstrated that bifunctionality of
SHK results in an implicit negative feedback capable of attenuating the positive
autoregulation, and thereby reducing the possibility of bistability. Nevertheless,
bistability has been shown in atypical TCSs – DegS/DegU in B. subtilis in which
only the RR is autoregulated [99], and EnvZ/OmpR in E. coli in which SHK and RR
form a dead-end complex [44]. By contrast, we observed bistability in a prototypical
TCS for two different limits, a large fold change in gene regulation or an effectively
monofunctional SHK. These conditions though not applicable to the MprA/MprB
TCS may be true for some specific TCS.

The missing link that lead to network bistability turned out to be the
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post-translational regulation of σE by anti-sigma factor RseA. This sigma-factor
network is unusual as sigma and anti-sigma genes are part of two differentially
regulated operons. This genetic arrangement prevents the sequestration of sigma
by anti-sigma to attenuate the TCS-mediated positive feedback on sigma, thereby
precluding the implicit negative feedback. In conclusion, a fortuitous combination of
a positively autoregulated TCS with implicit negative feedback, and a sigma-factor
network with altered gene arrangement to avoid implicit negative feedback results
in bistability in the network. Another example of a sigma-factor network that
produces a bistable response is the σF network in B. subtilis in which the genes
are in the same operon, but lack sigma autoregulation [29]. Bistability in this
network arises as a result of an implicit positive feedback due to the dead-end
complex between anti-sigma and anti-anti-sigma factor. In light of this information
it would be interesting to examine what other mechanisms are employed by TCSs
and sigma-factor networks to generate bistability.

While examining the mycobacterial stress-response network an observation
surprised us – the addition of a second positive feedback reduced the possibility
of bistability. It was counterinuitive as positive feedback has been shown to be
necessary for bistability [164], and we expected that an additional feedback will
improve the chances of bistability. To understand this anomaly we performed a
systematic theoretical analysis in simple autoregulatory networks, and found that
the sign of feedback loops and the type of coupling between them control several
dynamical properties. This analysis underscores the importance of coupling
between feedback loops which may result in properties that are uncharacteristic
for individual loops.

A bistable system like the mycobacterial stress-response network responds to
an above-threshold signal in a monotonic fashion i.e. the system switches from the
initial OFF to the ON state. This is in sharp contrast with the transient response
to an above-threshold signal observed in the σB stress-response network. The
detailed model of the network uncovered that the concentration of anti-sigma factor
RsbW must lie in an optimal range for pulsing in σB. This design feature allows
the protein sequestration reactions to produce post-translational ultrasensitivity in
the network which in turn is responsible for pulsing. Taken together, the analysis
of the two bacterial stress-response networks illustrates that post-translational
regulations play a crucial role in shaping network response. This general
conclusion is reinforced by a recent review[165] which highlights other cases
where post-translational regulations determine performance of bacterial regulatory
networks.

The common mechanism that induces bistability in the EnvZ/OmpR TCS
and the σF network is the presence of an implicit positive feedback due to
formation of a dead-end complex. These two systems are examples of cases
in which the positive feedback necessary for bistability is only apparent after the
analysis of network’s Jacobian matrix [164, 166]. Other examples include systems
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described by mass-action kinetics where complex interactions or conservation laws
among network components results in an implicit positive feedback [167, 168].
Such systems, owing to the inherent complexity of interactions and non-obvious
feedback loops, are specially conducive to computational analysis. Thus,
modeling-based approach is essential to understand phenomenon like bistability
which is not evident from the analysis of network diagram.

In this thesis a new method was developed to check for bistability in biochemical
networks. Using this method the network being examined is decoupled into
transcriptional and post-translational modules with non-overlapping parameter sets
which facilitates indpendent input-output analysis. Furthermore, the graphical
inspection procedure meant that we were only interested in a module’s logarithmic
gain which resembles the collapse of a multi-dimensional parameter space into one
single dimension. In essence this decoupling approach together with the graphical
analysis greatly reduced the complexity of the problem and allowed for a better
understanding. Hence, future efforts towards the development of similar modular
approaches may be helpful in light of perpetual uncertainity with regards to model
parameters.

In summary, mechanistic investigations that integrate transcriptional and
post-translational interactions in core regulatory modules can contribute
significantly to our understanding of biological design principles.
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Appendix A

Mathematical model of mycobacterial
stress-response network

Model reactions

The events shown in Figure 2.1 can be described by a set of biochemical reactions
which can be further subdivided into different categories.

DNA-binding reactions

The stress-response network under consideration has three promoters: PE -
promoter for the sigE operon, P 1

AB - MprA∼P activated promoter for the mprAB
operon, P 2

AB - σE activated promoter for the mprAB operon. Each promoter can
exist in two different states depending on the occupancy of binding sites. The
equilibrium dissociation constant for binding of two molecules of MprA∼P and one
molecule of σE to DNA is K1 and K2 respectively.

• Two molecules of MprA∼P bind to the promoter P 1
AB of mprAB operon [95].

P 1
AB + 2MprA ∼ P 
 P 1

AB-(MprA ∼ P)2 (A.0.1)

• One molecule of the σE- RNA polymerase complex binds to the promoter
P 2
AB of mprAB operon [88]. It can be shown that the functional form of the

transcription rate through this promoter regulated by σE is same as that of
the other two promoters regulated by the transcription factor MprA∼P.

P 2
AB + σE-RNAP 
 P 2

AB-σ
E (A.0.2)

• Two molecules of MprA∼P bind to the promoter PE of sigE operon [96].

PE + 2MprA ∼ P 
 PE-(MprA ∼ P)2 (A.0.3)

Transcription

Transcription can proceed with different rates depending on the state of the
promoter. The empty and transcriptional regulator bound states correspond to
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the basal and enhanced levels of transcription through the promoter. Hence, there
will be six different transcription reactions for the three promoters.

Basal transcription:

P 1
AB

kbtpn1→ P 1
AB +mAB (A.0.4)

P 2
AB

kbtpn2→ P 2
AB +mAB (A.0.5)

PE
kbtpn3→ PE +mE (A.0.6)

Activated transcription:

P 1
AB-(MprA ∼ P)2

ktpn1→ P 1
AB-(MprA ∼ P)2 +mAB (A.0.7)

P 2
AB-σ

E ktpn2→ P 2
AB-σ

E +mAB (A.0.8)

PE-(MprA ∼ P)2
ktpn3→ PE-(MprA ∼ P)2 +mE (A.0.9)

Translation

Translation of mRNAs to produce proteins was assumed to follow first-order
kinetics.

mAB

ktlnmAB→ mAB +MprA +MprB (A.0.10)

mE

ktlnmE→ mE + σE (A.0.11)

Degradation

Degradation of mRNAs and proteins was also assumed to follow first-order
kinetics. This rate incorporates the dilution due to cell growth.

mAB

kdegmAB→ 0 (A.0.12)

mE

kdegmE→ 0 (A.0.13)

X
kpdeg→ 0 (A.0.14)

Post-translational interactions

• MprB, the SHK in the TCS, is autophosphorylated in the presence of PolyP
as a phosphate donor [92]. The phosphoryl groups are not explicitly included
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in the reaction as they are present in excess.

MprB
kap→ MprB ∼ P (A.0.15)

MprB ∼ P
kad→ MprB (A.0.16)

• MprB∼P phosphorylates MprA via a phosphotransfer reaction [91]. This
event is modeled as a two-step process: i) MprB∼P reversibly binds MprA
to form a complex, and ii) complex dissociates to release MprA∼P.

MprA +MprB ∼ P
kb1→ MprA-MprB ∼ P (A.0.17)

MprA-MprB ∼ P
kd1→ MprA +MprB ∼ P (A.0.18)

MprA-MprB ∼ P
kt→ MprA ∼ P +MprB (A.0.19)

• MprB possesses phosphatase activity and catalyzes the dephosphorylation
of MprA∼P [91]. This event is also modeled as a two-step process: i) MprB
reversibly binds MprA∼P to form a complex, ii) complex dissociates to release
MprA.

MprA ∼ P +MprB
kb2→ MprB-MprA ∼ P (A.0.20)

MprB-MprA ∼ P
kd2→ MprA ∼ P +MprB (A.0.21)

MprB-MprA ∼ P
kp→ MprA +MprB (A.0.22)

• Previous research suggests exogenous phosphorylation of MprA by small
phosphodonor compounds [91]. Thus, the following reversible reaction
accounting for exogenous phosphorylation and dephosphorylation of MprA
is included.

MprA
kexp→ MprA ∼ P (A.0.23)

MprA ∼ P
kexd→ MprA (A.0.24)

• σE activity is regulated by the anti-sigma factor RseA which causes its
inactivation by formation of a complex [93].

σE +RseA
kb→ σE-RseA (A.0.25)

σE-RseA
kd→ σE +RseA (A.0.26)
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Model equations

Promoter sates

Kinetics of elementary reactions (equations (A.0.1)-(A.0.26)) is described by
mass-action kinetics with the exception of few cases noted below. These equations
were used with quasi-steady state or quasi-equilibrium approximations to derive
the differential equations describing the system. Let the probabilities of different
promoter states P 1

AB, P 2
AB, PE, P 1

AB-(MprA ∼ P2), P 2
AB-σ

E and PE-(MprA ∼ P)2 be
represented by p1, p2, p3, p4, p5 and p6 respectively. With the constraint that the
total number of promoters is fixed and present in 1 copy per cell,

p1 + p4 = 1, p2 + p5 = 1, p3 + p6 = 1 (A.0.27)

Applying quasi-equilibrium approximation for fast DNA binding reactions,

K1 =
p1A

2
P

p4
, K2 =

p2E

p5
, K3 =

p3A
2
P

p6
(A.0.28)

where AP and E are concentrations of MprA∼P and σE. Finally, promoter
probabilities were computed using equations (A.0.27) and (A.0.28).

p1 =

(
1 +

A2
P

K1

)−1

, p2 =

(
1 +

E

K2

)−1

, p3 =

(
1 +

A2
P

K1

)−1

(A.0.29)

p4 =
A2
P

K1

(
1 +

E

K2

)−1

, p5 =
E

K2

(
1 +

E

K2

)−1

, p6 =
A2
P

K1

(
1 +

A2
P

K1

)−1

(A.0.30)

mRNA concentrations

Using the transcription and mRNA degradation reactions, the time evolution of
the mRNA concentrations (mAB for mprAB operon and mE for sigE operon) is
described by the following differential equations:

dmAB

dt
= kbtpn1p1 + ktpn1p4 + kbtpn2p2 + ktpn2p5 − kdegmAB

mAB (A.0.31)

dmE

dt
= kbtpn3p3 + ktpn3p6 − kdegmE

mE (A.0.32)

Substituting into (A.0.31) and (A.0.32) the expressions for promoter probabilities
from (A.0.29) and (A.0.30), and applying the quasi-steady state approximation for
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mRNA dynamics, dmAB

dt
= dmE

dt
≈ 0:

mAB =
kbtpn1
kdegmAB

1 + ktpn1

kbtpn1

A2
P

K1

1 +
A2

P

K1

+
kbtpn2
kdegmAB

[
1 + ktpn2

kbtpn2

E
K2

1 + E
K2

]
(A.0.33)

mE =
kbtpn3
kdegmE

1 + ktpn3

kbtpn3

A2
P

K1

1 +
A2

P

K1

 (A.0.34)

Using the post-translational interactions dynamics of protein complexes can be
described by the following differential equations:

d(A-BP )

dt
= kb1ABP − (kd1 + kt + kpdeg)(A-BP ) (A.0.35)

d(AP -B)

dt
= kb2APB − (kd2 + kp + kpdeg)(AP -B) (A.0.36)

d(E-R)

dt
= kbER− (kd + kpdeg)(E-R) (A.0.37)

Applying the quasi-steady state approximation to the above equations,

(A-BP ) =
kb1

(kd1 + kt + kpdeg)
ABP (A.0.38)

(AP -B) =
kb2

(kd2 + kp + kpdeg)
APB (A.0.39)

(E-R) =
kb

(kd + kpdeg)
ER (A.0.40)

Here onwards the degradation rate of protein complexes (kpdeg) is ignored in
the denominators of equations (A.0.31) - (A.0.33) in comparison to the fast
post-translational interactions.

Protein dynamics

The differential equations describing protein dynamics were obtained using
translation, protein degradation and post-translational reactions, and the
expressions from (A.0.33)-(A.0.34) and (A.0.38)-(A.0.40).

dA

dt
= β1

1 + f1
A2

P

K1

1 +
A2

P

K1

+ β2

[
1 + f2

E
K2

1 + E
K2

]
+ kp

(
APB

KP

)
− kt

(
ABP

KT

)
−kexpA+ kexdAP − kpdegA (A.0.41)
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dB

dt
= λβ1

1 + f1
A2

P

K1

1 +
A2

P

K1

+ λβ2

[
1 + f2

E
K2

1 + E
K2

]
− kapB + kadBP

+kt

(
ABP

KT

)
− kpdegB (A.0.42)

dAP
dt

= kt

(
ABP

KT

)
− kp

(
APB

KP

)
+ kexpA− kexdAP − kpdegAP (A.0.43)

dBP

dt
= kapB − kadBP − kt

(
ABP

KT

)
− kpdegBP (A.0.44)

dE

dt
= β3

1 + f3
A2

P

K1

1 +
A2

P

K1

− kpdegE (A.0.45)

where, KT = kd1+kt
kb1

, KP = kd2+kp
kb2

, β1 =
ktlnmAB

kbtpn1

kdegmAB

, β2 =
ktlnmAB

kbtpn2

kdegmAB

, β3 =
ktlnmE

kbtpn3

kdegmE

, f1 = ktpn1

kbtpn1
, f2 = ktpn2

kbtpn2
, f1 = ktpn3

kbtpn3
. βi and fi is respectively the

basal protein synthesis rate and the amplification gain (ratio between the maximal
and basal transcription levels) for different promoters. The total concentration
of anti-sigma factor is conserved as its production is not regulated by network
proteins. Hence,

RT = R + (E-R) (A.0.46)

Stochastic formulation

A stochastic model of the network was constructed in COPASI [107]. To better
account for predominant sources of noise, this model includes transcription and
translation as separate steps, unlike the deterministic version where the rate
constants for both these processes were lumped into a single parameter β.
Transcription, translation and degradation reactions for anti-sigma factor RseA
were also included. In addition, σE - controlled stringent response regulator RelA
was introduced to compare its distribution with previous experiments [97]. The
equilibrium dissociation constant for binding of σE to relA promoter is K4. The
four transcription reactions involving promoters P 1

AB, P 2
AB, PE and PRelA were

respectively modeled with the following propensity functions:

kbtpn1

1 + f1
A2

P

K1

1 +
A2

P

K1

 , kbtpn2 [1 + f2
E
K2

1 + E
K2

]
kbtpn3

1 + f3
A2

P

K1

1 +
A2

P

K1

 , kbtpn4 [1 + f4
E
K4

1 + E
K4

]
(A.0.47)
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The remaining reactions were modeled as standard mass action kinetics. For the
stochastic model the various parameter values used in the deterministic formalism
(see Table A.1) were appropriately scaled by NAV (NA = 6.023 ∗ 1023,V = 10−15L)
to change the quantity unit from concentration to number of particles. Parameter
values for the basal transcription rates (kbtpn) were calculated using the expression
kbtpn =

βikmdeg

ktln
where βi, kmdeg and ktln are listed in Table A.1.

Model extension lead to the following additional reactions that were not
considered in the deterministic model:

PR
ktpnR→ PR +mR (A.0.48)

mR

kdegmR→ 0 (A.0.49)

mR

ktlnmR→ mR +RseA (A.0.50)

R
kpdeg→ 0 (A.0.51)

PRelA + σE-RNAP 
 PRelA-σ
E (A.0.52)

PRelA
kbtpn4→ PRelA +mRelA (A.0.53)

PRelA-σ
E ktpn4→ PRelA-σ

E = mRelA (A.0.54)

mRelA

ktlnmRelA→ mRelA +RelA (A.0.55)

mRelA

kdegmRelA→ 0 (A.0.56)

RelA
kpdeg→ 0 (A.0.57)
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Table A.1 : List of parameters values used in the model for mycobacterial
stress-response network

Parameter Value
kpdeg 6 ∗ 10−5s−1

kad 0.001s−1

kap 0.00132s−1

kt 0.5s−1

kp 0.05s−1

f1 10
f2 10
f3 10
β1 6 ∗ 10−6µMs−1

β2 9 ∗ 10−6µMs−1

β3 6 ∗ 10−6µMs−1

K1 0.5µM2

K2 0.08µM
RT 0.3µM
KD 3 ∗ 10−4µM
KT 50µM
KP 50µM
λ 0.1
kexp 0.001s−1

kexd 0s−1

ktln 0.03s−1

kmdeg 0.001s−1

kpdegRelA
2 ∗ 10−5s−1

β4 9 ∗ 10−6µMs−1

K4 0.033µM
f4 10
ktpnR

0.00036s−1
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Appendix B

Mathematical models of autoregulatory networks
with coupled feedback loops

Additively coupled positive/positive feedback loops
(PPA-network)

The events shown in Figure 3.1(a) can be described by a set of biochemical
reactions which can be further subdivided into different categories.

DNA-binding reactions

The network under consideration has two promoters for gene X : P1 and P2. Each
promoter can exist in two different states depending on the occupancy of the
operator sites. The equilibrium dissociation constant for binding of n1 and n2

molecules of XA to DNA is K1 and K2 respectively.

• n1 molecules of TF XA bind to promoter P1

P1 + n1XA 
 P1-(XA)n1 (B.0.1)

• n2 molecules of TF XA bind to promoter P2

P2 + n2XA 
 P2-(XA)n2 (B.0.2)

where n1 and n2 are small integer numbers, though phenomenologically
non-integer numbers can also be considered in the final expression below.

Transcription

Transcription can proceed with different rates depending on the state of the
promoter. In the unoccupied state transcription proceeds at a basal rate kbtpn,
whereas in the occupied state (bound by TF) it proceeds at an enhanced rate, ktpn.
Hence, transcription reactions for the two promoters are:
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• Basal transcription:

P1

kbtpn1→ P1 +mX (B.0.3)

P2

kbtpn2→ P2 +mX (B.0.4)

• Activated transcription:

P1-(XA)n1
ktpn1→ P1-(XA)n1 +mX (B.0.5)

P2-(XA)n2
ktpn2→ P2-(XA)n2 +mX (B.0.6)

Translation

Translation is assumed to be linear in mRNA concentration with a rate ktlnmx:

mX

ktlnmX→ mX +X (B.0.7)

Degradation

We assume first-order degradation for mRNA and protein. The protein degradation
rate also incorporates dilution due to cell growth.

mX

kdegmX→ 0 (B.0.8)

X
kpdeg→ 0 (B.0.9)

Post-translational activation

In the presence of a signal, protein X is converted into an active form XA which
functions as a TF

X
ka→ XA XA

kd→ X (B.0.10)

Some of the biologically possible activation mechanisms are binding to a ligand,
phosphorylation, and interaction with other TFs or co-regulatory proteins. The
kinetics of elementary reactions (B.0.1)-(B.0.10) is described by mass-action
kinetics. These equations were used together with quasi-steady state or
quasi-equilibrium approximations to derive the differential equations describing the
system.
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Promoter sates

Let the probabilities of different promoter states P1, P2, P1-(XA)n1 and P2-(XA)n2
be represented by p1, p2, p3 and p4 respectively. With the constraint that the total
number of promoters is fixed and present in 1 copy per cell,

p1 + p3 = 1, p2 + p4 = 1 (B.0.11)

Applying quasi-equilibrium approximation for fast DNA binding reactions,

Kn1
1 =

p1X
n1
A

p3
, Kn2

2 =
p3X

n2
A

p4
(B.0.12)

where XA is the concentration of TF XA. Promoter probabilities were computed
using equations (B.0.11) and (B.0.12).

p1 =

(
1 +

Xn1
A

Kn1
1

)−1

, p2 =

(
1 +

xn2
A

Kn2
2

)−1

(B.0.13)

p3 =
Xn1
A

Kn1
1

(
1 +

Xn1
A

Kn1
1

)−1

, p4 =
Xn2
A

Kn2
2

(
1 +

Xn2
A

Kn2
2

)−1

(B.0.14)

mRNA concentrations

Using the transcription and mRNA degradation reactions, the time evolution of the
mRNA is described by the following differential equation:

dmX

dt
= kbtpn1p1 + ktpn1p3 + kbtpn2p2 + ktpn2p4 − kdegmX

mX (B.0.15)

Substituting into (B.0.15) the expressions for promoter probabilities from (B.0.13)
and (B.0.14), and applying the quasi-steady state approximation for mRNA
dynamics, dmX

dt
≈ 0:

mX =
kbtpn1
kdegmX

1 + ktpn1

kbtpn1

X
n1
A

K
n1
1

1 +
X

n1
A

K
n1
1

+
kbtpn2
kdegmX

1 + ktpn2

kbtpn2

X
n2
A

K
n2
2

1 +
X

n2
A

K
n2
2

 (B.0.16)

Activated protein

Using the post-translational activation and protein degradation reactions, dynamics
of TF XA is described by the following differential equation:

dXA

dt
= kaX − (kd + kpdeg)XA (B.0.17)
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Protein dynamics

Using equation (B.0.16) along with translation, post-translational activation and
protein degradation reactions one can write down the following differential equation
describing protein dynamics:

dX

dt
= ktlnmx

 kbtpn1
kdegmX

1 + ktpn1

kbtpn1

X
n1
A

K
n1
1

1 +
X

n1
A

K
n1
1

+
kbtpn2
kdegmX

1 + ktpn2

kbtpn2

X
n2
A

K
n2
2

1 +
X

n2
A

K
n2
2

−kaX+kdXA−kpdegX

(B.0.18)
The dynamics of XT = X + XA is described by adding equations (B.0.17) and
(B.0.18):

dXT

dt
= B1

1 + F1
X

n1
A

K
n1
1

1 +
X

n1
A

K
n1
1

+B2

1 + F2
X

n2
A

K
n2
2

1 +
X

n2
A

K
n2
2

− kpdegXT (B.0.19)

where, Bi = ktlnmx

kbtpni

kdegmx
and Fi =

ktpni

kbpni
i ∈ 1, 2. Bi and Fi are respectively the basal

protein production rate and the fold change in protein production due to feedback.
Since both the feedback loops are positive Fi > 1 . Rearranging the various terms
in equation (B.0.19):

dXT

dt
= B1+B2+B1(F1−1)

Xn1
A

Xn1
A +Kn1

1

+B2(F2−1)
Xn2
A

Xn2
A +Kn2

2

−kpdegXT (B.0.20)

To reduce the number of free parameters in the system, the concentrations XA

and XT were normalized by K1, t was reduced to the dimensionless form τ and
the various parameter combinations were redefined such that equation (B.0.20)
reduces to

dxT
dτ

= b+ bf1
xn1
A

xn1
A + 1

+ bf2
xn2
A

xn2
A + ln2

− xT (B.0.21)

Similarly after normalization and substitution X = XT + XA equation (B.0.17)
reduces to the following form at quasi-steady state:

xA = γxT (B.0.22)

where b = B1+B2

K1kpdeg
, fi = Bi

Bi+Bj
(Fi − 1)(i ∈ 1, 2; j 6= i), l = K1

K2
and γ = ka

ka+kd+kpdeg
. All

the parameters in the equations (B.0.22) and (B.0.22) are positive.
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Multiplicatively coupled positive/positive feedback loops
(PPM-network)

As in previous section, the events shown in Figure 3.1(b) are described by the
following set of biochemical reactions.

DNA-binding reactions

The network under consideration has one promoter for gene X : P which can exist
in four different states depending on the occupancy of the two operator sites. The
equilibrium dissociation constant for binding of n1, n2 and n1 + n2 molecules of XA

to DNA is K1, K2 and K12 respectively.

• n1 molecules of TF XA bind to the first operator site of promoter P

P + n1XA 
 P -(XA)n1 (B.0.23)

• n2 molecules of TF XA bind to the second operator site of promoter P

P + n2XA 
 P -(XA)n2 (B.0.24)

• n1 and n2 molecules of TF XA bind to the first and second operator sites of
promoter P

P + n1XA + n2XA 
 P -(XA)n1+n2 (B.0.25)

where n1 and n2 are small integer numbers, though phenomenologically
non-integer numbers can also be considered in the final expression below.

Transcription

As in the previous section, in the unoccupied state transcription proceeds at a
basal rate kbtpn, whereas in the occupied state (bound by TF) it proceeds at an
enhanced rate, ktpn. Hence, there will be four different transcription reactions for
the promoter.

• Basal transcription:

P
kbtpn→ P +mX (B.0.26)
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• Activated transcription:

P -(XA)n1
ktpn1→ P -(XA)n1 +mX (B.0.27)

P -(XA)n2
ktpn2→ P -(XA)n2 +mX (B.0.28)

P -(XA)n1+n2

ktpn3→ P -(XA)n1+n2 +mX (B.0.29)

The translation, mRNA/protein degradation and post-translational activation
reactions are same as in the previous section. As before the kinetics of
elementary reactions (B.0.23)-(B.0.29) is described by mass-action kinetics, and
these equations were used together with quasi-steady state or quasi-equilibrium
approximations to derive the differential equation describing the system.

Promoter sates

Let the probabilities of different promoter states P , P -(XA)n1, P -(XA)n2 and
P -(XA)n1+n2 be represented by p1, p2, p3 and p4 respectively. With the constraint
that the total number of promoters is fixed and present in 1 copy per cell,

p1 + p2 + p3 + p4 = 1 (B.0.30)

Applying quasi-equilibrium approximation for fast DNA binding reactions,

Kn1
1 =

p1X
n1
A

p2
, Kn2

2 =
p1X

n2
A

p3
, Kn1+n2

12 =
p1X

n1+n2
A

p4
(B.0.31)

where XA is the concentration of TF XA. Promoter probabilities were computed
using equations (B.0.30) and (B.0.31).

p1 =

(
1 +

Xn1
A

Kn1
1

+
Xn2
A

Kn2
2

+
Xn1+n2
A

Kn1+n2
12

)−1

, p2 =
Xn1
A

Kn1
1

(
1 +

Xn1
A

Kn1
1

+
Xn2
A

Kn2
2

+
Xn1+n2
A

Kn1+n2
12

)−1

(B.0.32)

p3 =
Xn2
A

Kn2
2

(
1 +

Xn1
A

Kn1
1

+
Xn2
A

Kn2
2

+
Xn1+n2
A

Kn1+n2
12

)−1

, p4 =
Xn1+n2
A

Kn1+n2
12

(
1 +

Xn1
A

Kn1
1

+
Xn2
A

Kn2
2

+
Xn1+n2
A

Kn1+n2
12

)−1

(B.0.33)

mRNA concentrations

As in the previous section transcription and mRNA degradation reactions were
used to derive the differential equation describing the time evolution of mRNA:

dmX

dt
= kbtpn1p1 + ktpn1p2 + ktpn2p3 + ktpn3p4 − kdegmX

mX (B.0.34)
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Substituting into (B.0.34) the expressions for promoter probabilities from (B.0.32)
and (B.0.33), and applying the quasi-steady state approximation for mRNA
dynamics, dmX

dt
≈ 0:

mX =
kbtpn
kdegmX

(
1 + ktpn1

kbtpn

X
n1
A

K
n1
1

+ ktpn2

kbtpn

X
n2
A

K
n2
2

+ ktpn3

kbtpn

X
n1+n2
A

K
n1+n2
12

)
(
1 +

X
n1
A

K
n1
1

+
X

n2
A

K
n2
2

+
X

n1+n2
A

K
n1+n2
12

) (B.0.35)

The differential equation governing the concentration of activated protein is same
as equation (B.0.17).

Protein dynamics

Using equation (B.0.35) along with translation, post-translational activation and
protein degradation reactions one can write down the following differential equation
describing protein dynamics:

dX

dt
= ktlnmx

kbtpn
kdegmX

(
1 + ktpn1

kbtpn

X
n1
A

K
n1
1

+ ktpn2

kbtpn

X
n2
A

K
n2
2

+ ktpn3

kbtpn

X
n1+n2
A

K
n1+n2
12

)
(
1 +

X
n1
A

K
n1
1

+
X

n2
A

K
n2
2

+
X

n1+n2
A

K
n1+n2
12

) − kaX + kdXA − kpdegX

(B.0.36)
The dynamics of XT = X + XA is described by adding equations (B.0.17) and
(B.0.36):

dXT

dt
= B

(
1 + F1

X
n1
A

K
n1
1

+ F2
X

n2
A

K
n2
2

+ F3
X

n1+n2
A

K
n1+n2
12

)
(
1 +

X
n1
A

K
n1
1

+
X

n2
A

K
n2
2

+
X

n1+n2
A

K
n1+n2
12

) − kpdegX (B.0.37)

where, B = ktlnmx

kbtpn
kdegmx

and Fi =
ktpni

kbpni
i ∈ 1, 2. B and Fi are respectively the

basal protein production rate and the fold change in protein production due to
feedback. Assuming that n1 and n2 TF molecules interact with RNA polymerase
independently and as a result the fold change in the rate of protein synthesis due to
the two operator sites is the product of the fold changes due to individual operator
site

F3 = F1F2 (B.0.38)

Substituting equation (B.0.38) into (B.0.37) and rearranging/normalizing it as in
the previous section results in the following dimensionless form:

dxT
τ

= b

(
1 +

f1x
n1
A + f2(xA/l)

n2 + f3x
n1
A (xA/l)

n2α

xn1
A + (xA/l)n2 + xn1

A (xA/l)n2α

)
− xT (B.0.39)
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where, b = B
K1kpdeg

, fi = (Fi − 1)(i ∈ 1, 2), l = K2

K1
and α =

K
n1
1 K

n2
2

K
n1+n2
12

. All parameters
in equation (B.0.39) are positive and this equation together with equation (B.0.22)
governs the underlying network dynamics. The above equation can be further
simplified for the following cases:i) Cooperative binding: In general, TF molecules
bind to different operator sites cooperatively leading to a non-additive free energy
of binding. If this free energy of binding is lower (higher) than the sum of the free
energies of TF binding independently to the two operator sites, then the system
has positive (negative) cooperativity. Correspondingly for positive cooperativity
the dissociation constant for the simultaneous binding of TF molecules to the
two operator sites is smaller than the product of the dissociation constants for
TF binding to each operator site. The opposite relation is expected for negative
cooperativity. Thus, Kn1+n2

12 < Kn1
1 Kn2

2 or α > 1 for positive cooperativity while
Kn1+n2

12 > Kn1
1 Kn2

2 or α >< 1 for negative cooperativity. ii) Non-cooperative binding:
For the simulations presented in Chapter 3, TF molecules were assumed to bind
to different operator sites non-cooperatively, leading to an additive free energy of
binding, as a result of which the dissociation constant for the simultaneous binding
of the TF molecules to the two operator sites is the product of the dissociation
constants for TF binding to each operator site. Thus, Kn1+n2

12 = Kn1
1 Kn2

2 or α = 1 in
equation (B.0.39) results in zero cooperativity.

Coupled positive/negative feedback loops

Additive coupling (PNA-network)The events shown in Figure 3.1(c) result in
equations (B.0.21) and (B.0.22) with one difference. Since the second feedback
is negative F2 < 1 and hence the parameter representing fold change for the
second feedback is replaced by −f2. Multiplicative coupling (PNM-network)The
events shown in Figure 3.1(d) result in equations (B.0.39) and (B.0.22) with the
above discussed difference.

Maximum open-loop gain and bistability range for single
positive feedback network (P-network)

The expression for maximum open-loop gain (mLG) for P-network was previously
computed in Ref. [77]. Here that expression is redefined in terms of the model
parameters discussed in Chapter 3.

mLG = n1

√
f1 + 1− 1√
f1 + 1 + 1

(B.0.40)

where n1 is the Hill coeffcient and f1 is the fold change in protein production due to
feedback. To derive the analytical expression for bistability range the equation for
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P-network (see section 3.2.4) is used at steady state:

xT = b+ b
f1x

n1
A

1 + xn1
A

(B.0.41)

xA = γxT (B.0.42)

where b is the basal amount of total protein. The derivation revolves around
computing γ1 and γ2 (see Figure 3.2(a) in main text) which are essentially inverse of
the slopes of lines depciting input signals (dashed curves). Since both the dashed
lines are tangents to the trasncriptional transfer function, the slope of the curve and
the line at the point of tangency are equal. Using equation (B.0.41) to compute
transcriptional transfer functions slope (m):

m =
xT
dxA

=
bn1f1x

n1−1
A

(1 + xn1
A )2

(B.0.43)

Using this slope the equations for the two tangents can be redefined as:

xT = mxA (B.0.44)

Solving for xA after substituting in the above equation the expression for m from
equation (B.0.43):

xA
γ1,γ2 =

(
(f1 + 1)(n1 − 1)− (n1 + 1)±

√
f1((f1 + 1)(n1 − 1)2 − (n1 + 1)2)

2(f1 + 1)

)1/n1

(B.0.45)
The roots with + and sign represent the abscissas of the points of tangency for the
tangents parameterized by γ1 and γ2 respectively. Substituting these expressions
into equation (B.0.41) xT can be calculated as:

xT
γ1,γ2 = b(f1 + 1)

(
f1(n1 − 1)±

√
f1((f1 + 1)(n1 − 1)2 − (n1 + 1)2)

f1(n1 + 1)±
√
f1((f1 + 1)(n1 − 1)2 − (n1 + 1)2)

)
(B.0.46)

The roots with + and sign represent the ordinates of the points of tangency for
the tangents parameterized by γ1 and γ2 respectively. Subsequently, γ1 and γ2 are
computed using equations (B.0.42), (B.0.45) and (B.0.46). Finally, the bistability
range is computed as γ2/γ1.

BR =

(
(f1 + 1)(n1 − 1)− (n1 + 1)− T
(f1 + 1)(n1 − 1)− (n1 + 1) + T

)1/n1
(
(f1 + 1)(n1 − 1) + (n1 + 1) + T

(f1 + 1)(n1 − 1) + (n1 + 1)− T

)
(B.0.47)

where T = sqrtf1((f1 + 1)(n1 − 1)2 − (n1 + 1)2)
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Analytical expression for ON to OFF switching time

The ON to OFF switching time for a network with basal protein production rate
b and an effective fold change f eff due to feedback was computed. Using the
definition of effective fold change the maximum protein production rate in the ON
state becomes bf eff . When the network is exposed to a step decrease in signal
(γ ) from 1 to 0, the active TF concentration instantly becomes zero as xA = γxT .
As a result the production term in the differential equation governing the rate of
change of total protein reduces to basal rate b.

dxT
τ

= b− xT (B.0.48)

tONtoOFF = ln

(
f eff − 1

ε

)
(B.0.49)

Parameter Sampling

Basal protein synthesis rate (b), fold changes (f1, f2 ) and the ratio of TF binding
dissociation constants (l) were randomly sampled from log-normal distributions.
In the case of PNA and PNM networks fold change f2 was sampled from a
different log-normal distribution such that it is always less than one. Also in the
case of PPM-network with cooperative binding α was sampled from log-normal
distributions such that it is always greater (less) than one for positive (negative)
cooperativity. Means and 95%confidence intervals for the log-normal distributions
are summarized in Table B.1. The hill coefficients (n1, n2) were randomly sampled
between 1 and 10.

Table B.1 : Statistical properties of sampled parameters

Parameter Mean Confidence Interval
f1, f2 50 10− 200
b, l 1 0.1− 10
f2(PNA/PNM) 0.5 0.01− 1
α(PPM, positivecooperativity) 10 1− 100
α(PPM,negativecooperativity) 0.5 0.01− 1
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Figure B.1 : Bistability range is weakly correlated with effective fold change.
Parameter sets were sampled for P, PPA, PPM, PNA and PNM bistable
networks, and the corresponding bistability ranges and effective fold changes were
computed. Spearman and Pearson correlation coefficients demonstrate weak
correlation between a networks bistability range and its effective fold change.
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Figure B.2 : ON to OFF switching time depends on network’s effective fold change.
Replotting the data in Figure 3.11 shows that ON to OFF switching time is highly
correlated with networks effective fold change (black circles). Also, the analytical
expression for ON to OFF switching time matches perfectly with the sampling data
(dashed line).
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Figure B.3 : Comparison of bistability properties of networks P, PPA and PPM
(with positive cooperativity). Panels represent histograms of the ratio of bistability
properties: (a-b) bistability range, (c-d) maximum open-loop gain, (e-f) OFF to ON
switching time, (g-h) ON to OFF switching time for networks PPM and P (top row),
and, PPM and PPA (bottom row). φ represents the fraction of sampled parameter
sets for which ratio is less than one. (a)-(d) Histograms lying entirely on the right
or left of the dashed line (for which ratio=1) indicate that one of the networks
has a larger bistability range/maximum open-loop gain. (e)-(h) Depending on
parameters, either of the networks can have longer switching times.
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Figure B.4 : Comparison of bistability properties of networks P, PPA and PPM
(with negative cooperativity). Panels represent histograms of the ratio of bistability
properties: (a-b) bistability range, (c-d) maximum open-loop gain, (e-f) OFF to ON
switching time, (g-h) ON to OFF switching time for networks PPM and P (top row),
and, PPM and PPA (bottom row). φ represents the fraction of sampled parameter
sets for which ratio is less than one. (a)-(d) Histograms lying entirely on the right
or left of the dashed line (for which ratio=1) indicate that one of the networks has a
larger bistability range/maximum open-loop gain. (e)-(h) Depending on parameters
either of the networks can have longer switching times.
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Appendix C

Mathematical model of σB stress-response network

We extend a previous mathematical model of σB network [28] to re-examine the
mechanism responsible for pulsatile activation of σB. Below we forumate the set of
reactions and associated differential equations.

Model reactions

The events shown in Figure 4.1(a) can be described by the following set of
biochemical reactions:

• Dimerization of anti-sigma factor RsbW

2RsbW
kd→ RsbW2 (C.0.1)

• Reversible binding of the first anti-anti-sigma factor RsbV to anti-sigma factor
dimer RsbW2 to form the complex RsbW2-RsbV

RsbW2 +RsbV
kb1→ RsbW2-RsbV (C.0.2)

RsbW2-RsbV
kd1→ RsbW2 +RsbV (C.0.3)

• Reversible binding of the second anti-anti-sigma factor RsbV form the
complex RsbW2-RsbV2

RsbW2-RsbV + RsbV
kb2→ RsbW2-RsbV2 (C.0.4)

RsbW2-RsbV2
kd2→ RsbW2-RsbV + RsbV (C.0.5)

• Phosphorylation of the anti-anti-sigma factor RsbV by RsbW2 kinase

RsbW2-RsbV
kk1→ RsbW2 +RsbV ∼ P (C.0.6)

RsbW2-RsbV2
kk2→ RsbW2-RsbV + RsbV ∼ P (C.0.7)
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• Reversible binding of σB to the anti-sigma dimer RsbW2 to form the complex
RsbW2-σ

B

RsbW2 + σB kb3→ RsbW2-σ
B (C.0.8)

RsbW2-σ
B kd3→ RsbW2 + σB (C.0.9)

• Reversible displacement of σB by anti-anti-sigma factor RsbV in the complex
with anti-sigma factor RsbW2

RsbW2-σ
B +RsbV

kb4→ RsbW2-RsbV + σB (C.0.10)

RsbW2-RsbV + σB kd4→ RsbW2-σ
B +RsbV (C.0.11)

• Dephosphorylation of phosphorylated anti-anti-sigma factor RsbV∼P

RsbV ∼ P + RsbP
kb5→ RsbV ∼ P-RsbP (C.0.12)

RsbV ∼ P-RsbP
kd4→ RsbV ∼ P + RsbP (C.0.13)

• Protein degradation is assumed to be a first-order process combining dilution
due to cell growth

X
kdeg→ 0 (C.0.14)

where X is any protein or protein complex in the σB network.

• σB, RsbW and RsbV are assumed to be synthesized proportionally as
all three are part of the same operon. Synthesis was modeled using
Hill equation which includes the effect of positive feedback due to σB

autoregulation.

Pr→ σB (C.0.15)
λ1Pr→ RsbW (C.0.16)
λ2Pr→ RsbV (C.0.17)

where Pr = Pr0

(
1+f B

K

1+B
K

)
. Pr0 is the basal synthesis rate, f is the fold change

in protein synthesis due to positive autoregulation, and K is the equilibrium
dissociation constant for the binding of σB to DNA. The derivation of protein
synthesis rates similar to Pr has been discussed in detail in Appendices A
and B. Also, as in those results Pr0 can be described as a combination
of transcription rate ktpn, translation rate ktln and mRNA degradation rate
kmdeg assuming quasi-steady state approximation for mRNA dynamics; such
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that Pr0 = ktpnktln
kmdeg

. λ1 and λ2 are the proportionality constants denoting
differential synthesis of operon genes. Also, λ2 > λ1 > 1 due to the particular
organization of genes in the operon.

Model equations

We assuming mass-action kinetics for all the above reactions (equations
(C.0.1)-(C.0.17)) to obtain the following set of differential equations that describe
network dynamics:

dB

dt
= Pr − kb3(W2)(B) + kd3(W2-B) + kb4(W2-B)(V )− kd4(W2-V )(B)− kdeg(B)

(C.0.18)
dW

dt
= λ1Pr − 2kd(W )2 − kdeg(W ) (C.0.19)

dW2

dt
= kd(W )2 − kb1(W2)(V ) + (kd1 + kk1)(W2-V )− kb3(W2)(B) + kd3(W2-B)

−kdeg(W2) (C.0.20)

dV

dt
= λ2Pr − kb1(W2)(V ) + kd1(W2-V )− kb2(W2-V )(V ) + kd2(W2-V2) + kp(VP -P )

−kb4(W2-B)(V ) + kd4(W2-V )(B)− kdeg(V ) (C.0.21)

dVP
dt

= kk1(W2-V ) + kk2(W2-V2)− kb5(VP )(P ) + kd5(VP -P )− kdeg(VP ) (C.0.22)

d(W2-B)

dt
= kb3(W2)(B)− kd3(W2-B)− kb4(W2-B)(V ) + kd4(W2-V )(B)− kdeg(W2-B)

(C.0.23)

d(W2-V )

dt
= kb1(W2)(V )− (kd1 + kk1)(W2-V )− kb2(W2-V )(V ) + kb4(W2-B)(V )

+(kd2 + kk2)(W2-V2)− kd4(W2-V )(B)− kdeg(W2-V ) (C.0.24)

d(W2-V2)

dt
= kb2(W2-V2)(V )− (kd2 + kk2)(W2-V2)− kdeg(W2-V2) (C.0.25)

d(VP -P )

dt
= kb5(VP )(P )− (kd5 + kp)(VP -P )− kdeg(VP -P ) (C.0.26)

where B is the concentration of σB, W and W2 are the concentrations
of monomeric and dimeric RsbW; V and VP are the concentrations of
unphosphorylated and phosphorylated RsbV; and W2-B, W2-V , W2-V2 and VP -P
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are the concentrations of complexes.

Simulations

The parameter values for reversible binding and phosphorylation reactions, namely
kb1−b4, kd1−d4, kk1−k2 were taken from [28]. The remaining parameters were
analysis driven to obtain pulsing in σB. All the parameters used in the model are
summarized in Table C.1. In the deterministic set-up, the system of differential
equations was solved using standard ode23s solver in MATLAB (The Mathworks,
Inc., Natick, MA). For stochastic simulations the constant phosphatase level
PT = (P ) + (VPP ) was replaced by a time-varying phosphatase concentration
PT (t). PT (t) was pre-computed through a gamma distributed Ornstein-Uhlenbeck
process as in [151]. A gamma distributed Ornstein-Uhlenbeck process is better
suited for representing gene expression than a standard Ornstein-Uhlenbeck
process because previous research indicates that gene expression is gamma
distributed in many systems [153, 155], and also because it permits idependent
modulation of burst size (b) and frequency (a). For each phosphatse level, 100
simulations were performed each lasting 10000 minutes of simulated time. Pulses
were detected by examining local maxima and minima of the simulated trajectories,
and subsequently this information was used to compute pulse statistics namely
duration, amplitude and frequency. The pulse amplitude and duration were
obtained by calculating the pulse height and width respectively.
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Table C.1 : List of parameters values used in the model for Bacillus subtilis
stress-response network

Parameter Value
kb1 0.2µM−1s−1

kb2 0.5µM−1s−1

kb3 0.2µM−1s−1

kb4 0.1µM−1s−1

kb5 0.2µM−1s−1

kd1 0.005s−1

kd2 0.001s−1

kd3 0.005s−1

kd4 0.1s−1

kd5 0.005s−1

kk1 0.005s−1

kk2 0.01s−1

kd 0.1s−1

kp 0.1s−1

kmdeg 0.001s−1

kdeg 0.0003s−1

ktln 0.01s−1

f 75
K 75µM
ktpn 0.0005s−1

λ1 3.5
λ2 4




