


ABSTRACT

Design Techniques for Robust Analog Signal Acquisition

by

Vikas Singal

The random demodulator architecture is a compressive sensing based receiver that

allows the reconstruction of frequency-sparse signals from measurements acquired at

a rate below the signal’s Nyquist rate. This in turn results in tremendous power

savings in receivers because of the direct correlation between the power consumption

of analog-to-digital converters (ADCs) in communication receivers and the sampling

rate at which these ADCs operate. In this thesis, we propose design techniques for

a robust and efficient random demodulator. We tackle two critical components that

are most critical, the resetting mechanism of the integrator and the random sequence.

On the one hand, the resetting mechanism can pose challenges in practical settings

that can degrade the performance of the random demodulator. We propose practical

approaches to mitigate the effect of resetting and propose resetting schemes that

provide robust performance. On the other hand, the random sequence is a central

part in the system and the properties of this sequence directly affect the properties of

the whole system. We study the performance of the random demodulator under many

practical random sequences such as maximal length sequences and Kasami sequences

and provide pros and cons of using each in the random demodulator.
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Chapter 1

Introduction

Analog to Digital Converters (ADCs) constitute a critical component in digital com-

munication receivers and pose the main bottleneck for increasing the bandwidth of

such receivers. The receiver bandwidth, which corresponds to the maximum signal

bandwidth the ADC can digitize, is entangled to the ADC sampling rate through the

Nyquist-Shannon theorem [1, 2]. The theorem states that in order for the samples

to preserve all the information in the signal, the samples should be taken at a rate

higher than its Nyquist rate, which is double the signal’s bandwidth. Since the ADC

power consumption is directly related to its sampling rate, and because the power

consumed by an ADC constitutes a large portion of the power consumed by a re-

ceiver, there is a trade-off between increasing a receiver’s bandwidth and reducing its

power consumption. This trade-off becomes more restricting as the demand for high

bandwidth receivers increases while restrictions on power consumption become more

stringent [3, 4].

Recent advances in signal processing leading to the emergence of compressive sens-

ing, or compressive sampling, theory alleviate the restrictions posed by the Nyquist-

Shannon theorem on ADCs by providing a platform for reconstructing a sparse signal

from samples, or measurements, acquired at a rate below the original signal’s Nyquist

rate [5–10]. Since wideband RF components are easier to achieve, and require less

power, than wideband ADCs, the random demodulator promises to be used to re-

alize low power wide band and ultra wideband receivers [11–18]. The compressive
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theory has been realized in hardware in random demodulation based analog to infor-

mation converter [19, 20] and modulated wideband converter [21, 22]. Several other

architectures such as random sampling [23, 24], random filters [25, 26], segmented

compressive sampling [27], compressive multiplexer [28], compressive sampling using

frequency division multiplexed random sequences [29], and compressive sampling of

short pulses [30] have also been demonstrated to carry out the successful recovery of

the analog signals when sampling is done several orders lower than the Nyquist rate.

The theory of compressive sensing has also been successfully applied in the field of

imaging [31–33], and biology [34–36].

1.1 Compressive Sensing: Discrete-Time Signals

A signal x ∈ R
N is said to be of sparsity S if x has at most S non-zero entries. In such

a case, the signal x can be reconstructed from a signal of measurements, y ∈ R
M ,

y = Φx (1.1)

withM < N and Φ ∈ R
M×N , if the matrix Φ satisfies the restricted isometry property

(RIP) with a small restricted isometry constant defined as a constant δS that satisfies

(1− δ)||x|| ≤ ||Φx|| ≤ (1 + δ)||x|| (1.2)

for all signals x of sparsity S [37, 38]. The class of matrices whose entries are drawn

from a Gaussian or Bernoulli set of random variables satisfies, with a very high

probability, the RIP with a small RIP constant [8, 39, 40]. The signal x can be

reconstructed from the measurement vector y by solving the l1 minimization problem

x = argmin
x̃∈R

||x̃||1 s.t. Φx̃ = y (1.3)



3

There are a wide range of algorithms that can solve (1.3) with two main algorithm

categories: optimization techniques such as quadratic programming or greedy algo-

rithms such as orthogonal matching pursuit or basis pursuit [41–50].

1.2 Compressive Sensing: Analog Signals

An analog signal f(t) can be expanded in a basis Ψ with basis functions ψi(t). It

is common to represent an analog signal, f(t), as a finite sum of weighted basis

functions, or

f(t) =
K
∑

k=1

αkψk(t), (1.4)

where ψk(t) are some basis functions. For example, framing a signal f(t) using a

rectangular window results in the signal ffr(t) given by

ffr(t) =
∞
∑

k=1

F̃ (
2πk

Tfr
)e

j2πtk

Tfr , (1.5)

where F̃ is the Fourier transform of f(t) and when the framed signal is almost ban-

dlimited to the frequency FN , with N = FNTfr, we can write

ffr(t) =
N
∑

k=1

F̃ (
2πk

Tfr
)e

j2πtk

Tfr (1.6)

This signal model is applicable in receivers that process signals on a frame by frame

basis. In many compressive sampling receivers [20,51,52], the discrete time measure-

ments obtained at the output of the ADC can be related to a discrete time vector

representing the analog signal, such as the vector containing the αis in (1.6) [19].

Thus, for a system where the signal has a Nyquist rate of FN , the discrete time signal

representing the analog signal would have length N = FNTfr, which is the number

of samples obtained if the signal were to be sampled at the rate FN . The number

of measurements generated by the system would be M = FsTfr, where Fs is the
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Table 1.1 : Notations

FN Nyquist rate

FS Sampling rate; rate at which the measurements are acquired

B Actual bandwidth of the signal

Tfr Period in which all M samples are acquired

M Number of measurements used to reconstruct the signal within a frame period

Tfr. M = FSTfr

N Number of samples acquired if signal is sampled at the Nyquist rate; length

of the random sequence. N = FNTfr.

K Number of non-zero frequency components of the discrete-time signal K =

BTfr.

f(t) Analog signal at the input of the CS system.

x[n] length N vector obtained by sampling f(t) at its Nyquist rate.

α[n] N-point DFT of α

y M-length measurements vector

Φ Matrix representing the CS system; y = Φx.

Ψ Sparsity basis (DFT); x = Ψα

sub-Nyquist rate at which the back end analog to digital converter runs [19]. Thus,

if the measurements are given by y = Φα, then α can be reconstructed from y using

the techniques discussed in 1.1.
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1.3 Notations

In the remainder of this thesis, FN denotes the input signal’s Nyquist rate, FS denotes

the rate at which the measurements are acquired (FS < FN), and Tfr denotes the

frame period, which is the time for which a set of M measurements are acquired

and used to reconstruct the signal. N = FNTfr denotes the number of samples that

would be acquired if the signal is sampled at the rate FN , where N > M . The random

sequence is a ±1 signal generated at the rate FN , has a length N , and repeats every

Tfr when a new set of measurements are created.

The analog signal is denoted by f(t) and its Nyquist vector, the vector obtained

by sampling the signal at its Nyquist rate, is denoted by x or x[n], where x ∈ R
N .

α ∈ R
N denotes the N-point discrete Fourier transform (DFT) x, x = Ψα, and

y ∈ R
M denotes the vector of measurements. The measurement matrix corresponding

to the random demodulator is given by Φ and y = Φx = ΦΨα. These notations are

tabulated in table 1.1 for ease of access.

1.4 Compressive Sensing in Practice

Projecting one analog signal on another can be achieved by multiplying the two signals

and then integrating, or low passing the result. Since the signal we want to project

on is a random clock-like signal, a mixer, rather than a multiplier, can be used. One

approach to implement CS in practice is to obtain M measurements by using M

different random signals and projecting the input signal on each. Digital systems

design techniques can be used to manage the various clock synchronizations required

to realize a robust random demodulator [53–62]. A schematic of such an approach

is shown in figure 1.1. If the projection period is Tfr, then each sampler in such an
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architecture runs at the rate 1/tfr, with an effective sampling rate ofM/Tfr. After the

measurements are acquired, the integrators are reset to start a new acquisition cycle.

Another alternative approach is to use a single channel with one random signal with

the measurements acquired sequentially at a rate M/Tfr. In this system, called the

random demodulator, whose schematic is shown in figure 1.2, the integrator is reset

at the rate M/Tfr and M measurements are collected in a period of Tfr [19,63]. The

multi-channel approach uses M mixers and integrators as compared to only one (in

the ideal case) of each used by the random demodulator, so the random demodulator

is more compact and power efficient. However, the multi-channel system allows the

use of lower sampling rates than the random demodulator. We note here that for a

given sub-Nyquist sampling rate, the samplers in both systems have the same effective

sampling rates.

1.5 An Overview of the Random Demodulator

In this thesis, we consider the random demodulator only, which presents more chal-

lenges for the designer. The random demodulator is a practical system that imple-

ments compressive sampling and satisfies the RIP principle if the signals considered

are sparse in the frequency domain [19, 20, 23, 24, 64, 65]. The basic architecture of

the random demodulator, shown in figure (1.2), consists of a mixer, an integrator,

and a sub-Nyquist analog-to-digital converter. The inputs to the mixer are the re-

ceived signal and a pseudo random sequence consisting of a stream of +1 and −1.

This sequence can be generated digitally using a linear feedback shift register [66], for

example, and a digital to analog converter to generate an analog random signal. The

input signal is mixed with the pseudo random sequence and the resulting signal is

integrated then sampled by the sub-Nyquist ADC. The integrator is reset after each
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Figure 1.1 : Schematic of a multi-Channel CS system.

sample is acquired by the ADC [20, 23, 64]. The random demodulator allows signal

recovery for signals that are sums of few sinusoids whose frequencies are obtained

from a large set of possible frequencies. That is, the signal f(t) can be written as

f(t) =
K
∑

k=1

αke
j2πωik

t

N (1.7)

where ωik ∈ {ω1, ..., ωN}. This model fits all systems that process signals frame by

frame, which is common in radio receivers. For instance, if the signal ffr(t) is the
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signal f(t) restricted to a time window of duration Tfr, then ffr(t) can be written as

ffr(t) =
∞
∑

k=1

F̃ (
2πk

Tfr
)e

j2πtk

Tfr (1.8)

where F̃ is the Fourier transform of f(t) and when the framed signal is almost ban-

dlimited to the frequency FN , with N = FNTfr, we can write

ffr(t) =
N
∑

k=1

F̃ (
2πk

Tfr
)e

j2π.tk

Tfr (1.9)

For sparse signals, with only K non-zero Fourier coefficients, the expression (1.9) is

similar to (1.4), with ωik = FN

ik
.

The discrete measurements at the output of the ADC can be written as y = Φα

[25, 64, 67]. The random demodulator measurement matrix, Φ, is given by [67]

Φ = HDF (1.10)

where H is given by

H =



















1 · · · 1 0 · · · 0 · · · 0 · · · 0

0 · · · 0 1 · · · 1 · · · 0 · · · 0

...
...

...
...

...
...

...
...

...

0 · · · 0 0 · · · 0 · · · 1 · · · 1



















(1.11)

where each row contains N/M ones, and D is and N × N diagonal matrix whose

diagonal entries are the components of the random sequence, and F is a permuted

discrete Fourier transform (DFT) matrix.

This matrix satisfies the RIP with high probability when

M ≥ CKlog6N (1.12)

where K is the number of non-zero coefficients in α and C is a universal (small)

constant. That is, for a given K, reconstruction is possible when the number of
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Figure 1.2 : Random demodulation based Analog to Information conversion

measurements satisfy the bound on (1.12), while reconstruction fails when M falls

below this bound.

The random sequence can be generated digitally using a random number generator

such as a linear feedback register [66,68,69]. The random sequence oscillates between

the values +1 and −1, so a mixer rather than a multiplier can be used, with the

random sequence as the local oscillator. In this regard, a Gilbert cell mixer [70, 71]

is suitable as it provides low power solutions and high gain. The integrator can

be in general a low pass filter, with the pole restricted by the sampling rate [72–

74]. For instance, the pole of the filter should be located at a frequency lower than

half the sampling rate in order to prevent aliasing in the measurements. There are

a multitude of topologies, active and passive, to realize the filter. However, it is

necessary to be able to model the behavior of the filter in order for reconstruction to

be successful. Various optimization techniques [75–84] can be employed in the design
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of digital circuits and systems to obtain a robust random demodulator based analog

to information receiver.

1.6 Contributions

In this thesis, we propose a practical scheme for resetting the integrator in the random

demodulator by using multiple integrators. We provide a study on the effect of a

resetting signal in the one-integrator random demodulator and argue that in practice

more than one integrator is needed. We also provide design considerations for the

proposed multi-integrator architecture [85].

The conventional method of resetting comprises of discharging a capacitor in the

integrator by means of a transistor. In many cases, however, especially at high fre-

quencies, this injects high noise into the system. Also, it is desirable at high frequen-

cies to have a window function that is not as steep as the step response. For such cases,

we propose a different scheme for resetting the integrator [86]. The proposed com-

plementary modulator configuration carries out the processing on the input signal in

two parallel branches, having a mixer and an integrator in each branch (figure-(3.1)).

The output of the single pole double throw switch [87,88] is digitized by the low rate

ADC. The final digital measurements are in agreement with the measurements from

the random demodulation based A2I system.

We also study the performance of the random demodulator with two types of ran-

dom sequences, M-sequences and Kasami sequences [89]. These types of sequences

are practical to generate and have been used in communication system based on

spread spectrum modulation techniques [90]. Kasami sequences have better corre-

lation properties than M-sequences, and this is reflected in the performance of the

random demodulator. We show that using Kasami sequences in the random demodu-
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lator allows the use of a lower sampling rate than in the case of using an M-sequence.

Additionally, the sparsity of the signal required by a random demodulator for success-

ful reconstruction is less when using a Kasami sequence than when an M-sequence is

used.
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Chapter 2

Resetting Mechanism for the Random

Demodulator

The integrator reset is a critical component in the functioning of the random demod-

ulator and serves two main purposes: it guarantees that the random signal used to

generate each measurement is highly uncorrelated and that the integrator does not

saturate. However, the integrator reset presents design challenges that should be

addressed in any practical implementation of the random demodulator.

The random demodulator model in section 1.4 assumes an ideal scenario in which

the integrator reset is instantaneous and that the integrator directly resumes function-

ing after the reset. However, such a scenario cannot be achieved using the conventional

architecture with one integrator as we demonstrate in this chapter.

2.1 Integrator Reset in Practice

Practical implementations of the integrator generally require the use of capacitors,

which when shorted, the integrator is reset [91–96]. The capacitor is shorted by means

of a transistor parallel to it; when the transistor is on, the capacitor is discharged

and the integrator is reset and when the transistor is off, the capacitor is not shorted

and the integrator would be working. If one integrator is to be used, the resetting

signal, which is connected to the gate of the transistor, should be a pulse signal, as

narrow as possible, because the information in the signal during the reset period is

lost. However, the reset should be long enough for resetting to be complete. This



13

reset time can be characterized by the time constant of the RC circuit formed by the

capacitor which is being discharged and the on-resistance of the resetting transistor,

τ = ronC, and typically, the reset is complete after a time of 5τ . Therefore, the

width of the reset pulse should be greater than or equal to 5τ for the resetting to

be complete. Additionally, since the reset pulse turns the transistor on and off, its

width cannot be smaller than the transistor’s on and off times, denoted by ton and

toff . Thus,

∆ ≥ 5τ (2.1)

∆ ≥ max(ton, toff ) (2.2)

The reset pulse width is also limited by the maximum clock available in the system,

which can be limited due to power constraints, and by the maximum tolerable noise

injected by the reset pulse. However, the constraints in 2.1 are more stringent.

In the following section, we study how the reset pulse width affects the perfor-

mance of the random demodulator, and we demonstrate that it is unpractical to

use the single integrator architecture. Instead, we propose in section 2.3 the two-

integrator architecture for the random demodulator and argue why two integrators

should be used and not more.

2.2 Analysis of the Reset Effect in a one-Integrator Random

Demodulator

The output of the reset integrator in the case of one integrator can be modeled as the

output resulting from an effective input signal, fr(t), that is the multiplication of the

ideal input signal, f(t), by a periodic zero pulse (a pulse that is one for most of the

duty cycle) with a period Tfr/M and a narrow pulse width, rp. The effective signal
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Figure 2.1 : Reconstruction accuracy versus the signal sparsity for many pulse widths
relative to FN for an RD with 1 integrator and various log10(ωp/FN) values. The
sub-sampling ratio, N/M is 8.

would be given as

F̃r[k] = F̃ [k]⊛ R̃p[k], k = 0, 1, ..., N (2.3)

where F̃r is the discrete Fourier transform (DFT) [97] of fr[n], F̃ is the DFT of f ,

and R̃p is the DFT of rp sampled at the rate FN . R̃p[k] is given by

R̃p[k] =
1

ωp

sinc(
kM

ωp

)e
−j kM

ωpTfr (2.4)

where ωp = 2π/∆, ∆ being the pulse width, and sinc(x) = sin(πx)/(πx). We note

here that, even though the reset pulse is a wideband signal, we restrict the DFTs

to the length N corresponding to a rate of FN since in the compressive sampling
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framework, the reconstruction algorithm assumes this length for the reconstructed

DFT.

Figure (2.1) shows the reconstruction error in dB versus the signal sparsity for

various pulse widths. As seen in the figure, the reconstruction accuracy increases as

the pulse width decreases (ωp increases) because as the pulse width decreases, less

information is lost; during the integrator reset, the information in the signal is lost

and therefore a higher reset time results in more information loss. In figure (2.1) a

pulse width that is 10000 times less than 1/FN is required to have an accuracy of

50dB in the ideal case of noiseless input signal and ideal hardware behavior. For a

typical value of an integrator capacitor of 1nF and a transistors on resistance of 5Ω,

∆ ≥ 25ns (2.5)

so that

FN ≤ 4KHz (2.6)

which is very restricting as the vast majority of applications in communications require

a much higher bandwidth, and hence, a much higher FN . Therefore, we conclude that

it is not practical to have one integrator in the random demodulator. Rather, more

than one integrator should be used where the integration over the period of Tfr/M is

split between more than one integrator, as we detail in the next section.

2.3 Random Demodulator with Two Integrators

To overcome the many limitations imposed because of using one integrator, more

than one integrator can be used. In this case, the samples are taken from the output

of one integrator while the other integrators are resetting. This allows for longer

resetting periods, which in turn reduces the transistor switching noise. The outputs
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of the integrators are inputs to an adder and since only one integrator at a time would

be on, the output of the adder will be the output of the integrator that is running.

Because the sample is taken at the end of the resetting period, the outputs of the off

integrators will be practically zero and the adder can be eliminated [85].

In a two-integrator random demodulator architecture, the integration over the

period Tfr/M to obtain each measurement is split between two integrators with com-

plimentary reset signals. Each reset signal is a periodic square signal with period

Tfr/M that toggles between zero and VDD, with VDD being the positive voltage nec-

essary to turn the reset transistor on. A schematic for the two-integrator random

demodulator architecture is shown in figure 2.2. The reset pulses are given by

r1(t) =











0 t mod Tfr ∈ [0,
Tfr

2M
]

Vdd t mod Tfr ∈ [
Tfr

2M
,
Tfr

M
]

(2.7)

and r2 is the complimentary of r1, or VDD − r1. The integrator is reset when its reset

signal is Vdd and functioning when it is 0. In this case, each integrator is reset for a

period of Tfr/2M and is on or integrating for a period of Tfr/2M . The restrictions

in (2.1) now become

Tfr
2M

≥ 5τ (2.8)

Tfr
2M

≥ max(ton, toff ) (2.9)

which limits how high the sub-Nyquist sampling rate FS = M/Tfr can be, however,

the sampling rate should be high enough in order for reconstruction to be successful,

or FS ≥ Fmin
S . Therefore, it is necessary to have Fmin

S ≤ 5τ and Fmin
S ≤ min(ton, toff ).

In the random demodulator, successful reconstruction requires,

M ≥ CKlog6N (2.10)
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Figure 2.2 : Schematic of the two-integrator random demodulator architecture.

where K is the number of non-zero coefficients in the vector α and C is a constant

that depends on the reconstruction algorithm but is generally not large. In terms of

the analog signal,

Fmin
S ≥ CBlog6N (2.11)

where B = K/Tfr is the actual signal bandwidth.

The two-integrator architecture has the same sensing matrix as the random de-

modulator and the two systems are equivalent. For Branch i is equivalent to a random

demodulator with the random sequence pri, i = 1, 2 and the output of that branch,

yi, is given by

yi = ΦRiΨα (2.12)
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where Ri is the diagonal matrix whose entries are those of ri at the instances Tfr/N .

The output of the two-integrator architecture is y = y1 + y2, and since R1 + R1 = I

is the identity matrix, we conclude that y = ΦΨα.

Using two integrators in the random demodulators is necessary in a practical

scenario as we demonstrated in this section. The main question that arises is whether

there is a need or benefit to use more than one integrator, and if so, how many?

2.4 A Multi-Integrator Approach to Random Demodulation

The number of integrators in the random demodulation can be arbitrary and they

can be used in a fashion similar to the two-integrator random demodulator. This has

the following advantage: as the number of integrators increases, each integrator has

more time to reset, which is advantageous if Tfr/M does not satisfy the restrictions

in (2.8) and (2.11). However, the number of integrators used is limited by, in addition

to the cost of having extra components, the fact that as the number of integrators

increases, the integration time of each decreases, which increases the risk of integrator

saturation. In order to weigh these trade-offs, we study the multi-integrator random

demodulator in some detail.

Similar to the two-integrator random demodulator, the multi-integrator architec-

ture consists of multiple integrators that perform the integration involved in each

measurement. A schematic of the multi-integrator random demodulator is shown in

figure 2.3. The reset signal for the ith integrator is given by

ri(t) =











0 t mod Tfr ∈ [(i− 1)
Tfr

IM
, i

Tfr

IM
]

Vdd t mod Tfr /∈ [(i− 1)
Tfr

IM
, i

Tfr

IM
]

(2.13)

for i = 1, 2, ..., I, where I is the total number of integrators. Here also the integrator

i is reset when ri = Vdd and is integrating when ri = 0. Each reset signal is 0 for a
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Figure 2.3 : Schematic of the multi-integrator random demodulator architecture. Also
shown is the shape of the reset pulse corresponding to the ith integrator.

duration of Tfr/(IM) while it is Vdd for a duration of (I − 1)Tfr/(IM) and at each

time instance, only one reset signal attains the value 0. Similar to the two-integrator

random demodulator, the multi-integrator random demodulator has the same sensing

matrix as the ideal random demodulator. The resetting time for each integrator is

(I − 1)Tfr/(IM) so that the restrictions in 2.1 become

Tfr
M

≥ I5τ

I − 1
(2.14)

Tfr
M

≥ Imax(ton, toff )

I − 1
(2.15)
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which require M to satisfy

M ≤ (I − 1)Tfr
I5τ

(2.16)

M ≤ (I − 1)Tfr
Imax(ton, toff )

(2.17)

The bound on M becomes more relaxed as the number of integrators increases. The

number of integrators should be such that

I − 1

I
≥ 5τ

Tfr
M (2.18)

I − 1

I
≥ max(ton, toff )

Tfr
M (2.19)

which dictates the minimum number of integrators to be used. In addition to the

requirement that 5τ < Tfr/M , the bounds in (2.18) provide the minimum number of

integrators that should be used,

Imin =

⌈

(Tfr/M)/t

(Tfr/M)/t− 1

⌉

(2.20)

where t = max(5τ,max(ton, toff )). We note here that as t increases with respect to

Tfr/M , Imin increases and more integrators are needed.

The number of integrators is bounded above because the integration time, ITfr/M ,

should be well above the transistor on and off times,

I <<
Tfr

max(ton, toff )M
(2.21)

where typically I < 10
Tfr

max(ton,toff )M
is sufficient. Additionally, the number of integra-

tors should be limited because of the cost in terms of chip area. Finally, we note that

the reset signals should be highly synchronized in order to have successful reconstruc-

tion. This is fairly easy to do in integrated solutions since these reset signals are in

locality with respect to each other.
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The multi-integrator random demodulator provides two advantages: the bounds

involving the reset time are more relaxed because each integrator is reset for a longer

period and the risk of saturation is reduced because the integration time is reduced.

The integrator saturates if the integral exceeds the maximum voltage supported so

that a smaller integration time reduces the risk of saturation.
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Chapter 3

A Switch-less Resetting Mechanism for the

Random Demodulator

The discussion in chapter 2 centered on the system level effects of the integrator

reset and proposed ways to mitigate the effects of the reset, mainly by using multiple

integrators. In this chapter, we propose a method to reset the integrators without

using a transistor switch, but rather by modifying the architecture and the random

sequence in the system. The proposed resetting mechanism [86] requires an even

number of integrators and an equal number of mixers. The proposed method does

not require a switch to reset the integrator and therefore is advantageous at high

frequencies, a case in which a switch can inject high noise levels into the system, and

in case resetting cannot be done by shorting an element in the filter. This architecture

allows the use of smooth window function rather than the rectangular window used

in the random demodulator. A main advantage of the proposed architecture is that

it is reconfigurable. As we saw in chapter 2, the requirements posed on the resetting

mechanism are highly dependent on the nature of the signal at the receiver’s input.

Therefore, the number of integrators needed to be used varies with the nature of the

signal and in many cases; it would be desirable to control the number of integrators

in use to preserve power when possible.
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Figure 3.1 : Schematic for the proposed random demodulator with the switch-less
resetting mechanism in the case of two integrators.

3.1 Complementary Modulator Configuration in Random De-

modulation.

Motivated by the fact that the reset effectively multiplies the input signal by a zero

signal during the reset time, we propose a variation on the random demodulator

architecture in which two random demodulator channels are used without the reset

circuitry. The reset is achieved by modifying the random signals in each channel so
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that when one integrator is to be reset, the corresponding random signal is zeroed.

The integrators are reset alternately by using complimentary random signals; when

one random signal is zero, the other is generated as in the conventional random

demodulator. When the input signal to the integrator is zero, the output is zero,

and if it remains as such for an adequate amount of time, the integrator capacitor

discharges and the integrator resets. The proposed system totally eliminates the use

of switches, which causes noise injection because of the abrupt on and off switching.

The proposed complementary modulator configuration is shown in figure (3.1).

Here, k = 1, 2, · · · ,M , Tfr = N/Frng, t2 is the clock signal to the single pole double

throw switch, and fs is the sampling clock of the ADC, which is lower than Nyquist

frequency by Sub-sampling Rate (SSR= N/M). The system consists of two branches

of the conventional random demodulator with complimentary random signals, p1 and

p2. The final samples are taken alternately from the two channels at a rate Tfr/M .

During each sampling interval, one of the integrators is on while the other is reset by

making the corresponding random signal zero.

3.1.1 Measurement Expressions for the Proposed System

The signals p1(t) and p2(t) in the interval [(k − 1)Tfr, kTfr] can be written as

p1(t) =











±1 if k is odd

0 if k is even
(3.1)

p2(t) =











0 if k is odd

±1 if k is even
(3.2)

where the pseudo random sequence of ±1 is generated digitally using, for example,

a linear feedback shift register (LFSR). In order to realize the signals 3.1 and 3.2,



25

Figure 3.2 : Digital signals: Top graph shows the Pseudorandom sequence: p(t); Mid-
dle and bottom graph shows the positive rail of the differential gated pseudorandom
sequence: p1(t) and p2(t), respectively.

the pseudorandom sequence, pn, is gated with a complementary clock, (clkrst), to

generate the two gated pseudorandom sequences (p1 and p2) as shown in figure 3.1.

The complementary clock is half of the sampling clock (Fs =M/Tfr) of the low rate

ADC. Specifically, the various digital signals can be written as

p[n] ∈ {−1, 1}; n = 1, 2, · · · , N

clkrst ∈ {0, 1} @ M/2Tfr

p1[n]
+ = p[n].clkrst; p1[n]

− = p[n].clkrst
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Figure 3.3 : Analog signals: Top graph shows the analog input signal; Remaining
three graphs shows the modulator (MXR1) output, first branch’s output and second
branch’s output to the switch respectively.

p2[n]
+ = p[n].clkrst; p2[n]

− = p[n].clkrst

p1 = p+1 − p−1

p2 = p+2 − p−2

Figure (3.2) shows example random sequences. In the each branch, the analog input

signal, (x(t)), is modulated with the clock gated pseudorandom sequence p1(t)and

p2(t) respectively. The integrator in each branch is on for a period of 2Tfr/M , during

which the other integrator is off. The off period corresponds to the time when the

random signal in the same channel is zero. The integrator output with an input
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f at a time t is given as
∫ t

0
f(τ)dτ . However, since in our proposed system the

input is zero for a period of Tfr/M , the output of the integrator at an instant t ∈

[(k − 1)Tfr/M, kTfr/M ] is
∫ t

(k−1)Tfr/M
f(τ)dτ . The integrated output from the two

channels is fed to the low rate ADC, for digitization, using a single pole double throw

switch at the rate of Tfr/M . Since there is no input to the integrator for the time

Tfr/M in one integration cycle (= 2Tfr/M), the integrator output at the middle of

the integration cycle is the final integration result of that cycle. The switch connects

the integrated output from the integrator-1 and the integrator-2 to the ADC input

alternatively. The ADC and the switch are both operated on the clock signal Fs, which

is smaller than fN . In the end, the ADC output (y[n]) is used in the reconstruction

process to recover the analog input signal. The measurements y[k] are acquired by

sampling integrator 1 for odd k and integrator 2 for even k at the instances kTfr/M .

Thus, the measurements, y[k], here k = 1, ...,M , are given as

y[k] =

∫ kTfr/M

(k−1)Tfr/M

f(t)p(t)dt (3.3)

The expression in 3.3 is similar to the measurements generated by the conventional

random demodulator [19, 20, 64]. Thus, the proposed system is equivalent to the

random demodulator but uses a switch free implementation.

Figure-3.2 shows the simulated waveforms of the digital signals used in the analog

block for modulation. The top graph corresponds to the pseudorandom sequence

(length: N), at clock rate Frng, generated using the standard linear feedback shift

registers architecture. The middle and the bottom graph show the clock gated pseu-

dorandom sequence generated using the pseudorandom sequence (p(t)) and the gated

clock (clkrst). Since the modulation of the analog input signal requires the digital

signals to be in the range of {1,−1}, total four clock gated pseudorandom sequences

are generated which are later combined to form two differential signals p1(t) and
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p2(t). To ensure the zero input signal at the input terminals of the integrator, it

is ensured that the differential digital signals have zero voltage level for half of the

clock time period (clkrst). The analog block consists of four design elements, namely

voltage multiplier, integrator, single pole double throw analog switch and ADC. The

simulated waveforms at the output terminals of the modulator and the integrator are

shown in the figure (3.3).The MXR1 modulator output is zero for half of the clock

cycle, but in this time period of the cycle, the MXR2 modulator will have nonzero

output. This complementary operation will allow the mutually exclusively parallel

processing of the information. The zero input at the input terminals will not add

additional information to the integrator. The zero input will cause the integrator’s

output capacitor to discharge to zero, which will ensure that the next integration

starts from zero. This behavior is similar to that of a reset integral. In the end, after

the sampling by the low rate ADC the digital samples (y[n]), of length M , are used

in the reconstruction process to recover the input signal.
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Chapter 4

The Role of the Random Sequence in the Random

Demodulator

The random signal, or the random sequence, is generally generated digitally by means

of pseudo random number generators such as linear feedback shift registers [98–102],

and the properties of the random signal has a high impact on the performance of

the random demodulator or any compressive sensing system. The rate of change of

the random signal should be at the rate FN ; that is, the random number generator

is clocked at the rate FN . The length of the random sequence is determined by

the total measurement acquisition time: N = TfrFN . However, the length directly

affects the auto-correlation function of the random sequence and therefore the period

Tfr should be decided such that it satisfies the minimum frequency resolution required

and such that the random sequence has the desired properties to allow for successful

reconstruction.

In this chapter, we study the performance of the random demodulator with two

types of random sequences, maximal length sequences (m-sequences) [103–107] and

Kasami sequences [108–112].
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4.1 Random Sequences and the Restricted Isometry Prop-

erty

The restricted isometry property [113–116] provides a powerful theoretical framework

for assessing the performance of a sensing matrix in the compressive sensing setting

and is used to provide guarantees on the reconstruction success. In this section we

study the restricted isometry property of the random demodulator when the sensing

matrix is fixed. Traditionally, the restricted isometry property is studied in the prob-

abilistic setting where the probability is on the sensing matrix itself, and generally,

performance guarantees are given in this setting. However, in a practical setting, the

sensing matrix is constructed once and fixed. Therefore, it is important to explore

the restricted isometry property in such a setting. We first recall that a matrix Φ

satisfies the restricted isometry property of order K with restricted isometry constant

0 < δK < 1 when

(1− δK)||α||2 ≤ ||Φα||2 ≤ (1 + δK)||α||2 ∀ ||α||0 ≤ K (4.1)

where ||α||0 is the number of non-zero entries in α. Expanding ||Φα||2 and rearranging

the terms, (4.1) becomes

−δ ≤ α∗(Φ∗Φ− I)α

α∗α
≤ δ ∀||α||0 ≤ K

or
∣

∣

∣

∣

α∗(Φ∗Φ− I)α

α∗α

∣

∣

∣

∣

≤ δ ∀||α||0 ≤ K

The term α∗(Φ∗Φ−I)α
α∗α

is bounded by the maximum spectral norm of all the K × K

principal sub-matrices of (Φ∗Φ− I).

If we denote by p[n] the random sequence used in the random demodulator and
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denote by pi[n] the i
th N/M sub-sequence of p given by

pi[l] = p[n],with n = i
N

M
+ li = 0, ...,Mand l = 0, ...,

N

M
,

then the entries of Φ are given by

ϕik = P̃i[k]

where P̃i[k] is the N-point discrete Fourier transform (N-DFT) of pi at frequency k,

k = 0, ..., N − 1. We note here that pi is the non-zero part of the ith row in HD as

defined in 1. Thus, the entries of Φ∗Φ are given by

(Φ∗Φ)ik =
M−1
∑

l=0

P̃l[i]P̃l[k] (4.2)

In order to simplify (4.2), we express P̃l[k] explicitly as

P̃l[k] =
1√
N

N/M
∑

m=0

pi[m]e
−2jπmk

N

to get

(Φ∗Φ)ik =
1

N

M−1
∑

l=0

N/M−1
∑

m,m′=0

pi[m]pi[m
′]e

−2jπmk

N e
−2jπm′k

N

where the summations over m and m′ are independent. Since

M−1
∑

l=0

N/M−1
∑

m,m′=0

pi[m]pi[m
′]e

−2jπmk

N e
−2jπm′k

N =
N−1
∑

n,n′=0

p[n]p[n′]e
−2jπmk

N e
−2jπm′k

N ,

we get

(Φ∗Φ)ik =
1

N

N−1
∑

n,n′=0

p[n]p[n′]e
−2jπnk

N e
−2jπn′k

N

= P̃ [i]P̃ ∗[k] (4.3)

Therefore, the properties of Φ∗Φ are completely determined by the full random se-

quence.
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If we expand (4.3) we get for the diagonal entries of Φ∗Φ

(Φ∗Φ) |ii =
1

N

∑

n

p[n]2 +
1

N

∑

n 6=n′

p[n]p[n′]e
−2πj(n−n′)i

N

= 1 +
1

N

N−1
∑

∆n=1

2C∆ne
−2jπ∆ni

N

where C∆n is the autocorrelation function of the random sequence at shift ∆n. The

ik off-diagonal entry (i 6= k), with k = i+∆k (∆k 6= 0), is given by

(Φ∗Φ) |ik =
1

N

∑

n6=n′

p[n]p[n′]e
2jπ∆kn′

N e
−2jπi(n−n′)

N

=
1

N

N−1
∑

∆n=0

2C∆n,∆ke
−2jπi∆n

N

where C∆n,∆k is the autocorrelation between p[n] and p[n]e
−2jπ∆kn

N . We note however

that when ∆n = 0

C0,∆k =
∑

n

p[n]2e
2jπ∆kn

N

= 0

since p[n]2 = 1 and ∆k 6= 0. Then

(Φ∗Φ) |ik =
1

N

N−1
∑

∆n=1

2C∆n,∆ke
−2jπi∆n

N , i 6= k

and therefore

(Φ∗Φ) |ik = δik +
1

N

N−1
∑

∆n=1

2C∆n,∆ke
−2jπi∆n

N ,∆k = i− k.

where δik is the Kronecker Delta function, which is 1 when i = k and zero otherwise.

The term C∆n,∆k is a correlation function between p[n] and a modulated copy of p[n]

at frequency ∆k. The term

1

N

N−1
∑

∆n=1

2C∆n,∆ke
−2jπi∆n

N
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is a DFT of C∆n,∆k with respect to the temporal shift ∆n. If we let

Φ∗Φ = I +X

we have that

Xk,k+k+∆k =
1

N

N−1
∑

∆n=1

2C∆n,∆ke
−2jπi∆n

N

4.2 Random Sequences in Practice

In a practical setting, it is generally preferable to have a random sequence that takes

the values 1 and −1 because in such a case it is possible to use an RF mixer to

modulate the input signal rather than a multiplier. Active mixers have typically low

power consumption and high gain conversion and thus amplify the signal before it

being integrated.

Digital random number generators provide a very practical and power efficient

solution for generating the random signal [117,118]. Such random number generators

typically have very low power consumption, which decreases as the supply voltage

decreases with every technology node [119, 120]. However, before we discuss some

practical random sequence generators, it is important to mention that a level shifting

stage is necessary to use the random sequence as a local oscillator (LO) for the active

mixer. Active mixers, such as Gilbert cells, require high LO levels while the digitally

generated random sequence usually has a very low voltage level. We discuss these

two elements briefly for completeness.

4.2.1 Mixers

The mixer is an essential component in a communication system, where it is used

to modulate or demodulate the input signal [121–125]. A conventional mixer imple-
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mentation has two input signals: the RF signal and the LO signal. The RF signal

represents the signal whose frequency is to be modulated/demodulated and the LO

signal is a periodic signal which is digital in nature. The mixer output essentially

reflects the multiplication of RF signal and LO signal. This interpretation is used

to obtain the pseudo-random sequence modulated input signal in a random demod-

ulator. The mixers are functionally categorized as passive mixers [126] and active

mixers [127]. While passive mixers do not provide any gain, active mixers provide a

conversion gain, which improves the overall noise performance of the system. How-

ever, passive mixers improve the speed of the system due to their compact and simple

implementation. Since the input signals of a mixer are differential in nature, for higher

speed and higher noise immunity, single balanced and double balanced mixer topolo-

gies are used in the implementation [128, 129]. The single balanced mixer multiplies

single ended RF signal to a differential LO signal, while in case of double balanced

mixers both input signals are differential in nature. The double balanced mixer yields

better performance in terms of speed and noise.

Figure- 4.1 shows the schematic of a Gilbert cell mixer, one of the most popular

topologies for active mixers. In this implementation the multiplier output is obtained

differentially in order to improve the noise performance of the multiplier output from

the feedthrough of high frequency pseudo-random sequence. Also, differential ended

output reduces the effect of supply voltage variations on the multiplier output. The

working principle of Gilbert cell multiplier is derived from the influence of tail current

(I1) at the output voltage in a differential amplifier. When one input of a differential

amplifier is larger than its other input, the tail current flows in only one branch and

other branch is cut off. In the multiplier architecture 4.1, the tail current differential

amplifiers formed by transistorsM3−M6 is derived from another differential amplifier
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constituted byM1 andM2. Therefore, the architecture has two amplifiers stacked on

a single current source (I1). The main tail current (I1) is steered in opposite directions

by transistorsM1 andM2 and this steering is controlled by the RF differential ended

input signal. This direct proportionality between current and input voltage translates

into the multiplication of the RF and LO signal and the resultant output voltage

appears at the differential output ports.

We note that the differential nature of the mixer is also preferable because the

sequence, which is generated digitally, can toggle between the values VDD and 0.

Therefore, instead of having extra circuitry to make it toggle between VDD and −VDD,

it only suffices to connect the random sequence to the positive LO port of the mixer

and its inverted version to the negative LO port of the mixer. Also, it is necessary to

use a level shifter, which we discuss briefly in the what follows.

4.2.2 Level Shifter

The digital blocks typically operate at a much lower voltage level than the analog

blocks in order to reduce the power consumption of the digital circuitry, which is

proportional to the square of the operating voltage. On the other hand, the voltage

level of the mixer should be high enough to support a high frequency LO signal (the

random sequence). Therefore, in order to maintain a low power consumption at the

digital side of the system while allowing the mixer to have a robust operation, it is

necessary to use level shifters, which translate a digital signal from one voltage to the

other. Figure 4.2 shows a schematic of a level shifter [130]. In this case there are

two possibilities: First, use one level shifter at the output of the random sequence

generator and then take the random sequence at the output of the level shifter and use

that to generate the positive and negative LO signals. Second, the random sequence
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Figure 4.1 : Gilbert cell multiplier with differential output.
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Figure 4.2 : Voltage translation from low VDD to high VDD.

and its inverted copy can be generated at the low voltage and then use two level

shifters to shift each of these two. The first approach has the advantage of having

one level shifter and an inverter working at the higher voltage level while the second

approach uses two level shifters but the inverter operates at the low voltage level. The

best approach depends on which would consume more power, which in turn depends

on the exact values of the low and high voltages.
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4.3 Maximal Length M-sequence random number generators

Maximal Length M-sequence random number generators are implemented using a

Linear Feedback Shift Registers (LFSR) to produce random binary sequences. A

typical arrangement of the feedback taps, Exclusive OR additions, and gains is shown

in figure (4.3)-a. If the length of the registers is m then the maximal length of the

random binary sequence can be 2m− 1, depending upon the feedback taps’ positions.

The feedback taps are represented in terms of a polynomial, whose degrees represent

the shift register’s relative position and coefficients represent the respective gains (taps

position) [90]. For example, a 6 stage LFSR configuration has following polynomial

representation for its maximal length (63) random sequence:

P (x) = x6 + x5 + 1

which makes C6 = C5 = 1, while C4 = C3 = C2 = C1 = 0. This configuration results

into a single feedback step between register #5 and #6. As a result, the register #6

will have an updated value after a modulo-2 addition with the output stage while all

other registers will be updated by the values of their previous registers. M-sequence

possess a balanced number of 1′s and 0′s in the sequence which helps in avoiding the

dc offset when the input signal is modulated by the random sequence. An LFSR is

implemented as a chain of D flip-flops where the output of one is the input of the

second and the LFSR output is the output of the last D flip-flop. The input of the first

flip-flop is the xor operation of the outputs of the flip-flops whose number corresponds

to a non-zero polynomial coefficient, with the flip-flops numbering starting at zero.

For example, to implement an LFSR with the polynomial 1 + x3 + x9, the input to

the flip-flop chain is the xor of the outputs of flip-flops 1, 4, and 10. This case is

demonstrated in figure 4.4.
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Figure 4.3 : (a) LFSR based hardware realization of Maximal length M-sequence
RNG (b) Kasami sequence RNG using M-sequence RNG.

4.4 Kasami sequence random number generators

Kasami sequences are random binary sequences which achieve the lower bound of

autocorrelation properties for random sequences [90]. Kasami sequences are derived

from M-sequences by decimating the M-sequence by a factor k, after which the resul-

tant sequence is replicated k times to make its length equal to the original M-sequence

length. The output sequence is the modulo-2 addition of the resultant sequence and

the original sequence. Figure (4.3-b) presents a block diagram for generating a Kasami
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Figure 4.4 : Architecture of a length 10 LFSR with the polynomial 1 + x3 + x9.

sequence using an M-sequence. The small set of Kasami sequence is formulated as

Seq(n,m, k) = ATmB

k = 2n/2 + 1; 0 ≤ m ≤ 2n/2 − 2

where A is an M-sequence represented by n-degree polynomial, where n is even, B

is the sequence generated from A using a decimation factor k, and T represents the

relative shift between the sequences A and B.
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4.5 Results

In order to study the effect of the random sequence type on the performance of the

random demodulator, we use the signal-to-noise ratio (SNR) at the output of the

random demodulator, where the noise is the difference between the output signal and

the input signal. Specifically,

SNR =
‖ f ‖2

‖ f − frecon ‖2
(4.4)

where f is the input signal and frecon is the reconstructed signal. We mainly study

the effect of the random sequence on the minimum sampling rate possible and on the

maximum number of frequency components in the signal for successful reconstruction.

In compressive sensing, and for constant signal sparsity, the reconstruction fails after

a certain ratio N/M . Also, for a given N/M , the reconstruction fails if the number

of components in the signal exceed a certain value. Kasami sequences exhibit better

correlation properties than M-sequences, which make the Kasami sequence random

demodulator outperform the M-sequence random demodulator in terms of minimum

sampling rate possible for successful reconstruction and in terms of the maximum

signal bandwidth that can be reconstructed at a given sampling rate.

4.6 SNR for Varying Sampling Rate

Figure (4.5) shows the SNR versus N/M for a random demodulator with Kasami se-

quence and a random demodulator with an M-sequence, for a signal with K = 80 and

K = 100. The figure shows that up to N/M = 50, both types of random sequences

result in a similar performance. However, for N/M > 50, the performance of the

M-sequence random demodulator degrades, so that this ratio defines the minimum

sampling ratio for the given sparsity. As for the Kasami sequence random demod-
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ulator, successful reconstruction is attained up to N/M = 80. For K = 100, the

maximum N/M with successful reconstruction for the M-sequence random demodu-

lator is 40, while it drops to 60 for the Kasami sequence random demodulator. These

results show that the with a Kasami sequence random demodulator, it is possible to

have a lower sampling rate (higher N/M), while achieving successful reconstruction,

as compared to the M-sequence random demodulator. As the number of signal com-

ponents decrease, the performance of the two systems approach each other, where in

the limiting case of 1 signal component, the two have similar performance.

4.7 SNR with Varying Sparsity

It is important to study the performance of the random demodulator as the signal

sparsity varies. To this end, we show in figure (4.6) the reconstruction SNR for

the Kasami sequence and M-sequence random demodulators versus the number of

signal components, K, for a ratio N/M = 50 and N/M = 60. The purpose of this

experiment is to determine the effect of the sequence type on the maximum possible

signal bandwidth that can be reconstructed for a given sampling rate. Figure (4.6)

shows that, for N/M = 50, the M-sequence random demodulator fails to reconstruct

signals with more than 80 components, while for the Kasami random demodulator,

reconstruction is successful for signals with up to 140 components. Increasing the

sampling rate so that N/M = 60 decreases the maximum number of components that

yield successful reconstruction in the case of a Kasami sequence random demodulator

to 100, while that of the M-sequence random demodulator decreases to 60. Thus,

for a given sampling rate, the maximum signal bandwidth that can be successfully

reconstructed is higher for the Kasami sequence random demodulator than for the

M-sequence random demodulator.



43

10 20 30 40 50 60 70 80 90 100 110
0

20

40

60

80

Sub−Sampling Ratio (N/M)

S
N
R
 
(
d
B
)

SNR vs N/M; K=80

Kasami

LFSR

10 20 30 40 50 60 70 80 90 100
0

20

40

60

80

Sub−Sampling Ratio (N/M)

S
N
R
 
(
d
B
)

SNR vs N/M; K=100

Kasami

LFSR

Figure 4.5 : SNR vs N/M for Kasami sequence and LFSR based M-sequence with
K = 80, 100.
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Chapter 5

Conclusion

Compressive sensing provides a powerful framework for signal recovery from samples

acquired at rate lower than the Nyquist rate, and thus relaxes the constraints posed

by the Nyquist-Shannon theorem on bandwidth and power. Compressive sensing be-

comes more important with the increase demand of low power acquisition systems

with high bandwidths. Compressive sensing receivers differ fundamentally from con-

ventional communications systems. For instance, conventional RF front ends use

periodic oscillator signals, while compressive sensing systems use a random signal.

Additionally, filtering in compressive sensing uses periodic resetting at high rates,

which is not encountered in conventional systems.

In this thesis, we tackled the practical aspects of compressive sensing. We con-

sidered the random demodulator, one of the several compressive sensing architec-

tures. However, the techniques we designed generally apply to other systems such as

the multi-channel compressive receiver. We proposed a multi-integrator architecture

which mitigates the effects of high frequency resetting in the ideal random demodula-

tor (which requires one integrator), which we showed to be unpractical. We provided

design techniques to decide on the minimum number of integrators required, as well as

on the relation between resetting circuitry parameters and other system parameters.

The relations give clear guidelines for designing the random demodulator systems.

We also proposed a reset-free random demodulator, which is particularly useful in

cases when an abrupt reset is not desired, such as at very high frequencies. The
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proposed complementary modulator architecture zeros the random sequence, which

is generated digitally, in order to perform the resetting mechanism. Since the random

sequence can be programmed digitally, it is possible to achieve any type of windowing

as a reset profile rather than the step function profile.

Finally, we studied the effect of the random sequence on the performance of the

random demodulator. Traditionally, the performance of the random demodulator

is studied under ideal or truly random sequences, whereas in practice, the sequence

is generated using pseudo random number generators such as linear feedback shift

registers. We also described a practical circuit for mixing the signal with the random

sequence.
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