ABSTRACT

A New Approach to the High-Resolution Linear Radon
Transform based on Compressive Sensing Theory:
Application on Teleseismic Wavefields
by

MEHDI AHARCHAOU

The development of new tools for high-resolution seismic imaging has been for many
years one of the key challenges faced by earthquake and exploration seismologists. In order to
make data amenable to imaging analysis, preprocessing steps are of great importance. This thesis
proposes a new method for pre-processing teleseismic data based on the linear radon transform
implemented according to compressive sensing theory – a novel theory about acquiring and
recovering the sparsest signals (with minimum significant coefficients) in the most efficient way
possible with the help of incoherent measurements. The LRT works by mapping data into a
sparsity-promoting domain (called the radon or - domain) where the desired signals can be
easily isolated, classiﬁed, ﬁltered and enhanced; and where noise can be attenuated or completely
removed. The performance of the LRT is enhanced in terms of both high-resolution and
computational cost by formulating the problem as an inverse problem in the frequency domain.
This work shows that, unlike the common wisdom, irregularity in spatial sampling of
teleseismic wavefields can be beneficial because it provides the incoherency needed to solve the
compressive sensing inverse problem and therefore recover the sparsest solutions in the radon
domain. The inverse problem formulation yields the added advantage of automatic spatial
interpolation and phase isolation after data reconstruction, and enables us to regularize the
problem by imposing a sparsity constraint (instead of smoothness, which is the constraint usually
adopted). We discuss and investigate the resolving power and applicability of convex and nonconvex types of regularizers inspired from compressive sensing theory, and establish a lower
bound on the number of measurements needed to resolve certain time dips related to signals of
interest within the data. We finish by applying the method to synthetic and recorded datasets and
show how we do signal extraction, noise removal and spatial interpolation on teleseismic
wavefields.
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Chapter 1

Introduction

1.1. Acquisition of teleseismic wavefields
Earthquakes happen in our planet on a daily basis. Small ones can go
unnoticed, but big ones can be devastating. When an earthquake
happens, the pulses of energy it releases, called seismic waves, travel
through the subsurface and during their journey they interact with the
structures in the earth’s interior. The traveling energy ultimately
reaches the surface of the earth where it is possible to record it by
seismic arrays (see Figure 1-1).
Since the beginning of the 1960s seismic arrays have been
increasingly used to improve our ability of resolving the large-scale

structures of the Earth’s interior. Programs such as IRIS and PASCAL
[1,2] have enabled deployment of permanent and transportable
broadband seismometers with high fidelity and unprecedented density
of coverage. This not only has contributed to a better understanding of
plate tectonics and their interactions, but also enabled us to predict
which areas in the earth are the most likely to experience earthquake
events. Seismic arrays combine numerous seismometers placed at
discrete locations in a well-defined configuration. When the teleseismic
energy reaches the surface of the earth (after traveling epicentral
distances usually more than 10 degrees), each seismometer (also
referred to as station) records a time series with strong amplitudes that
tell us about locations of major impedance contrasts inside the earth.
More precisely, the wavefield in this report is defined as the portion of
these time series which contains a particular selected phase (e.g. P
wave, S wave, or surface waves).
Time series recorded by all stations, combined together, form
more or less an image of a propagating wavefield. By offering
seismologists dense spatial samples of this wavefield, collected at
various sites on the Earth’s surface, they can build refined velocity
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models of the Earth’s interior, high-resolution tomographic images on
regional scales, and detect heterogeneities in the inner core. Seismic
arrays also offer the advantage of improving the signal-to-noise ratio
(SNR) of the recorded data compared to a single seismometer. In
addition, they give the possibility to infer from which direction the
seismic energy comes.

Figure 1-1 Illustration of seismic ray paths in the earth between the earthquake
source and different stations. The rays are curved as a consequence of the increase
in wave velocity which happens with depth.

When an earthquake produces seismic energy, this energy travels in
the form of wavefronts that have a certain curvature. The curvature in
these wavefronts is actually a function of distance: the more distance
the energy travels, the smaller the curvature becomes, and wavefronts
become flat enough that a plane-wave approximation becomes locally
13

valid. This approximation helps in modeling the wavefield as a sum of
plane waves of differing propagation angles, and consequently
facilitates the extraction of those wavefronts we are interested in
(related to P and S waves for example) versus the contaminating noise.

1.2. Ray parameter
The ray parameter is a useful way to characterize a wave’s ray
path, and it is usually denoted . It is computed as the inverse of the
horizontal velocity; for this reason it is sometimes referred to it as
horizontal slowness. By definition,

(1.1)

Where

is the velocity of the medium where the wave propagates, and

the angle of incidence of the wave when it enters the medium. As can be
inferred from equation (1.1), the ray parameter is function of the angle
of incidence and the wave’s velocity, according to a ratio which remains
conserved along the ray path in a homogenously layered medium (as
stated by Snell’s law). Its unit is usually expressed in [sec/m] or
equivalently [sec/deg] if distances are expressed in [deg].
14

Given that it characterizes the wave’s ray path uniquely, the ray
parameter is usually very useful in describing the behavior of a ray as it
interacts with a number of interfaces (Figure 1-2). This actually gives a
way of tracing the ray path for a ray that began its travel with a certain
ray parameter, an application which is very useful in forward
tomographic modeling for instance.

Figure 1-2 Incident P wave propagating through a layered medium of flat layers. At
each interface, four waves are generated: two transmitted and two reflected. The
ensemble of all these wave have the same ray parameter (adapted from [3]).
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1.4. Historical background about pre-processing tools used in
global seismology
Significant efforts have focused in the past years on the
development of a range of depth-imaging techniques. Receiver
functions, for instance, have established themselves as a standard tool
for producing images of large-scale impedance contrast structures in
the earth’s subsurface based on converted waves [4]. Receiver function
analysis typically starts with organizing data to facilitate the study of
the variation in the response with incident-wave azimuth and the
incident wave angle. Three-component seismograms are then used to
equalize near-source effects and isolate the receiver effects from the
observed waveforms. Deconvolution is used next to isolate the local
response, and this step generally works best with high-quality
broadband signals.
Algorithms with finer resolution are possible to realize after
adding more levels of complexity to the converted waves analysis [5,6].
This can be achieved through the stacking of singly scattered waveﬁelds
along diﬀraction hyperbolae through a 2D or 3D model space. Moving to
higher levels of complexity, we ﬁnd methods that involve
16

inversion/backprojection of scattered teleseismic waveﬁeld to recover
estimates of localized material property perturbations with respect to
an a priori background model [4,4’]. The design of such techniques
includes the common assumptions of a regular source-receiver setting
with a receiver coverage that enables illumination of the target from all
angles, based on surface data with a high signal-to-noise ratio.
Unfortunately, teleseismic recordings are still far from fulfilling
these ideal assumptions: they still suffer from incomplete and irregular
spatial sampling with noise that can sometimes severely contaminate
the measurements. Pre-processing steps, that serve to improve signalto-noise ratio and render teleseismic data more amenable to analysis,
are therefore necessary in order to avoid imaging results that can be
misleading and sometimes inaccurate.
There have been some efforts to improve the quality of
teleseismic data at the pre-processing stage, which have focused mainly
on ( - ) filtering [7’]. The data is transformed in frequencywavenumber domain via a 2-D Fourier transform where signal and
noise can be discriminated based on their frequency content. This type
of filtering has shown promise in many studies and have been widely
17

applied [7], even though difficulties arise especially from the inability to
cope with non-stationary signals. It has been shown that this type of
filtering has inferior dip resolution compared to LRT filtering, and does
not handle the separation of phases with similar moveout [8]. On top of
that, temporal frequency filtering can sometimes severely hamper the
resolving power of teleseismic data and much of the information about
lithospheric structure can be affected. In receiver function analysis, the
use of deconvolution has become very popular to enhance receiver-side
converted arrivals. Karhunen-Loeve filtering helped in improving
source estimation for deconvolution purposes [4]. Regrettably, apart
from deconvolution and ( - ) filtering, no other pre-processing tools
have become standard. An attempt to introduce a high-resolution
version of the radon transform [8] has shown promise in extracting
useful features of the desired signal against noise from teleseismic data.
However, the proposed algorithm (based on a method of Sacchi &
Ulrych (1995) [9]) lacks guarantees on sparsity and highest energy of
the estimated peaks in the radon domain.
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1.5. Focus of thesis research
This thesis introduces a new pre-processing tool based on the
linear radon transform implemented according to compressive sensing
theory. In the context of dip filtering it extracts the desired signals
embedded in teleseismic wavefields and removes the unwanted energy;
alternatively referred to as noise. The problem of enhancing the
resolution of the LRT is posed as an inverse problem that is formulated
in the frequency domain and solved according to the CS framework. We
show how irregularity in teleseismic measurements and sparsity
constraint help in reaching computationally-efficient solutions with the
most focused and accentuated peaks in the radon domain, equivalently
leading to the strongest ability to distinguish between signal and noise
in the data.
Also, as a result of this work I have produced several matlab codes
that perform the forward and inverse linear radon transform. The
programs have been used for all the examples illustrated in this thesis,
and are fully adapted to work with real teleseismic data.
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1.6. Outline
In Chapter 2, a review of the practical aspects of the linear radon
transform is presented. We first give a historical background about its
use in different fields of science and engineering. Then, we explain how
it works and why it can be very useful in improving the signal-to-noise
ratio of data. We also present some of its limitations especially in terms
of resolving power. We follow by giving details about the mathematical
set-up that we will use for the LRT. We emphasize that this set-up is
especially adapted to processing teleseismic wavefields with irregularly
sampled recordings.
In chapter 3, we introduce some relevant aspects of compressive
sensing theory, which help in recovering the sparsest solutions to
underdetermined inverse problems. We go through some fundamentals
that need to be satisfied by a problem in order to be considered a CStype of problem. Namely, we explain why sparsity constraint is
important and how it is accounted for, and why incoherency in the
measurements helps reduce the number of samples needed to provide
“meaningful” representations to signals.
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In chapter 4, the inverse problem represented by the inverse LRT
is defined. We show why imposing sparsity in the radon domain is a
more natural constraint than smoothness. The inverse problem is
represented in the frequency domain rather than in the time domain.
We show that in this way, the whole problem breaks into a series of subinverse problems, one for every frequency in the bandwidth of interest.
The advantage of this procedure is that it is predicted to be faster than
the time-domain implementation.
In chapter 6, we discuss some theoretical and practical factors
that are believed to limit the resolving power of the LRT. We show how
the LRT inverse problem can be solved in the framework of CS, and we
establish a minimum bound on the number of measurements needed to
guarantee a certain level of resolution in the transform domain. We
discuss convex and non-convex types of regularizers that are inspired
from compressive sensing and derive efficient computational schemes
to solve the resulting optimization problems.
In chapter 7, we present results of the application of this method
to both synthetic and recorded teleseismic datasets and show in which
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ways our method is superior to current solutions proposed to enhance
the resolving power of the LRT.
We will finish in chapter 8 by drawing some conclusions on the
applicability of the proposed method.
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Chapter 2

Review of the Linear Radon Transform

2.1. Historical Background
The Radon transform is named after Austrian mathematician
Johan Radon who in 1917 [10] introduced this tool as the integral of a
function over straight lines. His work represented the foundation for the
invention of the scan via computed axial tomography (CAT), which has
enabled the use of X-ray scans in medical imaging. Other applications of
the Radon transform

include pattern recognition and

image

reconstruction in image processing, computer vision and remote
sensing. In the field of geophysics, primary applications of the radon
transform were mainly in the field of seismic imaging/tomography,
where it was introduced by Chapman [11] and Schultz and Claerbout

[12]. While Chapman explained how to use the radon transform as a
modeling tool for seismic data, Schultz and Claerbout used it as a tool
for wave stacking and velocity estimation. Besides these two
applications, the radon transform has been widely applied for multiple
attenuation [13], ground roll removal [14] and data interpolation [15].
Within the context of seismology, the integration paths are typically
constrained by ray parameter. It should also be noted that the radon
transform can be generalized to solve the 3D Kirchhoff-approximate
imaging problem using teleseismic P-to-S scattered waves [16].

2.2. The way it works
The linear radon transform works by mapping data (here denoted
) from the original domain ( - ) domain, where represents the
seismic arrival-time and

the epicentral distance) to a new domain

(radon domain, here denoted ( - ) where
intercept and
(denoted by

represents the zero-time

is the slope or ray parameter) through summations
) along lines. These summations are also known in

geophysics as slowness slant stacking. They capture planar wavefronts
in the recorded wavefield into peaks in the radon domain (Figure 2-1)
where the desired signals can be easily isolated, classiﬁed, ﬁltered and
24

enhanced. The linear radon transform can be interpreted as a planewave decomposition of teleseismic data. By mapping the data to a new
domain, this decomposition allows waves which travel with different
slownesses to be separated and hence be distinguished from each other.
The plane-wave nature of data makes the use of the linear radon
transform a natural choice for processing that reduces the problem of
finding spatially broad patterns in the recorded wavefield to that of
finding localized peaks in a dual space (Figure 2-2). One of the big
challenges about the resolution of the Radon transform has always been
its resolving power, a problem on which geophysicists have worked for
decades.
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Figure 2-1 Schematic diagram showing how the forward linear radon procedure
works. Summing amplitudes along ray parameter
maps the time-domain arrival
into a strong energy peak in the radon domain (dark blue circle). Conversely,
summing along ray parameter
leads to negligible radon energy due to major
mismatches with linear trends in data amplitude. Summing along ray parameter
yields a peak in the radon domain (light blue circle) not as pronounced as the dark
blue peak, because amplitudes on the related data-domain linear pattern are
relatively weak.
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Figure 2-2 Illustration of the use of the forward linear radon transform on
teleseismic recordings: a) Visual representation of a teleseismic wavefield acquired
by a set of irregularly spaced receivers with epicentral distance (
from an
earthquake event. b) Measured teleseismic wavefield represented in the ( - )
domain. c) Forward mapping in the linear ( - ) domain. By applying the linear
radon transform we can differentiate between the isolated peaks related to direct
arrival (peak A) and Moho reflection (peak B). The diffracted wave, having a
hyperbolic moveout, is not well focused in the ( - ) domain because we are using
the linear radon transform.

The framework of the linear radon transformation method is
illustrated in Figure 2-3. Suppose the teleseismic data
the superposition of five wavefronts represented by
where

is composed of
(

),

, then a linear forward mapping
27

to the new domain yields
peaks

with a series of

, each peak related to a wavefront in . This forward

transformation not only allows attenuating the energy of travel time
complexities that do not follow a linear trend in the original domain (e.g.
diffractions which have hyperbolic moveout (see Figure 2-2), but also
enables ﬁltration and enhancement of

in the radon domain. After

inverse transformation, the resulting event
sufﬁciently isolated from signal

can therefore be

in the original domain.
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Figure 2-3 A diagram illustrating the inverse LRT after truncation in the radon
domain. The forward transformation yields a peak ( ) that is easily distinguished
from the surrounding energy because of sparsity promotion in the radon domain.
After muting out the unwanted energy, the inverse LRT allows recovery of seismic
arrival ( ). Note that the solution we are after entails a transformation that, in the
absence of any ﬁltering in the transform domain, is capable of recovering the
original data.
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2.3. Mathematical set-up
The practical use of the linear radon transform relies on the
computation of its discretized version, which accounts for finite
aperture with station recordings in the form of traces. Assuming the
teleseismic data contains
acquired at angles
for

and

traces (the measurements), each two traces
are separated in space by

. Given that measurement points representing a

planar wavefront in a teleseismic wavefield are usually not exactly
collinear; and taking into consideration the irregular sampling in the
epicentral distance domain, we have to weight the summation by angle
differences

. Unlike previous studies [8,13,17,18,19], in which

irregular sampling is not accounted for in the definition of the LRT; in
this thesis we take the irregular sampling into account. Note that in this
case, different parts of the (approximately) linear pattern in the data
will contribute differently to the summation depending on how large
the spacing is between each two individual traces. The summation for
some intercept time

and ray parameter
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is expressed as

(2.1)

∑

Similarly, the inverse linear radon transform can be approximated for
some time

and epicentral distance

by,

∑ (

Where

for

domain will be composed of

)

(2.2)

. In this way, the Radon

traces. Taking the Fourier transform of

equations (2.1) and (2.2) yields
(2.3)

∑

∑ (

In these two equations,

)

(2.4)

denotes a single, constant temporal

frequency in the Fourier spectrum of data measurements. For that same
frequency, we use the following compact matrix notation

(2.5)
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(2.6)

Where

is the complex-valued radon parameter vector sampled

according to ray parameter, and

the complex-valued data vector

sampled according to epicentral distance. Matrix
accounts for the irregular geometry of the
array, and

for the irregular sampling of the ray

parameter axis. Matrix

is the projection matrix, and has dimension

, with entries

(2.7)

Note that operators

and

are adjoints of each other. The following

relationship was established in [cite source]

(2.8)

In other words, the Hermitian transpose of the forward mapping
coincides with the adjoint only in the case when discretization is regular
in both spaces.
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2.4. The sampling theorem for the linear radon transform
In the case of regular sampling in the epicentral distance domain,
the Shannon-Nyquist theorem states that the spatial sampling period
must be chosen carefully so as to avoid aliasing in the radon domain.
Given a maximum ray parameter (here denoted

) we would like to

retrieve from the data, the following relationship determines a suitable
sampling rate:

Where

is the maximum temporal frequency of the teleseismic

signals. The product

is also the maximum wavenumber. This

inequality holds in the case where we have a symmetric linear radon
transform, meaning

. For the non-symmetric case,

, the inequality becomes:

Where

|

|. Similarly, if

is given, the maximum ray

parameter that can be retrieved without aliasing is given by:
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The sampling rate hence dictates a minimum number of traces in the
time-space domain in the case where there is spatial regular sampling of
the wavefield.
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Chapter 3

Introduction to Compressed Sensing
Theory

3.1. Historical background
The 20th and 21st centuries have witnessed the development of
various sensing instruments which try to represent the physical world
in the most faithful possible way. Reaching this objective entails very
fine sampling of signals with respect of the Shannon-Nyquist condition.
This implies a minimum number of samples that is necessary if we want
to provide a meaningful representation to the signal.
Recent work made by Emmanuel Candes, Terence Tao, Justin
Romberg and David Donoho [20,21] proved that the lower bound on the

sampling rate stated by the Shannon-Nyquist theorem can be
significantly reduced while still keeping the same reliability in
representing the signal. This is satisfied as soon as the sampling rate is
no longer constant but irregular, thereby leading to incoherent
measurements. An important a priori condition is that the signal must
exhibit sparsity in some known basis. In other words, it should admit a
representation with only a few nonzero coefficients.
The short history of compressive sensing– also known under the
terminology of compressed sensing, compressive sampling or sparse
recovery –started in 2006 even though some of its fundamental
concepts, such as sparse recovery through

minimization, were known

for several decades. Nowadays, an abundance of theoretical and
practical aspects of this theory have been explored in more than 1000
articles. An inverse problem needs to generally satisfy three
assumptions in order to fit in the context of compressive sensing:
a) The unknown needs to exhibit sparsity in a known transform
domain.
b) The number of measurements is less than the number of
unknowns (underdetermined problem).
36

c) The measurements are acquired in a linear and random
(irregular) way.

3.2. Applications in global seismology
The use of compressive sensing in earthquake seismology is not
new. In [25], compressive sensing was used to locate seismic sources
with better resolution during the rupture of the 2011 Tohoku‐Oki
earthquake from teleseismic P waves. The results were shown to be
superior to conventional narrowband beamforming in that they reveal
clear frequency-dependent rupture modes even in the case of multiple
sources. A novel waveform fitting method based on compressive
sensing was proposed in [26] for seismic source parameter estimation.
The effectiveness of the compressed domain inversion is shown in the
real-time monitoring of seismic sources with dense networks of
receivers. As an added benefit of the compression process, the size of
the monitored volume can be increased while maintaining a real-time
response. Regularization using the compressive sensing framework was
used in [27] to enhance transform-domain sparsity for facies
reconstruction from both scattered point measurements and areal
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observations, for crosswell traveltime tomography, and for porosity
estimation in a typical multiunit oil field.

3.3. Fundamentals
3.3.1. Sparsity
The concept of sparsity underlies the many recent developments
in modern signal processing and has had a tremendous impact on
compressed sensing theory. Despite its importance, the idea behind it is
very simple and intuitive. It states that many signals in nature can often
be approximated as a linear combination of just a few elements from a
known basis. Methods based on transforms such as Fourier (see Figure
3-1), Radon, Gabor, wavelet transform, or also the discrete cosine
transform can enable such approximations. These transforms provide
what can be named a “sparsifying” basis, one in which signals are
represented by many fewer elements than in the original domain. The
main motivation behind sparsity is that more simplicity in representing
a signal will naturally imply better modeling and processing.
Mathematically, we say that a signal
most

is -sparse when it has at

nonzero (or almost nonzero) coefficients, i.e. ‖ ‖
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, where

‖ ‖ denotes the

quasi-norm. It is worthwhile to note that generally

in the literature of compressed sensing a signal that is called “sparse” is
not necessarily one that is sparse itself (meaning in its original domain),
but one that admits a sparse representation in some basis (for instance,
in a transform domain). Also, in the real world “exact” sparsity is
uncommon; however, many signals are approximately sparse (that is,
well approximated by sparse signals).

Figure 3-1 Sparsity featured by the Fourier transform: a
sine wave in
time domain can be represented with only one coefficient (at frequency 50 Hz and
amplitude equal to one) in the Fourier domain. We say that the Fourier transform in
this case promotes sparsity of the sine wave.
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3.3.2. The undersampled compressed sensing problem
The compressed sensing problem can be stated as the following:
consider an

measurement matrix

such that for

is the vector of Fourier coefficients of
uniformly at random, with
(the set of unknowns) from

at

,

locations selected

. The objective consists of recovering
(the set of measurements); which is an

ill-posed problem without further restriction on . At first glance,
solving the underdetermined system of equations appears hopeless, as
it accepts infinitely many solutions. But suppose now that we are only
interested in reaching a sparse solution. Then this premise radically
changes the problem, making the search for solutions feasible. In this
case, we are looking for vector

with the minimum number of nonzero

coefficients; that is, with the minimum -norm.
The ultimate goal of sparse representation techniques would be to
find the best, that is the sparsest, possible representation of a signal, in
other words to solve the following -minimization problem

min ‖ ‖

subject to
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(

)

Unfortunately, an algorithm that solves this minimization problem can
be computationally intractable and generally takes very long to find the
right solution. For high dimensional problems, solving problem (

) is

practically impossible.

Essentially, two practical (computationally manageable)
alternatives have been proposed in the literature through convex and
non-convex solutions. The former, which is also called Basis Pursuit
(BP), leads to solving the following -minimization problem

min ‖ ‖

subject to

(

)

It was shown in [20] that a fast, accurate and exact recovery of the
sparsest solution is possible through solving this problem, provided that
the number of measurements
the reader that
the case of

is larger than

. We remind

here denotes the sparsity level. This does not apply on

minimization though (also called least squares (LS)),

which is only guaranteed to converge towards the solution with the
minimum energy, not necessarily the sparsest one.
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Figure 3-2 Explanation of the recovery of a sparse signal (
and
minimization solutions (noiseless case).

) in

based on

,

Figure 3-3 (a) Illustration of the robustness of BPDN for a 1-sparse signal in . (b)
Geometrical illustration of the non-convex reconstruction minimizing the
norm
(
) (noisy case).

42

In Figure 3-2, an illustration explains why basis pursuit (
minimization) is an efficient way to recover the sparsest signal from its
measurements and why

minimization fails to do so. Signal

assumed to be 1-sparse in the canonical basis (
on axis

,

) of

is

, here

lives

. The constraint of BP is that the line

intersects the

ball in

minimization with the
intersection of

. For a reconstruction based on

norm, the solution corresponds to the

with the smallest

ball. Clearly, this point does not

match the initial signal . The noisy case is illustrated in Figure 3-3,
where it is shown how BPDN (Basis Pursuit Denoising) remains robust
in estimating a sparse solution, which is not unique in this case (there is
an interval of uncertainty which is caused by the presence of noise).

The second category of solutions to the compressed sensing
problem leads to non-convex minimization. In these solutions, the
norm is replaced by the

norm for some

estimation of the sparsest solution using the

. An example of
ball is illustrated in

Figure 3-2. In the noisy case, an illustration of the robustness of such
minimization is illustrated in Figure 3-3(b). The resulting problem will
not be convex, and is described in the literature as intractable. However,
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as shown in [28, 29, 30], using this type of minimization can also lead to
exact recovery of the sparsest signal and generally requires fewer
measurements than when

(BP solution). Iteratively reweighted

algorithms with explicit solutions for computing local minima are
proposed for solving the non-convex problem. In section 6.3, we will
provide the analytical expression for such solution.
3.3.3. Random sensing: the partial random Fourier matrix
It was well established in compressed sensing theory that
rigorous conditions for the sensing matrix to recover sparse vectors are
the incoherency property and the restricted isometry property [24].
Unfortunately, these two properties are generally hard to check for any
given random matrix. In addition, applications often do not allow the
use of completely random matrices; instead, they impose physical
constraints on the measurement process and thereby limit the
incoherency achieved between measurements. For instance, and as is
often the case in seismology, measurements performed by seismic
arrays are irregular in the epicentral distance domain, but not to the
point of being designed according to some well-defined statistical
distribution.
44

Therefore, sometimes we don’t really have the freedom to choose
the sampling points according to some well-defined distribution. The
irregularity in the measurement process is actually advantageous- it
represents the randomness (not in the ideal sense) of measurements
required in the compressive sensing framework. When data is
transformed to the Fourier domain, choosing those irregularly sampled
measurements can lead to a structured random measurement matrix;
more precisely, a random Fourier-type matrix.
This type of matrix was investigated in many papers on
compressive sensing [20, 21, 22, 23, 24]. A general form of its entries
corresponds to (
and function

)

, where

are random sampling points

is what defines the structure of the matrix. Note that

each sampling location

defines a line in the sensing matrix. The

random partial Fourier matrix, which consists of rows chosen uniformly
at random from the discrete Fourier matrix, can be seen as a special
case of this setup. Mathematically, the partial random Fourier matrix
(of size

) can be defined as having the following coefficients
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(3.1)

The sampling points

will be chosen independently and

uniformly at random from a larger set that consists of
sampled points. The set of points
and can be regularly sampled. Matrix

regularly

does not have to be random
is proved to have the required

RIP (Restricted Isometry Property) and incoherency properties, and can
therefore be a “suitable” sensing matrix in the compressive sensing
problem.
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Chapter 4

Inverse problem formulation and
regularization of the Linear Radon
Transform

4.1. Inverse problem formulation
The problem of enhancing the focusing power of the LRT can be
stated as an inverse problem by asking the question: which combination
of radon domain coefficients represents the original data in the best
possible way? Or in other words, what is the best data representation
one could wish to obtain after forward LRT? It comes naturally that the
best transformed data is one with high energy and perfectly focused
peaks that, when transformed back to time-space, will lead to complete
recovery of the original data. In practice, as was established in section

2.3, we work with a discretized form in which a sampled radon space
vector

is related to a spatially discrete Fourier transformed data

vector

through the following relationship

(6.1)

Where the discrete operator (i.e. matrix)

represents the inverse LRT

operator. The problem can thus be viewed as one of reconstructing the
best radon representation

from data

given the inverse radon

relation (6.1) - i.e., it can be viewed as an inverse problem. In this study,
unlike standard approaches, we formulate the task of finding the besttransformed data as an inverse problem based on the inverse Radon
transform. This approach allows us to view dip filtering within a
regularization framework, where we can include prior constraints to the
problem, and solve it from a compressive sensing perspective. The
advantage of an inverse formulation of this problem is that it allows the
incorporation of prior information directly into the estimation of the
radon domain parameters. Note that equation (6.1) is defined for each
frequency in the bandwidth of the signal of interest. Therefore, solving
the “total” inverse problem breaks down to solving a number of sub48

inverse problems, one for every frequency, as this procedure is
predicted to be faster than the time-domain implementation.
To solve the inverse problem we first need to define a cost or
objective function. This cost function is a mathematical expression that
incorporates the misfit between the observed and modeled data in
addition to the a priori information we have about the model space. This
is equivalent to
Minimize ‖ ‖ ,
Subject to ‖

‖

Where is an estimation of the noise level in the data. ‖ ‖ and ‖ ‖
are the norms that we use to measure the size of the resulting
mathematical quantities. The choice of norms is related to the desired
characteristic of the solution. Some norms heavily penalize large
elements in the model, leading to models with many small elements
(smooth models) rather than few large components (sparse models).
This is the case for the commonly used

norm. On the contrary, the

norm is not sensitive to the size of the individual elements but only to
the total size. It is known to be more stable to outliers and does not
49

penalize large coefficients as heavily as in the case of the
will show that

norm minimization with

norm. We

is even better at

recovering the highest energy solutions.

4.2. Resolution in the radon panel
Note that while the resolution of

(dictated by the spatial

sampling in the epicentral distance) is generally defined by the problem,
the resolution of radon vector

is a design choice. One problem in the

LRT is the sampling of the ray parameter axis: to obtain an acceptable
resolution, coordinates on this axis need to be sampled finely, but
reducing the sampling intervals will broaden the peaks in the transform
domain. In other words, since the actual measurement points for a line
are not exactly colinear, the corresponding curves in the radon domain
will not pass through exactly the same point. Selecting the right
sampling interval is also important because it affects the memory size
and processing time. To get our results, we kept a sampling interval for
the -axis equal to the sampling interval for the -axis in the original
data, and chose a sampling interval for the ray parameter axis that is
small enough to be able to distinguish signal from noise.
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It is commonly accepted that one needs to respect the ShannonNyquist theorem to recover all frequencies in the signal after inverse
Fourier transform. The Nyquist frequency is indeed a limit for the FT
and LRT when regular sampling is enforced, but not when irregular
sampling is in effect as was pointed out in [31]. It was shown that it is
often possible to recover information above the Nyquist limit when
facing irregular sampling of data and that in the case of the linear radon
transform, irregular sampling can lead to some degree of alias
attenuation. No rigorous mathematical explanation was provided about
that though. In this thesis work, by linking the linear radon transform to
compressive sensing theory, we will show that it is possible to give a
quantitative explanation for why irregular sampling works in this way.
We will also show how irregular sampling can lead to computationally
efficient solutions.

4.3. Ill-posedness of the inverse problem
In actual recordings of teleseismic wavefields, it is always the case
that measurement points that reveal a planar wavefront are not
perfectly colinear (even after static correction). The corresponding
curves in the radon domain will thus not pass through exactly the same
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point. Also, it has been shown in [8] that for a realistic random
distribution of recording stations with a reasonably dense station
spacing, the array is equally sensitive to arrivals coming from all
directions and has the ability to resolve slowness differences (time dips)
in the recorded data down to

for a reference frequency of

1 Hz (of course, dip resolution on the recorded data will decrease as the
reference frequency decreases). This ability to resolve small time dips in
the original data imposes a very small sampling interval in the -axis in
the case where we would like to resolve all components of the wavefield
in the radon domain. In this way, we make sure that dip resolution is not
hampered after forward LRT. This in turn dictates more traces in the
radon domain than the data domain (i.e.

), and as a consequence,

the inverse problem, as defined previously, becomes ill-posed (having
more unknowns than measurements), which can result in non-unique
solutions.
In such situations, physical assumptions about the solution are
usually built into the algorithm to favor solutions with physical
proximity to a prior description of the unknown. However, it is often
very difficult to specify the physical constraints a priori, and even so,
consensus about these constraints is generally hard to reach. In such
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cases, it is better to introduce implicit constraints that rather act on
smoothness or sparsity to produce solutions that naturally reveal linear
patterns present in the data. Although smoothness is a desirable feature
of the unknown in many applications, it sometimes does not capture the
underlying physics that generated the observed quantities. Teleseismic
wavefields, exempt of noise and instrument response, represent the
signal of interest that are often used to build images of the subsurface.
Arrivals with planar moveout will map well into the Radon domain.
However, the diffuse ambient noise and diffracted arrivals will have
near-zero amplitude after transformation because they are not
represented well as plane waves. Consequently, the regularization
technique should promote these expected properties.

4.4. Sparsity constraint
Through the use of the linear radon transform we are seeking
highly focused peaks in the radon domain, related to time-space events
of interest. Sparse reconstruction can address this problem and reduce
it to the identification of peaks that give the best fit to observations. A
constraint on sparsity of the unknown is necessary to achieve this
purpose. Practically, this constraint can be implemented by choosing a
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norm for the unknown that does not penalize very strongly large
elements contained by the model. Minimization of the

and

(for

) norms is well suited for this purpose because they impose
smaller penalty for large outliers (peaks in the radon domain) and large
penalty for small values, compared to their

norm counterpart. A

smooth model and a sparse model will honor the data where there is
information, but the gaps will be treated differently. When mapping
back to the data space, a sparse model will preserve continuity of events
and a smooth model will preserve low energy of events; i.e., it will fill
the gaps with zeros.
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Figure 4-1 Difference between a smooth and a sparse model space.
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Chapter 5

Link between Compressed Sensing and
the LRT

In this brief chapter, we will establish a relationship between the
inverse problem stated for the linear radon transform and compressive
sensing theory. First, let’s recall the inverse problem expressed in
equation (6.1) that involves an operator (matrix) , which has
complex entries. As explained previously, reaching high resolution in
dip filtering can entail more traces in the radon domain than in the
original domain, i.e.

(this implies more “unknowns” than

“givens” in the inverse problem, and corresponds to a fat matrix ). In
other words, we are faced with an under-determined problem, and
therefore infinitely many solutions exist.

Least squares regularization, being based on

norm

minimization, unfortunately fails in reaching sparsity in the radon
domain as was previously explained. In estimating , we desire a
solution that clearly identifies particular features in the spatially
distributed events and suppresses other features such as noise. These
structures in the data

correspond to peaks in the radon domain

and

thus we desire the maximum focusing and accentuation of these peaks,
i.e. we desire a sparse model space.
It can be easily inferred that the sparsity level

(presented in

section 3.3) is related to the number of peaks (i.e. significant non-zero
coefficients) we have in the radon domain. In other words, the sparsity
level is roughly equal to the number of linear trends we see on the timespace data.
After mathematical development,

can be explicitly expressed in

the following form:

[

]

(5.1)

Assuming regular sampling in the ray parameter axis, the structure of
will depend solely on the set of parameters

. In the case of

seismic arrays, these epicentral distances are not regularly spaced, and
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they can be considered as forming a subset of randomly (or quasirandomly) chosen coefficients from a larger set. This in turn implies that
the lines of

form a subset of randomly (or quasi-randomly) chosen

lines. This property, along with the expression of its coefficients,
characterize

as a partial random (quasi-random) Fourier matrix.

The three previous points are what defines the linear radon
transform problem in the compressive sensing framework, and will
therefore motivate the use of solutions inspired from recent
advancements in compressive sensing theory.
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Chapter 6

Compressive solutions

In this chapter, we propose convex and non-convex solutions
inspired from compressive sensing to the linear radon transform
inverse problem. As we established in the previous chapter, the LRT
problem is well-constrained in the context of CS theory. The proposed
solutions are named “compressive” because they tend to recover the
sparsest solutions under certain conditions. The objective here is to
recover the solution to the following problem

(6.1)

The first term in (6.1) represents the misfit between data and
measurements. It is expressed in the least square sense as

‖

‖ and it serves to reduce sensitivity to noise. The term

is

a regularizer which reflects our prior knowledge about the radon vector
. Here,

is a regularization parameter that controls the trade-off

between the desired characteristic of the unknown, namely sparsity,
and reconstruction fidelity. We adjusted it so as not to fall in the
extreme cases of over- or under-fitting. We choose

in order to

create radon domain constructions with concentrated energy or peaks,
and hence improve sparsity. In the next paragraphs, we discuss
regularizer choices which have this effect, and are thus well-matched to
the problem.

6.1. The Iteratively reweighted least square method (IRLS)
Here, the problem is iteratively approached by fixing the model at
every iteration and solving a linear

minimization system of equations.

It is shown that this procedure improves sparsity in the radon panel
compared to the damped least squares. However, as it is based on
minimization using the

norm, it does not reach the sparsest possible

solutions to our inverse problem. The algorithm is initiated with a least
square solution. In each of the iterations, the model weights are updated
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and a simple linear solver is applied. If the

norm is applied for both

the misfit and model constraint, then the cost function becomes
‖ ‖
Which is known as a quadratic cost function. A solution to this problem
involves solving a set of linear equations for

, given

, at each

iteration

(

(6.2)

)

Where

[

Here,

|

| ]

(6.3)

denotes the noise covariance matrix, and is defined as a

diagonal matrix given that the noise is assumed to be uncorrelated with
the signal. We have found that usually 5 iterations yield a good
approximation to the minimum of , which is strictly convex given the
way it is defined.
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6.2.

regularization (convex minimization)

In this case, an

penalty on the radon parameter values is used

as a regularizer for our problem. This type of regularization, combined
with the LS part of the cost function, is also called Basis Pursuit
DeNoising (BPDN), and here is expressed as

‖ ‖

∑| |

(6.4)

This is an instance of convex optimization and therefore a unique
solution exists. Basis Pursuit DeNoising solves a regularization problem
with a trade-off between having a small residual (making
in the

sense) and making

simple in the

close to

sense. This problem can be

solved by many general solvers, such us Interior Point Methods. The
program we will be using to get the reconstructions in the “results”
chapter is extracted from the -magic toolbox, available for free at: E.
Candès, -magic, http://www.l1-magic.org/.

6.3.
The

regularization with

(non-convex minimization)

regularizer (BPDN) does indeed improve sparsity in the

Radon domain, but in its penalization (relatively weaker compared to
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LS) of large values it also has the effect of reducing some of the
amplitude of the highest coefficients. The amplitude of such coefficients
contains information about the energy of linear time-space data events,
and thus should be preserved as much as possible. This property is of
particular importance in Amplitude vs Offset (AVO) applications, where
the amplitude of signals in the data should be conserved for purposes of
inversion of key physical quantities (such as anisotropy). One way to fix
the amplitude shrinking problem is to use norms that are “closer” to the
norm. In this regard, non-convex regularizers often perform better at
attenuating the smaller values while preserving the highest coefficients
[29, 30]. Hence, we propose to use the

norm (with

) of the

parameter values as the regularizer of our problem

∑| |

It is easily seen that the previously discussed
instance of this regularizer for the choice of

(6.5)

regularizer is a special
. However, for smaller

values of , the cost function is non-convex and penalizes larger values
in the transform domain to a lesser extent and hence is expected to
perform better for our purpose. Also, the cost function is not
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differentiable for all possible values of . To alleviate this problem, a
commonly used technique is to use the following smooth approximation
to the

regularizer:

∑| |

(6.6)

Where

| |

And

(6.7)

√

is a small parameter. Note that we can obtain the solution to the

original problem as a limit of the solution of the perturbed problem
when

. A solution to this problem was proposed in [30] in the

form of an algorithm that involves solving a set of linear equations for
, given

, at each iteration

(

)

Where
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(6.8)

[|

|

]

(6.9)

This algorithm can be shown to converge to the global minimum of the
cost function for

, and to a stationary point of the cost function for

. In this latter case, a good initialization of the problem should take
place. Here again, we use the LS solution to initialize the algorithm. Only
one or two iterations are needed for this algorithm to reach the desired
level of sparsity in the radon domain.
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Chapter 7

Applications

7.1. Synthetic data
In order to determine the accuracy of our method, we generated a
suite of

irregularly spaced synthetic time-series to simulate the

behavior of the S-wave teleseismic arrival (denoted D on Figure 7-1 a)
and Figure 7-2 a) ) by superimposing

linear arrivals between 55

and 85 degrees with different slowness, intercept time, amplitude and
polarity (parameters listed in Table 7-1). The traces were chosen
uniformly at random from a set of 100 traces. As a first step, we
considered the noiseless case. Then we added 25% Gaussian noise to
the data in order to check that our solutions remain stable even in the
case of severe noise. The seismic signature is simulated with a ricker

wavelet of 1Hz. We forced the lower bound on the number of
measurements needed for the compressive solutions by imposing a
number of traces

in the radon panel (note that
so we have a number of measurements that

is higher than the minimum bound, and

i.e. we are solving an

underdetermined problem).
Wavefront
A
B
C
D
E
F
G

(sec)
-300
-200
-100
0
100
250
350

(sec/deg)
-1
-1
-1
0
1
2
3

Polarity
negative
negative
negative
positive
positive
positive
positive

Amplitude
60%
60%
60%
100%
70%
60%
60%

Table 7-1 Values of parameters used to generate synthetic data.

We computed different solutions to the LRT inverse problem in
order to compare the compressive solutions inspired from CS to the
standard LS and IRLS approaches. Then we truncated out the peaks
related to events A, B and C (considered as noise) from the radon
domain, and computed the inverse LRT to recover the remaining of the
wavefield (considered as desired signal). In order to make our results
comparable, we fixed the same value for , the lagrange multiplier, and
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chose a value that does not lead to the extreme cases of over- or underfitting.
As predicted, the solution based on LS does not reach the sparsest
level in the radon domain in both the noisless and noisy cases because
smearing occurs around locations where the linear arrivals are
supposed to map. This can be seen on Figure 7-1 b) and Figure 7-2 b).
Also, the LS minimization leads to a minimum energy solution
(amplitude of peaks not exceeding

positive and

negative). As a

consequence of these two shortcomings, we see that the difference
between the recovered and original wavefields contains some energy
related to event D, which should not happen in principle (in this
difference, there should only be energy related to wavefronts A, B and C
as these are considered to be noise).
The use of the iterative reweighted least square method clearly
enhances the focusing power of the LRT as it imposes larger penalty on
small values and smaller penalty on large values. However, smearing
still remains because of the presence of noise and the amplitude
reached by the peaks (maximum

positive and

negative), even

though it increased significantly relatively to LS, is still not as high as it
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can be. The result for a number of iterations equal to 5 is presented in
Figure 7-1 c) and Figure 7-2 c). The residual on the energy of wavefront
D still remains on the difference between the original and recovered
gathers, but with less amplitude compared to the previous solution.
Our compressive solutions based on BPDN and

non-convex

minimization (Figure 7-1 d) and Figure 7-2 e) respectively for the
noiseless case, and Figure 7-1 d) and Figure 7-2 e) respectively for the
noisy case) help to reach maximum resolution (i.e. maximum sparsity)
in the radon panels because energy is located exactly at locations in the
ray parameter axis for which the linear events were generated. In terms
of amplitude enhancement of the peaks, the non-convex solution has an
advantage as previously predicted (it estimates peaks with amplitudes
going from -2.5 to 4, a ratio of 62.5% which is the closest we could get to
the 60% amplitude of events A, B, C, F and G relative to the highest
amplitude event D). Note again that we could reach maximum sparsity
in the radon domain because we used incoherent measurements
(chosen uniformly at random) with a number that is higher than the
lower bound. For these two solutions, the differences between the
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original and recovered gathers only contain energy related to the noisy
events A, B and C and they do not contain energy related to event D.

Figure 7-1 a) Original wavefield composed of synthetic time series. b) from left to
right: LRT solution based on LS; recovered wavefield after filtering between -0.5
deg/sec and 4 deg/sec in the radon domain; difference between recorded and
original wavefields. c) same as b) but based on IRLS. d) same as b) but based on
BPDN (convex CS solution). e) same as b) but based on
minimization (with
, non-convex CS solution).
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Figure 7-2 a) Original wavefield composed of synthetic time series with 25%
(relative to S-wave maximum amplitude) Gaussian noise. b) from left to right: LRT
solution based on LS; recovered wavefield after filtering between -0.5 deg/sec and 4
deg/sec in the radon domain; difference between recorded and original wavefields.
c) same as b) but based on IRLS. d) same as b) but based on BPDN (convex CS
solution). e) same as b) but based on minimization (with
, non-convex CS
solution).
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7.2. USArray Broadband data
Here, USArray data was used to make PdS an SdP commonconversion point stacked volumes extending from the pacific coast of
the United States to near the Mississipi river [work by Jim Keenan
(student at Earth Science department at Rice university) and Alan
Levander]. Three-component broadband seismogram data from 505
events (Magnitude>6) with epicentral distances between 55 and 85
degrees were used for SdP receiver functions. Common-receiver and
event gathers based on those receiver functions are observed to have a
noise dipping with a linear moveout in a quasi-periodic way (we will
refer to it as coherent noise). The moveout of this noise (can be seen on
the coherent yellow lines with negative slope on the common-receiver
gather in Figure 7-4 a) seems to be significantly different from that of
the teleseismic phases in the S precursors and coda. The exact origin of
this noise is not easy to identify. Based on observations of its slowness
on event gathers for earthquakes happening in the pacific, south
American and atlantic sides, it seems that the noise has equal
probability to have both negative and positive moveouts for each range
of backazimuths (Figure 7-3). Hence the noise appears not to have any
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dependency on the backazimuth. Given the linear characteristics of this
noise, we use the LRT to remove it from common-receiver gathers
(example in Figure 7-4) and event gathers (example in Figure 7-6).

Figure 7-3 Slownesses of coherent noise for three regions of backazimuth: pacific
(blue), atlantic (green) and south American (red).

For that purpose, we computed three solutions to the LRT inverse
problem based on the adjoint, IRLS and non-convex

minimization in

order to improve the signal-to-noise ratio of the input data. We only
kept slownesses in the radon panel which are between -4 and 4 sec/deg,
in this way we make sure to remove the energy associated to the
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coherent noise which has in the following examples a moveout of about
-5 sec/deg.

Figure 7-4 Illustration of noise reduction and signal interpolation on SdP data using
the LRT (dip bandwidth +/- 4 sec/deg) a) Unfiltered common-receiver gather. b)
Radon panel based on the adjoint solution, and recovered wavefield after inverse
LRT. c) Radon panel based on the IRLS solution, and recovered wavefield. d) Radon
panel based on the compressive
(p=0.1) minimization solution, and recovered
wavefield.
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The adjoint solution (Figure 7-4 b)) assumes no prior knowledge– we
simply transform the data to the Radon domain and apply the inverse
RT operator. Smearing of the peaks in that domain is significant, and
imposes as a consequence a loss of amplitudes after inverse RT. On the
recovered common-receiver gather, the structural noise is suppressed;
however there is some loss in the amplitudes of the S-wave arrival
especially at the largest epicentral distances. As will be shown later,
improvements of this result are possible.
On the IRLS solution (Figure 7-4 c)), smearing in the Radon
domain is reduced compared to the adjoint solution. In the recovered
common-receiver gather, noise is suppressed and the loss of amplitude
of the S-wave arrival is not as significant as in the previous solution.
Using the non-convex minimization, there is a clear improvement
on the sparsity in the Radon domain (Figure 7-4 d)). Compared to
previous solutions, the S-wave energy is well-focused and can be easily
distinguished from the other arrivals. After muting in the Radon domain
and inverse linear RT, noise is suppressed from the common-receiver
gather, and the S-wave arrival keeps the same energy as in the original
gather. Also, because we solved an inverse problem, the recovered
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wavefield is interpolated over the range of angles and this increases the
coherency of the main arrival, thereby providing an automatic way of
removing those anomalous traces in the original domain.
A comparison of the sparsity in the radon domain reached by each
one of the three solutions is provided in Figure 7-5.

Figure 7-5 Comparison of sparsity in the radon panel obtained with (from left to
right): the adjoint, IRLS, and the compressive (
) minimization solutions.
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Figure 7-6 a) Unfiltered event gather. b) LRT filter (dip bandwidth +/- 4 sec/deg)
applied on event gather in a) using the CS
minimization solution. The phases
(strong impedance contrasts) related to the Moho and Lithosphere-Asthenosphere
boundary (LAB) are visible with higher signal-to-noise ratio (noise muted out in the
radon domain) and better continuity (result of automatic interpolation after data
reconstruction).

In Figure 7-7, a receiver function event gather was filtered with a
dip bandwidth of +/- 4 sec/deg. The filtered and unfiltered gathers were
then converted to depth using a suitable velocity model. As can be seen
on Figure 7-7 c) and Figure 7-7 d), there is clear improvement on the
coherency of the main converted phases. A measure of this coherency is
provided in Figure 7-7 e) through stacking of traces followed by
normalization.
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Figure 7-7 a) Unfiltered event gather. b) LRT filter (dip bandwidth +/- 4 sec/deg)
applied on event gather in a) using the CS
minimization solution. The phases
(strong impedance contrasts) related to the Moho and Lithosphere-Asthenosphere
boundary (LAB) are visible with higher signal-to-noise ratio (noise muted out in the
radon domain) and better continuity (result of automatic interpolation after data
reconstruction).
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Chapter 8

Conclusions

We have shown in this thesis work that the fundamental ideas
behind sparse recovery based on compressive sensing can inspire
innovative convex and non-convex regularizations of the linear radon
transform inverse problem. While some of the theoretical requirements
may be obscured and hard to realize in the case of real data, there is
space to tune the hyperparameters (especially the lagrange multiplier
) in order to make the method work even when severe noise
contaminates the data. It is clear that the focusing power of the method
critically depends on how well the data matches the linear integration
paths. We emphasize that our method is different than superresolution

methods which do not benefit from irregularity in the measurement
process.
Even though we only covered the linear radon transform in this
body of work, the results could be generalized to the hyperbolic and
parabolic versions of the radon transform which are widely used in
exploration seismology, or to any other type of transform that promotes
sparsity and admits a partial random Fourier sensing matrix. In the
cases of the hyperbolic and parabolic radon transforms, integration
paths are over hyperbolic or parabolic curves. The problem of
improving the resolving power of these transforms can be tackled in the
same way by transforming equations to the Fourier domain and then
expressing them in matrix format. After inverse problem formulation,
one can design a suitable type of sensing matrix that satisfies the RIP
and incoherency properties stated in the context of compressive sensing
theory. Also, we could give a 3D implementation to our method that
accounts for the projection of the ray parameter on the north-south and
east-west coordinates.
We have shown that our method is successful in interpolating
synthetic and real data after inverse transform. In addition, we have
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shown it to be effective at isolating noise dips differing from the
laterally coherent source related energy even in the presence of severe
undersampling. Besides the algorithm development, possibly the most
important aspect of this study has been the recognition of the effect of
irregularity in spatial sampling on improving the resolution of the radon
transform and insuring more accurate images of the subsurface based
on teleseismic wavefields.
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