


ABSTRACT

Essays on Productivity and Panel Data Econometrics

by

Junrong Liu

There are four essays on productivity and Panel data econometrics in this 

dissertation, with the first two essays on empirical research and the last two more focused 

on theory improvement. The first chapter is study of productivity and efficiency in the 

Mexican Energy Industry. The second chapter analyzes the productivity and efficiency of

U.S. largest banks productivity and efficiency. The third incorporates a Bayesian 

treatment to two different panel data models. The last chapter introduces a semi-

nonparametric method in panel data models. These four chapters have been developed

into four working papers.  They are Liu et al. (2011), Inanoglu et al. (2012), Liu et al. 

(2013) and Liu et al. (2014).

The first chapter studies the optimizing behavior of Pemex by estimating a cost 

model of Pemex's production of energy. The estimation using duality between the cost 

and production function is undertaken, which facilitates the specification. This approach 

makes it convenient to find the cost shares under different levels of returns to scale. The

results indicate the presence of substantial distortions in cost shares. That would be 

brought back to equilibrium were the Mexican government willing to allow more foreign 

investment in its energy extraction industry and thus increase the capital use and decrease 

the labor use.
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The second chapter utilizes a suite of panel data models in order to examine the 

extent to which scale economy and efficiencies exist in the largest U.S. banks. The 

empirical results are assessed based on the consensus among the findings from the 

various econometric treatments and models. This empirical study is based on a newly 

developed dataset based on Call Reports from the FDIC for the period 1994-2013. The 

analyses point to a number of conclusions. First, despite rapid growth over the last 20 

years, the largest surviving banks in the U.S. have decreased their level of efficiency as 

they took on increasing levels of risk (credit, market and liquidity). Second, no 

measurable scale economies and scope economies are found across our host of models 

and econometric treatments. In addition to the broad policy implications, this essay also 

provides an array of econometric techniques, findings from which can be combined to 

provide a set of robust consensus-based conclusions that can be a valuable analytical tool 

for supervisors and others involved in the regulatory oversight of financial institutions.

The third chapter considers two models for uncovering information about 

technical change in large heterogeneous panels. The first is a panel data model with 

nonparametric time effects. The second is a panel data model with common factors 

whose number is unknown and whose effects are firm-specific. This chapter proposes a 

Bayesian approach to estimate the two models. Bayesian inference techniques organized 

around MCMC are applied to implement the models. Monte Carlo experiments are 

performed to examine the finite-sample performance of this approach and have shown 

that the method proposed is comparable to the recently proposed estimator of Kneip et al. 

(2012) (KSS) and dominates a variety of estimators that rely on parametric assumptions. 

In order to illustrate the new method, the Bayesian approach has been applied to the 
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analysis of efficiency trends in the U.S. largest banks using a dataset based on the Call 

Report data from FDIC over the period from 1990 to 2009.

The fourth chapter introduces a new estimation method under the framework of 

the stochastic frontier production model. The noise term is assumed to have the 

traditional normal density but the inefficiency term is spanned by Laguerre Polynomials. 

This method is a Semi-nonparametric method and follows the spirit of Gallant and 

Nychka (1987). Finite sample performance of this estimator is shown to dominate the 

nonparametric estimators via Monte Carlo simulations.
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Chapter 1

A Study of Productivity and Efficiency in the 

Mexican Energy Industry 

1.1. Introduction

Latin American investment in the oil business has been booming in recent years, 

in part due to deregulation efforts. Argentina, for example, was able to raise billions by 

selling its woefully inefficient state-run oil company, Yacimientos Petrolíferos Fiscales 

(YPF), in 1993. Since YPF was privatized, production has doubled. The oil majors have 

invested $10 billion into joint ventures with state-owned Petróleos de Venezuela, S.A.

(PDVSA) of Venezuela. Colombia, Peru, and Brazil have been actively pursuing oil 

investors.

1
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Even though it was one of the pioneer countries in Latin America to embrace free-

market reforms, Mexico's energy industry has yet to benefit from competition. 

Nationalized in 1938, the oil industry remains largely off limits to private-sector

companies. This has hindered the exploitation of Mexico's vast subterranean wealth. Juan 

Camilo Mouriño, president of the Energy Commission of the lower house of Congress 

puts it quite succinctly: "Oil riches only benefit a country if they are efficiently used and 

serve as a tool for development. Here, that hasn't been the case."

Of the many reforms contemplated by Mexico's current President, Vincente Fox, 

none seems more problematic than his plans for Petroleos Mexicanos (Pemex). 

Privatization of the state oil monopoly is not contemplated. Instead, the more feasible 

goal is envisioned of transforming Pemex, which had revenues of an estimated $40 

billion in 2003, into a competitive enterprise. Opposition to this creeping competitiveness 

is spearheaded by the powerful Oil Workers Union.

Mexico's Energy Secretary, Ernesto Martens, estimated that the country must 

spend around $14 billion a year over the next decade to meet the increased demand for 

energy. Much of this investment is expected to come from private investors. However, 

Mexico's constitution bans private participation in the most attractive areas of the oil 

business--exploration and production. Instead, of amending the constitution, Mexico's 

current leadership is expected to push the legal envelope as much as possible by 

involving private companies in activities where Pemex lacks experience, such as gas-field 

management. Most other Latin nations have shed fears of foreign participation in the oil 

sector. Because of a lack of investment, proven reserves have stagnated for nearly two 

decades, at 28.3 billion barrels of crude oil.
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Lack of investment has been complemented with a bloated payroll that will have 

to be reduced substantially. Its workforce is nearly 2.5 times that of Venezuela's PDVSA, 

a state-run oil company with comparable revenues.

As Tybout (2000) indicates, many observers have come to believe that the 

complex system of regulations and bureaucratic burdens are major obstacles to the 

development of the manufacturing sectors in many developing countries. This is true of 

the Mexican energy industry as well where institutional constraints have hampered the 

activities of its state monopoly, Pemex. In this study the impact of regulatory and 

institutional distortions on Pemex is analyzed. We study the impact that economic 

reforms, were they undertaken, would have on the sector's performance and we examine 

the impact of distortions by the size of the enterprise.

This study will begin with a model as our estimation framework, and then a 

detailed accounting of the institutional background that has dictated the operations of 

Pemex study over its recent history. We will then describe our data collection and 

processing. The empirical specification is followed. Our empirical results will allow us to 

see the inefficiency of Pemex, which, to a great extent, lies in the overuse of labor and

underuse of capital.

1.2. Model

In this section, we follow the dual approach that Nerlove (1963) and use the dual 

approach used to examine Pemex production and operating efficiency. A Cobb-Douglas 

production is specified and it can be considered as a first-order approximation approach.
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It is also convenient in estimation due to the separability of inputs and outputs. Because 

of the data constraints, only two factors of production are involved, labor and capital. The 

Cobb-Douglas production function takes the following form.

1 2
1 2( )Q A t x x (1.1)

where  Q is Output, 1x is Capital input, 2x is Labor input, and ( ) tA t Ae is the 

technical change during time. 

The degree of homogeneity of the Cobb-Douglas is:

1 2v (1.2)

This degree of homogeneity is also the elasticity of scale:

1 2v (1.3)

From the production function(1.1), we could obtain the cost function due to duality:

1 2/ / 1/
1 2 1 2( , , ) v v vC p p Q p p Q (1.4)

where

1 2 1/
0 1 2( ) vv (1.5)

Taking log of the cost function (1.4) yields:

1 2
1 2 1 2

1ln ( , , ) ln ln ln lnC p p Q p p Q
v v v

(1.6)

After reparameterization, the function takes the form below:

1 2 0 1 1 2 2 3ln ( , , ) ln ln lnC p p Q p p Q (1.7)

where:
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0 ln (1.8)

1
1

1 2

(1.9)

2
2

1 2

(1.10)

3
1 2

1 (1.11)

The cost function for firms that minimize cost subject to an output constraint is:

1 2 0 1 1 2 2 3min ln ( , , ) ln ln ln . . ( , , )C p p Q p p Q s t f X Q (1.12)

where all variable definitions are as before, and is a random variable. The 

random variation could be due to factors unobservable to the econometrician, but known 

to the firms, or due to optimization errors.

Recall that:

1 2 1 2 1 21/( )1/
0 1 2 1 2 0 1 2ln ln ( ) ln ( )( )vv (1.13)

We have over-identifying problem which could be overcome by an imposition of 

restriction: 

1 2 (1.14)

where is a constant.

Then we can estimate our Cobb-Douglas production function with different 

returns to scale restriction. Actually, if 1 , we can rewrite our specification function to 

0 1 1 1 2ln ln ln (1 ) lnQ x x . Alternatively, 2 0 1 1 2ln ln ln (ln ln )Q x x x
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1.3. Data

1.3.1. Data Description 

The analysis and estimates are based on data collected from various sources. 

Some data were constructed when direct and more relevant data are not available.

The variables that are in use are the following ones. 

•   Output Quantity

•   Output Price

•   Labor Input Quantity

•   Labor Input Price

•   Capital Input Quantity

•   Capital Input Price

Our main sources of data are from Pemex's consolidated financial statements and 

Pemex's statistical yearbooks. We also obtain data from Mexico's Ministry of Finance 

and Public Credit, Mexico's Ministry of Energy, and some other resources.

Pemex's consolidated financial statements (form 20-F) are filed with the United 

States Securities and Exchange Commission pursuant to Section 13 or 15(d) of the 

Securities Exchange Act of 1934. Pemex's consolidated financial statements are prepared 
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in accordance with Mexican Generally Accepted Accounting Principles (herein referred 

to as Mexican GAAP). The amounts shown there are expressed in thousands of Mexican 

pesos as of December 31 of the year reported. We will use a Consumer Price Index data 

series to adjust for inflation. Mexican GAAP does differ from United States Generally 

Accepted Accounting Principles (herein referred to as U.S. GAAP) in certain significant 

respects. However, such differences do not appear in the data.

Pemex's statistical yearbooks are published by Pemex and not subjected to 

independent auditing. To ensure uniformity, we restrict ourselves to only non-financial 

data when using Pemex's statistical yearbooks. 

Below we will discuss in details our data sources and construction method.

1.3.2. Data Construction

1.3.2.1. Revenue Weighted Output Index

Pemex produce several hydrocarbon products. Therefore, to accommodate the 

model with one output, we create a product index. We use revenue as weight for output 

groups reported by Pemex. These outputs are: Crude oil, Natural Gas, Petrochemical, and 

Oil Products.

The formula for output index is:

1 1 2 2 3 3 4 4Output Index Quantity Q S Q S Q S Q S (1.15)

where:

1Q : Crude Oil Output Quantity
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1S : Crude Oil Share in Total Revenue, 

2Q : Natural Gas Output Quantity

2S : Natural Gas Share in Total Revenue

3Q : Petrochemical Output Quantity

3S : Petrochemical Share in Total Revenue

4Q : Oil Products Output Quantity

4S : Oil Products Share in Total Revenue

The share of each product in Total Revenue is calculated by dividing the revenue 

from that product to total revenue.

Total Revenue is the sum of Domestic Sales and Exports. Pemex has a subsidiary

called Pemex International which handles Pemex’s export and import activities. Pemex’s 

reports business results by subsidiaries, not by individual products. In particular, all 

revenues from domestic sales are reported under Pemex-Refining, Pemex-Gas and Basic 

Petrochemicals, and Pemex-Petrochemicals. All revenues from export are reported under

Pemex International. All revenue data were adjusted to 2000 constant Mexican pesos 

using CPI.

Total RevenueOutput Index Price
Output Index Quantity

(1.16)
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Since the Total Revenue was CPI-adjusted, the Output Index Price is in real pesos 

in the year 2000.

Note that total revenue, hence our calculation here, could be affected by certain 

political and geo-political conditions that lie outside Pemex’s control. For example, the 

Mexican Government does impose price controls in the domestic market on Pemex 

products. In particular, in the third quarter of 2005, the Mexican Government imposed a 

freeze on the prices of natural gas and liquefied petroleum gas (LPG) sold by Pemex in 

the domestic market and, as a result, Pemex was not able to pass on all of the increases in 

the prices of its product purchases to its customers in the domestic market1. Also, even 

though Mexico is not a member of OPEC, in the past it has entered into agreements with 

OPEC and non-OPEC countries to reduce global crude oil supply. A reduction in our oil 

production or exports could reduce our revenues. Another note is in 1995 the Mexican 

Congress amended the Regulatory Law to allow private and social sector companies, 

which include labor-controlled organizations and industries, to participate, with the 

Mexican Government’s approval, in the storage, distribution and transportation of natural 

gas. According to this law, private sector could essentially construct, own and operate 

pipelines, installations and equipment. Pemex are still allowed us to retain exclusive 

authority over the exploration, exploitation, production and first-hand sale of natural gas, 

as well as the transportation and storage inextricably linked with this type of exploitation 

and production.

1 Pemex Form 20-F 2005 p.9
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1.3.2.2. Labor Input

We recorded the labor quantity (number of workers) from Pemex statistical 

yearbook for the period of 1990-2005. For Labor Price, we obtain the Total wage and 

pension and retirement expenses paid by Pemex reported to the Ministry of Finance and 

Public Debt’s Statement of Cash Flow. The data were reported as one single entry for 

each year before 2001 and after that, wages were reported separately from pension and 

retirement expenses. Our labor price data is then calculated as:

Salary + Pension
Total EmployeelaborP (1.17)

Here the price unit would be pesos/employee/year. We use CPI data to adjust to 

the base year of 2000.

1.3.2.3. Capital Input

We obtain Pemex’s total investment for each year from Pemex statistical 

yearbook. We only have data from 1991 to 2005. To construct 1990 data, we first obtain 

average investment increment from 1991 to 1999. Then take away the amount equal to

average increment from 1991 investment number to get our 1990 investment 

approximation. 

For the price of capital, we use formular for user’s cost of capital, which is:

Nominal 10 year Government Bond - Inflation - Effective Depreciation
(1 Effective Tax Rate)* Price of Capital

UCC (1.18)

To get the effective depreciation rate, we use the formula: 
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Total Depreciation and AmortizationEffective Depreciation = 
Total Asset

(1.19)

The Total Depreciation and Amortization as well as Total Asset data come from 

Pemex’s financial statements. We use average of the year that we have data (1998-2005) 

for the years that we do not have data.

1.3.2.4. Material Cost

We obtain material cost from the Presupuesto de Egresos de la Federación of the 

government of Mexico for corresponding years. The Ministry of Finance and Public 

Credit provides the data from the year 1999 onward. We observed a decreasing 

percentage of material cost in the total revenue. In particular, the proportion of material 

cost in total revenue decreases on average at 33% yearly. Figure 1.1 below shows the 

percentage of material cost in total revenue of Pemex for the period of 1999-2005. Based 

on this observation, we estimates the material costs for earlier years. 

Figure 1.1 Material Cost in Total Revenue – Absolute

0 0.005 0.01 0.015 0.02 0.025 0.03

1999

2000

2001

2002

2003

2004

2005

Material Cost in Total Revenue
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Figure 1.2 Material Cost in Total Revenue – Percentage

1.3.2.5. Tax

To calculate effective tax rate, we use the following formula:

Total Tax and Government DutiesEffective Tax Rate 
Total Income before Tax

(1.20)
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that we do not have data. Please note that Pemex and the Subsidiary Entities are subject 

to special tax laws, which are based upon petroleum revenues and do not generate 

temporary differences or deferred income taxes. Pemex and the Subsidiary Entities are 

not subject to the Ley del Impuesto Sobre la Renta (“Income Tax Law”) or the Ley del 

Impuesto al Activo (“Asset Tax Law”). Some of the Subsidiary Companies are subject to 
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Tax and the Special Tax on Production and Services (“IEPS Tax”). Pemex and the 

Subsidiary Entities are also subject to the Value Added Tax (“VAT”). Hydrocarbon 

extraction duties are calculated at a rate of 52.3% on the net cash flow difference between 

crude oil sales and extraction costs and expenses. Extraordinary and additional 

hydrocarbon extraction duties are calculated at a rate of 25.5% and 1.1%, respectively, on 

the same basis. The hydrocarbon income tax is equivalent to the regular income tax 

applied to all Mexican corporations, a tax to which Pemex and the Subsidiary Entities are 

not subject to; the rate of this tax was 35% for all periods presented. The sum of the 

above duties and taxes must equal 60.8% of Pemex and the Subsidiary Entities’ annual 

sales revenues to third parties. In addition, Pemex pays an additional 39.2% duty on 

excess gains revenues, i.e. the portion of revenues in respect of crude oil sales at prices in 

excess of 18.35 U.S. dollars and 15.50 U.S. dollars per barrel for 2003 and 2002,

respectively. Therefore, to the extent that the sum of hydrocarbon extraction duties is less 

than 60.8% of sales to third parties, additional taxes are paid to reach that level. 

The special Tax on Production and Services (IEPS Tax) is a tax on the domestic 

sales of gasoline and diesel. The applicable rates depend on, among other factors, the 

product, producer’s price, freight costs, commissions and the region in which the 

respective product is sold.  

Over the period of 1996-2005, Pemex’s average effective tax rate is 103%. 

1.3.2.6. Mexico’s Long Term Interest Rate

We obtain the Mexico's long-term interest rate from the OECD data service 

website. The data refer to the 364-day interest rate equivalent paid, tax-free, on one-year 
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treasury certificates (364-day CETES) at primary auction. According to OECD, long 

term (in most cases 10 year) government bonds are the instrument whose yield is used as 

the representative `interest rate' for this area. Generally the yield is calculated at the pre-

tax level and before deductions for brokerage costs and commissions and is derived from 

the relationship between the present market value of the bond and that at maturity, taking 

into account also interest payments paid through to maturity.

1.3.2.7. Consumer Price Index

We obtain Consumer Price Index (CPI) of Mexico for the period from two 

sources Econstat2 and OECD3. The OECD obtains data from the Bank of Mexico. The 

data were collected based on the structure of private consumption taken from the 

National Income and Expenditure Household Survey (Encuesta Nacional de Ingresos y 

Gastos de los Hogares, ENIGH) carried out by INEGI in 2000. From this survey, 315 

generic items were selected to be representative of household consumption. Urban 

Mexican cities with more than 20000 inhabitants are covered in survey.

1.3.2.8. Producer Price

The producer price is obtained from the U.S. bureau of labor services4

2 http://stats.oecd.org/mei/default.asp?lang=e&subject=8&country=MEX.
3 http://stats.oecd.org/mei/default.asp?lang=e&subject=8&country=MEX.
4 http://www.bls.gov/opub/hom/homch14_b.html.
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1.4. Empirical Results

In a study of national oil company efficiency, Hartley and Medlock III (2008)

developed a theoretical model which implies that government ownership of a NOC will

redistribute revenue via over-employment and underinvestment in reserves and by 

subsidizing domestic consumption. They provide the evidence that “increased 

government ownership makes the firm less effective at producing revenue from 

employment and reserves” and over-employment was a strong common feature of 

government owned firms. In addition, domestic price subsidies negatively affect an

NOC’s ability to generate revenue and the relative technical inefficiencies of NOCs,

which are observed when one considers only commercial objectives, are largely the result 

of governments exercising control over the distribution of rents.

Our estimation is based on the production Eq.(1.1), and duality is utilized to get 

the cost shares. We also imposed different levels of returns to scale to remove the over 

identification problem. We append additive error term to the logarithm of the production 

equation, and the function is estimated via Least Square to get the parameters

1 2, ,  and the intercept ln A . Using the relationships between the parameters in the 

production function 1 2 and and those in the cost function 1 2 and , as shown in 

Section 2, the cost shares 1 2 and are derived from equation (1.10) and (1.11). Table 

1.1 provides the ' s under different levels of returns to scale. 

From our estimation, we found the cost shares of capital and labor. As we vary 

the level of return to scale imposed on the production, the results vary as expected. In 
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particular, as we increase the level of return to scale, from 1 to 1.5, the cost share of

capital increases and the cost share of labor decreases (see Figure 1.1 below). 

Return to 
Scale Level Cost share

-Capital -Labor
1 0.684190795 0.315809205

1.05 0.691569063 0.308430937
1.1 0.698276579 0.301723421
1.15 0.704400833 0.295599167
1.2 0.710014733 0.289985267
1.25 0.71517952 0.28482048
1.3 0.719947016 0.280052984
1.35 0.724361364 0.275638636
1.4 0.728460402 0.271539598
1.45 0.732276748 0.267723252
1.5 0.73583867 0.26416133

Table 1.1 Cost Share Estimates
The results of estimated cost shares suggest a more intensive use of capital and 

less usage of labor.  However, the observed share from Pemex data shows that Pemex 

still over-used its labor resource. Compared to cost shares that Pemex should use to 

obtain the level of return to scale of 1.25, the observed cost shares of labor is consistently 

higher, while the cost shares of capital is consistently lower over the 16 year period of 

1990-2005. Table 1.2 below details such discrepancies over the period.

Year Observed
Difference from 

Estimated Share.
Labor 
Share

Capital 
Share

Labor 
Share

Capital 
Share

1990 0.318798 0.681202 0.033977 -0.033977
1991 0.317406 0.682594 0.032585 -0.032585
1992 0.317216 0.682784 0.032395 -0.032395
1993 0.343085 0.656915 0.058264 -0.058264
1994 0.329726 0.670274 0.044906 -0.044906
1995 0.320654 0.679346 0.035834 -0.035834
1996 0.288412 0.711588 0.003592 -0.003592
1997 0.376733 0.623267 0.091912 -0.091912
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1998 0.396612 0.603388 0.111792 -0.111792
1999 0.379969 0.620031 0.095148 -0.095148
2000 0.314434 0.685566 0.029614 -0.029614
2001 0.370674 0.629326 0.085853 -0.085853
2002 0.372463 0.627537 0.087642 -0.087642
2003 0.342680 0.657320 0.057860 -0.057860
2004 0.330170 0.669830 0.045350 -0.045350
2005 0.324819 0.675181 0.039998 -0.039998

Table 1.2: Observed Cost Shares vs. Estimated Cost Shares
The results confirm our expectation that Pemex’s inefficiency comes from over-

usage of its labor resource and under-investment of capital. Pemex’s inability to achieve a 

better allocation of resource is the result of its regulatory constraint, notably the burden of 

labor expenses required by the Mexico government. The results also imply that should 

Pemex have more autonomy in its decision making process regarding allocation of its 

resources, Pemex would be able to adjust the cost share to achieve higher level of 

efficiency. For Pemex to have such autonomy, more efforts from the government will be 

needed. Note that we study Pemex over the period of 1990-2005 when there have been 

efforts to improve efficiency of Pemex. Such efforts include restructuring the corporation 

into four semi-autonomous subsidiaries in 1992, allowing outside parties to participate in 

bidding for certain services previously reserved from unions, authorizing foreign 

partnership and service providers participation.

1.5. Conclusion

In this study, we incorporate a model that captures the optimizing behavior on 

cost minimizing subject to production constraint and specify the functional form of the 

cost function. Using duality, we get the production function and the relationship between
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the parameters of the production function and the cost function respectively. Thus the 

cost shares under different scenarios of returns to scale are estimated through the 

production function. The empirical result reveals the distortions of the cost shares and the 

direction and extent of such distortions. As bad news from the depleting Cantrell is 

confirmed, the pressure for Pemex to resolve its inefficiency problem is mounting. The 

overuse of labor and underuse of capital is the problem that leads to the inefficiency, 

which reduces the international competitiveness of this key and strategic industry. In any 

case, for Pemex to be more competitive in the international market, the inefficiency 

observed in this study should be addressed and resolved.
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Chapter 2

Analyzing Bank Efficiency: Are “too-big-to-

fail” Banks Efficient?

2.1. Introduction

This chapter analyzes the provision of banking services, including both balance-

sheet financial intermediation businesses and off-balance-sheet activities. The multi-

output/multi-input technology is utilized. We focus on the largest financial institutions in 

the U. S. banking industry. We examine the extent to which scale efficiencies exist in this 

subset of banks in part to address the issue of whether or not there are economic 

justifications for the notion that these banks may be “too-big-to-fail”.

The recent financial crisis has given rise to a reexamination by regulators and 

academics of the conventional wisdom regarding the implications of the spectacular 

growth of the financial sector of the economy. In the pre-crisis era, there was a 
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widespread common wisdom that "bigger is better". The arguments underpinning this 

view ranged from potential economies of scale and scope, to a better competitive stance 

at the international level. However, in the post-crisis world the common wisdom has been 

altered somewhat as large banks have come to be viewed as problematic for policy 

makers and regulators, for various reasons. One reason often given is that economic 

agents who are insured have the incentive to take on too much ex ante risk, also known as 

the moral hazard problem. Second, there is the "too-big-to-fail" problem, the fear that 

large and interconnected financial institutions may become a source of systemic risk if 

allowed to go out of business, especially in a "disorderly" fashion ((Bernanke, 2009).

Support for or against large banking institutions turns on the central issue of whether or 

not efficiencies of scale and scope are economically and statistically significant and are 

positively associated with bank size.  If they are positively associated with bank size then 

the expected benefits of the cost savings generated by increased efficiencies passed on to 

consumers in terms of better services or reduced banking service fees are traded off with 

the expected costs implicit in the moral hazard and systemic risk arguments. In this paper 

we attempt to shed some light on this question through an empirical analysis that 

investigates the relationship between measures of the efficiency of a bank's operation on 

the one hand, and the size of the institution on the other.

More recently, regulatory features added by the Dodd-Frank Act (DFA) 

introduced a variety of new policy levers, including capital surcharges, resolution plan 

requirements, consideration of systemic risk effects in mergers which specifically 

increased the emphasis on understanding of economies of scale and scope in large 

financial firms. That is, DFA requires the review of whether a proposed merger would 



21

lead to greater concentrated risks to financial stability. Regulators have encouraged 

researchers to better understand the social utility of the largest, most complex financial 

firms (Tarullo, 2011).

Some elaboration on what we mean by "too-big-to-fail" (TBTF) banks is also in 

order.  During times of financial crisis banking supervisors have strong incentives to 

forestall the failure of large and highly interconnected financial firms due to the damage 

that such an event could pose to both the financial sector as well as the real economy. 

Unfortunately, as market participants anticipate that a particular firm may be protected in 

this way, this has the perverse yet highly rational effect of undermining market discipline 

and encouraging excessive risk-taking by the firm. Furthermore, it establishes 

economically unjustified incentives for a bank to become larger in order to reap this 

benefit.  This results in a competitive advantage for such a large bank over its smaller 

competitors who may be perceived as lacking this implicit government safety net. Public 

sector bailouts are costly and politically unpopular and this issue has emerged as an 

enormous problem in the wake of the recent crisis. Therefore, as a tactical matter the state 

of the financial system has left supervisors with little choice but to use government 

resources to avoid failures of major financial institutions and accompanying 

destabilization of the financial sector. However, on a prospective basis supervisors have 

been directed to better address this issue through improved monitoring of systemically 

critical firms, with a view to preventing excessive risk-taking, and by strengthening the 

resilience of the financial system in order to minimize the consequences of a large firm 

being unwound.

A series of reforms have been proposed to address these problems. They include 
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capping the size of banks, limiting the scope of banking activities, subjecting bank 

mergers and acquisitions to additional scrutiny, prescribing that banks draft “living wills” 

to plan their orderly unwinding, and requiring the federal government to proactively 

break up selected banks. These measures are not without their detractors, however. 

Feldman (2010), for example, casts doubt on the reforms focusing on size5 by arguing 

even if such reform could address TBTF, reforms that take aim at bank size directly 

might be bad policy because their costs could exceed their benefits.  Moreover, the size 

of a bank may be positively related to other benefits.  Large banks could offer cost 

advantages that would ultimately benefit society by taking advantage of scale economies 

in their service production processes. Wheelock and Wilson (2012), for example, 

concluded that most U.S. banks faced increasing returns to scale using their highly 

parameterized local linear estimator of banking services.

However, there may be problems with this perceived wisdom that large banks are 

large because of such scale economies for at least three reasons. First, some of the  

econometric work  on economies of scale for banking, as in Hughes and Mester (1998),

Hughes et al. (2001), etc. find such benefits at all sizes of banks. Hughes and Mester 

(2008) summarize the extensive research findings in this regard. Second, we may simply 

not yet know very much about the presence of scale economies for today’s 

unprecedentedly large banks. DeYoung (2010) emphasizes this point by arguing that the 

5 Feldman argued that “…I am skeptical that reforms focused on size per se will achieve their stated 
purpose of addressing TBTF; I have more confidence in reforms that identify and address features that 
produce spillovers in the first place…”
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unique nature of today’s large banks makes it difficult to apply statistical techniques to 

historical data to divine the extent of scale economies. It is clear that the financial sector 

has grown enormously in recent years. The question is why. Banks indeed contribute to 

economic output through intermediation and have performed this economically useful 

function in many countries for hundreds of years, but value-added intermediation does 

not necessarily justify a large banking sector or banks whose current size is enormous by 

any historical standards.  There are reasons to think that this sector may have become too 

big in the sense that too many of society’s resources are allocated to it and may continue 

to contribute to a distortion in rents paid to those employed in the financial sector.  

Perceptions by creditors of banks that the government will protect them can lead the 

sector to grow inefficiently large as TBTF guarantees attract excessive funding to banks. 

These creditors understand that their bank investments are implicitly subsidized by the 

assurance of government bailouts should the bank begin to fail. For example, Tracey and 

Davies (2012) argues that there exists an “implicit funding subsidy” for TBTF banks6.

Another point about the limits of our knowledge concerning the scale economies of large 

banks is that analysts face real challenges in measuring the “output” produced by banks. 

Since the banking sector provides loans deposit and liquidity services it is a challenge to 

ensure that cross-firm comparisons are made controlling for these various service 

provisions, when ray economies of scale for the multi-output banking services technology 

6 They conclude that scale economies appear to increase with bank size for large banks from a standard 
model of bank production that does not control for any TBTF funding cost advantage, while using an 
adjustment for the price of debt using the implicit funding subsidy they find evidence of constant returns to 
scale and possible scale diseconomies for large banks.
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is analyzed. Still another point is that the debate about TBTF and scale economies often 

presents the two in contradiction, when in fact they may complement one another. Some 

activities of a bank such may rely heavily on automation and thus may benefit from scale 

economies that enhance that bank’s TBTF status. The average cost of the large 

investments on these automated systems could be driven down by the increasing in the 

volume of goods and services produced. Such automation-dependent products and 

services can generate a substantial portion banking revenues. Hence, greater scale activity 

could come with higher TBTF cost. The presence of economies of scale, from this 

perspective, suggests that policymakers sharpen their focus on fixing TBTF, see Feldman 

(2010).

The question of bank efficiency amongst the leading banking organizations in the 

US is important as the banks must to comply with the stress test and capital plan 

requirements outlined by the Federal Reserve’s Comprehensive Capital Analysis and 

Review (“CCAR”).   For estimating the impact of given stress testing scenarios, large 

banks have been relying statistical models in order to quantify potential losses.  The 

problem with this paradigm is that although it captures the social cost element it fails to 

capture the potential social benefits of bank scale and scope economies, as banks 

generally cannot incorporate these potential gains into their risk models.  Our research 

contributes to a balanced analysis of this by considering efficiency measures.

The preceding section has provided a short discussion addressing previous studies 

related to our work. Section 2.2 describes the econometric models that will be estimated.  

In section 2.3 we provide a description of our data-set. A discussion of our empirical 
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findings is presented in section 2.4. Section 2.5 concludes.

2.2. Econometric Models

In this section we review our estimating framework. We will estimate second 

order approximations in logs (translog) to a multi-output/multi-input distance function, 

see Caves et al. (1982a) and Coelli and Perelman (1996). The models we consider are

linear in parameters. As our banking data constitute a balanced panel of banks and we are 

interested in a set of robust and consistent inferences from a wide variety of modeling 

approaches we consider a number of different panel data estimators and assess the 

comparability of inferences from them. Our many treatments for various forms of 

unobserved heterogeneity can be motivated with the following classical model for a 

single output banking technology estimated with panel data assuming unobserved bank 

effects:

     1,..., ;  1,...,it it i ity x u i N t T (2.1)

Here ity is the response variable (e.g. some measure of bank output), i

represents a bank specific fixed effect, itx is a vector of exogenous variables and itu is 

the error term.

In the classical Fixed Effects (FE) model for panel data, individual unobserved 

effects i are assumed to be correlated with the regressors itx , while in the classical 

Random Effects (RE) model individual unobserved effects i are assumed to be 
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uncorrelated with the regressors itx . We also consider the Hausman and Taylor (1981)

panel estimator. The H-T estimator distinguishes between regressors that are uncorrelated 

with the regressors ( 1
itx ) and regressors that are correlated with the effects ( 2

itx ).  As we 

have no time-invariant regressors in our study, the model becomes:

1 2
1 2      1,..., ;  1,...,it it it i ity x x u i N t T (2.2)

We may interpret (2.1) or (2.2) as log-linear regressions, transformed from a

Cobb-Douglas or translog function that is linear in parameters. In what follows we do not 

distinguish between the x’s that are or are not allowed to be correlated with the effects in 

order to reduce notational complexity. We do, however, make clear what these variables 

are in the empirical section.  In order to move from a single to the multi-output 

technology considered in our empirical work we specify the multi-output distance 

function in the following way. Let the m outputs be exp( )it itY y and the n inputs

exp( )is isX x . Then express the m-output, n-input deterministic distance function 

( , )OD Y X as a Young index, described in Balk (2008):

1

1

( , ) 1

j

k

m

it
j

O n

it
k

Y
D Y X

X
(2.3)

The output-distance function ( , )OD Y X is non-decreasing, homogeneous, and 

convex in Y and non-increasing and quasi-convex in X. After taking logs and rearranging 

terms we have:
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*
1,

2 1
, 1,..., ; 1,...,

m n

it i j jit k kit it
j k

y y x u i N t T (2.4)

where *
, 2,..., 1ln( / )jit j m jit ity Y Y .  After redefining a few variables the distance 

function can be written as

y X Z u (2.5)

Here NTy R stacks the response variables across banks and time, the matrix 

NT N
N TZ I i R distributes the bank specific fixed effects (or the "incidence matrix" 

that identifies N distinct entities in a sample) that are stacked in the vector

1 2( , ,..., ) N
N R , while *

( 1)[ , ]NT n NT mX x y contains both exogenous and 

endogenous variables and ( )T NT
itU u R is the stacked vector of error terms itu .

However, the Cobb-Douglas specification of the distance function (Klein, 1953)

has been criticized for its assumption of separability of outputs and inputs and for 

incorrect curvature as the production possibility frontier is convex instead of concave. 

However, as pointed out by Coelli (2000), the Cobb-Douglas remains a reasonable and 

parsimonious first-order local approximation to the true function7. We also consider the 

translog output distance function, where the second-order terms allow for greater 

flexibility, proper local curvature, and lift the assumed separability of outputs and inputs. 

If the translog technology is applied, the distance function takes the form:

7 Therefore, we estimate the distance function under both Cobb-Douglas and translog specifications. We 
will discuss only for the translog distance function, as those for the Cobb-Douglas are qualitatively 
comparable.  These results are available on request.
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y x u i N t T
(2.6)

This can be written in the form of Eq.(2.1). Here X contains the cross-product 

terms as well as the own n input m-1 normalized output terms. 

* * * *
( 1) ( ( 1)/2) (( 1) /2) ( 1) )[ , , , , ]NT n NT m NT n n NT m m NT m nX x y xx y y xy , the latter of which appear 

in their normalized form owing to the homogeneity of the output distance function.

In the translog specification, our focus should be on the following key derivatives, 

which correspond to the input and output elasticities.  The derivatives are expressed as 

follows in Eq. (2.7) and Eq. (2.8).

*

1 2
,   1, 2,...,

n m

p p kp k pj j
k j

s x y p n (2.7)

*

2 1
,    2,...,

m n

j j jl j kj k
l k

r y x j m (2.8)

2.2.1. Frontier Estimation Methodology

In this subsection we describe our estimation methodology utilizing the 

semiparametric efficiency estimators summarized in Sickles (2005). We utilize Eq. (2.2)

and consider cases in which u and 1 2( , , )x x are independent but there is a level of 

dependency among the effects and the regressors. Eq. (2.1) can be reinterpreted as a 
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stochastic panel production frontier model introduced by Pitt and Lee (1981) and Schmidt 

and Sickles (1984). Although we may be on somewhat solid footing by invoking a central 

limit argument to justify a Gaussian assumption on the disturbance term itu , we may be 

far less justified in making specific parametric assumptions concerning the distribution of 

the i term, which in the stochastic frontier efficiency literature is interpreted as a 

normalized radial shortfall in a bank’s performance relative to the best-practice 

performance it could feasibly attain. While we can be confident in restricting the class of 

distributions of the inefficiency term to those that are one-sided (see the inequality in 

Eq.(2.3)), the heterogeneity terms are intrinsically latent and unobservable components 

and we encounter problems regarding identifiably of these parameters (Ritter and Simar 

(1997). The class of additional models we also use in our analyses are semi-parametric 

efficient (SPE) estimators and are well-suited to provide us with robust point estimates 

and minimum standard errors when we are unwilling to use parametric assumptions for 

the distribution of the heterogeneity terms and their dependency with either all or some of 

the regressors. The general approaches to deriving such semiparametric efficient 

estimators is discussed at length in Newey (1990) and Pagan and Ullah (1999), as well as 

in a series of papers by Park et al. (1998, 2003, 2007). Interested readers can find the 

derivations for the SPE panel stochastic frontier estimators we utilize in our empirical 

work below in the cited papers. The framework for deriving all of the estimators is 

somewhat straightforward and has much in common across the different stochastic 

assumptions on which the different SPE are based. 
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We utilize a particular SPE estimator in our analyses.  This estimator is detailed in 

Park et al. (1998).  We refer to this as the PSS1 estimator and it is an extension of the 

estimator introduced in Park and Simar (1994),which assumed that the effects were 

assumed to be independent of all of the regressors. We assume in the specification (2.2)

that the set of regressors 1,itx is conditionally independent of the individual unobserved 

random effects i given the set of correlated regressors 2,itx :

1 2 2 1 2( , , ) ( , ) ( | )f x x h x g x x (2.9)

Furthermore, it is assumed that i depends on 2,itx only through its long-run 

movement:

2, 2, 2,h( , x )=h ( , ) ( )i it M i it itx p x (2.10)

Here 2,h ( , )M i itx is a nonparametric multivariate density specified using kernel 

smoothers.  We will discuss our strategy for selection of the variables that are portioned 

into 1,itx and 2,itx .

In addition to the PSS1 SPE estimator, we consider an alternative approach that 

allows for time-varying heterogeneity, interpreted in the stochastic frontier literature as a 

normalized level of technical efficiency. The approach is parametric. Battese and Coelli 

(1992), henceforth BC, consider a panel stochastic frontier production function with an 

exponential specification of time-varying firm effects:

( , ) exp( )
{exp[ ( )]}

it it it it

it i

Y f X u
t T

(2.11)
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where 2 2~ (0, ) and ~ (0, )it u i vu NID NID are normal i.i.d. and non-negative 

truncated normal i.i.d., respectively.  Maximum likelihood estimators of the model 

parameters can be derived and mean technical efficiency can be constructed. 8

2.2.2. Quantile Regression

A final class of estimator we consider in our empirical analyses of banking 

performance is the panel quantile regression model. The th conditional quantile function 

of the response ity , the analog to Eq.(2.1), can be written as:

( | , ) ( )yQ Z X X Z u (2.12)

Note that in model (2.12) llowed to 

sources of unobserved heterogeneity that are not adequately controlled for by other 

’s) are restricted to be 

invariant with respect to the quantile but are allowed to be correlated with the x’s as they 

are modeled as fixed effects. As pointed out in Galvao (2011), in settings in which the 

time series dimension  is relatively large allowing quantile specific fixed effects is not 

feasible.

8 Alternatives to the BC specification of time varying heterogeneity, which has the same pattern but 
different intercepts for different firms, such as the Cornwell et al. (1990) estimator, required too much 
temporal variation in efficiency scores than the sample contained and we were unable to implement this 
estimator in our translog specification.  
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Koenker (1984) considered the case in which only the intercept parameter was 

permitted to depend upon the quantile and the slope parameters were constrained to be 

identical over selected quantiles. The slope parameters are estimated as regression L-

statistics and the individual effects are estimated as discretely weighted L-statistics.

The model we apply in this paper is the quantile regression fixed effects model for 

panel data developed in Koenker (2004), which solves the following convex 

minimization problem:

, 1 1 1
( , ) arg min{ ( ( ) )}

K N T
T

k it it k i it
k i t

v y x z (2.13)

where k indexes the K quantiles 1 2{ , ,..., }k , 0( ) ( )uu u I is a piecewise 

linear quantile loss function as defined in Koenker and Bassett Jr (1978), and kv are 

weights that control the influence of the quantiles on the parameter estimates. The choice 

of the latter are analogous to discreetly weighed L-statistics (Mosteller, 1946), a common 

choice of which is Tukey's trimean (Koenker, 1984).

2.3. Data

The bank sample is from the top 50 banks by book value assets (BVA), as of the 

third quarter of the year 2013, from quarterly Call Reports.  More precisely, we have 

quarterly data from 1Q1994 to 3Q2013, obtained from the “Consolidated Reports of 

Condition and Income for a Bank with Domestic and Foreign Offices - FFIEC 031” 

regulatory reports, expressed on a pro-forma basis that go back in time to account for 
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mergers. In order to illustrate, if a bank in 2008 is the result of a merger in 2008, pre-

2008 data is merged on a pro-forma basis (i.e., the other non-surviving bank’s data will 

be represented as part of the surviving bank going back in time). The rationale behind this 

methodology is to create a long historical data-set that controls for survival bias, and also 

that does not exhibit a distorted measure of Banks' growth. The Federal Reserve uses this 

data in order to estimate risk measurement models, such as the Bank Charge-off at Risk 

Model (Frye and Peltz, 2008), which is the basis of risk dashboards used for centralized 

bank supervision. While this sample design is not a common practice amongst academics, 

this does reflect methodologies used by banks in calibrating credit risk models, such as 

those used for Basel II and for CCAR.9

Table 2.1 summarizes key variables as of 3Q13, from the Call Reports for the top 

nationally chartered banks in the U.S. by total book value of assets (TBVA) at this time. 

We display details on the Top 10 out of 50 by TBVA in descending order (JP Morgan 

Chase, Bank of America, Citigroup, Wells Fargo, US Bank, Capital One, Bank of N.Y. -

Mellon, PNC, TD Bank and State Street) and distributional statistics on the Top 50. The 

data is extremely skewed in terms of size as measured by TBVA, with the average of the 

top 4 in BVA each in excess of the 95th percentile of $1.44 Trillion, and the Top 10 

comprising $8.19 Trillion (or 78.00%) out of the 10.50$ Trillion total, as compared to 

median (average) BVA of $81.77 ($233.4) Billion. There is similar extreme skew by the 

9 For more discussion of this issue the use of similar data in models for risk aggregation see 
Inanoglu and Jacobs (2009).
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value of total banking book loans (TBBL), with the average of the top 4 in TBVA in 

excess of the $747.1 Billion 95th percentile of TBBL, and the Top 10 comprising $3.85 

Trillion or (73.37%) out of the $5.25 Trillion total, as compared to median (average) 

TBBL of $42.88 ($116.6) Billion. We observe more extreme skew than even BVA in the 

value of trading assets (or total market risk exposure, TMRE), with the average of top 4 

in excess of the $99.70 Billion 95th percentile of TMRE, and the Top 10 comprising 

$534.3 Billion or (93.02%) out of the $574.4 Billion total, as compared to median 

(average) TMRE of $325.9 Million ($12.76 Billion). Similarly, total gross charge-offs 

(TGCO) are skewed toward the largest banks, with the average of top 4 in BVA each in 

excess of the $1.78 Billion 95th percentile of TGCO, and the Top 10 comprising $10.02 

Billion (or 83.60%) out of the $11.99 Billion total, as compared to median (average) 

TGCO of $5.36 Billion ($266.4Million). Finally for the dollar measures, total cash 

balances (TCB) are very concentrated in the largest banks, with the average of top 4 in 

BVA in excess of the $223.0 Billion 95th percentile of TCB, and the Top 10 comprising 

$ 1.52 Trillion (or 86.42%) out of the $ 1.76 Trillion total, as compared to median 

(average) TCB of $5.36 ($39.17) Billion. Charge-off ratios (CR) for many of the top 10 

are on the high side relative to the center of the distribution, 8 of them above (ranging in 

0.16%-0.67%) the median (average) in the broader sample of 0.13% (0.16%). There is a 

similar pattern with respect to liquidity ratios (LR), with many of the top 10 on the high 

side relative to the center of the distribution, 7 of them above (ranging in 9.35%-45.29%) 

the median (average) in the broader sample of 6.76% 11.47%.) Figure 2.1 through Figure 

2.5 represent several of these measures in time series on from the 1st quarter of 1994 

until the 3th quarter of 2013.
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Table 2.1 Characteristics of Top 50 Banks by Book Value of Assets as of 3Q2013                            
(Call Report Data 1994Q1-2013Q3)

Figure 2.1 shows the TBVA across the U.S. 45 out of 50 largest banks over time, 

reflecting the growth in the banking industry overall as well as of the largest banks, with 

TVBA increasing smoothly from around just under $4 Trillion in the early 1990's, to 

about $10 Trillion during the recent financial crisis and declining about 1 Trillion till 

2010 and then bouncing over $10 Trillion recently. Figure 2.2shows the quarterly TBBL 

from over this period, which shows a similar trend to TBVA, a secular upward trend of 

growth (from about $2.5 to nearly $5.5 Trillion in 2008), as well the financial crisis,

reflected dips of about $1 Trillion in the period 2008 to 2009, and increased slowly since 

then. In Figure 2.3, the time series of CRs clearly reflects the credit cycle, with previous 

peaks of 0.4% around early 2000s, and alarmingly near 1% by the end of 2009. On the 

other hand, in Figure 2.4, LRs display a markedly different pattern over time as compared 

to CRs, a secular decline from around 10% at the beginning of the sample period to 

around 6% from 1997 to 2001, and reaching up to about 16% after 2007 and fluctuating 
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since then to 17% the end of the sample period. Finally, in Figure 2.5, we see the ratio of 

trading assets to total assets displaying yet another different pattern to the other risk 

measures; it shows one peak at the year 2007 and sharp decline since then). In Figure 2.6

through Figure 2.10 we show the distributions of the 5 measures analyzed in Table 2.1

across the largest banks as of 3Q2013. The right skewness in all of these variables is 

evident.

Figure 2.1 Total Book Value of Assets
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Figure 2.2 Total Value of Loans

Figure 2.3 Average Ratio of Total Charge-off to Total Value of Loans
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Figure 2.4 Average Liquidity Ratios

Figure 2.5 Average Trading Assets to Total Assets
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Figure 2.6 Distribution of Total Book Value of Assets as of 2013Q3

Figure 2.7 Distribution of Total Value of Loans as of 2013Q3
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Figure 2.8 Distribution of Total Charge-off to Total Value of Loan Ratios as of
2013Q3

Figure 2.9 Distribution of Liquidity Ratios as of 2013Q3
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Figure 2.10 Distribution of Trading Assets to Total Assets as of 2013Q3

2.4. Empirical Results

Our specifications of the translog output distance functions are based on the 

intermediation interpretation of banking services wherein banks utilize deposits and other 

input factors to provide loan services as their outputs, see Sealey and Lindley (1977). The 

alternative production approach views deposits as outputs as opposed to inputs proposed 

by Baltensperger (1980).  Our analyses are based on a quarterly panel of the top 50 U. S. 

commercial banks ranked by their Book Value of Assets in the third quarter of 2013. Due 

to missing and questionable data entry we use 45 of these banks in our analyses. The five

output and six input variables used to estimate the distance function using both stochastic 

frontier analysis and quantile regression are:

Real Estate Loans (“REL”)

Commercial and Industrial Loans (“CIL”)
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Consumer Loans (“CL”)

Securities (“SC”)

Off-Balance-Sheet Activities (“OFF”)

Premises & Fixed Assets (“PFA”)

Number of Employees (“NOE”)

Purchased Funds (“PF”)

Savings Accounts (“SA”)

Certificates of Deposit (“CD”)

Demand Deposits (“DD”).

The risk proxies are:

CREDIT RISK: Gross Charge-off Ratio (“CR”)

LIQUIDITY RISK: Liquidity Ratio (“LR”)

MARKET RISK: Trading Assets to Total Assets Ratio (“MR”).

Anticipating the discussion to follow, the overall conclusion of our empirical 

analyses is that the largest surviving banks - in spite of tremendous growth in the last 20 

years - have experienced a diminished capacity to provide loan services as they took on 

increasing levels of risk. This is reflected in a decline in efficiency as implied by the 

econometric models that allow efficiency levels to vary temporally. In addition, larger 

banks have lower scale efficiency levels. There is no evidence of scope economies.  

Finally, there is no evidence of economies of scale for the large banks in our sample.

The elasticities of six inputs and three outputs are evaluated at the sample mean of 

the data points, in Table 2.2, with the standard errors are reported in the parenthesis. We 

utilize a non-parametric bootstrap following Efron and Tibshirani (1986), which is 
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implemented through 1,000 iterations where in each run, 45 banks are chosen with 

replacement and 79 quarters are chosen with replacement, and the model is re-estimated.

Since our dataset is mean deflated prior to estimating the distance function, the first 

derivatives expressed in Eq.(2.7) and Eq.(2.8) will simply be equal to the first order 

coefficients when evaluated at the sample mean.

The elasticity estimates shown Table 2.2 in are consistent with the monotonicity. 

The six inputs elasticities have negative signs, and the three outputs elasticities have 

positive signs. Alternatively, all of the input variables (Premises and Fixed Assets, 

Number of Employees, Purchased Funds, Savings Accounts, Certificates of Deposit and 

Demand Deposits) contribute positively to the output, albeit vary in magnitude. 

Compared with the other inputs, SA and DD have greater impact. NOE is also an 

important input source albeit has less impact than SA and DD; while the estimates of 

PFA and CD have similar magnitude.  PF has the smallest impact in all the inputs. 

Across most models, our estimates suggest no evidence on increasing returns to 

scale since the numbers are varying closely around 1. Turning our attention to the 

controls for risk, which are displayed in the last three rows in Table 2.3 to Table 2.6, we 

observe that in all have generally positive signs on coefficient estimates, which have the 

interpretation that all else equal, risk taking activities decrease output, as more risk is 

detrimental and reduces the capacity of the banks to make loans. The magnitudes of the 

coefficient estimates of Credit Risk(CR) are around 10 times smaller than Liquidity Risk 

(LR).  As LR is proxied by the liquidity ratio (cash balance/total assets) one might one 

first blush expect a negative sign on the coefficient since the positive signs indicated by 
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all of the estimators indicates that increases in the LR reduce the level of intermediation 

services provided by the bank.  It is clear from our estimates that these banks are not 

managing their liquidity optimally, controlling for market and credit risk.   

Table 2.2 The Elasticity Estimates Evaluated at Sample Mean
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Table 2.3 Stochastic Frontier Estimates for translog Distance Function
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Table 2.4 Stochastic Frontier Estimates for translog Distance Function (Continued)
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Coefficient estimates on all the three risk proxies are generally the same across 

models using both stochastic frontier analysis and quantile regression. The positive signs 

on the coefficient estimates indicate that greater LR, CR or MR inhibits output. The 

estimates on MR are generally much less substantial across models; the estimates on LR 

consistently have more substantial across models than the other two risk proxies. These 

results regarding LR and MR support the policy argument that banks should be restricted 

from engaging in highly risk activities, such as proprietary trading, and encouraged to 

maintain an appropriate liquidity ratio. More generally, our results taken in totality lead 

to the sensible implication that banks which stray from their core competencies will 

provide less intermediation services and should shrink over time.

In Figure 2.11 and Table 2.5 and Table 2.6, we summarize the estimation results 

of the quantile regression fixed effects model for panel data. We estimate these models in 

the R statistical programming language v2.14.0 (R Core Development Team, 2010) using 

the quantreg 4.76 package by Koenker (2009), which the authors adapt and extend in 

order to produce longitudinal data results as well as to produce more reliable statistical 

inference. From the figure below, we can see that the quantile regression estimates on the 

elasticities, represented in black lines, are compatible with those from Fixed Effect 

model, which are denoted in the red lines. The elasticity estimates are not varying 

significantly across quantiles, but the estimates on Credit Risks and Liquidity Risks have 

dis played a distinctive increasing pattern.  
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Table 2.5 Panel Quantile Regression for translog Distance Function
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Table 2.6 Panel Quantile Regression for translog Distance Function (Continued)
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Figure 2.11 Panel Data Quantile Regression Elasticity Estimates

Economies of scope, displayed in below, are constructed following Hajargasht et 

al. (2008), who derive the expression for economies of scope in terms of the derivative of 

the distance functions utilizing the duality between the cost and input distance functions. 

The economies of scope between outputs i and j can be calculated using the derivatives of 

the output distance function as follows.

1/ ' [ ']yy y y yy yx xx x x xyC C D D D D D D D D (2.14)

Our dataset is centered on the geometric mean of all observations.  Results are 

essentially the same when we center at the median time period as well.  This enables us to 
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more transparently interpret the translog results.  Economies of scope evaluated at the 

sample geometric means for the median time period can be calculated following this 

formula in Eq.(2.15).  A positive sign represents scope diseconomies.

1 11 1
1

1

12
1 1 11 1 1 1 11 1 1 1 1 1 11 1 1

2
1 1 1 1 1 1

' [ ']

2 2

2 2
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y y yy yx xx x x xy
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(2.15)

For the standard errors of the scope economy measures, we bootstrapped 1000 

times within our dataset.  Based on sample measures, it is suggested that there is no 

evidence of economies of scope across all models among the three different types of 

loans evaluated at the sample mean point. Our results are consistent with the findings of 

Hughes and Mester (1993).  They base their analysis on the translog cost dual to our 

primal output distance function.  We both find no evidence of scale economies for the 

largest banks or significant scope economies. It is not clear that alternative nonparametric 

approaches such as the local linear approximations utilized by Wheelock and Wilson

(2012) are directly comparable to our results given their focus on banks of varying sizes 

and the substantial differences in number of parameters for such models.  Constructing 

tests for the regularity conditions of the dual cost function from such innovative 

nonparametric approaches is a research issue that requires more study.  
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Table 2.7 The Scope Economies Estimates
Figure 2.12 below summarizes the results of the stochastic frontier estimation in 

terms of average efficiencies across the different estimators in each quarter. Efficiency 

levels range between about 0.10 to 0.4 using time-invariant estimators and with a 

downward trend using the BC model, whose specification requires that the temporal 

pattern is linear and monotonic and thus the decline in average efficiency over the sample 

period from 75% to 70%. This trend is probably due to the substantial downturns in the 

recent period of the Great Recession and the financial meltdown. 

The relationship between efficiency levels and bank sizes is also explored. From

Figure 2.13, we can see that the largest banks do not necessarily have highest technical 

efficiencies; instead, the efficiency levels are fluctuating as bank sizes change.
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Figure 2.12 Estimated Efficiencies using all Estimators

Figure 2.13 Efficiency Levels and Bank Sizes
We further analyze the relationship between bank sizes and the Output Scale 

Efficiency ("OSE"). The derivation of this estimator follows Balk (2001).
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where the ( , )t
oOTE x y is the output efficiency using cone technology (i.e., constant 

returns to scale - "CRS".) As we can see in Figure 2.14, which plots this OSE versus size 

ranking, the scale efficiencies estimated using time-invariant estimators are increasing 

with fluctuations as bank sizes decrease (the ranking numbers increase). The scale 

efficiency level using BC estimator10, although displays a more fluctuating pattern than 

those using time-invariant estimator, still suggests that large banks do not necessarily 

have higher scale efficiency levels. 

Figure 2.14 Scale Efficiency Levels and Bank Sizes

10 For the BC estimator, we use the average-over-time scale efficiency level.
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2.5. Conclusion and Directions for Future Research

This study represents a contribution to the recent dialogue that has arisen in the 

wake of the recent financial crisis, a reexamination amongst regulators, practitioners and 

academicians of the conventional wisdom regarding the implications of the spectacular 

growth of the financial sector of the economy. Previously, there was a widespread belief 

the "bigger is better", with arguments underpinning this view ranging from potential 

economies of scale and scope, to a better competitive stance at the international level. We 

have seen this logic reversed in the post-crisis world to some degree, as for several 

reasons large banks have come to be viewed as a source of trouble and concern for policy 

makers and regulators.

We have addressed this controversy through an empirical analysis of the 

efficiency of U.S. banks with respect to their size and scope. This study utilized a new 

data-set  of bank history, a panel of financial measures derived from supervisory Call 

Reports in the period 1994-2013, from which we construct the variables used in both the 

frontier estimation and quantile regression analyses (inputs and outputs, as well as 

controls for 3 major risk types - credit, market and liquidity.) In this exercise we have 

been able to develop both policy implications and also evaluate potential analytical tools

for supervisors.

The conclusion of the stochastic frontier estimation is that in spite of growing, the 

largest U.S. surviving banks have decreased technical efficiency over the last 20 years. 

This has occurred as they took on increasing types of risk, and this is reflected in an 

overall decline in efficiency since early, as implied by the econometric model that allow 
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this to vary temporally. The estimation results also revealed no evidence on increasing 

returns to scale or scope across models. According to the time-invariant estimators, there 

is no positive correlation between bank size and technical efficiencies, and neither exists 

such a relationship between size and scale efficiencies. We found that credit, liquidity 

and market risks are deleterious to efficiency, which has implications for the argument 

that banks should be restricted to traditional banking activities in their zone of 

competence. The panel quantile regression results were generally consistent with the 

stochastic frontier estimation, albeit with estimates not varying greatly across quantiles. 

Furthermore, the implied efficiencies here are uniformly lower in the quantile 

regressions, than for the other time-invariant frontier estimators.

This paper has both policy implications and also evaluates various econometric 

techniques as potentially valuable analytical tools for supervisors. First, our results 

highlight the importance of the prudential supervisory role in controlling the level of risk 

in the banking sector, as we have documented that the elevation in risk measures coupled 

with the growth of the sector has resulted in declining measures of efficiency, a result that 

is robust to several econometric specifications. The policy implication is that we may 

want a better capitalized and somewhat smaller banking system, as this is likely to imply 

a more efficiently functioning banking industry. Second, the finding that market and 

liquidity risk dominate the influence of credit risk implied in the Volcker Rule debate, 

that regulators may wish to seriously consider restricting banks from dangerous activities 

such as speculative proprietary trading, and rather focus on their core competency of 

making loans. There are several fruitful avenues of extension for this research program. 

We may pursue alternative data-sets, such as other financial service types of firms (e.g., 
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insurers, brokers), or data from other jurisdictions. We may expand our set of explanatory 

variables, with alternative controls (e.g., size, leverage, capitalization), or an expanded set 

of inputs (e.g., a measure of technological change.) Finally, we may expand our suite of 

alternative models, thereby seeking out further robust tools for the use by supervisors.
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Chapter 3

Bayesian Treatment to Panel Data Models with 

an Application to the Translog Distance 

Function

3.1. Introduction

In this paper, we consider two panel data models with unobserved heterogeneous time-

varying effects, one with individual effects treated as random functions of time, the other with 

common factors whose number is unknown and their effects are firm-specific. This paper has two 

distinctive features and can be considered as a generalization of traditional panel data models. 

Firstly, the individual effects that are assumed to be heterogeneous across units as well as to be 

time varying are treated nonparametrically, following the spirit of the model from Kneip et al. 

(2012). In order to control for the unobserved heterogeneous individual effects and avoid 

misspecification, the work in Park and Simar (1994) and the series of papers of Park et al. (1998,
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2003, 2007) focused on semiparametric efficient panel data estimators under a variety of

specifications, including models in which misspecified dynamics may cause the idiosyncratic 

error to follow autoregressive patterns of various forms. Of course such misspecified dynamics 

may also be due to individual specific heterogeneous dynamic effects. As the unobserved 

heterogeneity requires more generalization, substantial research has been concentrated on the 

estimation of the time-varying heterogeneous individual effects. Cornwell et al. (1990) extended 

the basic fixed effects and random effects models to allow for time-varying efficiency using a 

quadratic function of time for each cross-sectional unit. Battese and Coelli (1992) considered an 

exponential specification of time-varying firm effects for panel data using a stochastic frontier 

production function. However, both of these time-varying estimators have imposed specific 

parametric assumptions on the time effects. KSS, on the other hand, treated the time-varying 

heterogeneity nonparametrically. Their approach is based on a factor model, where the effects are 

represented by linear combinations of a small number of unknown basis functions with cross-

sectional heterogeneous coefficients. 

The other aspect of our generalization is that we propose a Bayesian framework to 

estimate the two panel data models. There are several advantages of the Bayesian approach. First, 

following the Bayesian perspective of random coefficient models, (Swamy (1970); Swamy and 

Tavlas (1995) the model in this paper will not subjectively assume a common functional form for 

all the individuals. Swamy and Tavlas (1995) point out that subjective processes may vary among 

individuals and fixed parametric values of the parameters that describe this functional relationship 

may not be well-defined. Moreover, a Bayesian approach may circumvent the theoretically 

complex as well as the computationally intense nature of nonparametric or semiparametric 

regression techniques (Yatchew, 1998) and the need to rely on asymptotic theory for inference 

(Koop and Poirier, 2004).
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The literature incorporating a Bayesian approach to panel data models with applications 

in stochastic frontier analysis has been growing in the last two decades. The approach was first 

suggested by Van den Broeck et al. (1994), which considers a Bayesian approach under the 

composed error model. Koop et al. (1997) has established a Bayesian setting where the fixed and 

random effect models are defined; they also applied Gibbs Sampling to analyze their model.

Bayesian numerical integration methods are described in Osiewalski and Steel (1998) and used to 

fully perform the Bayesian analysis of the stochastic frontier model using both cross-sectional 

data and panel data. However, the individual effects are assumed to be time-invariant in the 

papers listed above, which is inappropriate in many settings; for example, in the stochastic 

frontier analysis, the technical inefficiency levels typically adjust over time. In order to address 

the temporal behavior of individual technical efficiency effects, Tsionas (2006) considers a 

dynamic stochastic frontier model using Bayesian inference, where the inefficiency levels are 

assumed to evolve log-linearly. In the same spirit as Tsionas (2006), our paper will also use the 

Bayesian integration method and a Markov chain based sampler or Gibbs sampler to provide 

slope parameter and heterogeneous individual effects inferences. By drawing sequentially from a 

series of conditional posteriors, a sequence of random samples can be obtained, which will 

converge to a draw from the joint posterior distribution. Additionally, a desirable characteristic of 

the Bayesian analysis in this paper is that no conjugate priors are imposed for the individual 

effects; i.e. we do not require effects to follow a normal prior distribution to ensure that the 

posterior are in the same family of the prior as with the conjugate prior assumption imposed in 

classical Bayesian linear regression model. The prior assumption is only imposed on the first-

order or second-order difference of the individual effects; therefore, this approach can be applied 

to more general cases. One of the primary differences of this paper from Tsionas (2006) is that no 

parametric form is assumed on the evolvement of the effects; or the effects are treated 

nonparametrically. It will be shown in Section 4 that the Bayesian estimators proposed here 
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consistently outperforms some representative parametric as well as nonparametric estimators 

under various scenarios of data generating processes.

The rest of this paper is organized as follows. Section 2 describes the first model setup 

and parameter priors. The Bayesian inference procedures are explained in section 3. Section 4 

introduces the second model and the corresponding Bayesian inferences, followed by section 5, 

which presents our Monte Carlo simulations results. The estimation of the translog distance 

function is briefly discussed and the empirical application results of the Bayesian estimation of 

the multi-output/multi-input technology employed by the U.S. banking industry in providing 

intermediation services are presented in section 6. Section 7 provides concluding remarks.

3.2. Model 1: A Panel Data Model with Nonparametric Time Effects

The first model in this paper is based on a balanced design with T observations for n

individual units. Thus, the observations in the panel can be represented in the form

( , ), 1,..., ; 1,...,it ity x i n t T , where the index i denotes the ith individual units, and the index t

denotes the tth time period. 

A panel data model with heterogeneous time-varying effects is expressed as 

' ,  1,..., ; 1,...,it it i itY X t v i n t T (3.1)

where itY is the response variable, itX is a 1p vector of explanatory variable, is a 

1p vector of parameters, and the unit specific function of time i t is a nonconstant and 

unknown individual effect. We make the standard assumption for the measurement error that

2(0, )itv NID .

The model can also be written in the form below,
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'
it it it itY X v (3.2)

where it is the time-varying heterogeneity and assumed to be independent across units. 

This assumption is quite reasonable in many applications, particularly in production/cost 

stochastic frontier models where the effects are measuring the technical efficiency levels. A 

firm’s efficiency level primarily relies on its own factors such as its executives’ managerial skills, 

firm size and operational structure etc. and should thus be heterogeneous across firms. These 

factors are usually changing over time and so does the firm’s efficiency level; therefore, it makes 

more sense to assume the efficiency level to be time varying too. 

For the ith individual, the vector-form expression is presented as: 

,  1,...,i i i iY X v i n (3.3)

where ,i iY X and i are vectors of T dimension.

When applying our model into the field of stochastic frontier analysis, the estimation of 

and inference on the individual effects  or i itt , which represent the time-varying technical 

efficiency levels, will be as important as that of the slope parameters. 

The difference of our model from those using Bayesian approaches in the 

literature is that no specific parametric form for the prior of the unobserved 

heterogeneous individual effects is imposed. Instead of resorting to the classical 

nonparametric regression techniques as they did in (Kneip et al., 2012),  a Markov Chain 

Monte Carlo algorithm is implemented in the Bayesian inference to estimate the model. 

This paper can be considered as a generalization of Koop and Poirier (2004) to the case 

of panel data including both individual-specific and time-varying effects. Moreover, it 
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does not rely on the conjugate prior formulation for the time varying individual-effects, 

which can be too restrictive and undesirable. 

A Bayesian analysis of the panel data model set up above requires a 

on

the posterior using Bayesian learning process:

, , | , , , , ( , ; , , )p Y X p l Y X (3.4)

i as expressed below is not strictly assumed to 

follow a normal distribution; instead, it is only assumed that the first-order or second-

i follows a normal prior.

1 2 2

1
exp exp

2 2

n i i
ni

Q
p I Q (3.5)

whereQ D D , and D is the 1T T matrix whose elements are 1ttD , for t 

=1,…,T�1; 1, 1t tD for all t = 2,…,T and zero otherwise. The information implied by this 

prior is that , , ~ (0, ), or 2
1~ 0,

IID
i TD N I is a smoothness parameter which 

assumed to have its own prior, which is explained in next session. Given the continuity and first-

order differentiability of ( )i t , this assumption says that the first derivative of the time-varying 

function ( )i t in Eq.(3.1) is a smooth function of time. The second-order differentiability 

assumption can be an alternative, which is implied by 2
, 1 , 22 ~ 0,it i t i t N or 

2 2
1~ 0,

IID
i TD N I and (2)' (2)Q D D .
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A noninformative prior distribution is assumed here for the joint prior
2 in Eq.(3.6).

1( , )p (3.6)

or equivalently the prior distribution is uniform on ( , log ) .

Therefore, with the assumptions on the priors above, we have adopted the following 

form for the joint prior:

1 1
1 2 2

1
, , exp exp

2 2

n i i
ni

Q
p I Q (3.7)

After a specific dataset is applied, the likelihood function under this model is the 

following expression,

2

1( , ; , , ) exp{ ( ) '( )}
2

NTl Y X Y X Y X (3.8)

The likelihood is formed by the product of NT independent disturbance terms which 

follow normal distribution 2).

With Bayes’ Theorem applied, the probability density function is updated utilizing the 

information from the dataset, thus the joint posterior distribution is derived in Eq.(3.9).

1

2

2

1
, , | , , exp{ }

2
1

                           exp{ }
2

nT

n

p Y X Y X Y X

I Q
(3.9)

To proceed with further inference, we need to solve the posterior above in Eq.(3.9)

analytically; however, this posterior is not of standard form, and taking draws directly from it is 

problematic. Therefore, Markov Chain Monte Carlo techniques are considered to implement the 

inference for the model. Specifically, Gibbs sampling will be used to perform the Bayesian 
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inference. The Gibbs sampler is commonly used under Bayesian inference because of the 

desirable results that iterative sampling from the conditional distributions will lead to a sequence 

of random variables converging to the joint distribution. A general discussion on the use of Gibbs 

sampling is provided in Gelfand and Smith (1990), in which Gibbs sampler is also compared with 

alternative sampling-based algorithms. For more detailed discussion on Gibbs sampling, one can 

refer to Gelman et al. (2003). Gibbs sampling can be well-adapted to sampling the posterior 

distributions here since a collection of conditional posterior distributions are easily derived.

The Gibbs sampling algorithm used in this paper generates a sequence of random samples from 

the conditional posterior distributions of each parameter, in turn conditional on the current values 

of the other parameters, and it thus generate a sequence of samples that constitute a Markov 

Chain, where the stationary distribution of that Markov chain is just the desired joint distribution 

of all the parameters. 

function in Eq.(3.8) to the following form.

2

2

1
( | , , ) exp{ ( )'( )}

2
1

exp{ [( ) '( ) ( ) '( ' )( )]}
2

NT

NT

p Y Y X Y X

Y X Y X X X
(3.10)

where 1ˆ X X X Y .

The joint posterior can thus be rewritten in the form below:

1

2

2

1
, , | , , exp{ }

2
1

exp{ [( ) '( ) ( ) '( ' )( )]}
2

nT
np Y X I Q

Y X Y X X X
(3.11)
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with mean ˆ and covariance matrix 12 X X since the following distribution is derived from 

Eq.(3.11).

2

1
| , , , , exp{ ( )'( ' )( )}

2
p Y X X X (3.12)

12ˆ| , , , , | ,  kY X f X X (3.13)

In order to derive the conditional distribution of the individual effect i , rewrite the joint 

posterior distribution in the following way:

1

2 2

1
1 12 2

, , | , ,

1 1
exp{ }

2 2
1 1

exp{ ' }
2 2

nT
n

n nnT
i i i i i i i ii i

p Y X

Y X Y X I Q

Y X Y X Q

(3.14)

Therefore, under the assumption that the effect i ’s are independent across individuals, 

the conditional posterior distribution of | , , , , , ,i j j i Y X is the same as that of

| , , , ,i Y X , and it is distributed as a multivariate normal with mean î and covariance 

matrix V as displayed in Eq.(3.15). The detailed derivation is presented in Appendix A. 

2 2ˆ| , , , , , , ~ | , , , , | ,  i j i T i ij i Y X Y X f V (3.15)

where 2
î i iV y X and 12 2

TV Q I for 1,...,i n .

Writing the conditional posterior distribution in the form given by Eq.(3.16), it is 

clear that the sum of the squared residuals over the unobserved variance 
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2/Y X Y X has the a Chi-squared distribution with nT degree of 

freedom as shown in Eq.(3.17).

2 2 /2 1
2

1
| , , , , ( ) exp{ }

2
nTp Y X Y X Y X (3.16)

2
2

| , , , , nT

Y X Y X
Y X (3.17)

treated as constantly, its conditional posterior distribution can also be derived. Supposed 2
2 ~ n
q ,

where ,  0n q hyperparameters, the conditional posterior distribution of 2 is derived as:

1 1 2
2 2

| , , , , ~ | , , ~

n n
i i i ii i

n n

q Q q Q
Y X Y X (3.18)

Obviously, the hyperparameters n and q control the prior degree of smoothness that is 

imposed upon the it s. Generally, small values of the prior “sum of squares” /q n correspond to 

smaller values of and thus a higher degree of smoothness. 

with cross validation under a 

Bayesian context, which is similar to that in a classical nonparametric regression. The basic idea 

of the cross validation method is to leave the data points out one at a time and to choose the value 

of the smoothing parameter, under which the missing value points are best predicted, by the 

remainder of the data points.

Let , , . The posterior distribution for a specific value of the smoothing 

parameter is | , ; |p Y L Y p . If we omit the block of time observations for unit i ,
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we have the posterior | , ; |i i i i ip Y L Y p . Suppose now we have a set of 

draws ( )
, , 1,...,s
i s S from | ,i iY . It is easy to compute the posterior means

1
, ,1

S s
i is

S and, as a result, the cross validation statistic is

1
, , , ,1

( ) ( ) ( ) ( )
n

i i i i i i i ii
CV nT y X y X (3.19)

The problem is that we do not have draws from | ,i iY but only from | ,Y .

However, the posteriors | ,i ip Y and | ,p Y should be fairly close. Therefore, to 

produce such draws we use the method of sampling importance resampling (SIR): if a sample 

( ), 1,...,s s S from a distribution with kernel density ( )g is available and if the existing 

sample is resampled with probabilities
( ) ( )

( ) ( )
1

( ) /

( ) /

s s

s S r r
r

f g
W

f g
, for 1,...,s S , then it can be 

transformed to a distribution with kernel ( )f , In our context, the existing sample from 

| ,p Y is transformed to an approximate sample from | ,i ip Y using

( ) ( ) ( ) ( )( ) ( ) ( )
( )2 2

1 1
exp

2 2
s s s ss T s s

s i i i i i i i is
w y X y X Q , and 

1
/

S
s s rr
W w w . The 

size of the resample is set to 20% of the original sample. For each specific value of , the 

posteriors | ,i ip Y are simulated using SIR for each 1,...,i n , and the value of that 

yields the minimum of ( )CV is determined.

A useful byproduct of this approach is that it yields samples ( ) ( ) ( ), ,s s s
i i i

, which 

represent all the parameters except one individual block i. These samples and the posteriors 

approximated can be useful when sensitivity analysis with respect to the observations is 

necessary. 
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This paper uses a Gibbs sampler to draw observations from the conditional posteriors 

from Eq.(3.13) to Eq.(3.17) with data augmentation. Draws from these conditional posteriors will 

eventually converge to the joint posterior in Eq.(3.9). Since the conditional posterior distribution 

(3.13), it will be straightforward 

to sample from it.

For the individual effects i , sampling is also straightforward since its conditional 

posterior follows a multivariate normal distribution with mean vector î and covariance matrix 

2 2V as expressed in Eq.(3.15).

Finally, to draw samples from the conditional posterior distribution function for the 

draw samples directly from that of 2/Y X Y X , which is shown in 

Eq.(3.16) to follow a chi-squared distribution with degree of freedom nT. Secondly, assign the 

values of /Y X Y X Chi rnd to 2 , where Chi rnd is the generated 

random variable that follows 2
nT in the first step.

3.3. Model 2: A Panel Data Model with Factors 

We consider another panel data model, where the effects are treated as linear combination 

of unknown basis functions or factors.                     

1

G
it it t i it it tg ig itg
y x v x v (3.20)

where t is a 1G vector of common factors, and i is a 1G vector of individual-

specific factor loadings. For the i th individual we have
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1 1 1 1

,  1,2,...,i i i i
T T k k T G G T

y X v i n (3.21)

For the t th time period we have     

1 1 1 1

,    1,2,...t t t t
n n k k n G G n

y X v t T (3.22)

for each 1,...,t T , where 
1

 

T

, and 
1

 

n

.

If we set 1 1t , then it acts as an individual-specific intercept. Effectively, the first 

column of contains ones. The model for all observations can be written as

n TY X I v X I , where vec , and vec .

This model setting follows that in Kneip et al. (2012), and it satisfies the structural 

assumption, which is Assumption 1 from that paper.

Assumption 1:  For some fixed {0,1,2,...}G T , there exists a G-dim space TL , such 

that ( ) 'i t it holds for with probability 1.

We define the priors similarly to Model 1. Regarding the slope parameter and variance 

of the noise term , we still assume a noninformative prior 1,p . For the common 

factors it is reasonable to assume

1 11
1 2 2 2

( ) ( ) 1
, ,..., exp exp

2 2

T
t t t tt

Tp tr Q (3.23)
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This assumption is consistent with the idea that common factors evolve “smoothly” over 

time, and the degree of smoothness is controlled by the parameter and 0 0 . For the loadings 

we can assume ~ ,
IID
i GN . An alternative is to avoid the proliferation of factors by 

constraining stochastically the loadings to approach zero in the following sense: If 

1 ,..., G
n G

, then 2
1 ~ ,n nN I , 2~ ,  g g

g nN , for 1,...,g G ,  and 

, are parameters between zero and one.

The posterior kernel distribution is

2
1 11 1 1 2

2 2 1

( ) ( )
, , , | , exp |

2 2

n T T
it it t i t t t t nnT i t t

ii

y x
p Y X p

(3.24)

where denotes any hyperparameters that are present in the prior of i s. When 

~ ,
IID
i GN we have

2
1 11 1 1 1

2 2

/2 1
1

                                     , , , , , | ,

( ) ( )
exp

2 2

1
            exp ,

2

n T T
it it t i t t t tnT i t t

n n
i ii

p Y X

y x

p

(3.25)

where ,p denotes the prior on the hyperparameters. A reasonable choice is 

|p const., and 1 /2 11
exp

2
p A , which leads to:
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2
1 /2 1 11 1 1 1 1

2 2

                                                , , , , , | ,

( ) ( ) 1
exp

22 2

n T T
n it it t i t t t tnT i t t

p Y X

y x
tr A

(3.26)

where 
1

n
i ii

A A .

In order to proceed with the Bayesian inference, we also use the Gibbs Sampling 

algorithm. In this scenario, the implementation of Gibbs sampling is quite straightforward since 

we can derive analytically the following marginal posteriors for the parameters we are interested 

in.

1 12| , , , , , , ~ , ,  where k nY X N X X X X X Y I (3.27)

2
2

| , , , , ~n n
nT

Y X I Y X I
(3.28)

1 1
1

| , , , , , , , ~ | , , , ~ ,  
n

G ii
Y X Y X N n n (3.29)

1 /2 11
| , , , , , , exp

2

n
p Y X tr A (3.30)

12 2 1ˆ| , , , , , ~ ,  i G iY X N (3.31)

where 12 1 2 1
î ie , i i ie y X , for each 1,...,i n .

12 2 2 2ˆ| , , , , , , , , ~ ,  2t G t GY X t N I (3.32)

where 12 2 2 2
1 1

ˆ 2t G t t tI e , t t te y X , for each 

1,...,t T .
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Using a Gibbs sampler, we can draw observations from the marginal posteriors from Eq. 

(3.27) to Eq.(3.32) with data augmentation. Draws from these conditional posteriors will 

eventually converge to the joint posterior in Eq.(3.26). Since the conditional posterior distribution 

(3.27), it will be straightforward 

to sample from it. To draw samples from the conditional posterior distribution function for the 

y draw samples directly from 

that of 2/Y X Y X , which is shown in Eq.(3.28) to follow a chi-squared 

distribution with degree of freedom nT, then assign the values of 

/Y X Y X Chi rnd to 2 , where Chi rnd is the generated random 

variable that follows 2
nT in the first step. 

For the mean parameter , sampling is also straightforward since its conditional posterior 

follows a multivariate normal distribution; the variance matrix follows an inverted Wishart 

distribution and can thus be drawn directly. 

For the unknown common factors i , and the corresponding factor loadings t , we can 

draw directly from multivariate normal distribution following Eq.(3.31) and Eq.(3.32)

respectively. 

Up till now, we assume the number of factors is known as G. Now, we need to find what 

G is under a Bayesian way. We consider models with G=1, 2,…,L. Suppose , Gp and 

, ; ,GL Y G denote the prior and likelihood, respectively, of a model with G factors, where is 

the vector of parameters common in all mo G denotes a vector of 
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( ) , ; , ,G G G GM Y L Y G p d d . For models with different number of factors, say G and 

G we can consider the Bayes factor in favor of the first model and against the second:

, ; , , ( )
( ), ; , ,

G G G G

GG G G

L Y G p d d M Y
BF

M YL Y G p d d
(3.33)

Essentially, what is required is the ability to generate MCMC draws from models with 

different numbers of factors and record the draws ( ) , 1,...,s
G s S , for 1,2,...G Then from the 

candidate’s formula introduced by Chib (1995) , we have 
| ,

( )
| ,G

Y G
M Y

p Y G
P

, where the 

numerator | , , ; , ,G G GY G L Y G p dP , and the denominator 

| , , | ,G Gp Y G p Y G d , the normalized

only. Given a point ˆ , for example, the marginal likelihood can be estimated as:

ˆ ˆ; ,
( )

ˆ | ,
G

L Y G p
M Y

p Y G
,

where the denominator is estimated using the Laplace approximation:

1/2/2ˆ | , 2 Kp Y G S ,

where 1 ( ) ( )
1

ˆ ˆS s s
s

SS , and K is the dimensionality of .

Computation of the marginal likelihood requires the computation of the integral in the 

numerator | ,Y GP with respect to and . As this is not available analytically, we adopt the

following approach. 
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, ; , ,
| , , ; , , G G

G G G G G
G

L Y G p
Y G L Y G p d q d

q
P (3.34)

where Gq is a convenient importance sampling density. We factor the importance 

density as 
1 1

T n
G t t i it i

q q q , where tq and iq are univariate densities. The 

densities are chosen to be univariate Student-t with 5 degrees of freedom, with parameters 

Then the integral in (2) is estimated using standard importance sampling. The standard deviations 

are multiplied by constants h and h , which are selected so that the importance weights are as 

close to uniformity as possible. Specifically we try 100 random pairs in the interval 0.1 to 10 and 

select the values of h for which the Kolmogorov-Smirnov test is lowest. Of course, acceptance of 

the uniformity is not possible but the weights so selected are not concentrated around zero with a 

few outliers. Finally we truncate the weights to their 99.5% confidence interval but in very few 

instances this has been found necessary as outlying values are only rarely observed. There is 

some evidence that changing also the degrees of freedom of the Student-t provides some 

improvement but we did not pursue this further as the final results for Bayes factors were not 

found to differ significantly.

Given marginal likelihoods ( )gM Y , 1,...,g G , posterior model probabilities can be 

estimated as

1

( ) ,  1,...,g
g G

gg

M Y
p Y g G

M Y
(3.35)

The posterior model probabilities summarize the evidence in favor of a model with a 

given number of factors.
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3.4. Monte Carlo Simulations

To illustrate the model and inspect the finite sample performance of the new estimators 

using the Bayesian approach with nonparametric individual effects specification and with the 

factor model setting (BE1 and BE2 henceforth), Monte Carlo experiments are carried out in this 

section. The performance of the Bayesian estimator is compared with the parametric time-variant 

estimator BC, the estimators proposed by (Cornwell et al., 1990)- within estimator (CSSW 

hereafter) and GLS estimator(CSSG henceforth)- and the (Kneip et al., 2012) estimator utilizing 

the nonparametric regression techniques (KSS henceforward) based on a factor analysis.

Consider the panel data model(3.2), which can be written in the sum form: 

1

p
k

it k it it it
k

Y X v . Samples of size n = 50, 100,200 with T = 20, 50 in a model with p = 

2 regressors are simulated. In each sample of the Monte Carlo experiments, the regressors itX are 

randomly drawn from a standard multivariate normal distribution (0, )pN I . The disturbance term 

2 is randomly drawn from the 2(0,0.1 )IIDN .

The time-varying individual effects are generated by the following DGPs respectively, 

which includes as many different types of parametric forms such as quadratic function of time 

trend, random walk, the functional form capturing significant temporal variations. 

DGP1: 2
0 1 2( / ) ( / )it i i it T t T

DGP2: it i tr

DGP3: 1 2/ cos 4 / / sin 4 /it i it T t T t T t T

DGP4: 2
0 1 2 1 2( / ) ( / ) / cos 4 / / sin 4 /it i i i i t i it T t T r t T t T t T t T
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where ( 0,1,2)ij j is drawn i.i.d. from a standard normal distribution N(0,1), 

. . . (0,1)i i i d N , 1 , . . . (0,1)t t t tr r i i d N , ( 1, 2) . . . (0,1)ij j i i d N .

DGP1 specifies a time-varying effect based on a second-order polynomial of the time 

trend, which is used to model smooth change in efficiency levels; DGP2 utilizes the effect as a 

random walk process; DGP3 is considered as the case that large temporal variations are modeled; 

DGP 4 is the general case that integrate all the scenarios in DGP1 through DGP3 in order to 

provide the evidence that the Bayesian Estimator is of expansive use in different types of 

parametric forms. 

In this chapter, Gibbs sampling has been implemented using 55,000 iterations with the 

first 5,000 samples ignored, the commonly called burn-in periods. The reason for discarding the 

first several periods is that it may take a while to reach the stationary distribution of the Markov 

chain, which is the desired joint distribution. Then we consider only every other 10th draw to 

mitigate the impact of autocorrelation since successive samples from a Markov chain tend to have 

correlations to some extent and thus are not independent from each other. With regard to the 

selection of the number of factors, Gibbs samplers for all DGPs rely on MCMC simulation 

from models with G ranging from one to eight. The true number of factors is 3,2,1, and 6

for the four DGPs respectively.

The simulation results for all the DGPs are displayed as below in Table 3.1 to Table 

3.4. The BC time-varying estimator along with CSSW, CSSG, and KSS estimators are displayed 

for a comparison with the Bayesian Estimator proposed in this paper. For the coefficient 

the model, both the estimate and the standard deviation results are presented at the 

it, MSE results are displayed at the lower 
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panel of each table. The normalized MSE formula of the individual effect it is calculated in the 

following form.

2
1 1

2
1 1

( )
( , )

n T
it iti t

it it n T
iti t

R (3.36)

Table 3.1 Monte Carlo Simulations for DGP1
DGP1 is consistent with the assumptions for the time-varying effects in the CSS 

model. Hence, it is expected that the CSSW and CSSG estimators will have better 

performance compared with other estimators. The conjecture turns out to be true and is 

proved in Table 3.1. It is also shown in Table 3.1 that the performances of the Bayesian 

estimators are comparable to those of the CSSW, CSSG and KSS estimators in terms of 

the estimation on individual effects. Under the cases of n = 50, T = 50 and of n = 100, T 
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= 50, the Bayesian estimators provides more accurate estimation on the individual effects 

than the KSS estimator. This implies that the performance of the Bayesian estimators is 

quite efficient in estimating time-varying effects of the smoothing-curve forms, like the 

second-order polynomials. It is not surprising that the mean squared errors of the 

Bayesian estimators are consistently much lower than those of the BC estimator for all 

sample sizes.

Table 3.2 Monte Carlo Simulations for DGP 2
DGP2 considers the case where the individual effects are generated by a random walk 

and can take an arbitrary functional form. Therefore, the CSSW and CSSG estimators, which rely 

on the assumption that the individual effects are the quadratic function of the time trend,  would 

have worse performance than in DGP1 due to misspecification. The BC estimator is also 

expected to perform poorly on the estimation of the individual effects. However, the Bayesian
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and KSS estimators impose no functional forms on the temporal pattern of the individual effects, 

and thus should be able to approximate arbitrary forms of time-varying effects. The results in 

Table 3.2 have confirmed our expectation. It is shown that the Bayesian estimators dominantly 

outperforms the estimators which rely on functional form assumptions and also have better 

estimation performance in terms of MSE of individual effects than the KSS estimators do in any 

size of panel.

DGP3 is considered to characterize the significant time variations in individual effects. 

As we can see from Table 3.3, The Bayesian estimators have comparable performance to the 

KSS estimator and outperforms it in the cases large panels such as when n = 100 and 200. Other 

estimators, whose effects rely on parametric assumptions of simple functional forms, are to a 

great extent dominated by the Bayesian estimators. 

Table 3.3 Monte Carlo Simulations for DGP3
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DGP 4 can be considered a mixed scenario of those from the first three DGPs. It is shown 

in Table 3.4 that the Bayesian estimators dominantly outperform the BC, CSSW, and CSSG 

estimators in terms of the MSE of the individual effects and are comparable to KSS.

Through all the DGPs, although the performance of the slope parameter estimation is 

reasonably well for all the estimators, those estimators based on simple parametric assumptions 

on the individual effects are not sufficient to provide sound estimation on the effects. This is 

undesirable since the individual effects correspond to the technical efficiencies in stochastic 

frontier analysis and should be drawn on no less attention than the slope parameters. Hence, the

Bayesian estimators are excellent candidates among all the estimators in modeling the production 

or cost frontier. 

Table 3.4 Monte Carlo Simulations for DGP4
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3.5. Empirical Application: Efficiency Analysis of U.S. Banking Industry.

3.5.1. Empirical Models:

In this section, the Bayesian approach suggested in this paper will be applied to illustrate 

the temporal change in the efficiency levels of 40 of the top 50 banks in the U.S. ranked by their 

book value of assets. We consider only 40 of these banks due to missing observations and other 

data anomalies. The empirical model is borrowed from Inanoglu et al. (2012), where a suite of 

econometric models, including time-invariant panel data models, time-variant models as well as 

the quantile regression methods, are utilized to examine issues of “too big to fail” in the banking 

industry.. In this paper, we will only compare results across different time-varying stochastic 

frontier panel estimators such as the CSS Within and GLS estimators, the BC estimator and the 

KSS estimator and assess the comparability of inferences among them. The estimators we utilize 

are based on different assumptions on the functional form of the time varying effects and provide 

various treatments for the unobserved heterogeneity, but they are all based on Eq.(3.1), which 

characterizes a single output with panel data assuming unobserved individual effects. Here ity is 

the response variable (e.g. some measure of bank output like loans), it represents a bank 

specific effect, itx is a vector of exogenous variables and it is the error term. We will estimate 

second order approximations in logs-the translog specification- to a multi-output/multi-input 

distance function, see Caves et al. (1982b). Let the m outputs be exp( )it itY x and the n inputs

exp( )is isX x . Then express the m-output, n-input deterministic distance function ( , )OD Y X as

1

1

( , ) 1

j

k

m

it
j

O n

it
k

Y
D Y X

X

(3.37)



83

The output-distance function ( , )OD Y X is non-decreasing, homogeneous, and convex in 

Y and non-increasing and quasi-convex in X. After taking logs and rearranging terms we have: 

*
1,

2 1
, 1,..., ; 1,...,

m n

it it j jit k kit it
j k

y y x v i N t T (3.38)

where *
, 2,..., 1ln( / )jit j m jit ity Y Y and the normalization of homogeneity in outputs is 

applied to satisfy 
1

1
m

j
j

.

Instead of using a Cobb-Douglas specification as proposed by (Klein, 1953), we specify 

the distance function as translog since the Cobb-Douglas distance function has been criticized for 

its assumption of separability of outputs and inputs and for incorrect curvature as the production 

possibility frontier is convex instead of concave. The translog function has more advantages such 

as the second-order approximation allowing for more flexibility, proper local curvature in the 

productivity possibility curve, and the separability of outputs and inputs. If the translog 

technology is applied, the distance function will take the following form in Eq.(3.39).

* * *
1

2 2 2 1 1 1

*

2 1

1/ 2 1/ 2

,    1,..., ; 1,...,

m m m n n n

it it j jit jl jit lit k kit kp kit pit
j j l k k p

m n

jk jit kit it
j k

y y y y x x x

y x v i N t T
(3.39)

If we denote * * * *
( 1) ( ( 1)/2) (( 1) /2) ( 1) )[ , , , , ]NT n NT m NT n n NT m m NT m nX x y xx y y xy , model 

(3.39) can be written in simplicity to the form in Eq.(3.1).

Elasticities of the distance function with respect to input and output variables, see 

O’Donnell and Coelli (2005) are expressed as 

*

1 2
,   1, 2,...,

n m

p p kp k pj j
k j

s x y p n (3.40)



84

*

2 1
,    2,...,

m n

j j jl j kj k
l k

r y x j m (3.41)

The individual effects are transformed into relative efficiency levels using the 

standard order statistics argument given in Schmidt and Sickles (1984) as 

1,...exp{ ( ) max ( )}it i i n iTE v t v t (3.42)

For the BC estimator, technical efficiency levels can differ but parsimony is achieved by 

assuming that all firms have the same temporal pattern.  The temporal pattern is specified as

{exp[ ( )]}it iTE t T (3.43)

where i are independent random effects and describes the temporal change pattern. 

Clearly the levels of efficiency can vary substantially for the methods that use the order 

statistics (the firm with the largest effect) to benchmark the most efficient firm and thus the 

relative efficiencies of the remaining firms. Typically, this impact is mitigated by data trimming 

but with only 40 firms in our study we decided to avoid doing so in presenting the results below. 

The BC estimator has no such potential drawback. We will consider such trimming approaches as 

we examine our models and results more fully.

3.5.2. Data

The dataset analyzed in this paper is a balanced panel of 40 out of the top 50 U. S. 

commercial banks based on the yearly data of their Book Value of Assets from 1990 

through 2009. The panel size is thus 40 by 20. Missing observations and data anomalies 

reduced the sample from 50 to 40 firms. The data is merged on a pro-forma basis wherein 

the non-surviving bank’s data is represented as part of the surviving bank going back in 



85

time. The three output and six input variables used to estimate the translog output 

orientated distance function are: Real Estate Loans (“REL”), Commercial and Industrial 

Loans (“CIL”), Consumer Loans (“CL”), Premises & Fixed Assets (“PFA”) , Number of 

Employees (“NOE”), Purchased Funds (“PF”), Savings Accounts (“SA”), Certificates of 

Deposit (“CD”) and Demand Deposits (“DD”). Additionally, three types of risk proxies 

are considered: Credit Risk (“CR”), which is approximated by the Gross Charge-off 

Ratio, Liquidity Risk (“LR”), proxied by Liquidity Ratio, and Market Risk (“MR”), 

proxied by standard deviation of Trading Returns.

3.5.3. Empirical Results

The estimation results of the first-order and second-order terms are displayed in

Table 3.6. Since our dataset is geometric mean corrected (each of the data points have 

been divided by their geometric sample mean), the second-order term in the elasticities 

expressed in Eq.(5.4) and Eq.(5.5) will diminish to zero when evaluated at the geometric 

mean of the sample. The elasticities are displayed in Table 3.5. In order to select the 

number of factors for KSS and BE2, we set the limit up to 5 and both of the models favor 

a two-factors. From Table 3.5, we can see the elasticity in the input variable Fixed Assets 

is varying from -0.0448 (KSS) to -0.1267(BC) across different time-varying estimators; 

the elasticity estimate in Number of Employees is varying from -0.0666 (BE2) to -0.2750

(CSSW); that in Purchase Fund is from -0.0570(BE1) to -0.1387(BE2); the elasticity in 

Saving Account varies from -0.1026(CSSW) to -0.3058(BC); the elasticity in Certificate 

of Deposit is from -0.1526(KSS) to -0.2938 (BC); and that in Demand Deposit is from -

0.0055(CSSW) to -0.0636 (BE2). As it is shown, the results are on the same order in 
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magnitudes and signs of the elasticity estimates across different models, except that for 

Demand Deposit, where CSSW gives a significantly lower estimate than all the other 

estimators. The KSS estimator suggests a slightly lower returns-to-scale estimate as 

shown in the second but last row in Table 3.5 since KSS tends to give lower estimates on 

the Fixed Asset and Certificate of Deposit input elasticities than other models, though the 

estimates are in the same order. In addition, all the estimators suggest decreasing returns 

to scale except BC. However, the returns-to-scale estimate suggested by BC is 1.0165, 

which is not significantly different from 1. Alternatively, we can say that there is no 

evidence of increasing returns to scales based on the estimation results. For the elasticity 

estimates in output variables, we notice that the estimates are also similar across 

estimators.

Table 3.5 Estimation Results (Evaluated at Sample Mean)
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Table 3.6 The Estimation for the Slope Parameters
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Although the Bayesian estimators proposed in this paper has produced similar estimates 

for the slopes elasticities, they have variation in the estimation of the temporal pattern of the 

individual effects as it is displayed in Figure 3.1. The BC estimator provides higher efficiency 

estimates through the time period, while all the other estimators tend to give estimates on 

efficiencies of similar magnitude. In addition, the BC estimator suggests a declining pattern in the 

average of the technical efficiency levels. This is probably due to the substantial downturns in the 

economy and the meltdowns of financial institutions during the recent period of the Great 

Recession. The average of the technical efficiency levels estimated by other time-varying 

estimators has displayed a turning point in a certain period. Generally, the estimators considered 

here have indicated a consensus decrease in efficiency of the largest banks over the last two 

decades.

Figure 3.1 Temporal Pattern of Changes in Average Efficiencies for all Estimators
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As we can see from the last row in Table 3.5 and in Figure 3.1 the scale of the average 

technical efficiency levels in the largest U.S. banks suggested by BC is 0.7576, higher than those 

by the CSSW, CSSG, the KSS and the Bayesian estimators. It ranges from around 0.7267 to 

0.7866. The temporal pattern of BC is linearly decreasing, which is consistent with its assumption 

on the form of the technical efficiencies. The patterns estimated from the CSSW and CSSG 

estimators have both displayed a turning point at around the year 2005. The KSS estimator 

provides a similar pattern as CSSW and CSSG but a mild decreasing trend of the technical 

efficiencies over the recent period. Turning our attention to the estimated temporal pattern of the 

technical efficiencies using the Bayesian estimator, we notice that the BE1 and BE2 models 

display similar trends but the efficiency levels suggested by BE2 are consistently higher than 

those by BE1. They both display an initial slowly increasing pattern in the 1990s, and a sharp 

kink in the early 2000. After that, the curve is decreasing at a decreasing rate. The increasing 

trend in efficiency levels at the beginning of 1990s is probably because of the increased 

competitive pressure in financial industry due to the deregulations since the 1980s. The 

decreasing trend in efficiency levels started before the Great Recession perhaps because the 

financial institutions were taking on more risky activities and less focused on their traditional 

roles as financial intermediaries when the global pool of fixed-income securities increased 

substantially.

3.6. Conclusion

This paper has proposed a Bayesian approach to treat time-varying heterogeneity 

in a panel data model setting. We consider two models: one with nonparametric time 

effects and the other whose effects are driven by some unknown common factors. In both 
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of the models, we do not impose any parametric assumptions of the individual effects and 

that we utilize the Gibbs Sampling method to implement the Bayesian inferences. 

The Monte Carlo Simulation experiments show that the new Bayesian 

estimators have displayed consistently superior performance under various data 

generating processes. On the other hand, the parametric estimators based on some simple 

functional form assumption on the effects, though allowing for the temporal variations, 

have the tendency of misspecification on the temporal pattern of the individual effects. 

Hence, their finite sample performance has been dominated by the Bayesian estimators. 

The new Bayesian estimators are applied in analyzing the temporal pattern of 

the technical efficiencies of the largest 40 U.S. banks over the last two decades (through 

the 1990 to 2009). It is discovered that the largest banks have experienced a decrease in 

technical efficiency since early 2000, and a slight recovery after 2008. This can be 

explained by their tendency to taking on more risky activities at the early 2000s and 

restrain these risky activities somehow after the Great Recession. 

There are several paths for continuing research. An extension of this model is on 

the prior assumption of the slope parameters; we can consider the restricted region where 

the slope parameters satisfy reasonable curvature properties under a specific functional 

form. For example, monotonicity and convexity can be imposed when the translog 

distance function is specified; thus the assumption on the prior of the slope parameters is 

reasonable if it restricts the parameter values to a permissible set. The advantage of 

applying Bayesian method to impose the monotonicity and curvature properties has been 



91

elaborated in O’Donnell and Coelli (2005). Our model can also be extended to a panel 

data discrete choice model, with the effects term modeling the unknown heterogeneity.
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Chapter 4

Semi-nonparametric Method in Stochastic 

Frontier Model

4.1. Introduction

Since the stochastic frontier production function models were proposed 

independently by Aigner et al. (1977) and Meeusen and van Den Broeck (1977), the 

frontier models have been arose quickly in the problem of efficiency measurement. There 

has been increasing applications of stochastic frontier analysis methodology in 

productivity and efficiency estimation in the past few decades. Researchers have also 

been exploring and introducing more new approaches: from fully parametric to 

semiparametric and nonparametric. 

Aigner et al. (1977) and Meeusen and van Den Broeck (1977) assume the specific 

parametric form of the distribution of the inefficiency term, on which the separation of 
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technical inefficiency from random noise strongly relies. Given the parametric 

assumption of the inefficiency term, the log likelihood function is then derived bases on 

N observations of a random sample and the maximum likelihood estimators for the slope 

parameters in the production function and the variances of both the inefficiency term and 

the noise term can be therefore obtained. Schmidt and Sickles (1984) modified the 

existing frontier models to allow the use of panel data only assuming the time-invariant 

of the inefficiency terms. Furthermore, Cornwell et al. (1990) extends the Schmidt and 

Sickles Model to allow us to estimate the time-varying efficiency levels for individual 

firms. Their estimation methods all belong to a parametric approach so that there are 

robustness problems when misspecification exists. Therefore some other researchers 

resort to the nonparametric approach trying to avoiding the robustness problem under 

misspecification. Henderson and Simar (2005) estimate the frontier and time variant 

technical efficiency fully nonparametrically by exploiting in kernel regression estimation 

of categorical data. Kumbhakar et al. (2007) explores a new nonparametric approach 

dealing with stochastic frontier models, which is based on local maximum likelihood 

techniques. Except for the nonparametric methodology, there is abundance of papers in 

the semiparametric coefficient class. Park and Simar (1994) proposed an Efficient 

Semiparametric Estimation, and Park et al. (1998)extend (Park and Simar 1994) model: 

relax the assumption that the effects and regressors are independent by considering three 

classes of error and regressor dependency. Park et al. (2003) contains AR(1) 

disturbances, and Park et al. (2007) focuses on the dynamic panel data models. Adams 

and Sickles (2007) introduce two semiparametric efficient estimators that rely on 

minimal distributional assumption. 
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The semiparametric efficient class of estimators in Stochastic Frontier Analysis 

provides an alternative to fully parametric stochastic frontiers and to nonparametric 

estimators of efficiency. This class of estimators only assumes a linear or log linear 

parametric form of the production function but imposes no specific parametric 

assumptions on the measurement of inefficiency. However, the efficiency estimator 

requires complicated computation processes compared to the fully parametric approach. 

In this chapter, we introduce a new approach - the Semi-nonparametric Stochastic 

Frontier estimation- following the spirit of Gallant and Nychka (1987). We assume the 

inefficiency term is spanned by Laguerre polynomials and can be approximated by a 

finite order. Thus a closed form of the log likelihood function of the composite term can 

be derived given that the noise term has the traditional assumption on the distribution. 

Further, the Maximum Likelihood estimators for the parameters can be developed. 

The following of this chapter is organized as below: Section 2 introduces in detail 

our Seminonparametric approach under the framework of stochastic frontier model: the 

model is setup and the MLE is derived in this section. The Monte Carlo simulation is 

then following in Section 3. Section 4 would be the Empirical Results that is to be 

completed.
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4.2. Semi-nonparametric Approach 

4.2.1. Model Set-up

We consider the following model under the framework of Stochastic Frontier 

model:

    ( , )it it it iy f x v u (4.1)

where the noise term vit is assumed to have N(0, v
2) and the density function of 

the inefficiency term ui is assumed to be an element of L2

polynomials.Phillips (1983) has proved that an Extended Rational Approximant can 

approximate any density arbitrarily closely. Gallant and Nychka (1987) has proven a 

stronger result: using the density of a Hermite form can also obtain the approximation.   

Inspired by those polynomial approximation techniques, we are now trying to utilize a 

more general form – Laguerre polynomials to approximate the density function of the 

unknown inefficiency term.

In this paper we consider the case where the a priori belief on the distribution of ui

is at best weak. However, we may assume that the density of the distribution is an 

element of 2[0, )L , which is spanned by Laguerre polynomials.

0
  ( ) exp( ) ( )u j j

j
f z z L z (4.2)
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where ( )jL z is the j-th Laguerre polynomial and j is the corresponding slope 

that satisfies 
0

( ) ( )j u jf z L z dz . The Laguerre polynomials may be written as the 

following form.

0

( 1)( )
!

kj
k

j
k

j
L z z

kk
(4.3)

To facilitate the analysis and computation, we further assume that there exists a 

finite integer J such that the density of the inefficiency term ui can be approximated 

closely using the first J Laguerre polynomials.

0
  ( ) ( ) exp( ) ( )

J
J

u u j j
j

f z f z z L z (4.4)

Obviously, the density function of the inefficiency tem can be approximated 

arbitrarily close if J is sufficiently large.

4.2.2. Estimation

The probability density function of the inefficiency term ui is now approximated 

from (4.5) and the density function of the noise term vit is assumed to be 2(0, )vN . Using 

the convolution formula, we can further derive the density function of the composite error 

tem. The probability density function of the composite error term it it iv u is the 

convolution of ( ) uf z and ( )vf z and can be approximated by the expression below:
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0
0

( ) ( ) ( ) exp( )
J

J
j v j

j
f z f z y L y y dy (4.5)

where 21 1( ) exp{ ( ) }
22v

vv

z yf z y follows 2(0, )vN .

Given nT observations, the Likelihood function can be expressed as:

0
1 1 0

log{ ( ) ( ) exp( ) }
n T J

j v it it j
i t j

L f y x s L s s ds (4.6)

By taking the first order derivative with respect to the parameters, the score 

function is 

S= , ,
v

L L L (4.7)

If we denote
0

( ) ( ) exp( )j
it v it it jf f y x s L s s ds , 1 2[ , ,..., ] 'J

it it it itf f f f and 

1( ,......, )J , (4.7) can be rewritten in the matrix form as follows:

0 1
log( * )

n T

it
i t

L f (4.8)

Thereafter, 
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0 1

0 1

0 1

,

1

1

jn T
it

i tj it

n T
it

i t it
n T

it

i tv it v

fL
f

fL
f

fL
f

(4.9)

Hence, we can use the maximum likelihood method, and we can get the estimates 

u.

4.3. Monte Carlo Simulations

In this section, we investigate the finite sample performances of our new 

estimation approach proposed in Section 2 (hereafter we will call it Seminon) through 

Monte Carlo experiments. A nonparametric approach- the kernel density estimator is 

implemented as a comparison with our Semi-non estimator. 

For simplicity in the Monte Carlo Simulations, we only consider the linear 

production technology. According to Model (4.1)

and consider two DGP: in the first scenario, the distribution of the inefficiency term u is 

assumed to be exponential while in the second scenario, the distribution is specified as a 

half-normal. 
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DGP 1:              
1 2 1 2

2 2
1 2

2

where =( , )',  =( ,x )

~ (1.5,0.3 ),  ~ (1.8,0.3 )

~ (0, ), ~ ( )
1, 0.2

i i i i

i i i

i i

i v i u

u v

y x v u
x x

x N x N

v N u Expo

DGP 2:              
1 2 1 2

2 2
1 2

2 2

where =( , )',  =( ,x )

~ (1.5,0.3 ),  ~ (1.8,0.3 )

~ (0, ), ~ (0, )
1, 0.2

i i i i

i i i

i i

i v i u

u v

y x v u
x x

x N x N

v N u N

We simulate samples of size n = 50, 100; T = 20, 50, 100 with p = 2 and

1 2 0.5 . The plots in Figure 4.1 through Figure 4.12 below display the comparison 

between the true distribution, kernel estimate (nonparametric approach) and the Semi-

nonparametric estimate of composite error term Table 4.1 The parameter estimation by 

DGP1 and DPG2. Table 4.1 summarizes the estimation results for the slope parameters in 

the two data generating processes.

Figure 4.1 through Figure 4.6 display the results following the DGP1, where the 

inefficiency term u is simulated from an Exponential distribution with the simulation 

number N = 50, 100, 200 and T = 20, 50 respectively. In this case, the seminon-

parametric estimator is very close to the true distribution (they are overlapped to a great 

extent) and dominates the kernel estimator consistently. It is probably because the

approximation to u is based on the following Laguerre polynomial

0
   ( ) exp( ) ( )u j j

j
f z z L z , which has an exponential component. The corresponding 

estimation for the slope parameters are summarized in the upper panel in Table 4.1
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Figure 4.1 DGP 1 with sample size N = 50, T =20

Figure 4.2 DGP 1 with sample size N = 100, T =20
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Figure 4.3 DGP 1 with sample size N = 200, T =20

Figure 4.4 DGP 1 with sample size N = 50, T =50
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Figure 4.5 DGP 1 with sample size N = 100, T =50

Figure 4.6 DGP 1 with sample size N = 200, T = 50
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Figure 4.7 DGP2 with sample size N =50, T = 20

Figure 4.8 DGP2 with sample size N = 100, T = 20
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Figure 4.9 DGP 2 with sample size N = 200, T =20

Figure 4.10 DGP 2 with sample size N = 50, T =50
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Figure 4.11 DGP 2 with sample size N = 100, T =50

Figure 4.12 DGP 2 with sample size N = 200, T =50

Figure 4.7 through Figure 4.12 are plotted following DGP2, where the inefficiency 

term u is simulated from a half-normal distribution. In this case, our seminon-parametric 

estimator still dominates the kernel estimator in most of the cases.
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Table 4.1 The parameter estimation by DGP1 and DPG2

Table 4.1 The parameter estimation by DGP1 and DPG2 provides the parameter 

estimation results from DGP1 and DGP2 respectively.  We can see the estimation of the 

parameters in the linear function 1 2 1 2f (x, ) , where =( , )',  =( ,x )i i i ix x x and the 

standard error of the noise term is consistent. 

4.4. Concluding Remarks

This method is still in preliminary testing stage. Although the Monte Carlo 

simulations results have shown that the semi-nonparametric estimator has better 

performance in approximating the one-sided error terms than the traditional 

nonparametric method. However, with regards to the estimation performance of the slope 

parameters, the semi-nonparametric method is not as good. One problem is related to the 

Estimate and Standard Error for the Slope Coefficients
T=20 T=50

DGP1

TRUE EST SE TRUE EST SE
n=50 0.5000 0.5779 0.1462 0.5000 0.5310 0.1056

0.5000 0.5199 0.2708 0.5000 0.5314 0.1051
n=100 0.5000 0.5243 0.1605 0.5000 0.5250 0.1685

0.5000 0.5147 0.3179 0.5000 0.5640 0.0660
n=200 0.5000 0.4651 0.1695 0.5000 0.5303 0.1089

0.5000 0.5006 0.2672 0.5000 0.5097 0.0952

DGP2

n=50 0.5000 0.5369 0.2566 0.5000 0.5706 0.3717
0.5000 0.5338 0.2856 0.5000 0.5539 0.0685

n=100 0.5000 0.5240 0.1254 0.5000 0.5361 0.4493
0.5000 0.5565 0.3295 0.5000 0.5277 0.2129

n=200 0.5000 0.5622 0.0913 0.5000 0.5112 0.0320
0.5000 0.5490 0.4545 0.5000 0.5427 0.2185
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convergence rate of the slope estimators. When the dimension is high, it takes very long 

time for the maximum likelihood estimator to converge to the true parameter.  Therefore, 

we are still developing the estimator to improve the precision of the estimation of the 

slope parameters. Additionally, the model will be applied to empirical analysis when this 

problem is solved.

In the future, we will consider some different polynomial approximation such as 

Bernstein and Extended Rational Approximant (ERA). 
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Appendix A

1. Detailed Derivation of the conditional posterior distribution of | , , , ,i Y X .
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If the smoothing parameter is assumed to follow its the prior distribution: 2
2 ~ n
q , or 

equivalently /2 1 3 /2 1/2
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The joint prior will take the form below:
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following.
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Therefore the transformation of the smoothing parameter 1
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