


 
 

ABSTRACT 

Thermal Lattice Boltzmann Simulation for Rarefied Flow in Micro-

Channels 

by 

Pedro Lopez 

This dissertation provides a detailed description of a new thermal lattice 

Boltzmann model capable of simulating temperature and velocity gradients within 

micro/nano-channels and vertical cavities in rarefied flow extending to the high end 

of the transition flow regime.  The lattice Boltzmann method was selected to 

perform this study due to its applicability to the rarefied conditions expected in such 

small scale scenarios. 

An introduction is first included to provide details on the origins and 

derivation of the lattice Boltzmann method, including the various aspects that are 

required to successfully perform a simulation, namely boundary conditions, lattice 

velocity sets, methods to determine relaxation times, and strategies for capturing 

velocity as well as temperature fields.  This is followed by a description of the 

thermal lattice Boltzmann method used as the basis for this study, as well as the 

determination of the method used to incorporate effects of walls on the calculation 

of the relaxation times.  The applicability of this method is validated by 

incorporating two wall-distance functions based on exponential and power law 

relationships and simulating isothermal as well as thermally-affected cases. 



 
 

Next, a novel wall-distance function is derived to extend the applicability of 

our thermal lattice Boltzmann model to the entire transition flow regime.  The 

method through which the function is derived is thoroughly described, and the 

resulting function compared against reference data based on Molecular Dynamics as 

well as existing functions available in the literature.  The resulting function is 

validated by simulating cases representing conduction as well as convection 

applications. 

Finally, the resulting thermal lattice Boltzmann model is utilized to 

determine the effect of Knudsen number on natural convection within vertical 

cavities.  In order to successfully simulate natural convection cases representing the 

conduction, asymptotic, and boundary layer regimes, a method to determine the 

magnitude of the external force due to density gradients is first derived starting 

from the Boussinesq approximation.  The resulting model is first validated by 

simulating classic natural convection cases in the continuum flow regime.  The 

model is then utilized to simulate natural convection cases in the conduction regime 

for Kn up to 10.0, encompassing the entire transition flow regime.  The results 

included in this thesis demonstrate that our thermal lattice Boltzmann model can 

accurately capture the velocity and temperature gradients expected in highly 

rarefied flow conditions.  Lastly, the contributions of this thesis to the development 

of lattice Boltzmann models are summarized, as well as potential future research 

topics. 
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Chapter 1 

The Lattice Boltzmann Method 

1.1. Introduction 

Over the past two decades, Lattice Boltzmann (LB) method models have been 

developed in an effort to develop a more accurate understanding of fluid flow at the 

micro/nano-scale level.  The development of fabrication methods capable of 

producing miniature devices has also fed this growing interest.  Flows in such 

devices often result in rarefied conditions, which are characterized by the Knudsen 

number (Kn), defined as the ratio between the gas molecular mean free path (MFP, 

) and the device characteristic length (L).  As Kn increases, the interactions 

between the gas molecules and the solid surfaces (e.g., walls) become major drivers 

affecting the fluid flow behavior, especially within a region extending several MFPs 

from the walls commonly known as the Knudsen Layer (KL).  This layer always 

exists at the interface between a solid boundary and a moving fluid, though its 
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influence on the overall flow characteristics is not a major factor at near continuum 

conditions.  At higher Knudsen numbers, however, the KL represents a large portion 

of the flow domain, and it becomes imperative to capture its flow characteristics. 

Within the Knudsen layer, the presence of the wall means that wall-molecule 

collisions are increasingly more frequent, which effectively results in a reduction of 

the gas MFP.  Due to this, linear constitutive relations for shear stress and heat flux, 

which are assumed in the Navier-Stokes (NS) system of equations, are not valid 

within the KL.  Fig. 1 illustrates the characteristics of the velocity field within the 

Knudsen layer in a shear-driven flow.  The actual velocity profile is represented by 

the solid curve, while the dashed curve represents the profile based on the Navier-

Stokes coupled with classical velocity slip conditions.  It is easily observed that 

although the NS equations with slip flow boundary conditions can predict the 

velocity profile in the bulk flow region, they fail to capture the flow characteristics 

inside the Knudsen layer. Even at slightly rarefied flow (Kn>0.05), the influence of 

the KL in the overall flow domain has been found to be quite considerable [1], so 

accurately capturing the flow characteristics inside it becomes of utmost 

importance. 
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Figure 1.1: Characteristics of the Knudsen layer within a shear-driven flow 

The characteristic dimensions of micro/nano devices result in higher degrees 

of rarefaction, with Knudsen numbers ranging from Kn=0.001 (continuum) to as 

high as Kn≤10.0 (transition flow regime).  Figure 1.2 illustrates the range of 

Knudsen numbers, corresponding flow conditions, and applicable methods.  For 

Kn>0.1, it has been shown that Navier-Stokes based methods cannot accurately 

capture the flow characteristics; instead, particle-based methods such as the 

Molecular Dynamics (MD) are more appropriate.  Nevertheless, since the number of 

particles being analyzed in the MD method is defined by the number of molecules in 

the system, this method requires extensive computer resources to simulate the flow 

conditions expected.  Burnett-based methods are also applicable; however, they are 

not suitable for Kn<0.1.  Recently, an alternative scheme known as the Lattice 
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Boltzmann Method (LBM) has been utilized with increased success.  The LBM is 

based on the Boltzmann equation, and thus is applicable to the entire Knudsen 

number range expected in microfin arrays. 

 

Figure 1.2: Flow regimes and corresponding Knudsen number ranges 

The fundamental idea of the LB method is to develop simplified kinetic 

models by obtaining local averages of microscopic processes at discrete locations 

(representing fictitious “particles”), which interact with each other via a lattice.  

These interactions are captured in the LB method via two steps: collision and 

streaming, and the rate at which the particles reach equilibrium is controlled via a 

relaxation time.  Since the macroscopic dynamics of a fluid are a result of the 

collective behavior of many microscopic particles in the system, and the 

macroscopic behavior is not sensitive to the underlying details in microscopic 

physics, the desired macroscopic equations of the system are captured. 
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In this chapter, an introduction of the LB method will be discussed, including 

its origins as well as a comparison against other methods.  A thorough discussion of 

the aspects of a thermal LB model, including lattice velocity sets, boundary 

conditions, and methods to derive the relaxation parameters, is provided in later 

chapters. 

1.2. Microscopic vs. Macroscopic Methods 

Fluid modeling and transport phenomena have been thoroughly studied for 

the past two centuries.  Two main approaches have been utilized, namely 

macroscopic and microscopic theory.  Although they have different starting points, 

they both result in the same set of macroscopic governing equations for the same 

system. 

In the macroscopic approach, the system is assessed with an emphasis on 

determining the macroscopic parameters such as density, velocity, and temperature 

without considering the behavior of each individual molecule.  These methods are 

usually based on a set of nonlinear partial differential equations (PDEs) such as the 

Navier-Stokes (NS) equations, which are discretized by finite difference, finite 

volume, or finite element methods.  Most Computational Fluid Dynamics (CFD) 

methods are based on this approach. Classical fluid mechanics, as well as 

thermodynamics, are examples of macroscopic approaches.   
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Microscopic methods, on the other hand, are based on realistic, discrete 

microscopic models derived to conserve the desired macroscopic quantities (e.g., 

mass and momentum).  Rather than solving nonlinear PDEs, these methods are 

based on solving either microscopic (such as Molecular Dynamics) or mesoscopic-

level equations (such as the Boltzmann equation) for a defined set of molecules, 

either the entire domain or a localized average of molecules.  The desired 

macroscopic PDEs can then be derived by means of multi-scale analysis.  

1.3. Microscopic Methods 

The applications explored in the present work require methods that can 

handle rarefied flow conditions expanding over the entire slip and transition flow 

regimes; thus, continuum assumptions are not valid.  Based on this, no macroscopic 

methods were considered in the present work.  Instead, microscopic approaches 

were assessed to determine the best solution.  These methods recognize the fluid as 

a group of discrete particles (molecules, atoms, electrons), and their goal is to 

accurately determine the position, velocity and state of all particles at all times.  

Microscopic methods can be either deterministic (e.g., Molecular Dynamics) or 

probabilistic (Boltzmann equation, Direct Simulation Monte Carlo).  A brief 

discussion of Molecular Dynamics, as well as the derivation of the Lattice Boltzmann 

method is provided in the next sections. 
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1.3.1. Molecular Dynamics Method 

Molecular Dynamics (MD) is a microscopic approach that is based on 

tracking the motion and collisions of every molecule in the domain.  A MD 

simulation is initialized by defining a set of N molecules with an assigned velocity 

related to a Boltzmann distribution at a given temperature within a given space 

field.  Particle interaction and resulting trajectories are determined by integrating 

Newton's equations of motion, one for each molecule, where forces between the 

particles and potential energy are defined by molecular mechanics force fields.  The 

method was originally conceived within theoretical physics in the late 1950s [2,3] to 

study hard sphere interactions, but it is applied today mostly in chemical physics, 

materials science and the modeling of bio-molecules. 

Starting from the knowledge of the force being exerted on each atom, it is 

possible to determine the acceleration of each atom within the system.  By 

integrating the equations of motion, we can then determine trajectories that 

describe their position, velocities, and acceleration as a function of time.  The MD 

method is deterministic; that is, the overall state of the entire system is known once 

the position and velocity of every atom has been determined.   

Significant advantages of MD simulations are that the stress/strain 

relationship, as well as the heat flux/temperature gradient relationship are 

determined as part of the integration.  In addition, momentum or temperature slip 
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at solid walls is also provided within the integration results, and thus specific 

boundary conditions do not need to be prescribed. 

MD also possesses several difficulties.  For instance, it requires the definition 

of a proper and convenient potential for fluid/solid combinations for which there is 

no rational methodology.  Selecting an appropriate potential and validating the 

simulation results with experiments and/or analytical results is considered more of 

an art within molecular dynamics.  The greatest limitation MD possesses is the 

number of molecules that can be realistically modeled by existing computer 

resources.  Since MD requires trajectory analysis of every particle within the system, 

which in turn requires consideration of all other particles within the system as 

potential collision partners, the amount of computation is proportional to N2.   Thus, 

it is computationally expensive and time consuming to simulate the evolution of 

fluid flow and thermal gradients within microchannels and cavities, especially for 

the slip and low end of the transition flow regimes in which the number of 

molecules is still considerable.   

1.3.2. Lattice Gas and Lattice Boltzmann Methods 

The LB method originated from lattice gas automata (LGA), a discrete 

particle kinetic method which uses a discrete lattice and discrete time that was first 

derived in the late 80s [4].  It consists of a regular lattice with particles residing on 

the nodes, and Boolean variables ni (x, t) (i=1, …, M) which describe the particle 

occupation, where M is the number of directions of the particle velocities at each 
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node.  The use of Boolean variables to represent each direction mean that there is 

either no particle (ni=0) or one particle (ni=1) in the ith direction.  The evolution 

equation for such a system is: 

                                     i i  , , Ω n x, ti i in x c t t t n x t     (1.1) 

where ci are the local particle velocities and Ωi represents a set of discrete collision 

rules.  The collision rules in LGA are defined such that mass, momentum, and energy 

are conserved in the collision step.  In this method, the particle configuration 

changes in two sequential sub-steps: 1) streaming, in which each particle moves to 

the nearest node in the direction of its velocity; and 2) collision, which occurs when 

particles arriving at a given node interact and change direction based on the defined 

scattering rules (Ωi). 

The LGA has various advantages over traditional CFD methods, such as 

simple evolution rules that are easily implemented in parallel computing.  However, 

it also has many disadvantages, such as statistical noise due to the variations in ni, 

which is an inherent effect from using Boolean variables. 

The main feature of the LB method is the replacement of the particle 

occupation (Boolean) variables with their ensemble average, represented as single-

particle distribution functions (real variables).  This procedure eliminates the 

statistical noise in the LB method.  Because the kinetic form is still the same as the 

LG automata, the advantages of locality in the kinetic approach are retained, which 

is critical for parallel computation.  This modification is accompanied by the 
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replacement of the discrete collision (or scattering) rule by a continuous function 

known as the collision operator.  In the LB method development, an important 

simplification is to approximate the collision operator with the Bhatnagar-Gross-

Krook (BGK) relaxation term.  The resulting model has been shown to make 

simulations more efficient and allows flexibility of the transport coefficients.  In 

addition, the pressure field is directly available from the density distributions and 

hence there is no additional Poisson equation to be solved as in traditional 

Computational Fluid Dynamics (CFD) methods. 

Reviewing the LG automata transport equation, the correspondence to the 

Boltzmann equation: 

                                                         
f

υ f Q
t


  


 (1.2) 

(where Q is the collision integral, v is the velocity, f is the distribution function, and 

external forces have been neglected) can be shown by expansion of the left hand 

side of Eq. (1.1): 

                                  2

i ix c , x, ci
i i i

n
n t t t n t t t n O t

t


         


 (1.3) 

Neglecting higher order terms, we can obtain: 

                                                       
ici i

i

n
n

t t

 
  

 
 (1.4) 

which by substituting i,   c ,   /i in f v t Q     results in the Boltzmann 

equation (1.2).  Now, the lattice Boltzmann equation is obtained from the Boltzmann 
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equation as follows.  First, the collision integral Q is substituted by the BGK 

approximation [5] which represents a single relaxation time (SRT) approach: 

                                                  
1 eqf

v f f f
t 


    


 (1.5) 

The distribution function f depends on space, velocity and time: f(x, v, t).  The v-

space is discretized by introducing a finite set of velocities, vi, and associated 

distribution functions, fi(x, t), which are governed by the discrete Boltzmann 

equation: 

                                                 
1 eqi

i i i i

f
v f f f

t 


    


 (1.6) 

where eq

if is the equilibrium distribution function (the Maxwell-Boltzmann 

distribution function), and will be defined later in this section. 

The discrete Boltzmann equation is then nondimensionalized by the 

characteristic length scale, L, the reference speed, U, the reference density, nr, and 

the time between particle collisions, tc, to obtain  

                                               
ˆ 1ˆ ˆ ˆˆ
ˆ ˆ

eqi
i i i i

f
c f f f

t 


    


 (1.7) 

where ˆˆ ˆ ˆ/ ,   ,   / ,   / ,   /i i c i i rc v U L t t U L t f f n         .  The parameter 
c

U
t

L
   

may be interpreted as either the ratio of collision time to flow time or as the ratio of 

mean free path to the characteristic length (e.g., Knudsen number).  A discretization 

of equation (1.7) is given by: 
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ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ, , , ,

ˆ ˆ

ˆ ˆˆ ˆ ˆ ˆˆ ˆ, ,

ˆ ˆˆ ˆ ˆ ˆˆ ˆ, ,

1 ˆ ˆ
ˆ

i i i i

ix

i i

iy

i i

iz

eq

i i

f x t t f x t f x x t t f x t t
c

t x

f x y t t f x t t
c

y

f x z t t f x t t
c

z

f f


         


 

      




      




  

 (1.8) 

where ˆ /t t U L    .  Lagrangian behavior is then obtained by the selection of the 

lattice spacing divided by the time step to equal the lattice velocity ( ˆˆ / ix t c   ): 

                       

       

   
 

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ, , , ,

ˆ ˆ

ˆ ˆˆ ˆ ˆ ˆˆ ˆ, , 1 ˆ ˆ
ˆ ˆ

i i i i i

i i i eq

i i

f x t t f x t f x c t t t f x t t

t t

f x c t t t f x t
f f

t 

         


 

   
   



 (1.9) 

Choosing ct t  , multiplying Eq. (1.9) by t̂ , and dropping all carets leads to the 

(BGK) lattice Boltzmann equation: 

                                     
1

, , eq

i i i i if x c t t t f x t f f


        (1.10) 

The macroscopic density and momentum are then obtained as the moments of the 

distribution function
iciρ f d  and 

i iu c ciρ f d  .  The equilibrium distribution 

function ( eq

if ) depends on the model being used, however the following applies to 

D2Q9, D3Q15, D3Q19, and D3Q27: 

                                
2

i i2 4 2

3 9 3
1 c u c u u u

2 2

eq

i if ρw
c c c

 
       

 
 (1.11) 
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in which wi is the respective weighting factor for each discrete velocity (ci), c is the 

lattice speed given by c = x/t and is related to the speed of sound (cs) as 

2
2

3
s

c p
c RT

ρ
    for ideal gas, x and t are the lattice constant and the time step, 

respectively, and u is the macroscopic velocity.  Figure 1.3 shows some of the most 

common lattices. 

 

Figure 1.3: Discrete velocity vectors for some commonly used 2D and 3D 

particle speed models. 

The most popular 2-D lattice model is the 2-D, 9-velocity (D2Q9) model.  For 

this model, the discrete velocities and weighting factors are as follows: 
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0,0 ,   0;   cos 1 ,sin 1 ,   1,2,3,4;   
2 2

3 cos 5 ,sin 5 ,   2,4,6,8
2 4 2 4

ic i c i i i

c i i i

 

   

    
        

    

    
        

    

 (1.12) 

                                          

4 / 9,        0;

1/ 9,         1,2,3,4;

1/ 36,       5,6,7,8

i
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With the momentum space discretized, the local mass density  and the local 

momentum density u can be evaluated as: 

                                                            
0 0

M M
eq

i i
i i

f f
 

    (1.14) 

                                                         
0 0

u
M M

eq
i i i i

i i

ρ f c f c
 

    (1.15) 

The completely discretized lattice Boltzmann equation (1.10) is often solved in the 

following two steps: 

                           Collision step:        
1

x, x, x, x,eq

i i i if t f t f t f t
τ
      (1.16) 

                           Streaming step:    ix c , x,i if δt t δt f t    (1.17) 

where if  and if denote the pre- and post-collision states of the distribution 

function, respectively.  As can be seen in Eq. (1.16), the collision step is entirely 

localized, while the streaming step represents a simple transition to a neighboring 

node governed by the pre-defined velocity direction which requires little 

computational effort.   
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The resulting process is explicit, easy to implement, and straightforward for 

parallel computation.  A more thorough discussion of the main aspects of an LB 

model will be discussed in the following chapters.  First, various approaches to 

determine the energy field using the LB method are discussed in chapter 2.  A 

discussion on boundary conditions that can be used to simulate the solid/fluid 

interactions at walls, as well as to simulate open boundaries (e.g., inlet and outlet), is 

provided in chapter 3.  Lastly, various methods to determine the relaxation 

parameters for the density and energy fields are described in chapter 4.  These 

aspects are illustrated in Figure 1.4. 

 

Figure 1.4: Main aspects of a lattice Boltzmann model to simulate channel flow 

The rest of the document, which represents the contribution of this research 

to the development of Lattice Boltzmann models, is as follows: first, a method to 

incorporate wall-distance functions in the derivation of the relaxation parameters is 

provided in chapter 5.  A novel wall-distance function based on Molecular Dynamics 
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T
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TH

TC
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(MD) data is thoroughly derived and applied to an LB model in chapter 6.  Lastly, the 

LB model with the new MD-based wall-distance function is applied to simulate 

natural convection cases for various Rayleigh numbers and a range of Knudsen 

numbers extending to the transition flow regime in Chapter 7.  Conclusions and 

potential forward work are then discussed in Chapter 8. 

 

  



 17 
 

Chapter 2 

Thermal Lattice Boltzmann Model 

Various methods to capture the velocity field as well as the energy field 

within a system using the Lattice Boltzmann approach have been studied in the past 

two decades.  In all of these methods, a distribution function (f) is utilized to 

simulate the velocity field.  The energy field is then attempted via either 1) a 

multispeed approach, also known as extended velocity set approach; or 2) a second 

distribution function (g).  Details of these two approaches are provided below. 

2.1. Multispeed Approach 

The extended velocity set, or multispeed approach is an extension of the 

common LB isothermal models in which a single distribution function, f,  is utilized 

to determine the density field.  Additional speeds are necessary to obtain the 

temperature evolution equation using the density distribution function.  To capture 
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the energy field, a second-order moment of f is obtained.  In this method, the energy 

field is obtained by calculating another velocity moment of the distribution function: 

                                              
 

 
∫(    )

        (2.1) 

where   
 

 
  represents the internal energy, and D is the number of dimensions 

utilized, which would be equal to 2 for all two-dimensional cases. 

This approach requires higher-order velocity terms in the formulation of the 

polynomial equilibrium distribution, as well as additional speeds on the 

corresponding lattices.  This has been found to lead to numerical instabilities, 

limiting the temperature variation that can be simulated through this approach [6]. 

2.2. Double Distribution Method 

In the double-distribution method (also known as passive-scalar approach), 

the temperature field is passively advected by the flow field and can be solved as a 

separate distribution function.  Having two independent distribution functions to 

define the density and temperature fields allows for the thermal diffusivity to be 

derived independently from the kinetic viscosity, which in turn allows for variable 

Pr.   

Following the work of He et al [7] and Shi et al [8], who proposed thermal LB 

models based on two separate distribution functions (fi and gi) to simulate the 

density and temperature fields, and simplifying the governing equations by 

removing terms related to viscous heating effects, which are not significant in 
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micro-scale low-speed rarefied flows, the distribution functions can be stated as 

follows [9]: 
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T
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       (2.3) 

where feq and geq represent the density and energy distribution functions at 

equilibrium, respectively;  and T are the non-dimensional relaxation times for the 

number density and energy density distribution functions, respectively; t is the 

time step; cki is the lattice velocity; uk is the macroscopic velocity; sc  is the sound 

speed;  is the density; and Fk represents an external body force per unit mass for a 

given lattice site.  This term is defined such that its integral is equal to F .  The 

kinematic viscosity is calculated from   20.5 / sc t    , while the thermal 

diffusivity is given by   20.5 /T sc t     [8].  The Prandtl number (Pr) is then 

obtained via    0.5 / 0.5TPr     .  Viscous heating effects have been neglected 

due to their insignificance in micro-scale low-speed gas flows. After the evolution 

process has been completed, the macroscopic properties (density, velocity, and 

energy) can be obtained as the moments of the distribution functions as follows: 
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                                                                           i

i

g      

where / 2DRT  , D is the number of physical dimensions (equal to 2 in the 

current work), R is the gas constant, and T is the gas temperature.  

The high order velocity set developed by Tang et al [10], which contains a 

two-dimensional, thirteen velocity direction set (e.g., D2Q13) as shown in Figure 

2.1, is used as the basis of the current LB model.  In their work, they compared the 

performance of their LB model against the more commonly used D2Q9 lattice set, 

and demonstrated that the D2Q13 can more effectively capture the gradients within 

the velocity domain.  The lattice velocities are given as 

                          

   

   

   

0

i

i

i

c 0,

1 1
c cos ,sin ,                             1 4,

2 2

5 5
c cos ,sin 2 ,        5 8,

2 4 2 4

1 1
c cos ,sin 2 ,               

2 2

i i
c i

i i
c i

i i
c

 

  

 



     
      
     

     
        
     

     
     
     

           9 12.i  
  

(2.4) 

where 2c RT  is the root-mean-square (rms) molecular speed and is related to 

the lattice sound speed as 2 2 / 2sc c .  The number density and energy equilibrium 

distribution functions are defined as 
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where wi represent the weight functions associated with each lattice direction, and 

are given as 

           
0

3 1 1 1
;   ,  1 4;  ,  5 8;  ,  9 12

8 12 16 96
i i iw w i w i w i         

.
 (2.6) 

 

Figure 2.1: D2Q13 lattice diagram, showing the 13 velocity directions.  Speeds 

1 through 8 interact with neighboring lattice sites, while speeds 9 through 12 

reach sites within two times the lattice length. 

The resulting momentum/energy lattice model is used as the basis to 

develop our novel thermal LB model, and its capabilities are expanded by means of 
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appropriate boundary conditions to simulate solid-fluid interactions at the walls 

and for the inlet and outlet, as well as functions to capture the effects of the walls on 

the momentum/energy relaxation parameters.  The characteristics of these 

boundary condition sets and wall-distance functions are thoroughly described in the 

next chapters.  
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Chapter 3 

Boundary Conditions 

3.1. Introduction 

In the previous chapter, various computational schemes to capture both the 

density and temperature fields were discussed.  Boundary conditions, which are 

discussed in this chapter, play a role just as important as these computational 

schemes since they have a direct influence on the accuracy and stability of the 

computation.  Since different applications will be used to validate the LB model, 

different boundary conditions will be used to better simulate the conditions tested, 

especially due to the flow regime targeted.  Figure 3.1  shows the velocity vectors at 

the various boundaries for a common channel, which will be used to illustrate the 

various boundary conditions.   
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Figure 3.1: Velocity vectors on common channel for D2Q9 model. 

The boundary conditions assessed in this study can be divided into those 

considered to capture the solid/fluid interactions at solid boundaries (walls) and 

the ones used for open boundaries (inlet/outlet).  A review of each is provided in 

the sub-sections below. 

Slip flow boundary conditions have also been derived by applying the 

integral transform technique in various forms to different geometries [11-13], with 

good results still limited to the slip flow regime. 
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3.2. Velocity and/or Thermal Boundary Conditions at Solid 

Boundaries 

The applicability of the  boundary conditions utilized in a LB model to the 

specific case being simulated is very important in the model’s ability to accurately 

capture the various gradients across the domain.  Since the effects of the walls 

increases as Kn increases, the solid/fluid interactions at the solid boundaries is 

especially important for the applications included in this study.  Some of the most 

commonly used set of boundary conditions include bounce-back, specular, adiabatic 

(for thermal  cases), and diffuse-scattering. 

3.2.1. Bounce-Back and Specular Boundary Conditions 

For cases simulating continuum flow conditions, boundary conditions that 

result in no-slip velocity at the walls (e.g., no gradient between the solid surface and 

the fluid adjacent to it) are required.  This is achieved in LB by simply reversing the 

direction of the incoming distributions at the walls, an approach known as the 

bounce-back boundary condition.  Based on Figure 3.1, bounce-back conditions for 

the lower wall would be implemented as follows: 
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These relationships effectively set the velocity of the fluid adjacent to the walls 

equal to that of the wall itself.  Specular conditions, on the other hand, are a different 

type of boundary conditions in which the incoming distributions are reflected in the 

same overall direction, but away from the wall.  Based on Figure 3.1, specular 

conditions (again, for the lower wall) are implemented by the following: 
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 (3.2) 

Various studies have shown that for slip flow conditions, both bounce-back 

and specular conditions need to be considered.  To do this, equation (3.1) and 

equation (3.2) are combined using a reflection factor (rf) to define the proportion of 

the contribution of no-slip bounce-back and specular schemes, respectively.  For 

instance, the unknown distribution factors for the lower wall with slip boundary 

condition using rf is as follows: 
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 (3.3) 

These boundary conditions can be utilized to simulate continuum flow (bounce-

back) and the low end of the slip flow regime (specular/bounce-back) with some 



 27 
 

success.  However, they are not suitable to capture the solid/fluid interactions 

expected across the channel for more rarefied conditions, namely transition flow 

regime. 

3.2.2. Adiabatic Boundary Conditions 

In many instances, thermally-affected cases require simulation of adiabatic 

walls.  In order to properly capture the thermal gradients at these boundaries, the 

energy distribution functions at the wall are set so that they match those at the 

nearest fluid lattice site.  For the bottom wall, these functions can be determined by 

                           ,0, ,1, ,                  0i ig x t g x t i N   . (3.4) 

This ensures no gradients exist at the solid/fluid interface. 

3.2.3. Diffuse-Scattering Boundary Conditions 

Ansumali et al [14] derived the so-called Diffuse-Scattering Boundary 

Conditions (DSBC) to simulate fluid interactions at solid interfaces (e.g., walls).  

Theoretically, the particle-solid wall interaction should be accurately reflected by 

capturing the event when the particles impinge and emerge at solid wall surfaces, 

which in turn could be traced to the kinetic theory.  According to the gas-surface 

interaction law of the kinetic theory, a general boundary condition reads 
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in which ’ and  are the molecular velocities of the incident and reflected particles, 

respectively; n is the inward unit normal vector of the wall, and w indicates the wall 

boundary.    R  is the scattering probability from the direction ’ to the 

direction .  If the wall is nonporous and non-adsorbing, the total probability of an 

impinging particle to be reemitted is unity: 
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and the reciprocity relation 

              eq eq

w wu n f u n f                 R R  (3.7) 

is also applicable if the surface is kept in local equilibrium (feq()) at the wall 

temperature Tw.  From this relation, it can be seen that if the impinging distributions 

are wall Maxwellian, then the reflected distributions should be wall Maxwellian as 

well.  Thus, 
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Assuming   R  is not a function of the impinging particles, it can be extracted 

from the integral.  Solving for   R , we obtain: 
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Substituting into eq. (16), and solving for f(), we obtain: 
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, (3.10) 

where f and feq are evaluated at wall conditions.  This relationship, being Maxwellian 

diffuse in nature, assumes that the reflected particles are in thermal equilibrium 

with the wall.  Based on this, the reflected energy distribution functions can be 

determined via 

                                                      ,                 ( 0)
2

W
i i

DRT
g f i n    (3.11) 

where TW represents the wall temperature [15].   

3.2.4. Extrapolation Boundary Conditions 

In cases where the conditions at the walls are expected to be affected by the 

fluid properties rather than the wall effects, a simple extrapolation scheme can be 

utilized for both the velocity and energy domains.  For instance, at the bottom wall, 

these functions are derived as 

                             ,0, 2* ,1, ,2,  ,                  0i i if x t f x t f x t i N     

                               ,0, 2* ,1, ,2,  ,                  0i i ig x t g x t g x t i N     (3.12) 

where i represents the lattice directions. 
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3.3. Boundary Conditions for Inlet/Outlet 

In order to effectively simulate the density and temperature gradients over 

the entire domain, methods to accurately capture the open boundaries (inlet and 

outlet) are also required.  Various methods have been developed aimed at capturing 

such effects for different applications.  Some of the most widely used boundary 

conditions, including periodic, extrapolation, and velocity/pressure-based 

relationships are discussed herein.  

3.3.1. Periodic Boundary Conditions 

Periodic boundary conditions are used to simulate the inlet and outlet for 

systems in which the conditions have reached steady state.  In these cases, the 

conditions throughout the channel length are expected to remain the same, with 

gradients only seen over the channel height.  Thus, the outlet properties should 

match those at the inlet.  Based on this, the unknown distribution functions at the 

inlet can be deduced from the distribution functions at the outlet as follows: 
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 (3.13) 

Similarly, the unknown distribution functions at the outlet can be obtained by: 
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 (3.14) 

3.3.2. Extrapolation Boundary Conditions 

In cases where the conditions across the domain are expected to follow a 

constant distribution, a simple extrapolation scheme can be utilized for both the 

velocity and energy domains for the inlet and outlet.  For instance, at the inlet, these 

functions are derived as 

  (     )      (     )    (     )       (     ) 

                                (     )      (     )    (     )       (     ) (3.15) 

 

where i represents the lattice directions. 

3.3.3. Zou/He Boundary Condition 

For flow cases in which a pressure gradient between the inlet and the outlet 

or a prescribed inlet velocity exists, Zou and He [16] derived a set of boundary 

conditions that are based on knowing a priori the velocity (or density) for a given 

open boundary (be it inlet or outlet) and calculating the density (or velocity) based 

on the moments of the distribution functions as described in Eq. (2.3).  For instance, 

at the inlet (see Figure 3.1) f1, f5 and f8 are unknown.  Assuming that the inlet 

pressure (density, in) is known, as well as the velocity in the y-direction (e.g., uy=0 
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at the inlet in a channel flow), we need to determine the unknown distribution 

functions as well as ux based on the following: 
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Combining the first and second equations, and solving for ux, we obtain: 
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The unknown distribution functions can now be determined by using the 

density and velocity information as well as the relationships for the equilibrium 

distribution functions (e.g., Eq. 1.11).   Assuming that the non-equilibrium part of 

the particle distribution normal to the inlet obeys the bounce-back rule                         

(
1 1 3 3

eq eqf f f f   ),  f1, f5, and f8 can be determined by using the second and third 

relationships in Eq. (3.16): 
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If instead the inlet velocity conditions (ux and uy) are known, the unknown 

distribution functions as well as the inlet pressure (density) can be determined 
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through the same set of equations, but solving for the unknown quantities, which 

results in: 
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 (3.19) 

For the LB model derived in the present work, a 13-velocity set is utilized.  The 

Zou/He boundary conditions for the D2Q13 model are thoroughly derived in 

Appendix A. 

Depending on the conditions being simulated, a combination of the boundary 

conditions described in this chapter can be incorporated into a LB model to simulate 

various cases that represent specific flow regimes.  For the cases explored in this 

study, boundary conditions that are more relevant to slip flow and transition flow 

regimes were selected.  The specific set of boundary conditions utilized for each 

case are listed in the relevant chapters, along with a description of the application 

being simulated.  
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Chapter 4 

Relaxation Times for Velocity and 

Energy Domains 

In addition to the lattice set and the boundary conditions, a LB model 

requires a method to determine the relaxation times for the velocity and energy 

domains.  The relaxation times determine the length of time required for a 

distribution function to reach equilibrium, and is an important factor during the 

collision step.  Various approaches have been thoroughly studied throughout the 

last two decades.  A brief discussion on some of these methods is provided in this 

section. 

4.1. Single-Relaxation Time (SRT) Approach 

An important aspect of LB models is the collision term, which in BGK-based 

models is made up of the difference between the density distribution function (f) 
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and the equilibrium distribution function (feq), multiplied by the a term that 

represents the time it takes for the distribution function to reach equilibrium (e.g., 

relaxation time).  The relaxation time, in turn, is determined as a function of the 

kinematic viscosity, which is assumed to be constant over the entire flow domain 

[17-20], making BGK LB models representative of a single relaxation time (SRT) 

approach.  The resulting models provide flow gradients in which their slope would 

more closely follow the reference data when compared to NSF models; however, 

they failed to capture the non-linear profiles in the KL, especially within the 

transition flow regime.  In addition, the constant viscosity results in a constant 

Prandtl number (Pr), which is yet another limitation of SRT models. 

4.2. Multiple-Relaxation Time (MRT) Approach 

The multiple-relaxation time (MRT) approach  consists of using an optimized 

version of the original scattering-matrix of the LB equation for the collision step 

rather than using the BGK approximation [21].  First, the collision step is calculated 

in what is called the kinetic moment space (KMS).  This space is covered by the 

kinetic moments which are defined by the projection of the distribution function 

onto a basis set of N Hermite polynomials.  The streaming step is then completed in 

the discrete velocity space using a set of N discrete velocities.  Since the relaxation 

rates are derived from a matrix of kinetic moments rather than a single value, they 

can be adjusted independently.  This overcomes some issues related to the SRT 

approach, namely the fixed Prandtl number.  However, they still cannot handle the 
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non-linear profiles within the KL, and thus are not capable of simulating rarefied 

conditions within the transition flow regime. 

4.3. Wall-Distance Function Approach 

Wall effects on the overall flow characteristics are of upmost importance, 

especially as the Kn increases.  The presence of the wall means that wall-molecule 

collisions are increasingly more frequent, which effectively results in a reduction of 

the gas MFP.  Various wall-distance functions, applied to the constitutive 

relationships for shear stress and heat flux, have been proposed to capture the 

effects of the solid-gas collisions on the flow characteristics and thus extend the 

applicability of the hydrodynamic models to the transition flow regime.    

Zhang et al [22] utilized an exponential relationship based on the work of 

Lockerby et al [1] to determine the effective MFP as a function of the distance from 

the walls.  They described a method in which the mean free path can be calculated 

as a function of the distance from the wall, which then is used to determine local 

momentum relaxation rates.  The relaxation time due to the reduction in the mean 

free path in the Knudsen layer was derived as 
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where  and o represent the effective mean free path and the reference mean free 

path, respectively, which are related via 
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where x is the distance normal to the wall, and  is a correction factor that depends 

on the distance from the wall, approximated by: 

                                                        (    )  
 

  
        (4.3) 

in which C is a constant that depends on the governing equations, and effectively 

controls the extent of the Knudsen layer.  This relationship is based on the work 

performed by Lockerby et al [1], in which various values are given for C depending 

on the governing equations being used.  Zhang et al [22] set this constant equal to 1.  

The thermal relaxation time is then determined from: 

                                                               
(     )

  
     (4.4) 

Their results showed that the wall-distance function improved the results 

obtained with their original model without such function, up to the low end of the 

transition flow regime.  However, their model had difficulties in capturing Knudsen 

layer interference due to the presence of two walls. 

Tang et al [23] further improved their model by replacing their wall-distance 

function with the relationship derived by Guo et al [24], which is based on the 

classical probability distribution function,  ( )           , in which r represents 

the distance from the lower wall [25].  For gas flow between two parallel walls, the 

local MFP for molecules moving towards the bottom wall can be described as  
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where 1=z/0, and Ei(x) represents the exponential integral function defined by 

  ( )  ∫          
 

 
.  For molecules moving towards the upper wall, the MFP is 

described as 

                                     ( )    [  (    ) 
      

   (  )], (4.6) 

where 2=(H-z)/0.  Since the probability of a molecule moving towards either wall 

is the same, the effective MFP can be determined by 

                                                                
     

 
 . (4.7) 

Their results also demonstrated qualitative agreement with DSMC data for flows in 

the low side of the transition regime, improving those obtained by their model 

without wall-distance functions. 

Although some of the methods described in this section allowed for 

improvements in the ability of the numerical models to simulate various 

applications, none provided the ability to characterize the velocity and temperature 

gradients within the KL for the entire transition flow regime.  However, the process 

used to define the relaxation times for the density and temperature fields as a 

function of the distance from the walls and the localized value of the effective mean 

free path is the basis for the first part of the work presented in this thesis.  The 

method used in the current work to incorporate wall-effects, as well as the 

modifications required to incorporate two recently derived wall-distance functions 
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to our thermal LB model is described in the following chapter.  The resulting LB 

model is validated and utilized to simulate flows with and without temperature 

gradients. 

 



 40 
 

Chapter 5 

Local Relaxation Time Relationship to 

Incorporate Wall-Distance Functions 

In order to apply wall-distance functions to a LB model, a method to 

incorporate these functions such that their effect on the relaxation time parameters 

is captured needs to be defined.  Zhang et al [26] derived a relationship to 

determine Kn as a function of the momentum relaxation time, τ for a D2Q9 model.  

In a similar manner, a relationship can be derived for a D2Q13 model.  The mean 

velocity of the gas molecules can be defined as [27] 

                                                           8RT /c     (5.1) 

From this, the mean free path of the gas molecule can be determined by ct  , 

where  is the mean free path, and t is the dimensional relaxation time.  The 

characteristic length, in turn, can be determined using L=NL y , where NL is the 

number of lattices across L, and y represents the lattice spacing in the y direction, 
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and is equal to x for uniform lattice spacing.  Since /t t  , and 2RT
y

c
t




   

for the D2Q13 model, it can be shown that   

                                                              

4 0.5

L

Kn
N






   (5.2) 

where the -0.5 correction factor for  has been introduced based on the 

discretization of the Boltzmann equation [28].  Since the MFP of the molecules is 

known to be affected by the presence of walls, the Kn near the walls is consequently 

affected.  The local relaxation time thus becomes a function of the local Kn, which is 

related to the reference Kn via the ratio 
0/eff  .  The local relaxation time can thus 

be derived via [29] 

                                                            
0 0.5

4
LKn N


     (5.3) 

where 
0/eff    represents the normalized effective MFP, and Kn0 is the reference 

Knudsen number.  The local energy relaxation time is then derived based on the 

Prandtl number.  The functions utilized in this study to determine the normalized 

effective MFP are described below. 

5.1. Normalized Effective MFP 

To obtain the normalized effective MFP, the use of two different probability 

distribution relationships are explored: an exponential function based on the 
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classical probability distribution function, and a Power Law function.  The 

derivation of these two functions is given in the following sub-sections. 

5.1.1. Exponential Function 

The exponential function used to determine local relaxation times is 

developed based on the classical probability distribution function,   /1 or
r e

   , 

which dictates that the probability that a molecule will travel a distance between r 

and r+dr is equal to  r dr .  In the absence of walls, the MFP of all molecules 

results in   0r dr  .  In contrast with the work of Stops [25], who derived an 

effective mean free path relationship using solid angle analysis, Arlemark et al [30] 

used an integral form of the probability distribution function,  

                                                   /
Ψ or

r r dr C e
 

    (5.4) 

to describe the probability that a molecule will travel a distance r+dr without a 

collision.  In this relationship, C is set to 1 so the probability ranges from zero to 1.  

Considering molecules traveling towards each wall within a micro/nano-channel, 

the MFP due to the presence of the walls can be obtained via 

                       / /

0 0

1 1
*  Ψ Ψ 1

2 2
o or r

l r r e e
  

              
 (5.5) 

where r  and r  represent the distance from the molecule being assessed to each 

wall.  Integrating Eq. (5.5) using Simpson’s numerical integration with 14 

subintervals results in 
0eff exp   , where 
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is the normalized effective MFP based on the exponential function.  This function is 

incorporated into eq. (5.3) to determine the local relaxation time. 

5.1.2. Power Law Function 

Dongari et al [31] studied the effect of surfaces on the molecular MFP of 

rarefied monatomic gases via Molecular Dynamics (MD).  Based on the data they 

obtained for neon (monatomic gas), they concluded that such effect followed a 

profile more representative of a Power Law function rather than an exponential 

distribution.  Consequently, they proposed that the effective MFP can be determined 

via  
 1

1

n

n
a r

r a
n











, which was derived to ensure higher order moments 

diverge, and the zero and first moments result in 1 (total probability) and 0 , 

respectively [32].  With that same goal, the constant n is set to 3, ensuring all 

moments higher than one diverge, and 0a  .  For thermal cases, the MFP is defined 
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as 01.922T   [33]; thus, 01.922a  . Using an integral form of the probability 

distribution, 

                                                   
1

Ψ 1

n
r

r r dr C
a





 
    

 
  (5.7) 

we obtain a relationship that describes the probability of a molecule travelling a 

distance r+dr without experiencing a collision.  As with the exponential function, the 

integration constant C is set to 1.   

Considering molecules traveling in both directions (towards as well as away 

from the wall), the MFP due to the presence of the wall is determined as 

              
1 1

0 0

1 1
*  Ψ Ψ 1 1 1

2 2

n n

r r
l r r

a a
 

 
 

 
                            

. (5.8) 

Integrating using Simpson’s numerical integration with 16 subintervals, we obtain 

0eff PL   , where 
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is the normalized effective MFP based on the Power Law function [32].   

5.2. LB Model Results and Discussion 

In order to determine the performance of the extended velocity LB model 

and the implementation of the two wall-distance functions, a 2-D shear-driven 

isothermal flow case (Couette flow) and a rarefied thermal case (gas conduction 

flow) in a horizontal microchannel were simulated.  The results were validated 

using data obtained via the linearized Boltzmann equation for the Couette flow [34] 

as well as DSMC data for the gas conduction flow case [35]. 

A grid study was performed to determine a grid size appropriate for the 

applications being simulated over the entire Knudsen number range explored.  The 

results showed that the output parameters converged for grids greater than 51x51.  

Figure 5.1 shows the resulting normalized velocity profiles across the microchannel 

height for Kn=0.4514 based on a series of grids as well as on results based on the 

linearized Boltzmann equation [34].  Based on the results, a 101x101 grid is utilized 

in all simulations, unless otherwise stated.  
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Figure 5.1: Normalized velocity profiles across the microchannel height for 

various grid densities, Kn=0.4514 

5.2.1. Couette Flow 

The first case considered is that of isothermal, shear-driven Couette flow 

between two parallel, horizontal plates separated by a distance H, moving in 

opposite directions at a speed of U0.  The D2Q13 LB model, as described in section 

2.2, is used as the basis for this study.  However, only the density distribution 

function is exercised since no temperature field is simulated in this case.  The DSBC, 

as described in section 3.2.3, is applied to simulate the fluid interaction with the 

walls for the velocity field, while density/velocity boundary conditions as derived 
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by Zou and He [16], but modified to make them applicable to the lattice set used 

(D2Q13), are used for the inlet and outlet.  For this case, we use a rescaled Knudsen 

number   (√   )   to match our results with those obtained by Sone et al 

based on the linearized Boltzmann equation [34].   

Figure 5.2 shows the normalized velocity profiles across the microchannel 

height for various Kn in the transition flow regime.  Results based on our novel LB 

model with the exponential and Power Law relationships are shown in dotted lines 

and solid lines, respectively; results based on the linearized Boltzmann equation 

[34] are shown in symbols; and results based on the original exponential 

relationship as applied by Tang et al [23] are shown in dashed lines.  It can be seen 

in both the reference data and the LB models that, as Kn increases, the velocity slip 

at the walls also increases, as expected.  The overlapping effect of the walls is also 

observed starting at Kn~0.45 (not readily seen for Kn~0.11), as the velocity profile 

outside the KL starts to follow a non-linear trend.   
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Figure 5.2: Normalized velocity profiles across microchannel for Couette flow 

case 

At the low end of the transition regime (Kn<~1), our two LB models provide 

results that are in excellent agreement with the results of the linearized Boltzmann 

equation, though it can be seen that the exponential function starts to deviate from 

the desired profile at Kn=1.128.  The original model as derived by Tang et al [23] 

shows a similar trend at the lowest Kn explored, though it fails to match the 

reference data at Kn=1.128.  At the higher Kn explored in this study, the LB model 

with the exponential function can no longer simulate the non-linear velocity profile 

seen in the reference data.  The results of the LB model with the Power Law 
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function, on the other hand, are still in good agreement with the linearized 

Boltzmann equation data up to K=4.0 (Kn=4.454), with minor differences seen near 

the walls.  These results demonstrate that the present models are effective in 

determining the effect of the walls on the local MFP and, consequently, the 

macroscopic flow conditions without thermal effects. 

5.2.2. Gas Conduction Flow 

The second case studied represents that of gas conduction flow within 

horizontal, parallel plates separated by a distance H.  The plates are stationary, and 

set to a constant temperature of         and         for the bottom and top 

plates, respectively.  The mean temperature (     )   is used as the reference 

temperature T0.  The Prandtl number is set to 0.67, and the fluid properties of Argon 

are selected to match the DSMC data by Gallis et al [35].  As such, this case 

represents a monatomic gas simulation.  The D2Q13 LB model, as described in 

section 2.2, is used as the basis for this study, including both the density and 

temperature distribution functions.  The DSBC, as described in section 3.2.3, is 

applied to simulate the fluid interaction with the walls for both the velocity and 

temperature fields, while periodic boundary conditions are used for the inlet and 

outlet.  Since this case represents a thermal flow, the thermal version of the MFP 

relationship for the Power Law function (         ) is used [32]. 

Figure 5.3 shows the normalized temperature profiles,   
    

     
, across the 

microchannel height for various Kn in the slip/transition flow regime represented 
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by cases of Kn= 0.04745 to Kn=1.582.  Results based on our novel LB model with the 

exponential and Power Law relationships are shown in dotted lines and solid lines, 

respectively; the reference DSMC data [35] are shown in symbols; and results of the 

LB model based on the original exponential relationship as applied by Tang et al 

[23] are shown in dashed lines.  As can be seen in the plots, the temperature jump at 

the walls increases with an increase in Kn, while the temperature gradients across 

the channel approach a horizontal profile, resulting in a smaller temperature 

difference across the micro-channel.  The nonlinear trend outside the KL, caused by 

the overlapping effect of the walls, is observed just as in the isothermal case, though 

at a much lower Kn (Kn~0.16).   
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Figure 5.3: Normalized temperature profiles across microchannel for Gas 

Conduction flow case 

For the entire Kn range studied, our two LB models provide temperature 

profiles that are in excellent agreement with the non-linear profile seen in the 

reference data [35].  The plots show that as Kn reaches the high end of the transition 

flow regime (Kn> 1.0), the LB model as derived by Tang et al [23] fails to simulate 

the nonlinear temperature profile seen in the DSMC data.   

The results obtained for the two cases (isothermal Couette and gas 

conduction flow) demonstrate that implementing effective MFP functions based on 

the integral of a) the classical exponential function and b) a Power Law function to 
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the high-order LB model to determine local relaxation time values using the 

relationship described in Eq. (5.3) can greatly enhance its ability to capture the 

nonlinear velocity and temperature profiles expected in rarefied gas flows, including 

conditions within the transition flow regime. 

5.3. Conclusion 

Two geometry-dependent wall-distance functions have been implemented to 

a high order LB model using a function derived based on the distance from the wall 

and the localized Kn to enhance the model capabilities with respect to capturing the 

nonlinear velocity and temperature profiles expected within the KL in highly 

rarefied gas flows up to the high end of the transition flow regime.  The results show 

that the effective MFP relationship based on the integral of the classical probability 

distribution function improves the results obtained with the high order LB model 

for both shear-driven and monatomic gas conduction flow cases up to Kn~1.  The 

results also show that the effective MFP relationship based on the integral of the 

Power Law distribution function greatly enhances the results obtained with the high 

order LB model for both shear-driven and monatomic gas conduction flow cases, up 

to Kn~5, approaching molecular flow conditions.  In conclusion, the resulting LB 

models represent a significant improvement and an effective tool in modeling 

nonequilibrium gas flows expected within micro/nano devices. 
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Chapter 6 

Wall-Distance Function for Transition 

Flow Conditions 

In the previous chapter, the wall-distance functions derived based on the 

work of Arlemark et al [30] and Dongari et al [32] were shown to improve the 

performance of our thermal LB model in capturing velocity and temperature 

gradients for flow conditions reaching the low end of the transition regime.  

However, rarefied conditions within micro/nano-channels as well as cavities could 

include the entire transition flow regime, up to Kn=10.0.  Thus, a more accurate 

wall-distance function is required to successfully capture the effects at such highly 

rarefied conditions. 

Dongari et al [31] studied the effect of surfaces on the molecular MFP of 

rarefied monatomic gases via Molecular Dynamics (MD), and reported their findings 

in terms of normalized MFP based on the reference MFP at each Kn studied                 
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(
0/eff  ).  Based on the data they obtained, they concluded that such effect resulted 

in 
0/  eff  gradients that followed a profile representative of a power law function.  

With this in mind, we have analyzed the MD data to explore the use of power law 

functions that best describe 1) the maximum normalized effective MFP across the 

Kn range studied, which provides the amplitude of the MFP profile at a given 

reference Kn, and 2) the effective MFP profile across the channel height for all Kn 

studied.  These two functions combined provide all the details necessary to properly 

capture the effective MFP across the entire flow domain, and are thoroughly 

described below. 

6.1. Amplitude Function 

In order to develop the amplitude function, the MD data at the center of the 

channel (y/H=0.5), which represents the maximum normalized effective mean free 

path (max) is extracted for the four reference Kn studied (Kn0=0.2, 0.5, 1.0, and 2.0), 

and 
0/eff   is set to 1.0 for Kn00.05.  The data is then plotted as a function of 

1/Kn0.  Using the resulting curve as reference, various power law functions were 

assessed that would converge to 1.0 as Kn00.05.  Based on the assessment, it was 

determined that the amplitude of the normalized effective MFP could best be 

represented by the following quadratic relationship: 

                                   

2

max 2

0

0

0

0(1/ ) 0. 0.38061

(1/ )

)

1

(1/Kn Kn

Kn Kn


   
 

 
  (6.1) 
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where 0.06 and 0.38 are constants that can be modified to tune the function’s 

curvature and have been selected to best match the reference data.  For thermal 

cases, the MFP is defined as 01.922T   [33]; thus,  max 01/1.922Kn for cases 

involving thermal effects.  Figure 6.1 shows the resulting amplitude function as well 

as a similar cubed function compared to the reference data.  The solid line with 

square symbols represents the reference monatomic gas results [31]; the dashed 

line with x symbols represents the cubic function; and the dashed line with circles 

represents the derived quadratic relationship used in the present study.  It can be 

seen that the selected amplitude function provides an accurate representation of 

the MD data, converging to 1 as Kn00.05.  The quadratic function matches the MD 

data within less than 0.6% for most data points, with the exception of Kn0=1.0, 

where the error is ~2%.  Based on the selected function, the amplitude converges to 

0.38 as Kn0 (1/Kn00). 
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Figure 6.1: Maximum normalized effective mean free path (amplitude) 

6.2. Profile Function 
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in this case (y/H) is limited to 0.5, we first derive a tangential form of the 

normalized channel height as follows: 

                                      

1/2

tan

2 ta ,    0.n 5
y y

HH H

y


    
    

  


 
.  (6.2) 

The resulting independent variable rapidly increases as y/H0.5.  This 

tangential form of the normalized channel height is then used to define profile 

functions.  It must be emphasized that y/H needs to be determined based on the 

nearest wall, such that y/H ≤ 0.5. 

Similar to the amplitude function, various power law functions were 

assessed that could provide the desired profile.  Based on the assessment, the 

following cubic function was selected: 
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  (6.3) 

where 
y

H

 
 
 

 represents the profile of 
0.5

/ y

H

 


, and 0.53 is a constant that can be 

modified to tune the function’s curvature, and has been set to best match the 

average of the MD data.  Figure 6.2 shows the selected profile function as well as a 

similar quadratic function compared to the reference data.  The dashed lines with 

symbols represent the reference monatomic gas data [31], while the long-dashed 

line with circles represents the average of the reference data; the dotted line 

represents the quadratic function; and the solid line with x symbols represents the 

proposed cubic function that is used in the present study.  The figure shows that the 
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selected profile function closely follows the average of the normalized reference 

data, whereas the quadratic function does not provide the appropriate curvature for 

most of the flow domain.   

 

Figure 6.2: Normalized mean free path profile across microchannel 

Combining Eqns. (6.1) and (6.3), the resulting normalized effective MFP function 

based on the reference MD data is 
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6.3. Results and Discussion 

The resulting normalized effective MFP profiles across the height of a micro-

channel based on equation (6.4), as well as those derived by Arlemark et al [30] and 

Dongari et al [32], are compared against the reference MD data [31] in Figure 6.3 for 

various Knudsen numbers.  The solid lines are based on the present model, the 

dotted lines and dashed lines are based on the exponential and power law models 

by Lopez et al [36], respectively, and the symbols represent the reference 

monatomic gas data [31].  For all Kn> 0.2, it is obvious that our relationship 

provides a more accurate representation of the reference data for the entire flow 

domain, including near the walls, and its accuracy seems to increase as Kn 

approaches the high end of the transition flow.  For Kn=0.2, our relationship follows 

the reference data profile, but not as close.  This deviation is the result of the profile 

function, which does not follow the Kn-specific profile of the reference data at 

Kn=0.2, as seen in Figure 6.2.  The other two relationships, on the other hand, result 

in profiles that are in general less concave, start to deviate on the magnitude of the 

effective MFP for the entire flow domain, and seem to lose accuracy as the Kn 

approaches the high end of the transition flow. 
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Figure 6.3: Normalized effective mean free path through microchannel gap 

length for various Knudsen numbers 

The performance of the proposed LB model with the MD-based wall-distance 

function is determined by simulations of a conductive case (gas conduction flow) 

and a convective case (Couette flow) within a horizontal micro-channel.  The results 

are validated using DSMC data for the gas conduction flow case [35] as well as data 

obtained via the linearized Boltzmann equation for the Couette flow [34]. 

Similar to the previous study involving the method to incorporate wall-

distance functions, a grid study was performed to determine a grid size appropriate 

for the applications being simulated over the entire Kn range explored.  The results 
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showed that the output parameters converged for grids greater than 51x51.  Thus, a 

101x101 grid is utilized in all simulations, unless otherwise stated.  

6.3.1. Gas Conduction Flow 

The first case considered is monatomic gas conduction flow within horizontal, 

parallel plates separated by a distance H is simulated.  The plates are stationary, and 

set to a constant temperature of 263 FCT   and 283 FHT   for the bottom and top 

plates, respectively.  The mean temperature   / 2C HT T  is used as the reference 

temperature T0.  The Prandtl number is set to 0.67, and the fluid properties of Argon 

are selected to match the DSMC data by Gallis et al [35].  The DSBC as described in 

Eq. (3.10) combined with the extrapolation technique described in Eq. (3.12) for the 

lattice directions parallel to the walls (e.g., horizontal) are applied to simulate the 

velocity/energy domain fluid interactions with the walls, while periodic boundary 

conditions are used for the inlet and outlet for both velocity and energy domains.  

Since this case includes thermal effects, the thermal version of the amplitude 

function is utilized, as previously described. 

Figure 6.4 shows the normalized temperature profiles, C

H C

T T

T T






, across the 

microchannel height for various Knudsen numbers in the slip/transition flow 

regime (Kn= 0.04745 to 4.745).  The solid lines are based on the MD model, while 

the symbols represent the reference DSMC monatomic gas data [35].  Results based 

on our exponential and power law LB models [36] are also included for comparison 

purposes, and are shown as dotted and dashed lines, respectively.  As can be seen in 
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the plots, the temperature jump at the walls increases with an increase in Kn, while 

the temperature profiles approach a horizontal profile, as expected.  The nonlinear 

trend outside the KL, caused by the overlapping effect of the walls, is observed for 

the two higher Kn cases.  For the low end of the Kn range studied (Kn <0.5), the 

results based on all LB models shown provide temperature profiles that are in 

excellent agreement with the non-linear profile seen in the reference data [35].  As 

Kn approaches the high end of the transition flow regime (Kn>1.0), the two previous 

models completely deviate from the desired profile, and they can no longer simulate 

the non-linear temperature profile seen in the reference data.  The MD model, on 

the other hand, provides results that are still in excellent agreement with the 

reference DSMC data, extending to the high end of the transition flow regime 

(Kn=4.745). 
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Figure 6.4: Normalized temperature profiles for Gas Conduction flow case 

6.3.2. Couette Flow 

For the second case, a shear-driven Couette flow between two parallel, 

horizontal plates separated by a distance H, moving in opposite directions at a 

speed of U0 is simulated.  The DSBC as described in Eq. (3.5) combined with the 

extrapolation technique described in Eq. (3.12) are applied to simulate the fluid 

interaction with the walls for the velocity domain.  For the energy domain, adiabatic 

boundary conditions are used to simulate the fluid interaction with the walls for the 

isothermal case, while DSBC is used for the thermal case.  Density/velocity 
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boundary conditions as derived by Zou and He [16], but modified to make them 

applicable to the lattice set used (D2Q13), are used for the inlet and outlet for the 

velocity domain, while classic periodic boundary conditions are used for the energy 

domain.  For this case, a rescaled Knudsen number  K / 2 Kn  is used to match 

the results with those obtained by Sone et al [34].  In order to simulate the 

isothermal or the thermal Couette cases, the appropriate version of the amplitude 

function is used depending on whether thermal effects are required. 

Figure 6.5 shows the normalized velocity profiles across the microchannel 

height for various Kn over the entire transition flow regime, extending to the low 

end of molecular flow.  The solid lines represent the results based on the MD model, 

the dotted and dashed lines represent the results based on our exponential and 

power law models [36], respectively, while the results based on the linearized 

Boltzmann equation [34] are shown with symbols.  It can be seen in both the 

reference data and the LB results that, as the Kn increases, the velocity slip at the 

walls also increases, as expected.  At the low end of the transition regime (Kn < 1.0), 

all three LB models provide results that are in excellent agreement with the results 

of the linearized Boltzmann equation, though it can be seen that the exponential 

function model starts to deviate from the desired profile at Kn=1.128.  At the highest 

Kn evaluated (Kn=11.28), the two previous models can no longer match the 

reference data.  The results based on the MD model, on the other hand, are still in 

excellent agreement with the linearized Boltzmann equation data up to Kn=11.28 

over the entire flow domain, including near the walls.   
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Figure 6.5: Normalized velocity profiles for Couette flow 

The resulting temperature profiles based on the MD model (solid lines), as 

well as on the exponential (dotted lines) and power law (dashed lines) models [36], 

are shown in Figure 6.6.  For this case, the bottom and top plates are set to a 

constant temperature of 263 FCT   and 283 FHT  , respectively, and the mean 

temperature   / 2C HT T  is used as the reference temperature T0.  The figure shows 

that the temperature jump at the walls increases as Kn increases, as expected, for all 

models.  For Kn up to ~1, all the models provide results that are in close agreement 

and show a nonlinear temperature profile across the channel height expected at 
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rarefied flow conditions.  At Kn=11.28 (start of molecular flow regime), the 

temperature gradients based on our exponential and power law models have 

become linear, whereas the MD model still shows the nonlinear profile expected at 

these conditions. 

 

Figure 6.6: Temperature profiles for thermal Couette flow 

The effects of using various boundary conditions and including our wall-

distance function were assessed to showcase the importance of these two aspects of 

the LB model in its ability to accurately simulate the various cases considered.  To 

do this, the LB model was utilized with 1) Bounce-Back BC, and no wall-distance 

function; 2) Bounce-Back/Specular BC and no wall-distance function; 3) Diffuse-
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Scattering BC, and no wall-distance function; and 4) Diffuse-Scattering BC with our 

novel MD-based wall-distance function.  The results were compared against data 

based on the linearized Boltzmann equation [34].  Figure 6.7 shows the resulting 

normalized velocity profiles for Kn=1.128, which represents a transition flow 

regime case.  As seen in the figure, the velocity profiles obtained using the bounce-

back, as well as the bounce-back/specular boundary condition sets with no wall 

function show a constant value across the microchannel height, demonstrating that 

the resulting LB model is not able to capture the expected velocity gradients.  The 

LB model with the DSBC and no wall function results in a velocity gradient across 

the microchannel height, with a slope that is more representative of what is 

expected.  However, the resulting profile does not match the slope seen in the 

reference data, and is linear across the microchannel height.  Thus, it is not capable 

of capturing the wall-effects on the overall velocity field.  The LB model with DSBC 

and MD wall function, on the other hand, successfully matches the reference data 

across the entire microchannel height, including the gradients near the walls. 
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Figure 6.7: Effect of using various boundary conditions and wall-functions on 

normalized velocity profiles for Couette flow 

These results demonstrate that the present model using the MD-based wall-

distance function can effectively capture the effects of walls and thermal gradients 

on the macroscopic flow conditions for the entire transition flow regime, extending 

to the low end of molecular flow (Kn=11.28). 

6.4. Conclusion 

A wall-distance function based on MD data has been developed and incorporated 

into a high-order thermal LB model to more accurately capture the nonlinear velocity and 
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temperature profiles expected within the Knudsen layer in highly rarefied gas flows over 

the entire transition flow regime.  The results presented show that the resulting LB model 

can accurately simulate velocity and temperature profiles expected in micro-channels for 

shear-driven and monatomic gas conduction flow cases, up to Kn11, making our LB 

model an effective tool in simulating transition flow conditions with thermal effects 

expected within micro/nano-scale devices. 
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Chapter 7 

Effect of Knudsen Number on Free 

Convection in a Vertical Cavity 

7.1. Introduction 

Heat transfer enhancement by means of natural convection is an attractive 

method due to its practicality in various engineering applications such as electronic 

equipment cooling.  Natural convection in a cavity can result in different patterns in 

the fluid system that in turn affect the temperature gradients within the cavity, 

potentially improving thermal transport.  The different flow and temperature 

gradients found in natural convection are caused by variations of fluid properties as 

well as geometry characteristics and temperature differences.  An understanding of 

the parameters that affect natural convection is thus of utmost value to many 

nonlinear sciences and industrial applications.   
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Various studies have been performed aimed at characterizing the effects of 

Rayleigh number (Ra), aspect ratio (AR), and Reynolds number (Re) on the 

temperature and velocity profiles within cavities.  Most of these studies have been 

performed using methods based on the Navier-Stokes set of equations.  Recently, 

some studies have attempted to capture the effect of varying the Knudsen number 

(Kn) on natural convection in various geometries.  Chen et al. [37] studied natural 

convection in a vertical microchannel for a Kn range extending to the low end of the 

slip flow regime based on a NS-model coupled with velocity slip and temperature 

jump boundary conditions at the walls.  Their results showed linear temperature 

gradients across the microchannel gap and cubic distribution velocity profiles 

expected at low Rayleigh numbers (conduction regime), as well as temperature 

jumps and velocity slips at the walls for the higher Kn explored.  However, the 

resulting velocity and temperature profiles did not show the rarefied effects 

expected due to the presence of the Knudsen layer.  Based on their results, they 

concluded that the boundary conditions utilized result in increased volume flow 

rate and lower heat transfer rate. 

Lattice Boltzmann (LB) method models have also been employed to simulate 

natural convection.  However, all of these studies have been limited to small Kn 

flows, extending to the slip-flow regime (Kn < 0.01).  Dixit et al. [38] explored 

natural convection in a square cavity for Ra extending to 1010 via a thermal lattice 

Boltzmann model based on a double-population approach to capture the velocity 

and temperature gradients.  They used an interpolation-supplemented method 
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through which the resulting lattice spacing is reduced near the walls.  Their results 

showed that their model is effective in capturing the thermal and hydrodynamic 

fields over the entire Ra range studied.  

Kao et al. [39] utilized a D2Q9 double-distribution thermal LB model to 

investigate natural convection within rectangular cavities for Kn of 0.0001 and 0.01.  

Their model employed no-slip boundary conditions for both the velocity and 

temperature fields, as well as relaxation times derived directly from the viscosity 

and thermal diffusivity.  They derived a relationship to determine a characteristic 

velocity based on kinetic theory, which is then used to determine kinetic viscosity 

and thermal diffusivity.  This relationship relates the characteristic velocity to Ra 

and Kn, which according to the authors are specified as given values in LB 

simulations.  However, Kn and Ra are directly related by the density of the fluid and 

the characteristic length, thus modifying one parameter affects the other.  Their 

results showed temperature and velocity gradients across the cavities that did not 

reflect the KL effects.  Based on their results, they concluded that the Nusselt 

number increases as a function of Ra for both Kn explored.  Their results also 

showed varying trends for Nu as a function of Kn depending on the aspect ratio. 

In the present work, the high-order LB model enhanced with the novel wall-

distance function derived by Lopez and Bayazitoglu [40] from existing Molecular 

Dynamics data for a monatomic gas (neon) obtained by Dongari et al [31], as 

thoroughly described in chapters 4 and 6 of this document, respectively, is utilized 

to explore the effect of varying Knudsen number and aspect ratio on natural 
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convection within vertical cavities.  In order to accurately capture the effects on the 

velocity and temperature fields within the cavity, a method to determine the 

external force due to density gradients within the cavity is derived, starting from a 

Boussinesq approximation.  The ability of the improved Lattice Boltzmann model to 

capture thermal effects on fluid conditions due to small density gradients expected 

in natural convection cases is first demonstrated by simulating cases that illustrate 

the classic conduction, asymptotic, and boundary layer regimes at a low Knudsen 

number.  This is followed by a series of tests to determine the effect of Knudsen 

number and aspect ratio on the velocity and temperature gradients across a vertical 

cavity. 

7.2. LB Model 

The LB model utilized for this exercise is our thermal LB model based on the 

D2Q13 lattice set, as previously described in section 2.3: 
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The second term on the right-hand side of Eq. (7.1) is derived such that its integral based 

on ic  is equal to kF .  For the  natural convection problems explored in this section, Fk is 



 74 
 

defined as  0k VECF g T T j  , where VEC  is the volume expansion coefficient, T0 

represents the reference temperature and  ⃗ is in the direction opposite to gravity. 

7.3. Boundary Conditions 

For the natural convection cases studied, the Maxwellian kinetic boundary 

condition with fully diffuse molecular reflection, as described in section 3.2.3, is 

implemented to capture the solid/fluid interactions at all the walls for the velocity 

domain.  This relationship, being Maxwellian diffuse in nature, assumes that the 

reflected particles are in thermal equilibrium with the wall.  Based on this, the 

reflected energy distribution functions can be determined via 

                           
   WDRT

  ,                 ( 0)
2

g i f i i n                                   (7.3) 

where TW represents the wall temperature [15].  This relationship is utilized for the 

left and right walls, which are set to TH and TC, respectively.  For the top and bottom 

walls, adiabatic boundary conditions are utilized to determine the unknown energy 

distribution functions by setting them equal to those on adjacent fluid lattice sites.  
 

Most LB models in the literature utilize various sets of boundary conditions 

to determine the lattice velocity directions that are bouncing away from the wall.  

However, they do not include any relationships to determine those that are parallel 

to the walls; thus, they keep the values set at the initialization of the simulation.  For 

the lattice directions parallel to the walls, a simple extrapolation technique is used 
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for both the velocity and energy domains.  For instance, at the bottom wall, these 

functions are obtained by 

        ,0, 2 ,1, ,2,  ,                  0f x i f x i f x i i n   
    

 

                                  
       ,0, 2 ,1, ,2,  ,                  0g x i g x i g x i i n        (7.4) 

7.4. External Force in LB Units 

One of the most important inputs required to simulate natural convection 

cases is the external force due to density gradient effects.  Since the LB model 

simulations require that all parameters be normalized based on lattice units for 

distance, time and temperature, defining the external force using these normalized 

parameters and/or nondimensional parameters such as Kn, Ra, and Pr is required.  

As previously discussed, the external force parameter for the LB model being used is 

based on the Boussinesq approximation, and is defined as: 

                                                         0k VECF g T T j   (7.5)   

For the LB simulations,  and the temperature difference between the two 

vertical surfaces (TH – TC) have been normalized to 1.0, so that (T-T0) is equal to 0.5 

at the hot wall and -0.5 at the cold wall.  In order to determine the value that should 

be used for gVEC, we look at the definitions of Kn and Ra and normalize them based 

on lattice units.  According to kinetic theory, Kn can be obtained based on 
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Similarly, the Rayleigh number is defined as 
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Combining Kn2 and Ra, we obtain: 
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Since /=, and Pr=/ , and combining similar terms, eq. (7.8) can be stated as: 
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Based on the lattice units selected,  T=1, and       
 .  For the D2Q13 model used, 

  
     ; thus, 
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    (7.10) 

where L is set to the distance across the cavity gap in lattice units to normalize 

gVEC. 

As illustrated by Eqs. (7.6) and (7.7), Kn and Ra are both functions of the 

fluid’s density and viscosity, as well as the cavity gap.  Thus, these two parameters 

cannot be independently selected when determining the magnitude of the external 



 77 
 

force.  To solve this issue, the Kn is first set to a given value, then the density of the 

fluid is modified to increase the mean free path and the cavity gap, consequently 

increasing Ra.  Once the desired value for Ra is obtained, the magnitude of the 

external force is calculated and applied to the LB model. 

7.5. LB Model Results and Discussion 

For all the natural convection cases explored, the geometry of the vertical 

cavity is assumed to be as shown in Figure 7.1.  Adiabatic walls are assumed at the 

top and bottom, while the left and right walls are set to a constant temperature of TH 

and TC, respectively.  The vertical walls are separated by a distance L, while the 

height of the cavity is defined based on the aspect ratio used as H=AR*L.  The mean 

temperature   / 2C HT T  is used as the reference temperature T0, while the Prandtl 

number is set to 0.72 to match the properties of air.  Thus, these simulations 

represent diatomic gas cases. 

Similar to previous work, a grid study was performed to determine a grid size 

appropriate for the applications being simulated over the entire Kn range explored.  

The results showed that the output parameters for an aspect ratio of 10 converged 

for grids greater than 51x501.  Thus, a 101x(101*AR) grid is utilized in all 

simulations, unless otherwise stated. 
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Figure 7.1: Diagram of vertical cavity, showing hot/cold walls on sides and 

adiabatic walls on top/bottom 

7.5.1. Model Validation 

The LB model with the external force derived based on Eq. (7.11) is first 

validated by simulating the classic conduction, asymptotic and boundary layer 

regime natural convection cases in continuum flow and comparing the resulting 

temperature and velocity profiles against those expected for each regime [41].  This 

TH TC

g
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is done by varying the Rayleigh number to be <103 (conduction), 103<Ra<8x104 

(asymptotic), and 8x104<Ra<106 (boundary layer) using the method previously 

described.  Boundary conditions as described in section 3 are applied to the 

adiabatic and isothermal walls.  Since this case includes thermal effects, the thermal 

version of the amplitude function is utilized to determine the normalized effective 

MFP, as described in section 6.1. 

Figure 7.2 shows the nondimensional temperature profiles, C

H C

T T

T T






, across 

the cavity gap length for the three natural convection regimes.  The red dashed line 

represents the conduction regime case; the purple dotted line represents the 

asymptotic regime case; and the green dash-dotted line represents the temperature 

profile for the boundary layer regime case.  As can be seen in the plots, the 

temperature profile for the conduction regime case is observed to be linear across 

the entire domain, and heat transfer occurs predominantly via conduction in the 

horizontal direction, as expected, with no heat transfer in the vertical direction.  For 

the boundary layer regime case, the temperature profile depicts thin layers near the 

walls that contain a temperature gradient and an isothermal core around the center 

of the cavity, with heat transfer occurring mostly via convection, again as expected.  

The asymptotic regime case shows temperature gradients across the entire cavity 

gap as in the conduction regime case, however the temperature profile is not linear; 

instead, it is curved and approaches that of the boundary layer regime case.  Thus, 

the asymptotic regime case represents a transition between the conduction and 
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boundary layer (e.g., convection) case, again as expected.  For the three cases 

shown, the temperature of the fluid near the walls match the temperature of the 

walls, which is again as expected due to the low Kn.  The ballistic thermal limit, 

shown as a solid black line, is also included for reference purposes. 

 

Figure 7.2: Normalized temperature profiles based on the lattice Boltzmann 

model for various natural convection regimes in a vertical cavity in continuum 

flow 

Figure 7.3 shows the nondimensional vertical velocity profiles, V/VREF, where 

 2 /REFV g TL    in lattice units for the same natural convection cases depicted in 
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ine), the velocity profile shows the classic cubic distribution expected for this 

regime, with positive vertical velocity on the half side of the cavity near the hotter 

wall caused by variations in density.  The velocity profile for the boundary layer 

regime case (green dash-dotted line) shows thin layers with positive and negative 

vertical velocity gradients near the hot and cold walls, respectively, surrounding a 

core with zero vertical velocity, as expected for this regime.  The asymptotic regime 

(purple dotted line) case shows vertical velocity patterns that are similar to the 

conduction regime case, however the maximum and minimum seen (e.g., “hill” and 

“valley”) are observed to shift toward the walls, reflecting a transition state between 

the conduction and boundary layer regime cases. 
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Figure 7.3: Normalized velocity profiles based on the lattice Boltzmann model 

for various natural convection regimes in a vertical cavity in continuum flow 

The normalized temperature gradients and velocity fields throughout the 

entire cavity were also plotted as validation.  Figure 7.4 shows the isotherms (a) and 

streamlines (b) for a boundary layer regime case (Ra=105) in continuum flow 

(Kn=10-5).  The isotherms illustrate high temperature gradients near the walls, as 

well as a core occupying most of the cavity in which the temperature difference is 

relatively small.  Temperature gradients in the vertical direction can be seen near 

the center of the cavity, though relatively small.  The temperature gradients near the 

walls match the temperature profile shown in Error! Reference source not found.. 
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The velocity field shown in the streamlines plot showcases the unsteadiness 

expected in high Ra cases.  The entire cavity is divided into “cells” of contrasting 

velocity gradients, with constant velocity patterns along the isothermal walls only.  

Within the “core”, the velocity gradients are relatively small compared to those 

within the boundaries near the hot/cold walls. 
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Figure 7.4: Normalized temperature contours and velocity streamlines for a 

natural convection case in the boundary layer regime, Kn=1e-05 

 

(a) 

 

(b) 



 85 
 

Figure 7.5 shows the isotherms (a) and streamlines (b) for an asymptotic 

regime case (Ra=104) at a relatively higher Kn but still within the continuum flow 

regime (Kn=10-4).  As can be seen in the isotherms plot, temperature gradients exist 

in both the horizontal and vertical direction, with regions of constant temperature 

extending across the cavity gap along the adiabatic walls (e.g., top and bottom).  It is 

also observed that the top left and bottom right corners exhibit the highest and 

lowest temperatures within the entire domain, respectively, as expected.  They also 

represent regions of low temperature gradients. 

The velocity field shown in the streamlines plot matches the gradients seen 

in the isotherms, with a well-defined clockwise circular motion around a steady 

core.  The plot shows that the maximum velocity gradients occur at the bottom left 

and top right corners, which match the regions of greater temperature gradients as 

seen in the isotherms plot.   

 



 86 
 

 

Figure 7.5: Normalized temperature contours and streamlines for a natural 

convection case in the asymptotic regime, Kn=1e-04 

 

(a) 

 

(b) 
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The results shown demonstrate that the LB model can effectively simulate 

natural convection cases for the various regimes in continuum flow.  Next, the LB 

model is utilized to determine the effect of varying Kn  and aspect ratio on the 

velocity and temperature gradients across the cavity gap. 

7.5.2. Effects of Varying Kn on Gradients Across Cavity 

Following the same procedure to determine the appropriate magnitude for 

the external force, natural convection cases at various Kn and low Ra values were 

simulated to determine the effect of Kn on conduction regime cases.   The Kn studied 

ranged from the continuum flow (Kn=10-4) to the end of the transition flow regime 

(Kn=10.0).  The aspect ratio was maintained at 10 for all cases.   

Figure 7.6 shows the nondimensional temperature profiles across the cavity 

gap for the various cases.  All profiles illustrate the linear slope expected in 

conduction regime cases, although a slight curvature is noticeable due to the wall 

effects within the Knudsen layer.  In addition, it can be seen that there exists a 

temperature difference between the walls and the fluid adjacent to the walls (also 

known as “temperature jump”) that increases in magnitude with an increase in Kn.  

The effect of the walls is also illustrated by the increasingly curved profiles, 

especially at Kn=10.0.  The temperature profiles are shown to approach the ballistic 

thermal limit as Kn increases. 
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Figure 7.6: Normalized temperature profiles for various Kn in the conduction 

regime of natural convection based on the LB model 

The normalized vertical velocity profiles (V/Vmax) across the cavity gap are 

illustrated in Figure 7.7 for Kn ranging from 0.0001 to 10.0.  It can be seen that all 

velocity profiles exhibit the classic cubic distribution of conduction-regime cases; 

however, the fluid vertical velocity component at each wall deviates from the wall 

velocity (at rest).  This is more visible for the three cases in the transition flow 

regime (Kn>=0.1), for which the velocity magnitude is greater than half the 

maximum vertical velocity seen across the entire cavity gap.  At Kn=1.0, the 

normalized fluid velocity at the wall is almost equal to the maximum (~0.87).  For 

Kn=10.0, the maximum occurs at the wall.   
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Figure 7.7: Normalized velocity profiles for various Kn in the conduction 

regime of natural convection based on the LB model 

The normalized temperature gradients and velocity fields throughout the 

entire cavity are illustrated via isotherms (left) and streamlines (right) in Figure 7.8 

for Kn=0.01 (a), Kn=0.1 (b), and Kn=1.0 (c).  For all cases, the isotherms portray a 

gradual temperature decrease across the cavity gap, with somewhat constant 

temperature areas across the cavity height except near the top and bottom walls.  

The overall temperature difference across the cavity gap is shown to decrease as Kn 

increases, which is expected due to the increasing temperature jump at the walls.  In 

addition, the temperature boundaries seen at Kn=1.0 are not as straight and vertical 
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as those at lower Kn; instead, they are somewhat curved across the entire cavity 

height. 

The velocity fields shown in the streamline plots portray a circular motion 

inside the cavity surrounding a core for all cases, with positive vertical velocity on 

the hot side and negative on the cold side, as expected.  However, it is easily 

observed that the core is less defined as Kn increases.  At Kn=1.0, the core has 

almost disappeared; instead, velocity gradients are seen across the entire cavity gap.  

Based on these results, an increase in Kn results in less steady flow, even at low Ra 

values representative of conduction regime natural convection cases. 
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Figure 7.8: Normalized temperature contours and streamlines for natural 

convection in the conduction regime for Kn = 0.01 (a), 0.1 (b), and 1.0 (c) 

   
 (a1) (a2) 

   
 (b1) (b2) 

   
 (c1) (c2) 
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The effect of Kn in the overall heat transfer can be observed by plotting the 

Nusselt number.  In order to determine a relationship for the Nusselt number at the 

hot wall, we start from the classic Nusselt number equation: 

                                                                          
  

 
 (7.11) 

where h is the convective heat transfer coefficient of the fluid, k is the thermal 

conductivity of the fluid, and L represents the characteristic length (e.g., the distance 

between the hot and cold walls).  The heat transfer rate can be described as: 

                                                                     (     ) (7.12) 

Similarly, the heat transfer rate at the surface due to conduction can be obtained by:  

                                                                        
(    )

  
 (7.13) 

where T is obtained in the vicinity of the hot wall.  Solving for h/k using eqs. (7.12) 

and (7.13), and multiplying by L, we obtain: 
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 (7.14) 

By using the nondimensionalized and normalized lattice units, we obtain a 

relationship for Nusselt number at the hot wall: 
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) (7.15) 
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where x is equal to the lattice distance, and the average wall Nusselt number can be 

determined via: 

                                                              
∑ (

 (   )  (   )
  

) 
 

 
 (7.16) 

where H represents the height of the cavity.   

The average Nusselt number at the hot wall for cases ranging from 

Kn=0.0001 to Kn=10.0 is illustrated in Figure 7.9.  The plot includes curves 

representing the average Nusselt number with and without considering the effect of 

the Knudsen Layer.  Increasing Kn results in a greater temperature jump at the 

walls, reducing the overall difference in temperature within the entire cavity, and 

consequently reducing the general slope of the temperature profile.  Using only the 

temperatures at the walls to determine the temperature gradient across the entire 

cavity (assuming a constant temperature profile) would result in a lower Nusselt 

number, as shown by the red dotted curve.  However, increasing Kn also results in 

an increasingly growing Knudsen Layer, which in turn results in a steeper 

temperature gradient near the walls.  This steeper temperature profile within the 

KL results in a higher Nu, as illustrated by the blue solid curve.  Capturing this 

increase in Nu due to the steeper temperature gradient within the KL is possible due 

to the incorporation of the MD wall-distance function to the high-order double 

distribution thermal LB model. 
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Figure 7.9: Average Nusselt number at hot wall as a function of Knudsen 

number, AR=10 

Based on the results obtained, natural convection within vertical cavities is 

greatly affected by Kn.  The velocity increase as well as the temperature jump at the 

walls with increasing Kn results in an increasingly unsteady flow field and a lower 

temperature difference across the cavity gap, respectively.  Increasing Kn initially 

results in an increase in Nu due to the temperature gradient within the KL.  As Kn 

approaches the transition flow regime, the effect of the temperature jump becomes 

dominant, resulting in a reduction in Nusselt number.    
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7.5.3. Effects of Varying Aspect Ratio 

Following the aforementioned procedures, various cases for aspect ratios of 

1.0, 2.0, 5.0 and 10.0 were simulated for Kn=0.0001 and 0.001, as well as 1.0, which 

is well within the transition flow regime.  All simulations were performed at a low 

Ra to ensure conduction regime conditions. 

Figure 7.10 and Figure 7.11 show the resulting Nu at the hot wall for 

Kn=0.0001 and 0.001, respectively.  The effect of varying AR is very similar for these 

two scenarios, with Nu decreasing more rapidly as AR is increased to 5, converging 

to a value as AR approaches 10. 

 

Figure 7.10: Average Nusselt number at hot wall as a function of Aspect Ratio, 

Kn=0.0001 
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Figure 7.11: Average Nusselt number at hot wall as a function of Aspect Ratio, 

Kn=0.001 

The effect of varying AR on Nu at the hot wall for Kn=1.0 cases is shown in Figure 

7.12.  It can be seen that an increase in AR does not have an overall effect on the 

Nusselt number, as it stays relatively constant.  However, the highly rarefied 

conditions result in temperature jumps at the walls that considerably reduce the 

overall heat transfer, as shown by the low Nusselt number obtained.   
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Figure 7.12: Average Nusselt number at hot wall as a function of Aspect Ratio, 

Kn=1.0 

The results show that the LB model coupled with the wall-distance function 

to determine relaxation times and the method derived to determine the external 

force due to temperature gradients is an effective tool in simulating natural 

convection cases within the slip flow and transition flow regimes. 

7.6. Conclusion 

A high-order double distribution thermal LB model combined with a wall-

distance function based on MD data has been utilized to determine the effect of varying 
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the magnitude of the external force due to the temperature variations was derived based 

on the Boussinesq approximation and normalized using lattice units and nondimensional 

parameters to accurately simulate natural convection cases representative of conduction, 

boundary layer, and asymptotic regimes.  The resulting LB model was first validated by 

simulating classic natural convection cases at continuum flow conditions and obtaining 

normalized velocity and temperature profiles across the vertical cavities.  The LB model 

was then utilized to simulate conduction regime natural convection cases for various Kn 

ranging from continuum flow (Kn<0.01) to the end of the transition flow regime 

(Kn=10.0) as well as cavity aspect ratios from 1.0 to 10.0.  The results presented show 

that the resulting LB model can accurately simulate velocity and temperature gradients 

expected within vertical cavities for natural convection cases in the conduction, 

asymptotic, and boundary layer regimes, up to Kn10.0, making our LB model an 

effective tool in simulating transition flow conditions, including thermal effects. 
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Chapter 8 

Conclusions and Forward Work 

8.1. Contributions 

The following is the list of the contributions of this work to the development 

of LB models and their ability to accurately characterize velocity and temperature 

fields in rarefied conditions. 

8.1.1. Incorporation of wall-distance functions 

Various methods , commonly known as wall-distance functions, have been 

derived to determine the effects of the walls on the molecular mean free path (MFP).  

As described in chapter 5, a method to obtain relaxation times by incorporating 

these wall-distance functions and thus include the local Kn due to wall effects has 

been determined for the high-order LB model used in the present work based on the 

D2Q13 lattice set.  The relationship allows for the determination of local values of 
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the relaxation times based on normalized values of the effective mean free path, 

which are also representative of localized conditions and are determined as a 

function of the distance from the nearest wall.  The relationship was then used to 

incorporate wall-distance functions derived based on an exponential relationship as 

well as a Power-Law distribution.  The resulting LB model was then utilized to 

successfully capture the velocity and temperature gradients within microchannels 

up to the low end of the transition flow regime.  The cases explored included an 

isothermal case as well as a case involving thermal effects, proving that the LB 

model can effectively simulate cases with and without thermal gradients. 

8.1.2. Development of Wall-Distance Function based on Molecular 

Dynamics Data 

Wall-distance functions have been derived to improve the ability of LB 

models to capture nonlinear effects in rarefied conditions by approximating the 

effect of walls on the gas MFP.  In order to develop a more accurate wall-distance 

function, we have analyzed Molecular Dynamics (MD) data that describes such 

effects for various Kn encompassing slip as well as transition slow regimes.  Based 

on our analysis, a relationship was derived made up of two power law functions that 

describe 1) the maximum normalized effective MFP for a given Kn, which provides 

the amplitude of the MFP profile, and 2) the effective MFP profile across the channel 

height at the same Kn, which combined provide all the details necessary to properly 

capture the effective MFP across the entire flow domain.  The resulting wall-

distance function was successfully incorporated to a high-order thermal LB model 
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to more accurately capture the nonlinear velocity and temperature profiles 

expected within the Knudsen layer in highly rarefied gas flows over the entire 

transition flow regime.   

The ability of the improved thermal LB model to capture thermal effects on 

fluid conditions due to heat conduction and convection was demonstrated by 

simulating gas conduction flow and Couette flow within micro/nano-channels, 

respectively, and validated against DSMC data as well as data based on the 

linearized Boltzmann equation.  The results show that the proposed Lattice 

Boltzmann model is capable of simulating conditions, including thermal effects, in 

rarefied flow for the entire Knudsen number range representing slip, transition, and 

the low end of molecular flow regimes (Kn11). 

8.1.3. Method to Determine External Force Magnitude for Natural 

Convection Cases 

A high-order double distribution thermal LB model combined with a wall-

distance function based on MD data has been utilized to determine the effect of varying 

Kn on the natural convection within vertical cavities.  A relationship to determine the 

magnitude of the external force due to the temperature variations was derived based on 

the Boussinesq approximation and normalized using lattice units and nondimensional 

parameters such as Kn, Ra and Pr to accurately simulate natural convection cases 

representative of conduction, boundary layer, and asymptotic regimes.  A method was 

also derived to determine the appropriate values for Kn and Ra that should be used to 
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simulate the various cases based on first selecting the reference Kn and then modifying 

the fluid density to obtain the desired Ra.   

Classic natural convection cases at continuum flow conditions  were first 

simulated to validate the resulting thermal LB model, showing that the expected 

normalized velocity and temperature profiles across the vertical cavities for each case 

were obtained.  The LB model was then utilized to simulate conduction regime natural 

convection cases for various Kn ranging from continuum flow to well within the 

transition flow regime.   

The results presented show that the resulting LB model can accurately simulate 

velocity and temperature gradients expected within vertical cavities for natural 

convection cases in the conduction, asymptotic, and boundary layer regimes, up to 

Kn1.0, making our LB model an effective tool in simulating transition flow conditions, 

including thermal effects. 

8.2. Future Work 

As with any research work, there are numerous tasks and subjects that could 

be studied to build upon the accomplishments presented.  Some of these potential 

future research topics are listed below. 

8.2.1. Extension of LB Model to 3D Version 

The current thermal LB model was derived to simulate two-dimensional 

applications.  Fully understanding the flow and thermal characteristics of most 
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microscale systems requires methods/models that can successfully simulate 3-D 

effects.  Various 3D lattice velocity sets have been derived to date, though an optimal 

candidate has not been identified to extend our current thermal LB model.  This 

would require an assessment of the various lattice sets to determine their ability to 

accurately simulate the various applications, as well as extending the methods 

utilized to simulate boundary conditions at solid interfaces and open boundaries 

(e.g., inlet and outlet). 

8.2.2. Multiphase LBE Model 

The present thermal LB model can accurately simulate velocity and 

temperature gradients for gases within a wide range of flow conditions, including 

highly rarefied flow.  There are many applications in which multiphase flow is 

present, and improving the accuracy of the models used to simulate such cases 

would be extremely beneficial.   

Various multiphase LB models have been derived over the years, however 

none are able to capture the effects of walls on the gas phase of the multiphase 

system at highly rarefied conditions.  This problem could be addressed by 

combining the present LB model with one that effectively simulates liquid flow.  As 

part of this study, a method to capture the interactions between the gas and liquid 

phases would need to be determined from methods currently available or derived. 
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8.2.3. LB Model Optimization 

The thermal LB model derived in the present work utilized a constant lattice 

distance for the entire domain for all cases simulated.  The accuracy of the LB model 

can be increased by increasing the lattice resolution, especially in regions where 

high velocity/temperature gradients are expected (e.g., near walls); however, this 

increases the amount of computer resources needed to run simulations.  A method 

to efficiently increase accuracy is to utilize grid-stretching techniques.  Various 

methods have been proposed for the LB method using non-uniform grids [42, 43], as 

well as local refinement methods using a uniform grid (“coarse”) as the reference 

lattice and regions of higher resolution (“fine”) near boundaries [44].  In the latter 

method, the post-collision probability density functions of the coarse grid are 

rescaled to ensure conservation of mass and momentum is maintained and sent to 

the fine grid.  After a series of streaming-collision steps on the fine grid, the resulting 

probability density functions are sent back to the coarse grid, using interpolations in 

space and time as needed.  Applying this method on the present thermal LB model 

could improve its ability to simulate more complex scenarios, including 3D 

applications. 

In addition to the lattice definition, another means of improving the 

efficiency and capability of LB models would be parallel computing.  The 

characteristics and simplicity of the LB method lend themselves to pursue 

modification of our present model.  For instance, the domain being simulated could  

be divided into sub-zones to be processed in parallel.  The results for all sub-zones 
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could then be integrated after a given step in the LB method process (e.g., collision 

or streaming).  At present, our thermal LB model has not been designed to be 

processed through this method.  Applying these two strategies could improve both 

the efficiency and capability of our thermal LB model, making it possible to 

accurately simulate scenarios that more closely resemble small scale applications 

such as the design of microprocessor heat sinks using carbon nanotubes (CNTs), 

micropumps, etc.  Further research to incorporate these methods and determine 

their effect on the performance of the thermal LB model should be pursued. 
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Appendix A 

Boundary conditions for the inlet and outlet as derived by Zou and He [16] 

were defined for the D2Q13 LB model utilized in the present work.  The derivation 

of these boundary conditions is described herein. 

Based on knowing a priori the velocity (or density) for a given open 

boundary (be it inlet or outlet), the density (or velocity) can be determined based on 

the moments of the distribution functions as described in Eq. (2.3).  For instance, at 

the inlet f1, f5, f8 and f9 are unknown.  Assuming that the inlet velocity profile y in the 

x-direction (ux) is known, as well as the velocity in the y-direction (e.g., uy=0 at the 

inlet in a channel flow), we need to determine the unknown distribution functions 

as well as in based on the following: 
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Assuming that the non-equilibrium part of the particle distribution functions normal 

to the inlet obey the bounce-back rule (e.g., 
1 1 3 3

eq eqf f f f   ), f1 and f9 can be 

derived as: 

                                   

2 22

1 3 3 3

2 22

9 11 3 3

1 2

3 3

1 2 1

12 3 4

x yx
in x

x yx
in x

u uu
f f u

c c c

u uu
f f u

c c c





 
     

 

 
     

 

 (A.2) 



 113 
 

Combining the first and second equations in eq. (A.1), substituting the relationship 

for f9 in eq. (A.2), and solving for in, we obtain: 
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 (A.3) 

Using the last two relationships as described in eq. (A.1), as well as those in eq. 

(A.2), f5 and f8 can be determined as: 
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A similar approach is taken to derive the equations for the unknown density 

distribution functions at the outlet. 

 

 


