


 
 

 

ABSTRACT 

Low Resolution ab initio Phasing Method by Modification of Density 
and Phase in Real and Reciprocal Space 

by 

Yunxiang Liao 

Phasing problem in X-ray structure determination can be challenging. Several 

methods, such as Isomorphous Replacement and Molecule Replacement, are frequently 

used. But their success relies on the availability of either an isomorphous heavy-atom 

derivative or a high identity homologous model. In this thesis, a low resolution ab initio 

phasing method is proposed. A large number of trial phases value and their corresponding 

high density masks are generated and modified alternately in reciprocal and real space. 

Then, the output phase sets are averaged to give the estimated phases and figure of merit 

which are capable of capturing key feature of the molecules’ low resolution envelope by 

Fourier synthesis. Smoothed particle hydrodynamics is employed to animate the high 

density masks’ modification process. The method is tested and compared with Lunin’s 

connectivity-based phasing method which also takes advantage of geometric properties of 

high density masks. 
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Chapter 1 

Introduction 

1.1. Phasing Problem 

The determination of biomolecular structure provides precious information in 

many aspects. For example, it helps us understand the mechanism of some diseases from 

their biological process at atomic level, and enables us to design new and specific drugs 

based on that knowledge. While several methods are available to find the detailed 

structure of the molecules, X-ray Crystallography is one of the most useful tools due to 

the fact that the wavelength of the X-ray is of the same order as that of inter-atomic 

distances. When the X-ray waves are incident on a crystallized structure, they are 

diffracted in a way defined by Bragg’s Law1. The scattered waves’ amplitudes and phases 

are related to the electron density of the structure by Fourier synthesis1: 
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Equation 1-1 Structure Factor 
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Equation 1-2 Electron Density by Fourier Synthesis 

The electron density ( )rρ   denotes the distribution of electrons in the unit cell, 

and hF  and hϕ  are the amplitude and phase for each reflection h


. Since electrons are 

localized near the nuclei, we can therefore extract the atomic position from the electron 

density.  

During a real experiment, X-ray data are collected in the form of a diffraction 

pattern that is composed of hundreds and thousands of spots with various and measurable 

intensities1. A square root operation of these recorded intensities can be taken to derive 

the diffraction amplitude, however, values of associated phases become indeterminate 

and all phase information is lost. In order to employ the Fourier Transform to get the 

electron density, we need an effective method to deduce the phase from other sources, 

which is called the phasing problem.  
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1.2. Existing Phasing Methods 

In general, there are two types of phasing methods2 based on the source of the 

extra information besides experimental data. The first type of approaches is those that 

make full use of a structure similar with the target structure to be determined.  This 

structure can be a derivative structure inserted by atoms or molecular group, such as 

those used in MAD2-4 and MIR2,4,5; or a previously solved structure that shares a high 

sequence identity with the target molecule, such as the model used in molecule 

replacement2,6. The second, however, use some general properties of the density map, 

such as positivity, atomicity and connectivity, and is usually called the ab initio phasing 

methods. Direct method7-9 and Lunin’s connectivity-based low resolution method10-12 are 

in this category. 

In single and multiple isomorphous replacement methods (SIR and MIR)2,5,13, 

heavy atoms are bound to the molecules without changing the other part of the structure 

and the crystal unit cell. Since heavy atoms contribute significantly to the total intensity, 

intensities difference can be used to calculate the Patterson map13 from which the 

location of the heavy atoms can be found. In the presence of that information in hand, 

two sets of experimental data, one from the native and the other from the derivative 

structure, can be used to extract the phase information. 

Similarly, single and multiple wavelength anomalous dispersion methods (SAD, 

MAD)2,3,14 require adding a heavy atom with an anomalous scattering component, which 

break down the Friedel’s law14. Phase information will then be deduced from the Friedel 

pairs. 
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Molecular replacement (MR)2,6, on the other hand, uses a homologous structure 

with a high sequence identity to the target structure. The phase problem can be solved by 

correctly placing and orienting the molecule or the subunit in the unit cell. 

All these methods suffer from well-known limitations. For example, one of the 

requirements for isomorphous replacement and anomalous dispersion method is to 

successfully bind a heavy atom to the molecule without affecting its structure and unit 

cell dimensions.  This experiment technique is quite complicated and not applicable to all 

molecules. On the other hand, for molecular replacement, the existence and quality of a 

homologous structure is crucial. Despite the fast growth of the Protein Data Bank, this 

requirement cannot always be met, either due to the inadequacy of identity of the 

homologous model, or the lack of this model at all. Therefore, some ab initio phasing 

methods, which don’t have these kinds of restriction, are of particular interest. 

Direct method7-9 is one of the most efficient ab initio phasing methods. It uses the 

electron density maps’ general properties, i.e., positivity and atomicity, to derive the 

statistical relations of structure factors, and subsequently find the most probable phase set. 

The positivity means that the electron density value should always be positive. Since the 

molecular structure consists of atoms with nucleus being centered and surrounded by 

electrons, the peak position of electron distribution should signify the location of atoms. 

This property is referred to as atomicity. If the atomicity is satisfied, the peaks of the 

density map should be sparse enough that no distance between any pair of peaks can be 

smaller than a specified value8. The direct method has received great success. However, it 

is only applicable to system with no larger than hundreds of atoms. For large 

macromolecule, we need to consider other phasing methods.  
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For systems on which the phasing methods mentioned above are not useful, 

especially macromolecules, low resolution phasing method15,16 can be adopted with a 

subsequent phase extension method17 to get the final structure. Hao introduced a low 

resolution phasing method16,18,19 that take advantage of the structure envelope deduced 

from small-angle X-ray scattering (SAXS)20,21 or electron-microscopy (EM)22 data. Once 

the detail of the envelope is found, the location and orientation of the envelope can be 

determined by doing a 6 dimensional translation and rotation search. In this way, the 

phase for low resolution reflections can be extracted. Lunin also invented several low 

resolution phasing methods11,23-26 that employ some criteria to select the desired phase set 

from randomly generated ones. The criterion could be based on the correlation between 

the structure factor magnitudes calculated from the few atom models with observed data23, 

or on the comparison between the density map’s histogram and the standard histogram26. 

One of the most effective approaches is the connectivity based phasing method12,15,27, 

whose criterion is related to the connectivity properties of the Fourier synthesis density 

map. 
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Chapter 2 

Connectivity-Based Phasing Method 

The summation in Equation 1-2 is over all reflections. Usually we use a finite 

Fourier synthesis as an approximation since not all diffraction data is available, especially 

in ultra-high resolution. Because of the truncation effect, density maps given by Fourier 

synthesis at different resolutions possess different characteristics (Figure 2-1). Lunin’s 

connectivity based method exploits the property of low resolution density. 

       

                      (a)                                            (b)                                        (c) 

Figure 2-1 Fourier Synthsis Maps at Various Resolutions  
Fourier synthesis maps of the amplitudes and phases calculated from the model 
with PDB ID 3U7T are shown at different resolutions: (a)1 Å, (b)5 Å, (c)10 Å 
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Since Lunin’s low resolution phasing method10 has something in common with 

the method proposed in this thesis, both of them making use of geometric properties of 

high-density regions, we will explain its principle and procedure thoroughly. First, some 

basic definitions that help us comprehend the connectivity based method will be 

introduced here.  

2.1. Basic Definition 

2.1.1. High Density Region  

High density region10, as its name may suggest, is a set of points with relatively 

great electron density value. To put it quantitatively, a cutoff level κ is used to define the 

boundary of this region. The definition is as following: 

The high density regions κΩ includes only the points whose density ( )rρ  are 

greater thanκ : 

{ : ( ) }r rκ ρ κΩ = >
 

 

Equation 2-1 High Density Region 

Cutoff level κ  is similar to the absolute contour level used for examination of the 

density map. Sigma level, which represents the standard deviation of the density value 

from the mean, is invented to deal with the situation that ( )rρ   is calculated on an 

arbitrary scale. For similar purpose, a quantity which is referred to as the relative 

volume10 of high density region is introduced here and used as the new cutoff level: 
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volume of high density region 
volume of the  the unit cell

κa Ω
=  

Equation 2-2 Relative Volume 

As a result, for the same high density region κΩ , there is only one corresponding a  

regardless of which density scale is used, while the magnitude of ( )κ a  might differ.  

It is apparent that different choices of cutoff level a will produce high density 

regions with various properties. The determination of an appropriate a  will be discussed 

later. 

2.1.2.  Connectivity 

Once the high density region is defined, connectivity analysis10 can be performed 

on it to extract further information for phasing. The concept of connectivity is similar to 

that defined in graph theory28. In actual implementation, the Fourier synthesis map is 

computed and studied in discrete grid points. Due to that reason, we will introduce the 

connectivity properties on grid system. 

Suppose the grids are indexed along three dimension x, y and z by consecutive 

integers. Two grid points are defined to be ‘adjacent’10,28 if their indices differ by 1 in one 

and only one of the directions. For example, (i, j, k) has six adjacent points. They are (i-1, 

j, k), (i+1, j, k) , (i, j-1, k), (i, j+1, k), (i, j, k-1) and (i, j, k+1) (Figure 2-2). The diagonal 

points such as (i+1, j+1, 1) is not included here to simplify the computation process. 
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Provided that the number of grids is big enough, we should expect the connectivity 

properties to be unaffected whether diagonal points are included or not. 

 

Figure 2-2 Adjacent Grid Points  
The adjacent points of grid (i, j, k) are showed in this graph. 

A path28 is defined as a sequence of adjacent grid points. Once we have the 

concept of adjacent and path, connected component10,28 is straightforward defined as a 

maximal set of points satisfying the condition that any two points within the set can 

always be connected by a path composed by adjacent points belonging to the same set. 

 To apply this definition in crystal, problem arises. When examining the property 

of the electron density, we only view the density in the unit cell because of the periodic 

nature of the crystal. If one connected component sits on the boundary of the unit cell, we 

might mistakenly assume this component cut by the boundary is not connected. Therefore, 

a periodic boundary condition is introduced so that two points are considered to be 

adjacent if one of them is adjacent to the other or any of its counterparts by all possible 

lattice vector translations. A two dimensional example is illustrated in Figure 2-3. The 
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high density region could be erroneously considered to consist of two components if 

viewed in unit cell (a), while in fact it is just a single component with a broader field of 

vision (b). 

      (a) 

  (b) 

Figure 2-3 Illustration of a Component Sitting on the Boundary  
A continuous component is viewed in (a) one unit cell, (b) broader field of vision. 

2.1.3. Map Correlation Coefficient 

Usually, in order to judge whether a phasing method is effective or not, mean 

phase error or map correlation coefficient10,29 are adopted to compare the estimated phase 

with the accurate one.  Here we choose the map correlation coefficient (Equation 2-3) 

because our goal is to study the detail of the molecular structure at low resolution. 

Another reason is that the strongest reflection should take on more weight as they 

contribute most to the synthesis map. 
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Equation 2-3 Correlation Coefficient Definition 

Suppose 1ρ and 2ρ are Fourier synthesis of 1 1{ , }h hF ϕ   and 2 2{ , }h hF ϕ  , respectively. We 

have: 

1
1 1 2

1 1( ) ( 2 )h
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Equation 2-4 Mean Density Value in Unit Cell 

Using the fact that the average of ( 2 )exp ih rπ− ⋅


  in the unit cell is ( )hδ


 yields: 

000
1

F
V

ρ =
 

Equation 2-5 Final Expression of Mean Density 

Similarly we have: 
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Equation 2-6 The Product of Two Densities 

It uses the fact ( )*2 2
h hF F

−
=  , which can be proved from Equation 1.1 since density ρ  is 

always real. Replacing 2ρ by 1ρ  in Equation 2-6, or vice versa, we get similar result for 

2
1ρ  

and 2
2ρ . 

In current problem, two different Fourier syntheses from the same structure factor 

amplitudes, i.e., the observed amplitudes obs
hF , need to be compared. Considering that, 

and taking into account of these equations we derived above, we get: 

( )
( )

2' 1 2

1 2 2'

cos( )
( , )

obs
h h h

h
obs

h
h

F
CP

F

ϕ ϕ
ρ ρ

−
=
∑

∑

  







 

Equation 2-7 Correlation Coefficient in Terms of Phases and Amplitudes 

The term 000F  is not included in these summations, and it is indicated by the prime in the 

summation. 
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2.1.4. Map Alignment 

Correlation coefficient is not yet ready to use because of the possibility of 

different origin and enantiomorph choices10,29. When applying ab initio phasing method 

without first fixing the origin or enantiomorph, the generated phases might appear 

tremendously different even though the only discrepancy is an origin or enantimorph shift. 

Therefore when comparing phase sets, map alignment should be performed by 

introducing 1 2( , )CCP ρ ρ 10,29 . 

1 2 1 2( , ) max ( ( ), ( ))CCP CP r sr tρ ρ ρ ρ= +


 

 

Equation 2-8 Correlation Coefficient with Map Alignment 

Put it in another way, to assess the phase quality or the closeness of two phase 

sets, the maximal correlation coefficient for all possible choice of origin shift and 

enantimorphous alternation should be employed. 

The values s and t


 can take depend on the space group of the crystal. s can be +1 

or -1 if both enantimorphs are allowed, otherwise it can only be 1. For some space group, 

such as P1, origin shift t


 can take arbitrary value. So in practical application, the whole 

space is sampled as discrete points, and then the grid search is applied to find the 

maximum correlation coefficient. For some other space groups, only finite numbers of 

shift are permitted and the maximum value is obtained by calculating each of them29. 

There also exists some space groups whose permitted shifts are continuous on some of 

the dimensions, and discrete on other dimensions. For these space groups, we can still 
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carry out the grid search with points sampling a continuous range in one or two 

dimensions and discrete values in other dimensions. 

2.2. Properties and Criteria 

We have mentioned the diverse feature of Fourier synthesis maps at different 

resolutions earlier. More structure detail will be revealed by increasing the resolution. For 

example, at low resolution, the molecule’s center region might be revealed, while at 

middle resolution the polypeptide chain’s trace could be found, and at high resolution 

atomic position is seen. 

Selection criterion can be devised based on these properties. Trial phase sets 

whose Fourier syntheses produce the high density masks with preferred properties are 

considered good phase that resembles the correct one, while those that contain 

undesirable properties are rejected.  

One of the widely used criteria Lunin proposed10 is: 

The number of high density region’s connected components should be equal to the 

molecules number in the unit cell. 

It is based on the assumption that, at low resolution provided the cutoff level is 

chosen properly, the high density region of true density map should be composed of 

connected components each covering an individual molecule’s center. Although this 

assumption is not always accurate, such as in the case when the structure has several 

closely packed molecules, Lunin demonstrated that applying the selection rule under this 
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assumption will still give good phases that can cover the details of the low resolution 

structure10. 

Selection rules that incorporate the symmetry attributes of the structure can also 

be applied10,12. If the number of symmetry operation symN  is larger than 1, than for each 

components there exits 1symN −  other symmetry copies. Moreover, the volume difference 

between copies linked by non-crystallographic symmetry should be quite small but 

nonzero due to the series truncation effect. As a concrete example, let us examine the 

case where the system contains n independent molecules, and the numbers of symmetry 

operations for crystallographic and no-crystallographic symmetry are symN and non symN − , 

respectively. Then the selection rule can be expressed as the following. 

There are altogether sym non symn N N −× ×  connected components in the high density 

region. These components can be divided into n groups where each group contains 

sym non symN N −× components of approximately the same volumes. This group can be further 

divided into non symN −  subgroup each containing symN components of same volumes. In 

addition, the volume difference between each subgroup should be quite small. 

At slightly higher resolution, the number of components belonging to each 

molecule might be larger than 1. Nevertheless, we can still assume that this number 

should be smaller than a specified value, so the noise map with a number of small blobs 

will be rejected by this criterion12. 
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2.3. Averaging 

In the connectivity based phasing method, the phase sets which satisfy the devised 

criterion will be stored. The search through the phase space will end until the number of 

stored sets reaches a preset value. These stored phases will then be used to calculate the 

average phase average
hϕ  and figures of merit (FOM) hm

 for each reflection by11: 

1

1exp( ) exp( )
M

average i
h h h

i
m i i

M
ϕ ϕ

=

= ∑  

 

Equation 2-9 Phase Averaging 

The summation is over all selected phase sets. Before applying this procedure, map 

alignment should be carried out. From Equation 2-9, it can be easily proved that the 

individual FOM hm  is the mean cosine value of the difference between the average phase 

average
hϕ   and the selected phase i

hϕ  , which measures the statistical dispersion of the 

selected population10. Consequently, phase is more uncertain if its FOM is smaller.  

It is found that even though some phase sets close to the correct phases are 

rejected while those far from the correct ones are selected, the weighted synthesis map 

calculated from the average phase, figure of merit and observed amplitudes is a good 

approximation to the exact map10,23. The reasons are: First, the selected population 

contains higher proportion of good phase sets than the randomly generated population as 

the noise maps that contain a large amount of small blobs are omitted. Second, errors of 

the phases get cancelled out through the averaging process. It delivers a weighted 
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synthesis map that better resembles the true map than most other maps calculated by 

selected phases do, owing to the fact that the error of average is less than the individual 

error provided its nature is random. Third, reflections whose phase uncertainties are 

relatively large will contribute less in the weighted map because of the scaling by the 

FOM.  

2.4. Procedure 

In summary, the basic routine10 of this low resolution connectivity based phasing 

method is: 

1, Devise the cutoff level and the selection rules based on a priori information 

about the structure, such as molecular weight, unit cell volume, and symmetry properties. 

2, Phase value for low resolution reflections are generated randomly. And this 

trial phase set is used with observed magnitudes to calculate the electron density map. 

3, Using the cutoff level determined in step one, high density region is found and 

examined. The connected components’ quantity and volumes are calculated and 

compared with the selection criterion. 

4, If the selection rule is satisfied, then this trial phase set is selected and stored, 

otherwise it is rejected. 

5, Go back to step 2 and continue until the number of selected phase sets has 

reach the preset value. Then the stored phase sets are averaged for a solution of the 
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phasing problem. The estimated phase and FOM can be used in conjunction with the 

observed magnitudes to obtain an approximation of the low resolution map. 

2.5. Phase Extension 

A set of phases of different reflections can be treated as a point in 

multidimensional space10,12, where the number of reflections denotes the dimension, and 

the phase value for each reflection denotes the projected coordinates on the 

corresponding dimension. Therefore the selection procedure can be regarded as a search  

in this multidimensional space to find points with desired characteristics. If the 

connectivity based method is performed in a relatively high dimension, an adequate 

search in this enormous multidimensional space will be quite time consuming and 

sometimes even intractable.  

Lunin proposed a phase extension method12 that contains several iterations where 

the phases in different resolution shells are solved sequentially. Low resolution phase 

which is included in the last iteration will be generated by Von Mises distribution12: 

0

exp( cos( ))
( )

2 ( )

average
h h

h

t
P

I t
ϕ ϕ

ϕ
π

−
=

 



 

Equation 2-10 Von Mises Distribution 

0I  is the zero order modified Bessel function, average
hϕ   stands for the average phase 

calculated in the last iteration. ht   value is assigned so that the mean value of 
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cos( )average
hϕ ϕ−   equals the FOM hm  from the previous iteration. Therefore the generated 

phases possess similar statistical properties as those selected in the last iterations. We 

know that the higher the FOM is, the less uncertain the average phase. Then the 

generated phase will have higher concentration around the calculated phase with large 

value of FOM. On the other hand, reflections in higher resolution shells excluded in 

previous iterations are generated with uniform distribution due to the fact that no a priori 

information is available. This iteration method greatly reduces the computing time on the 

searching space.  

Another technique invented by Lunin for phase extension is clustering12,24. The 

selected phases are divided into a few clusters according to their correlation with each 

other. Apparently, map alignment should be applied during clustering procedure and then 

phase sets in each cluster are averaged. Here human interference is needed to find out the 

best Fourier synthesis map corresponding to average phases in each cluster12. The most 

suitable cluster will include a large number of selected phases so that the contribution 

from noise map will be relatively small after the averaging process. Sometimes, 

connectivity properties of the averaged maps will be examined to find the most accurate 

cluster. 

2.6. Further Discussion about Connectivity Based Method 

The connectivity based method received a great success in quite a few systems at 

low resolution10,12,15,27. The map from estimated phases gives structure detail such as the 

molecules’ position and envelope. For small structure, it can even be used to find 
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secondary structure, such as a -helix, b -strands by estimating the phase at medium 

resolution.  

However, only a small number of reflections’ phases can be determined 10. That is 

because the technique involves searching a multidimensional space where the dimension 

equals the number of reflections involved. For a large number of reflections, the search 

with moderate computational cost will only cover a small portion of configuration space 

of phase and is thus incomplete. Even with the extension method which uses information 

acquired from previous iterations, the number of reflections that can be solved is still 

limited12. Consequently, the resolution at which the phasing method can be applied is 

quite low, especially for macromolecules which have a larger number of reflections at a 

given resolution than small molecules do. 

What’s more, it is not easy to find the appropriate protocol12 which specifies the 

number of iterations, the newly added reflections quantities, and most importantly, the 

selection criteria for different iterations. At low resolution, with carefully chosen cutoff 

level, it is assumed that the high density region is composed of several connected 

components and each molecule’s center is covered by one of the components10. But this 

assumption is no longer valid at slightly higher resolution. The number of connected 

components covering a molecule increases with the exact value unpredictable12. 

Therefore, devising the suitable selection criteria becomes nontrivial. It is suggested by 

Lunin12 to pick the selection rules in the way that the ratio between the number of 

selected and generated phase sets is approximately of the same order for different 

iterations. However, in practical application, it might be necessary to test different 

selection rules in order to determine a good one that produces the desired ratio, which 
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sometimes might be quite complicated. In addition, as this rule is based on empirical 

evidence, the selection criteria might not be applicable for certain systems. The cutoff 

level used in high density definition is also system dependent12. Lunin suggested10,12 

using the cutoff value at which the specific volume per residue is 25 Å3. This is advised 

for ordinary system, for molecules whose packing is denser or looser the cutoff value 

should change correspondingly. If the cutoff level is not selected correctly, then there 

might be more than one component covering each molecule, or the components for 

different molecules might be merged together. In summary, finding the suitable cutoff 

level and protocol is difficult but of critical importance to the effectiveness of this method. 
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Chapter 3 

Phasing Method by Alternate Modification 

A new phasing method (termed Alternate Modification Method) is proposed here 

which aims to overcome the limitation of the connectivity based method10,12 and improve 

its performance. Unlike the connectivity based method which works only on a limited 

range of cutoff level, the new method is less sensitive to the cutoff level. Therefore, 

selecting the appropriate cutoff level is not that challenging, i.e., the same cutoff level 

may be applied on various systems. Furthermore, there is no need to devise the selection 

criteria from insufficient information. 

As with the Shake-and-Bake algorithm8 employed in direct method, the new 

method alternates modifications between real and reciprocal space. The molecular 

structure is described in two representations here. In the real space, the high electron 

density mask10 is used as one of the representations, while in the reciprocal space the 

structure is represented by the phase set. 
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At the beginning, two trial models are generated in the real and reciprocal space 

respectively. In the real space, a body Ω  with simple geometric structure such as an 

ellipsoid or a sphere is created and placed on the unit cell or the asymmetric unit, which 

will be referred to as the deformable body for it undergoes deformation in the 

modification process. Its dimension is determined by the cutoff level a , the relative 

volume of the high density region. While in the reciprocal space, the trial phases }{ϕ

(input phases) are generated randomly. Then Fourier transform is performed to calculate 

the electron density map with observed amplitudes and input phase set }{ϕ , which in 

turn defines the corresponding high density region Λ . As it is calculated from the phase 

set, we shall refer to it as the calculated body. 

The deformable body Ω  will be modified in a way that it is continuously getting 

closer to calculated body Λ  while trying to keep itself from falling apart. And the 

updated Ω  will conversely be used in the reciprocal space modification process. The 

phases }{ϕ  will be refined to maximize the scoring function }{( )S ϕ  that measures the 

overlap volume between calculated body Λ and deformable body Ω . These procedures 

are repeated in several cycles and the final phases set (output phases) are stored. 

Providing that the final phases are significantly biased by the input phases, a large 

number of input phases have to be generated and modified. After that, the output phase 

sets are averaged in the same way the selected phase sets are in the connectivity based 

method. 

The pseudo-code of the routine that shows the work flow is as follows: 

Do for a specified number  
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   Generate deformable body Ω  and place it in the unit cell  

   Generate phases }{ϕ  randomly (input phases) 

   Do for a specified number of cycles 

                     Find the density map ρ  from the observed magnitudes and phase }{ϕ     

Find the high density region Λ of the synthesis map ρ  (calculated body)  

     Modified deformable body Ω  

     Refine phase set }{ϕ  guided by the scoring function }{( , )S ϕ Ω  

   Enddo 

   Store the phase set }{ϕ  (output phases)  

Enddo 

Average the output phase sets, use it as the solution to the phase problem 

 

The detailed implementation about this procedure will be explained later. 

Nonetheless, we can deduce that the connected components of the calculated body after 

modification should be more densely packed providing that the calculated body is getting 

closer with the deformable body, which tend to not disintegrate. We assume that at low 

resolution each molecule is covered by one or several adjacent components in the high 

density region. Hence, modified phases (output phases) which produce closely packed 

high density components should be of higher quality, i.e. closer to the exact phases.  

Now the constraint is no longer about the number of connected components10,12, 

but rather the spatial distribution of high density region. Good phase variants with closely 

packed components are found by modification process. The selection is automated by 

scoring function rather than a concrete criterion about the number of components per 

molecule. Hence no upper limit of component quantity has to be specified and the 

difficulty stemmed from the choice of protocols and selection rules can be overcome.  In 

addition to that, cutoff level which produces several components (in contrast to only one) 
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covering the molecule center can also be used. Therefore, for different systems, we can 

always easily find an appropriate cutoff level. 

3.1. Initialization 

In this section, we will talk about how to generate the trial structures which are 

used as a starting point for the alternate modification cycles. In reciprocal space, as 

mentioned earlier, the phases are generated randomly10. While in the real space, at the 

beginning of the modification, a simple geometric body is placed in the unit cell. Before 

the discussion of the detailed procedure, we introduce a new Cartesian system that will 

simplify the implementation. In this new system, the density '( )uρ 

 should satisfy that: 

( ) '( )

ˆˆ ˆ( ) ( ) ( )

r u

r xa yb zc

u nx x i ny y j nz z k

ρ ρ=

= + +

= ⋅ + ⋅ + ⋅

 



  



 

Equation 3-1 New Cartesian System 

Here ˆˆ ˆ, ,i j k  are unit vectors of Cartesian coordinates system. , ,a b c


 

 denote the primitive 

vectors of the lattice. x, y, z are the fractional coordinates, and , ,nx ny nz  indicate the grid 

numbers in each direction. Although the shape and volume of the deformable body in this 

new system might no longer be the same as in the commonly used fractional coordinate 

system, the usage of this new Cartesian system is still valid given the fact that all the high 

density regions (deformable bodies and calculated bodies) are compared in the same 

representation space with topological properties being identical.  
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Since the volume computed from the specified cutoff level10 a  is given, 

number of grids of the high density region 
    = number of girds of the unit cell
V

a
=

⋅
 

Equation 3-2 Volume from Specific Cutoff Level 

Normally, we would use a sphere with identical volume V as the input trial 

structure of the deformable body. But if the radius of the sphere is larger than at least one 

of the cell lengths in this new coordinate system, i.e., the grid number in that direction, 

that is: 

3 3 / 4 min( , , )R V nx ny nzπ= >  

Equation 3-3 Radius of Trial Structure 

an ellipsoid will be used. Its semi-principle axis lengths , ,a b c are: 

3

3

3

3 / (4 )

3 / (4 )

3 / (4 )

a nx V nx ny nz

b ny V nx ny nz

c nz V nx ny nz

π

π

π

= ⋅ ⋅ ⋅

= ⋅ ⋅ ⋅

= ⋅ ⋅ ⋅

 

Equation 3-4 Semi-principle Axis Length of Trial Structure 

The sphere or the ellipsoid will be placed at the center of mass of the calculated 

body from the trial phases. But special care should be taken in case the connected 

components sit on the boundary of the unit cell. A 2D example is depicted in Figure 3-1. 
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The calculated body here is composed of two parts: A and B. If we simply compute the 

center of mass of these two parts in the unit cell (point p), and place the sphere 

(deformable body) there, then part A and B will tend to move towards p during the phase 

modification process (Figure 3-1(a)). When viewed in broader view, they are actually 

moving away from each other, which is not desirable as our purpose is to gather all the 

sparsely separated components. Therefore, periodic boundary condition should be 

employed to find the correct position (point q) to place the deformable body (Figure 

3-1(b)). In addition, providing that it is more favorable when the calculated body and the 

deformable body are closer with each other at beginning, Figure 3-1(b) is preferred 

compared with Figure 3-1(a).  
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(a) 

                                       

(b)  

Figure 3-1 A 2-D Example about How to Place the Trial Structure  
The figure illustrate an example to place the trail deformable body (red circle). The 
blue region (calculated body) is composed of two parts: A and B. q and p are the 
center of mass of the calculated body when the periodic boundary condition is 
applied and not applied, respectively. The position of deformable body in Figure(b) 
is perferred compared with that in Figure (a). 

In the case when the component is cut into several pieces or there are more than 

one components sitting on the boundary, a similar procedure is devised though the 

complexity of actual implementation could vastly increase. For space group other than P1, 

which is under study, the geometric properties of high density region will be examined 

and studied in asymmetric unit (ASU) instead of the unit cell. As a result, the deformable 

body should be placed in the ASU with its position determined from the calculated body 

within the ASU. 
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3.2. Modification in Real Space 

To simulate the modification of the deformable body in real space, a method to 

describe the body and its deformation is required. This method should meet the following 

conditions. First, the volume of the body can be constrained to be constant. Second, it is 

capable of animating large change of topological properties, such as the number of holes 

inside the body. Third, during the deformation process, the body should deformed in a 

manner influenced by the calculated body and tend to not fall to pieces. 

3.2.1. Available Methods 

The general approach is to use a series of spherical harmonic functions20,21,30,31 to 

represent the shape of the body (Equation 3-5). 

( , ) ( , )lm lm
l m

f C Yθ ϕ θ ϕ=∑∑  

Equation 3-5 Spherical Harmonic Expression
 

( , ), ,f θ ϕ θ ϕ denote the radial distance, polar angle and azimuthal angle, respectively. By 

changing the coefficients lmC  of the series we can animate the deformation process. This 

method is especially useful in the Small-angle X-ray scattering (SAXS) envelope 

determination. However, if we need to construct a body with a pocket or a hole, a single-

valued function such as ( , )f θ ϕ is not adequate to describe it30. 

An alternative method to animate the deformable body is the finite element 

method32, which is most commonly used in Computer Graphic. Shapes are represented by 
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a large number of solid primitives, which are exerted by applied force and subject to 

constraints. However this method is usually used to animate elastic bodies and cannot 

simulate bodies that experience large topological change. 

3.2.2. Smoothed Particles Simulation 

Finite element method is among the approaches that apply dynamics to animate 

purely geometric models32-34. In theory, we can choose a variety of dynamics as long as it 

can animate the process with desirable characteristic. Desbrun and Gascuel 34 introduced 

a modeling and simulating approach that incorporates the Smoothed Particles 

Hydrodynamics35 which was originally invented for astrophysics problems, and made it 

applicable in deformable body animations. This is an ideal tool for our purpose as it has 

the ability to simulate a large topological deformation with fixed volume. But some 

adjustments are also required to make it applicable to our problem. 

3.2.2.1. Fundamentals 

Generally, there are two different routines to address the fluid dynamic problem. 

One is the Lagrangian approach that uses particles to represent the continuum. It tracks 

the fluid properties by following each particles movement34. The other is the Eulerian 

approach which focuses on the fluid flowing in and out at a specific position. The 

smoothed particles method belongs to the first. It describes a continuous system by 

smoothing and interpolating physical quantities of discrete points using the ‘smoothing 

kernel function’34,35. The physical quantity f  at any position r  is approximated by 

summing over the relevant values at discrete points weighted by the smoothing kernel 

function34,35. 
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( ) ( )j
j h j

j j

f
f r m W r r

ρ
= −∑    

Equation 3-6 Interpolation of the Physical Quantity at Discrete Point 

The summation is taken over all particles, where  j denotes the index of the particle with 

mass jm , density jρ , position jr . And jf is the value of quantity f for particle j. ( )hW r is a 

decreasing function with respect to /r h

, and it reaches the maximum when r equals 0. 

The characteristic length h , which reflects the radius of influence between particles, is 

referred to as the smoothing length35.  

We will prove next that providing the smoothing kernel is differentiable, the 

derivative34,35 of any physical quantity ( )f r can be expressed as: 

( ) ( )j
j h j

j j

f
f r m W r r

ρ
∇ = ∇ −∑    

Equation 3-7 Approximation of the Derivative of Physical Quantity by Smoothing 
Kernel 

 

Equation 3-6 can be treated as a numerical approximation of the integral: 

( ) ( ) ( )hspace
f r f r W r r dr′ ′ ′= −∫
   

 

Equation 3-8 Physical Quantity by Smoothing Kernel 
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Substituting  ( )f r
x
∂
∂

 for ( )f r  in Equation 3-8, it leads to: 

( ) ( ) ( )h
f fr r W r r dr
x x

+∞

−∞

∂ ∂ ′ ′ ′= −
′∂ ∂∫  

Equation 3-9 Derivative of Physical Quantity by Smoothing Kernel 

From the integration by part principle, we get: 

( ) ( ) ( ) ( ) ( ) ( 1) ( )r h
h h r

Wf r W r r dr f r W r r f r r r dr
x x

+∞ +∞
=+∞

=−∞
−∞ −∞

∂∂ ′ ′ ′ ′ ′ ′ ′ ′− = − − ⋅ − ⋅ −
′∂ ∂∫ ∫

 

Equation 3-10 Integral by Parts 

The first term in Equation 3-10 equals 0 since ( )hW r  vanishes as r reach infinite, and we 

have: 

( ) ( ) ( )hWf r f r r r dr
x x

+∞

−∞

∂∂ ′ ′ ′= −
∂ ∂∫  

Equation 3-11 Simplied Derivative of Physical Quantity 

The derivative in y and z direction can be derived in a similar fashion, and their 

numerical approximation is Equation 3-7. 
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3.2.2.2. Equation of Motion 

Given Equation 3-6 and Equation 3-7, we can derive the equation of motion in 

order to compute the positions of particles as well as their physical quantities. These 

values, in turn, can be interpolated to find the desired physical quantities at any location. 

Our object is not to study the physical properties of a system, but to animate a deformable 

body whose geometric attribute matters. As a result, the important task is to find a way to 

express the surface. Iso-density surface is used as the surface of the deformable body34.  

In this section, we discuss the equation of motion and the surface description is deferred 

to section 3.2.2.3 

• Pressure 

Suppose the pressure iP  at each particle i is known, then the force due to pressure 

gradient34,35 on a small volume dV is PdV−∇ . And the acceleration a  due to this force is: 

/a P ρ= −∇


 

Equation 3-12 Accleration by Pressure Gradient 

which is deduced from : 

dVa F PdVρ = = −∇


  

Equation 3-13 Newton’s Law 
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Substituting ( )P r  for ( )f r  in Equation 3-7, we can get the approximation of the 

pressure gradient. 

( ) ( )j
j h j

j j

P
P r m W r r

ρ
∇ = ∇ −∑  

 

Equation 3-14 Pressure Gradient
 

This approximation should not be directly applied. Using Equation 3-12, Equation 

3-14 and the fact that ( )hW r∇


 equal 0 at 0r =


 , we can prove: 

( ) ( )i ji
ji i i i j h i j

i i j

m mP rF m a m P W r r
ρ ρ ρ

∇
= = − = − ∇ −





    

Equation 3-15 Interation from Particle j to i
 

jiF


 indicate the force exerted to particle i by particle j. Similarly the force act on particle 

j by i is 

( )i j
ij i h j i

i j

m m
F P W r r

ρ ρ
= − ∇ −



   

Equation 3-16 Interation from Particle i to j 

0ji ijF F+ ≠
 

, which violates the action-reaction principle, so Equation 3-17 is needed to 

symmetrize the pressure gradient term34,35. 



  35 

 

2

P P P ρ
ρ ρ ρ

 ∇ ∇
= ∇ + 

 
 

Equation 3-17 Derivative Rule of Fractional Function 

We will get 

2 2
j ij iji i

j i h j i h
j i j ii j i

PP Pm W m W
ρ ρ ρ≠ ≠

∇
= ∇ + ∇∑ ∑  

Equation 3-18 Symmetrized Pressure
 

where i∇  denotes the gradient with respect to ir


, and ij
hW stand for ( )h i jW r r−  .Then the 

force exerted on particle i  due to the pressure gradient34,35 can be written as 

2 2
j iji

i i j i h
j i i j

PPF m m W
ρ ρ≠

 
= − + ∇  

 
∑



 

Equation 3-19 Symmetrized Force due to Pressure Gradient 

Apparently, now the force is symmetric for any particle pair.  

To compute the force due to pressure gradient, we still need to find out pressure 

value iP . In fluid or gas, the pressure is always positive. And with the fact that ( )hW r  is a 

decreasing function of r , it is easy to know that in this case the force due to pressure is 

always repulsive. Fluid or gas will tends to expand if exerted on only by this force. But in 
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our case, the volume should be fixed. Accordingly, an equation of state34 similar to that 

for ideal gas is introduced, 

0( )P k ρ ρ= −  

Equation 3-20 Equation of State 

Here k is a positive value, which is related to the stiffness of volume recovery. It 

measures the strength to recovery. System with a larger k value will come to its initial 

volume more quickly than that with a smaller k. 0ρ  is the desired density, and is chosen 

to be equal to the initial density to make the volume constant. The pressure value is now 

not always positive. The force is repulsive when ρ  is greater than 0ρ , and attractive 

otherwise. 

Inserting the equation of state into Equation 3-19, the force becomes: 

00
2 2

( )( ) jij iji
i i j i h j i h

j i j ii j

F km m W m W
ρ ρρ ρ

ρ ρ≠ ≠

 −−
= − ∇ + ∇ 

  
∑ ∑



 

Equation 3-21 Force Using the Equation of State
 

• Viscosity 

Similar to the fluid, the forces due to viscosity34,35 which reflects the system’s 

resistance to deformation is included. The formula is 
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ij
i i j ij i h

j i
D m m W

≠

= − Π ∇∑


 

Equation 3-22 Force due to Viscosity
 

where viscosity is 

2

2 2

2
   if 0

       
          0            if 0  

/100

                            ( ) / 2

ij ij
ij

ijij

ij

ij ij
ij

ij

ij i j ij i j ij i j

c

v r
h

r h
v v v r r r

µ µ
µ

ρ

µ

µ

ρ ρ ρ

 − +
<

Π = 
 ≥

⋅
=

+

= − = − = +

 



     

 

Equation 3-23 Viscosity

 
In the expression of ijΠ , the linear term reflects the shear and bulk viscosity, 

while the quadratic term is analogous to Von Neumann-Richtmyer artificial viscosity in 

finite-difference methods.34,35 And the parameter c is the speed of the sound in the 

material, which indicates the how fast a local deformation will spread the whole body.  

• Smoothing Kernel 

In theory, Gaussian distribution can be chosen as the smoothing kernel to 

physically interpret the process of representing the discrete point as a smoothed surface. 

But applying it to simulation will be quite inefficient. Smoothing kernel with compact 

support35, i.e., a vanishing value outside a certain range is more favorable. It will save 



  38 

 

much more computational effort. A neighbor search can be applied to further decrease the 

CPU time34.  

Astrophysicists prefer to select the spline function34,35. But if the gravity is not 

present, the particles tend to be clustered because the force between two particles reduces 

as they approach each other. Desbrun and Gascuel suggest34 using another kind of kernel 

whose form takes:  

3

3

(2 )        if  0 215( )              
(4 ) 0            if  2

h

r r h
W r h

h r hπ

 − ≤ ≤= 
 >

  

Equation 3-24 Smoothing Kernel 

 

(a) 

 

(b) 

Figure 3-2 One Dimensional Smoothing Kernel (a) and its Derivative (b)   
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The one dimension smoothing kernel and its derivative are illustrated in Figure 3-2. The 

derivative value is relatively large at small distance and will not diminish as distance 

approaches zero, preventing the particles from clustering. 

• Integration scheme 

Combining Equation 3-21 and Equation 3-22 leads to the equation of motion34 

00
2 2

( )( ) j iji
i i i i i j ij i h

j i i j

kkm a F D m m W
ρ ρρ ρ

ρ ρ≠

 −−
= + = − + + Π ∇  

 
∑

 



 

Equation 3-25 Equation of Motion 

To solve this equation of motion, the leapfrog integration algorithm34 is employed 

here. 

1 1/2  n n n
i i ir r v tδ− −= +
    

Equation 3-26 Leapfrog Integration Position Update 

1/2 1/2  n n n
i i iv v a tδ+ −= +
  

 

Equation 3-27 Leapfrog Integration Velocity Update 

tδ  and the subscripts n indicate the time interval between steps and the number of time 

steps, respectively. Acceleration n
ia  is not only a function of n

ir
  but also that of n

iv  due 

to the viscosity term. So n
iv  estimated from 
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1/2 1  
2

n n n
i i i

tv v aδ− −= +
  



 

Equation 3-28 Leapfrog Integration Estimated Velocity 

is employed in the calculation of acceleration. 

3.2.2.3. High Density Mask Modification 

Above is a brief introduction to the deformable body animation by means of 

smoothed particles system. To make it applicable to the high density mask modification 

process several adjustments is required. 

• Reference Body 

Besides a constant volume, we want the body to deform in a way that the overlap 

region between itself and a fixed reference body gets larger over time. At the same time, 

the body should have a tendency not to fall apart despite the large topological change 

they can undergo. Here the deformable body refers to the high density masks whose 

modification progress we need to animate, while the fixed reference body is the 

calculated body from the refined phases. 

Similar to the model fitting process with given data in Computer Graphic36, a 

force pointing to the reference body is exerted to the particles. For example, we want to 

animate the deformation of body A with reference body B. A set of evenly spaced fixed 

points { }is  is used to sample B. System A is represented by smoothed particles { }jr . For 
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each point is , we find a particle j nearest to is . Then a restoring force which point to is  

from jr  and is proportional to their distance will be exerted to particle  j. (Figure 3-3) 

( )d
ij j iF r sb= − −


   

Equation 3-29 Restoring Interation 

 

Figure 3-3 Restoring Force from the Reference Body 
A restoring force pointing from the deformable body A to the calculated body B is 
illustrated here. 

Now, Equation 3-25 must include a term  

' ( )d
i i j

j
F r sb= − −∑


 

 

Equation 3-30 Restoring Force 
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The summation is over all sample points in B whose nearest particles in system A are i. 

b  can be tuned to adjust the ratio of the forces between particles and that to the reference 

region.  

• Constant Volume 

Another modification is on the desired density 0ρ . In theory, if initially the system 

consists of a great number of particles that are distributed uniformly, then the density of 

particles should be a constant value 0ρ . But that is only true when we ignore the particles 

in the boundary. The density is estimated by: 

( ) ( )j h j
j

r m W r rρ = −∑    

Equation 3-31 Smoothed Density
 

which can be deduced from Equation 3-6 when we substitute ρ for f . 

Those particles at the boundary have fewer particles inside their sphere of 

influence, and consequently have different densities compared with others. Taking into 

account of this boundary effect, we make a slight change on Equation 3-25 by replacing 

0ρ with 0,iρ  and 0, jρ , which are the initial density for particles i and j respectively. 

Together with the adjustment about the reference body, now the equation of motion 

becomes: 
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0,0, '
2 2

( )( )
( )j ji id ij

i i i i i i j ij i h i j
j i ji j

kk
m a F D F m m W r s

ρ ρρ ρ
b

ρ ρ≠

 −−
= + + = − + +Π ∇ − −  

 
∑ ∑

  

  

 

Equation 3-32 Modified Equation of Motion 

The definition of surface used in smoothed particles deformable body animation 

requires a contour value to be chosen34, which is system dependent and not easy to find. 

Even with an appropriate contour value, there is still variation on the volume. So we 

apply a method similar to the approach we define the high density region10. From the 

definition of surface, we know that r  is inside the body if the density value at this point 

is larger than a cutoff level κ . The body can be represented by Equation 2-1, except here 

( )rρ   is the density in particles system instead of electron density. The cutoff level κ  

might vary during the deformation process to keep the volume of κΩ  constant. So 

instead of setting the κ  value at the beginning the deformation, we defined the body 

using another cutoff level a  which is the relative volume of the region. In this way, the 

volume of the space inside the region is always invariant. 

3.3. Modification in Reciprocal Space 

The improved high density mask, i.e. the deformable body from the final stage of 

real space modification, is conversely used as a reference for phase refinement in the 

reciprocal space. Phases are updated to reach the maximum value of a scoring function 

which has incorporated the reference high density mask. 
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3.3.1. Scoring Function 

For a trial phase set { }ϕ , electron density map is calculated by Fourier transform 

with experimental amplitudes. Then the corresponding high density region10 (the 

calculated body) is found and compared with reference high density mask (the 

deformable body) obtained from the modification in the real space. To quantitatively 

analyze and compare these two regions, the overlap volume is measured. The overlap 

region is: 

1 1 2({ }; ) { : ( ) ( ;{ }) 1}overlap r r rϕ ρ ρ ρ ϕΩ = = =
    

Equation 3-33 Overlap Region 

where the definition of 1( )rρ 

 and 2 ( )rρ 

 is 

1  high density region 
( )    =1,2

0  high density region i

r i
r i

r i
ρ

∈
=  ∉







 

Equation 3-34 Binary Density 

And 1( )rρ 

 and 2 ( )rρ 

indicate the deformable body and calculated body, respectively. 

Here, because of different choices of the origin and enantimorph, map alignment10,29 

should be applied before comparison. The overlap region corresponding to a permitted 

origin shift and enantimorphous change { , }s t


 is   
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1 2( , ) { : ( ) ( ) 1}overlap s t r r sr tρ ρΩ = = + =
 

  

 

Equation 3-35 Overlap Region with Map Alignment 

And the scoring function is defined as the maximum value of overlap region’s volume for 

all permitted origin shifts and enantimorphous changes. 

max volume of ( , )overlapS s t= Ω


 

Equation 3-36 Scoring Function 

 It is noted that when an arbitrary shift is permitted, it could be extremely time 

consuming to carry out this procedure in real implementation. Thus we first determine the 

origin shift so that the center of mass of these two regions coincides, and then search its 

vicinity for maximized overlap. 

3.3.2.  Optimization Algorithm 

Now that we have selected the scoring function, the problem reduces to picking 

an optimization method to find the phase sets yielding the maximum score. As in the 

Shake-and-Bake algorithm, the parameter shift approach8 is employed. Each parameter, 

in this case the phase value for individual reflection, is shifted separately until the scoring 

function reaches the maximum. The refined order is related to the magnitudes of structure 

factor. The contribution to the synthesis map from the strongest reflection is much more 

significant than others, especially at low resolution. Therefore, these reflections’ phases 

are refined first8. Before optimization, the step size, i.e., interval of phase shift ϕ∆ , and 
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the maximum number of iterations for each reflection maxn  is devised. Moreover, all the 

reflections are sorted in the descending order of observed amplitudes. For each reflection 

iϕ , the direction of shift8 is determined by comparing the scoring functions ( )iS ϕ ,

( )iS ϕ ϕ+ ∆ and ( )iS ϕ ϕ−∆ . If ( )iS ϕ  is the largest among them, then the modification for 

this phase iϕ ends, and the shift is moved to the next phase 1iϕ + . However, if the 

( )iS ϕ ϕ+ ∆  has the greatest value, we keep updating iϕ  by adding ϕ∆  to it until the 

scoring function S starts to drop or the maximum number of iterations maxn is reached. 

And then the modification move on to 1iϕ + . Similarly, if ( )iS ϕ ϕ−∆  is the largest, we 

will apply the procedure in the opposite direction (Figure 3-4). This method could 

significantly benefit the efficiency of the optimization process with appropriate choice of 

ϕ∆  and maxn . 

 

Figure 3-4 Parameters Shift Procedure 
Scoring function value at iϕ , iϕ ϕ−∆  and iϕ ϕ+ ∆  are calculated and compared. In 

this case ( )iS ϕ ϕ+ ∆ is the largest of them and this determines the direction of shifts. 

Phase iϕ is then continually updating by adding ϕ∆ until the scoring function value 
starts to drop or the maximum number of shifts is reached.  
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Chapter 4 

Results and Discussions 

In order to test the method proposed here and compare it with the connectivity 

based approach10, we use a model whose atomic positions are listed in pdb file 1c8h 

downloaded from the Protein Data Bank. The atoms listed in the pdb file with PDB ID 

1C8H is for the asymmetric unit not the biological assembly; they don’t represent all the 

atoms in the unit cell. To get full atomic model in the unit cell, some transformations, 

which are described in the pdb file, are needed to generate other atomic positions from 

the listed ones. In spite of this, it still can be treated as an example, because the atomic 

model is used to calculate the structure factor and the calculated magnitudes of the 

structure factor are treated as the observed magnitudes. The effect of experimental error 

is not considered in the current project. The calculated phases will be used to be 

compared with the estimated phases in order to check the effectiveness of the phasing 

methods. In the following section, we will compare the results obtained from the 

connectivity-based approach and the Alternate Modification Method using various cutoff 

levels and prove that the new method can work with a wider range of cutoff choices and 
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has better performance. In this work, we only consider systems without crystallographic 

or non-crystallographic symmetry. The unit cell parameters are  

254.49 A,  253.60A,  452.04 A
77.48 ,  74.91 ,  69.27     SP = P1

a b c
a b γ

= = =

= = =

a a a

a a a

 

The map and high density mask are studied on grids with grid size 20 20 40× × . 

The grid step is approximately 12A
a

, which is sufficient for resolution lower than 36A
a

. 

10A
a

 is assigned to be the map alignment step. Phases are estimated for reflections with 

resolution lower than 90A
a

 and a total number of 73. 

The phasing methods are tested under several cutoff levels. The relative volumes 

of the high density region a are taken to be 0.01, 0.03 and 0.06, respectively. 

4.1. The Connectivity-Based Method’s Results 

The atomic model contains one molecule, with no crystallographic and non-

crystallographic symmetry operation acting on it. Therefore, the selection rule10 should 

be: 

The number of connected component is equal to 1. 

However, this selection rule works only under an appropriately chosen cutoff 

level. We find out that it is effective when a  equals 0.03 or 0.01. When the cutoff level

a  is 0.06, the proportion of the selected phases in generated population would be too 

small. To handle this, another selection rule12 is employed when a  equals 0.06: 
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The total numbers of the connected components is no larger than 3. At the same 

time, the multiplier of the largest components is equal to 1. 

The multiplier means the number of components with the same volume. Although 

selection rule which produces higher quality phases might exist, based on the given 

information and the proportion of the selected phase sets in generated population, the 

criterion we choose is suitable for our problem. One of the issues with the connectivity 

based method10,12 is the difficulty of finding a standard criterion. In the absence of the 

knowledge of accurate phases, it is hard to compare two different criteria. Therefore, it is 

acceptable to compare our method with the connectivity based method that employs this 

selection rule. 

Figure 4-1 illustrates the distribution of correlation coefficients10 in both the 

selected and generated population. The horizontal axis denotes the correlation coefficient 

after map alignment 1 2( , )CCP ρ ρ , where 1ρ is the Fourier synthesis of observed 

magnitudes and the estimated phase, and 2ρ the true electron density. 1
hϕ   in Equation 2-8 

indicates the estimated phase value and 2
hϕ   the true phase value. The vertical axis 

represents the relative frequency of the phase population with corresponding correlation 

coefficients. From the Figure 4-1 (a) (b), we can find that both the selected and generated 

populations contain phase sets with good correlation and poor correlation. When we look 

at the frequency of good correlation, its value in the selected population is higher than 

that in the generated population. However, for the frequency of bad correlation the result 

is the opposite. Consequently, the proportion of good correlation is larger in the selected 

phase sets. Also we can deduce the same result from Table 4-1, which includes the 
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average and r.m.s.d. of the distribution. Note that in Figure 4-1 (c), differences between 

two distributions are marginal. Consequently, we can draw the conclusion that the 

selection criterion does not work when 0.06a = .  

(a) 

(b) 

(c) 

Figure 4-1 Distribution of Coorelation Coefficient in the Generated and the Selected 
Population in the Connectivity Based Method 

This figure illustrates distribution of correlation coefficient in the generated (blue) 
and selected (red) population in the connectivity based method. The horizontal axis 
indicates the correlation coefficient while the vertical axis shows the corresponding 
relative frequency. Different cutoff levels are used: (a) 0.01, (b) 0.03, (c) 0.06.                            
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population Cutoff  Minimum Maximum Average r.m.s.d 

Selected 

 

0.01 0.2643 0.4971 0.3723 0.0460 

0.03 0.2738 0.5045 0.3474 0.0386 

0.06 0.2230 0.3814 0.3000 0.0352 

Generated 0.01 0.2040 0.4971 0.2959 0.0354 

0.03 0.1874 0.5906 0.2932 0.0526 

0.06 0.2002 0.5082 0.2960 0.0354 

Output 0.01 0.3104 0.5594 0.4013 0.0478 

0.03 0.3271 0.5724 0.4266 0.0556 

0.06 0.2951 0.5017 0.3905 0.0449 

Input 0.01 0.2247 0.4036 0.2963 0.0382 

0.03 0.2247 0.4036 0.2963 0.0382 

0.06 0.2247 0.4036 0.2963 0.0382 

Table 4-1 Statistical Properties of  Different Populations 
The quantities representing statistical properties of the selected and generated 
populations in the connectivity based method for different cutoff levels are shown in 
this table. Also listed in this table are those of the input and output distributions in 
the Alternate Modification Method. It is noted that the distribution of input 
population for different cutoff level have the same minimum, maximum, average 
and r.m.s.d value. That is because these input populations contains the same phase 
sets as they all used the identical seed value for phase generation. 

Figure 4-2 (a)(b)(c) shows the weighted maps of the observed magnitudes, 

estimated phases and the corresponding figure of merit from the connectivity based 

method. The true phase synthesis is also present for comparison. The contour sigma 

levels for all of them are the same. We find that the map quality is greatest when 

0.01a =  with a high correlation coefficient of 0.62. The masks covering the molecules 

are isolated from each other. When 0.03a = , the correlation coefficient reduced to 0.42, 

and the similarity between the synthesis mask and the true mask decreases. Nevertheless, 
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it reveals some key features of the structure. But when 0.06a = , the masks covering 

individual molecules with the same sigma contour value are connected. It is difficult to 

capture the characteristic of the structure in this case.  

 

 (a) 

 

 

(b) 

 

 

(c) 
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(d) 

 

 

(e) 

 

 

(f) 

 

Figure 4-2 Estimated Maps from Two Methods 
This figure shows 90 Å synthesis maps estimated from different methods and 
various cutoff levels. These maps are shown for two projections. One parallel to ,a b





and the other parallel to ,b c


 .The sigma contour values are 1.0 for all these maps. 
The map from connectivity based approach (a)(b)(c),  the Alternate Modification 
Method (d)(e)(f) and the exact map are shown in green, blue and red, respectively. 
The high density cutoff level used are: (a)(d)0.01, (b)(e)0.03, (c)(f)0.06. 
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4.2. The Alternate Modification Method’s Results 

Before the modification process, we need to determine several tunable parameters 

that are essential to the high density masks’ deformation process. They are h, k, c, 

beta_adjust and Npart. h is the smoothing length of the kernel34 and reflects the radius of 

interaction between particles, and it determines whether the deformable body will easily 

fall apart or not. k measures the stiffness34 of the body while c indicates how fast a local 

deformation will spread to the whole body34. beta_adjust influences the b value that 

defines the relative magnitude of restoring force pointing to the reference map. Before 

modification, b  is adjusted so that the mean forces value of interactions between 

particles is approximately equal to that of the forces pointing to the reference map. Since 

at the beginning of the deformation the density is not changed, the interactions due to 

pressure gradient are 0. So we multiplyb  by beta_adjust, whose value is larger than 1. 

The total numbers of smoothed particles used to animate the deformation is denoted by 

Npart. These parameters are easier to manipulate than those of the selection rules and 

protocol in connectivity method since these parameters have physical meanings and are 

related to the deformation process. The parameters in selection criterion, on the other 

hand, can only be deduced from the assumed geometric property at proper cutoff level 

and they raise difficulties at medium or high resolution. 

Figure 4-3 and Figure 4-4 illustrate the Fourier synthesis maps and the high 

density regions before and after one cycle of alternate modification. Although the 

connected components number increases from 6 to 8 during the process (Figure 4-4), 

these components are getting more concentrated. The phases are improved which is 
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reflected by the fact that the correlation coefficient with the exact map growth from 0.36 

to 0.43. What is more, in the synthesis map, the quantities of large blobs which represent 

the molecules in the unit cell decrease from 2 to 1 (Figure 4-3). This can be cross 

validated by Figure 4-4. The high density region before the modification, shown in 

Figure 4-4(a), is composed of several components whose volumes are comparatively 

large. While in Figure 4-4(b), it contains one large component and several small one. 

Therefore we can conclude that the phase is improved after the modification process. 
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(a) 

 

(b)  

 

(c) 

 

Figure 4-3 Synethsis Map for the Input and Output Phases in the Alternate 
Modification Method 

The map corresponding to (a) the exact phases (red), (b) the input phases (blue) and 
(c) the output phases after one cycle of modification (purple) are illustrated here at 
two different projections. The figures in left panel show the plane that parallel to 

,a b


 , while those in the right denotes the plane parallel to ,b c


  . The cutoff level 0.03 
is employed here The coefficient correlation increase from 0.36 to 0.43 after one 
cycle of modification. We can find that before modification, there are two relatively 
large components in the unit cell besides small drops. That value change to one after 
modification therefore the map quality increase as suggest by the correlation 
coefficient. The sigma contour value is 1.5 in these maps. 
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(a) 

 

(b) 

 

(c) 

Figure 4-4 Connectivity Analysis for the High Density Regions 
Here is an example of connectivity analysis for the high density regions before (a) 
and after (b) one cycle of alternate modification. The exact phases’ high density 
region (c) is also shown here to be compared with. Grids corresponding to the same 
connected components are painted in the same color in each figures. The total 
number of connected components are 8 and 10 in figure (a) and (b) respectively. 
Although the components number increase, the phase quality improves .  

Figure 4-5 shows the correlation coefficient for the input structure and the output 

structure after several cycles of alternate modifications using various cutoff levels. We 

can find that almost all the output coefficients are larger than those of the corresponding 

input structure before modification, which elucidate the effectiveness of the modification 

in phase improvement. 
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                        (a)                                      (b)                                          (c) 

Figure 4-5 Correlation Coefficients before and after Alternate Modifications 
Correlation coefficient (CCP) with the exact phases before and after modifications 
are compared for systems solved by different cutoff levels:(a) 0.01, (b) 0.03, (c) 0.06. 
For each point listed in the graph, the x coordinates denotes the CCP before the 
modification, while the y coordinates denotes the CCP of the modified phase.It is 
found that almost all the points’ y and x coordiantes ratios are greater than 1, i.e., 
the correlation coefficients are increased. 

The distributions of the correlation coefficient in the input and output population 

are shown in Figure 4-6. The output population contains larger proportion of the good 

phases. The input populations are invariant for different cutoff level since we use the 

same seed for random phase generation. We also compare our output population with the 

selected population in Lunin’s method under identical cutoff level, both of which contain 

100 phase sets. By studying Table 4-1 and Figure 4-7, it is easy to find out that the output 

population from the Alternate Modification Method has higher concentration of good 

phase for all three choices of cutoff levels. Although the generated and the input 

population have different numbers of variants, their distributions are quite similar. That is 

because both of them are generated randomly by uniform distribution. Even though the 

new method’s input population is much smaller than the connectivity method’s generated 

population, we can still assume the search in the this method is adequate as a great 
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numbers of phases variants have been searched during the refinement in the reciprocal 

space. 

  
(a) 

 
(b) 

 
(c) 

Figure 4-6  Distribution of Correlation Coefficient of the Input and Output 
Populations in the Alternate Modification Method 

This figure illustrates the distribution of correlation coefficient in the input (blue) 
and output (red) populations in the Alternate Modification Method for different 
cutoff levels. The horizontal axis shows the correlation coefficient  while the vertical 
axis indicates the corresponding relative frequency. Different cutoff is employed 
here: (a) 0.01, (b) 0.03, (c) 0.06. 



  60 

 

 
(a) 

 
(b) 

 
(c) 

Figure 4-7 Distribution of Correlation Coefficient of Various Populations 
The output populations (blue) from the Alternate Modification Method, and the 
selected populations (purple) from connectivity based method are compared at 
different cutoff levels. It can found from these figures that the output populations 
contain larger proportion of good phases than the selected populations. The relative 
distribution in generated populations (orange) is similar to that in input populations 
(green). The cutoff level used are: (a) 0.01, (b) 0.03, (c) 0.06, respectively. 

The weighted maps from the phases and FOM estimated by the Alternate 

Modification Method are shown in Figure 4-2 (d)(e)(f). They share high identity to the 

exact map with correlation coefficients (CCP) as large as 0.76, 0.67 and 0.59 respectively. 
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Especially when a equals 0.06 or 0.03, the map contains large blobs covering the 

molecules without small drops scattered in the unit cell. By comparing these synthesis 

maps with those from the connectivity base method, it is found that the new method can 

produce better phases in terms of CCP at almost all cutoff level, except when 0.01a = , 

both estimated phases have similar correlation (Table 4-2, Figure 4-8). Moreover, the 

Alternate Modification Method shows some promising features. First, across all results, 

the best estimated phase with the highest correlation coefficient and desirable map 

characteristic is solved by the new method. In addition, our new method has better 

tolerance regarding the cutoff level selection. At 0.06a =  the new method is able to 

produce fairly good results while the connectivity method fails. 

Method Cutoff CCP FOM 

connectivity 

based 

 

0.01 0.6203 0.3171 

0.03 0.4284 0.3158 

0.06 0.3641 0.2996 

alternate 

modification 

 

0.01 0.7376 0.3344 

0.03 0.7640 0.3638 

0.06 0.5942 0.3387 

Table 4-2 The Correlation Coefficient of Estimated Maps 
This table shows the correlation coefficients between the exact map and the 
synthesis weighted map calculated with the observed magnitude, the estimated 
phase and the estimated individual figure of merit from the two methods. Also 
included in this table are the average figure of merit for the resolution shell between 

999-90 A
a

. 
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Figure 4-8 The Correlation Coefficients of Estimated Maps 
 Correlation Coefficients between the exact maps and maps estimated by different 
methods and different cutoff levels are compared here. The horizontal axis 
illustrates the cutoff level used, and the vertical axis indicates the Correlation 
Coefficients of the estimated maps from the connectivity based method (blue) and 
the Alternate Modification Method (green). 

4.3. Discussions 

We have introduced a phasing method that takes advantage of high density 

region’s properties. Trial phases and high density masks are alternately modified so that 

the components in the high region are gathering to the molecules’ center during the 

process. Then the output phases are averaged for the solution of phasing problem. It is 

based on the assumption that for good phase variants, the high density region should 

distribute in a way that most of the components be placed near the molecules’ center.  

If this approach is applied at higher resolution, the CPU time on the optimization 

process for phase refinement increase substantially with growing number of reflections. 
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In addition, the search covers a small proportion of phase space and therefore is 

incomplete. Some adjustments can be introduced to overcome these difficulties.   

A modified method12 could be designed that consists of several iterations. In each 

iteration the similar procedure mentioned in this thesis is carried out. Initially, phases of 

reflections in the lowest resolution shell are generated and modified. Then reflections in 

higher resolution shell are gradually added into phase generation and modification during 

subsequent iterations.  

For phase generation, an extension procedure invented by Lunin12 can be adopted 

here, where newly added reflections are treated differently compared with old ones. If the 

reflection is added from fresh, we use uniform distribution to produce its trial phase. 

Otherwise, this phase is generated by Von Mises distribution12 using average phase and 

figure of merit (FOM) calculated from the previous iteration.  

As regards to phase modification, the phase shift step and the maximum number 

of shifts should be devised based on a priori information. For reflections in higher 

resolution shell where no such information is available, these parameters take identical 

and predetermined value. For those in lower resolution shell, they are adjusted according 

to last iteration’s FOM. When FOM increases, the uncertainty of the phases reduces, and 

therefore it is beneficial to reduce the phase shift and the maximum shift numbers for 

reflections with high FOM value. 
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