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Abstract

Frequency-domain methods provides better understanding of the response of the dy-

namics of the structures. There are different applications in frequency-domain struc-

tural modeling and analysis such as modeling and analysis in impact engineering,

wave propagation in structures, and micro-resonators. The identification of the im-

pact force and the impact location in structures are important for monitoring the

condition of the structures and also for the design of the future structures. The com-

plexity and nonlinearity of the impact incident makes it impractical to measure the

impact force directly. In this study, a new method that uses the spectral finite ele-

ment method (SFEM) is introduced in order to identify and locate the applied impact

force. Using SFEM facilitates for the successfully identification of the high frequency

content in the impact forces. Also, using SFEM allows for the identification of the

impact force independent of the location of the impact force. The impact force iden-

tification and localization method is verified by experimental results. For designing

and analyzing micro-resonators, it is required to do the frequency-analysis of these

structures to obtain their frequency characteristics and frequency-response. In this

study, a novel class of parametrically excited micro-resonators is introduced. The

micro-resonator takes advantage of piezo-electric excitation which improves the per-

formance of the micro-resonator over that of the micro-resonators with electrostatic

excitation for certain applications.



iii

Acknowledgments

I would like to express my thanks to my advisor, Professor Andrew J. Dick. His

expansive knowledge in the field of dynamics, keen intuition, patience, and ability to

clearly explain complex ideas contributed substantially to my graduate education. I

would like to thank Professor John E. Akin and Professor Ilinca Stanciulescu for their

contributions as members of my doctoral defense committee.

I would like to thank Dr. Jason R. Foley, Mr. Gregory Falbo, and Dr. Jacob

Dodson for helping me by providing the experimental data and guiding me through

the research. The support of this work from the Air Force Research Laboratory is

gratefully acknowledged.

I am thankful to my family for supporting me during PhD studies even though I

lived far from them. I also, like to thank my very close friends, Taylor, Arash, Hesam,

and Sina, who made it easier to study and live as a PhD student.

In addition, a thank you to my friends and colleagues, Yu Liu, Steven Rich,

Wei Huang, Aaron Atzil, and Parker Eason for the helpful discussions and daily

camaraderie.



Contents

List of Illustrations vii

List of Tables xii

1 Introduction and Background 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 Indirect methods for Impact Force Identification . . . . . . . 3

1.2.2 Location Identification methods . . . . . . . . . . . . . . . . 8

1.2.3 Frequency-domain analysis of nonlinear structures . . . . . . 9

1.3 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.3.1 A Brief Introduction to Finite Element Method . . . . . . . . 12

1.3.2 Spectral finite element method for structural dynamics . . . . 20

1.3.3 The difference between Timoshenko and Euler-Bernoulli beam 26

1.3.4 The method of multiple scales . . . . . . . . . . . . . . . . . . 36

1.3.5 Exponential windowing and zero padding . . . . . . . . . . . . 39

1.3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

1.4 Current Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

1.4.1 Overview and Organization . . . . . . . . . . . . . . . . . . . 42

2 Force and Location Identification of impact applied in

beam structures 44

2.1 Impact Force Identification . . . . . . . . . . . . . . . . . . . . . . . . 45

2.1.1 Time-Domain Signal Conditioning . . . . . . . . . . . . . . . 47



v

2.1.2 Deflection Information . . . . . . . . . . . . . . . . . . . . . . 48

2.1.3 Slope Calculation . . . . . . . . . . . . . . . . . . . . . . . . 48

2.1.4 SFEM Model for Force Identification . . . . . . . . . . . . . . 49

2.1.5 Numerical Implementation and Parametric Study . . . . . . . 50

2.2 Impact Location Identification . . . . . . . . . . . . . . . . . . . . . . 58

2.3 Experimental Verification . . . . . . . . . . . . . . . . . . . . . . . . 64

2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3 High Fidelity Slope Calculation for Beam Structures 71
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Chapter 1

Introduction and Background

In this dissertation, research efforts focused on frequency-domain modeling and analy-

sis of structures with applications to impact force identification and micro-resonators,

are presented. In this study, a spectral finite element method-based technique is pro-

posed in order to identify impact force information. A new class of micro-resonators

combining piezoelectric actuation with parametric excitation is proposed, modeled

and analyzed.

1.1 Motivation

Modeling and analysis of structures has been performed for centuries in order to un-

derstand their behavior under various operational conditions. Many modeling tech-

niques and analysis approaches have been used. Frequency-domain approaches have

become popular for analyzing dynamic structures. These approaches deal with the

behavior of structures in the frequency-domain. For specific applications such as

modeling wave propagation or analyzing resonant responses, frequency-domain tech-

niques are useful due to the opportunities that they provide for modeling and analysis.

Frequency-domain analysis techniques are categorized as numerical methods and an-

alytical methods. Most frequency-domain methods are numerical methods because

an analytical model for the structure does not exist for every case. Analytical mod-

eling and analysis methods are applicable for structures that can be represented by
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using simplified models. The analytical models are also limited to specific geometries,

loading, and boundary conditions.

Among the numerical methods available for modeling structures in the frequency-

domain, the spectral finite element method (SFEM) can be used to accurately model

and analyze the behavior of structures. SFEM is able to more accurately model

high frequency wave propagation than the finite element method (FEM) which has

limitations with regard to its performance at high frequencies. Force identification

methods that use the response of the structure in order to identify the impact force are

indirect method. Indirect identification methods are used to identify impact forces due

to the complexity of the impact incident that makes direct measurements impractical.

Existing indirect methods identify and locate the impact force simultaneously which is

computationally costly. Therefore, studying the response of a structure subjected to

impact forces and identifying the impact force using SFEM is practical and improves

the precision of the identified force.

Analytical methods of modeling and analysis provide a good understanding of

the response of structures due to the availability of the analytical solution for the

response of the systems. The modeling and analysis of structures using analytical

methods becomes more complicated for structures with nonlinear behavior. Analyti-

cal frequency analysis of structures is used for cases when the analytical model of the

structure is available. The response of the majority of micro-resonators is nonlinear

due to the large deformations with respect to the size of the structure, nonlinear

forces at the micro-scale, and relatively large amplitude of oscillations. Therefore,

the analytical analysis of micro-resonators provides an understanding of the perfor-

mance of this type of structures and contributes to the design of better micro-scale

resonant devices. Hence, nonlinear modeling and frequency analysis of nonlinear
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micro-resonators is used to enhance the design and consequently the performance of

the micro-devices.

1.2 Introduction

The frequency-domain modeling and analysis of structures is applied in many indus-

tries such as turbomachinery, aerospace, and the oil and gas industry [4, 5, 6, 7, 8].

Modeling of wave propagation in structures [9], indirect force identification prob-

lems [10], and analysis of micro-structures [11] becomes straight-forward by using

frequency-domain methods.

Modeling wave propagation in structures and indirect force and location identifica-

tion methods have been studied and developed using a variety approaches. Nonlinear

analysis of structures using analytical frequency-domain methods is also of interest to

researchers due to the improved understanding the nonlinear behavior these methods

provide. In this section, methods of impact force identification and localization are

reviewed. Resonant microstructures modeled as nonlinear structures are introduced

and previous studies regarding the analysis of these structures are reviewed.

1.2.1 Indirect methods for Impact Force Identification

Indirect methods for impact force identification has attracted researchers due to the

nonlinearity of the impact problem and complexity of impact incidents [12, 13, 14, 15].

Numerous techniques have been developed by using inverse methods for impact force

identification. Some common techniques for force identification are the deconvolution

method [12, 13], the state variable formulation [16], the sum of weighted accelera-

tions [17], and the spectral finite element method (SFEM) [18].

The most common method for force identification is the deconvolution technique
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which uses an assumption of linear behavior of the response in order to allow for the

application of the convolution integral to identify the force. Therefore, the assumption

of the linear elastic response of the structure is a base for using the convolution

integral. The convolution integral that describes the behavior of the structure under

the impact force is shown in Equation (1.1).

e (t) =

∫ t

0

h (t− τ) f (τ) dτ. (1.1)

where h(t) is the impulse response function of the structure. The impact force and

the response of the structure are represented by f(t) and e(t), respectively. If the

impulse response and the response of the structure to the impact force are known,

the impact force f(t), can be obtained from Equation (1.1). Therefore, the impact

force identification problem is simplified to solving the deconvolution problem. This

technique has been applied in both the time-domain (e.g., [12]) and the frequency-

domain (e.g., [19]). The basic way to solve Equation (1.1) is to discretize the integral

equation by using the quadrature formula and changing the form of the equation into

an algebraic form and then solving the algebraic equation, as shown in Equation (1.2).

{e} = [h] {f} (1.2)

Early studies that took advantage of the time domain deconvolution method used

this technique to identify impact forces [20]. In the study by Doyle [12], a time-

domain deconvolution technique was successfully developed in order to experimentally

obtain dynamic contact laws. Response behavior was monitored by using strain

gauges mounted onto a beam structure and the impulsive load was applied by using

a pendulous ball. In this method, Gaussian elimination was used in order to solve

the algebraic convolution integral. In other work, Chang and Sun [21] calculated
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the applied impact force by using an experimental Green’s function and time-domain

signal deconvolution. The reconstructed force was identified independent of where the

sensors were located on a composite beam structure. In this method, the algebraic

form of the convolution integral has more equations than unknowns, which makes the

convolution equation a least-squares problem. The least-squares problem was then

solved by using the conjugate gradient method, which is an iterative optimization

technique. In both studies [12, 21], the position of the impact was known. Other

studies using time-domain deconvolution techniques are provided by Wu et al. [22, 23],

Yen and Wu [24], Ahu and Lu [25].

The deconvolution technique has also been used in the frequency-domain for force

identification. Due to the ease of performing the deconvolution calculation in the

frequency-domain, the force identification method is more easily implemented. The

convolution integral in the time-domain corresponds to a simple multiplication oper-

ation in the frequency-domain, as shown in Equation (1.3).

E(ω) = H(ω).F (ω), (1.3)

where the frequency-domain response of the structure and the impact force are rep-

resented by E(ω) and F (ω), respectively. The impulse response function in the

frequency-domain or transfer function is defined by H(ω). If the transfer function of

the structure is known, the applied impact force can be calculated by using Equa-

tion (1.3). Holzer used this concept in order to obtain the applied impact force [26].

He used low pass filters in order to remove high frequency noise which is amplified

by the division of the response of the system by the transfer function. Doyle and

coworkers have studied the frequency-domain deconvolution method in various struc-

tures [27, 28, 29, 30]. In the work of Wu et al. [31], a frequency-domain deconvolution

method was developed and used to determine the impact force applied to a rod struc-
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ture. Optimization algorithms were used in order to identify the impact forces applied

to the dispersive rod structure. The impact force is reconstructed by calculating the

phase of the response of the impact force at the end that impact applied by using the

response at the sensors located at a distance from the impact location. The methods

were shown to work successfully and the impact force was accurately identified. In

the work of Doyle [19], a frequency-domain deconvolution method was developed and

used to experimentally determine contact laws. The process of estimating the impact

force from experimental strain data was based on the relationship between the con-

tact force and the resulting strain at multiple locations on the test structure. The

contact force was obtained in the frequency-domain and additional signal processing

was performed to prepare the experimental data for the force identification process.

Due to the boundary conditions of the experimental system, reflections were present

in the collected data. The latter portion of the data was replaced with the theoretical

solution for an infinite beam in order to remove these reflections. In order to address

the intrinsic periodic nature of the Discrete Fourier Transform (DFT), avoiding the

wrap-around problem [32, 33, 34], and improve the accuracy of the identified force

information, zero padding was also applied.

The indirect methods for impact force identification are not limited to the de-

convolution method. State variable formulation, sum of weighted accelerations and

neural networks are other popular methods for impact force identification. The meth-

ods that take advantage of the state variable formulation utilize the state space form

of the system’s equations of motion, as shown in Equations (1.4) and (1.5) [35, 36].

ẋ(t) = Kx(t) + Tf(t), (1.4)

e(t) = Qx(t), (1.5)
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where x(t), f(t), and e(t) represent the vectors composed of state variables, and

inputs and outputs of the system, respectively. The properties of the system are

defined by the matrices K, Q, and T . Similar to the deconvolution problem, in order

to identify the impact force an error function is defined that compared the response

of the system due to the estimated impact force and the measured response of the

system, as shown in Equation (1.6).

E = Σk

[||d(kΔt)−Qx(k(Δt)||2 + b||f(kΔt)||2] , (1.6)

The impact force is identified by minimizing the error function. Hollandsworth and

Busby [16] took advantage of this method in order to identify the impact force applied

to a cantilever beam. In another work, Busby and Trujillo [37] identified the impact

force applied on a plate structure by using a similar method.

SFEM has also been used for force identification problems [18]. By implement-

ing the finite element method in a frequency-domain, SFEM was developed [38].

The spectral finite element method is highly effective for modeling mechanical wave

propagation and it has been used for structural impact analysis [39]. As stated by

Doyle [39], “These spectrally formulated elements exactly describe the wave propa-

gation dynamics and (in contrast to the conventional element) this means that an

element can span all the way from one joint to another without losing fidelity”.

SFEM is used in structural mechanics for applications such as force detection [18]

and damage detection [40, 41]. In the work of Doyle and Farris [42], a DFT-based

SFEM was used to study mechanical wave propagation in beams. In the work of

Mitra and Gopalakrishnan [18], the discrete wavelet transform was used to prepare a

wavelet spectral domain implementation of SFEM. In their work, the accuracy and

computational costs of the wavelet-domain SFEM were determined to outperform an

equivalent frequency-domain SFEM when conducting force identification in beams.
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However, applying the wavelet transform to the system model requires rigorous math-

ematics due to the coupling between the equations of motion for each wavelet number

while the frequency-domain implementation is more straight-forward and intuitive.

1.2.2 Location Identification methods

Similar to the force identification methods, indirect methods of identification of the

impact location have been studied extensively due to the limitations in direct iden-

tification of the impact location [12, 19, 23, 43, 44]. Methods for the localization

of the impact can be classified in two main categories. The first method is to de-

termine the location of the impact by using the wave propagation speed and arrival

time [45, 46, 47, 48]. The other method is location identification by minimizing an

error function defined based on the impact force and the system response [49, 50, 51].

The first category takes advantage of the wave speed and the recorded time of the

traveling waves to reach the sensors in order to calculate the position of the impact

force. Gaul and Hurlebaus [45] developed a method based on the arrival times of

waves at different frequencies. The location of the impact was identified by solving a

nonlinear equation extracted from the speed of the traveling waves.

The second category is based on the transfer function or system model prepared

for the structure that describes the relation between the system response and the

impact force. The transfer function or system model can be obtained analytically,

numerically, or experimentally. The location of the impact is identified by utilizing

an optimization method that minimizes the error function based on the response of

the structure and the impact force. Boukria et al. used the experimental frequency

response function of a structure in order to describe the relation between the impact

force and the system response [52]. The impact was localized successfully by opti-
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mizing an error function. Additionally, it is possible for the two methods to be used

simultaneously to accurately locate the impact force. In the recent work of Liang et

al., elements of the two methods were combined to create a distributed coordination

algorithm for locating the impact force with greater computational efficiency [53].

However, further studies are required in order to fully explore the effectiveness of

their proposed method.

Conventional techniques have used optimization methods such as neural networks

or least squares methods in order to reconstruct the impact force and locate the

impact force simultaneously.

1.2.3 Frequency-domain analysis of nonlinear structures

Frequency analysis is helpful in designing structures, and understanding and im-

proving the response of structures. Nonlinear structures and specifically micro-scale

devices with nonlinear properties can exhibit complicated response behavior in the

frequency-domain due to the nonlinear terms in the equations of motion of the sys-

tem. In order to review research efforts focused on the analysis of micro-resonators,

a brief introduction of frequency analysis of nonlinear micro-resonators is presented

in this section.

Resonant micro-structures have been widely studied for a variety of applications.

Due to their effectiveness, efficiency, precision, high quality factor, small response time

and other advantageous properties, these devices are being proposed for new applica-

tions in different areas such as atomic force microscopy (AFM) [54], ultra-small mass

detection sensing [55, 56], biological sensing [57, 58] and signal filtering [59]. Accord-

ing to the application, various geometries are chosen for micro-structures. These ge-

ometries include spring-mass structures [60], clamped-clamped beam structures [61],
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cantilever beam structures [57, 58, 62], and torsional spring mass oscillators [63, 64].

Among these structures, micro-scale cantilever beam-style structures are extensively

used due to their simple geometry, ease of fabrication, and simple and relevant ana-

lytical model.

In addition to the variety of geometries, micro-structures are classified based on

the method used for actuation. Micro-structures are actuated by different means

such as piezoelectric [61, 65, 66, 67], electrostatic [60, 68], thermal [69, 70], and mag-

netic [71] excitation methods. Electrostatic and piezoelectric actuations are two of the

most common excitation methods. Electrostatic actuation is implemented by apply-

ing an electric field across a gap between a fixed and a moving electrode to generate a

force. Piezoelectric excitation converts the applied electrical energy into mechanical

energy by using the indirect effect and produces stress in the piezoelectric material.

The gap between electrodes in electrostatic actuation limits the miniaturization of

devices, while piezoelectric actuators do not require the use of a gap. Additionally, it

has been shown that at higher frequencies, piezoelectric actuation can provide better

electromechanical coupling than electrostatic actuators [72].

Micro-resonators also differ by the type of excitation which is classified as external

excitation (e.g. [73]) or parametric excitation (e.g. [59]). For external excitation, the

force is modeled in the equation of motion as an inhomogeneous term that is inde-

pendent of the device’s response. For parametric excitation, a system state with a

periodic coefficient exists in the equation of motion. This type of excitation signif-

icantly affects the characteristics of the frequency response of the systems. Recent

works in the area of micro-resonators have focused on the development of devices

that take advantage of the unique frequency characteristics provided by parametric

excitation [59, 64]. In theory, parametrically excited systems only oscillate for certain
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ranges of the frequency of the excitation. The resonant frequency of these devices

can also be at an integer multiple of the structure’s characteristic frequencies.

Complexity in the response of parametrically excited systems has attracted much

attention from researchers in the area of nonlinear dynamics. Anderson et al. studied

a macro-scale nonlinear beam under parametric excitation [74]. They investigated

the force and frequency response of a nonlinear beam both analytically and experi-

mentally. They found that the model was able to provide a more realistic prediction

of the response by including a quadratic damping term to account for the effects of a

dissipative media such as air. Parametrically excited MEMS oscillators using electro-

static actuation have also been studied [59, 60, 64, 75]. It has been shown that these

devices can experience softening, hardening and other complex nonlinear behavior

by tuning the effective linear and nonlinear stiffness properties. This was done by

varying a DC bias that was added to the harmonic excitation.

A new class of micro-resonators utilizing auto-parametric resonance for filtering

applications has been introduced by Vyas et al. [64, 75, 76]. Their devices utilize the

coupling between components of the complete structure to produce auto-parametric

resonance. In another study, principal parametric resonance of the first and second

mode of an internally resonant two degree-of-freedom system was studied by Nayfeh

[77]. It was shown that the characteristics of the response behavior of the internally

resonant system are dependent on which modes are excited. In chapter 5 a new class

of micro-resonators is proposed and the frequency response of the structure will be

studied.
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1.3 Background

The tools that are required for modeling and analysis of structures are different ac-

cording to the type of structures and their applications. In order to model the struc-

tures subjected to impact forces with high frequency content, special tools such as

the finite element method or the spectral finite element method are often used. For

solving nonlinear problems analytically in structures with nonlinear behavior such as

micro-resonators, perturbation methods such as the method of multiple scales can be

used. In this section a background of the finite element method and the spectral finite

element method are briefly introduced and similarities and differences are discussed.

Also, the method of multiple scales as a tool for analyzing nonlinear systems will be

presented.

1.3.1 A Brief Introduction to Finite Element Method

Structural dynamics problems are modeled by using time dependent partial differ-

ential equations. The methods of solving these types of problems vary from finding

exact solutions to numerical methods. Although exact solutions are available for some

simple mathematical models, the general problems cannot be solved by using ana-

lytical methods. Numerical methods are widely used for solving these types of time

dependent partial differential equations. The finite element method is widely used

for solving equations in structural dynamics problems. Also, spectral finite element

method is a suitable method for solving equations in this field. In this section, the two

methods are introduced briefly. Then, the similarities and differences are discussed.
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Finite element method for structural dynamics

Elastic structures under time varying forces are time dependent problems that appear

in many practical design situations. The finite element method (FEM) is a good tool

for solving the structural dynamics problems [78]. The structural dynamics problems

are solved by discretizing the domain of the problem by elements appropriate for the

problem and solving the problem for the individual elements. The global problem is

determined by using the solutions for each individual element, assembling the stiffness

matrices, and applying the global boundary conditions and forces. The finite element

method for structural dynamics is detailed briefly in the following sections.

Discretization

The structural dynamics problem is a time-domain general field problem on the struc-

ture. In order to solve a problem by using FEM, the field needs to be discretized using

proper elements with shape functions that can be used for the solution of the equation

of motion of the structure. The elements are sub-domains that are used for dividing

the global structure into smaller local sub-domains. The elements within the structure

are connected by using nodes. Also, the boundaries of the structure are connected

with elements only at nodes. Therefore, the continuum structural dynamics problem

is discretized and represented by nodal values of the variables, as shown in Figure 1.1.

The field variable inside each element is represented by the nodal values and

interpolation functions (shape functions). The idea of representing the field variable

w(x, y) within each element in terms of the shape functions Ni and nodal values wi

is presented in Equation (1.7).
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Figure 1.1 : Two-dimensional domain divided by rectangular elements.

w(x, y) = w1N1(x, y) + w2N2(x, y) + w3N3(x, y) + w4N4(x, y). (1.7)

The representation of the field variable in terms of the shape function and the

nodal values should satisfy the compatibility and completeness conditions. The com-

patibility condition requires the continuity between nodes at element boundaries. The

completeness condition is the condition that the field variables and their derivatives

that appear in the integral form of the equations have representation in the nodal

values. The compatibility condition allows for continuity of the field variable and the

completeness helps to have the field variable defined everywhere in the domain. The

elements should have these two conditions to ensure convergence. However, it may

be difficult or numerically inefficient to satisfy all the conditions.
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Interpolation functions

An important step of the finite element analysis is the procedure of discretizing the

domain of the problem with the elements and choosing appropriate shape functions

for the elements. The shape functions utilized for each problem should have certain

properties in order for the results to converge to the acceptable solution by increas-

ing the number of the elements inside the domain (mesh refinement). One of these

properties is the continuity of the shape functions.

The continuity of the shape functions are expressed by C and a superscript that

shows the order of the continuity. For example, if a shape function has C2 continu-

ity, its second derivative is continuous at the nodes of the element. Among different

functions, polynomials are commonly used interpolation functions due to their simple

mathematical operations such as derivatives or integration. Among these polynomi-

als, Lagrange and Hermite polynomials are used for several types of elements.

Lagrange polynomials

Lagrange polynomials for one dimensional problem are defined in Equation (1.8).

Lk(x) =

n∏
m=0
n �=k

x− xm
xk − xm

, (1.8)

where, the local coordinate of the element in the interior and at the nodes are shown

by x and xk, respectively. As it is implied from Equation (1.8), Lagrange polynomials

guarantee C0 continuity. Also, the value of the shape functions is 1 at only one node

and zero at the other nodes. This characteristic allows for using linear combination

of the nodal values in order to find the distribution of the field variable inside each

element. Approximation of the field variable using Lagrange polynomials is defined
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in Equation (1.9).

w(x) =
n−1∑
i=0

wiLi(x). (1.9)

An example of an element that takes advantage of Lagrange polynomials is a

simple two node bar element.

Hermite polynomials

Hermite polynomials are interpolation functions that allow for continuity of field vari-

ables and their derivatives. Hermite polynomials are used as interpolation functions

for problems where the derivative of the field variable is a variable itself. An example

of this type of element is the beam element. The first order Hermite polynomial is a

third order polynomial that allows for continuity of the field variable and its derivative

at two nodes. The approximation of the field variable by using first order Hermite

polynomials is presented in Equation (1.10).

w(x) = w1H01(x) + wx1H11(x) + w2H02(x) + wx2H12(x), (1.10)

where the derivatives of the field variable at the nodes are represented by wxi. The

indices in the Hermite polynomials show the continuity of each degree of freedom at

the specified node number. For example, the polynomialH11(x) ensures the continuity

of the first derivative of the field variable at the first node of the element. An example

of an element using Hermite polynomials as interpolation functions is a two node beam

element which is a first order Hermite polynomial.

Finite element formulation

In structural mechanics problems, the field variable in the element domain of the

problem in terms of the nodal values and shape functions is used to form the local
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stiffness matrix of the structure. The result of the discretization procedure is used in

energy methods to form the local stiffness matrix. The resultant force vector applied

on the element nodes is also obtained by using shape functions and integral forms of

the body forces and traction forces applied at each element.

[K]e [δ]e = [F ]e . (1.11)

Having the local stiffness matrix and the force vector of every element in the

domain of the structural mechanics problem, the global stiffness matrix and force

vector is assembled using the gather and scatter method [79]. In this method, the

nodal values of the stiffness matrix with their local numbering are gathered from the

local stiffness matrix and the components are scattered on the global stiffness matrix.

The global stiffness matrix and nodal forces of a bar structure meshed with two bar

elements are detailed in Equations (1.12), and (1.13).

[K] =

⎡
⎢⎢⎢⎢⎣
k111 k112 0

k121 k122 + k211 k212

0 k221 k222

⎤
⎥⎥⎥⎥⎦ , (1.12)

{F} =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

f 1
1

f 1
2 + f 2

1

f 2
2

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
, (1.13)

where, superscript shows the element number and subscript shows the location of

the component in the local stiffness matrices. The assembling process for more com-

plicated structures is similar but a computer program is required for assembling the

global stiffness matrix for structures with a high number of elements.



18

Formulation of equation of motion in the structural mechanics

The mechanical vibrations in FEM are obtained by considering the distributed body

forces caused by the inertia of the structure and the friction forces during the motion

of the structure. Adding these body forces changes the finite element formulation of

the structure from the static mode. The finite element formulation of the equation

of motion in structural dynamics considering inertial and damping forces are in the

following form.

[M ]
{
δ̈
}
+ [C]

{
δ̇
}
+ [K] {δ} = {F (t)} , (1.14)

where, mass and damping matrices are defined by [M ] and [C], respectively.

For solving the FEM formulation of the structural mechanics problems, Equa-

tion (1.14), two main options are available. The available options for finding the

transient response are the method of mode superposition and the recurrence relations

method.

Mode superposition

This method is based on the principal of superposition. The solution of Equa-

tion (1.14) is a linear combination of all eigenvectors or mode shapes of the structure.

In order to solve the problem, first the eigenvectors and frequencies are determined.

The eigenvectors are derived by using the free undamped vibration equation of the

system, shown in Equation (1.15).

[M ]
{
δ̈
}
+ [K] {δ} = 0. (1.15)

The eigenvectors are determined assuming harmonic solution for the displacement
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vector.

{δ} = {Φ} exp(iωt). (1.16)

Substituting the assumed displacement vector into the undamped free vibration

equation, eigenvalue problem for finding mode shapes and natural frequencies of the

structure is identified.

[
[K]− ω2[M ]

] {Φ} = 0. (1.17)

By solving Equation (1.17), orthogonal mode shapes and natural frequencies as

eigenvectors and eigenvalues are determined. The displacement vector of the structure

is a linear combination of the identified eigenvectors, as shown in Equation (1.18).

{δ} = [A] {Λ(t)} , (1.18)

where, the square matrix whose columns are the eigenvectors is represented by [A].

The linear combination coefficients are gathered in vector Λ(t).

The ordinary differential equations governing these functions are determined by

using the eigenvectors and taking advantage of the orthogonality of the eigenvectors.

Λ̈i + 2ζiωiΛ̇i + ω2
iΛi =

F ∗
i

M∗
ii

, (1.19)

where, the starred variables are defined by

F ∗ = [A]T {F} , (1.20)

M∗ = [A]T [M ] [A] . (1.21)
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Solving the differential equations in Equation (1.19), the solution for the structural

dynamics problem is obtained.

Recurrence relations

The recurrence method is an approach that takes advantage of direct numerical inte-

gration in order to solve Equation (1.14). The recurrence method is not only restricted

to linear problems. In this method, the values of {δ},
{
δ̇
}
, and

{
δ̈
}

at time t are

used to calculate these quantities at time t + Δt. These methods start with the

initial conditions and continue computing step by step to reach the desired length

of time. Different methods for integration are available such as Central difference

method or Newmark beta method. Details of these methods are available in a book

by Huebner et al. [78].

1.3.2 Spectral finite element method for structural dynamics

The spectral finite element method (SFEM) is an implementation of the finite element

method in a spectral domain [39]. Yet, its implementation and shape functions are

different from the finite element method. SFEM is suitable for structural dynamics

problems and wave propagation in structures. In this method, the governing equa-

tions are converted to the spectral domain by using appropriate transforms. There are

different transforms that are suitable for this purpose such as Fourier transform [39],

Laplace transform [80] and the wavelet transform [80]. The shape functions of the

element in the spectral finite element method are exact solutions of the equations of

motion of the structure in the spectral domain. Due to this method of deriving shape

functions in the spectral finite element method, the compatibility and completeness

of the shape functions are essentially satisfied. Due to the fact that shape functions
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are exact solutions of the equations of motion, fewer elements are required for con-

vergence. Hence, the discretization is simpler especially with respect to the finite

element method. The number of elements in the spectral finite element method is

dependent on the distribution of the forces, points of discontinuity and the geometry

of the structure. The derivation of the shape functions is described in the following

section.

Interpolation functions

The interpolation functions in the spectral finite element method are solutions of the

equations of motion of the structure [39]. In order to determine the interpolation

functions or shape functions of the structure, first the equations of motion of the

structure are transformed into the frequency-domain by using the Fourier transform.

The Fourier transform is easy to implement and, more importantly, the inverse Fourier

transform is straight-forward. Discrete Fourier transform (DFT) is the numerical

version of the Fourier transform. The Fast Fourier transform (FFT) algorithm is

available for applying DFT and the inverse of the results efficiently. There are some

important points to be noted in using FFT such as periodicity assumption of the

signal. In using FFT, a large enough time window is required in order to avoid

wrap-around issues due to the implicit periodicity of the Fourier-transform. This

larger time window adds numerical costs to the problem solver. However, due to the

lower costs of the spectral finite element method, these additional numerical costs

are acceptable. A simple example for the element shape functions derivation in the

spectral domain is the beam shape function. The equations of motion of the beam

with the Euler-Bernoulli model in the frequency-domain is defined in Equation (1.22).
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EI
∂4v̂

∂x4
− ρAω2v̂ = 0, (1.22)

where, the beam deflection in the frequency-domain, the longitudinal coordinate in

the frequency-domain, the structural rigidity, and the mass per unit length of the

beam are v̂, x , EI and ρA, respectively. The frequency variable is represented by ω.

The beam deflection in the frequency-domain is defined in Equation (1.23).

v̂ = Ae−iβx +Beβx + Ceiβx +Deβx, (1.23)

where, the parameters A, B, C and D are deflection coefficients. The characteristic

root of the equation of motion is defined by β.

β =

(
ρAω2

EI

) 1
4

. (1.24)

Applying the boundary conditions on deflection function v̂, the deflection coeffi-

cients are determined, shown in Equation (1.25).

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

v̂1

φ̂1

v̂2

φ̂2

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1

−iβ −β iβ β

−eiβL −eβL eiβL eβL

−iβe−iβL −eβLβ iβeiβL eβLβ

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

A

B

C

D

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
, (1.25)

where v̂1 , v̂2, φ̂1 and φ̂2 are deflections and rotations at the nodes of the beam

element, respectively. The deflection coefficients are obtained by inverting the matrix

in Equation (1.25) and multiplying it with deflections and slopes at two ends, as

shown in Equation (1.26)
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⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

A

B

C

D

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1

−iβ −β iβ β

−eiβL −eβL eiβL eβL

−iβe−iβL −eβLβ iβeiβL eβLβ

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

−1⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

v̂1

φ̂1

v̂2

φ̂2

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
. (1.26)

The beam deflection can be written in terms of the deflections and slopes at the

nodes of the beam element as defined in Equation (1.27).

v̂ = ĝ1v̂1 + ĝ2v̂2 + ĝ3φ̂1 + ĝ4φ̂2, (1.27)

where, gi represent shape functions of the beam element. Shape functions of the beam

element are derived by rewriting the deflection function in terms of the deflections

and rotations at the boundary of the beam element as shown in Equation (1.28).

ĝ = Ĝ1je
−jβx + Ĝ2je

−βx + Ĝ3je
jβx + Ĝ4je

βx, j = 1− 4 (1.28)

Spectral finite element formulation and equation of motion

The formulation of the spectral finite element method comprises deriving the local

dynamic stiffness matrix and the spectral force vector. The initial properties of the

structure are included in the dynamic stiffness matrix of the structure due to the

frequency-domain method for deriving the shape functions. Energy principles such

as Hamilton’s principle or the principles of virtual work are used in order to determine

the stiffness matrix of each element. The dynamic stiffness matrix ([K̂(ω)]) of the

beam element relates the moments M̂ and shear forces V̂ at the nodes of the beam

element to the deflections and slopes of the beam elements at the corresponding nodes,

as defined in Equation (1.29). The dynamic stiffness matrix is defined in terms of the

derivatives of the shapes functions, the geometry, and the material properties. The
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stiffness matrix is extracted from the definition of moment and shear force in beams

(M = EIv′′ and V = EIv′′′).⎡
⎢⎢⎢⎢⎢⎢⎢⎣

M̂1

V̂1

M̂2

V̂2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
= EI

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−ĝ′′1(0) −ĝ′′2(0) −ĝ′′3(0) −ĝ′′4(0)
−ĝ′′′1 (0) −ĝ′′′2 (0) −ĝ′′′3 (0) −ĝ′′′4 (0)
ĝ′′1(L) ĝ′′2(L) ĝ′′3(L) ĝ′′4(L)

ĝ′′′1 (L) ĝ′′′2 (L) ĝ′′′3 (L) ĝ′′′4 (L)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

v̂1

φ̂1

v̂2

φ̂2

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
.

The global dynamic stiffness matrix for the beam structure is assembled for each

of the discrete frequencies within the range considered by using the gather and scatter

method [79]. In order to address issues with the intrinsic periodic nature of the DFT,

throw-off elements, also known as non-reflecting boundary conditions, are commonly

used with SFEM models. These modeling tools allow for a propagating mechanical

wave to pass through a node into a “semi-infinite” element without any reflections

returning to the SFEM model. Additional details regarding the implementation of

SFEM can be found in the book by Doyle [39]. Because the problem is solved nu-

merically using DFT (or FFT), constructing the local dynamic stiffness matrices and

the assembling process are conducted for every sampled frequency. The final force-

displacement relation is in the form of Equation (1.29).

[Kωi
] {δωi

} = {Fωi
} , (1.29)

where, the global stiffness matrix, the displacement vector and the force vector for

every sampled frequency, ωi, are represented by [Kωi
], {δωi

}, and {Fωi
}, respectively.

The spectral force-displacement equation is the spectral form of Equation (1.15).

Therefore, instead of solving Equation (1.15) by using integration or eigen-vector

superposition, an algebraic problem is solved for every sampling frequency. Also,

because the shape functions are derived by using exact equations of motion, a lower
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number of elements is required. Although the procedure is applied for every sam-

pling frequency, the computational costs for solving structural dynamics problems by

using the spectral finite element method are much lower than the conventional finite

element method due to the lower number of elements and the method of solving of

the structural dynamics problem.

Similarities and differences between the FEM and the SFEM

The procedures of formulation and the methods of solving of the structural dynamics

problems by using the finite element method and the spectral finite element method

have been described. There are similarities and differences between the two meth-

ods [80]. The similarities are mainly the formulation and discretization of the domain

of the problem. There are similarities between FEM and SFEM. Both methods utilize

discretization in order to simplify the problem domain and also increase the preci-

sion. The problem variables are interpolated by using shape functions. Both methods

take advantage of local and global stiffness matrices and the assembly of the global

stiffness matrices are similar for FEM and SFEM.

There are also differences between the methods. The differences are mainly be-

tween the time and frequency domain of the problem and the shape functions used at

the two methods. The shape functions in the FEM are chosen in order to satisfy the

boundary conditions of the elements but they do not have to satisfy the governing

equations of motion. However, the shape functions used in SFEM satisfy both the

boundary conditions and the equations of motion of the element. Also, the solution

methods are different. SFEM uses linear algebra in order to solve the structural dy-

namics problems, since all the equations are algebraic equations for every discrete

frequency. Yet, FEM uses integration or mode superposition in order to solve the
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structural dynamics problems.

The spectral finite element method is a good way for solving the structural dy-

namics problems. The shape functions help to require a fewer number of elements

with respect to the finite element method. The solution method which is algebraic

is fairly simple with respect to the integration methods or mode superposition in the

time domain finite element problem. Although all the calculations has to be con-

ducted for every sampled frequency, the computational costs are less than solving

eigenvalue problems or integration through the time domain for larger stiffness ma-

trices used in the FEM. Also, the frequency domain is a perfect way for describing the

high frequency forces. Further, because the damping depends on the frequency, the

formulation of the damped problems is simplified by using the spectral finite element

method. Furthermore, inverse methods such as force identification methods are easy

to implement in the frequency-domain due to the ease of calculating the convolution

integral in the frequency-domain. Therefore, the spectral finite element method is

suitable and easy to implement for the structural mechanics problems.

1.3.3 The difference between Timoshenko and Euler-Bernoulli beam

In this section, two main methods of analyzing beam structures in static and dynamic

modes are presented. The two methods are Euler-Bernoulli and Timoshenko beam

theories. The differences between kinematics and dynamics of the two methods are

studied. The Timoshenko beam theory accounts for shear deformation and rotational

inertia which is useful for analyzing high frequency waves and beam with higher

thickness to length aspect ratios.

The beam structure is a mechanical element which can withstand the moment.

The behavior and response of the beam structure under an arbitrary loading and
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boundary conditions can be determined by solving the equations of motion obtained

from the kinematics and constitutive equations of the beam which are dependent to

the material properties of the beam. The equations of free motion of an isotropic

beam structure with linear constitutive equations and small deflections and rotations

with the assumption of plane stress are presented in Equations 1.30 and 1.31.

∂

∂x
(Q11

∂u

∂x
+Q12

∂w

∂z
) +

∂

∂z
(Q66

∂u

∂z
+Q66

∂w

∂x
) = 0, (1.30)

∂

∂x
(Q66

∂u

∂z
+Q66

∂w

∂x
) +

∂

∂z
(Q11

∂u

∂x
+Q12

∂w

∂z
) = 0, (1.31)

where, coordinates are represented by x and z, respectively. Displacements in the

axial and the lateral directions are defined by u and w, respectively. The coordinates

of the beam structure are shown in plane stress-reduced stiffnesses, Qij , are defined

in Equations 1.32, 1.33 and 1.34.

Q11 = Q22 =
E

1− ν2
, (1.32)

Q12 =
νE

1− ν2
, (1.33)

Q66 =
E

2(1 + ν)
. (1.34)

where, elastic modulus and Poisson’s ratio are represented by E and ν, respectively.

In order to solve the equations of motion of the linear isotropic beam structure,

loading and boundary conditions are required. Although Equations 1.30 and 1.31 are

linear and presumably easy to solve, the exact solutions only exist for simple cases

such as simply supported boundary conditions at two ends of the beam.

The general equations of motion of the beam structure can be simplified using

assumptions on the kinematics of the beam structure resulted from the geometry of
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Figure 1.2 : Example figure.

the beam and its mechanical properties. Different assumptions regarding the beam

kinematics and its mechanical properties result in various models for the behavior of

the beam structure.

Euler Bernoulli beam theory and Timoshenko beam theory are the most useful

and the most conventional beam models that are perfectly predict the behavior of

beam structures with different geometries and under various loading and boundary

conditions. These models are based on simple assumptions for the kinematics of the

beam deformation.

Euler-Bernoulli beam theory

The Euler-Bernoulli beam hypothesis assumes that straight line perpendicular to

the beam axis before deformation remain plane, perpendicular to the tangent line

to the beam axis and inextensible after deformation, as shown in Figure 1.3. The

displacement field of the Euler-Bernoulli beam model is detailed in Equation (1.35).

w(x, z) = w(x0), (1.35)

u(x, z) = u0(x)− z
dw0(x)

dx
. (1.36)
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Figure 1.3 : Deformation of beam with Euler-Bernoulli beam model.

wher axial and lateral displacements of the neutral axis of the beam are represented

by w0 and u0, respectively. Using the displacement field, defined in Equations (1.35)

and (1.36), the strain field and strain-stress relations are determined. The strain-

displacement relations of the beam with Euler-Bernoulli assumption are presented in

Equations (1.37 and 1.38).

εx =
du0(x)

dx
− z

d2w0

dx2
, (1.37)

γxz = 0. (1.38)

Subsequently, having constitutive equations for the beam, the stresses in the beam

are determined. The stresses in the beam with Euler-Bernoulli model are shown in

Equations (1.39) and (1.40).
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σxx = E(
du0(x)

dx
− z

d2w0

dx2
), (1.39)

τxz = 0. (1.40)

As it is shown in Equations( 1.39) and (1.40), the Euler-Bernoulli model cannot

estimate the shear stress or rotational inertia, for the dynamic loading, in the beam

due to the fact that the straight lines perpendicular to the beam axis before defor-

mation remain perpendicular. The bending moment and the axial force at the beam

cross section are presented in Equations (1.41) and (1.42).

M(x) =

∫
A

Ez

(
du0(x)

dx
− z

d2w0(x)

dx

)
dx = −EI d

2w0(x)

dx
, (1.41)

N(x) =

∫
A

E

(
du0(x)

dx
− z

d2w0(x)

dx

)
dx = EA

du0(x)

dx
, (1.42)

where, moment and axial force are represented by M(x) and N(x), respectively. The

beam moment of inertia and the area of the beam cross section are represented by

I and A, respectively. The equations of motion the Euler-Bernoulli beam model are

determined using Hamilton’s principle and the results are shown in Equation (1.43).

∂2

x2
(EI

∂2

∂x2
) + ρA

∂2w

∂t2
= q(x, t), (1.43)

where, the general distributed load and density of the beam are defined by q(x, t)

and ρ, respectively. As it is shown in Equation 1.43, Euler-Bernoulli theory utilizes

translational inertia term and does not account for rotational inertia.
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Timoshenko beam theory

Euler-Bernoulli beam theory describes the behavior of beam structures simply and

this model agrees very well with the exact solution. However for the beams with higher

width to length aspect ratios, Euler-Bernoulli beam model differs from the exact beam

model [1]. The reason why Euler-Bernoulli beam model does not describe the behavior

of the beam thoroughly, is that this model does not consider shear deformation and

shear stress during the beam deformation.

Timoshenko beam theory considers shear deformation by assuming that straight

line perpendicular to the beam axis before deformation deform but remain straight

and inextensible after deformation, as shown in Figure 3. The displacement field of

Timoshenko beam model is detailed in Equations 1.44 and 1.45.

w(x, z) = w0(x), (1.44)

u(x, z) = u0(x) + zφ(x), (1.45)

where, the rotation angle of the beam is defined by φ(x).

Following the same procedure as the previous section for Euler-Bernoulli beam,

the stress of the Timoshenko beam model is determined, shown in Equations 1.46

and 1.47.

σxx = E(
du0
dx

) + z
dφ

dx
, (1.46)

τxz = G(φ+
dw0

dx
), (1.47)

where, the shear modulus is defined by G.

The shear stress for Timoshenko model does not vanish and also it is constant
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through an arbitrary cross section. Therefore, this model accounts for shear defor-

mation and rotational inertia in the dynamic mode. The equations of motion of the

beam with Timoshenko model are detailed in Equations 1.48 and 1.49.

GAK1
∂

∂x
(
∂w

∂x
− φ) = ρA

∂2

∂t2
− q(x, t), (1.48)

EI
∂2φ

∂x2
+GAK1(

∂w

∂x
− φ) = ρIK2φ̈, (1.49)

where, shear correction factors K1 and K2 are introduced to account for the shear

stress distribution within the beam’s cross section which is assumed to be constant

in the Timoshenko beam model. The Timoshenko model accounts for rotational

inertia. Therefore for higher modes or beams with higher width to length aspect

ratios Timoshenko model is more accurate.

Euler-Bernoulli and Timoshenko beam dynamic analysis

In the previous sections, displacement field and equations of motion of the beam

with the Euler-Bernoulli and Timoshenko models have been presented. It has been

illustrated that the displacement field of Timoshenko beam model allows for the shear

deformation and the rotational inertia in the beam. However, the shear deformation

or rotational inertia in the beam is not considered in Euler-Bernoulli beam model.

In order to illustrate the difference between two models numerically, the equation

of motion of the beam with each model is solved. Since the difference of two methods

in frequency domain is required, first the equations are converted into the frequency-

domain.

∂2

∂x2
(EI

∂2w

∂x2
)− ρAω2ŵ = q̂(x), (1.50)

where, frequency is represented by ω. The hat symbol shows the variables in the
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Figure 1.4 : Deformation of beam with Timoshenko beam model.

frequency-domain. The solution for the beam equation is in the exponential form.

The deflection function of the beam with Euler-Bernoulli model is presented in Equa-

tion (1.51).

ŵ = Ae−ikx +Be−kx + Ceikx +Dekx, (1.51)

where the deflection coefficients are defined by A, B, C and D. The wave number,

represented by k, is defined by k2 =
√

ω2ρA
EI

. The equations of motion of the beam

with Timoshenko’s model are presented in Equations (1.52) and (1.53).

GAK1

(
∂2ŵ

∂x2
− ∂φ̂

∂x

)
+ ω2ρAŵ = q̂(x), (1.52)

EI
∂2φ̂

∂x2
+GAK1

(
∂w

∂x
− φ

)
+ ω2ρIK2φ̂ = 0. (1.53)

The deflection and rotation functions of the beam with Timoshenko’s model are
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defined as follows.

ŵ = Ae−ikx +Be−kx + Ceikx +Dekx, (1.54)

φ̂ = Āe−ikx + B̄e−kx + C̄eikx + D̄ekx, (1.55)

where the wave numbers of the beam deflection and rotation are represented by k1

and k2. The barred deflection coefficients are related to unbarred coefficients by the

following equation.

unbarredmode

barredmode
=

ikGAK1

GAK1k2 − ρAω2
. (1.56)

The wave numbers are determined by solving Equation (1.57).

GAK1EIk
4 − [GAρIK1K2ω

2 + ω2ρEI]k2 + ω4ρ2AIK2 − ω2ρA2GK1 = 0. (1.57)

The numerical results for the spectrum and dispersion relations of Euler-Bernoulli

and Timoshenko theories are presented in Figure 1.5 and Figure 1.6. The material

properties and the size of the beam structure are the properties and sizes used in the

experimental set up.

As it is shown, the wave number of the wave in Euler-Bernoulli beam theory

is unique at each frequency. Also, the group speed of the wave in a beam with

Euler-Bernoulli model increases monotonically. However, in Timoshenko beam theory

at higher frequencies additional mode is introduced due to the rotational inertia

that becomes significant in higher frequencies. Further, the group speed obtained

by Timoshenko beam theory goes to limit values rather than having a monotonic

behavior as the group speed calculated by Euler-Bernoulli beam. Therefore, the

higher frequency waves with Timoshenko beam model are non-dispersive. The limit
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values of phase and group speed for the beam with Timoshenko theory are defined in

the following.

cg = c =

√
GAK1

ρA
, (1.58)

cg = c =

√
GAK1

ρA
. (1.59)

The phase and group speeds are equal and non-dispersive for higher frequencies as

it is shown in Equations (1.58) and (1.59) and previously shown Figures 1.5 and 1.6.

The difference between Timoshenko beam model and Euler-Bernoulli beam model

becomes more significant with beams with higher thickness to length aspect ratios. As

it is shown in Figure 1.7 and Figure 1.8, the difference between two theories becomes

significant in lower frequencies for the beams with higher aspect ratios. The reason

is that for the beam with higher aspect ratio the shear deformation and rotational

inertia exhibit larger values in lower frequencies.
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1.3.4 The method of multiple scales

Perturbation methods are used for solving nonlinear ordinary or partial differential

equations. Different approaches have been introduced for perturbation methods such

as the straightforward expansion, the Lindstedt-Poincare method, the method of

multiple scales, the method of harmonic balance, and the method of averaging [81].

One of the most useful perturbation tools is the method of multiple scales. The

method of multiple scales, like other perturbation methods, uses variable expansion

in order to discretize the nonlinear differential equation into a finite number of linear

differential equations. The method of multiple scales considers the expansion that

represents the response to be a function of different variables with different scales

instead of using a single variable. By using this method of representing the variables,

the method of multiple scales has advantages with respect to other perturbation
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methods.

In order to present the method of multiple scales, a simple nonlinear ordinary

differential equation is solved by using the method of multiple scales. Consider Equa-

tion (1.60) as a nonlinear ordinary differential equation [81].

ẍ+

N∑
n=1

αnx
n = 0 (1.60)

In order to solve Equation (1.60), it is assumed that the solution, x, has the form

in Equation (1.61).

x(t; ε) = εx1(t) + ε2x2(t) + ε3x3(t) + ... (1.61)

Also, the time variable is represented at different time scales as shown in Equa-

tion 1.62.

Tn = εnt (1.62)

where different time scales are represented by T0, T1, T2, and so forth.

By substituting Equation (1.61) into (1.60) and by using the time scale expansion,

three ordinary differential equations are obtained which corresponds to each scale (ε),

as shown in Equations (1.63),(1.64),(1.65).

D0
2x1 + ω2

0x1 = 0, (1.63)

D0
2x2 + ω2

0x2 = −2D0D1x1 − α2x1
2, (1.64)

D0
2x3 + ω0

2x3 = −2D0D1x2 −D1
2x1 − 2D0D2x1 − 2α2x1x2 − α3x1

3, (1.65)

where derivatives with respect to the first, second, and third time scales are repre-

sented by D0, D1, and D2, respectively.
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The solution of Equation (1.63) has the following form.

x1 = A(T1, T2)exp(iω0T0) + Ā(T1, T2)exp(−iω0T0), (1.66)

where Ā(T1, T2) is the complex conjugate of A(T1, T2). The rest of equations are

rewritten by substituting the solution of x1 into Equation (1.64) and consequently

by substituting the solutions of x1 and x2 into Equation (1.65). By substituting

Equation (1.66) into Equation (1.64), the ordinary differential equation in terms of

x2 is updated.

D0
2x2 + ω0

2x2 = −2iω0D1Aexp(iω0T0)− α2[A
2exp(2iω0T0) + AĀ] + cc, (1.67)

where cc represents the complex conjugate of the preceding term. The particular

solution of Equation (1.67) has a so called secular term, iω0D1Aexp(iω0T0), that

makes the solution diverge to infinity. By equating the secular term to zero, the

particular term has a finite solution. In order to avoid the infinite solution, the

secular term has to be zero as shown in Equation (1.68).

D1A = 0. (1.68)

By applying the same process to Equation (1.65), the secular term for the third

equation is obtained as shown in Equation (1.69).

2iω0D2A +
9α3ω0

2 − 10α2
2

3ω0
2

A2Ā = 0. (1.69)

In order to solve the secular term in terms of amplitude, new variables are defined.

A =
1

2
a exp iβ, (1.70)
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where a and β are real functions of T2. By substituting Equation (1.70) into Equa-

tion (1.69), the real and imaginary parts of Equation (1.69) is obtained.

ωa′ = 0, ω0aβ
′ +

10α2
2 − 9α3ω0

2

24ω0
2

a3 = 0. (1.71)

The prime defines the derivative with respect to T2. The derivative of the ampli-

tude with respect to T2 is equal to zero which means that it is independent of T2. By

solving Equation (1.71), the analytical approximation for the response of the ordinary

differential Equation (1.60) is obtained.

1.3.5 Exponential windowing and zero padding

Windowing is a tool in signal processing that reduces the signal significantly outside

of the specific time window by using a window function. Exponential windowing is

a specific windowing method that is useful for signals that decay over time. Expo-

nential windowing uses an exponential function as a window function that decays

through time. The exponential window is multiplied by the signal which causes the

signal to decay to zero. Exponential windowing is used for impact signals in order to

reduce the length of the signal without significantly affecting the data at the begin-

ning and maintaining the decaying response characteristic of the signal. Exponential

windowing causes the signal to converge to zero in the end of the signal which reduces

leakage of the signal’s frequency content. Leakage means that the signal loses some

frequency contents and the response is misrepresented in the frequency-domain.

Zero padding is performed by adding zeros to the end of the signal in order to make

the signal longer. Increasing frequency resolution can be achieved by increasing the

length of the signal by using zero padding. For example, if the length of the signal is

N , by adding zeros with the same length, the frequency resolution increases by a factor
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of 2. Also, zero padding causes the response to appear as a transient signal which

has been shown to improve the results for some force identification techniques [19].

1.3.6 Summary

The finite element method and the spectral finite element method were presented and

described briefly. The differences and similarities were discussed. The similarities

are in the discretization and formation of the stiffness matrices and the differences

are in the formulation and solution methods. It was shown that finding the shape

functions in the finite element method is relatively straight forward and there are a

few requirements for the shape functions such as satisfying the boundary conditions.

However, in the spectral finite element method, shape functions are exact solutions of

the equations of motion of the structure. The solution procedure of the finite element

method is a costly numerical process comprising eigenvalue problems or numerical

integration. Yet, the solution of the spectral finite element problem is obtained by

only solving an algebraic equation. Therefore, the spectral finite element method is

more efficient for structural mechanic problems.

The method of multiple scales is presented as an analytical tool for calculating

approximate solutions for nonlinear systems. From the approximate solution, it is

possible to calculate the analytical frequency-response curve for the nonlinear system.

Windowing is also presented as a pre-processing technique for working with discrete

signals.

Windowing is also presented as a pre-processing technique for working with dis-

crete signals. Through the use of exponential windowing, transient signals can be

conditioned to enable the FFT to be applied frequency resolution.

Also, the methods of multiple scales, windowing, and zero padding as analysis
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tools are introduced and explained in the background section.

1.4 Current Work

In this study, a method is presented for identifying and locating impulsive forces

applied to a beam structure by using frequency-domain SFEM. SFEM allows for a

straight forward calculation of the impact force. Therefore, a single element using

the exact model of the structure contains enough information for representing the

mechanical wave propagation. By assuming linear behavior for the structure, the im-

pact force is reconstructed simply by multiplying the SFEM model’s dynamic stiffness

matrix by the spectral response vector of the data, as shown in Equation (1.72).

Fimpact = [K(ω)] {x(ω)} .

In the methods mentioned in the literature review, the impact force and impact

location are identified simultaneously which requires more computational efforts. In

the proposed method, the impact force is identified independent of the impact position

which improves the accuracy of the results and reduces the computational costs. The

distribution of the identified impact force on the nodes/accelerometers of the structure

is then used to locate the position where the impact event occurred.

A new type of micro-resonator is also introduced and the frequency analysis of

the micro-device is performed which leads to a better design of the micro-resonator.

In this study, the application of piezoelectric excitation in a proposed class of para-

metrically excited MEMS device is theoretically analyzed. This analysis is aimed at

exploring the feasibility of the proposed micro-device for further developments and

fabrication. The results of this work serve as a foundation for future design, fabrica-

tion and experimental study of the proposed device. The proposed devices comprise
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a piezoelectric plate component to serve as the actuator and a coplanar beam com-

ponent serving as the resonator. This structure is chosen to allow for piezoelectric

parametric actuation and the simple plate and beam geometries which facilitate a the-

oretical analysis. The parametric resonance-based devices are ideal if their frequency

response behavior consists of a single stable solution for all frequencies and non-zero

responses are localized within a specific frequency range. The frequency response is

highly attenuated at the other frequency ranges. Also, the frequency bandwidth of the

localized frequency response is narrow, due to the small damping of the micro-system.

Therefore, a slight change of the excitation frequency or the natural frequency of the

system would attenuate the response of the system. This special type of frequency

response provides a good potential for systems that require sensing a special param-

eter that changes the natural frequency of the system or passes only a special range

of frequencies. Therefore, the proposed micro-system has the potential for numerous

applications such as ultra-small mass detection, atomic force microscopy, and signal

filtering. In addition to the auto-parametric resonance behavior which provides the

special frequency response, internal resonance is possible between the out-of-plane

(OoP) motion of the plate and the principal mode of the beam component.

1.4.1 Overview and Organization

In the remainder of this thesis, the impact force and location identification in beam

structures is discussed in chapter 2. In chapter 3, the slope calculation method in

beam structures using the spectral finite element method is presented. The impact

force identification method is applied to rod structures in chapter 4. The frequency

analysis of a new class of micro-resonators is presented in chapter 5. Finally, the

contributions of this work are summarized and the potential studies for the future
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work are discussed in chapter 6.
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Chapter 2

Force and Location Identification of impact

applied in beam structures

Identifying the impact force and location of an impact event is important for pre-

dicting and/or monitoring potential damage to the structures. Directly locating the

impact event and/or measuring the impact force applied to mechanical structures is

not always possible due to the nature of the impact or the structure. In this chapter,

a new force and location identification method is introduced which utilizes a spectral

finite element method model of the structure. The identification technique is applied

to beam structures in order to identify impulsive loads. Wave propagation data col-

lected from accelerometers placed on the structure are used to localize the impact

location. When the impact force is applied between the accelerometers, the calcu-

lated force is distributed over the two neighboring accelerometers on either side of the

impact location. The location identification process is a nonlinear problem and it is

addressed by using the distribution of the calculated force information. This method

matches simulated responses to the experimental data by tuning the impact location

within the model. When a sufficient level of agreement is achieved, the impact lo-

cation is determined. In order to validate the results of numerical studies, identified

impact forces and locations are calculated for experimental data and good agreement

is observed with the measured forces and impact locations.



45

2.1 Impact Force Identification

The impact force identification method presented in this chapter is prepared with the

assumption that the behavior of the structure is linear. The dynamic stiffness matrix

is prepared and multiplied by the displacement and slope information in order to

calculate the identified force. However, incomplete deflection and slope data results

in errors in the calculated force information. Mechanical wave propagation starts

immediately after the impact force is applied and it propagates out from this location

until it reaches the ends of the structure and is reflected. In order to capture the

complete wave propagation data across the entire beam structure, accelerometers

would need to be mounted along the length of the beam, including at the ends.

However, mounting accelerometers at the ends of the structure and densely along

the length is not always practical. Therefore, in this paper a force identification

method is presented that utilizes the data of the propagating wave recorded by using

accelerometers located near the location of the impact. Although the exact location

of the impact is unknown, it is assumed that the general area in which the impact

occurs is known.

The beam structure is assumed to have a linear behavior. Also, it is assumed that

Euler-Bernoulli beam assumption is valid for the beam structure. It is also assumed

that the nodes and elements configuration is fixed due to the fixed positions of the

sensors on the structure.

In this force identification method, the impact force is calculated by using an

SFEM model and a subset of the response data. This subset of the displacement and

slope data corresponds to a reduction in both the spatial and temporal dimensions

around the location where the propagated wave originated, as illustrated by the box

in Figure 2.1. Note that acceleration data and not displacement data is presented in
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Figure 2.1 : Simulated wave propagation (acceleration data) in a free-free beam. The
boxed area corresponds to data which is selected for analysis. This area corresponds
to only a section of the structure and does not include reflections.

the figure.

After the impact occurs, mechanical waves travel through the beam structure and

reflect when they reach the ends. The reflections and dispersion in beams increases the

difficulty of performing force identification, especially if it is not possible to mount

sensors at the ends of the structure. However, the subset of data chosen for the

identification procedure is selected so that it does not contain reflections. The data

subset is used with a beam segment model to calculate the desired force information.

The impact force identification is still valid if the impact force is near the edge of the

beam. However, the precision of the identified force decreases by getting closer to the

edge of the structure since less response data is available prior to the reflection.

A flowchart of the force identification procedure is presented in Figure 2.2. The

acceleration data from the structure is transformed into the frequency-domain by

using the fast Fourier transform and is integrated twice to obtain displacement. The



47

Figure 2.2 : Flowchart illustrating the steps of the force identification scheme.

slope information required for the identification process is calculated by using a shape

function-based method. Zero-padding is also applied to the response data in order

to address the FFT’s assumption of periodicity. The dynamic stiffness matrix of the

SFEM model for a segment of the beam is used to calculate the force information

in the frequency-domain. Detailed descriptions of each step are presented in the

following subsections.

2.1.1 Time-Domain Signal Conditioning

The force identification procedure uses the propagating wave data immediately after

the impact to identify the impulsive force. A simple algorithm is applied to the ac-

celeration data in order to identify the general area of the beam where the impact

occurred. The geometry and material properties of the structure are used to approx-

imate the length of time after the impact when reflections are expected to occur.

Exponential windowing is applied to the time-domain experimental acceleration data
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in order to reduce frequency-domain leakage in the response [82]. Exponential win-

dowing causes the acceleration to decay to zero at the end of the full data set and

ensures periodicity in the response. Since only a small portion of the data immedi-

ately after the impact is used, this windowing has a negligible effect on that portion

and subsequently the identified force information.

Since the FFT algorithm assumes periodicity, it can cause wrap-around issues for

responses that do not decay completely. Zero padding is applied in order to address

this concern. Zero padding has been shown to significantly improve the quality of

force information identified by using frequency-domain methods [19].

2.1.2 Deflection Information

Deflection information is required for the force identification procedure. The deflec-

tions of the nodes are calculated by integrating the acceleration data twice. The

integration is performed in the frequency-domain in order to improve accuracy and

ensure compatibility with the frequency-domain representation of the system [39].

The integration is performed by dividing the frequency-domain acceleration data by

the imaginary form of the frequency. For zero frequency, a DC value is used for the

integrartion which is the summation of the displacement values in the frequency do-

main. A drift appears in the time history of displacement results [39]. However, a

small portion of the displacement results right after the impact is used for the force

identification problem which is not significantly influenced by the drift.

2.1.3 Slope Calculation

The acceleration data only provides information regarding the one-dimensional trans-

lational motion at discrete points along the structure but the force identification pro-
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Figure 2.3 : Simulated mechanical wave propagation (acceleration data) using seg-
ment model which includes two throw-off elements.

cedure requires both deflection and slope information. Therefore, it is necessary to

calculate the corresponding slope response at each location. This is accomplished by

taking advantage of the kinematics of the beam structure. In the slope calculation

process, the slope information of the beam structure is obtained by using the shape

function of the SFEM beam model of the structure. This technique is precise when

the kinematics of the structure are known. In order to calculate the slopes using

shape functions, the beam structure is meshed with four-node beam elements that

provide C0 continuity. The slope calculation method will be described in chapter 3.

2.1.4 SFEM Model for Force Identification

The SFEM model used in the force identification process represents a segment of the

beam structure. The force identification method utilizes the response data from the

5 accelerometer positions in the vicinity the impact force. The model is prepared

by using a throw-off element at each end of the segment. For these conditions, the
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frequency-domain dynamic stiffness matrix is prepared to relate the displacement and

slope information to the corresponding force and moment information for the beam

segment. Although this model differs considerably from the full structure model,

the response predicted by the segment model for the same impact force, shown in

Figure 2.3, matches perfectly with the local response behavior of the acceleration

data of the full structure, identified by the box in Figure 2.1.

Due to the nature of SFEM, this force identification method calculates nodal

forces. For conditions where the location of the applied load and the accelerometer

are collocated, the force identification process does not require any additional steps

to obtain the identified force information. For cases where the impact is applied

between two accelerometers, point forces are calculated at the neighboring nodes when

the force identification procedure is applied. The summation of the two force time

histories produces the identified force. The justification for this process is discussed

in section 2.2 when the location identification process is presented. This allows for

the impact force information to be identified independent of the exact location of the

impact.

2.1.5 Numerical Implementation and Parametric Study

The force identification procedure is first applied to deflection and slope data from

numerical simulations performed by using SFEM. This eliminates the potential error

introduced by the deflection and slope calculations and allows for the study to focus

on the influence of other conditions. The theoretical test structure used to numerically

study the performance of the force identification method is an 18 ft (5.49 m) long

Aluminum beam with a solid 1 in (25.4 mm) square cross-section. Density and

Young’s modulus values of ρ = 2700 kg/m3 and EY = 75 GPa are used and a value of
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η = 104 Ns/m4 is identified to match the experimental response. The test structure

is chosen for geometric simplicity which enables experimental verification.

In order to study the effects of different parameters on the performance of the force

identification procedure, an ideal condition is defined. The theoretical test structure

is used with free-free boundary conditions. The simulation is conducted by using the

SFEM model with 66 evenly spaced nodes and a point impact force is applied. The

time window for the numerical simulation is 2.56 seconds which allows for the propa-

gating mechanical waves to fully dissipate for the complete structure model without

throw-off elements. MATLAB is utilized to implement the SFEM model and numer-

ically simulate the structure’s response. The proposed force identification method

is also implemented by using MATLAB and applied to the simulated response data

to study the method. The force information calculated with the proposed method

corresponds to the accelerometer locations which were included in the subset of data

analyzed. The impact force is applied to a node in the middle of the structure in

order to minimize the effect of the reflections on the accuracy of the identified force

information. The duration of the impact is 0.4 ms, which can be realized experimen-

tally.

In the simulation, the point force is detected at the location of the impact, which

is at node 33, 8.85 ft (2.70 m). The calculated forces at the other locations have values

less than 6 N (< 2%), which are easily distinguished from the identified impact force.

The force information identified from the simulated response, shown in Figure 2.4,

agrees very well with the simulated force. In order to quantify the accuracy of the force

identification method, a Root Mean Square (RMS) error is calculated by comparing

the identified force values to the values used in the simulation. The quantification

of the error is performed by first separating the time series into two regions: the
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Figure 2.4 : Force information calculated for the simulated response for an 18 ft
(5.49 m) long beam. For this nominal case, there is strong agreement between the
identified (connected points) and simulated (circles) force information.

impulsive load and the remaining portion of the time history, as shown in Figure 2.4.

For the nominal case, the RMS error is 2.72 N during the impact and an average value

of 2.46 N exists for the impact force considered over the remainder of the 1 millisecond

presented. These errors are quite small when compared with the 300 N peak value of

the impulsive load, less than 1 percent. The presence of error in the identified force

information for the nominal case results from the use of the segment model and how it

differs from the complete structure. However, the use of the segment model provides

the means for the practical implementation of the force identification method.

The geometric and loading properties corresponding to the results presented in

Figure 2.4 provide nominal conditions for performing force characterization. Vari-

ations of these properties are studied in order to determine how they influence the

force identification method’s ability to accurately calculate the applied impulsive load.

This includes the effects of varying the length of the structure, using calculated slope
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Table 2.1 : Case studies of the parametric study.

Case Length Slope Imp. Position Imp. Duration Time History Data Length

Sim0 5.49 m Sim. Node 33 at 2.70 m 0.4 ms 1 ms 2.56 s

Sim1 1.83 m Sim. Node 11 at 0.85 m 0.4 ms 1 ms 2.56 s

Sim2 5.49 m Calc. Node 33 at 2.70 m 0.4 ms 1 ms 2.56 s

Sim3 5.49 m Sim. Node 22 at 1.77 m 0.4 ms 1 ms 2.56 s

Sim4 5.49 m Sim. Node 33 at 2.70 m 0.8 ms 2 ms 2.56 s

Sim5 5.49 m Sim. Node 33 at 2.70 m 0.4 ms 2 ms 0.64 s

information instead of simulated slope information, varying the location of the ap-

plied force, and varying the duration of the impulsive load. The conditions for each

case are detailed in Table 2.1. The ideal case is identified as Sim0. The acceleration

signal used in the numerical case studies (detailed in Table 2.1) do not contain noise.

In order to study the influence of the structure’s length on the accuracy of the

calculated force information, the force identification process is applied to response

behavior simulated for a 6 ft (1.83 m) long beam. The impact force is applied at a node

in the middle of the structure in order to minimize the influence of reflections. Details

about the loading and length conditions are listed under case Sim1 in Table 2.1. Other

conditions such as load duration are maintained and the simulated displacement and

slope information is used for the force calculation. The force information time history

calculated for the 6 ft (1.83 m) long structure is quite similar to the force history for

the 18 ft (5.49 m) long beam and it is not shown here due to the similarity. The force
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Figure 2.5 : Acceleration response at 5 node near the center of the beam for (top)
18 ft (5.49 m) beam and (bottom) 6 ft (1.83 m) beam. Vertical lines identify when
the reflection returns to the impact location.

information agrees well with the force applied in the simulation. The RMS error is

12.46 N at the loading location during the impact and an average value of 12.40 N

exists over the remainder of the 1 millisecond for this configuration. The increase

in the error is due to the shorter length of time before the reflected wave returns

to the position on the structure where the load was applied. With less time before

the reflections occur, the subset of data used by the force identification method is

shorter and greater deviation exists between the data and the behavior expected by

the segment model. The time between the initial propagating wave and the reflection

and how it is influenced by changing the structure length is illustrated in Figure 2.5.

The vertical lines in Figure 2.5 indicate the time when the reflection is observed in

the acceleration data. For the 18 ft (5.49 m) long beam the reflection is observed after

1.71 milliseconds and for the 6 ft (1.83 m) long beam the reflections are observed after

0.60 milliseconds. Since the short beam is one-third the length of the 18 ft (5.49 m)

long beam, it takes roughly 1/3 of the time to observe the reflected waves. This time
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depends on the length of the beam as well as the wave speed. Since wave propagation

is dispersive in beam structures, the components of the mechanical waves at different

frequencies travel with different speeds. This makes it more difficult to predict the

reflection time. The reflection times for these simulated responses are determined by

detecting sharp changes in the derivative of the acceleration data.

The error introduced by including the slope calculation in the force identification

procedure is negligible for the simulated response data. Details about the loading and

the length conditions are listed under case Sim2 in Table 2.1. By using the shape

function method to calculate the slope information, the error in the identified impul-

sive force does not change from the nominal case. However, noise in the response

can cause the accuracy of the calculated slopes, and subsequently the identified force

information, to decrease. If the noise levels are worse than a signal-to-noise ratio

of 100 : 1, numerical studies predict that the accuracy of the calculated slope in-

formation, and consequently the accuracy of the identified force information, will be

affected.

All of the calculated force information previously presented corresponds to impul-

sive loading near the center of the structure. In order to investigate the influence of

the impact location on the accuracy of the calculated force information, the impact

force is applied to the end of the beam structure. This case, defined as Sim3 in

Table 2.1, the impulsive load is applied at 5.7 ft (1.74 m) for the 18 ft (5.49 m) long

beam. As a result, the reflection returns more quickly. The calculated force informa-

tion for this case is similar to the previous cases and therefore not shown. The RMS

error for the identified impulsive load, which is 4.34 N, is increased slightly from the

nominal case. By moving closer to the end, the average identified force values after

the impact increases to 4.34 N. Both the RMS and average errors increase linearly by
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Figure 2.6 : Identified (connected points) and simulated (circles) force information
when only one quarter of the nominal length of the data set is used.

moving the impact location closer to the ends of the beam structure. Changes to the

geometric or material properties of the structure can also affect the time required for

the propagating wave to be reflected back to the impact location and influence the

accuracy of the identified force information.

Next, the influence of impact duration is studied. A system response is simulated

for an impulsive load with twice the original duration. The details of this simulation

are listed as Sim4 in Table 2.1. The simulation is performed with the model of the

18 ft (5.49 m) long beam and the simulated slope data is used. The force identification

results are similar to the results presented in Figure 2.4 and a good agreement is seen

with the simulated force. The RMS error for the impact and the average value for

the remainder of the 2 millisecond period are 5.55 N and 5.37 N, respectively. The

increase of the error measures is caused by the longer impact duration which results

in less time between the end of the impulsive load and when the reflections reach the

impact location.
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Table 2.2 : Summary of the parametric study.

Case Parameter RMS Avg. After Impact

Sim0 Ideal condition 2.72 N 2.46 N

Sim1 Length 12.46 N 12.40 N

Sim2 Calculated slope 2.72 N 2.46 N

Sim3 Location of the impact 4.34 N 4.34 N

Sim4 Impact duration 5.55 N 5.37 N

Sim5 Time window 46.01 N 44.89 N

The influence of the length of the data set on the accuracy of the reconstructed

force is studied. Shorter data sets do not allow the wave propagation data to fully

decay. Properties such as damping and boundary conditions can influence the length

of time required for calculating accurate results with the force identification proce-

dure. For lower damping levels or free-free boundary conditions, a longer data set is

required in order to obtain accurate results. The length of the data set is reduced

to a quarter of the nominal length in order to determine how the accuracy of the

identified force information is influenced. The details of this simulation are listed as

Sim5 in Table 2.1. The force information calculated for this condition is presented

in Figure 2.6. An offset is present between the identified force values and the values

of the simulated force as a result of the shortened data set. The RMS error for the

impact and the average for the remainder of the 1 millisecond period shown in the

figure are increased to 46.01 N and 44.89 N, respectively.

A summary of the parametric study and the effect of each parameters on the
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Figure 2.7 : Free-body diagram of the beam element with the impact force F and the
nodal forces, F1 and F2.

error metrics are presented in Table 2.2. Decreasing the length of the data set has

the largest influence on the error in the calculated impact force information. In order

of decreasing influence on the error, the remaining parameters are the length of the

structure, the impact force duration, and the location of the applied force.

2.2 Impact Location Identification

The force identification method reconstructs the impact force in terms of nodal forces.

If the impact force is applied between the accelerometers, the distribution of the im-

pact force is utilized to locate the impact location. A free-body diagram of the

element with the applied impact force F and the nodal forces, F1 and F2, is shown

in Figure 2.7. Applying Newton’s method, the summation of vertical forces and the

summation of moments are calculated and presented in Equation (2.1) and Equa-

tion (2.2), respectively.

∑
F = F − F1 − F2 = mV̈c, (2.1)∑

Mcg = ΔM − F1
L

2
+ F2

L

2
+ F

(
L

2
− x

)
=
mL2

12
θ̈c. (2.2)
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where the mass of the element, displacement of the center of mass of the element,

and the rotation of the element are represented by m, Vc, and θc, respectively. The

impact force is applied at the distance x from the first node of the beam element of

length L.

When the element is relatively short and the mass per length ρA of the beam

is small, the mass of the element is relatively small and the inertial force can be

considered negligible with respect to the applied force. For instance, the mass of a

3.43 in (8.71 cm) element of an Aluminum beam with a 1 in2 (6.45 cm2) cross section

is 0.137 kg (weighing 1.34 N) which is quite small compared to the 300 N impact that

is applied. By considering the mass of the element negligible, the equation for the

summation of vertical forces is simplified, as shown in Equation (2.3).

F1 + F2 ≈ F.

When these assumptions are satisfied, the summation of the two nodal forces is

equal to the applied impact force. As a result, it is possible to determine the impact

force without knowledge of the exact location of the impact. This can significantly

reduce the computational costs with respect to the previous studies [15, 14, 13].

In order to calculate the impact location from the nodal forces, a straight-forward

nonlinear numerical solver is used. A flowchart illustrating the algorithm used for

location identification is presented in Figure 2.8. The first step is to calculate the

distribution of the calculated impact force at the two ends of the element by using

the data collected from the accelerometers. The ratio of the impulses at the two

neighboring accelerometers is used in this process. The impulse is calculated by

integrating the impact force with respect to time for the duration of the impact.

Then, simulations are performed with the beam model to produce response data

for comparison. In order for this process to be effective, the model must accurately
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Figure 2.8 : Flowchart of the location identification algorithm.

represent the structure. Known material properties and system geometry are used for

the model and the damping parameter value is identified by comparing the simulated

response of the model to the response of the experimental system. In the simulation

portion of the process illustrated in Figure 2.8, an extra node is added between the

accelerometers for applying the impact force and predicting the structure’s response.

However, only data from the nodes which correspond to the accelerometer locations

are used in the location identification process. By using the ratio of the impulses for

the experimental data and the simulation data, the location of the impact is calculated

with the bisection method.

Although the relationship between the impulse ratio and the impact location is

nonlinear, it is also a one-to-one relationship. This allows for the use of root-finding

methods such as the bisection method. In order to start this process, two points are

chosen close to the two nodes of the element on which the impact force was applied.

The distance from the two starting points to the nodes is chosen to be 5% of the

length of the element. This level of precision is selected as it corresponds to a practical

limitation identified in the location identification procedure. The simulated impulse
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Figure 2.9 : Implementation of the bisection method for the location identification
process.

ratios for the two points are then compared to the impulse ratio for the experimental

data. Based on the differences between these ratios, one of the old points is discarded

and a simulation is performed to obtain a simulated impulse ratio for a new point

directly between the two old points. The bisection method is continued in this way,

as illustrated in Figure 2.9, until the difference between the experimental impulse

ratio and a simulated impulse ratio is less than the prescribed tolerance. The impact

position for this simulated case provides the impact location for the experimental

data.

The ratio of the identified impact forces at the two nodes adjacent to the impact

location, calculated using the simulation data, is shown in Figure 2.10. These re-

sults are for a specific case and the details of this relationship are determined to be

influenced by material properties, element length, and sampling frequency. In order

to study the relationship between the impulse ratio and the location of the impact,

the analytical model presented in Figure 2.7 is revisited. By using the relationship in
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Figure 2.10 : Impulse ratio as a functien of impact location for the SFEM model (•)
and the analytical model (−). Red dashed lines indicate ± 5 % of location between
nodes

Equation (2.3) and similarly considering the rotational inertia to be negligible, Equa-

tion (2.2) is simplified. If the deformation of the beam element is sufficiently small,

the moment difference ΔM is considered negligible and an analytical formula for the

impact force ratio is obtained. This formula, given as Equation (2.3), provides the

approximate ratio between the two nodal forces by assuming that the inertia of the

element is negligible and that the element does not undergo significant deformations.

F1

F2
≈ x− L

x
. (2.3)

The impact force ratio for these assumptions is plotted as a function of position in

Figure 2.10 along with impulse ratio data from numerical studies performed with the

SFEM model of the beam structure. The analytical results qualitatively agree with

the numerical results. The slight difference between the two is believed to mainly

result from neglecting the deformations of the beam element in the analytical model.

The impact force location identification process is applied to simulation results in
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Figure 2.11 : Force information calculated using simulation data. The force is applied
at 20% of the element length from the 32nd node.

order to study the method. Results are presented for a test case where the impact

force is applied between nodes 32 and 33 on the 18 ft (5.49 m) Aluminum beam

at 20% of the element length from node 32. The force information calculated from

the simulated response data is presented in Figure 2.11. As anticipated, larger force

values can be seen for the node closer to the impact location. By using Equation (2.3)

and combining the force information, the identified impact force is calculated. These

results, presented in Figure 2.12, display strong agreement between the identified

force and the simulated force. The RMS error for the impact and the average for

the remainder of the 2 millisecond period shown in the figure are 2.98 N and 2.76 N,

respectively. By analyzing the two calculated force curves presented in Figure 2.11,

an impulse ratio of 8.33 is calculated. By applying the location identification method,

the impact location is calculated to be at 19% of the element length from node 32.

This corresponds to an error of 1% of the element length or 0.034 in (0.09 cm).
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Figure 2.12 : Summation of identified forces calculated using simulation data. The
force is applied at 20% of the element length from the 32nd node.

2.3 Experimental Verification

The performance of the force identification method is further studied with experi-

mental response data in order to verify the performance observed by using simulated

response data. The experimental setup is a 6 ft (1.83 m) long aluminum bar with

a square cross-section and width of 1 inch (25.4 mm), as shown in Figure 2.13. It

is shorter than the ideal beam structure identified in the numerical study in order

to accommodate laboratory space limitations. The structure is instrumented with

22 PCB 356A22 accelerometers distributed evenly along its length. This number of

accelerometers allows for better resolution in the slope information calculated from

the acceleration data. These are triaxial accelerometers (axial, transverse and lateral

directions), but only transverse response data is used due to the significance of lateral

deflection with respect to the axial deformation.

The acceleration data is collected with a sampling frequency of 102.4 kHz in order

to capture the response with good temporal resolution. The data is down-sampled
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Figure 2.13 : Photograph of the experimental setup.

by a factor of four to accommodate memory limitations when applying the force

identification procedure. The structure is suspended from bungee cords in order to

approximate free-free boundary conditions. A PCB 086D05 modal impact hammer is

used to apply impulsive loads in the vertical direction. The applied force is measured

by the force transducer for comparison with identified force information. For trans-

ducer signal conditioning and A/D signal conversion, a LMS SCADAS III acquisition

system is used. The measured data is recorded using LMS Test.Lab Software, Ver.

11A.

The impact force identification method is applied to experimental response data

collected for conditions when the impact location is collocated with an accelerometer

and when the impact is applied between accelerometers. Representative results for

these conditions are presented and discussed below.

The first data set to be presented corresponds to an impact force begin applied

to the experimental system at accelerometer number 11 near the middle of the struc-

ture. The force information obtained by applying the force identification method is

presented in Figure 2.14. Since the impact force was applied at the location of the
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Figure 2.14 : Force information calculated from the experimental data, force applied
at node 11.

accelerometer, the location of the impact is easily identified as the position of ac-

celerometer 11. The identified force information agrees well with the measured force,

successfully capturing the qualitative characteristics of the impulsive load. However,

some discrepancies are observed. The RMS error for this case is 34.60 N and an aver-

age value of 10.45 N exists during the remainder of the 1 millisecond. In comparison

with the ideal conditions, the length of the beam is shorter and noise is present in the

acceleration data. While each of these differences contributes to the reduced accuracy

of the calculated force information, the RMS error for the impulsive load is 12% of

the maximum force value.

The next two data sets presented were collected from experiments when the impact

force was applied between accelerometers. The impact force identification method is

applied to calculate the forces applied to the structure and the location identification

method is used to determine where the impact force was applied to the structure.

This data set corresponds to conditions where the impact force is applied at the
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Figure 2.15 : Force information calculated using experimental data for the force
applied at 50% of the distance between the accelerometers from accelerometer 11.

center between accelerometers 11 and 12. The impact force information obtained

from the force identification method is presented in Figure 2.15. The detected force

values at nodes 11 and 12 exhibit similar properties since the impact was applied at

equal distances from the two accelerometers. However, after the impulsive load the

identified force values increase or decrease monotonically.

The summation of the two identified forces at the accelerometers on either side

of the impact location provides the identified force. The identified force information

agrees well with the measured force information during the impact. After the impact,

the calculated force exhibits a small offset. The RMS error for the summation of the

two calculated forces is 39.20 N during the impact and averages 53.21 N during the

remainder of the 1 millisecond. The force offset after the impact is believed to be

due to the short length of the acceleration data set. The bungee cords supporting the

experimental system also apply a constant force to the system which is not addressed

in the model and may influence the results. By using the impulse ratio calculated
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Figure 2.16 : Force information calculated using experimental data for the force
applied at 40% of the distance between the accelerometers from accelerometer 11.

for the force values at accelerometers 11 and 12, the impact location is calculated

to be 52% of the distance between the accelerometers from accelerometer 11. This

corresponds to a deviation of only 2% of the distance between the accelerometers

which is less than 2 mm.

The final data set correspond to conditions where the impact force is applied at

40% of the distance between accelerometers from accelerometer 11. The impact force

information obtained from the force identification method is presented in Figure 2.16.

As the numerical study predicted, the calculated force values for the accelerometer

nearest to the impact location are larger than for the other location. Again, the

calculated force values at the two accelerometers gradually increase/decrease after

the impact. The identified force information is obtained by the summation of the

calculated forces and it agrees well with the measured force during the impact. The

RMS error is 35.61 N during the impact and averages 83.78 N during the remainder of

the 1 millisecond. The impact force is identified to be at 37% of the distance between
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the accelerometers from accelerometer 11. This corresponds to a deviation of only 3%

of the distance between the accelerometers which is less than 3 mm from the actual

location of the applied impact force.

2.4 Summary

An impact force identification method using the spectral finite element method for a

beam structure was introduced. The impact force can be determined without precise

information about the impact location. The procedure was studied with simulated

response data for propagating mechanical waves and verified by using experimen-

tal data. In simulations, excellent agreement was observed for nominal conditions.

Sources of error in the identified force information were investigated through a para-

metric study. The most influential parameter in the force calculation procedure is

the length of the acceleration data set.

The proposed force identification method was applied to experimental data and

was able to successfully identify the qualitative characteristics of the impact and

provide identified impact force information with an RMS error of 34.60 N for an

impact with a maximum force of 288 N. In conjunction with the force identification

method, a new technique for accurately determining the location of the impact was

proposed. The location identification method utilizes the ratio of forces calculated at

the neighboring accelerometer positions in order to identify the location of the impact.

When applied to experimental data, the impact locations were identified within 5%

percent of the distance between the accelerometers from the actual location, which

corresponds to an error of only 0.17 in (0.4 cm).

Future work will explore the implementation of the force and location identification

methods using a wavelet based SFEM model as well as adapting these methods for
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nonlinear wave propagation data. The use of gyroscopic sensors will also be explored

to provide more accurate rotational response data. While this work has demonstrated

the application of the proposed methods to beam structures, its application to other

structures such as rods and plates will also be explored.



71

Chapter 3

High Fidelity Slope Calculation for Beam

Structures

The impact force identification procedure of the beam-like structures using spectral

finite element method requires deflection and rotation information for the beam at the

nodes of the finite element model. However, in the experiment the rotations might not

be measured directly and the slope information at nodes might need to be calculated

from the deflection of the beam recorded in the experiment. The collected data from

the experimental setup consists of the transverse motion of the beam-like structure

at the location of the nodes (accelerometers) recorded in terms of accelerations. The

time-domain acceleration data is converted into the frequency-domain by using the

Fast Fourier transform. The deflection data is calculated from the acceleration in

frequency-domain by dividing the acceleration by the frequency in imaginary space,

as shown in Equation (3.1).

v̂ =
Â

(iω)2
. (3.1)

where, deflection and acceleration in the frequency-domain are represented by v̂ and

Â, respectively. The imaginary form of the frequency is defined by iω. Although

this method works well in theory, there are limitations and shortcomings in this way

of integration. The displacement obtained by this method has a drift in it due to

the numerical errors. However, for impact force identification problem a very short

period of time is used which is not affected by the numerical errors. In order to calcu-
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late the slope information from the deflection information, two possible methods are

considered. The two methods are the finite difference method and slope calculation

by using the kinematics of the beam structure.

3.1 Slope calculation using Padé scheme

The first method uses a finite difference method in order to find the derivative of

the deflections to calculate slope information. It is assumed that the beam struc-

ture is linear and the Euler-Bernoulli beam is assumed to be valid. In this method,

the derivatives are calculated regardless of the knowledge about the mechanics and

kinematics of the structure. This is advantageous when the kinematics of the system

is not available precisely. Padé schemes are finite difference methods in which the

derivative at each location is calculated from values at all nodes instead of using only

the neighboring nodes [83]. The value of the derivatives often has less accuracy at

the boundaries because of the lower order equations at the boundaries. The 10th

order finite differencing scheme is used for approximating the slopes of the beam.

The derivative error level at the middle of the beam is about 2e-4 radians comparing

to 5.10−4 slope values for the time window as shown in Figure 3.1, which is not a

high value for the applications in force identification method but not negligible. How-

ever, the calculated slopes have lower accuracy close to the boundaries, as shown in

Figure 3.1.

3.2 Slope calculation using beam shape functions

The second method is to find the slope information by taking advantage of the kine-

matics of the beam structure [1]. This technique is precise when the kinematics of the

structure is known and the displacement information is accurate. In this method the
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Figure 3.1 : Magnitude of difference between simulated slope data and slope infor-
mation calculated from displacement data vs. time and position using Padé scheme.

slope information of the beam-like structure is obtained by using the shape function

of the assumed beam model of the structure. The shape function of a SFEM beam

element is obtained from the equation of motion of the beam for free vibration con-

ditions in the frequency-domain. The equation of motion of an Euler-Bernoulli beam

model in the frequency-domain is defined in Equation (1.22). The shape function

that satisfies the equation of motion of the beam is defined in Equation (1.23).

The shape function of the beam element in frequency-domain is a linear combina-

tion of exponential functions. The coefficients of this combination are unknown. In

order to determine the four unknown coefficients, deflection values at four nodes on

the beam element are required. However, the more compatible SFEM beam element

has two nodes at which the deflections and rotations are degrees of freedom which

satisfy the condition of C1 continuity (continuity of slopes). Although the continuity

of the slopes at nodes of the beam element is required for modeling and analysis of

beam-like structure, having a beam element with four nodes and C0 continuity (con-
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Figure 3.2 : Four node beam elements for slope calculation procedure.

tinuity of deflections) is acceptable for calculating slopes. The limitation of this slope

calculation procedure is that at boundary nodes of the elements, the slopes might not

be continuous because of the C0 continuity of deflections.

In order to calculate the slopes using shape functions, the beam-like structure

is divided by four node beam elements as shown in Figure 3.2. The deflection of

the beam at the position of each node is known from the experimental or simulation

data. The deflection data is recorded in the time domain. Since the slope calculation

procedure is conducted in the frequency-domain, the deflections are converted to the

frequency-domain by using the FFT. The deflection coefficients of each beam element

are obtained by substituting the deflection values at four nodes in the relation of the

deflection of the beam element and solving the resulting equation for the deflection

coefficients, as shown in Equation (3.2).

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Â

B̂

Ĉ

D̂

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1

e−iβL e−βL eiβL eβL

e−2iβL e−2βL e2iβL e2βL

e−3iβL e−3βL e3iβL e3βL

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

−1⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

v̂1

v̂2

v̂3

v̂4

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
.

where, the deflection values at four nodes of the beam element are defined by v̂i. After

finding the shape functions of the beam elements, the slope values at the nodes are
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Figure 3.3 : Slope comparison between calculated slope (Bottom) and actual slope
(Top) using the beam shape functions.

calculated by taking the derivative of the shape function, as shown in Equation (3.2).

φ̂ = −iβAe−iβx − βBe−βx + iβCeiβx + βDeβx (3.2)

where, the rotation values at the nodes of the beam element are represented by φ̂.

The calculated slope values for the beam-like structure using deflection data pro-

duced by simulation are plotted and compared with the actual slope information

obtained from the simulation in Figure 3.3. The calculated slopes agree very well

with the actual slope except a small difference at the area close to the load location,

as shown in Figure 3.4. The error in the calculated slope is due to the discontinuity

caused by the impact force. This discontinuity is not considered in the meshing and

the impact force is located at an inside node of the element instead of at a node at

the boundary of the element.

In order to avoid this condition, the element meshing is changed and another

configuration for the meshing process is utilized in order to have a boundary node

at the location of discontinuity. The modified slope calculation process is conducted
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Figure 3.4 : Error of the slope calculation using the shape function method.

and the result is shown in Figure 3.5. The results are modified and the error values

are mostly below 1e-15 which is negligible comparing to the slope values.

3.3 Force identification using calculated slopes

The calculated slope information with the two methods for the case where the force

is applied close to the end of the beam structure is utilized in the force identification

procedure and results are shown in Figure 3.6 and Figure 3.7. The time series of the

applied force used in the simulation is based on the type of loading that is produced

by an impact hammer. This loading data includes an impulsive load with a 0.4

millisecond duration.

The force calculation exhibits a significant error for the identified force results

using slope information calculated by using the Padé scheme as shown in Figure 3.6.

In order to quantify the accuracy of the force identification method, a Root Mean

Square (RMS) error is calculated by comparing the identified force values to the true
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Figure 3.5 : Slope comparison between calculated slope and actual slope using correct
configuration for the four node elements.

values used in the simulation. For the identified force presented in Figure 3.6, the

RMS error is 31.25 N at the location of loading during the impulse and averages 94.30

N for five locations considered over the remainder of the 2 milliseconds presented. The

error during the impact is relatively small when compared with the 600 N peak value

of the impulsive load. However, the average RMS force for the reminder of the time

history is significant. The source of error in the calculated force is the limited accuracy

provided by the Padé scheme especially close to the end of the beam structure. The

force calculation results using the slope information obtained from the shape functions

method agrees well with the actual applied force, as it is illustrated in Figure 3.7. The

RMS error for the identified impulsive load, which is 12.04 N, is quite small. Also,

the force information for the period of time after the impulse averages only 11.40 N.

Therefore, the slope calculation by using the shape function improves the quality of

the reconstructed force significantly.

The slope calculation procedure requires information regarding the location of the
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Figure 3.6 : Calculated force using slope calculated by pade scheme.

impact force in order to mesh the beam-like structure based on the discontinuity. It is

assumed that the impact force is applied at the sensor location. However, in the force

identification method, the node location of the impact force is not known. Therefore,

first the force identification procedure is conducted with an initial configuration of

beam meshing. Then, if the impact force is not located at the boundary nodes of

the four node beam elements non-zero impact forces are identified at different nodes

instead of a single node. Yet, the amplitude of impact force is dominant at the node at

which the impact force is applied. By changing the meshing configuration in order to

have a boundary node at the node wherever impact occurred and by conducting the

force identification procedure, the impact force is identified. The results of the force

identification procedure applied on the experimental data using the two methods of

slope calculation are shown in Figure 3.8 and Figure 3.9. As it is shown, with the

slope calculation procedure using the beam shape functions, the quality of identified

impact force is higher with respect to the identified impact force using the finite
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Figure 3.7 : Calculated force using slopes calculated by shape function method.

difference method. As it is shown in Figure 3.8, for the reconstructed force using the

slope information obtained by the Padé scheme, the RMS errors for the impulse and

the average of the force for the period shown in the figure after the impulse are 67.23

N and 106.25 N, respectively. These errors drops significantly for the reconstructed

force calculated by using the slope information obtained from the shape functions,

illustrated in Figure 3.9. The RMS errors for the impulse and the average of the force

after the impulse are 53.78 N and 31.96 N, respectively.

3.4 Effect of noise on the slope calculation results

Results of the slope calculation procedure using beam shape functions and the force

identification utilizing calculated slopes were presented in previous sections. The

calculated slopes agreed well with the simulation results for ideal conditions. Yet,

experimental data has unwanted noise which decreases the precision of the slope cal-

culation procedure. In this section the effect of white noise on the slope calculation
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Figure 3.8 : Calculated force from experimental data. Padé scheme used for calcu-
lating slopes.

precision and the consequent force calculation results are studied and presented. In

order to consider the noise in the results, white Gaussian noise is added to the accel-

eration data produced by the simulation by using a Gaussian noise function (Fnoise),

as it is defined in Equation (3.3).

Fnoisy = Anoisy(Asimulation) (3.3)

The rest of the slope and force calculation procedure is similar to the method

described in the previous sections. The magnitude of the error in the slope calculation

with shape functions for noisy acceleration signal for signal-to-noise ratio of 100:1 is

presented in Figure 3.10. As is shown, this level of noise in the signal reduces the

slope calculation precision significantly. In the time window shown in the figure, the

magnitude maximum value of error increases from 10e-15 to 7e-8. The reconstructed

impact force using the same noisy data is illustrated in Figure 3.11. In spite of having

noisy data, the results exhibit a good agreement between the applied impact force and

the reconstructed force. The RMS error increases to 11.00 N at the loading location
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Figure 3.9 : Calculated force from experimental data. Shape function method used
for calculating slopes.

during the impulse and averages 11.29 N during the remainder of the 2 milliseconds.

Decreasing the signal-to-noise-ratio to 50 reduces the precision in both the slope

calculation and reconstructed force, as shown in Figure 3.13 and Figure 3.13. The

reconstructed force using the data contaminated with white noise with a signal-to-

noise ratio of 50:1 is erroneous and despite the agreement of the reconstructed force

with the actual force, the overall results exhibit a significantly larger RMS error of

35.77 N at the loading location during the impulse and average a very significant

error of 154.67 N during the remainder of the 2 milliseconds. Therefore, acceleration

data with the signal-to-noise ratio of 100:1 does not change the reconstructed force

significantly but signals with greater levels of noise could negatively influence the

force identification results.
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Figure 3.10 : Magnitude of the error in the slope calculation using beam shape
functions with noisy simulation data with a signal-to-noise-ratio of 100:1.

3.5 Summary

The slope calculation procedure using the shape function based approach for the

beam element in the frequency-domain is proposed to calculate slope information for

the force identification method and studied. It has been shown that this method

improves the accuracy of the slope calculation results over those obtained by using

finite difference methods due to the fact that having prior information about the

kinematics of the structure allows for calculating slope values more accurately. The

force calculation procedure has been applied to the results of the slope calculation

process and a significant improvement has been achieved in the quality of identified

impact force with respect to the previous results obtained by using a Padé scheme.

Further, the effect of added noise on the slope calculation procedure is studied. It is

shown that white noise with signal-to-noise ratio of 100:1 is an acceptable amount of

noise in the simulated data.
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Figure 3.12 : Magnitude of the error in the slope calculation using beam shape
functions with noisy simulation data with a signal-to-noise-ratio of 50:1.
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to-noise-ratio of 50:1 and slope information from shape functions.



85

Chapter 4

Force Identification of impact applied in rod

structures

In this chapter, a method is presented for identifying impact forces applied to a

rod structure with a method developed from the frequency-domain spectral finite

element method. The spectral finite element method allows for accurate calculations

of the high frequency content in the impact forces. By assuming linear behavior for

the structure, the impact force is reconstructed by multiplying the spectral element

model’s dynamic stiffness matrix by the response vector of the wave propagation data

in the frequency-domain. For this method, the process of impact force identification

becomes straight-forward and there is no need to use optimization methods to identify

the impact force which reduces the computational costs. This method utilizes the

wave propagation data collected from the area around the impact force and also a

short time duration after the impact which is more practical with respect to the work

presented by Mitra [18]. Also, the spectral finite element method allows for detecting

high frequency content which cannot be captured by using conventional finite element

methods. Finally, the impact force identification method is expanded to the dispersive

rod structures by using the sensors away from the impact location. This method is a

frequency-domain implementation of the method presented by Wu et al. [31]. In this

method, the phase shift in the response is used in order to reconstruct the response

at the location of the impact.
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4.1 Impact Force Identification

In this section, an identification method is presented for reconstructing the impact

force applied at the end of a rod structure. The rod structure model is Love’s rod

theory which is a dispersive model. Loads applied to the end of the rod structure

are considered since these conditions correspond to a number of real-world systems.

In order to reconstruct the impact force applied at the end of a rod structure, a

spectral finite element method is used. In this method, the wave propagation data is

obtained from the simulation or is recorded from the experimental setup. A spectral

finite element method model is derived to represent the structure. In this model,

the nodes correspond to the data points from which the wave propagation data is

obtained. The behavior of the rod structure is assumed to be linear due to small

force levels that are applied to the rod and due to the small deformations in the

structure. The rod is considered to be long and slender and the Poisson’s ratio effect

is considered in the rod model (Love’s theory [39]). By considering the Poisson’s

effect, the propagating waves in the rod model become dispersive. The wave speed

of dispersive waves depends on the frequency content of the wave. In this study, the

material and geometric properties of the rod are assumed to be uniform. From these

assumptions, the equation of motion of the rod has the following form [39].

EA
∂2u

∂x2
= ρA

∂2u

∂t2
− ν2ρJ

∂4u

∂t2∂x2
+ ηA

∂u

∂t
− q, (4.1)

where the elastic modulus, density, cross sectional area, and polar moment of inertia

are represented by E, ρ, A, and J , respectively. The viscous damping per unit volume

and the external force are shown by η and q, respectively. By using this model, both

non-dispersive and dispersive conditions are considered. The spectral finite element

method takes advantage of the equation of motion in the frequency-domain. By
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applying the Fourier transform to Equation (4.1), the frequency-domain equation of

motion for the rod structure is obtained, as shown in Equation (4.2).

EA
d2û

dx2
− ω2ν2ρJ

d2û

dx2
+ (ω2ρA− iωηA)û = −q̂, (4.2)

where the parameters with the hat symbol ( ˆ ) denote the frequency-domain vari-

ables. The parameter ω represents the angular velocity. The shape functions used in

the spectral finite element method are obtained from the equation of motion Equa-

tion (4.2). The longitudinal displacement of the rod structure with length L is defined

in Equation (4.3).

û(x) = Ae−ik1x +Be−ik1(L−x), (4.3)

where the wave number is represented by k1 and it is a function of ω. The boundary

condition equations used to determine the constants A and B are shown in Equa-

tion (4.4) and Equation (4.5).

û(0) = A +Be−ik1L, (4.4)

û(L) = Ae−ik1L +B. (4.5)

The longitudinal displacement of the rod structure can be written in terms of

shape functions and displacements, as shown in Equation (4.6).

û(x) = û(0)ĝ1(x) + û(L)ĝ2(x), (4.6)

where the shape functions of the rod element are defined as ĝ1(x), and ĝ2(x). Substi-

tuting Equation (4.6) into the displacement and boundary condition equations and

solving the equations results in the close form of the shape functions, defined in

Equations. (4.7) and. (4.8).

ĝ1(x) =
e−ik1x − e−ik1(2L−x)

1− e−2ik1L
, (4.7)

ĝ2(x) =
−e−ik1(L+x) + e−ik1(L−x)

1− e−2ik1L
. (4.8)
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The dynamic stiffness matrix of the rod element is obtained from the shape func-

tions and the relation between the axial force and the nodal displacement equations.

The relation between the force and the axial displacement is defined in Equation (4.9).

F̂ (x) = EA[ĝ′1(x)û1 + ĝ′2(x)û2], (4.9)

where the displacements at two ends are defined by û1 and û2 and the prime symbol

( ′ ) is used to denote the spatial derivative of the shape functions.

The reaction forces at the two ends of rod element are related to the displacements

by a dynamic stiffness matrix, as shown in Equation (4.10).⎧⎪⎨
⎪⎩

F̂1

F̂2

⎫⎪⎬
⎪⎭ =

EA

L

ik1L

1− e−2ik1L

⎡
⎢⎣ 1 + e−2ik1L −2e−ik1L

−2e−ik1L 1 + e−2ik1L

⎤
⎥⎦
⎧⎪⎨
⎪⎩

û1

û2

⎫⎪⎬
⎪⎭ , (4.10)

where the forces at the two ends are defined by F̂1 and F̂2. The global stiffness matrix

of the rod structure is obtained by assembling the element dynamic stiffness matrices

at each discrete frequency.

Because of the linear behavior of the structure, the impact force is identified by

multiplying the dynamic stiffness matrix by displacement data obtained from the

simulation or collected from the experiment. The dynamic stiffness matrix of the

structure is assembled by using the model of the rod from which the wave propagation

data is collected. This subset of the displacement data corresponds to a reduction in

both the spatial and temporal dimensions around the location where the propagated

wave originated, as illustrated by the box in Figure 4.1. Note that this data is a

general example of the wave propagation data in bar structures. Velocity data is

presented in the figure.

The data used for the force identification procedure is the wave that propagates

through the structure immediately after the impact around the impact location. How-
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Figure 4.1 : Simulated wave propagation (velocity) in a free-free rod. the boxed area
corresponds to data selected for analysis.

ever, modeling the full structure or mounting sensors densely along the length is not

always practical. Therefore, in this paper a force identification method is presented

that utilizes the data of the propagating wave near the location of the impact which is

at one end of the rod structure. The wave propagation data does not include the re-

flections coming from the boundaries. Therefore, a throw-off element (non-reflecting

boundary condition) is added to the model in order to only consider the data that

does not include reflections.

A flowchart of the force identification procedure is presented in Figure 4.2. The

wave data from the structure is transformed into the frequency-domain via FFT. Zero-

padding is applied to the response data in order to address the FFT’s assumption

of periodicity. The dynamic stiffness matrix of the spectral element rod model for

a segment of the rod is prepared. The frequency-domain deflection information and

the dynamic stiffness matrix from the simplified model are then used to calculate the

force information in the frequency-domain.
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Figure 4.2 : Force calculation flowchart.

Since the FFT algorithm assumes periodicity and the deformation time series data

are used in deconvolution integral, zero padding is applied in order to address the

wrap-around issue [32, 33, 34]. Zero padding has been shown to significantly improves

the quality of force information identified by using frequency-domain methods [19].

4.2 Simulation and Parametric Study

The force identification procedure is applied to displacement data from numerical

simulations performed by using the spectral finite element method. The theoretical

test structure used to numerically study the performance of the force identification

method is a 2 ft and 9 in (0.85 m) rod with a circular cross-section and 1 in (25.4 mm)

diameter. Eight nodes are used in order to simulate the wave propagation and the

four nodes at the end of the rod where the impact is applied are chosen for the

force identification procedure. The test structure is chosen for geometric simplicity in

order to simplify experimental verification. The force calculated from the simulated
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response is compared to the simulated force in Figure 4.3. The duration of the

impact is 0.4 ms, which corresponds to 8 kHz of significant frequency content and

can be realized experimentally.

By applying the force identification procedure on the simulation data, a point

force is detected at the node at the end of the rod, as expected. At other nodes, the

detected force values are very small and negligible. The force identified by using the

simulated response for nominal conditions agrees very well with the simulated force.

These conditions are listed as Sim1 in Table 2.1. In order to quantify the accuracy

of the force identification method, a Root Mean Square (RMS) error is calculated

by comparing the identified force values to the values used in the simulation. The

quantification of the error is performed by first separating the time series into two

regions: the impulsive load and the remaining portion of the time history. For the

nominal case, the RMS error is 1.46 N during the impact and an average value of

1.34 N exists for the impact force considered over the remainder of the 1 millisecond

presented. These errors are quite small when compared with the 300 N peak value of

the impulsive load.

The geometric and loading properties corresponding to the results presented in

Figure 4.3 provide a baseline for studying the performance of the force identification

method. These properties are studied to determine how they influence the ability of

the method to accurately calculate the applied impulsive load. The parameters that

are studied are the length of the structure, the duration of the impulsive load, and

the duration of the simulation time window. The labels of the cases in the parametric

study and the corresponding conditions are detailed in Table 4.1.

In order to study the influence of the length of the structure on the accuracy of

the calculated force information, the force identification process is applied to response



92

0 0.2 0.4 0.6 0.8 1
−50

0

50

100

150

200

250

300

Time (ms)

Fo
rc

e 
(N

)

 

 
Identified force
Simulated force

Figure 4.3 : Force information calculated using the simulated response for an 2 FT
and 9 in (0.85 m) long rod.

behavior simulated for a 8 ft and 3 in (2.55 m) long rod. More details about the loading

and the length conditions are listed under case Sim2 in Table 2.1. Other conditions

such as load duration are kept unchanged and the simulated displacement is used for

the force calculation.

The force information time history calculated for the 0.85 m long rod is quite

similar to the force history for the 2.55 m long rod and it is not shown here due to the

similarity. The force information agrees well with the force applied in the simulation.

The RMS error is 1.65 N at the loading location during the impact and an average

value of 1.32 N exists over the remainder of the 1 millisecond for this configuration.

The difference between the two error values for Sim1 and Sim2 are not significant.

The reason is that the propagating wave is non-dispersive and the response data does

not differ for rods with different lengths. Therefore, the reconstructed forces for the

rods with different lengths are very similar.

The duration of the applied load is also an important factor for parametric study.
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Table 4.1 : Case studies of the parametric study.

Case Length Impulse Duration Time Sim. Time

Sim1 0.85 m 0.4 ms 1 ms 327.68 s

Sim2 2.55 m 0.4 ms 1 ms 327.68 s

Sim3 0.85 m 0.8 ms 2 ms 327.68 s

Sim4 0.85 m 0.4 ms 1 ms 40.96 s

A system response is simulated for an impulsive load with twice the original duration.

The conditions of this simulation are listed as Sim3 in Table 2.1. The simulation is

performed with the model of the 0.85 m rod in order to calculate the force informa-

tion. The force identification results are similar to the results presented previously in

Figure 4.3 and a good agreement exists with the simulated force. The RMS error for

the impulse and the average value for the remainder of the 2 millisecond period are

2.29 N and 1.30 N, respectively. The reason for the higher RMS error value is that

the reflected waves have less time to reach the propagation waves.

The simulation time for the wave propagation data influences the quality of the

reconstructed force. Shorter simulation time does not allow the wave propagation data

to decay to zero which does not satisfy the periodicity condition required for Fourier-

based methods. Different parameters such as damping and boundary conditions play

roles in the required simulation time for calculating acceptable results with the force

identification procedure. For lower damping levels and free-free boundary conditions,

a longer simulation time is required in order to obtain desirable results. The result

of the force identification method obtained for a simulation time of 40.96 s, which
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Figure 4.4 : Imperfect identified force.

is eight times shorter than the time window for other cases, is shown in Figure 4.4.

The identified impact force time history differs from the simulated force due to the

shortened simulation time, as expected. The conditions of this simulation are listed

as Sim4 in Table 2.1. The RMS error for the impulse and the average value for

the remainder of the 1 millisecond period are increased to 16.72 N and 16.64 N,

respectively.

By considering dispersion in the rod model and by using the other conditions

corresponding to Sim1, the force identification method is studied. The reconstructed

force is similar to the results presented in Figure 4.3. The RMS error for the impulse

and the average value for the remainder of the 1 millisecond period are increased to

1.43 N and 1.27 N, respectively. Since the frequency content of the impact force is

below 8 kHz, the dispersive and non-dispersive rod models only differ slightly from

each other and the errors for the dispersive case are similar to the non-dispersive case.

The summary of the parametric study and the effects of different parameters on
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Table 4.2 : Summary of the parametric study.

Case Parameter RMS Avg. After Impulse

Sim1 Nominal condition 1.46 N 1.34 N

Sim2 Length 1.65 N 1.32 N

Sim3 Impact duration 2.29 N 1.30 N

Sim4 Time window 16.72 N 16.64 N

the RMS error are listed in Table 4.2. The simulation time has the largest influence

on the error of the calculated impact force in the simulations. After the time window,

the length of the structure and the impact force duration has the strongest influence

on the accuracy of the calculated force.

The parametric study is also extended to a range of parameters in order to identify

the influence of the range of different parameters on the accuracy of the force iden-

tification method. The parameters of the study are the length of the rod structure

and the simulation time window. The effect of the length of the structure, on the

accuracy of the force identification method in rod structures for nondispersive rod

structures, is shown in Table 4.3.

As it is shown in Table 4.3, the error of the force identification method increases

by decreasing the length of the rod structure for nondispersive rods. The reason

for the increase in the error is that for longer rod structures the signal contains less

reflections due to the longer time required for the wave to hits the ends and reflects

back. The same trend is seen for dispersive rod structures as shown in Table 4.4.

The effect of the simulation time window on the force identification method is
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Table 4.3 : The effect of length on the error of the force identification method in
non-dispersive rod structures. Time window = 327.68 s, Impulse duration = 0.4 ms

Length (m) RMS Avg. After Impulse

0.85 4.89 N 3.76 N

2 ∗ 0.85 4.01 N 3.32 N

4 ∗ 0.85 3.58 N 3.07 N

8 ∗ 0.85 3.44 N 2.97 N

Table 4.4 : The effect of length on the error of the force identification method in
dispersive rod structures. Time window = 327.68 s, Impulse duration = 0.4 ms

Length (m) RMS Avg. After Impulse

0.85 4.88 N 3.74 N

2 ∗ 0.85 4.00 N 3.30 N

4 ∗ 0.85 3.56 N 3.04 N

8 ∗ 0.85 3.44 N 2.95 N

studied by varying the simulation time and conducting the force identification method.

The results are shown in Table 4.5 for the nondispersive rod model. The time window

effect on the force identification method for the dispersive rod structure is shown in

Table 4.6. The error in the force identification force problem decreases exponentially

by decreasing the simulation time window. However, changes in the length of the rod

structure does not change the error in the force identification results significantly.
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Table 4.5 : The effect of time window on the error of the force identification method
in nondispersive rod structures. Length = 0.85 m, Impulse duration = 0.4 ms

Time window (s) RMS Avg. After Impulse

327.68 4.89 N 3.76 N

163.84 5.72 N 4.65 N

81.92 7.71 N 6.75 N

40.96 12.34 N 11.22 N

Table 4.6 : The effect of time window on the error of the force identification method
in dispersive rod structures. Length = 0.85 m, Impulse duration = 0.4 ms

Time window (s) RMS Avg. After Impulse

327.68 4.88 N 3.74 N

163.84 5.71 N 4.64 N

81.92 7.71 N 6.74 N

40.96 12.34 N 11.22 N

4.3 Experimental Verification

In order to verify the performance of the force identification method, it is applied

to response data collected from a rod structure. The experimental setup consists

of a 8 foot (2.44 m) long rod with a circular cross section and 0.75 inch diameter

(19.05 mm). The rod is mounted in the Hopkinson Pressure Bar experimental appa-

ratus at the Shock and Dynamics Laboratory of the Air Force Research Laboratory

Munitions Directorate which is located at Eglin Air Force Base, Florida. This system
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Figure 4.5 : Initial pass of strain wave caused by impact loading through strain gages
at 24 inch and 48 inch positions.

is used to apply the impact loading to the end of the rod. The rod is composed of

1144 medium-carbon steel with a density of ρ = 7870 kg/m3 and an elastic modulus

of E = 200 GPA.

Pairs of semiconductor strain gages are applied to the bar at 24 inches (0.6096 mm)

and 48 inches (1.2192 mm) from the end where the impact is applied. By using the

data collected from the strain gage pairs, preliminary signal processing is performed

in order to separate the strain associated with longitudinal motion from strain cor-

responding to transverse motion. The longitudinal strain extracted from this data is

then analyzed.

This data set is collected by applying an impact load with a steel striker having

a velocity of 7.80 m/s measured prior to impact. The impact loading is modified by

using one index card as programing material. Data is recorded by using a National

Instruments LabVIEW system and the sampling frequency is 2.5 MHz. The longitu-

dinal strain for the initial pass of the stress wave prior to reflection is illustrated in

Figure 4.5 for the two measurement positions.
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Figure 4.6 : Spectrogram of strain data collected at 24 inch position.

The strain data presented in this figures reveals a maximum magnitude of 640 με.

By comparing the two curves in the figure, it is seen that the stress wave covered the

distance between the strain gages in about 120 μs. This is consistent with nominal

longitudinal wave speed of the material
√
E/ρ = 5040 m/s.

A preliminary assessment of the data is performed by using time-frequency anal-

ysis. A Short-Time Fourier Transform is applied to the response data from the 24

inch position in order to produce the spectrogram presented in Figure 4.6. The spec-

trogram confirms that spectral content of the signal is localized in time and reveals

that the significant frequency content of the signal is below 50 kHz.

In order to validate the use of the rod model prepared from Love’s theory, the

spectral content of the signal is compared with the normalized group speed. This

information is presented in Figure 4.7. The data presented in the figure indicates

that the majority spectral information of the signal lies below 30 kHz where no

significant dispersion is predicted. However, some signal content extends up beyond

this region requiring the use of a model which is capable of representing dispersive
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Figure 4.7 : Comparison of spectral content from signal with normalized group speed
calculated for experimental system using Love’s theory.

behavior. However, over the range of 0−80 kHz, the normalized group speed does not

decrease below 0.98. From this evaluation, it can be determined that response data

is appropriate for the model being used and a higher order model is not required.

The force identification method is applied on the experimental data collected

from the setup in order to reconstruct the impact force applied on the end of the rod

structure. Through the application of the force identification method, the collected

data is converted into the frequency domain and force information is calculated.

Since strain data is being used instead of displacement data, as had been done in the

simulations, new frequency-domain shape functions are derived in order to calculate

the force from strain. Through the application of the force identification method, the

impact force is reconstructed and shown in Figure 4.8.

The identified force has a maximum value of about 35 kN and a duration of about

100 μs. Due to the relatively non-dispersive behavior of the rod for the frequency

range considered and the direct relationship between force and strain, the form of the

identified force information is highly correlated with the form of the measure strain
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Figure 4.8 : Identified experimental impact force.

data.

4.4 Force identification of dispersive rod model

The characteristics of the initial impulse in a rod influenced by dispersion can be

determined by using the phase change due to the different speed for different frequen-

cies. When the Poisson’s ratio effect is not neglected, the dispersive properties of the

rod cause the components of the propagating waves at different frequencies to travel

with different velocities. Since these velocities remain constant across the length of

the bar, the change in phase between two points of known distance can be linearly

extrapolated to provide the phase and amplitude of the initial applied impulse.

The impact force is applied at the end of the rod structure and two sensors record

the velocity response of the wave propagation as shown in required 4.9. As it is

shown, the sensors are not located at the end of the rod structure and it is necessary

to reconstruct the response at the end where the impact accured.
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Figure 4.9 : The diagram of the rod structure with sensors far from the location of
the impact force.

Figure 4.10 illustrates the proportional relationship between the unwrapped phases

given in the frequency domain that allows for the calculation of the initial wave

characteristics. For each sensor, the phase is plotted by continually increasing the

radians with each cycle - rather than cycling the phase, to illustrate the change over

a broad range of frequencies. Because of the rod’s linear change along its central

axis, the difference of velocity phase values between node 1 and Sensor 2 must equal

the difference between Sensor 1 and sensor 2, given equidistant sensor spacing. This

proportionality is illustrated in the equal distance between the curve representing the

phases of node 1 and Sensor 1, and the curve representing the phases of Sensor 1

and Sensor 2, shown in Figure 4.10. With this proportionality, values at any nearby

location can be predicted, including that of the initial impulse.

The accuracy of this method is demonstrated in Figure 4.11. Given a simulated

applied impulse at Node 1, dispersive behavior is observed in the velocity distribution

at Node 1, sensor 1, and Sensor 2 as the wave propagates through the rod with

time. By determining the differences between the phase information at each of the

nodes following the initial impulse, the velocity values can be calculated at Node 1.
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Figure 4.10 : Velocity phase for each frequency changes between equidistant sensors.

These calculated values are shown in Figure 4.11 by the black points. There is an

almost perfect agreement between the simulated impulse at Node 1, and the impulse

calculated from the subsequent node values.

In general terms, the phase shift between the two sensor points reveals the distance

rate of change of phase, which indicates the frequency content of the initial impulse.

This, in turn gives the duration and magnitude of the impact force, once converted

back into the time domain.

4.5 Summary

In this study, an impact force identification method for rod structures is developed

using the spectral finite element method. Wave propagation data obtained from nu-

merical simulations are utilized in order to calculate the impact force. The presented

impact force identification method is more practical with respect to previous methods

by using the data from only around the impact location and for a short time window
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Figure 4.11 : The initial impulse calculated from the velocity peaks at Node 1, Sensor
1, and Sensor 2 exhibits a high degree of agreement with the simulated initial impulse.

of the response after the impact. The impact force is identified successfully showing

strong agreement with the simulated force information. A parametric study is con-

ducted in order to investigate the effect of parameters on the performance of the force

identification process. It is shown that the duration of the simulation time data plays

the most important role in the quality of the identified force. Experimental strain

data collected from a rod structure using a Hopkinson Pressure Bar system is ana-

lyzed and an impact force time series is effectively identified to verify the performance

of the force identification method. The response of the dispersive rod structure at

the impact location was calculated by using the response of sensors located far from

the impact location by using the phase shift and the relation of the velocity of waves

and frequencies.
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Chapter 5

Microdevices

In this study, a two-component auto-parametric resonator utilizing piezoelectric ac-

tuation is proposed. The resonator consists of a plate component which serves as

the exciter and a beam component which serves as the oscillator. When an electric

signal is applied, the plate component experiences in-plane oscillations which serve to

provide axial excitation to the beam component. The system is designed to operate

in auto-parametric resonance with a plate to beam principal frequency ratio of 1:2.

Due to the oscillations of the beam component, a dynamic force and a moment are

applied to the plate and can cause out-of-plane oscillations of the plate component.

Internal-resonance can also exist between the beam oscillations and the out-of-plane

vibrations of the plate component. A model is derived in order to describe these

three motions and the coupling between them. By assuming single mode behavior for

each motion, the model is discretized and represented with a three degree-of-freedom

model. The model is solved analytically by using the method of multiple scales. Re-

sults of the perturbation method agree well with the numerical simulation. Also, the

effect of different parameters of the micro-system on its behavior is studied and the

ideal operational conditions and system parameters for the potential applications of

the system are obtained.
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5.1 Modeling

The device consists of a micro-scale piezoelectric plate component to provide actuation

to the device and a micro-scale cantilever beam component to provide the dominant

frequency characteristics of the device. The micro-scale beam model is a nonlinear

beam model due to the possibility of large deformations and rotations. Also, Due

to the size of the components of the device, recent studies have shown that other

micro-scale effects such as surface effect can be neglected [84, 85, 86]. However, it

would be necessary to refine the model for the specific application and operational

conditions of the device [58]. The plate component is connected to the surrounding

material on three sides and free on the fourth. A conceptual diagram of the basic

configuration of the device is presented in Figure 5.1. An electric field is applied to

the piezoelectric plate by using two electrode layers on the top and bottom of the

plate. When fully developed, the electrodes of the beam and the plate components

will be separated in order to allow for the plate component to be used for actuation

and for piezoelectric sensing methods to be developed for the beam component. The

electrode and piezoelectric layers are nominally symmetric to produce in-plane motion

by using the inverse piezoelectric effect. The cantilever beam component is suspended

from the free edge of the plate at the middle. Since the plate is nominally symmetric

about its middle axis and it is constrained in three directions, when excited the free

edge experiences in-plane oscillations, providing axial excitation to the beam.

The nominal geometry of the two components of the resonator are selected in

order to produce a 1:2 internal resonance condition between the fundamental in-

plane vibration mode of the plate and the 1st flexural mode of the beam component.

When the plate component is excited at its fundamental frequency, it applies an axial

excitation to the beam component and the beam experiences transverse oscillations
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Figure 5.1 : Conceptual diagram of the proposed micro-scale resonators. The final de-
signs of the micro-resonators in which the electrodes of the components are separated
will be developed for potential applications after the feasibility has been confirmed.

when parametric resonance occurs. The beam oscillates at its fundamental frequency

which is one-half of the fundamental frequency of the in-plane vibrations of the plate.

In order to satisfy the frequency ratio, the size of the plate component must be much

larger than the size of the beam component. Because of the use of the parametric

excitation, the theoretical prediction of the beam component’s frequency-response

behavior includes non-zero amplitudes for a small frequency range.

Due to the oscillations of the beam component, an inertial force and a moment are

applied to the point of attachment to the plate component. This can cause the plate

to experience out-of-plane vibrations. Therefore, the frequency characteristics of the

plate component, both in-plane and out-of-plane, will influence the performance of

the device due to the coupling between the two components.
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5.1.1 Plate and Beam Components

Within this section, a system model is derived to represent the dynamic behavior of

the proposed class of resonators. The plate component exhibits both in-plane and out-

of-plane motion and the in-plane and out-of-plane modes are considered uncoupled

due to small deflections and rotations and its thin structure [87]. The resonator

is modeled as a nonlinear cantilever beam. For the specific operating frequencies of

interest, the equations of motion of the beam and the plate components are discretized

to provide single mode approximations for each motion. The discretization provides

coupled ordinary differential equations (ODEs) to model the device for the conditions

discussed.

Equation of the In-Plane Plate Motion

The in-plane motion of the plate produces the axial excitation at the base of the

beam, leading to the flexural oscillations of the resonator. Since the amplitude of the

in-plane motion of the plate is small and the plate component is considered to be

much larger than the beam, the plate is assumed to respond linearly in the in-plane

mode. Also, because the excitation is applied in the in-plane direction of the plate

and the amplitude of the out-of-plane motion of the plate is small, it is assumed that

there is no influence from the beam on the in-plane plate motion. Hence, the in-plane

plate motion is modeled independently of the other two motions. Also, It has been

shown that in some cases the coupling between the in-plane motion in two directions

of the system coordinate may be ignored [88]. Since, we are interested in the equation

of motion in y direction, the simplified uncoupled in-plane equation of motion in y
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direction is shown in Equation (5.1).

E

1− ν2
∂2U

∂y2
+

E

2(1 + ν)

∂2U

∂x2
− ρ

∂2U

∂t2
= 0, (5.1)

where E, ν and ρ are the elastic modulus, the Poisson’s ratio and the density of the

plate, respectively. The in-plane displacement in the axial direction, along the y-axis

is represented by U . The parameter t denotes time.

The plate component is driven by a voltage applied across the thickness of the

piezoelectric layer. In order to model the motion of the plate component in terms

of the applied voltage, it is assumed that an initial free strain is applied to the

constrained plate and the motion of the plate is restricted by the three clamped

edges. Since the equation of motion and the piezoelectric constitutive equations are

linear, the principal of superposition is used. The electric field is applied across

the thickness of the plate and the plate is relatively thin with respect to the other

dimensions. For these conditions, the electric displacement is assumed to have a

constant value across the thickness [89]. Hence, the initial strain function of the

plate due to the applied voltage and the unconstrained plate is derived. The initial

free strain of the piezoelectric plate has the following form taken from the book by

Ikeda [90].

{εx} = −d31 (Qz/tp) , {εy} = −d32 (Qz/tp) , (5.2)

where d31, d32, Qz and tp are the piezoelectric coefficients in x- and y-directions,

the amplitude of the applied voltage and the thickness of the piezoelectric layer,

respectively. Initial strain in x- and y-directions are represented by {εx} and {εy}.
The constraints at the three edges apply the following boundary conditions on the

displacement in the y-direction. The boundary conditions of the plate components,
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which affect the axial displacement of the plate, are defined in Equation (5.3).

U (x, y, t) |x=0,Lp = 0, U (x, y, t) |y=0 = 0. (5.3)

In order to satisfy the equation of motion, boundary conditions and piezoelectric

free strains (Eqs. (5.1),(5.2), and (5.3)), the displacement function in the y-direction

is defined by the form shown in Equation (5.4).

U =
∞∑
j=1

∞∑
i=1

sin

(
2j − 1

2Lp
πy

)
sin

(
2i− 1

Lp
πx

)
qij (t)

− (1 + ν) d31
Qz (t)

tp
y, (5.4)

where qij (t) is the time modulation of the displacement function. The second term

which contains the electric field can be replaced by an expansion in terms of the

mode shapes of the in-plane plate motion. The Fourier series expansion of the in-

plane motion of the plate component is defined in Equation (5.5).

U =
∞∑
j=1

∞∑
i=1

sin

(
2j − 1

2Lp
πy

)
sin

(
2i− 1

Lp
πx

)
× (5.5)

[qij (t)− (1 + ν) d31Qij ] Φ (t) ,

where Φ (t) is a sinusoidal function that modulates the applied voltage, as shown in

Equation (5.6).

Φ(t) = cos (Ωt) , (5.6)

where Ω represents the excitation frequency. The expansion coefficient of the dis-

placement caused by the applied electric field is defined in Equation (5.7).

Qij =
Qz(t)

tp

32Lp

π3

(−1)j

(2i− 1) (2j − 1)2
i, j = 1, 2, . . . (5.7)

The Fourier series expansion in Equation (5.5) presents the in-plane displacement in

terms of the mode shapes which are sinusoidal functions and the generalized coordi-

nates which are functions of time. At resonance, the mode shape close to the resonance
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mode becomes significant. Therefore, the terms in the expansion that contain the res-

onance mode becomes dominant in the mode shape expansion. Substituting the single

mode representation of the displacement into the equation of motion and applying the

energy method for obtaining the equations of motion, the single mode approximation

of the equation of motion is identified [91]. This method simplifies the equations of

motion which are in the form of partial differential equationsc (PDEs) into simpler

ODEs. By using the mentioned discretization method and considering the structural

damping, the discretized equations of motion for the in-plane oscillations of the plate

is obtained and has the form shown in Equation (5.8).

q̈ij + 2μωij q̇ij + ω2
ijqij = KijΦ̈ (t) + JijΦ (t) , (5.8)

where ωij, Jij, and Kij represent the natural frequency, the static excitation coeffi-

cient, and the dynamic excitation coefficient of the piezoelectric plate, respectively.

The natural frequency and excitation coefficients are defined in terms of the system

parameters in Appendix A.

Motion of the Beam and the Plate Component

The resonator part of the system is modeled as a beam under parametric excitation.

The resonating beam applies an inertial force and a moment to the position on the

plate where the beam is attached. The two components of the coupled system behave

differently according to their size, structure and the amplitude of oscillations.

In order to allow for the possibility of relatively large amplitude deflections of the

beam component, a nonlinear beam model is used. Since the dominant deflections and

forces applied on the beam are transverse, it is assumed that the beam is inextensible.

The vibration of the beam is assumed to be planar and the Poisson’s effect and shear
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deformations are considered negligible [74]. The nonlinear beam model is obtained

by simplifying the nonlinear non-planar model from the work of Arafat et al. [92],

which describes a beam oscillating in its two flexural directions, to obtain a model

describing the nonlinear planar flexural motion of a parametrically excited beam.

Also, a nonlinear damping term is included in order to allow for the possibility of

energy loss to the surrounding environment. The nonlinear beam equation of motion

is presented in Equation (5.9).

m
∂2v

∂t2
+ cv

∂v

∂t
+ cq

∂v

∂t

∣∣∣∣∂v∂t
∣∣∣∣ +D

∂4v

∂y4

+D
∂

∂y

[
∂v

∂y

∂

∂y

(
∂v

∂y

∂2v

∂y2

)]

+
1

2
m
∂

∂y

{
∂v

∂y

∫ s

l

[∫ s

0

∂2

∂t2

(
∂v

∂y

)2

ds

]
ds

}

−m∂
2U

∂t2
|y=Lp

[
∂2v

∂y2
(s− l) +

∂v

∂y

]

−m∂
2W

∂t2
|y=Lp = 0. (5.9)

The variable v represents the transverse deflection of the beam. The linear damp-

ing coefficient of the beam is represented by cv. The variable cq defines the nonlinear

damping coefficient of the beam. The flexural rigidity of the beam ia represented by

D. Mass per unit length is denoted by m. Point force and moments are represented

by using the Dirac delta functions which is represented by δ. The plate component

is relatively thin with respect to the other dimensions. Therefore, it can be assumed

that the original normal surface remains normal during deformation. Also, according

to the size of the plate with respect to the beam and the type of excitation applied to

the plate, the deflections and rotations of the plate are relatively small. Hence, the

out-of-plane response of the plate component is assumed to be linear [87].
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Dp

(
∂4W

∂x4
+ 2

∂4W

∂x2∂y2
+
∂4W

∂y4

)
+ ρh

∂2W

∂t2

+Mδ

(
x− Lp

2

)
∂

∂y
[δ (y − Lp)]

+V δ

(
x− Lp

2

)
δ (y − Lp) = 0, (5.10)

where the variables and W , represents the transverse deflection of the plate. The

flexural rigidity of the plate is represented by Dp. The width of the square plate and

its thickness are represented by Lp and h, respectively. Point force and moments are

represented by using Dirac delta functions which is presented by δ.

The inertial moment and shear force applied to the plate at the point of attachment

are represented by M and V , respectively. The inertial moment and shear force

which results from the beam oscillations are obtained by integrating the inertial forces

and moments of the beam elements, across the length of the beam, as shown in

Equation (5.11) and Equation (5.12). The variable s is used to define position along

the length of the cantilever beam.

M =

∫ L

0

m

12
h2
(
∂2θ

∂t2
− ∂2

∂t2
∂W

∂y
|x=Lp

)
ds

+

∫ L

0

ms

(
∂2v

∂t2
− ∂2W

∂t2
|x=Lp

)
ds, (5.11)

V =

∫ L

0

m

(
∂2v

∂t2
− ∂2W

∂t2
|x=Lp

)
ds. (5.12)

In order to facilitate the analysis of the proposed device, the equations of motion

are non-dimensionalized with respect to time and length. The deformation and spatial

variable of the beam component are normalized with respect to the length of the beam

L and the deformation and spatial variables of the plate is normalized with respect
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to the characteristic length of the plate Lp. The time variable is normalized by the

characteristic time T = (mL4/D)
1/2

. These non-dimensional variables are defined

in Equation (5.13). Non-dimensional parameters are identified by the use of the hat

symbol (ˆ).

v̂ = v/L, Û = U/Lp, Ŵ =W/Lp,

ŝ = s/L, t̂ = t/T. (5.13)

Since the system is operating at the principal parametric resonance frequency of

the beam, the contribution of higher vibration modes is considered negligible for both

the in-plane plate motion and transverse vibrations of the beam component. Also,

because of the possibility of internal resonance between the motion of the beam com-

ponent and the out-of-plane motion of the plate, the analysis of the plate component

for the out-of-plane motion focuses on this resonance condition.

As it was mentioned in section 5.1, the size of the plate component should be larger

than the beam component in order to match the parametric resonance frequency

ratio (1:2). Due to the size of the plate component, the fundamental frequency of the

beam component falls within a frequency range which corresponds to very high modes

of the out-of-plane motion (e.g. >1300th mode). Therefore, the analytical calculation

of the characteristic frequency with triply clamped boundary conditions and at such

a high vibration mode is computationally prohibitive and likely to suffer from poor

precision. Hence, the specific out-of-plane vibration mode of the plate component for

this resonance condition is calculated by using ANSYS finite element software. The

dimensions, material properties, and resonance frequencies of the model are listed in

Table 5.1. The piezoelectric structure consists of layers of piezoelectric material and
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electrode material. The materials and dimensions are chosen based on the fabricated

micro-beams in the study by Piekarski et al. [93] and the length and thicknesses

are designed in order to minimize coupling between the transverse oscillations of the

beam and the plate component.

Four-node element with bendind capabilities, is used to discretize the plate. The

element has six degrees of freedom at each nodenode: translations in the nodal x, y,

and z directions and rotations about the nodal x, y, and z-axes. The modal analysis

provides a list of frequencies and mode shapes of the system. The non-dimensionalized

frequencies are calculated and agree with the literature presented in Table 5.2 [1, 2,

3]. The closest out-of-plane plate frequency to the beam’s natural frequency and

its corresponding mode shape are obtained from the ANSYS modal analysis. By

increasing the number of elements, the calculated frequencies approach convergence.

The influence of using nearby modes to discretize the system model has an almost

negligible effect on the coupling parameters and resulting dynamic behavior. The

internal resonance between the plate and the beam components occurs at the 1333th

out-of-plane vibration mode of the plate for this configuration.

Considering the single mode representation of the dynamic behavior of the compo-

nents of the micro-system, the equations of motion are a set of three coupled ODEs.

The single mode representation of the beam equation of motion and the plate out-

of-plane equation of motion are obtained with the same method used to discretize

the in-plane equation of motion of the plate described in section 5.1.1. The resulting

three ODEs are presented as Equation (5.14), Equation (5.15), and Equation (5.16).

The single mode nonlinear equation of motion of the beam component is presented

in non-dimensional form equation Equation (5.15). The coupling term in the beam

component eqution of motion, Φ̄p
¨̂
Q, is due to the relative acceleration of the beam
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component with respect to the plate component and illustrates the plate out-of-plane

acceleration effect on the beam motion. For additional details regarding the calcula-

tion of the rest of the model parameters for the beam, refer to the work of Arafat et

al. [92]. The linear equations for the in-plane and out-of-plane motion of the plate

component are presented as Equation (5.14) and Equation (5.16), respectively. The

excitation sources in the plate equation of motion, M̂1
¨̂q − M̂2

¨̂
Q, are the inertial mo-

ment and shear force applied to the plate component from the beam component. The

term −M̂2
¨̂
Q illustrates the relative motion of the beam component and the plate com-

ponent. The parameters q̂, Q̂ and q̂p are the modal responses of the beam deflection

relative to its base (which is attached to the plate), the out-of-plane plate deflection,

and the in-plane displacement of the plate, respectively. A viscous damping term is

added to the out-of-plane equation of plate motion in order to account for energy

dissipation.

¨̂qp + 2μ̂pω̂p
˙̂qp + ω̂2

p q̂p = K̂1Φ̈ (t)− Ĵ1Φ (t) , (5.14)

¨̂q + 2μ̂ω̂n
˙̂q + 2μ̂q

˙̂q
∣∣∣ ˙̂q∣∣∣+ ω̂2

nq̂

+α̂ω̂2
nq̂

3 + β̂q̂ ˙̂q2 + β̂q̂2 ¨̂q = K̂ ¨̂qpq̂ + Φ̄p
¨̂
Q, (5.15)

¨̂
Q+ 2μ̂1ω̂1

˙̂
Q+ ω̂2

1Q̂ = M̂1
¨̂q − M̂2

¨̂
Q, (5.16)

where μ̂, μ̂1 and μ̂p are the linear damping ratio of the beam, and the transverse and

in-plane damping ratios of the plate, respectively. The variable μ̂q is the quadratic

damping coefficient of the beam and the modal nonlinear stiffness and inertia coef-

ficients are α̂ and β̂, respectively. The fundamental frequency of the beam, and the

in-plane and out-of-plane resonance frequencies of the plate are represented by the

variables ω̂n, ω̂1 and ω̂p, respectively. The parameters K̂, K̂1, Ĵ1 and Φ̄p, which are

defined in Appendix B, are the excitation constant, static and dynamic excitation
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coefficient for the first in-plane mode of the beam and the excitation constant of the

plate, respectively. The excitation coefficients of the out-of-plane motion of the plate

components are represented by M̂1 and M̂2. The equations of motion for the system

are further simplified through the introduction of a new time parameter, t̂ = τ̂ /ω̂n.

The resulting equations of motion are presented in Equation (5.17), Equation (5.18),

and Equation (5.19) where ω̂pN = ω̂p/ω̂n and ω̂1N = ω̂1/ω̂n. The calculations of the

non-dimensional parameters M̂1 and M̂2 are detailed in Appendix B.

¨̂qp + 2μ̂pω̂pN
˙̂qp + ω̂2

pN q̂p = K̂1Φ̈ (t)− Ĵ1
ω̂2
n

Φ (t) , (5.17)

¨̂q + 2μ̂ ˙̂q + 2μ̂q
˙̂q
∣∣∣ ˙̂q + q̂

∣∣∣
+α̂q̂3 + β̂q̂ ˙̂q2 + β̂q̂2 ¨̂q = K̂ ¨̂qpq̂ + Φ̄p

¨̂
Q, (5.18)

¨̂
Q+ 2μ̂1ω̂1N

˙̂
Q + ω̂2

1NQ̂ = M̂1
¨̂q − M̂2

¨̂
Q. (5.19)

In order to further simplify the model, Equation (5.19) is rewritten in the form of

Equation (5.20).

¨̂
Q+ 2μ̄1ω̄1N

˙̂
Q + ω̄2

1NQ̂ = M̄1
¨̂q. (5.20)

where the modified frequency, damping ratio and the coefficient of excitation have

the form of Equation (5.21).

μ̄1 = μ̂1/
√

1 + M̂2 , ω̄1N = ω̂1N/
√

1 + M̂2,

M̄1 = M̂1/(1 + M̂2). (5.21)

With the system of equations in non-dimensional form, the hat and bar symbols

are omitted in the remainder of this chapter.
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5.2 Analysis and Results

Within this section, the analytical and numerical methods used to study the response

behavior predicted by the system model prepared in section 5.1 are presented. The

analytical solution for the micro-resonator model allows for determining the stable

and unstable solutions of the micro-resonator oscillations. The analytical method also

provides a preliminary understanding of the effect of parameters on the response of

the system in comparison with the numerical methods that works as a black box by

only providing the final numerical results. Also, for obtaining the frequency response

by using the numerical method, the amplitude of the steady state response of the

system for each sampled frequency is obtained which takes a much longer time than

only plotting the frequency response solution of the system. Therefore, it is also less

computationally expensive to obtain the frequency response of the system by using

the analytical methods. In order to obtain an approximate analytical solution for the

nonlinear equations of motion, a perturbation method is applied. A numerical tool

is also utilized in order to validate the results of the perturbation method in the sub-

space of the assumed range of the scaling of the system parameters and the system

response. The numerical tool used to obtain the frequency response is the ode45

function of MATLAB [94] which takes advantage of Runge-Kutta (4,5) formula [95].

The ode45 function is utilized to simulate the three coupled ODEs obtained from

the single mode approximations. The amplitudes of the steady state responses of

the simulation within the desired frequency range and an acceptable resolution are

plotted against the excitation frequency to get the frequency response plots. Finite

element analysis is used to determine the characteristic frequency of the out-of-plane

plate motion.
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5.2.1 Perturbation Analysis

In order to facilitate the perturbation analysis and to reduce the number of equations

to two ODEs, the steady-state analytical solution of the linear out-of-plane motion of

the plate is used. The response of the out-of-plane motion of the plate component is

linear and is derived in terms of the response of the beam component. This analytical

solution is obtained by assuming that the beam response is harmonic since this is the

ideal form of the response. The response is defined in Equation (5.22).

Q (t) =
M1

ˆ̈q (t− ϕ/Ω)

ω2
1N

√(
1−

(
Ω

2ω1N

)2)2

+
(
2μ1

Ω
2ω1N

)2 ,

where ϕ is the phase lag of the plate motion with respect to the beam motion. The

phase lag of the plate motion depends on the structural damping of the out-of-plane

vibrations of the plate and the frequency ratio, as detailed in Equation (5.22).

ϕ = arctan

[(
−2μ1

Ω

ω1N

)(
Ω2

ω2
1N

− 1

)−1
]
.

By applying a perturbation method to the nonlinear equation of motion of the

beam and in-plane equation of motion of the plate, an approximate analytical solution

is obtained. Through this process, nonlinear differential equations are represented

as a series of coupled inhomogeneous linear differential equations. The approximate

response of the modeled micro-resonators is obtained by using the method of multiple

scales [81]. In order to perform the perturbation analysis, the relative size of key

system parameters is assumed and indicated by using the scaling parameter ε which

is considered small ε � 1. The ordering of the parameters concerned with damping,

excitation, and coupling, shown in Equation (5.22), is done to ensure that a solution is

obtained where the influence of all system parameters is included. Numerical methods
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are used to confirm the accuracy of the resulting approximate solution for the range

of parameter values explored.

μp = ε2μ̃p, μq = ε μ̃q, μ = ε2 μ̃,

K1 = ε4 K̃1, J1 = ε4 J̃1, M1 = ε2 M̃1. (5.22)

In a similar manner, the scaling of the expansion form of the solutions qp (τ),

and q (τ) are selected by assuming small oscillations and setting the first term to be

of the order ε2 and ε, respectively. Due to the presence of cubic nonlinearities in

the equation of motion of the beam, it can be shown that the second term in the

expansions is equal to zero and the solution is only dependent on the first and third

time scales. The non-dimensional frequency of the excitation applied to the plate

component is defined as Ω = 2 + 2σp ε
2. This frequency is non-dimensionalized with

respect to the fundamental frequency of the beam and σp is the detuning parameter.

The mis-tuning between the natural frequency of the in-plane plate motion and twice

the natural frequency of the beam is defined as ωpN = 2 + 2σ ε2 where σ is the mis-

tuning parameter. The closest natural frequency of the out-of-plane motion of the

plate to the principal frequency of the beam component is defined as ω1N = 1+ σ1 ε
2

where σ1 is the out-of-plane mis-tuning parameter. Through the application of the

method of multiple scales, a first order approximate solution is obtained for qp (τ),

and q (τ) and presented as Equation (5.23), and Equation (5.24), respectively.

qp (τ) = ε2 rp cos (Ωτ − ψp) +O
(
ε3
)
, (5.23)

q (τ) = ε r cos

(
Ω

2
τ − ψ

)
+O

(
ε2
)
. (5.24)

The out-of-plane response of the plate component is found by substituting the

beam component response Equation (5.24) into the analytical response of the plate
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component in Equation (5.22). Continuing the perturbation method, the modulation

equations for the amplitude rp and phase ψp of the response of the in-plane response

of the plate are given as Equation (5.25) and Equation (5.26). The modulation

equations for the amplitude r and phase ψ of the beam component are also obtained

and presented as Equation (5.27) and Equation (5.28).

r′p = −2μprp − 4K1 − (J1/ω
2
n)

2Lp

sin (ψp) , (5.25)

rpψ
′
p = 2 (σp − σ) rp − 4K1 − (J1/ω

2
n)

2Lp

cos (ψp) , (5.26)

r′ = K r rp sin (ψ)− μr − 8

3
π−1μqr

2

+
1
2
M1Φ̄p (1 + σp)

4 sin (ϕ)

(1 + σ1)
2

√(
1−

(
Ω

2ω1N

)2)2

+
(

2μ1Ω
2ω1N

)2 , (5.27)

rψ′ = 2K r rp cos (ψ) + 2σpr − rψ′
p −

1

4
(−2β + 3α) r3

+
1
2
M1Φ̄p (1 + σp)

4 cos (ϕ)

(1 + σ1)
2

√(
1−

(
Ω

2ω1N

)2)2

+
(

2μ1Ω
2ω1N

)2 . (5.28)

Note that the predicted response of the beam component of the micro-resonator

depends on a linear combination of both the nonlinear stiffness and inertia constants

of the form (3α− 2β) which indicates a competing influence on the nonlinear harden-

ing/softening properties of the response. In order to analyze the results, the frequency

response curve is plotted. The frequency response curve is the plot of the amplitude

of the steady state response of the system versus the excitation frequency. The steady

state response of the system is obtained by equating the rate of changes in the mod-

ulation equations to zero and removing the dependency of the equations to the phase

variables. The excitation frequency term by which the frequency is varied about twice

the natural frequency as the reference point is the dimensional detuning frequency de-
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fined by Σp = 2σpωn. For the purposes of this study, the nominal frequency-response

curve for the micro-resonator under parametric excitation is calculated by numerically

solving the frequency response and is plotted in Figure 5.2. Both the beam and the

out-of-plane plate frequency responses are illustrated in Figure 5.2. As it is shown,

the frequency response curve corresponding to the perturbation method agrees well

with the response predicted by the numerical simulation. The maximum amplitude

of the frequency response occurs at zero detuning frequency and the amplitude of the

system is highly attenuated at the frequency range out of the bandwidth. The small

discrepancy between the numerical results and the perturbation solution is believed

to be due to the assumption that the beam has sinusoidal displacement when the

out-of-plane plate motion is derived.

Further, the frequency response of the micro-system differs from the frequency

response of the classical parametrically excited system which has one super-critical

and one sub-critical Hopf bifurcation. The frequency response of the proposed system

has two super-critical Hopf bifurcations at the two end points where the oscillations

start.

The response amplitude of the plate is five orders of magnitude lower than that

of the beam which supports the assumption of smaller amplitude, linear behavior for

the plate component. The nominal value for the coefficient of nonlinear damping μq

is taken from literature where it was determined experimentally for a macro-scale

beam under parametric excitation [74]. The non-dimensional values for nonlinear

cubic stiffness and inertia, α and β, are fixed with respect to the parameters of the

system and can be derived in terms of the mode shapes of the beam. Therefore, the

effect of the nonlinear cubic stiffness and the nonlinear inertia on the response of the

system do not vary by changing the system parameters. However, the nonlinearity
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Figure 5.2 : Frequency response of the beam obtained by using the method of mul-
tiple scales (MMS) and numerical simulations performed by using MATLAB for the
nominal parameter values.

of the beam is different for each mode of the beam vibration. For details of these

calculations and the effects of varying the nonlinearity refer to the works of Arafat et

al. [92] and Anderson et al. [74]. The nominal linear damping ratios are selected

to provide a minimal level of nonlinearity, avoid multiple solutions, and minimize

the magnitudes of higher harmonics. The parameter values for the nominal case are

presented in Table 5.3.

5.2.2 Results and Discussion

In this section, the results obtained from using the perturbation method and numer-

ical simulations are presented. The variation of the system parameters are studied

and discussed to understand the sensitivity of the system to the different operational

conditions and device geometries. The structure and parameter values are designed

in order for the micro-resonator behavior to have desirable properties. The desir-

able system response for the potential applications is a periodic response with small
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oscillations amplitude and minimal coupling between the beam component and the

out-of-plane motion of the plate component.

Changes to the behavior of the system resulting from varying the damping ratios

of the beam component, the damping ratio of the in-plane motion of the plate com-

ponent, and the damping ratio of the out-of-plane motion of the plate component

are intuitive for the micro-structure working in the desired operational conditions.

Increasing the linear damping levels of the beam component results in lower response

amplitudes and narrower bandwidths of the frequency response of the system. The

out-of-plane damping ratio of the plate component has the same effect on the am-

plitude of the plate’s out-of-plane oscillations. However, variation of this parameter

only slightly changes the response of the beam component due to the small coupling

between the beam and the plate. The damping ratio of the in-plane motion of the

plate changes the amplitude of excitation applied on the beam. Therefore, by in-

creasing the in-plane damping ratio of the plate component, the frequency response

of the beam component becomes narrower with smaller amplitudes.

The quadratic damping term in the system model represents the partial effect

of air drag on the vibrating beam. Frequency-response behavior corresponding to a

range of quadratic damping coefficient values for both the beam component and the

out-of-plane motion of the plate component are presented in Figure 5.3. The data

points correspond to the frequency responses obtained from the numerical simulation

and the analytical frequency responses are plotted using continuous lines. Increasing

the strength of the nonlinear damping decreases the amplitudes of oscillations of

the plate and beam components. As it has been shown by Anderson et al. [74] the

bandwidth of the operating frequency does not change when the quadratic damping

coefficient is varied. Also, the frequency response is distorted and there is a less
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Figure 5.3 : Frequency-response curves for different levels of nonlinear damping in
the beam.

agreement between the simulation results and the approximate analytical solution for

the system with very low damping levels. The reason for this is that the quadratic

damping coefficient is not within the range assumed for the perturbation solution. For

smaller quadratic damping coefficients, a portion of the response becomes unstable

and does not appear in the simulations. A jump is seen in the simulation responses.

The desired ratio of the in-plane plate natural frequency to the beam natural

frequency is 1:2. The influence of the in-plane mis-tuning parameter on the sys-

tem response is illustrated in Figure 5.4. In Figure 5.4, the frequency response of

the both components obtained using the analytical solution are plotted. Also, the

frequency-response curves for negative in-plane mis-tuning parameters are the mir-

ror images of the frequency-response curves of the corresponding positive in-plane

mis-tuning values. A positive in-plane mis-tuning parameter value causes the res-

onance frequency of the in-plane motion of the plate component to increase and

consequently the frequency-response curve shifts to the right, as shown in Figure 5.4.
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Figure 5.4 : Frequency-response curves for different levels of in-plane frequency mis-
tuning. The curves for negative values are the mirror image of their corresponding
positive plots. Applied voltage magnitude increased to Q = 0.07.

Since the operational frequency ratio is not at resonance for non-zero in-plane mis-

tuning parameters, the amplitude of oscillations decreases or oscillations stop for the

larger in-plane mis-tuning values. The changes to the bandwidth which are caused

by changing the in-plane mis-tuning parameter are understood better by examining

the stability wedge plot, shown in the Figure 5.5.

The stability wedge illustrates the excitation amplitude required for the system

to experience oscillations. Also, the stability wedge curve separates the region of the

stable and the unstable zero response and specifies the frequency bandwidth in which

the system oscillates. The in-plane mis-tuning parameter influences the stability

wedge curve significantly. Figure 5.5 illustrates the stability wedge for different mis-

tuning parameters. Increasing the mis-tuning parameter shifts the stability wedge to

the mis-tuning direction and reshapes the stability wedge from a parabola. Also, the

minimum excitation level increases as the mis-tuning parameter value is increased.

The other important parameter which is influenced directly from the system struc-



127

−50 0 50 100 150 200
0

0.5

1

1.5

2

2.5

3

Detuning frequency. 
p
 (kHz)

E
xc

ita
tio

n 
am

pl
itu

de
. Q

 (
V

)

 

 

=0.0

=0.01

=0.02

=0.03

Figure 5.5 : Stability wedge curves for different in-plane mis-tuning parameter values.
The curves for negative values are the mirror image of their corresponding positive
plots.

ture is the coupling between the beam component oscillations and the out-of-plane

motion of the plate component. The coupling is presented in Eqs. (5.15), (5.14), and

(5.16) by parameters Φ̄p, M̂1 and M̂2. These terms depend on the mode shapes of the

components, specifically the plate component, and the mode number at which the

resonance occurs. The mode number at which the out-of-plane motion of the plate

experiences resonance depends on the structure of the system. The structure of the

system is designed in order to have a parametric resonance frequency ratio (1:2) be-

tween the beam component and the in-plane vibration of the plate component. Also,

the out-of-plane motion of the plate component and the oscillations of the beam

component operate at internal resonance when their natural frequencies match. The

beam’s natural frequency is half of the in-plane principal frequency. Therefore, the

internal resonance condition is defined by equating half of the principal frequency of

the in-plane motion of the plate and the natural frequency of the out-of-plane motion
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of the plate as shown in Equation (5.29).

√
λEI√

ρhL4
p (1− ν2)

≈ π

2Lp

√
E

4ρ (1− ν2)
+

E

2ρ (1 + ν)
, (5.29)

where E, ρ and ν are the average values for the elastic modulus, the density and the

Poisson’s ratio of the composite structure. The thickness of the plate component, the

length of the square plate and the bending stiffness of the structure are represented

by h, Lp and EI. The frequency parameter at which internal resonance occurs is

represented by λ and is calculated from the relationship in Equation (5.29), as shown

in the following form.

λ ≈
(π
2

)2(Lp

h

)2

[3 + 6 (1− ν)] .

The smaller frequency parameter of the out-of-plane motion of the plate at the

internal resonance condition results in larger coupling parameters of the system. Also

the frequency parameter of the plate structure has an inverse relation with the aspect

ratio, which is the thickness of the plate to the width of the plate structure. Therefore,

in order to study the effect of the higher coupling in the system a structure with a

higher aspect ratio is proposed. For the proposed system with a higher aspect ratio,

the out-of-plane motion of the plate component experiences internal resonance at its

508th mode which is a lower mode than in the previous configuration. Therefore, it

is expected that this structure experiences a moderate coupling. The variation of

the frequency response and the stability wedge of the coupled system for different

in-plane mis-tuning parameter values are illustrated in Figs. 5.6 and 5.7.

As it is show in Figure 5.6, the coupling between the system components changes

the trend of the dependence of the system response to the in-plane mis-tuning param-

eter. The peak of the response of the system with a stronger coupling tends to stay
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Figure 5.6 : Frequency responses of the beam component (top) and the plate compo-
nent (bottom) for different in-plane mis-tuning parameter values for the system with
higher coupling. Applied voltage magnitude increased to Q = 0.07.

right at zero detuning frequency where the excitation frequency is twice the natural

frequency of the beam and the in-plane mis-tuning has less effect on the system re-

sponse than the more weakly coupled system. This trend is also is also verified by the

stability wedge shown in Figure 5.7. The stability of the micro-system is influenced by

the coupling between the components. The beam component frequency-response for

lower damping levels for a system with moderate coupling between the beam motion

and out-of-plane plate motion are illustrated in Figure 5.8.

The increased coupling between the components is observed to result in instability

in the response of the micro-system at lower damping levels. This behavior is not seen

in the lightly coupled system for the same damping levels. Therefore, it is proposed

that the aspect ratio is kept small for the plate component when the proposed micro-

systems are developed for potential applications in order to provide behavior with

desirable characteristics.

The proposed micro-resonator can be used for on/off mass sensing applications by
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Figure 5.7 : The stability wedge of the beam component for system with higher
coupling.

taking advantage of the frequency response of the micro-device. By adding mass to

the micro-beam, the natural frequency changes and since the excitation frequency is

the same, the frequency response is shifted to the natural frequency and the amplitude

drops as shown in Figure 5.9.

5.3 Summary

In this study, a new class of parametrically excited micro-resonator is proposed and

is theoretically analyzed. The device consists of a plate component which serves

as the exciter and a beam component which acts as the oscillator. For operation

near resonance, a three degree-of-freedom model is derived. The method of multiple

scale and numerical tools are used to study the frequency characteristics predicted

by this model. The cases when the system is perturbed from resonance are studied

and the influence of weak and strong coupling between the beam and out-of-plane

plate motion is explored. The results indicate that the mis-tuning in the system
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Figure 5.8 : The frequency responses of the beam component for a small plate out-
of-plane damping ratio, μ1 = 0.002 (top) and μ1 = 0.001 (Bottom). Red dashed
portions are unstable

decreases the amplitude and shifts the response to the mis-tuning direction. For

stronger coupling, the response is less influenced by mis-tuning but more susceptible

to unstable behavior.
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Table 5.1 : Dimensions and material properties of piezoelectric layer and electrode
layers. The beam frequency as well as the out-of-plane and in-plane plate frequencies
are presented.

Name Parameters Values

Plate width/length Lp 1.8 mm

Beam length L 30 μm

Beam width b 5 μm

Piezo. thickness tp 0.5 μm

Elec. thickness te 0.2 μm

Piezo. modulus Ep 25 GPa

Elec. modulus Ee 170 GPa

Piezo. density ρp 7600 kg/m3

Elec. density ρe 21400 kg/m3

Poisson’s ratio ν 0.32

Piezo. coefficient d31 −180e−12 m/V

Beam fund. freq. ωn 1.6498 MHz

Plate O.o.P. freq. ω1 1.6494 MHz

Plate I.P. freq. ωp 3.2996 MHz
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Table 5.2 : Non-dimensional natural frequencies of the plate out-of-plane vibrations
from ANSYS simulation and literature [1, 2, 3].

Mode no. Leissa Mizusawa Liew et al. ANSYS

1 24.02 23.71 23.97 23.92

2 40.04 39.77 40.12 39.57

3 63.49 62.68 63.43 63.22

4 76.76 76.54 76.72 76.68

Table 5.3 : System parameter values.

Name Parameters Values

Plate in-plane damping ratio μp 0.01

Plate out-of-plane damping ratio μ1 0.01

Damping ratio of the beam μ 0.01

Quadratic damping coefficient μq 0.1

Nonlinear stiffness α 3.27

Nonlinear inertia β 4.59

In-plane mis-tuning σ 0

Out-of-plane mis-tuning σ1 0

Applied voltage Q 0.04V
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Chapter 6

Concluding Remarks

6.1 Summary of Contributions

The proposed impact force identification method identifies the impact force in beam

structures regardless of the precise knowledge of the impact force. This makes the

force identification problem less computationally expensive when compared to conven-

tional methods. Also by knowing the impact force before the location identification

method in beam structures, the location identification method needs a few iterations

and is faster with respect to previous methods.

The force identification method takes advantage of local response makes the re-

constructed force practical by not using the response recorded from further parts of

structure which contains reflections. Also, by using the local response more compli-

cated structures can be simplified to beam or rod structures which make the analysis

simple.

The impact force identification method is tested on rod structures and it was

shown that the impact force identification method can be generally used for different

types of structures.

A micro-resonator is proposed that takes advantage of piezo-electric excitation and

works under parametric resonance. The micro-resonator can be used in ultra-sensitive

mass sensors. This new class of micro-resonators avoids pull-in problems which affect

conventional micro-resonators that use electrostatic excitation. Also, it was shown
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that there is an internal resonance between the components of the structure which

creates an interesting behavior on the frequency response of the micro-resonator. The

effect of the internal resonance is studied and it was shown that the internal resonance

can be controlled by the thickness of the micro-resonator and damping.

The summary of contributions can be listed as below:

1- A force identification method by using the spectral finite element method is

proposed by taking advantage of the local response of the structure.

2- The impact force identification method identifies that impact force without

knowing the position of the impact.

3- The location identification method identifies the location of the impact force in

a few iterations.

4- The impact force identification method is also used for the rod structures and

it is shown that the method can be generalized to different structures.

5- A new class of micro-resonators is introduced which takes advantage of para-

metric excitation.

6- The micro-resonator has a special frequency response which is useful for appli-

cations such as mass sensing.

6.2 Conclusion

In this study, frequency domain modeling and analysis is used in order to study

the dynamics of various structures under different types of loadings. The modeling

and analysis methods used in this study are numerical and analytical methods. The

numerical method is the spectral finite element method which is used to identify the

impact force in structures and the analytical method is the method of multiple scales

that is used to obtain the frequency response of micro-resonators.
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The impact force identification technique is developed in order to reconstruct the

impact force in structures using the SFEM. The method is used in order to identify

the impact force and location in beam and rod structures. The impact force applied

in beam structures is identified regardless of the position of the impact which saves

computational time. The spectral finite element method was also used for simulating

the wave propagation and it was verified by the experimental data. A parametric

study was conducted in order to study the performance of the method under a range of

conditions. The length of the acceleration data set is found to be the most influential

parameter in the force calculation procedure.

A location identification method is developed by using the identified impact force

information. With this method, the location of the impact is obtained in a few

iterations. Comparing to previous methods that find the impact force and location

simultaneously, the introduced method is faster due to the few iterations that it takes

to identify the impact location.

A slope calculation procedure is proposed which takes advantage of the spectral

element method in order to calculate the slope information of the beam structure from

the linear acceleration data collected from the beam structure. It has been shown that

this method calculates the slope information precisely by using the kinematics of the

structure. The force calculation procedure has been applied to the results of the slope

calculation process and a significant improvement has been achieved in the quality

of identified impact force with respect to the previous results obtained by using a

Padé scheme. The slope calculation method is effective when the signal-to-noise ratio

is less than 100:1. However, the accuracy of the results decreases by increasing the

length of the elements or decreasing the number of nodes on the beam structure.

The proposed force identification method is also used for identifying the impact
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force in rod structures. The impact force is identified from the simulation data. The

impact force identification was also applied on the experimental data. Since the rod

structure has a simpler equation of motion with respect to the beam structure, the

rod structure is a good example for understanding the force identification problem.

The error calculation of the force identification problem on the rod structure reveals

the effects of different parameters on the precision of the force identification method.

It was shown that the length of the recorded acceleration/strain data has the most

influence on the precision of the force identification method.

The analytical analysis of structures is also a part of this study. A new class

of parametrically excited micro-resonator is proposed and is analytically analyzed.

The micro-resonator takes advantage of parametric resonance and the problem of

pull-in effect in the conventional micro-resonators that use electrostatic excitation

is addressed by using the piezoelectric excitation. The device consists of a plate

component which serves as the exciter and a beam component which acts as the

oscillator. The method of multiple scales and also for verification purposes numerical

tools are used to study the frequency characteristics predicted by the model. The

cases when the system is perturbed from resonance are studied and the influence of

weak and strong coupling between the beam and out-of-plane plate motion is explored.

The results indicate that the mis-tuning in the system decreases the amplitude and

shifts the response to the mis-tuning direction. For stronger coupling, the response

is less influenced by mis-tuning but more susceptible to unstable behavior.

6.3 Future Work

Future work will explore the implementation of the force and location identification

methods using a wavelet based SFEM model as well as adapting these methods for
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nonlinear wave propagation data. By using the wavelet based SFEM, the errors

regarding the usage of FFT and the frequency leakage due to wrap-around problem

will be eliminated. Also, the slope calculation procedure can be verified by using

gyroscopic sensors.

While this work has demonstrated the application of the proposed methods to

beam structures, its application to other structures such as plates will also be ex-

plored. Spectral finite element method and the spectral domain shape functions can

also be used for reconstructing the response of the structure for applications such as

those in the subsea industry. In the end, further development of the proposed im-

pact force identification will require the use of experimental systems such as aircraft

structures.

For the proposed micro-resonator, the experimental verification of the obtained re-

sults is a good future work that can be done. The experimental verification also could

lead to the micro-devices with practical applications such as atomic force microscopy,

filtering, and mass detection sensors will be studied. Also, under small damping the

micro-resonator behavior exhibits quasiperiodic or even chaotic characteristics which

provide a good opportunity to study these nonlinear dynamics concepts. By under-

standing this behavior, it will be possible to fine tune the design and improves the

performance of the micro-resonator.
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Appendix

Dynamic excitation amplitude, static excitation amplitude, and natural frequency for

in-plane plate excitation are defined by Kij, Jij and ωij, respectively. The i and j

indices are integers.

ω2
ij =

E

ρ (1− ν2)

[
(2j − 1)

π

2Lp

]2
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×[
1
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(2j − 1)2 +

1

2
(2i− 1)2

]
. (3)

Appendix B

The direct and coupled excitation amplitudes of the out-of-plane motion of the

plate component are denoted by M1 and M2, respectively. Parameters, φb and φp,

denote the mode shapes of the beam and the plate components.
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Φ̄p =
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