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ABSTRACT

Computer simulations on mechanical and electrical properties of nanoscale materials

by

Ming Hua

Nanoscale materials have highly regular atomistic structures with very few defects

due to their small sizes. The small size and near-perfect structure give such materials

unique properties compared with materials at a larger scale. This work investigates

the structures and properties of several nanoscale materials using various computer

simulation methods.

The great strength of carbon nanotubes comes from the strong covalent bonding

between carbon atoms, and has been of great interest in research, however both the

theoretical and experimental results obtained are in a wide range. In this work,

different atomic mechanisms about the nucleation of structural failure are proposed

and analyzed, revealing the competition of two routes of forming defects—brittle

bond breaking and plastic yield. The relevance of these two routes are shown to

be dependent on nanotube symmetry, test time, and temperature. The nanotube

strength is decided by the dominant route chosen under these parameters.

Helical symmetry exists in many nanoscale structures, but it’s far less utilized

in computer simulations compared with translational and rotational symmetry. In

this work a model for helical symmetry in tight-binding computational method is

developed, then the implemented code are used to calculate the structure of thin

silicon nanowires, as well as the properties of twisted armchair graphene nanoribbons,



such as their deformation energy, band gap, and electrical conductance.

Inspired by carbon nanotube, this work also investigates very thin silicon nan-

otubes. They are shown to have stable structures when filled with various metal

atoms along the axis. They can also go through significant structural changes from

one stable atomistic configuration to another. Such thin metal-endohedral silicon

nanotubes can then combine to form thicker silicide wires that are morphologically

identical to experimental disilicide wires synthesized from epitaxial growth.
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Chapter 1

Introduction

1.1 Nanoscale materials

The nanoscale materials, also called nanomaterials, usually refer to materials with

one or more dimensions in the size of 1 to 100 nanometers (nm). Since such sizes

are comparable to size of atoms, a significant, if not majority of the atoms in such

materials are on the surfaces of the materials, giving large ratio of surface area to

volume. The small size and large surface area also cause new quantum mechanical

effects to emerge, and give nanoscale materials different physical properties compared

with their macroscopic counterparts.

The research on nanoscale materials are very diverse. Interface and colloid science

has given rise to many materials which may be useful in nanotechnology, such as car-

bon nanotubes and other fullerenes, and various nanoparticles and nanorods. Nano-

materials with fast ion transport are related also to nanoionics and nanoelectronics.

Nanoscale materials can also be used for bulk applications. Most present commercial

applications of nanotechnology are of this flavor. Progress has been made in using

these materials for medical applications. Nanoscale materials are sometimes used in

solar cells which combats the cost of traditional silicon solar cells. Development of
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applications incorporating semiconductor nanoparticles to be used in the next gen-

eration of products, such as display technology, lighting, solar cells and biological

imaging.

The focus of this thesis is about the structure as well as the mechanical and electri-

cal properties of one-dimensional nanomaterials, such as carbon nanotubes (CNTs),

graphene nanoribbons (GNRs), and silicon nanowires (SiNWs).

1.2 Computational methods

Emperical potentials consist of a summation of bonded forces associated with chemical

bonds, bond angles, and bond dihedrals, and non-bonded forces associated with van

der Waals forces and electrostatic charge. Empirical potentials represent quantum-

mechanical effects in a limited way through ad-hoc functional approximations. These

potentials contain free parameters such as atomic charge, van der Waals parame-

ters reflecting estimates of atomic radius, and equilibrium bond length, angle, and

dihedral. These are obtained by fitting against detailed electronic calculations or

experimental physical properties such as elastic constants, lattice parameters and

spectroscopic measurements.

Because of the non-local nature of non-bonded interactions, they involve at least

weak interactions between all particles in the system. Its calculation is normally

the bottleneck in the speed of molecular dynamics (MD) simulations. To lower the

computational cost, force fields employ numerical approximations such as shifted
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cutoff radii, reaction field algorithms, or particle mesh Ewald summation.

In order to simulate an infinite system, it’s common to divide a section inside the

system with periodic boundary conditions (PBC). This is based on the translational

symmetry of the infinite system, which means that the system is invariant under the

translation T. For crystal lattice, T needs to be a translation between lattice points,

which for 3D lattice gives T = l1a1 + l2a2 + l3a3. Here a1, a2, and a3 are three lattice

vectors of the unit cell, and l1, l2, and l3 are integers. The translational symmetry

enables us to use the finite section with PBC to simulate the whole infinite system,

and just replicate the simulated section translationally along the whole space, so that

an atom close to one boundary will be close to the replicated atom that is originally

close to the opposite boundary. Also, if the atoms are in motion, an atom leaving the

section through one boundary will just enter the section again through the opposite

boundary with the same velocity. In topological terms, the 1D system with PBC is

equivalent to a ring, and in general, n-dimensional system with PBC can be mapped

to an n-D torus.

Tight-binding (TB) model is a method to calculate the electronic properties of

solid materials based on the assumption that electrons in the system are tightly

bound to the atom where they belong and only have limited interactions with the

surrounding atoms. Therefore, the wave function of the electron will be localized

around the atom and can be described using the atomic orbitals (AOs) of that atom.

The AOs for an atom at the origin of the coordinate system can be noted as φj(r), in
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which j = 1, 2, . . . is the index of the orbitals, usually ordered from lowest to highest

energy. These AOs are eigenfunctions of the Hamiltonian Hatom of a single isolated

atom, and their corresponding energy ǫj are the eigenvalues. Using the TB model, we

can approximate the wave function describing a single electron in the whole crystal

ψ(r) with a linear combination of the atomic orbitals (LCAO) φj(r − Rn), in which

Rn is the position of the atom n in the whole crystal:

ψ(r) =
∑

j,n

cj(Rn)φj(r −Rn) (1.1)

Here cj(Rn) is the coefficient indicating the weight of orbital φj(r−Rn) in the whole

wave function ψ(r).

Since the crystal has translational symmetry, its observable properties should be

invariant under translation. These properties are decided by the wave function ψ(r)

of the crystal system, therefore the wave function at most can have a change in the

phase factor. The phase factor is expressed as eik·Rm , where Rm is the translation

vector, and k is called the wave vector. We then get the wave function after the

translation Rm as

ψ(r + Rm) = eik·Rmψ(r) (1.2)

This is also called Bloch’s condition. Expand both the wave functions ψ using the

AOs, we have

∑

j,n

cj(Rn)φj(r + Rm − Rn) = eik·Rm

∑

j,n

cj(Rn)φj(r − Rn) (1.3)

To simplify this expression we define Rl = Rn−Rm, and substitute Rn with Rl+Rm,
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we can rewrite the left side of Eq. 1.3:

∑

j,n

cj(Rn)φj(r + Rm − Rn) =
∑

j,l

cj(Rl + Rm)φj(r− Rl) (1.4)

As n is just an index going through all the atom sites in the crystal system, and Rm

is a defined vector between two atom sites, therefore the index l also goes through

all the atom sites. Switching the summation index, we can sum over all the Rl sites

instead of all the Rm sites in the right side of Eq. 1.3, and the result is

eik·Rm

∑

j,n

cj(Rn)φj(r − Rn) = eik·Rm

∑

j,l

cj(Rl)φj(r − Rl) (1.5)

Now Eq. 1.3 becomes

∑

j,l

cj(Rl + Rm)φj(r− Rl) = eik·Rm

∑

j,l

cj(Rl)φj(r − Rl) (1.6)

We already know that for each atom site Rl the wave functions φj(Rl) are eigen-

functions of the j-th atom’s Hamiltonian, so they are orthogonal for different j. This

means the coefficients cj in Eq. 1.6 must be the same for each individual j and l,

giving us

cj(Rl + Rm) = eik·Rmcj(Rl), or cj(Rm) = eik·Rmcj(0) (1.7)

The normalization gives us
∫

ψ∗(r)ψ(r) d3r = 1, so we can get

c∗j (0)cj(0) =
1

N
(1.8)

in which N is the total number of atoms in the system (or the simulation box with

PBC).
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Under the TB assumption, the Hamiltonian of the whole crystal system H should

be close to the summation of the Hamiltonians of every atom Hatom, and we use U(r)

to describe the small deviation, therefore

H(r) =
∑

n

Hatom(r− Rn) + U(r) (1.9)

The atomic states φj(r − Rn) can be combined to form the basis set for the system

wave function ψ(r). As we also need to satisfy the Bloch’s condition Eq. 1.2, we

use a “Bloch sum” of the j-th AOs for each atom sites to describe the system wave

function:

Bj,k =
1√
N

∑

n

eik·Rnφj(r − Rn) (1.10)

in which n labels each atom in the simulation box, so n = 1, 2, . . . , N . But since the

atomic states of different atom sites overlap, the linear combination of the Bloch sum

Bj,k’s are not the eigenfunctions for the whole system. We use these Bloch sums as

the basis set for the system wave function, then ψ(r) can be expressed as a linear

combination of these Bloch sums for every wave vector k:

ψk(r) =
∑

j

bj,kBj,k(r) (1.11)

And the system wave function ψk(r) needs to satisfy the Schrödinger equation Hψk =

εkψk. Here εk is the eigenvalue of the Hamiltonian H for every wave vector k, so

when k varies it is also a function of k, called the energy band of the crystal system.

The next step is to solve the Schrödinger equation for the eigenvalues εk and the

coefficients bj,k of the eigenfunctions ψj,k(r). The standard procedure in quantum
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mechanics is to use the integrals between basis functions, called matrix elements,

to reduce Schrödinger equation to a matrix equation. To achieve this, we multiply

the Schrödinger equation by another Bloch sum B∗

i,k(r) on the left, where B∗ is the

complex conjugate of B, then integrate the equation over the whole crystal system

(or the simulation box):

∑

j

∫

B∗

i,k(r)Hbj,kBj,k(k) d
3r =

∑

j

∫

B∗

i,k(r)εkbj,kBj,k(r) d
3r (1.12)

Since both B∗ and B are known Bloch sums, we define two matrices H and S, with

elements

Hi,j(k) =

∫

B∗

i,k(r)HBj,k(r) d
3r (1.13)

and

Si,j(k) =

∫

B∗

i,k(r)Bj,k(r) d
3r (1.14)

where i and j are matrix indices. These two matrices are called the Hamiltonian

matrix and overlap matrix. The Eq. 1.12 then becomes

∑

j

bj,kHi,j(k) = εk
∑

j

Si,j(k)bj,k (1.15)

Using the implicit matrix expression, i.e., dropping the summation and the matrix

indices, as well as introducing a vector b(k) to represent all the bj,k for different j’s,

we can further simplify it to

H(k)b(k) = εkS(k)b(k), or [H(k) − εkS(k)]b(k) = 0 (1.16)

Now as long as we know the matrix elements for H and S, this is a linear algebra

problem for solving eigenvalues εk and eigenvectors b(k).
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To obtain the matrix elements, substitute the Bloch sums B∗ and B in integral

Eq. 1.13 using their form in Eq. 1.10, we have

Ha,b(k) =

(

1√
N

)2 ∫

∑

m,n

e−ik·Rmφ∗

a(r − Rm)Heik·Rnφb(r −Rn) d3r (1.17)

=
1

N

∑

m,n

eik·(Rn−Rm)

∫

φ∗

a(r − Rm)Hφb(r − Rn) d
3r (1.18)

=
1

N

∑

m,n

eik·(Rn−Rm)Ha,b(Rn −Rm) (1.19)

in which we use the real space integral for Hamiltonian matrix H:

Hi,j(R) =

∫

φ∗

i (r)Hφj(r− R) d3r (1.20)

Since Rm and Rn both indicate atom sites, from the translational symmetry of Hamil-

tonian we know the summation on the right side of Eq. 1.19 depends only on the

difference between Rn and Rm, instead of Rn and Rm individually. Therefore we can

change the summation over all Rm and Rn to summation over R = Rn − Rm then

over Rm, and the second summation over Rm is constant, giving a factor of total

atom number N . Finally we have

Ha,b(k) =
∑

R

eik·RHa,b(R) (1.21)

which shows the reciprocal space integral Ha,b(k) and the real space integral Ha,b(R)

are lattice Fourier transforms of each other. Similarly, we can also define the real

space integral of the overlap matrix S as

Si,j(R) =

∫

φ∗

i (r)φj(r −R) d3r (1.22)
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Si,j(R) and the reciprocal space integral Si,j(k) are also lattice Fourier transforms of

each other.

The real space integrals Hi,j(R) indicate how much the Hamiltonian H couples

the AO φi at coordinate origin 0 and the AO φj at atom site R. In a physical sense,

it describes the relative amplitude of an electron hopping from j of the atom at R to

orbital i of the atom at the origin orbital under the influence of Hamiltonian. The

real space integrals Si,j(R) indicate the overlap between the two atomic orbitals.
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Chapter 2

Carbon nanotube strength

Although the strength of carbon nanotubes has been of great interest, their value

has remained elusive for both experimental and theoretical work. In experiment, the

refined loading mechanics based on atomic force microscopy and the electron micro-

scopic imaging allowed the measurement of breaking-strain level and the obeservation

of overall failure patterns. The reported experimental values of breaking strain, how-

ever, ranged within 2–19% because of variability of the samples and measurement

conditions. In theory, bond rotations has been recognized as a key step in mechan-

ical relaxation. The bond rotation is a concerted movement of two carbon atoms,

forming two pentagons and two heptagons on an otherwise all-hexagon lattice, also

known in chemisty as Stone–Wales (SW) isomerization. Such defect also represents a

dislocation dipole, which also explains its formation under tension. It has the lowest

formation energy, therefore is favored thermodynamically, but also requires thermal

activation due to relatively high energy barrier. On the other hand, the direct bond

breaking has higher formation energy but needs no thermal activation.
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2.1 Molecular Dynamics Simulations

It is well-known that homogeneous nucleation of lattice defects depends largely on

kinetical conditions, i.e., the applied-strain rate (ε̇) or experiment duration (t), and

the external temperature (T ). To examine this issue for the case of carbon nan-

otubes, we initially carried tight-binding molecular dynamics simulations over a pi-

cosecond time scale for a (5,5) CNT perfect sample under different elongations and

lattice temperatures, aiming for failure. Fig. 2.1a shows the typical yield event ob-

tained in a strained CNT lattice under high temperature conditions. The breaking

of a most axially–oriented bond in conjunction with a spontaneous 90◦ rotation of a

transversally–oriented bond, leads to a Stone-Walles defect (shaded area), which can

be also interpreted as a dislocation dipole with a pentagon-heptagon core. Each single

5/7 core can be associated with the removal (or addition) of a single extra half crystal

plane in the hexagonal graphitic network, and thus with the lowest possible Burger

vector (a measure of the lattice mismatch caused by dislocation, and thus of the local

strain). The resulting 5/7/7/5 dislocation dipole must be the topological defect with

the lowest formation energy and, if the usual Evans–Polanyi correlation is assumed,

also with the lowest activation barrier. On the other hand, Fig. 2.1b shows the typical

MD results under low/moderate temperatures and higher elongation strains, where

breakage of an axially–oriented bond develops into a crack, without the spontaneous

formation of any topological defects. The goal of this work is to determine which

of these two mechanisms applies for the tensile-test experimental conditions of room
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Figure 2.1 : Molecular dynamics simulation result, featuring SW defect (red) and
bond breaking (blue).

temperatures, durations of seconds (instead of picoseconds), and nanotube lengths of

micrometers (instead of nanometers).

To gain further insight we explored with a higher level of accuracy the energy

landscape associated with these processes using density functional theory (DFT) and

the semiempirical AM1 method. Unlike the TB model, these method account for the

electronic charge density in a selfconsistent fashion, thus being effective in accounting

for charge transfer. Fig. 2.2a,b displays the obtained DFT transition state of 9.4 eV

(9.9 eV with AM1) and final configurations for the clockwise rotation of a transver-

sally aligned bond in a (10,0) CNT. On the PES, the SW transformation involves a

sequential breaking of two axially aligned bonds and rotation of the freed bond with a

slight out of plane asymmetric excursion. On the other hand, under very high elonga-

tions and lack of thermal fluctuations the spontaneous breaking of a single axial bond

can progress with breakages of neighboring parallel bonds, leading to brittle failure.

Our previous AM1 calculations [1] showed that the CNT lattice will evolve through a
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series of metastable broken-bond states that exist only in a narrow high-strain range.

By contrast, the 5/7/7/5 dislocation exists over the whole strain range. Based on

DFT calculations, Fig. 2.2c shows such a metastable state under 16.5?% external

elongation. The electronic charge from the missing 6 bonds redistributes at the crack

edge, thus reinforcing the remaining 4 axial C–C bond and stabilizing the structure.

If strain is decreased or increased the shown 6 broken bond crack would gradually

heal or extend (Fig. 2.2d shows metastable configuration with 8 missing bonds) to

the whole nanotube circumference, respectively. It is also worth to recall from our

previous study that the energetic barriers between the cracked states were found to

be negligible. This is in agreement with the room-temperature TB simulations of

Figure 2.1b, which show brittle failure occurring on the MD attainable picosecond

timescale. By contrast, the barrier for the bond rotation is substantial, which explains

why this process was not encountered in our room-temperature picosecond-time scale

MD simulations. Since the 5/7/7/5 defect is metastable over the whole strain range,

can it nucleate before the extremely high strain levels at which the brittle mechanism

would otherwise occur?

2.2 Activation Barrier

To answer to this key question, in the first part we have performed extensive calcu-

lations for the clockwise and counter-clockwise SW activation of various bonds with

the goal of identifying the most favorable bond–rotation direction combination and
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Figure 2.2 : Structures of (a) the transition state of bond rotation, (b) the final state
of bond rotation, i.e. SW defect, and (c) metastable state with six bonds broken.
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of quantifying the E⋆ dependence on ε and CNT’s intrinsic parameters. According

to transition state theory, the dynamic condition for SW nucleation writes [2]:

E⋆ = kBT ln(νNt). (2.1)

Here ν = kBT/h is the standard transition state theory attempt frequency, and kB

the Boltzman’s constant. If activation barrier E⋆(ε) is accurately computed equation

(2.1) will give the nucleation strain ε⋆
SW dependence on experimental parameters (T ,

t, and N).

In view of the known weak E⋆ dependence on curvature we concentrated our

computations on the χ dependence aspect. For this we computed activation for all

distinct bonds in the nearly equal radius [(10,0), (8,2), (7,4) and (6,6)] CNT series

having various χ [0◦, 10.9◦, 21.1◦, and 30◦, respectively]. In view of the high number

of necessary computations (3 bonds × 2 rotation directions for each χ, repeated for

various ε) we opted for the still accurate but computationally affordable AM1 model.

Each bond to be rotated can be refereed to by the angle β made with the trans-

lational vector of the unrolled graphite sheet. In a CNT there are at most three

such distinct bonds and CNT’s chirality is defined as χ =min βi, where i = 1, 2, 3.

Fig. 2.3b plots the obtained E∗ data function of β and ε. A closer look shows that

the strain-free TS vary little with β and thus can be omitted. However, under applied

strain the original activation barriers are linearly decreasing or increasing, depending

on β. In fact, our data shows a pronounced sinusoidal profile at different strain levels.
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Figure 2.3 : (a) Transition state of a bond rotation. (b) The activation barrier of
bond roation in CNTs with diffrent bond orientation and different strain.

This allows to capture our TS data in one analytical form, as:

E(ǫ, β) = (9.355 − 19.92ǫ) − 32.03ǫ sin(2β + 40.34◦). (2.2)

The clockwise rotation of a bond from a most circumferential direction (β ∈ [60◦, 90◦])

clearely apperas the most likely to establish the observable SW yield. However,

even for this most favorable channel the energetic barrier remanis substantial at high

strains, which will surely hamper the SW process. Comparison with our previous

DFT data [3] proves AM1 as a resonable alternative model, especially for the more

important high strain regime. For example in a (10,0) CNT under ε = 0.12, the TS

barriers differ by less than 0.5 eV.
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Figure 2.4 : The critical strain of bond breaking for CNTs with different chiralities.

2.3 Brittle Breaking

Turning to the brittle path, with the same AM1 method we optimized the equal

curvature CNT set under various applied stains, aiming for direct failure. As expected

the bonds undergoing brittle failure were from the predominantly axial direction

(β = χ). Fig. 2.4b plots the obtained strain threshold points beyond which the CNTs

were found unstable under constrain optimization.

To rationalize the obtained χ dependence we adopted an elastic continuum shell

model for the graphene layer. (The specific CNT curvature has little influence on ε

and therefore can be omitted.) An external strain ε would elongate (δl) the bond

making an angle χ with the applied strain axis as:

δl/l0 =
1

2
[(1 − ν) + (1 + ν) cos 2χ] ε, (2.3)

where ν is the Poisson ratio (0.19 for graphene) and l0 is the equilibrium bond length

(1.42 Å for carbon–carbon). If regardless of chirality bonds are going to break at
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same elongation (δlBB), the breaking strain dependence becomes:

ǫBB(χ) =
2(δlBB)/l0

(1 − ν) + (1 + ν) cos 2χ
. (2.4)

Note that in the above equation the breaking strain of the bond at χ = 0 becomes

equal with the breaking strain of the tube (i.e., above 0.14). Fig. 2.4b, which plots also

expression (2.4) with dotted line, shows that as χ increases the continuum breaking

strain predictions are falling bellow the atomistic ones. This difference reflects the

known quantum mechanical effect of local environment influence on bonding strength.

For example, in strained zig-zag CNTs one of the three distinct bonds would be more

severely elongated than other two. Thus, as this bond is weakened, other two are

strengthened through electronic charge transfer. As the β is increased, a second

bond begins to be stretched/wekened, which will help strengthen the most elongated

bond. This effect should reach maximum in armchair tubes (χ = 30◦), where two

bonds per carbon site are equally supporting the external load. To accommodate

this effect in equation (2.4), the bond breaking elongation must be varied with χ,

as δlBB/l0 = 0.14 + a sin(2χ) to the lowest order in angular dependence. With

a = 1.5 one gets a very good improvement in fitting of the atomistic data, as shown

in Fig. 2.4b (solid line).

2.4 Two competing mechanisms

We are now in the position to compare the two scenarios and predict the dominant

CNT failure mechanism. Considering a 1 µm long CNT at room temperature con-
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Figure 2.5 : Diagram showing the breaking strain under different chirality, tempera-
ture, and time.

ditions, imposing condition (1) and using the TS barriers [equation (2)] for the most

SW susceptible bond, one obtains the dynamical yield strain. Fig. 2.5 summarizes

the conjunction of εBB(χ) and obtained εSW (χ) for different applied strain dura-

tions. It is clear that t has a secondary impact on εSW (χ) and due to the remarkable

CNT strength, the observable yield is delayed towards very high strain values, in the

16 − 19% interval. The effect of chirality on the yield mechanism is evident, and

over a large chirality range, from 0 up to ∼ 15◦ (the precise upper limit being ∆t-

dependent), the SW conditions cannot be met before the strain range at which the BB

states operate. The dislocation dipole route remains valid only in the near-armchair

tubes, were nucleation may occur at 18% or above.
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Chapter 3

Helical symmetry and its applications

3.1 Helical symmetry and its implementation in tight-binding

method

As explained in section 1.2, tight-binding method usually uses periodic boundary

condition, and therefore utilizes the translational symmetry of the system. How-

ever, while almost all 3D crystalline materials have translational symmetry, many 1D

nanomaterials has helical symmetry.

The Cartesian coordinates transformation under rotation can be described by

Qθ =

















cos θ − sin θ 0

sin θ cos θ 0

0 0 1

















(3.1)

And the helical operation is the combination of rotation and translation: R1 =

Qθ1
,R2 = Qθ2

.

We introduce a simple but broad generalization of periodic molecular dynamics

that we term objective molecular dynamics. Its existence and potential usefulness

follow from two simple observations. First, the potential energy that comes from

full quantum mechanics under the Born-Oppenheimer approximation, as described
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above, is actually fully frame-indifferent, in the sense that φ(Qx1 + c,Qx2 + c, . . .) =

φ(x1, x2, . . .) for all x1, x2, . . . and for all c and for all Q in O(3), where O(3) denotes

the full orthogonal group in 3 dimensions. This fact, combined with the permutation

invariance described above, implies a much bigger invariant manifold than the one

that is exploited in periodic molecular dynamics. Second, the molecular structures

that are associated to this invariance contain some of the most widely studied struc-

tures in science: carbon nanotubes, C60, viral capsids and many viral parts (necks,

tails, baseplates), many of the common proteins (actin, GroEL, hemoglobin, potas-

sium channel, collagen), bilayers (staggered and unstaggered), and various kinds of

molecular fibers. For reasons discussed in Ref. [4–6], structures that are made by

the process of self-assembly naturally give rise to objective structures. Some of these

structures have no 3, 2 or 1-dimensional periodicity, and therefore periodic molecular

dynamics would not be applicable. Furthermore, even in the case of a fiber or heli-

cal structure with 1-D periodicity, objective molecular dynamics allows one to apply

and vary forces and moments in ways that are not possible in periodic molecular

dynamics.

In objective molecular dynamics one gives a fundamental domain, a group, and

initial conditions for a set of atoms on the fundamental domain. The motions of

atoms of the whole structure are then determined by the group acting on the atoms in

the fundamental domain. Forces on atoms in the fundamental domain are computed

from all other atoms of the structure. Thus, an analogous simplification as is found in
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periodic molecular dynamics occurs in objective molecular dynamics. If, in objective

molecular dynamics, the group chosen is translations νiei as defined above, then

objective molecular dynamics reduces to periodic molecular dynamics. Objective

molecular dynamics can simulate certain kinds of large scale transient dynamic modes,

in addition to the statistically stationary ones; the nature of these modes is determined

by the group.

This method of molecular dynamics would seem to be particularly useful for the

study of phase transformation and defect motion in nanostructures. In fact, the

formulas for objective molecular structures were abstracted from a study of the phase

transformation in bacteriophage T4 tail sheath [7]. In addition, defects like the Stone-

Wales defect that can propagate in a helical fashion in a carbon nanotube would seem

to good candidates for objective molecular dynamics.

An objective molecular structure has structural parameters, i.e., parameters that

can be varied while retaining its property of being an objective structure, these be-

ing analogous to the lattice vectors e1, e2, e3 in periodic molecular dynamics. In the

latter these are conjugate to applied stresses, and the expectation is similar in ob-

jective molecular dynamics. But in objective molecular dynamics the nature of these

“applied stresses” may vary widely with the group; for a group appropriate to a car-

bon nanotube these are evidently the applied axial force and axial moment. It is

a fascinating question of what they might be in general, but we postpone that to

forthcoming work. Even in the periodic case, the issue of what is the “stress” corre-
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sponding to a molecular dynamics simulation is somewhat controversial, as indicated

by the divergent definitions of stress found in the literature [8]. Results along these

lines for objective molecular dynamics are important because they are needed to be

able to plot, for example, a torque-twist relation for a carbon nanotube based on fully

dynamic simulations.

We conclude this introduction with three observations. First, it appears in our

simulations that objective molecular dynamics may be a “natural” method for ob-

jective structures, in the sense that low energy modes that would contribute strongly

to properties calculated via statistical mechanics would be captured using small fun-

damental domains. The precise meaning of this awaits further study. Second, since

objectivity, i.e., full frame-indifference, extends to more general situations than full

quantum mechanics under the Born-Oppenheimer approximation—some situations

for example in which the nuclear positions are quantized or the electrons are treated

dynamically—then it appears that objective molecular dynamics has possible gener-

alizations in these directions. However, in the relativistic case, Lorentz invariance

would give rise to other (interesting) issues. Third, we note that objective molecular

dynamics would seem to be especially useful in the context of large scale simulations

of viruses, giving substantial speed-up. For reasons most likely arising from the spe-

cial relation between objective structures and the process of self-assembly, viruses

contain many objective structures, e.g. capsids, necks, tails and baseplates, as well as

specialized structures for packing DNA, all tend to be objective molecular structures.
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3.2 Stability of silicon nanowires utilizing symmetry adapted

simulation

Understanding the structure of nanomaterials is a prerequisite for further compre-

hending their outstanding properties. Silicon is a material of primary technological

importance. Unlike carbon, which forms nanotubules with a hexagonal bonding net-

work even at diameters extending down to a few nanometers, Si forms narrow rods

called nanowires (NWs). In spite of a large body of experimental and theoretical

research, the ground state Si NW structure at the lowest diameters is not known. Re-

lying on thermodynamic arguments, one conjectures that in relatively thick NWs ar-

rangements with bulklike cores are more likely. However, as the diameter is decreased,

surfaces and edges are becoming increasingly important in the NW energetic balance,

and quasi-one-dimensional organizations with noncubic core structures but low sur-

face and edge energies are possible. To describe the ground state Si NW structure at

sizes of below 10 nm, several candidates have been envisioned: It was predicted that

an enhanced stability can be obtained in polycrystalline achiral Si NWs constructed

with five identical crystalline prisms exposing only low-energy (001) Si surfaces. In

another recent study, wurtzite NWs with hexagonal cross sections were found to be

the most stable. Note that although NWs with wurtzite cores are prevalent in III–V

zinc-blende semiconductors, they have been synthesized also in Si. Finally, icosahe-

dral Si quantum dots constructed from tetrahedral blocks were proposed. Because of

the low formation energy of the exposed (111) surfaces, these dots are very stable.
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One-dimensional NWs assembled from icosahedral dots appeared more favorable than

the achiral pentagonal NWs of Ref. [9].

Which nonbulk NW structural motif is, in fact, more energetically favorable and

therefore more likely to be stable? To answer this question we recognize that the

accuracy of any microscopic investigation depends critically on the level of theory

behind the description of the Si–Si interatomic interactions. Unfortunately, accurate

ab initio methods formulated in the typical periodical boundary condition (PBC)

context are computationally demanding and studies employing these methods can be

carried out only at the smallest diameters. They are used to complement larger scale

microscopic calculations based on empirical classical potentials, which are typically

assumed to be less accurate only in the smallest size range due to the enhanced role

of surfaces. Consider, for instance, the description of the surface reconstruction as

obtained with the widely used Stillinger–Weber and Tersoff classical potentials, both

used in Refs. 9, 10, and 12 to describe the pentagonal NW that exposes (001) facets.

The (001) Si surface has been studied with these potentials19 and a 2×1 symmetric

dimer pattern was found to be the most stable. However, with densityfunctional

theory (DFT) it was found that the asymmetric buckling of the dimers in a p(2×1)

asymmetric reconstruction lowers the energy significantly, by ∼150 meV/dimer. A

further ∼80 meV/dimer energy lowering was obtained in a p(2×2) reconstruction

with alternating asymmetric buckling of surface dimers. (Note that although the

reconstruction of the (001) is still an unresolved issue, the DFT findings are supported



26

Figure 3.1 : Axial views of (a) pentagonal Si NW (labelled P ) and (b) wurtzite Si
NW with hexagonal cross section (labelled H).

both by higher level calculations and experiment.) Since the asymmetric buckling is

not captured, the classical treatment for the thinnest NWs exposing (001) surfaces

will not be accurate.

3.2.1 Structures

We describe the three NW motifs presented in Figs. 3.1 and 3.2 without explicitly

accounting for their translational symmetry, with

Xn,(ζ1,ζ2) = Rζ2
2 R

ζ1
1 Xn + ζ1T1 (3.2)

which instead makes recourse to their screw and angular symmetries. Index n runs

over the N0 atoms at locations Xn inside the objective domain, while integers ζ1

and ζ2 label various replicas of this block. Rotational matrix R1 of angle θ1 and the

axial vector T1 indicate a screw transformation applied to the objective domain while

the rotational matrix R2 indicates an axial rotation of angle θ2. Table I summarizes
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the exact values of the domain parameters θ1 and θ2 as well as algebraic expressions

for the number of atoms N0 and the number of surface atoms Nsf in the objective

domain as a function of the number of atomic layers L. The precise T1 value is model

dependent and will be determined by simulations.

The NW shown in Fig. 3.1(a), labeled P , exhibits a fivefold rotational symmetry.

The exposed five equivalent (001) surfaces have dimer rows oriented parallel with

respect to the NW axis. At the center of this NW there is a channel of pentagonal

rings. The OMD computational domain shown in blue (dark gray) is a triangular

prism limited by two (111) and one (001) surfaces. The associated angular parameters

are θ1=0 and θ2=2π/5 while T1 equals the PBC periodicity T . Thus, in comparison

with the traditional PBC scheme, OMD reduces to 1/5 the number of atoms that need

to be accounted for. Note that to form the NW, the (111) surfaces of the objective

domains are connected through low-energy stacking fault defects. Because in the bulk

Si the two (111) planes of the triangular prism form an angle θ = 2 tan−1(1/
√

2),

which is slightly different than θ2, each domain stores elastic energy corresponding to

a shear deformation with ǫ = θ2 − θ.

Fig. 3.1(b) shows the structure of a NW motif with a hexagonal cross section, but

threefold rotational symmetry. This NW, labeled H , has a wurtzite core structure.

Although its surfaces are equivalent, they are shifted in an alternating manner along

the NW axis by half of the PBC period T . The OMD computational domain repre-

sents 1/6 of the PBC domain. Its parameters are θ1=π/ 3, T1=0.5T , and θ2=2π/3.
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Figure 3.2 : (a) A tetrahedron section truncated from the bulk Si structure, exposing
four (111) surfaces. (b) Icosahedral Si cluster composed of 20 identical tetrahedron
building blocks shown in (a). (c) The objective domain consists of three tetrahedron
building blocks, forming a Si NW with hexagonal cross section, shown in (d), using
helical symmetry.

The nonzero value of θ1 indicates that the H NW is generated by repeated screw and

pure rotations.

The last NW motif considered, labeled I, also exhibits a fivefold rotational sym-

metry. The tetrahedron block shown in Fig. 3.2(a) is truncated directly from the

bulk. It exposes only low-energy (111) surfaces and all faces are equilateral trian-

gles. Twenty such blocks are combined through lowenergy stacking faults to form

the dot shown in Fig. 3.2(b), having icosahedral Ih symmetry. The combination of

three blocks shown in Fig. 3.2(c) represents the OMD domain for the I NW shown

in Fig. 3.2(d). The associated angular parameters are θ1=π/5 and θ2=2π/5. Thus,

with Eq. 3.2 this NW is built from screw and pure rotation isometries.
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In the I NW one can identify two types of blocks: blocks (shown with yellow/light

gray and blue/dark gray) that, like in the Ih dot, expose one facet and blocks (shown

in gray) in which all facets are in contact with other blocks. As discussed before,

the I NW can be also thought of as being composed of aligned polycrystalline Ih Si

quantum dots that share the tetrahedron blocks shown in gray (i.e., five tetrahedral

blocks at each interface). In this respect, the two crosses separated by a distance T1

in Fig. 3.2(c) mark the centers of two virtual Ih dots sharing the gray blocks. This

picture helps us to comprehend the strain accumulated in the I NW, discussed next.

As in the case of the P NWs, the mismatch resulted when combining the bulk

tetrahedron blocks to form the Ih dot and the I NW introduces strain. In the high

symmetry of the Ih dot the 20 tetrahedron blocks are equivalent and thus the mis-

match strain will be equally distributed among them. More specifically, since at

each vortex a radial channel of pentagonal rings is formed, each tetrahedron block

around it accumulates elastic shear energy corresponding to a strain ǫ = θ2 − θ. As

each tetrahedron is delimited by three radial channels, it follows that the exposed

faces are equilateral triangles, as can be also noted from Fig.3.2(b). The symmetry

lowering to the I NW superposes additional elastic energy. In an icosahedron the

tetrahedron building blocks are not regular (i.e., the exposed faces are equilateral

while the internal ones are isosceles triangles). Thus, the (110) planes of the gray

blocks of Fig. 3.2(b) (to be shared in the I NW construction) are not perpendicular

on the NW long axis. Consequently, the internal blocks will undergo additional elastic
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deformation, specifically by decreasing the angle made by the two (111) facets that

join into the circumferential edge, Fig. 3.2(b), such that the middle transversal (110)

plane becomes perpendicular to the NW axis. The other tetrahedron type will also

be affected by this adjustment and the exposed faces will become isosceles triangles

in the one-dimensional structure. From this qualitative picture one can immediately

conjecture that the I NWs will store a larger strain than the P NWs and the Ih dots.

3.2.2 Molecular dynamics with helical symmetry

We now present our coupling of the OMD formalism with nonorthogonal TB with

two center terms, as implemented in the computational package TROCADERO. [10]

While in MD under PBC one obtains MD solutions invariant under the PBC transla-

tions, here we are interested in the subset of solutions compatible with the screw and

angular rotation operations. To accomplish this in practice, simulations are carried

out only on the N0 atoms subjected to the boundary conditions imposed with Eq. 3.2.

The treatment of the N = N0 · nα valence electrons, where nα labels the number of

valence electrons per atom (nα = 4 for our case), is more subtle.

In general, TB is a method to determine the electronic structure of a system.

Invoking the Born-Oppenheimer approximation, from the TB electronic energy one

can construct a potential that can be used to carry out TB MD simulations. More

specifically, in TB we solve the Schrödinger equation from a Hamiltonian H containing

an effective potential term, here invariant to the NW screw and angular rotations as
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well as to the permutations of atoms. We accommodated this symmetry into the one-

electron wavefunction solutions by representing them in terms of symmetry-adapted

sums of localized orbitals, suitable for the screw and angular symmetries. Consider

Ns the number of screw operations (typically ∞) over which the cyclic boundary

conditions are imposed and let Na be the number of θ2 rotations needed to fill the NW

circumference. To avoid the discomfort of introducing helical distances, −π < κ < π

represents the screw wavevector already normalized by the helical periodicity. As

in Eq. 3.2, index n runs over the atoms located in the objective computational cell

and |αn, ζ1ζ2〉 refers to the orbital with symmetry α located on atom n, all in the

objective cell indexed by ζ1 and ζ2. Lastly, to satisfy the generalized Bloch theorem,

the |αn, ζ1ζ2〉 orbitals are obtained by applying a R(ζ1,ζ2) rotation to the orbitals |αn〉

located in the (ζ1, ζ2) cell that are parallel with those situated in the initial (0, 0) cell.

Specifically,
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(3.3)

Further, the symmetry-adapted Bloch elements between different angular and

helical numbers of the TB Hamiltonian and overlap matrices vanish. Therefore, the

eigenvalue problem for the atoms contained in the Ns ·Na objective domains becomes

block diagonal and it can be solved separately for each block labeled by l and κ as
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follows:

H(lκ) · C(j, lκ) = ǫj(lκ)S(lκ) · C(j, lκ), j = 1, . . . , N. (3.4)

The elements of eigenvector C represent the expansion coefficients in the basis Eq. 3.4

of the one-electron wavefunction solutions of the Schrödinger equation.

The usual PBC Bloch sums as well as the symmetry-adapted ones are both associ-

ated with unitary transformations. Thus, the electronic eigenvalue spectrum remains

unchanged. To illustrate this point, Fig. 3.3 shows the band structure for the thinnest

P NW, where N0 = 6 atoms and Na = 5. Since θ1 = 0 and T1 = T , κ/T coincides

with the linear wavenumber k. In Fig. 3.3a we show 120 energy bands obtained by

solving the eigenvalue problem from a PBC cell containing 30 atoms. On the other

hand, Fig. 3.3b presents the 24 energy bands as obtained by solving Eq. 3.4 at each

angular number. (The bands for l = ±1 as well as ±2 are degenerate due to sym-

metry.) When plotting on the same graph the bands corresponding to all Na angular

numbers, we find that they overlap perfectly on the ones computed from the full PBC

domain.

3.2.3 Simulation results

All NW structures were optimized by a combination of constant-energy high-temperature

TB-OMD, carried out with a 1 fs time step, followed by conjugate gradient energy

minimization scans for several T1 parameter values until the optimal configuration

was identified. Computations were carried out on the fundamental objective domains
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Figure 3.3 : Energy bands obtained from (a) PBC and (b) rotational symmetry TB
for P NW with L = 2.

presented in Sec. II A for all I NWs and for the H NWs with odd L. Larger domains,

with 2T1 for the P NWs and 2θ2 for the H NWs with even L, were also used in

order to describe the alternating reconstructions of the surfaces. Exploiting symme-

try has the potential danger of missing minima with lower symmetry. Our test PBC

calculations carried out for the smallest NWs (with L=2) showed agreement with

the TB-OMD data. When calculating the band energy and the Hellmann–Feynman

forces all distinct l points were considered while κ was sampled with 2–39 uniformly

spaced points.

Fig. 3.4(a) presents the optimal surface reconstruction for two P NW domains,

showing an alternating buckled dimer reconstruction on top. Accounting correctly for

the surface reconstruction appeared important especially for the thinnest NWs where

the surface to volume ratio is largest. For example, we obtained a 20 meV/atom

energy lowering from the nonalternating buckled to the alternating buckled pattern

for the P NW with L=2.
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Figure 3.4 : (a) Axial view of the objective domain for P NWs with L = 2 and L = 4.
(b) Side view of the objective domain for H NW with L = 3 and length T = 4T1.

The H NW surface exposes dimer rows aligned perpendicularly on the NW axis.

Our TB-OMD optimization procedure obtained again an alternating buckled pattern

of the surface dimers, as presented in Fig. 3.4(b). This appears in disagreement

with our obtained classical description which does not account for the buckling effect.

Regarding the surfaces of the I NWs, we noted that the characteristic surface buckling

of the (111) surface was severely reduced with the increase in diameter. In fact, above

2R = 2.5 nm the surface was practically built up from flat hexagonal rings. The

alternating buckled pattern was obtained on the edge surface dimer rows formed at

the interface between tetrahedrons. By contrast, the surface did not appear flattened

and the edge dimers did not buckle in the classical treatment.
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3.3 Twisted graphene nanoribbons

Graphene nanoribbons (GNRs) are quasi one dimensional cuts of graphene. They

can form zigzag, armchair or chiral edge patterns. Atoms along the edge of a zigzag

GNR (ZGNR) come from the same sublattice of graphene, whereas atoms from two

different sublattices form bonds along the edge of an armchair GNR (AGNR).

GNRs have been studied extensively. [11–14] Hydrogen terminated ZGNRs have

ferromagnetic spin ordering along each edge and antiparallel spins for opposite edges.

[11] There are different techniques for synthesizing GNRs; STM tip etching, [15]

metallic nanoparticle atomically precise etching, [16] and unzipping carbon nanotubes,

[17] to name a few.

3.3.1 Band gap under twist

It has been shown that all GNRs are semiconducting, with the band gap gradually

going to zero for large widths. [11] Detailed electronic properties of GNRs widely

vary with the edge pattern. AGNRs fall into three families, depending on their

width. With N being the number of dimer lines in an AGNR, these families are

N = 3p − 1, 3p, and 3p + 1, where “p” is a positive integer. According to Local

Density Approximation (LDA) calculations, the N = 3p− 1 family has narrow band

gap. [11] The gap is inversely proportional to the width in all three families. [11]

In this letter, we present our results for the change in electronic structure as a

result of twist in the ribbon. We studied the N = 3p− 1 and N = 3p+ 1 families of
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AGNRs, optimized their geometric configurations and calculated their band structure

using DFT-based tight-binding method [18] and helical symmetry. [19] As will be

shown later, in both families of ribbons, the band gap closes at some certain twist

angle. This can prove useful in applications such as switches and sensors. For the

N = 3p family the band gap doesn’t close as a result of twist, [20] and for this

reason it is not considered here. Also, ZGNRs are not considered since spin polarized

calculations are needed for correct accounting of the ferromagnetic edge states, which

are not included in our tight binding scheme. It should be mentioned that if the edges

are not H-terminated, the twist will be spontanous. [21]

The use of helical symmetry is due to the fact that traditional unit cells for small

twist angles become unlimitedly large and the computations become unfeasible. The

program used is the Trocadero code [10,22] and the helical symmetry is implemented

with objective method. [23] The structures of flat hydrogen terminated GNRs are

relaxed until the total energy reduction between steps is less than 3 × 10−5 eV. The

unit cell sizes of the flat GNRs are varied until the size with lowest energy is found,

to the precision of 3 × 10−4 eV. Twisted GNR structures are relaxed similarly, using

the unit cell size of the flat GNRs in the case of unrelaxed unit cell, or optimized

individually in the case of relaxed unit cell.

The N = 3p−1 is the narrow band gap case. It has been shown that the band gap

closes with twist. [20] We consider relaxed and unrelaxed unit cell size for N = 14, 17

and 20 (Ref. [20] only considers the case where the unit cell size is fixed/unrelaxed).
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Figure 3.5 : The scaled band gap as a function of scaled twist angle for (a) unrelaxed
and (b) relaxed unit cell size, of AGNRs of N = 14, 17, 20.

For unrelaxed unit cell size, the band gap closing angle (per unit cell) scales asN−3/2.

This is in agreement with Ref. [20] estimate. The band gap of the flat ribbon scales

approximately as N − 1. Fig. 3.5a shows the scaled band gap Eg (eV) as a function

of the scaled twist angle θ (degrees/unit cell) for all considered cases.

In the relaxed unit cell size case, the scaling is different. We obtained N−1 scaling

for the band gap closing angle. Fig. 3.5b illustrates the behavior of the band gap as

a function of the twist angle for all three widths considered.

For the N = 3p+1 family also, the band gap closes with twist. [20] For this family

of AGNRs, for unrelaxed case, we examined the band gap as a function of the twist

angle for N = 16, 19, 22, 25, 28, 31, and 34. The scaling of N − 3/2 for the band gap

closing angle and N − 1 for the flat ribbon band gap applies here too. Fig. 3.6 shows

the scaled band gap as a function of the scaled twist angle for all considered cases.

For this family of AGNRs, for the relaxed unit cell size case, the band gap doesn’t
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Figure 3.6 : The scaled band gap as a function of scaled twist angle for unrelaxed
unit cell size, of AGNRs with N = 16, 19, 22, 25, 28, 31 and 34.

close at even large twist angles (more than 15 degrees/unit cell). At such large twist

angles, the C-C bonds at the edge of the ribbon break. For this reason, we don’t

observe band gap closing.

3.3.2 Strain Energy

Now, we turn our attention to energies of these structures. We calculated the strain

energy per unit length (Es/L where L is the relaxed or unrelaxed unit cell length)

as a function of the twist angle per unit length (θ/L). Fig. 3.7 shows the plot. We

obtain Es ∼ θ3.4 for N = 22. This is obviously out of the linear elastic regime, for

which we expect a quadratic relationship. Linear regime is defined by (θ/L)×w ≪ 1,

where w is the width of GNR. In this case the linear regime criterion is violated (for
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Figure 3.7 : The log-log plot for strain energy per unit length (Es/L) as a function
of twist angle per unit length (θ/L) for N = 22 AGNR.

the smallest twist angle we have (θ/L) × w = 0.32).

We also studied the band gap as a function of strain energy. It turns out that

the band gap change is proportional to the strain energy. In other words, the more

energy spent twisting the ribbon, the more band gap change it causes. This is due

to the fact that the bigger band gap change, the bigger change in the energy levels,

and consequently, the total energy. It should be mentioned that the opposite is not

necessarily true (we can have zero band gap that doesn’t change with strain). Fig. 3.8

illustrates the results for relaxed N = 22 AGNR. The plot shows a close to linear

relationship between the strain energy and band gap.

It should be mentioned that in the relaxed unit cell size case, at some certain twist
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Figure 3.8 : Band gap vs. strain energy for N = 22 AGNR.

angle, the ribbon may go off-axis. This is not the case when the unit cell size is fixed

to the value for the flat ribbon, because the tension keeps the ribbon straight. Using

helical symmetry, we don’t detect such instability, since each unit cell is a replica of

the previous unit cell with twist and translation along the axis. But since we are

interested in the band structure of the twisted ribbons, we limit ourselves to helically

symmetric regime and don’t consider such deformations. We note that for small twist

angles, such instability doesn’t exist, and the critical twist angle at which the ribbon

bends off-axis is smaller for wider ribbons.
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Figure 3.9 : Conductance (top) and density of states (bottom) of flat (blue) and
30 degree/unit cell twisted (red) AGNR with N=7, around the Fermi level EF.
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3.3.3 Electrical properties

Finally, we calculated conductance of flat and θ = 30 degrees per unit cell twisted

N=7 armchair GNR around Fermi level, using nonequilibrium Green function for-

mulation. [24] The results for conductance and density of states (DOS) are shown in

Fig. 3.9. As mentioned before, for the twisted ribbon, traditional unit cell can be

quite large. Usually one uses the traditional unit cell (translationally symmetric) as

building blocks for the principle layer for conductance calculations. A principle layer

consists of the minimum number of unit cells so that each layer only interacts with

the nearest neighboring layers. Applying helical symmetry, we choose the principle

layer for conductance calculation to be much smaller than traditional unit cell (only

3 ribbon unit cells, where traditional unit cell for θ = 30 degrees per unit cell consists

of 12 ribbon cells, and can be unlimitedly large for small twist angles). We have

verified that using this reduced unit cell as principle layer, we obtain the same results

for conductance as using traditional unit cell. The critical point is that the Hamilto-

nian and overlap matrices should be invariant under the symmetry transformation.

This requires that the p orbitals (in a 4 orbital/carbon tight binding approximation)

be rotated under a helical symmetry transformation. For this reason, this doesn’t

work in usual atomic based DFT basis, where the basis doesn’t rotate under helical

transformation.

In conclustion, in this work the study was focused on two of the three families of

armchair graphene nanoribbons, N = 3p - 1 and N = 3p + 1, both of which exhibit
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semi-conducting behavior at flat shape. The change of their electronic structures as

a result of twist around their axes is investigated using helical symmetry facilitated

tight-binding simulations, and it was found for both families of AGNRs, the band

gap decreases with the twist, and closes completely at a certain angle which scales

as 1/N3/2 for unrelaxed unit cell size and as 1/N for relaxed unit cell size. Such a

transition of electronic property from semi-conducting to metalic due to mechanical

twist can be useful for applications of switches or sensors.

To figure out if the change of band gap is specifically related to the twist, or is

just the result of the general elastic deformation, the relationship of strain energy

due to twist and the band gap was studied. It shows the band gap and strain energy

has a simple linear relationship, which indicates the closing of band gap is probably

due to the deformation induced by twist, and is not a special feature of twisted

nanoribbons. Finally, the conductance and DOS are calculated as a function of the

energy of carriers with or without twist. It also validates the utilization of helical

method in our method.
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Chapter 4

Ultrathin silicide wires

4.1 Metal-endohedral silicon nanotubes

Compelled to stabilize the thinnest SiNT, we “propped” them up by placing metal

(M) inside. Here we present such metal-endohedral silicon nanotubes (M@SiNT),

isomorphic to rescaled carbon tubules of (2,2) and (3,0) symmetry. Computations for

a series of metals show that M@SiNT are stable, and have substantial cohesive ener-

gies (Ec) and elastic moduli. They appear to be the thinnest one-dimensional (1D)

silicon forms, since other reconstructions always lead to thicker wires. Electronic den-

sities of states (DOS) show no band gap, which implies good conductivity. Plotting

cohesive energies as a function of stoichiometry (molar fraction x) permits forma-

tion energy comparison with other known MxSi1−x structures at different conditions.

Finally, there is a remarkable correspondence between these thinnest M-endohedral

nanotubes and the synthesized subnanometer disilicide wires.

The structures were fully optimized within unrestricted density functional theory

(DFT) with the periodic boundary conditions (PBC) algorithm of GAUSSIAN 03.

We used the gradient-corrected functional of Perdew, Burke, and Ernzerhof (PBE)

and the 3–21G Gaussian basis set to represent both the valence and core orbitals. We
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Figure 4.1 : Structure of the thinnest (3,0) and (2,2) metal-endohedral Si nanotubes

verified that this framework, previously used for 1D [carbon NT (CNT) and boron

nitride NT (BNNT)] and three-dimensional (3D) (UO2) systems, gives for bulk silicon

a bond length of 2.38 Å and Ec of 4.64 eV, in agreement with experiments.

Pure SiNT of zigzag (3,0) and armchair (2,2) types were unstable in our calcula-

tions but both could be underpinned by M atoms inserted along NT’s axis. In the

(3,0) case, M atoms were placed between consecutive zigzag motif rings. For the

(2,2) SiNT, M atoms were put at the centers of every other Si rectangle, as shown in

Fig. 4.1. Consequently, we used in our PBC calculations unit cells with stoichiom-

etry M2Si12 and MSi8, for the (3,0) and (2,2) SiNT, respectively. Convergence was

achieved by employing between 116 and 178 k points.

The optimized geometries of Fig. 4.1 (left), where M = Zr, demonstrate that the

reinforcement by internal M–Si bonding stabilizes both zigzag and armchair SiNT

topologies. Both possess large Ec values of 4.34 eV for the (3,0) and 4.26 eV for



46

Metal: Be Ca Sc Ti Zr Cr

(3,0) 3.74 3.11 4.05 4.24 4.34 · · ·

[6,0] 3.74 3.18 4.10 4.33 4.39 4.49

[6,0]′ 3.71 2.90 3.85 4.11 4.16 4.36

(2,2) 3.65 3.34 4.02 4.15 4.26 4.13

[4,4] · · · 3.19 3.97 · · · 4.23 · · ·

(4,0) · · · 3.59 4.12 · · · 4.30 · · ·

Table 4.1 : Cohesive energies Ec (eV/atom) with different metals for the (3,0)–[6,0]–
[6,0]′ and (2,2)–[4,4]–(4,0) M@SiNT families.

(2,2) Zr@SiNT, and stiffness around 200 GPa (see below). We explored other M

choices, such as the 3d elements Sc, Ti, Cr, Fe, and Ni, and the alkaline earth Be

and Ca. The performed optimizations indicated that the (3,0) and (2,2) SiNT cages

can be stabilized with M from different groups of the Periodic Table. The Ec values

(Table 4.1) show a slight increase with the group number. As the M’s elemental radii

decreases with the group number, the relaxed M–Si bonds get shorter. E.g., in the

(2,2) series there is a 7% bond-length decrease, from lCa–Si = 2.92 Å to lTi−Si = 2.72

Å. This bonding effect appears as a limiting factor for the M choices, as lM−Si can

become too short to stabilize the SiNT cage. Calculations identify Cr and Ti as the

limiting 3d metals for the (2,2) and (3,0) series, respectively.

To ensure that stability is retained at finite length as we considered the termina-

tion caps shown in Fig. 4.1(right). For the (3,0), an additional Si atom was placed on
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the axis to reduce the number of dangling bonds. For the (2,2) no additional atoms

were needed, as the end atoms reconstruct naturally to form a square cap. Computa-

tions performed for clusters Zr3Si28 for armchair and Zr4Si32 for zigzag lead to stable

configurations, with large Ec’s of 4.09 and 4.12 eV, and gaps between highest-occupied

molecular orbital (HOMO) and lowest unoccupied molecular orbital (LUMO) of 0.95

and 0.60 eV, respectively. Thus, both NT types are stable not only as infinite tubes,

but also can sustain the intrinsic strain (surface tension) associated with the tip ends.

4.2 Transformation between different M@SiNT structures

To thoroughly investigate the configurational vicinity of our M@SiNTs, other nearly

1D structures were considered. Starting from the (3,0) and (2,2) structures, Fig. 4.2(a)

sketches the lattice changes that lead, through DFT optimizations, to the new 1D sta-

ble structures shown in Fig. 4.2(b). For the (3,0) M@SiNT, the three hexagons were

transformed into six surface rectangles. Analogous to the hexagon-lattice wrapping

indexing, we label this tube as [6,0], where the square brackets stand for rectangular

surface units. Further, we noticed that a half-period axial shift of the M chain leads

to a previously proposed 1D structure, confirmed here as stable and labeled [6,0]’.

For the (2,2) shell, the alternative longitudinal shifts of the zigzag motifs accompa-

nied by the bonding of Si atoms 2 and 5 in Fig. 4.2(a), lead to a [4,4] NT. Next,

the hexagonal wall pattern can be regained in the (4,0) zigzag orientation through

alternating circumferential shifts.
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Figure 4.2 : Structural transformation of M@SiNTs.
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The Ec values for all wires, stabilized with different M choices, are plotted in

Fig. 4.3 as a function of optimized unit cell lengths l. Clearly, the (2,2) and (3,0)

NTs emerge as the longest [or thinnest (of smallest diameter d)] NTs within their sto-

ichiometric families. When compared with reconstructed NTs, the energy differences

appear notably low, in spite of an obviously larger energy contribution of specific sur-

face, which scales as
√
l or 1/d, and therefore favors shorter and thicker types (and

ultimately of course favors bulk material over any filaments). For instance, for M =

Zr we obtained that the [6,0] structure is by 12% shorter than (3,0) NT, but its Ec is

only 1% larger. By separately computing the energies of the Si and Zr subsystems we

could divide this energy difference into separate contributions over the whole Zr2Si12

unit cell. While the binding strengthens within both the Si cage (by 2.3 eV) and

internal Zr chain (by 1.3 eV, as lZr−Zr shrinks from 2.94 to 2.59 Å, the embedding of

the Zr chain into the Si cage (a measure of Zr–Si binding) decreases from 15.6 to 12.8

eV. Next, along this family we found that the internal M-chain shift by half period

into [6,0]’ is unfavorable, and Ec decreases to 4.16 eV for M = Zr. Turning now

to the (2,2) M@SiNT, the transformation into [4,4] is uphill, in spite of 12% length

shrinkage; further, (4,0) M@SiNT is the lowest in energy for all considered metals,

but it is 19% shorter than the initial (2,2). We have attempted other transforma-

tion possibilities besides the ones shown in Fig. 4.2, which did not, however, lead to

stable 1D structures. For example, bonding the Si atoms in the 1 and 4 positions

[Fig. 4.2(a)] of the (2,2) cage could lead to a [4,0] M@SiNT; our calculations proved
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Figure 4.3 : Cohesive energy of M@SiNTs with different structures and different
endohedral metals.

it unstable, as also suggested by cluster analysis.

Considering the length-changing transformations of Fig. 4.3, one can conjecture

if they could be induced by applied force F. For example, to evaluate the tension

required for the [6,0]→(3,0) transformation, we calculated the energy versus elastic

elongation curves. We obtained that both [6,0] and (3,0) Zr@SiNT are quite stiff,

with the Young’s moduli of 220 and 160 GPa, respectively (assuming cross-sectional

areas as 41 and 38 Å2, to include Si radii). Thermodynamically, the transformation

occurs at critical force Ft when the enthalpies H = E−F l of the two NTs are equal.

The tension estimate Ft = δE/δl (where δE = 0.79 eV and δl = 0.71 Å are the energy

and unit-cell length differences between the stress-free phases) yields 1.1 eV/Å, which

corresponds to a small 2% strain, suggesting that such transition is viable.
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4.3 Electonic properties

While primarily focused on structural stability, our calculations also provided the

M@SiNT electronic characterization. Taking into account 128 k points, Fig. 4.4

presents the band structure and the DOS of (3,0) Zr@SiNT. The DOS shows a series

of van Hove peaks and maintains a nonzero value at the Fermi level EF = −5.54 eV due

to the contribution of four electronic bands. Further insight is gained by separately

analyzing the projection of the total DOS on the metal chain and SiNT structure.

One notices a dominant contribution at EF from the silicon shell, which explains the

metallic character of all other M@SiNT including for M = Cr (an indirect low band-

gap semiconductor in the CrSi2 bulk form). DOS analysis for (2,2) Zr@SiNT revealed

similar metallic behavior at EF = −5.24 eV. The possibility of Peierls distortion and

a small gap opening is not excluded by this analysis.

4.4 Stability and stoichiometry

For a broader perspective, MSi6 and MSi8 structures discussed above might be com-

pared with previously reported Zr@Si16 [Ec = 4.16 eV (Ref. 22)] and Zr@Si12 [Ec =

3.4 eV (Ref. 23)] clusters, with 5-Å-narrow (4,0) pure-Si tubules [Ec = 3.75 eV (Ref.

6)], and MSi5 pentagonal wire. For the latter, our DFT calculations confirmed its

stability, with Ec = 4.15 eV for M = Zr. However, Ec’s computed per “average” atom

bear little significance for structures of different compositions. Their relative stability

depends on the constituents’ chemical potentials, µM and µSi, which in turn represent
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Figure 4.4 : Electronic band structure (left) and density of states (right) of the (3,0)
Zr@SiNT. Square (round) symbols mark the single (doubly degenerate) crossings at
the Fermi level.

environmental conditions. To account for this, we follow the approach customary in

binary phase thermodynamics and define a molar (per atom) Gibbs free energy of

formation δG for composition MxSi1−x, as

δG(x) = −Ec(x) − xµM − (1 − x)µSi

where the Ec term neglects thermal contribution for the solid phase. Accordingly,

Fig. 4.5 plots the Ec’s of all nanostructures, along with the values for the bulk Si, Zr,

and disilicide ZrSi2. as a function of Zr molar fraction 0 < x < 1. This allows one

to conveniently compare the thermodynamics of the range of M–Si binary structures,

based on the altitude of each −Ec(x) point from the line connecting the reference
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Figure 4.5 : Cohesive energies Ec for (2,2) ZrSi8 NT and (3,0) ZrSi6 NT plotted as a
function of Zr fraction x.

µSi and µM values at x = 0 and x = 1. For instance, when choosing the constituent

chemical potentials in Fig. 4.5 at the bulk values µSi = µbulk
Si = −ESi

c and µM =

µbulk
M = −EM

c , crystal ZrSi2 appears thermodynamically stable. Indeed, the straight

line of slope µbulk
Zr − µbulk

Si clears above the ZrSi2 point, with δG(1/3) = −0.56 eV.

On the other hand, all nanostructures appear above this line and are metastable

(mainly due to great excessive surface), while δG still characterizes their relative

stability. The (3,0) Zr@SiNT [ZrSi6 with δG(1/7) = 0.52 eV] appears to be slightly

better than the (2,2) Zr@SiNT [ZrSi8 with δG(1/9) = 0.54 eV], and both of these

proposed Zr@SiNT remain more favorable than other clusters, than the ZrSi5 NT of

Ref. [TODO] [δG(1/6) = 0.74 eV], or the pure (4,0)-SiNT of Ref. [TODO] [δG(0) =

0.93 eV].
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4.5 Metal-endohedral nanotubes as thin disilicide nanowires

These two proposed M@SiNTs also have a connection with metal disilicide nanowires

synthesized in experiments. At a first glance, the stoichiometries of the (2,2) and (3,0)

M@SiNTs (x = 1/9 and x = 1/7, respectively) are very different from that of disilicide

(x = 1/3). However, as can be seen from the disilicide nanowires deposited on silicon

substrate, the exterior surface of the wire is terminated by silicon atoms, therefore

changing its stoichiometry, making it more Si-rich compared with bulk disilicide. As

the wire becomes thinner, the metal molar fraction x decreases and its stoichiometry

gets closer to that of M@SiNTs. To illustrate the similarity, Fig. 4.6 (bottom) shows

a schematic structure for Sc-disilicide nanowire grown on Si substrate, in the [110]

direction of the substrate. The wire has 3×2 Sc atom rows and its Sc fraction is

x = 1/5. The top surface of the wire exhibits the usual dimerization of Si. The framed

portion of the structure with only one row of Sc atoms, has Sc fraction x = 1/9. If

that portion is lifted off (upper left), the Si atoms on the bottom surface will also

dimerize, and forms exactly a freestanding (2,2) Sc@SiNT (upper right). Similarly, if

a disilicide nanowire is grown in the perpendicular [110] direction of Si substrate, a

hexagonal prism portion with a single row of Sc atoms can also be cut and lifted off

to make a (3,0) Sc@SiNT. In such a way, the “metal-endohedral silicon nanotubes”

discussed in this chapter can be regarded as the thinnest disilicide nanowires, and

they are probably precursors of the thicker wires observed in experiments.

In summary, metal-endohedral silicon nanotubes M@SiNT are shown to be stable,
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Figure 4.6 : Bottom part shows the axial (left) and side (right) views of a ScSi2
nanowire, grown in the [110] direction of the Si substrate. As the arrows indicates,
the upper left parts shows the magnified axial view of the framed portion, which
when detached and gone through dimerization on the bottom surface, leads to the
(2,2) Sc@SiNT (upper right).

yet structurally versatile. Within the stoichiometric families, armchair (2,2) and

zigzag (3,0) are the thinnest structures. Unexpected morphological similarity with

the thicker disilicide nanowires grown on substrate, makes these conducting filaments

of ∼0.3 nm radii the realistic miniaturization limit for Si-based electronic junctions.
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Chapter 5

Conclusion

The nanoscale materials have unique and interesting properties compared with their

bulk counterparts, and computational simulations have been used to investigate their

mechanical and electrical properties. In this thesis the work is done for carbon and

silicon nanomaterials, due to their nature of regular lattice structure, small size, and

high strength. These desirable features make them a particular interest in of miniature

device manufacturing and molecular electronics.

Both carbon nanotube and carbon nanoribbons are sp2 carbon structures similar

to graphite, and the single-layer graphene. The strength of carbon nanotube is shown

to be dependent on time, temperature, as well as the symmetry of the nanotube itself.

Two distinct yet complimentary mechanisms, plastic and brittle, are proposed and

applied for the process of breaking carbon nanotubes. The plastic mechanism starts

with a bond rotation in a perfect lattice, causing a Stone–Wales (SW) defect. Each

SW defect consists of two pentagon–heptagon pairs that are the equivalent of edge

dislocation on 2-D graphene lattice. The pentagon–heptagon pairs will glide under

stress, and since they are of opposite direction, it will split the SW defect and move

apart. This will further weaken the nanotube and eventually lead to breaking. On

the other hand, the brittle mechanism is more localized and involves consecutive
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bond breaking events. As it turns out, the plastic yield mechanism dominates the

situations with high temperature, long time, and armchair symmetry nanotubes;

while the brittle bond-breaking mechanism dominates the low temperature, short

time, and zigzag symmetry nanotubes.

The electronic structure of armchair carbon nanoribbons varies greatly as their

thickness changes, and will be further modified when twists are applied to the nanorib-

bons. In this thesis the hydrogen-terminated armchair carbon nanoribbons (AGNRs)

are investigated, and it is found out that two of the three families of AGNRs, labeled

as N = 3p − 1 and N = 3p + 1, are semiconducting at a flat state, and become

metallic when twists around the center axis are applied. The band gap closes at an

angle that scales as N−3/2 for unrelaxed and N−1 for relaxed unit cell size. The band

gap and elastic strain energy due to twist also has a linear relationship.

Silicon nanotubes are not stable on their own. However, with the introduction

of endohedral metal atoms, the silicon nanotubes are shown to be stable, yet they

can undergo significant structural changes with relative ease. In this thesis the arm-

chair (2,2) and zigzag (3,0) metal-endohedral silicon nanotubes are the focus of the

work as they turn out to be the thinnest structure. Their structure with different

metals are shown, along with substantial cohesive energy, transformation within the

stoichiometric family, and metallic density of electronic states. Their morphological

similarity with the disilicide nanowires observed in experiment also provides insights

about the limit of miniaturization of silicon based electronic junctions.
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