


ABSTRACT

Distributed Resource Allocation with Local Information

by

Debashis Dash

Making distributed decisions based on incomplete information is inevitable in

dynamic wireless networks due to a multitude of constraints. We study the effects

of incomplete information on system performance in two parts. We first analyze the

effect of incomplete topology information on network capacity and then the effect of

partial traffic information on the capacity of a two-flow interference network.

In the first part of the thesis, we study the effect of local topology information

based resource allocation on the number of conflicts (called defects) produced in the

network. First we show its equivalence to sum rate maximization of the network.

Then we prove the non-existence of an universal local coloring protocol that can

produce defect-free coloring. Next we find the optimal protocol with no information

and a local coloring protocol for path graphs that can achieve Nash equilibrium.

We develop a general framework to analyze any local coloring protocol based on a

randomized starting point that can be applied to any graph. Finally we develop a

graph decomposition method to apply it to any graph with non-overlapping cliques

and cycles.

In the second part of the thesis, we study a two-user cognitive channel, where

the primary flow is sporadic, cannot be re-designed and operating below its link

capacity. To study the impact of primary traffic uncertainty, we propose a block



ii

activity model that captures the random on-off periods of primary’s transmissions.

Each block in the model can be split into parallel Gaussian-mixture channels, such

that each channel resembles a multiple user channel from the point of view of the

secondary user. The secondary senses the current state of the primary at the start of

each block. We show that the optimal power transmitted depends on the sensed state

and the optimal power profile is either growing or decaying in power as a function

of time. We show that such a scheme achieves capacity when there is no noise in

the sensing. The optimal transmission for the secondary performs rate splitting and

follows a layered water-filling power allocation for each parallel channel to achieve

capacity.
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State ŝ0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

3.2.3 Special Case I: Secondary with Perfect Estimate of Primary
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Chapter 1

Introduction

One of the main aims of channel coding in information theory is to find optimal

communication methods to communicate reliably in the presence of channel uncer-

tainty. Uncertainty not only includes the random channel coefficients, but also user

activity and user connectivity in a network. Nodes in a network have to allocate re-

sources, e.g. time and bandwidth, based on the parameters of the network (network

state) e.g. channel quality, traffic, and interference. Resource allocation depends

heavily on the global knowledge of network state at each node of the network.

However, gathering information about the network state in wireless networks has

considerable overhead due to numerous practical constraints. Since the parameters

of the network are dynamic due to the nature of wireless networks, the nodes have to

actively gather information about the ever changing network. If the changes in the

network state, loosely defined as the parameters of the network that characterize it,

are changing too fast with respect to the methods used by the individual nodes to

track them, the nodes will not be able to gather enough information to estimate the

state of the entire network. Hence small coherence time of dynamic wireless networks

and the limited resources available to each node, can force the nodes to allocate their

limited resources using only local information. Also, in some cases it is infeasible or

2
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even impossible to attain global network state information in practical networks.

Therefore, nodes typically use local information about the network state to decide

on the communication parameters [1–3]. It is well known that such local information

based design is strictly suboptimal [4]. Since more information leads to a better

solution of the resource allocation problem, local information based solutions result

in a performance loss. In order to design more efficient protocols that minimize any

performance loss due to above mentioned practical constraints, we need to quantify

the performance loss.

In this thesis we aim to quantify the effect of partial knowledge about network

uncertainties (which includes topology information and user activity) and local de-

cisions taken at each node in a network, on the system performance. First, for large

networks, we take a coarser view of the channel uncertainty and represent them by

graphs. We find the effect of lack of full knowledge of the network connectivity graph

on orthogonal allocation of resources by the different nodes. We show the connec-

tion to graph coloring and develop a local graph coloring framework to quantify the

performance loss and prove the optimality of the proposed algorithm using game

theoretic analysis.

Secondly, we consider a two flow system and quantify the effect of uncertainty

in the interfering traffic when it is not persistent. We model user activity as a part

of the uncertainty in the channel and develop an information theoretic capacity for

a two flow system under certain conditions mentioned later in the thesis. The main

emphasis is to find the effect of partial knowledge of user activity on the structure

of the optimal coding scheme.
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1.1 Incomplete Topology Information

If distributed algorithms using local information cannot attain performance sim-

ilar to centralized protocols with global information, the key question then becomes,

what are the best distributed protocols and how far are these protocols from the

centralized allocation [5–7]? In other words, what is the optimal protocol with finite

hop of information about the network and what is the performance loss due to dis-

tributed decisions as compared to a centralized solution? Additionally, how does the

optimal protocol change when more hops of information is available?

The problem of distributed allocation of orthogonal resources is related to the

classical distributed graph coloring problem, i.e. coloring the nodes of a graph G

with n nodes using c colors such that the connected nodes have different colors.

If coloring is done with global information of the graph connectivity at each node,

a graph with maximum node degree D can always be colored with D + 1 colors

using greedy algorithms to compute the coloring at each node. For specific graphs,

distributed schemes require only Ω(log n) rounds to achieve optimal coloring [8–10]

but in general distributed coloring is not only NP hard [11], but it is hard to even

approximately solve [12, 13]. In fact the special case of distance-1 graph coloring is

also NP hard even with global information [14].

We consider distributed vertex coloring with c colors using only finite hops of

information at each node. Our contributions are five-fold. Firstly we show that

for h-hop symmetric networks (defined as networks which contain adjacent nodes

that have identical h-hop neighborhoods), no deterministic distributed scheme can

guarantee a proper coloring with h hops of local information. This is because, to

the nodes with symmetric neighborhood, the local network looks exactly the same.

Hence any deterministic scheme that relies on h-hop local information, arrives at the

same coloring for the adjacent nodes causing a defect, defined as an edge joining the
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same color nodes. We also prove the equivalence of defect minimization to sum rate

maximization at high SNR. Then we show that defects are also inevitable when the

number of colors is less than the chromatic number of a graph. Hence we contend

that for symmetric networks with limited resources, defective coloring [15, 16] is a

better metric to characterize the performance of local protocols.

Secondly, we show that for any network, the optimal no-information protocol is

a random assignment. We prove that random assignment attains Nash equilibrium,

and the network ends up with |E|
c

defects on an average (averaged over independent

random coloring over the same network), where E is the edge set of the graph.

We show that in a path network, random allocation partitions the network into

smaller defect sets, defined as a connected subgraph with identically colored nodes.

We calculate the defect distribution for an edge correcting protocol and a center

correcting protocol and show that the best protocol resolves the defects inside each

of the smaller groups keeping their edges fixed. Effectively, the random assignment

breaks down the network into smaller defect groups and center correcting protocols

do another round of random assignment inside the smaller defect groups. We also

find the average number of defects in closed form for all possible coloring protocols

with 1-hop information.

Thirdly, we find a local coloring algorithm for path networks for any number of

hops of local information and prove that it attains Nash equilibrium too. Fourthly,

we develop a general framework for calculating the average number of defects pro-

duced by any local algorithm based on a random starting step on any graph. This

involves two steps, calculating the sub graph distribution produced by random color-

ing on the graph and calculating the defect distribution caused by the local coloring

algorithm on a subgraph having the same color. Finally we show a graph decompo-

sition method for graphs without overlapping cliques or cycles, such that our local

coloring algorithm can be applied to them.
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The main objective of studying local protocols is to find the optimal performance

plot for a general graph as shown in Figure 1.1. Note that if the number of colors

available is less than the chromatic number of the graph, then even a centralized

protocol cannot produce a defect free coloring. Hence the optimal local performance

curve shown in the figure has to be compared to the optimal centralized line given by

d∗g, where g stands for genie-aided (solved with known topology). Mathematically,

we aim to find the optimal h hop protocol P ∗h and the optimal number of defects d̄∗h

it produces on an average, i.e.

P ∗h = arg min
P
d̄∗h(G, c) (1.1)

and

d̄∗h = min
P
d̄h(G, c), (1.2)

where P is the class of all h-hop protocols. The two main differences from the existing

literature on distributed graph coloring is our non-asymptotic analysis [5, 17, 18] and

a stricter definition of defective coloring [15].

1.2 Incomplete User Activity Information

Cognitive wireless is a novel approach to deploy new wireless services in the

presence of legacy devices with priority access to the channel. The aim of a cognitive

framework is to communicate as an underlay to an underutilized primary network

without degrading the primary communication beyond a predetermined threshold.

The key constraint for our formulation is that the primary transceiver is legacy but

fixed i.e. it was not designed keeping a cognitive secondary in mind. This constraint

makes the classical interference channel [19] one sided, i.e, Z-interference channel with

an additional power constraint. In this paper, we analyze how temporal opportunities
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Figure 1.1: Optimal performance of a distributive coloring protocol with local infor-
mation compared with the optimal centralized scheme for coloring a graph with a
given number of colors.
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due to sporadic primary traffic can be exploited, even if the secondary transmitter

has incomplete information about the current state of primary traffic.

Our contributions are three-fold. First, we approximate the uncertainty in pri-

mary activity (interference channel with a sporadic primary) by a simple block ac-

tivity model where the primary changes its state at most once during a block of fixed

duration T+1. In this model, the two sources of uncertainty in the primary traffic are

captured by the initial state s0 and the time of state change τ . Their actual values

are unknown to the secondary, but their distribution π(s0) and fT (τ) are known. We

first show that the reliability constraint at the primary receiver, which requires that

primary transmission should not be harmed, places an additional power constraint

on the secondary transmitter (see for example, [20]) and the interference caused by

the sporadic primary at the secondary receiver converts the AWGN channel to a

Gaussian mixture channel.

Second, we present two sense-and-send schemes where the secondary senses the

channel at the start of each block to look for temporal opportunities. The fixed

primary design converts the effective channel into a multiple access channel (MAC).

The secondary splits its rate into two layers [21], [22]. We show that it is optimal to

treat the primary message either as all public information or as all private information

but not a mixture because the fixed primary’s message cannot be split into private

and public parts. We also present a no-sensing scheme and a genie-aided upper

bound. We prove that for the sense-and-send schemes the secondary power profile

is “paranoid”, i.e. the power monotonically increases or decreases during a block

depending on whether the primary was using the channel or not during the start

of the block. The paranoid profile arises due to the effective noise of the mixture

channels which decays or grows, depending on the starting state of the channel in a

block. Additionally, we prove that when the sensing is perfect, the paranoid scheme

is optimal. The proof is along the lines of a channel with delayed state information
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[23].

Third, we show that if there is no information about the primary traffic the rate

splitting scheme achieves capacity. The effective channel is converted to a MAC with

a fixed transmitter from the secondary’s point of view and hence rate splitting at the

secondary transmitter and sequential decoding at the secondary receiver is optimal.

Finally, we show that the paranoid scheme approaches a genie-aided upper bound

for large block lengths and when the primary traffic becomes more persistent, both

these schemes get close to the no-information scheme.

Much like any active area, many variations have been proposed and studied in

the literature [24, and references therein]. Some of the earlier work [25, 26] in op-

portunistic spectrum allocation for cognitive flows was motivated by studies done by

FCC [27] showing significant spectral underutilization. Many aspects of cognitive ra-

dio have been studied including coding with degraded messages [28, 29], capacity of

the secondary flow with causal or non-causal information [30], stability of the queues

at both the flows for maximal secondary rate with a guaranteed primary throughput

[31], spectral shaping [20] etc. When interference is considered in terms of SINR

constraints (see for example, [32–34]), the effect of the primary communication at

the secondary is not considered. Power control schemes have been derived for dif-

ferent power constraints [20, 35] when the primary is persistent but operating below

capacity. The idea of opportunistic interference cancellation was introduced in [22].

However all the above results do not address the issue of the uncertainty in the chan-

nel model when the primary traffic is sporadic. We extend the idea of opportunistic

interference cancellation to derive sense and send schemes for a non-adaptive and

sporadic primary operating below capacity.
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1.3 Outline

Chapter 2 is organized as follows. In Section 2.1 we define the network, distributed

protocols and the performance metric. In Section 2.2 we show the equivalence of rate

maximization and defect minimization at high SNR, present a converse for h-hop

symmetric graphs, and give centralized bounds for some graph families. In Section 2.3

we give protocols for 0 and 1 hops of information, and show that the no-information

protocol attains Nash equilibrium. We also develop a local coloring algorithm and

show that it is a Nash equilibrium point for path graphs. We develop a general

framework for quantifying number of defects due to a local coloring algorithm on

any graph and in Section 2.4 apply these results to different graph families. Finally,

we give a graph decomposition method for extending the current results to more

general graphs without any overlapping cliques or cycles in Section 2.5.

Chapter 3 is organized as follows. In Section II, we present the system model and

introduce the a block activity model for a sporadic primary. In Section III, we first

present a genie-aided bound. Then we derive the paranoid secondary profile for a

sense and send protocol when the sensing is noisy. Finally, we give two special cases

when the sensing is noiseless and when no sensing is performed. We conclude with

some numerical examples.



Chapter 2

Defective Local Coloring on

Graphs

2.1 System Model

In this section, we first present the system model including the network repre-

sentation as a graph, description of the coloring protocols to be considered and the

performance metric to be used to evaluate the coloring protocols.

2.1.1 Network Description

We consider networks with n flows consisting of n distinct transmitter-receiver

pairs, each with a unique flow ID. The graph representation of the network is given

by G = (V,E), with |V | = n, where every flow is represented by a node v ∈ V of

the graph and the connected flows are represented by edges ((i, j) ∈ E if flow i and

j interfere with each other). G is called the flow graph of the network (just graph,

henceforth). Such a graph is also known as the conflict graph or interference graph in

the networking literature. The available orthogonal resource states, e.g. frequency

bands or time-slots, are available that have to be distributively allocated among

11
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the flows. The orthogonal resources are represented by c colors and the resource

allocation problem is posed as a distributed vertex coloring problem on the graph G

using c colors.

Definition 1. A proper coloring on a graph G is defined as a color assignment to

the graph’s nodes such that any two nodes that have an edge between them do not

have the same color.

Definition 2. The chromatic number of a graphG is defined as the minimum number

of colors required to have a proper coloring. It is denoted by χ(G).

Definition 3. The chromatic polynomial of a graph G is defined as the number of

ways a graph can be colored properly with c colors, when c > χ(G). It is denoted

by γ(G).

2.1.2 Protocol Description

In this thesis, the coloring protocols used to color a graph distributively are

assumed to have h-hop information about the local neighborhood. The h-hop infor-

mation for a node refers to the local subgraph with a radius of h with the said node

at the center. The local coloring protocol refers to the function used to decide on

the color to be assigned to a node, based on the h-hop information available about

the graph. The coloring is done by each node independently, in parallel and at the

same time.

Next we define the structure of the decision function evaluated at a node i with h

hops of information. The decision function takes the local h-hop graph Gh
i centered at

node i as the input and outputs the final color of the node, i.e. f : Hh
i → {1, . . . , c},

where Hh
i is the set of all radius = h graphs centered at node i. We consider two

types of protocols in this thesis.
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First we consider protocols based on the enumeration of conflict states for a path

graph.

Definition 4. Degree of a node in the graph is defined as the number of adjacent

nodes in the graph.

For a path graph, H1
i is either a tree with one or two leaves. With one hop of

topology information, any node i can calculate its conflict state and degree. The

conflict state is defined as follows.

Definition 5. A node is said to be in conflict (C) or not in conflict (C̄) if its color

is same or different than all of its neighbors respectively. Otherwise, it is said to be

in a confused state (X).

A degree-1 node can be in C or C̄ conflict state, while a degree 2 node can be in

C, C̄ or X conflict state. So the inputs to the decision function in a path graph can

be of five different types of local trees. Depending on whether the protocol changes

the color or not for each of these five input types, there can be 32 possible protocols.

We index the protocols by the conflict states when the decision function changes the

color of the node, e.g. (C, φ) refers to a protocol which changes the color of degree

1 nodes in conflict and (C,CX) refers to a protocol which changes the color of a

degree 1 one node in conflict or a degree 2 node in a conflict or confused state.

Second, we consider protocols based on information sets defined with respect to

the identification of the edges of a network. In this protocol, we use color sets caused

by a random assignment as the starting point.

Definition 6. A sub-graph of a graph G is defined as a color set if all the nodes in

the sub-graph have the same color.
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2.1.3 Performance Metric: Sum Rate and Total Defects

We will start with the network throughput as a metric for the performance of a

distributed resource allocation problem. The baseline being the network throughput

when perfect coloring is done, i.e. no flow has interference from any other neighboring

flows. However for a general graph of unknown topology and size, maximizing the

network throughput with local information is an intractable problem (see [4, 36]).

Hence we will define another metric to make our problem tractable.

For a centralized network with enough available colors (c ≥ χ(G)), the optimal

allocation is a proper coloring with no conflicts. As we shall prove in Section 2.2,

it is not always possible to achieve a proper coloring of a graph either due to small

number of available colors or incomplete topology information.

Definition 7. A defect is defined as an edge connecting two nodes of the same color.

The number of defects of a node refers to the number of adjacent nodes with the

same color.

To compare the different distributed protocols, we use total number of defects

caused by a coloring algorithm as the performance metric, defined as the number of

edges joining nodes with the same color. When coloring the graph, a node is said to

have a defect, if it is colored with the same color as a adjacent node.

Definition 8. The degree distribution f(d), δ ≤ d ≤ ∆ of a graph is defined as the

probability distribution of the degrees of the nodes in the graphs.

We introduce the defect distribution to quantify the performance of a coloring

protocol. When the coloring protocol is applied to the same graph numerous times

independently, the resulting average defect distribution is given by g(α).

Definition 9. The defect distribution g(α), 0 ≤ α ≤ ∆ is the probability distribution

of the defects of a node in a given graph caused by a coloring protocol. It is the
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fraction of nodes in the graph that have α defects, averaged over the independent

colorings.

Hence Ng(α) denotes the number of nodes with α defects. For a given defect

distribution g(α) the average total number of defects in a given graph state is given

by,

d̄tot =
N

2

∆∑
α=0

αg(α). (2.1)

The division by 2 is necessary since the summation is over nodes, and hence each

edge is counted twice.

However, in our framework, we can relate the two metrics, sum rate and total

defects, with the following simplifying assumption. Each node uses the same constant

power for transmission and interference is treated as noise. Hence, a node with α

interferers, can achieve a rate of R0(α) = C
(

P
1+αP

)
, where C(x) = log(1 + x). For

a given defect distribution g(α) produced by some coloring protocol P , the average

sum rate (averaged over all possible colorings) is given by,

R̄sum = NEα
[
C
(

P

1 + αP

)]
= N

∆∑
α=0

g(α)R0(α). (2.2)

Our performance metric will be total defects, and our aim will be to minimize

the total number of defects (averaged over independent repetitions of a coloring

algorithm P), d̄tot produced in a network flow graph of unknown topology and size.

In the next section we will show that when SNR is high, minimizing the average

total defects is same as maximizing the network throughput.

2.2 Preliminary results

In this section we will derive three results to motivate the importance and need

of using total defects as the metric for our local graph coloring problem.
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2.2.1 Equivalence of Rate Maximization and Defect Mini-

mization

For any SNR, the rate maximization and defect minimization, the utility functions

can be written as follows. The utility function for minimizing total defects is given

by,

min
P

∆∑
α=1

αg(α),

and the utility function for maximizing the sum throughput is given by,

max
P

∆∑
α=0

g(α)R0(α).

Note that the optimization is over local coloring protocols in both the cases. For the

defect minimization problem on the left, g(α) is an increasing function of α whereas

for the rate maximization on the right R0(α) is a decreasing function of α.

Now we calculate the minimum and maximum possible sum rates. The degree

of a node tells us what is the maximum number of nodes in the network that can

interfere with a given node. Therefore the degree distribution is the worst case defect

distribution gmin(α) = f(α) when all the nodes of the network pick the same color.

This also produces the maximum number of defects in the network which is equal to

the number of edges in the graph. The extrema is given by,

Rmin = NEd
[
C
(

P

1 + dP

)]
= N

∆∑
d=δ

f(d)R0(d),

dmax = |E(G)|.

On the other hand when the number of available colors is more than the chromatic

number of the graph c ≥ χ(G), in the best case all the nodes pick different colors than

their adjacent nodes and the best case defect distribution is given by gmax(α = 0) = 1.
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Also, in such a case (c ≥ χ(G)), no defects are produced in the network. So for

c ≥ χ(G),

Rmax = NC(P ),

dmin = 0.

The next two theorems show the similarities between rate maximization and

defect minimization under different SNR regimes. Lets us first look at the high SNR

regime.

Theorem 1. At high SNR for any graph, maximizing the sum rate is equivalent to

minimizing the total number of defects produced by any protocol.

Proof. At high SNR (P →∞),

R
(a)∼ N

2

[
g(0) log2(P ) + g(1) log2

(
1 +

P

1 + P

)
+ . . .

+g(∆) log2

(
1 +

P

1 + ∆P

)]
=
N

2

[
g(0) log2(P ) + g(1) log2

(
1 +

1

1/P + 1

)
+ . . .

+g(∆) log2

(
1 +

1

1/P + ∆

)]
(b)∼ N

2

[
g(0) log(P ) +

∆∑
α=1

g(α) log2

(
1 +

1

α

)]
.

In step (a) above, C(x) = 1
2

log(1 +x) is approximated by 1
2

log(x) for large x, and in

step (b) 1/P is approximated by 0 for large P , and the logarithm uses a base of 2.

All the terms except the first one, have no SNR term. Hence, when P → ∞,

maximizing sum rate is equivalent to maximizing the first term only. In order to

better compare with defect minimization note, g(0) = 1−
∆∑
α=1

g(α), and maximixing

g(0) is same as maximizing −
∆∑
α=1

g(α) which is same as minimizing
∆∑
α=1

g(α). Hence



2.2. PRELIMINARY RESULTS 18

sum rate maximization is equivalent to total defect minimization at high SNR. �

Now, lets consider the low SNR regime.

Theorem 2. At low SNR, maximizing the sum rate is independent of the defect

distribution of the graph.

Proof. At low SNR (P → 0),

R =
N

2

[
g(0) log2(1 + P ) + g(1) log2

(
1 +

P

1 + P

)
+ . . .

+g(∆) log2

(
1 +

P

1 + ∆P

)]
(a)∼ N

2
[g(0) log2(1 + P ) + g(1) log2(1 + P ) + . . .

+g(∆) log2(1 + P )]

(b)∼ N
∆∑
α=0

g(α)P = NP.

In step (a) above, P
1+P

is approximated by P for small P , and in step (b) log(1 + P )

is approximated by P for small P . In the low SNR regime, the network essentially

becomes interference free and hence the optimization is unchanged by the defect

distribution. �

From the above two theorems, we can conclude the importance of our chosen met-

ric (total number of defects) in comparison with the network capacity (sum through-

put), and extrapolate their relationship as a function of SNR. At high SNR (tending

to infinity), total defect minimization is equivalent to sum rate maximization. As

the SNR decreases, the extent to which interference affects the network throughput

keeps decreasing. However, as long as the graph is connected, the local effects of

coloring can have remote effects (causing defects elsewhere in the network). When

the SNR is low (tending to zero), the network essentially becomes interference free

and results in a disconnected graph.
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Next we will consider two results which indicate the inevitability of defects in a

network with limited resources and operating with local information only.

2.2.2 Coloring Bounds for Graph Families: Effect of Insuffi-

cient Colors

The minimum number of colors required to color a graph without any defects is

given by its chromatic number denoted by χ(G). For example the chromatic number

for some common graph families are given in Table 2.2.2.

Graph (G) Name Chromatic Number (χ(G))

Pn Path graph 2
Cn Cycle graph 2 (n =even), 3 (n =odd)
Wn Wheel graph 3 (n =even), 4 (n =odd)

B(m,n) Bipartite graph 2
Kn Complete graph (Clique) n

Table 2.1: Chromatic number of some common graph families.

Coloring a graph with colors less than the chromatic number results in defects

too. Now, we present a general bound and results for complete and wheel graphs

about the number of defects produced when we color them using number of colors less

than their chromatic number of the corresponding graph. We will use the following

definition of a critical node to prove Theorem 3.

Definition 10. A vertex of a graph G is called a critical node if its deletion would

decrease the chromatic number of G.

Theorem 3. For a graph G with chromatic number χ, if the number of the available

colors c = χ − 1, then the total number of defects produced by a coloring algorithm

with global topology information can be bounded as

1 ≤ d∗(χ− 1) ≤
⌊
Dc

χ− 1

⌋
≤
⌊

∆

χ− 1

⌋
,
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where Dc is the degree of the critical node and ∆ is the maximum degree of the graph

G.

Proof. The available number of colors is strictly less than the chromatic number

of the graph, hence the total number of defects is strictly larger than zero, i.e.

d∗(χ − 1) ≥ 1. Consider a critical node, when the number of colors available is less

than the chromatic number c < χ. Other nodes might or might not give rise to a

defect if their neighborhood is c-colored. But the critical node gives rise to a defect.

For the critical node vc, its Dc = deg(vc) neighbors are colored with c = χ − 1

colors. By the pigeon-hole principle, at least one of the color classes will have
⌊
Dc

χ−1

⌋
neighbors, which is the number of defects that will be introduced, if the critical node

uses the same color. Additionally, the maximum degree of the graph is an upper

bound to the degree of the critical node. �

Example 1 (Complete graph). A complete graph Kn, is regular, i.e. all the nodes

have the same degree and hence ∆ = n − 1. Additionally, since it forms a n-clique

too, χ(Kn) = n. So, the upper bound is same as
⌊

∆
χ−1

⌋
= 1. Hence for complete

graphs the defect bounds are tight for c = χ− 1 and d∗(χ− 1) = 1.

In fact for a complete graph, we can find the number of defects for a genie-aided

coloring (perfect topology knowledge) for any c, as given by the following result.

Theorem 4. For a complete graph the total number of defects for a c-coloring is

given by,

d∗Kn
(c) =

1

2

⌊n
c

⌋(
n− c+

{n
c

}
c
)
,

where, {x} denotes the fractional part of x.

Proof. Let xi be the number of nodes in the color set i. For a complete graph, each

color set behaves as a complete graph Ki by itself, hence contains the same number

of defects as the number of edges in it, i.e. d(Kxi) = 1
2
xi(xi− 1). Additionally, since
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the different color sets do not interact with each other, the total number of defects of

a color set can be written as d(x1, . . . , xc) = d(Kx1) + . . .+ d(Kxc) = 1
2

c∑
i=1

xi(xi− 1).

First we show that an almost symmetric sized color sets produce the smallest

number of defects. To prove this let us start with a color set (x1, . . . , xc) and rearrange

it to form (x1 + α, x2 − α, x3, . . . , xc) for some α > 0.

d(x1, . . . , xc) ≤ d(x1 + α, x2 − α, x3, . . . , xc), if α ≥ x2 − x1, i.e. the number of

defects increase if we try to make the color set non-uniform.

d(x1, . . . , xc) ≤ d(x1 + α, x2 − α, x3, . . . , xc)

i.e. d(Kx1) + . . .+ d(Kxc) ≤ d(Kx1+α) + d(Kx2−α) + d(Kx3) + . . .+ d(Kxc)

x1(x1 − 1) + x2(x2 − 1) ≤ (x1 + α)(x1 + α− 1) + (x2 − α)(x2 − α− 1)

x2
1 − x2 − x2

2 + (2α + 1)x2 − α(α + 1) ≤ x2
1 + (2α− 1)x1 + α(α− 1)− x2

1 + x1

2αx2 − α(α + 1) ≤ 2αx1 + α(α− 1)

i.e. x2 − x1 ≤ α

In this rearrangement of colors, we take α nodes from the color set x2 and assign

them to the color set of x1. If x1 > x2, any α > 0 increases the number of defects,

since this rearrangement increases the discrepancy among the color sets. On the

other hand if x1 < x2, if α > x2 − x1, then this rearrangement increases the number

of defects but on the other hand if α < x2 − x1, then the number of defects goes

down. Hence a symmetric allocation produces the minimum number of defects.

However, if n
c

is not an integer, then a symmetric allocation is not possible.

Hence, we have to consider an almost symmetric allocation where x color sets have⌊
n
c

⌋
nodes and (c − x) color sets have

⌈
n
c

⌉
nodes. The total number of defects for
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such an allocation is given by,

d
(⌊n

c

⌋
, . . . ,

⌊n
c

⌋
,
⌈n
c

⌉
, . . . ,

⌈n
c

⌉)
=
x

2

⌊n
c

⌋(⌊n
c

⌋
− 1
)

+
(c− x)

2

⌈n
c

⌉(⌈n
c

⌉
− 1
)
. (2.3)

To find the number of defects, we have to solve for 0 ≤ x ≤ n. Since the total

number of nodes is n,

x
⌊n
c

⌋
+ (c− x)

⌈n
c

⌉
= n

x
⌊n
c

⌋
+ (c− x)

⌈n
c

⌉
= x

n

c
+ (c− x)

n

c

(
⌈n
c

⌉
− n

c
)(c− x) = (

n

c
−
⌊n
c

⌋
)x

(1−
{n
c

}
)(c− x) =

{n
c

}
x

x =
(1−

{
n
c

}
)c

1−
{
n
c

}
+
{
n
c

} = c−
{n
c

}
c.

Since c ≤ n,
{
n
c

}
= k

c
for some k ∈ [1, c − 1]. Hence

{
n
c

}
c = k, Therefore, x and

c− x are integers and for every (c, n), such a x ∈ Z+ can be found.

Now, plugging this value of x in Equation 2.3, the total number of defects can be

found as,

d∗Kn
(c) = d

(⌊n
c

⌋
, . . . ,

⌊n
c

⌋
,
⌈n
c

⌉
, . . . ,

⌈n
c

⌉)
=
(

1−
{n
c

}) c
2

⌊n
c

⌋(⌊n
c

⌋
− 1
)

+
{n
c

} c
2

⌈n
c

⌉(⌈n
c

⌉
− 1
)

=
c

2

⌊n
c

⌋ [(
1−

{n
c

})(⌊n
c

⌋
− 1
)

+
{n
c

}(⌊n
c

⌋
+ 1
)]

=
c

2

⌊n
c

⌋(⌊n
c

⌋
+
{n
c

}
+
{n
c

}
− 1
)

=
c

2

⌊n
c

⌋(n
c

+
{n
c

}
− 1
)

=
1

2

⌊n
c

⌋(
n− c+

{n
c

}
c
)
.
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Figure 2.1: Plot of total defects for complete graphs of different sizes.

�

The number of defects for complete graphs of different sizes as a function of

number of available colors is plotted in Figure 2.1. Similarly, we can also characterize

the number of defects for wheel graphs completely.

Theorem 5. The total number of defects for wheel graphs with an even cycle W2k+1

for a c-coloring is given by,

d∗W2k+1
(c) =


0 for c ≥ 3

k for c = 2

4k for c = 1

,

and the total number of defects for wheel graphs with an odd cycle W2k for a c-coloring
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is given by,

d∗W2k
(c) =



0 for c ≥ 4

1 for c = 3

k for c = 2

2(2k − 1) for c = 1

.

Proof. It is straightforward to see d∗(c > χ) = 0 and d∗(c = 1) = |E(G)| and is

omitted. For the wheel graphs with an odd cycle, we prove d∗W2k
(3) = 1 by the

following construction. Use the first color for the center of the wheel and color the

odd cycle with the next two colors, except one node. Since there are 2k − 2 such

nodes, such a coloring does not give rise to any defects. Now assign the first color to

the last node, which introduces one defect with the center of the wheel. Since χ > 3,

the number of defects is at least one, d∗ ≥ 1 and by the above construction, it can

be achieved. Hence, d∗W2k
(3) = 1.

Finally, consider when c = 2 for a wheel graph. Let us consider wheel graphs

Wn with an odd cycle first (n = 2k). The wheel graph consists of a (2k − 1)-gon

joined to a center. This gives rise to 2k− 1 triangles. When coloring a triangle with

only two colors, we will end up with either one defect or three defects. Depending

on the position of the defect, it can be shared with one of its neighbors or none of

them since, each triangle has two neighbors. At best a single defect can be counted

for two triangles, potentially decreasing the number of defects by half. Our aim is

to find the best way to position the defects. Let us put one defect (with the center)

between every other triangle pair. This accounts for 2k−2 triangles and causes k−1

defects. For the last triangle in order to cause just one defect, the defect has to occur

between the two nodes on the circle, causing the total number of defects to go up

to k, which is the minimum number of defects when all the triangles just have one

defect each. Such a coloring can be achieved as follows. Color the 2k − 2 nodes of
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the outer cycle with two colors. Then assign the center one of the colors (say c1).

Now assign the last node on the cycle, the color c2. For wheel graphs with an even

cycle, the same logic as above, holds true. Except in the achievability, color all the

nodes in the cycle and assign the center any color. �

Example 2 (Wheel graphs). For a wheel graph Wn, the node at the center of the

graph is connected to each node in the cycle and hence has the highest degree, ∆ =

n − 1. For the wheel graphs with even cycles (W2k+1) the chromatic number is 3

and for the wheel graphs with odd cycles (W2k), the chromatic number is 4. So, by

Theorem 3,

1 ≤ d∗W2k+1
(2) ≤

⌊
2k

2

⌋
= k

and

1 ≤ d∗W2k
(3) ≤

⌊
2k − 1

3

⌋
.

Since, from Theorem 5, d∗W2k+1
(2) = k and d∗W2k

(3) = 1, the upper bound is tight for

W2k+1 and the lower bound is tight for W2k.

For other graphs families like path graphs, cycle graphs and bipartite graphs,

finding such bounds is lot easier since the chromatic number of these families are

small. Path graphs, cycles graphs with even number of nodes, and bipartite graphs,

all have a chromatic number of 2. Hence when we have only one color all nodes pick

the same color and the number of defects is same as the number of edges. For cycle

graphs with odd number of nodes, the chromatic number is 3. When we have only 2

colors available, we can color the graph with one defect.
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Figure 2.2: Plot of total defects for wheel graphs of different sizes.
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2.2.3 Impossibility of an Universal Protocol: Effect of Local

Information

Even though defect free coloring is possible when we have more colors than the

chromatic number of a graph, such a coloring is not always possible when coloring

using only local information for all graphs. Here we define two classes of protocols

that qualify the worst case performance.

Definition 11. [k-hop successful coloring protocol] A distributed coloring proto-

col with decision function fs is evaluated at each node of a given connected graph

G. If the network converges to a defect free coloring with k-hops of information,

independent of any starting state, then fs is said to be k-hop successful for G.

Definition 12. [k-hop universal coloring protocol] If there exists a distributed col-

oring protocol with decision function fu that is k-hop successful for all connected

network topologies then fu is said to be k-hop universal.

Now we show that the distributed defect free coloring is impossible even for some

of the simple symmetric networks.

Theorem 6. There exist no h-hop successful coloring protocol for any network whose

graph G is h-hop symmetric for h < ecc(G), where ecc(G) is the eccentricity of the

node with h-hop symmetry.

Proof. If c < χ(G), the statement is trivially true, since even an optimal allocation

is not defect free. For c ≥ χ(G), consider two adjacent nodes i and j with R-hop

symmetry and their r-hop (1 ≤ r ≤ h) neighbors (Xr, Yr−1) and (Yr, Xr−1) respec-

tively, as shown in Figure 2.3. Consider a symmetric starting state where Xr and

Yr, 0 ≤ r ≤ h pick the same initial colors, where X0 and Y0 refer to nodes i and j

respectively. Each node has information about the colors of its r-hop neighbors only.
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If there exists any protocol which colors this network properly, it has to be indepen-

dent of the global topology, as it is unknown to any node with r-hop information.

i j
X1 Y1· · · · · ·XR YR

Figure 2.3: A symmetric subgraph with connected nodes i, j and their h-hop neigh-
bors. Note that Xr is the r-hop neighbor of i and the (r + 1)-hop neighbor of j.

The decision function for node i and j are f(Gh
i ) and f(Gh

j ) respectively. By

the symmetry of the graph, Xr and Yr contain the same number and type of nodes.

Additionally, by the symmetry of the starting state, the depth-r leaves in Gh
i and Gh

j

have the same initial color for 0 ≤ r ≤ h. Hence the output of the decision functions

are identical, f(Gh
i ) = f(Gh

j ). Hence their final colors are same and the final state

of the graph cannot be defect-free. Similarly, if the protocol is randomized, optimal

allocation can not be guaranteed, since there is always a non-zero probability that i

and j will have the same final color. The condition h ≤ dia(G) is required to prevent

any node from acquiring global information. �

Corollary 1. Theorem 6 implies, there exists no h-hop universal coloring protocol,

since there is no h-hop successful coloring protocol for any graph with a connected

h-hop symmetric subgraph.

It is interesting to see that even the simplest path network with two nodes can-

not converge to the optimal allocation with one hop information even if c ≥ χ(G).

So defects are inevitable with local information for symmetric networks. Hence, we

contend that for symmetric networks, aiming for proper coloring may lead to subop-

timal solutions. So, we adopt a defective coloring framework and aim to minimize

the average number of total defects.
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2.3 Local Coloring Protocols

2.3.1 Protocols with 0-hop Information

For the local coloring algorithms, we start with the no information case, where

we show that a random assignment of colors is optimal.

Optimality of Random Coloring

We present a simple proof using ideas from Game Theory to reason why choosing

a color uniformly random attains Nash equilibrium, when no information is available

to any node of a graph, i.e. random coloring is 0−hop optimal. We start by defining

a coloring game.

Definition 13. The coloring game G is defined as follows. Consider two nodes of a

graph G(V,E), which have an edge between them. They play a repeated but inde-

pendent coloring game. There are c colors available to both the nodes. Each game

consists of both nodes simultaneously picking a color (c1, c2) using some strategy.

The utility function for each is given by,

U =


0, if c1 = c2

1, otherwise

.

The aim is to find strategies for the nodes that maximize the utility function

for both nodes in any Graph G(V,E) of any size, for each connected pair of nodes,

averaged over the iterations over the same graph.

This is clearly a nonzero sum game, since if a pair of nodes select different colors,

they both win (U = 1) and if they select the same color, they both lose (U =

0). Hence by Nash’s theorem, there is at least one equilibrium point which can be

achieved by a mixed strategy.
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In the above game, a mixed strategy is given by a probability distribution over

colors p = [p1, p2, . . . , pc], (p1 + p2 + · · ·+ pc = 1). A pure strategy is when the node

always selects a single color.

Theorem 7. For the coloring game G, the strategy which maximizes the utility U for

each node pair over any graph G is given by a uniform distribution over all colors,

i.e. pi = 1
c
.

Proof. Consider two nodes n1 and n2 connected by an edge as shown by Figure 2.4.

n2n1

Figure 2.4: Two nodes connected by an edge in G.

The mixed strategy followed by node n1 is given by the probability distribution

p = [p1, p2, . . . , pc] and the mixed strategy of n2 is given by q = [q1, q2, . . . , qc].

Let us consider the Nash equilibria from the point of view node n1. Node n1 has

to find a strategy such that even if it knows the strategy of n2, there is no incentive to

deviate from its own strategy. This is done by finding the distribution p maximizing

node n1’s utility function conditioned on node n2’s strategy q.

The probability that node n2 picks color i is qi and the probability that node n1

picks any other color is 1 − pi. So, averaged over all the trials, the utility for node

n1 is given by U(n1) = q1(1− p1) + · · ·+ qc(1− pc). Similarly, the utility for node n2

is given by U(n2) = p1(1− q1) + · · ·+ pc(1− qc).

Step 1 (Mixed vs Pure strategy): Before we find the best distribution, let us

consider two strategies.

Firstly, if the two nodes select a uniform strategy, i.e. pi = qi = 1
c
, each of the

utility functions will be

U(n1) = U(n2) = (1− 1

c
).
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Secondly, if the two nodes select a pure strategy, i.e. node n1 selects color i always

and node n2 selects color j always (i 6= j), the utility functions will be

U(n1) = U(n2) = 1.

Clearly in the above example strategies, the pure strategy has a better utility for

both than the mixed strategy. Both are Nash equilibrium points for the above graph,

since given the other’s strategy, there is no incentive to change one’s own strategy

(we will prove that for the uniform distribution in the next step).

Assume that the pure strategy be a Nash equilibrium point for all graphs. Since

the result has to hold for any Graph G(V,E) of any size, if we choose a pure strategy

with color i for a node n1 in a graph G1, there exists another graph G2 with enough

nodes such that there is a node n3 in G2 which also chooses the same pure strategy

(pigeon hole principle when |V | > c). Hence for the graph G2, such a strategy is not

a Nash equilibrium point. Therefore, we only need to consider mixed strategies.

Step 2 (Utility maximizing strategy): Since we have to maximize both the

utilities, consider the following Lagrangian,

L =
c∑

i,j=1

piqj − λ1

c∑
i=1

pi − λ2

c∑
j=1

qj.

Differentiating with respect to pi and equating to zero,

(1− qi)− λ1 = 0,

pi = 1− λ1.
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Similarly, differentiating with respect to qj and equating to zero,

qj = 1− λ2.

Finally, since both are distribution functions, c(1 − λ1) = c(1 − λ2) = 1. Hence, by

substitution,

pi = qj =
1

c
, for all i, j.

Finally, this is in fact a Nash equilibrium point for any graph as the solution is

symmetric and maximizes the utility function of both, so neither has any gain in

changing the strategy even when it knows the opponent’s strategy. �

The above result is intuitive. When nodes have no information, it is best to pick

their colors randomly. However, the result is stronger in the sense that it proves the

optimality for a any graph of any size. Now we evaluate the defect performance of a

random coloring on any graph.

Theorem 8. For any graph G = (V,E), the average number of defects caused by a

random coloring is given by

d̄(G) =
|EG|
c
,

where the average is taken over all uniformly random colorings using c colors. Ad-

ditionally, any other protocol cannot outperform random assignment, i.e. any other

protocol cannot result in a smaller number of defects on an average.

Proof. We will prove the theorem using induction.

Base Case: For n = 0, the result is trivially true, since there can be no defects

and the number of edges is also zero. For n = 1, the number of edges is always 1 for

any class of graphs (except a random graph, but the base case holds true nevertheless

because |E| = 0 and d = 0 in this case). The number of defects can be zero or one.

The probability of both the nodes choosing the same color is 1
c2

and there are c ways
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of this happening. Hence the average number of defects is given by 1
c

and since there

is only one edge for this base case, the result holds true.

Assumption: Let the result hold true for a graph with n nodes, i.e. d̄(Gn) = |En|
c

.

We have to now show that d̄(Gn+1) = |En+1|
c

. We add one more node to Gn to get

Gn+1. Let the number of new edges added be m.

Due to the linearity of expectation, the average number of defects in Gn+1 is given

by the the average number of defects in Gn added to the average number of defects

in the new m edges added. The new node can choose its color in
(
c
1

)
= c ways. Since

the new node has a degree m, it can have i nodes with the same color that can give

rise to i defects in
(
m
i

) (
1
c

)i (
1− 1

c

)n−i
ways. So the average number of defects for

the new node is given by,

E

[(
m

i

)(
1

c

)i(
1− 1

c

)n−i]
=

m∑
i=0

i

(
m

i

)(
1

c

)i(
1− 1

c

)n−i
= p

(
∂

∂p
(p+ q)m

)
p= 1

c
,q=1− 1

c

= pm(p+ q)m−1

= mp =
m

c
.

Hence,

d̄(Gn+1) = d̄(Gn) +
m

c
=
|En|+m

c
=
|En+1|
c

.

Now we shall prove the converse. Assume that the protocol is deterministic (and

not random). Since the same protocol runs at every node and the only inputs to each

node is the number of nodes n and number of colors c, the protocol evaluates to the

same output. Hence, adjacent nodes pick same colors and leads to defects on each

edge of the graph. By the same argument, if the protocol has a deterministic part

and a random part, the deterministic part of the protocol evaluates to the same value

at each node, hence doesn’t help in picking the coloring without causing defects. �
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To get an idea how the defects look for different graph families, let us look at

Table 2.3.1. Since the defects are directly proportional to the number of edges in the

graph and inversely proportional to the number of colors available, we note that the

number of defects increase when we go from path graphs to complete graphs. We

see that it is linear in the number of nodes for path graphs, which have the least

number of edges for a given number of nodes, and quadratic in the number of nodes

for the complete graphs, which have the most number of edges for a given number

of nodes while keeping the graph connected.

Graph (G) Name Average defects ( ¯d0(c))

Pn Path graph n−1
c

Cn Cycle graph n
c

Wn Wheel graph 2(n−1)
c

B(m,n) Bipartite graph n2

4c

Kn Complete graph (Clique) n(n−1)
2c

Table 2.2: Average total defects due to random coloring with c colors of some common
graph families with n nodes.

For path networks, we can also derive the above result combinatorially. Since all

the nodes select their colors uniformly at random, the defect distribution of a random

allocation is same as the defect distribution for the set of all possible allocations with

c colors.

Theorem 9. For a random assignment with c colors, the defect distribution for a

path network Pn is given by the n length vector N0, whose dth component is,

N0(d) = c(c− 1)n−d−1

(
n− 1

d

)
, for 0 ≤ d ≤ n− 1,

and the average number of defects is given by, N̄0 = n−1
c
.

Proof. To calculate the number of states with 0 ≤ d ≤ n − 1 defects in Pn, we

start with an optimal state for Pn−d, which has no defects, introduce d defects and
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calculate the number of ways of doing so. For each of these optimal states of Pn−d,

there are n− d singleton groups of colors (g1s). A defect can be introduced if any of

the singleton groups is replaced by two copies of the same color. To get d defects,

we can choose 1 ≤ i ≤ d groups and allocate some defects to each group that adds

up to d. Since there are n− 1 places between the n nodes where the defects can be

introduced, the total number of ways for arranging d defects in Pn is
(
n−1
d

)
. Now, if

we coalesce all the groups into g1s, the number of singleton groups is n − d. Hence

the number of ways in which these groups can be chosen from c colors is same as the

number of optimal states in Pn−d which is γ
(c)
n−d.

For a path network, the chromatic polynomial is given by γ
(c)
n = c(c − 1)n−1.

Total number of states with degree d is given by,

N0(d) = γ
(c)
n−d

(
n− 1

d

)
= c(c− 1)n−d−1

(
n− 1

d

)
.

It is interesting to note that the defect distribution for Pn turns out to be γ
(c)
n−d times

the nth row of the Pascal’s triangle. The average number of defects can now be

calculated as,

N̄0 =
1

cn

n−1∑
d=0

d · c(c− 1)n−d−1

(
n− 1

d

)

=
(c− 1)n−1

cn−1

n−1∑
d=0

d

(c− 1)d

(
n− 1

d

)
. (2.4)

Now, consider the expansion
(
1 + ex

α

)n−1
=

n−1∑
r=0

erx

αr

(
n−1
r

)
. Differentiating both sides

w.r.t. x,

n− 1

α

(
1 +

ex

α

)n−2

ex =
n−1∑
r=0

r

αr
erx
(
n− 1

r

)
.

Now, put x = 0,

n− 1

α

(
1 +

1

α

)n−2

=
n−1∑
r=0

r

αr

(
n− 1

r

)
.
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The right hand side of the above equation is same as the right hand side of Equa-

tion 2.4 for x = 0 and α = c − 1. So, the average number of defects is given by,

N̄0 = (c−1)n−1

cn−1

(n−1)cn−2

(c−1)n−1 = n−1
c
. �

The above method can be used in general to calculate the average number of

defects caused by a random allocation on any graph. We start with the graph Gn−d

of size n−d, calculate the number of ways MG(d) to introduce d defects and evaluate

the following sum to get the average number of defects.

N̄0(G) =
1

cn

dmax∑
d=0

d · γG(n− d, c) ·MG(d),

where γG(n, c) is the chromatic polynomial for coloring the graph G of size n with

c colors. Using this method we can derive the average number of defects for cycle

graphs, N̄0(Cn) = n
c
, wheel graphs N̄0(Wn) = 2(n−1)

c
, complete bipartite graphs

N̄0(Bn) = n2

4c
and complete graphs N̄0(Kn) = n(n−1)

2c
.

2.3.2 Protocols with 1-hop Information

Next we consider protocols which use the conflict state of the network and assumes

1-hop of topology information at each node. We start with a protocol that only

corrects the errors in the edges of the network.

Edge Correcting Protocol

This refers to the protocol whose decision function is indexed by the tuple (C, φ).

According to this protocol, the degree-1 nodes change their color if they are in conflict

with their neighbor. Since all the path networks (except P1) have only two degree-

1 nodes, this protocol can at best decrease the number of defects by 2 at the two

boundaries of the network.
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Theorem 10. With 1-hop of topology information, the final defect distribution for

the edge correcting protocol with c colors, is given by

N1(d) = c3(c− 1)n−d−3

(
n− 3

d

)
, for 0 ≤ d ≤ n− 3,

and the average number of defects is given by, N̄1 = n−3
c

.

Proof. As shown in Figure 2.5, the center of the network containing n − 2 nodes

remain unchanged. For any starting state (a, x, y, b ∈ {1, . . . , c}) the two degree-1

nodes end up in state x̄ ∈ {1, . . . , c}�x and ȳ ∈ {1, . . . , c}�y respectively.

a x · · · y b −→ x̄ x · · · y ȳ

Pn−2 Pn−2

Figure 2.5: Edge correcting protocol can reduce at most two defects at the edges of
the path graph.

Since the edges on the boundary do not have any defects, the number of defects

in the final state is the same as the number of defects in the fixed part as shown in

Figure 2.5. Since all the c2 starting states with the same fixed part (corresponding

to the c2 possible values of the first and last nodes) converge to the same final state

as shown in the figure, the defect distribution of the final state for Pn is same as the

c2 times the defect distribution of Pn−2. Hence

N1 = c2Nd(Pn−2) = c3(c− 1)n−d−3

(
n− 3

d

)
.
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Similarly, the average number of defects is given by,

N̄1 =
1

cn

n−1∑
d=0

d · c3(c− 1)n−d−3

(
n− 3

d

)

=
(c− 1)n−3

cn−3

n−3∑
d=0

d

(c− 1)d

(
n− 3

d

)
=

(c− 1)n−3

cn−3

(n− 3)cn−4

(c− 1)n−3
=
n− 3

c
.

�

Even though the edge correcting protocol corrects at most two defects in the

whole network, the average number of defects produced by other protocols, that

correct the edges of each group, closely match its performance when n is large.

Center Correcting Protocol

This refers to the protocol whose decision function is indexed by the tuple (φ,C).

According to this protocol, only the degree-2 nodes change their assigned color if they

are in conflict. The center of each group changes color and the boundaries remain

fixed, as shown in Figure 2.6. A node with initial color x changes randomly to a

color from {1, . . . , c} \ x. If c > 2, this protocol can correct more than two defects

for all groups except g2. Hence each group gni
of size ni can give rise to a defect

distribution of Di = [N0(d;Pni−2, c−1)]ni−3
d=0 . If Pn has i groups gn1 , . . . , gni

, the defect

distribution D after this protocol is given by the convolution of the corresponding

defect distributions for the random allocations of groups gn1−2, . . . , gni−2, i.e. D =

D1⊗· · ·⊗Di. Hence, the number of states with defect d in the final defect distribution

is given by,

D(d) =
∑

0≤ij≤d,
∑
j
ij=d

Nj(Pij , c− 1).

For c = 2, this can be evaluated in closed form as given by the following theorem.
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Theorem 11. With one hop of local information, the final defect distribution for the

center correcting protocol with c = 2 colors, is given by

N2(d) = 2
d∑

k=0

K∗
k∑

i=k+1

(
n− ds

i

)(
i

k

)(
ds + i− 1

i− k − 1

)
+ 2

(
n− df

d

)
.

Proof. The aim is to find the number of states that end up with d defects after

applying the center correcting protocol to a random initialization with two colors.

Note that the presence of g1 does not result in any defects in the starting or the final

states. On the other hand the protocol has no effect on g2. For all other groups,

the center correcting protocol reduces the number of defects by two, since gk gets

transformed to gk−2.

· · ·x x y y y y z z · · · −→ · · · x1x y y1y2y z z1 · · ·
g4 g2 or g1

Figure 2.6: Center correcting protocol can reduce at least two defects for each group
(except g2) in the path graph. Notationwise, x1 ∈ {1, . . . , c} \ x etc.

If there are i groups in the starting state and k of them are g2, in order to have d

defects in the final state, the starting state needs to have ds = d+2(i−k) defects. So,

we start with Pn−ds with an optimal allocation and introduce ds defects in i places

with k number of g2 groups. The i places can be chosen in
(
n−ds
i

)
ways. Out of these

i places, the k places for g2 groups can be chosen in
(
i
k

)
ways. Now, the number of

ways to introduce the remaining ds − k defects in i− k places is same as (written in

terms of generating functions)

= coefficient of xds−k in (x2 + x3 + · · · )i−k

= coefficient of xds−k−2(i−k) in (1− x)−(i−k)

=

(
d+ i− 2k − 1

i− k − 1

)
.
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Hence, the number ways we can get d defects in the final state such that there are

less than df number of g2 groups in the starting state is given by

d∑
k=0

K∗
k∑

i=k+1

γ
(c)
n−ds

(
n− ds
i

)(
i

k

)(
d+ i− 2k − 1

i− k − 1

)
,

where K∗k = bn−1−d+2k
2

c.

Finally, the number of ways to have d number of g2 groups and the rest g1 groups

is given by γ
(c)
n−d
(
n−d
d

)
. Hence the total number of states with d defects is given by,

2
∑d

k=0

∑K∗
k

i=k+1 γ
(c)
n−ds

(
n−ds
i

)(
i
k

)(
ds+i−1
i−k−1

)
+ 2
(
n−df
d

)
. �

Even though the form of the defect distribution is daunting, the average can

be calculated easily using an inductive approach. The exact form is given by the

following theorem.

Theorem 12. With one hop of local information, the final defect distribution for the

center correcting protocol with c colors, is given by

N̄2(n, c) =
2(c− 1)

c2
+ (n− 3)

1 + (c− 1)3

c3(c− 1)
.

Proof. We will prove this theorem using induction.

Base Case: For n = 3, since the degree-1 node does not change its state, only the

middle node changes state if it is in conflict with both its neighbors. A path network

with three nodes can have 0, 1 or 2 defects from the random assignment. Since this

protocol can always reduce the cases with two defects to defect-free, we only need

to calculate the number of states with one defect. The two colors can be chosen in

(c− 1)c ways and the degree-1 node with whom the center node has the defect can

be chosen in two ways. So, the average number of defects is given by 2(c−1)c
c3

= 2(c−1)
c2

.

Assumption: Assume that the result hold for a path graph of size n ≥ 3. We will
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prove the change in defect distribution δ when we add one more node at the edge.

Let the color of the old degree-1 node be α. The starting state of the edge before

adding to new node can take four possible states: ααα, ᾱαα, βᾱα or β̄ᾱα, where

ᾱ ∈ {1, . . . , c}�α and β = ᾱ. Note that this notation only describes the last three

nodes of the path graph. The rest of the network can have any size and starting

state and will be unaffected by the addition of the new node. The new node can

either have a color of α or ᾱ. The only case when the new network has more defects

is when the new network states are αααα, βᾱαα or β̄ᾱαα. If the new network state

is ᾱααα, the final defect reduces by one. Hence,

δ =
1

c2

1

c

1

c− 1
− c− 1

c2

1

c
+
c− 1

c2

1

c
+

(c− 1)2

c2

1

c

=
1

c3

[
1

c− 1
+ (c− 1)2

]
=

1 + (c− 1)3

c3(c− 1)
.

Therefore, the average number of defects for a path network of size n is given by,

N̄2(d) =
2(c− 1)

c2
+ (n− 3)δ =

2(c− 1)

c2
+ (n− 3)

1 + (c− 1)3

c3(c− 1)
.

�

The above proof technique can be used to derive closed form results for all the 32

1-hop protocols. They are omitted, however, due to lack of space. Hence the center

correcting protocol does random assignment (by leaving out one color) in each small

defect group created by the initial random assignment. As shown by the Monte-Carlo

results in Figure 2.7, both the edge and center correcting protocols perform close to

the random assignment when the number of colors is large. There are other protocols

like (C̄, C̄X) which sometimes increase the number of defects, perform worse than a

random assignment. However even these protocols perform very close to a random
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assignment for large c. All other possible protocols cluster around these three classes,

but are not shown for clarity of the plot.
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Figure 2.7: Defects as a function of number of colors available for P50. Defects for
each protocol are normalized with the number of defects for a random assignment and
the number of available colors is normalized by the chromatic number χ(P50) = 2.
The suboptimal curve refers to the (C̄, C̄X) protocol.

2.3.3 Protocols with h-hop Information

The above set of protocols are hard to generalize to other networks. Also the

defect calculations become tedious when the number of hops of information is greater

than 1. Hence, we start by generalizing the above 1-hop protocol to h > 1 for path

graphs by modifying our approach. Instead of basing our protocol on the state of

each node, we categorize nodes into different information sets (depending on how

much information a node has about the edges of the network) and base the protocol

on these information sets. Then we give two more coloring protocols by looking at

different sets of nodes in terms of their capability to identify the edge of the network.

We start with describing protocols that work well for path graphs.

Some sequential schemes let the higher degree nodes color first before trying to

color the smaller degree nodes. Brooke’s and Kuszner’s [8] coloring algorithms work

on this principle. The idea is to minimize the number of defects at the higher degree
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nodes since they have more number of connections. However when we give h-hops

of information to each node in the network, nodes with more information about the

network should help out nodes with less information. This general conclusion can be

drawn from other works in the literature [37, 38].

Edges (nodes with degree = 1) are the easiest to identify with the least amount

of topology information. One of the schemes that works well is to align the node

colorings to the edges. We give the example of such a coloring protocol for a path

graph. Since the chromatic number of a path graph is 2, the simplest way to color it

with a centralized protocol is to use a position ID with respect to one of the edges

of the network and color it using the rule colori = mod (i+ 1, 2) + 1, where i is the

position from the left, as shown in Figure 2.8. With these ideas we first develop a

local coloring scheme for h > 0 applicable to path networks.

Figure 2.8: Centralized coloring a path graph with two colors can be defect free.
Each node is colored alternatively.

Notice that with only one hop information the nodes at the edge can detect

correctly that they are on the edge. Similarly, after h-hops, the nodes at a distance

h− 1 hops away from the edge can detect their position with respect to the edge. In

order to minimize defects these nodes can align themselves to the edges. This can

be achieved if the edge nodes select the color 1, and the nodes that are odd number

of hops away from the edge color themselves with color 2 and the nodes that are

even number of hops away from the edge color themselves with color 1. All other

nodes in the middle, change their color randomly if they are in conflict, but leave

out the color 1 if h is odd and leave out to the color 2 if h is even, to avoid defects

at the edges. Since the interior has only degree-2 nodes, in this case, the protocol

is same as (φ,C). So with every subsequent extra hop of information about the
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network, two more nodes from the sides can color themselves defect free as shown

for an example graph of P5 in Figure 2.9(a). The average number of defects for this

(a) P5 for 0 ≤ h ≤ 3

(b) P6 for 3 ≤ h ≤ 6

Figure 2.9: Local coloring a path graph with h hop information for different values
of h. P5 gets to a defect-free coloring with only 3 hops of information where as P6

gets stuck at one defect after 3 hops of inormation and it takes four more hops of
information to flush out that defect.

achievable protocol is given by N̄h = N̄2(n − 2h, c − 1). Hence the network reaches

an optimal coloring for any c ≥ 2 with bn
2
c hops of information which is the radius of

the path network. However, if the number of nodes in the path is even, with radius

number of hops of information, there is a guaranteed defect at the center of the graph

as shown in Figure 2.9(b). This is because the nodes 3 and 4 align themselves to

the opposite sides of the network and this defect slowly moves out of the graph as h

increases from the radius of the graph to the diameter when every node has global

information as shown in Figure 2.10.
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Figure 2.10: Achievability curve for path graph Pn with c = 3. Path graph of odd
sizes reach defect free coloring with h = bn

2
c hops (radius of the graph) of information

but path graphs of even sizes reach defect free coloring only with global information
h = n+ 1 (diameter of the graph).

Global Alignment: Align to Graph Edges

The above protocol is tailor made for a path network. We now generalize the

framework to encompass any network. When we increase the local information (in-

crease h), global information is available at the center of the graph first and grows

from the center to the edges. Since identifying the edge is easy, we will divide the

graph into sets depending on how much information the constituent nodes have about

the edges of the graph. We now define four sets as a function of the information they

have about the network.

Definition 14. [Edge Set] The set of edge nodes of a graph that can identify that

they are at the edge belong to the edge set. A node with degree = 1 is called an

edge node. Hence for h > 0, all the edge nodes of a graph belong to the edge set.

In Figure 2.11, the nodes on the circumference of the outer circle belong to the edge

set.

Definition 15. [Global Set] The set of nodes which have global information about

the conflict graph belong to the global set. Every path seen (being seen is defined

in terms of the local h-hop subgraph centered at the said node) by a node having
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global information ends in an edge node. See Figures 2.11 (c) and (d). All the nodes

within a distance of h− r(G) from the center of the graph are in the global set.

Definition 16. [Anchor Set] The set of nodes which can identify at least one edge

(anchor nodes) of the graph. See Figures 2.11 (b) and (c). All the nodes within h

hops of the edge belong to the anchor set.

Definition 17. [Floating Set] The set of nodes which cannot identify any edges of

the graph. See Figures 2.11 (a) and (b).

Given h-hops of information, any node within h− 1 hops of the edge can detect

the edge and agrees on the h − 1 subgraph starting from the edge. So, these nodes

can decide on the coloring of the h− 1 hop subgraph without any conflicts.

(a)

Floating Set

(b)

Anchor Set

(c)

Global Set

(d)

Figure 2.11: Common information with different h, (a) when h = 0, (b) when
0 < h ≤ r(G), (c) when r(G) < h ≤ d(G) and (d) when h > d(G) + 1.

The protocol to be followed by the above sets is as follows. The edge nodes

always choose the color 1. Any node in the anchor set chooses the best edge and

aligns to it. By align, we mean that the node chooses a color which doesn’t cause

any conflict with the nodes lying between the said node and the nearest edge. It can

be done by choosing the color 1 if it is even number of hops from the edge and by

choosing the color 2 if the node is an odd number of hops from the edge. If the node

is connected to multiple edges, the color is chosen by aligning to the edges that cause

the least number of defects. The floating choose their color randomly. Even though
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the global set can calculate the optimal coloring, since the anchor set is unaware of it,

in order to minimize the number of defects, the global set aligns with the best edge

till the whole network has global information. The above protocol is summarized by

Algorithm 1.

Algorithm 1 Global alignment

if v is an edge node then
choose color c = 1.

else
if v ∈ anchor set or global set then

find the best edge (that minimizes defects),
align to the edge (pick color c if distance from the edge = even, otherwise pick
c+ 1( mod 2)).

end if
else

if v ∈ floating set then
do random coloring.

end if
end if

Notice that what the above protocol given by Algorithm 1 does is to force the

coloring into one of the optimal coloring states of the network. When there are only

two available colors, this is the one out of two ways to color the graph. Another

way to color is to fix the edges to color 2 instead of 1. In general, when C colors are

available, the number of optimal coloring states is given by the chromatic polynomial

of the graph γG(c). For a path graph of size n, the chromatic polynomial is given

by γ(c) = c(c− 1)n−1. The performance of the global alignment protocol is shown if

Figure 2.12.

Local Alignment: Align to Sub-graph Edges

The global alignment protocol tries to align all the nodes in the network to align

to the network’s edges. Hence depending on the size of the graph, the nodes towards

the center of the graph need more information about the network topology to align.

On the other hand we also know that random coloring results in making smaller sub-
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graphs of smaller size which have the same color. Now, we will use random coloring

as an initial step of our protocol to break down the network into smaller parts and

then apply the global alignment protocol to each of these subgraphs. The color of

the sub-graph choosen during the random initial coloring will be called the set color.

Algorithm 2 Local Alignment

Do initial random coloring.
For each node in the sub-graph with the same set color c,
if v is an edge node of a sub-graph then

choose set color c.
else

if v ∈ anchor set or global set then
find the best edge (that minimizes defects),
align to the edge (pick color c if distance from the edge = even, otherwise pick
c+ 1( mod 2)).

end if
else

if v ∈ floating set then
do random coloring.

end if
end if

The performance of the above protocol is given in Figure 2.12. The network

becomes practically defect-free with five hops of information.

There can be two variations to the above protocol depending on what does the

floating set does. For path graphs, where there is no overlap between the sub-

graphs that a node belongs to, picking a random color makes sense for a floating set.

However, for other graphs like star networks or complete graphs, changing from the

set color doesn’t given any gains. In some cases it might even increase the number

of defects. Hence the floating set can retain the set color and the defects will not

increase from the initial random coloring.

Optimality of Local Alignment for Path Graphs

Now we will prove the optimality of the local coloring algorithm using Game

theory. Before the local coloring begins, the 0−hop coloring (random coloring) has
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Figure 2.12: Average defects for local and global coloring on a path graph of size 50
and 51 with 5 colors.

been done and the path network is converted into sets of different colors as shown

in Figure 2.13. In this example there are three sets formed after random coloring

with set colors blue, red and black, and sizes 2, 3 and 3 respectively. Each node has

h−hops of information.

n2n1

Figure 2.13: Three disjoint sets of different initial (h = 0) colors in the path graph
P7 after random coloring.

We will define a coloring game, and for the coloring game we will consider a single

sub-graph which has the same color after the random coloring. In the sub-graph, we

will consider nodes from the four different sets (E-edge set, F-floating set, A-anchor

set, G-global set). Any subgraph can be decomposed into these sets depending on

how much information each node has. All possible such decompositions are shown

in Table 2.3.3 for a path graph and the corresponding conditions when they occur.
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When h > 1 and n > 2 only cases 3-7 can occur.

Case Arrangement of sets Condition

1 E-E h = 1;n = 2
2 E-F-E h = 1;n > 2
3 E-A-F-A-E 1 < h < r or h = r, n =odd; n ≥ 5
4 E-A1-A2-E h = n/2, n =even; n ≥ 4
5 E-A-G-A-E r < h < D;n ≥ 5
6 E-G-E h = D;n ≥ 3
7 G h > D;n ≥ 2

Table 2.3: List of all possible decompositions of a path graph into information sets
after random coloring when each node has h−hop information.

Definition 18. [Coloring Game] The coloring game G is defined as follows. Consider

two nodes of a graph Pn, which have an edge between them. They play a repeated

coloring game. There are c colors available to all of them. Each game consists of

both nodes simultaneously picking a color (c1, c2) using some strategy. The utility

function for each pair of connected nodes is given by,

U =


0, if c1 = c2

1, otherwise

.

The aim is to find strategies for the nodes that maximize the utility function for

each node in any path graph Pn of any size, averaged over the iterations over the

same graph.

In the above game, a mixed strategy is given by a probability distribution over

colors p = [p1, p2, . . . , pc], (p1 + p2 + · · ·+ pc = 1). A pure strategy is when the node

always selects a single color.

Theorem 13. For the coloring game GP, the strategy which maximizes the utility

UP for each node over a path graph Pn of any size, is given by the following local

coloring strategy,
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• Nodes in set E pick the set color,

• Nodes in set F pick a random color,

• Nodes in set A align themselves to the edge,

• Nodes in set G pick the color that causes the least defects,

for n > 2, h > 1, c > 2 and h 6= n/2 for n =even.

Proof. We will show that when the nodes in each of the sets don’t have any incentive

to deviate from the local coloring algorithm given in the theorem. We will consider

nodes in each set one by one.

1. Nodes in the edge set (E)

The edge set can only be of size=1, hence it can connect to another node only

on one side. When h > 1 and n > 2, E-E and E-F cases cannot occur. Hence

we are left with E-A and E-G. In both the cases the utility of the edge set is

already maximized. Hence there is no incentive for the edge set to change its

coloring strategy.

2. Nodes in the floating set (F)

A F-E link cannot occur for h > 1 and n > 2. On the other hand, a F-G link

maximizes utility by definition. Hence, we only need to consider the F-A and

F-F links. The utility functions for a pure coloring strategy for a node in the

F set are given by,

Upure(F − A) = 1− δis

and

Upure(F − F ) = 0,

where i is the pure strategy (chosen color) by the floating node, s is the set

color and δ is the Kronecker delta function. The utility function for a mixed
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strategy p for the nodes in F set is given by,

Umixed(F − A) = 1− ps

and

Umixed(F − F ) =
c∑
i=1

pi(1− pi).

Note that the pure strategy F-F and the mixed strategy utility for F-A cannot

be maximized for all color sets since they depend on the set color. Since we

have already shown that a uniform distribution maximizes the mixed strategy

for F-F, a node in F doesn’t have any incentive to deviate from picking a color

uniformly random.

3. Nodes in the anchor set (A)

Nodes in the anchor set can have all the other types of nodes (nodes from the

sets E,A,F,G) as their either neighbor. The utility is already maximized if the

neighbor is from an edge set, global set or anchor set aligning to the same edge.

Hence there is no incentive for the anchor node in these cases. Let us consider

the case when an anchor node is adacent to a floating node. The floating node

selects a color uniformly randomly (probability of choosing any color = 1
c
. If

the anchor node selects a pure strategy, the utility of the anchor node is given

by,

Upure(A− F ) =
1

c
· 0 +

(
1− 1

c

)
· 1 =

c− 1

c
,

since the probability of the anchor node selecting the fixed color is 1 and the

probability of the floating node selecting the fixed color is 1
c
. If the anchor node

selects a mixed strategy with the distribution p = [p1, p2, . . . , pc], the utility is
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given by,

Umixed(A− F ) =
c∑
i=1

1
c
(1− pi)

= c−1
c
.

The above equation is obtained by multiplying the probability that the floating

node selects a color i (1/c) and the probability of the anchor node not selecting

the color i (1− pi). Note that the utility does not change for A-E links if the

anchor node switches from a pure strategy to a mixed strategy. However the

A-A utility decreases for a mixed strategy,

Umixed(A− A) =
c∑
i=1

pi(1− pi) = 1−
c∑
i=1

pi.

Similarly, it increases for A-E,

Umixed(A− E) =
c∑
i=1

pi.

Note that the above two utilities were 1 for the pure strategy. Hence the anchor

node selects a pure strategy, and to maximize the utility with the edge node,

it aligns to the edge node.

4. Nodes in the global set (G)

By definition, the global set has global information and colors themselves to

minimize the defects, and hence maximizes the utility. Therefore it doesn’t

have any incentive to change its coloring strategy. Since c > 2, the global

nodes can always color defect free.

�
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2.4 Graph Primitives

In this section, we apply the local alignment protocol to different graph primitives

and find the number of defects produced by the coloring algorithm. We will later

use these primitives as our building blocks to analyze larger networks. We divide the

calculation into two parts. First we calculate the sub-graph distribution NGi
caused

by the initial random allocation. The term NGi
refers to the number of times a sub-

graph of same color Gi occurs due to random coloring (averaged over independent

colorings). Next we calculate the number of defects produced by the local coloring

algorithm on each of these subgraphs denoted by dh(Gi). The sub-graph distribution

depends solely on the graph under consideration and the defect distribution depends

on the coloring algorithm in applied to the sub-graph. Hence we decouple the defect

computation into a graph dependent part and a coloring dependent part. Finally

the total number of defects, averaged over independent repeated local colorings, is

given by

dh(G) =
n∑
i=1

NGi
dh(Gi). (2.5)

To validate the sub-graph distribution calculation, note that the number of nodes

in all possible random allocations is given by ncn if the graph has n nodes and the

number of available colors is c. Let the number of nodes in the sub-graph Gi be

iGi
. Hence the total number of nodes in all possible random allocations is also given

by
∑
i

iGi
NGi

, where the summation is over the number of possible sub-graphs of G.

Hence the equation used to validate the sub-graph distribution is given by,

∑
i

iGi
NGi

= ncn. (2.6)
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2.4.1 Path Graphs

First we calculate the length of the defect groups in all possible random assign-

ments.

Theorem 14. The number of times a defect sub-graph Pi occurs in a path network

Pn out of all random allocations using c colors, is given by,

NPi
=

 c, if i = n

cn−1−i(c− 1)
(

(n− i+ 1)c− (n− i− 1)
)
, o.w.

. (2.7)

Proof. The starting state can have a defect group of size n in c ways, one for each

color. Similarly the starting state can have a group of size n − 1 in c ways and the

remaining node can choose a color from the remaining c − 1 colors in c − 1 ways.

Finally, they can be arranged in 2 ways, making the total number of ways, 2c(c− 1).

For any group of size 1 ≤ i ≤ n−2, the group can either occur on one of the edges of

the path network or somewhere in the middle. The color of the group can be chosen

in c ways. If it occurs on one of the edges, the immediate neighbor of the group

can have c − 1 possible states. The rest of the network can be selected in cn−i−1

ways. If the defect group is in the middle, both its neighbors can choose a state

in c − 1 ways ((c − 1)2 in total). The rest of the network can be selected in cn−i−2

ways. Now the defect group can be placed in the rest of the network in n − 1 − i

ways. Hence the total number of ways is 2(c− 1)cn−i−1 + (n− i− 1)(c− 1)2cn−2−i =

cn−1−i(c− 1)
(

(n− i+ 1)c− (n− i− 1)
)

. �

The typical occurrence of these groups are then given by the vector G = 1
cn

[Gi]
n
i=1.

In other words, for a random allocation, a typical Pn has Gi

cn
defect groups of size i.

These two results show that the random assignment produces O(n
c
) defects typically

which occur in many smaller defect groups. This observation will guide us in the our

one hop protocols. Now we show the performance of a protocol that only corrects
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the errors in the edges of the network.

The above equation can be verified by noting that
∑N

i=1 iNGi
= ncn. Expanding

the left hand side,

N∑
i=1

iNGi

=
N−1∑
i=1

icn−1−i(c− 1) ((n− i+ 1)c− (n− i− 1)) + nc

= cn−1(c− 1) ((n+ 1)c− (n− 1))

(
N−1∑
i=1

ic−i
)

−cn−1(c− 1)2

(
N−1∑
i=1

i2c−i
)

+ nc. (2.8)

Let S1 =
N−1∑
i=1

ic−i and S2 =
N−1∑
i=1

i2c−i. First consider the first sum,

S1 =
N−1∑
i=1

ic−i

= 1
c

+ 2
c2

+ · · ·+ N−1
cN−1 . (2.9)

Multiplying both sides with 1
c
, we get

S1

c
= 1

c2
+ 2

c3
+ · · ·+ N−1

cN
. (2.10)

Subtracting Equation 2.10 from Equation 2.9,

S1 −
S1

c
+
N − 1

cN
= 1

c
+ 1

c2
+ · · ·+ 1

cN−1

= 1
c

(
1− 1

cN−1

1− 1
c

)
= cN−1−1

cN−1(c−1)

i.e. S1 = c
c−1
·
(

cN−1−1
cN−1(c−1)

− N−1
cN

)
= cN−Nc+N−1

cN−1(c−1)2
. (2.11)
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Next lets calculate S2,

S2 =
N−1∑
i=1

i2c−i

= 1
c

+ 4
c2

+ · · ·+ (N−1)2

cN−1 . (2.12)

Next, multiply both sides with 1
c

and subtract from the above equation as we did

while calculating S1,

S2 −
S2

c
= 1

c
+ 4−1

c2
+ 9−4

c3
+ · · ·+ (N−1)2−(N−2)2

cN−1 − (N−1)2

cN

i.e. S2 −
S2

c
+

(N − 1)2

cN
= 2·0+1

c
+ 2·1+1

c2
+ · · ·+ 2·(N−1)+1

cN

= 2
c

(
1
c

+ 2
c2

+ · · ·+ N−1
cN−1

)
+ 1

c

(
1 + 1

c
+ · · ·+ 1

cN−1

)
= 2

c

(
cN−1−(N−1)c+N−2

cN−2(c−1)2

)
+ cN−1−1

cN−1(c−1)
.

Hence,

S2 = c
c−1

(
cN+cN−1−(2N−1)c+2N−3

cN−1(c−1)2
− (N−1)2

cN

)
= xN+1+cN−(2N−1)c2+(2N−3)c−(N−1)2(c−1)2

cN−1(c−1)3
. (2.13)

Now combining Equations 2.8, 2.11 and 2.13,

N∑
i=1

iNGi

= cn−1(c− 1) ((n+ 1)c− (n− 1))S1 − cn−1(c− 1)2S2 + nc

=
((n+1)c−n+1)(cN−Nc+n−1)

c−1
− cN+1+cN−(2N−1)c2+(2N−3)c−(N−1)2(c−1)2

c−1
+ nc

= NcN+1−NcN
c−1

= NcN .

Next we calculate the number of defects caused due to local coloring with h-hops
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of information.

Theorem 15. If local coloring is done on a path network of size n using C > 2 colors,

when all choose the same color in the start and each have h−hops of information,

the number of defects is given by,

dh(Pn) =



n−1
C
, if h = 0

n− 2h+ (−1)h, if 0 < h < dn
2
e

1, if h = dn
2
eand h = even

0 o.w.

. (2.14)

Proof. Consider Figure 2.14. With h-hops of information, nodes that are up to h−1

hops away from the edge (anchor nodes) can align to the edge. These nodes donot

contribute to any defect. There are n − 2h nodes in the center of the graph that

· · · · · ·
1 h n− 2h[

· · ·
1h]

Figure 2.14: With h-hops of information, nodes that are up to h− 1 hops away from
the edges are in the anchor set and the n−2h nodes in the center keep their common
color they started with.

cannot do so and end up with n− 2h− 1 defects. If n is even the hth node have the

same color as the edge which same as the initial color. Hence they produce two more

defects at the junction of the anchor set and the floating set. If h > dn
2
e, the nodes

in the center have global information and for C > 2 they can switch to a third color

to avoid the extra 2 defects in the n =even case. �

Note that if we had the side information that the graph is a path graph, there

is potential to do better. Since the subgroups formed after random coloring contain

edges which can be identified, the subgroups can be shielded from each other by

the edges and if a node cannot identify an edge, it can take out the color chosen in
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the randomization phase (since that will be the color of the edges) and the color 1

(since that is the color used by the anchor nodes) and do another round of random

coloring. This will further reduce the number of defects left over in the center due to

the floating nodes. Additionally if nodes know if the path network has odd or even

number of nodes, the floating nodes can use one more color.

Using the above two results from Equation 2.15 and Equation 2.4.2, now we can

find the average number of defects produced by local coloring with a randomized

start by using Equation 2.5,

d̄h(Pn) =
n∑
i=1

NPi
dh(Pi).

The plot of the average number of defects is compared with a global coloring in

Figure 2.12.

2.4.2 Cycle Graphs

Finding the sub-graph distribution for a cycle graph is lot similar to a path

graph. The set of all sub-graphs that can be generated from random coloring on a

cycle graph Cn of size n is given by Gi(Cn)|ni=1 = {P1, P2, . . . , Pn−1, Cn}.

Theorem 16. The number of times a defect sub-graph Gi occurs in a cycle network

Cn out of all random allocations using c colors, is given by,

NGi
=

 c, if i = n

cn−1−i(c− 1)
(

(n− i+ 1)c− (n− i− 1)
)
, o.w.

. (2.15)

Proof. The proof is exactly same as for the path network. �

The above equation can be verified by noting that
N∑
i=1

iNGi
= ncn in the same

way as done in the path network Section 2.4.1.
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Next we calculate the number of defects caused due to local coloring with h-hops

of information.

Theorem 17. If local coloring is done on a cycle graph of size n using C > 2 colors,

when all choose the same color in the start and each have h−hops of information,

the number of defects is given by,

dh(Gn) =


n−1
C
, if h < n

0, if h ≥ n
. (2.16)

Proof. In a cycle graph, since there is no edge node, all the nodes will be in the

floating set if h < n. Hence in this condition they always choose a random color

hence the number of defects is given by n−1
C

. The chromatic number of a cylce is

given by,

χ(Cn) =

 2, if n is even

3, if n is odd
.

So, when we have C > 2 colors and the nodes have global information h ≥ n,

they can start from the node with the smallest node ID and follow the direction of

its neighbor with the smallest node ID and color without any defects using 2 or 3

colors. �

Using the above two results from Equation 2.15 and Equation 2.4.2, now we can

find the average number of defects produced by local coloring with a randomized

start by using Equation 2.5,

dh(Cn) =
n∑
i=1

NGi
dh(Gi).
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2.4.3 Bipartite Graphs

Theorem 18. The number of times a defect sub-graph B(i, j) occurs in a completely

connected bipartite graph B(n, n) out of all random allocations using C colors, is

given by,

NB(i,j) =

(
n

i

)(
n

j

)
C(C − 1)2n−i−j. (2.17)

Proof. The number of ways to select i nodes from n nodes on the left is
(
n
i

)
. Similarly

the number of ways to select j nodes from n nodes on the right is
(
n
j

)
. The selected

i, j nodes can choose a group color in C ways. Since in a completely connected

bipartite graph all the nodes on one side are connected to each node on the other

side, none of the other nodes can choose this group color, otherwise they will become

a part of this group. This can be done in (C − 1)n−i−j ways. Hence NB(i,j) =(
n
i

)(
n
j

)
C(C − 1)2n−i−j. �

We can show that
n∑
i=1

n∑
j=1

(i+ j)NKi
= 2nC2n. Consider the left hand side,

n∑
i=1

n∑
j=1

(
n
i

)(
n
j

)
(i+ j)C(C − 1)2n−i−j

= C

(
n∑
i=1

(
n
i

)
i(C − 1)n−i

)(
n∑
j=1

(
n
j

)
(C − 1)n−j

)

+C

(
n∑
j=1

(
n
j

)
j(C − 1)n−j

)(
n∑
i=1

(
n
i

)
(C − 1)n−i

)
.

By symmetry, both the terms in the addition (in the second step) have the same

sum. Lets consider the first term of the sum.

C

(
n∑
i=1

(
n

i

)
i(C − 1)n−i

)(
n∑
j=1

(
n

j

)
(C − 1)n−j

)
.

In this product, the second term is derived in Section 2.4.4:
n∑
i=1

(
n
i

)
i(C − 1)n−i =
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nC(n−1). The third term is just the binomial expansion of (x + C − 1)n for x = 1,

hence
n∑
j=1

(
n
j

)
(C − 1)n−j = Cn. Hence,

C

(
n∑
i=1

(
n

i

)
i(C − 1)n−i

)(
n∑
j=1

(
n

j

)
(C − 1)n−j

)
= C · nC(n− 1) · Cn = nC2n.

Therefore
n∑
i=1

n∑
j=1

(i+ j)NKi
= nC2n + nC2n = 2nC2n.

Theorem 19. If local coloring is done on a complete graph of size n using C colors,

when all choose the same color in the start and each have h−hops of information,

the number of defects is given by,

dh(B(i, j)) =


n2−1
C
, if h ≤ 2

0 if h > 2
. (2.18)

Proof. When there is no information (h = 0), random coloring results in n−1
C

defects

(Theorem 8). Since in a complete graph there is no edge nodes (nodes with degree

= 1 among others nodes with the same color), all the nodes are in the floating

set, hence the number of defects does not change. For h ≥ 3, all the nodes have

global information about the graph, hence they can color themselves with a minimum

number of defects. �

Using the above two results from Equation 2.17 and Equation 2.18, now we can

find the average number of defects produced by local coloring with a randomized

start by using Equation 2.5,

dh(B(i, j)) =
n∑
i=1

NB(i,j)dh(B(i, j)).
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2.4.4 Complete Graphs

Theorem 20. The number of times a defect sub-graph Ki occurs in a complete graph

Kn out of all random allocations using C colors, is given by,

NKi
=

(
n

i

)
C(C − 1)n−i. (2.19)

Proof. The number of ways to select i nodes from n is
(
n
i

)
. The selected i nodes can

choose a group color in C ways. Since in a complete graph all the nodes are connected

to each other, none of the other nodes can choose this group color, otherwise they

will become a part of this group. This can be done in (C − 1)n−i ways. Hence

NKi
=
(
n
i

)
C(C − 1)n−i. �

We can show that
n∑
i=1

iNKi
= nCn. Consider the binomial expansion,

(x+ y)n =
n∑
i=1

(
n

i

)
xn−iyi.

Differentiating both sides w.r.t. y,

=
n∑
i=1

(
n
i

)
xn−iiyi−1

i.e. n(x+ y)n−1 =
n∑
i=1

i
(
n
i

)
xn−iyi−1.

Now putting y = C − 1,

n(C)n−1 =
n∑
i=1

i
(
n
i

)
(C − 1)n−i

i.e. n(C)n =
n∑
i=1

i
(
n
i

)
C(C − 1)n−i.

Hence,
n∑
i=1

iNKi
= nCn.
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Theorem 21. If local coloring is done on a complete graph of size n using C > n

colors, when all choose the same color in the start and each have h−hops of infor-

mation, the number of defects is given by,

dh(Kn) =


n−1
C
, if h ≤ 1

0 if h > 1
. (2.20)

Proof. When there is no information (h = 0), random coloring results in n−1
C

defects

(Theorem 8). Since in a complete graph there is no edge nodes (nodes with degree

= 1 among others nodes with the same color), all the nodes are in the floating

set, hence the number of defects does not change. For h ≥ 2, all the nodes have

global information about the graph, hence they can color themselves with a minimum

number of defects. �

For c < n, we can use Theorem 8 to derive a similar result. Using the above two

results from Equation 2.19 and Equation 2.20, now we can find the average number

of defects produced by local coloring with a randomized start by using Equation 2.5,

d̄h(Kn) =
n∑
i=1

NKi
dh(Ki).

2.5 Larger Networks

2.5.1 Graph Decomposition

In this section we will show how to apply the local alignment protocol to any

general graph. We will consider three main results. First, we show that for graphs

with no degree-1 nodes, the best coloring that can be done is random. Two cliques

or cycles of size greater than 2 are said to be non-overlapping if they don’t have any

common nodes. Second, we show that if a graph has overlapping cliques or cycles, the
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coloring algorithm cannot guarantee optimal coloring even if global information is

available. However we can do better than random coloring. Only the nodes common

to the overlapping cliques and cycles have to do random coloring. Finally, if the

graph doesn’t have overlapping cliques and cycles, we can color each of the graph

primitives optimally and transform the graph into a path graph, where the local

alignment protocol is optimal (Theorem 13).

The results we derived in Section 2.4 for graph primitives i.e. for path, cliques

and cycle graphs can be used to generalize the local alignment protocol for larger

networks. We will generalize the protocol by collapsing the graph primitives identified

in a larger graph into a single super-node. With h hops of information (h > 2), all

cliques and cycles of size < 2h can be identified locally and are collapsed. An example

a network before and after collapsing cliques is given in Figure 2.15.

We will modify our local alignment coloring protocol by defining the color of any

node which is common to overlapping cycles or cliques. Such a node first finds its

color for of each of the cycle or clique that it is a member of, and can identify. Then

it randomly chooses between the colors choosen for each of the cliques and cycles, if

they do not match. Note that this modified local alignment protocol is still optimal

for path graphs. The modified definition only affect nodes that are common to any

overlapping cyles or cliques of size greater than 2, and such nodes do not occur in a

path graph.

Figure 2.15: Network flow graph before and after the cliques are collapsed.
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Graphs with no edges

Consider a grid as shown in the Figure 2.16. This is an example of graph which

has overlapping cycles after collapsing the cliques and cycles. Notice that if we try

to apply our two coloring algorithms to this network, even when every flow has full

topological information, the local alignment protocol will only be able to do random

coloring. This is because, the network has no edge and both the protocols are based

on flows identifying an edge and aligning to it. Hence the best coloring for any

graph which has no edges even after collapsing all the cliques and cycles, is given by

random coloring. The number of defects produced by random coloring is given by

Theorem 8.

Kn

Figure 2.16: Flow graph of a 2D grid of cells in a regular grid cellular network. Each
node represents a collapsed super-node containing a clique of size n.

Next we consider graphs which contain overlapping cliques. Such graphs have a

disadvantage that sub-chromatic coloring may be unknown. Hence even the global

information based coloring may not be optimal. Note that we derived the sub-

chromatic coloring results for our graph primitives in Section 2.2.2. Then we will

consider graphs without overlapping cliques and cycles and show that we can decom-

pose the network into graph primitives and eventually to a bunch of connected path

graphs, where the local alignment protocol is optimal (Theorem 13).



2.5. LARGER NETWORKS 67

Graphs with overlapping cliques and cycles

As mentioned above we can collapse subgraphs into super-nodes when the graph

does not have any overlapping cycles or cliques. We then use the results of Section 2.4

to compute the optimal coloring of these super nodes. Finally, these supernodes align

themselves according to the local alignment protocol. However, such an alignment

is not always possible if there are overlapping cycles or cliques. If there are no

overlapping cliques or cycles, the coloring is always well defined by the local alignment

protocol and all the graph primitives can be optimally colored using the available

colors. However in the presence of overlapping cliques and cycles, sometimes the

coloring behavior is undefined. For these nodes we extend the local alignment protcol

by allowing the nodes to color randomly. In such cases, no claims of optimality can

be made even with global information, if the number of colors available is less than

the chromatic number of the graph.

Consider the example given in Figure 2.17. We will color this graph using three

colors: red (c = 1), blue (c = 2) and green (c = 3) with h = 4 hops of topology

information. Figure 2.17 (a) shows the uncolored graph where the node n3 is common

to the path graph backbone nd the 4-clique. Since we have 4 hops of information,

the nodes in the clique can identify that they are in a clique and the clique can be

collapsed into a super-node. Figure 2.17 (b) shows how the clique will color itself

with 3 colors to minimize the number of defects. The arrangement is in order of

their node IDs. Figure 2.17 (c) shows how the backbone path graph will color itself.

Note that the node n3 has two different colors. However, since all the nodes in the

clique can also identify the edge node n1, they can align themselves by swapping

colors so that the common node is aligned with respect to the path graph, as shown

in Figure 2.17 (d).

Now consider the Figure 2.18 where there are two overlapping cliques. Fig-

ure 2.18 (a) shows the coloring done by the first clique and Figure 2.18 (b) shows that
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Figure 2.17: Part of a flow graph with non-overlapping clique.

the coloring done by the second clique. Similarly Figure 2.18 (c) and Figure 2.18 (d)

shows the colorings after they have aligned themselves to the backbone path graph.

However notice that node n6 still does not have a consistent color between the two

cliques. Hence in such scenarios, some or all of the overlapping nodes have to choose

between one of the colors randomly and hence won’t be coloring optimally inside all

but one of the cliques/cycles. Hence the number of defects will be more than what

is calculated using the graph decomposition method.

Graphs without overlapping cliques and cycles

Let us now consider all graphs that do not have any overlapping cliques or cycles

of size larger than 2. In other words, no node in the graph belongs to more than

one complete graph or cycle of size greater than 2. For such graphs we can decom-

pose it into the graph primitives that we have already analyzed and collapse the

complete graphs to be super-nodes. Depending on the available hops of information,
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Figure 2.18: Part of a flow graph with an overlapping clique.
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the super-node aligns to the identifiable edges by coloring the nodes closest to the

edge appropriately. if we keep collapsing cycles and cliques in a graph satisfying the

above condition, we will end up with a network that is made up of connected or

disconnected path graphs, where we know our protocol is optimal.

Figure 2.19: All possible cases for a node with no overlapping neighboring cycles or
cliques.

One important thing to notice is that after collapsing cliques and cycles, the

resulting network is reduced to a path graph. Hence eventually the coloring algorithm

is dependent on identifying the edge of either the entire network (global alignment)

or the defect group (local alignment).

Figure 2.20: Example a node with overlapping neighboring subgraphs.

Different subgraphs need varying amount of side information to be identified.
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Table 2.5.1 lists the sub-graphs that can occur in networks without any overlapping

cliques or cycles. Note that large cycles seem to be the bottleneck of the system. All

other sub-graphs can be identified in only 2 hops of topology information. However

a cycle of size n needs dn/2e hops of information to be identified. However, also

notice that random coloring is very effective into breaking up a large cycle. Hence

the probability that a large cycle to remain a cycle after random initial coloring is

low.

Case Subgraph Number of hops needed for identification

1 Path Graph h = 2
2 Complete Graph (Clique) h = 2
3 Cycle Graph h = dn/2e
4 Star Graph h = 2

Table 2.4: Number of hops of information needed to identify different subgraphs
around a node.

2.5.2 Wyner Graphs

Let us start with an example where cellular stations are arranged in the form of

a line. Each cell overlaps with the two neighboring cells. In each cell there are some

stations that get interference from the neighboring cells. Such a model is similar to

what is defined in [39] and is called a Wyner path network. An equivalent flow graph

representation will have cliques for each cell and some of the nodes in each clique

will have edges connected to the neighboring clique.

Each cell consists of n stations and m1 of them interfere with the left neighboring

cell and m2 of them interfere with the right neighboring cell (m1 = m2 for the

symmetric case). Hence our flow graph looks like Kns (complete graphs, or cliques

of size n) with overlapping Km1+m2s (complete graphs, or cliques of size m1 +m2).

Case 1: When the base station does not know which node is colored using which

color. It only knows how many nodes are interfering and what are the colors being
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Kn−m1−m2

Km1 Km2 Kn Km1+m2

Figure 2.21: Flow graph of a generalized Wyner network: cells forming a 1-D path
network, where each cell is of size n = 3. In each cell, m1 = m2 = 1 nodes interfere
the neighboring cell on each side.

used. Hence it has to assume the worst case, i.e. all the colors cannot be used.

Case 2: The base station knows which color each node uses and which nodes are

interfering with the neighbors.

First step is to collapse all the complete graphs (cells) to form a collapsed flow

graph’ of the network.

(a) With overlap

m1 +m2 − n

n−m1n−m2

(b) No overlap

n−m1 −m2

m1m2

Figure 2.22: Cells with and without nodes which do not interfere with both neigh-
boring cells. In (a) there are nodes which interfere with both the neighboring cells.
On the other hand in (b) there is no overlap between the nodes that interfere with
the left neighboring cell with the ones that have interfere with the right neighboring
cell.

Theorem 22. The minimum number of colors needed to color the graph if the cell

connectivity is known, is given by

χ =

 n+ min(n,m1 +m2) for case 1

max(n,m1 +m2) for case 2
, (2.21)
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or in other words,

χ =



n+m1 +m2 for case 1, n ≥ m1 +m2

2n for case 1, n < m1 +m2

n for case 2, n ≥ m1 +m2

m1 +m2 for case 2, n < m1 +m2

. (2.22)

Proof. Case 1: Take the path network results and scale by n, i.e. instead of interfer-

ing with only one node (on each side), each node is interfering with n nodes. We claim

that for this network, we need 2n colors to color properly (i.e. the chromatic number

of the collapsed graph, under the assumptions of side information available). How-

ever, we can reuse the colors of the nodes that do not interfere with either neighbors.

So the total number of colors needed is (n−m1−m2)+2(m1+m2) = n+m1+m2 < 2n

if n > m1 + m2. On the other hand, if n < m1 + m2, no such reuse is possible and

the number of required colors is 2n.

Case 2: In this case, since the base stations know the colors chosen by the interfer-

ing stations, can reuse the colors used by the interfering nodes of the left interfering

cell on the nodes which interfere with the right interfering cell. The left and right are

decided with respect to the side closest to the edge with a base station with a smaller

node ID (out of the two edge cells). Hence the total number of colors needed is n as

long as n > m1 + m2. On the other hand if n < m1 + m2, there are m1 + m2 − n

nodes which interfere with both the neighbors and hence they need to have colors

which are not present in both the neighboring cells. Hence in this case, the number

of colors needed is (n−m1) + (n−m2) + 2(m1 +m2 − n) = m1 +m2. �

2.5.3 Random Graphs

Finally we apply the graph decomposition technique to Erdos-Renyi random

graphs [40]. For planned networks the resulting flow graphs are typically deter-
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ministic. A theoretical setup that closely models real wifi and cellular deployments

is called the Wyner network [39], which is considered in Section 2.5.2 of the thesis.

Long rows of houses separted by streets which have wifi networks inside can be mod-

eled with Wyner graphs. Similarly cell towers along the national highways can be

closely modeled by these Wyner graphs too. If in addition, the corresponding flow

graph has no overlapping cliques or cycles, all the results for the local alignment

protocol hold. In case there are overlaps, no claims of optimality can be made as

shown in Section 2.5.1. Any nodes present in such overlapping cycles or cliques can

color randomly.

On the other hand for ad hoc sensor networks, the links are unpredictable and

cannot be modeled by deterministic graphs. Also, in some cases sensor networks are

deployed by dropping them in random locations from the air [41, 42], which can be

modeled by random graphs faily closely. In general, sensor networks can be modeled

fairly well by random graphs [43, 44].

One very common way to generate radom graph is by using the method of Erdos-

Renyi [40]. Erdos-Renyi random graphs are generated by connecting n nodes with a

probability p. When the value of p is small, there are a lot of disconnected sub-graphs

in the generated graph. However when the value of p crosses a threshold 1
n−1

, a large

connected component starts to form in the random graph.

Normally, random graphs are not considered a good model of certain properties

a real network due to the fact that the probability of an edge is independent of

the distance between the nodes [45, 46]. Each edge having an equal probability of

existing doesn’t take the geometric nature of connectivity in real networks. In real

wireless networks, nodes that are closer have a higher probability of being connected

than the ones farther away. An example of such a scenario is given in Figure 2.23.

Note that many nodes that are far apart geometrically are connected and many nodes

that are close to each other are not connected. In the abscence of shadow fading,
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such a scenario is less likely in wireless networks.
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Figure 2.23: An example Erdos-Renyi random graph with n = 16 and p = 1/15,
where every edge has an equal probability of existing.

The above problem is important if the node positions are relevant to the problem

under consideration. For example, if we are calculating the sum rate of the network

as a function of a path loss channel model. However, in our local graph coloring

problem, absolute position of the nodes do not matter. Hence we can rearrange the

nodes [47], so that the resulting graph has the geometric properties of real networks,

i.e. nodes closer to each other have a higher chances of being connected. Hence in

our problem setup, random graphs are a fairly good model of ad hoc sensor networks.

Random graphs are easily generated by a random connectivity matrix where the

probability of having an edge is given by p. We consider three types of random

graphs. When p < 1/(n − 1), the network is mostly disconnected. This closely

models a network at the low SNR regime. When p = 1/(n − 1), there is a large



2.5. LARGER NETWORKS 76

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x coordinate

y
 c

o
o

rd
in

a
te

Figure 2.24: An example Erdos-Renyi random graph with n = 16 and p = 1/15,
where every edge has an equal probability of existing.

connected component in the random graph. An example of such a graph is given

in Figure 2.26. Finally when p is much larger than 1/(n − 1), the random graph is

close to a complete graph. We use the Bron-Kerbosch algorithm [48] to prune out

random graphs that have overlapping cliques.

Consider coloring the random graph in Figure 2.26 using three colors: red, blue

and green. Figure 2.27 shows the graph after the initial random coloring is done.

Note that only path graphs are left.

Finally Figure 2.28 shows the subgraphs after local coloring when there is 2 hops

of information available. If 3 hops of information is available, the entire graph can

be colored without any defects.
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Figure 2.25: An example Erdos-Renyi random graph with n = 100 and p = 1/99,
where every edge has an equal probability of existing. Only non-isolated nodes are
shown.
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Figure 2.26: Example random graph with one large connected component (p =
1/(n− 1)). The x and y axes show spatial coordinates.
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Figure 2.27: Sub-graphs of three different colors after initial random coloring. The
nodes which do not interfere with any neighbors are not shown. The x and y axes
show spatial coordinates.
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Figure 2.28: Sub-graphs of three different colors after local coloring with 2-hop in-
formation. The nodes which do not interfere with any neighbors are not shown. The
x and y axes show spatial coordinates.



Chapter 3

Cognitive Interference Channel

with Partial Knowlege

3.1 System Model

3.1.1 Signal Model

We consider an interference channel in the standard form [49], where the channel

inputs and outputs are related as, Y1 = X1 + h21X2 +Z1 and Y2 = h12X1 +X2 +Z2,

where X1, X2 are channel inputs, Y1, Y2 are the channel outputs and Z1, Z2 are inde-

pendent zero mean, unit variance Gaussian noise. Each transmitter is individually

average power constrained, E[X2
1 ] ≤ P1 and E[X2

2 ] ≤ P2. We define the following

for convenient interpretation: SNR1 = P1, SNR2 = P2, INR1 = |h21|2P2, INR2 =

|h12|2P1, and the secondary power ρ = E[X2
2 ] which we optimize. The secondary

power is split into parts (ρ0, ρ1 or ρsSt, ρsNt etc.) depending on the coding scheme.

80
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3.1.2 Block Activity Traffic Model for the Primary Flow

The primary is assumed to have the following two properties: its channel is

underutilized i.e. it sends below the capacity of its own channel, and its traffic is

sporadic i.e. it does not occupy the channel continuously. We model the channel

underutilization by assuming that the primary employs Gaussian random codes with

a code rate of C
(

SNR1

1+INRgap

)
, where INRgap ≥ 0 and C(x) = 1

2
log2(1 + x). The

sporadic traffic is modeled by assuming that the primary transmits for β fraction

of time, which results in an average primary rate of R1 = βC
(

SNR1

1+INRgap

)
. Thus a

secondary user can use the same channel as long as it ensures that the primary INR

does not go above INRgap. We refer to this as the INR constraint. We capture the

two uncertainties from the secondary’s point of view, the start time of the primary

transmission bursts and the duration of the bursts, using the following block activity

model. The primary transmissions are assumed to occur in blocks of T +1 time slots,

where T is a finite constant. All transmissions by the primary and the secondary are

considered to be slot synchronous. The primary user activity is labeled as the state of

the primary channel and is denoted by st, where 0 ≤ t ≤ T is the time slot index in a

block. The state process is independent of the secondary channel’s input and output.

The primary channel is either in the busy state, st = 1, or in the idle state, st = 0

during the time slot t. To keep the analysis tractable, we assume that the primary

user changes its state only once at time slot τ in a block (see Figure 3.1). Thus, the

tuple (s0, τ) captures the two uncertainties related to the sporadic transmissions.

The starting state of the primary user for each block is assumed to be indepen-

dently drawn from π(s0) = [π(0), π(1)]. Conditioned on the starting state, the switch-

ing time of the primary τ has a probability mass function, fT (τ |s0), 1 ≤ τ ≤ T + 1

and the corresponding distribution function FT (τ |s0) =
τ∑
i=1

fT (i|s0). If τ = T + 1,

then the primary user does not change its state during the block. The secondary
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transmitter is assumed to know INRgap, π(s0) and fT (t|s0). The secondary receiver is

assumed to have perfect knowledge of the channel coefficients to do coherent decod-

ing. Since the primary uses Gaussian codes, from the point of view of the secondary

t
0 1 2 3 4 5 6 7 . . . T

s0 = 1 τ = 6

Figure 3.1: Simplified block activity model for the primary packets with only one
allowed switching of state. This model is characterized by the starting state s0, the
state-switching time τ and the blocklength T + 1.

the channel always behaves like an AWGN channel. The effective noise as seen by

the secondary receiver has the mixture distribution for 1 ≤ t ≤ T ,

Z(t) =


N (0, 1) if st = 0 (prob. = β̄s(t))

N (0, 1 + INR2) if st = 1 (prob. = βs(t))

, (3.1)

where, βs(t) = Pr(st = 1|s0 = s) and β̄s(t) = 1 − βs(t), and is used to derive the

power profile in Section III. Note that the β is the actual primary channel usage

fraction and βs(t) is what is seen by the secondary. A persistent primary can be

represented by putting β = 1. If INRgap = 0, the system is fully loaded and no

secondary is allowed on the same channel. The interesting case is when INRgap > 0

and β < 1.

3.1.3 Interleaved Block Code for the Secondary Flow

We now define the set of secondary codes over B consecutive blocks, when the

secondary has an estimate of the starting state ŝ0 for each block. Bold face let-

ters represent the vector corresponding to the variable for all blocks, e.g. s0 =

(s
(1)
0 , s

(2)
0 . . . , s

(B)
0 ) represents the starting state of all B blocks. Since the tth time
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slot of each block has identically distributed noise as given by Equation (3.1), the

secondary designs T different codebooks (for each of the two starting states), each

matched to a given time slot across B blocks. For example, during bth block the

secondary transmits (x
(b)
1 , x

(b)
2 , . . . , x

(b)
T ) where x

(i)
j denotes the ith component of a

codeword from the jth codebook. Similarly the tth codeword is given by xt =

(x
(1)
t , x

(2)
t . . . , x

(B)
t ) as shown in Figure 3.2.

Block 1

Block 2

Block B

0 1 2 T

· · · · · ·

s
(1)
0

s
(2)
0

s
(B)
0

x
(1)
t

x
(2)
t

x
(B)
t

Sensing

1st cw T th cw

tth cw

Figure 3.2: Codewords (cw) are multiplexed across B blocks, i.e. each time slot
uses a different codeword which spans across B blocks. The figure shows the sensing
operation at the beginning of each block and the tth codeword, (x

(1)
t , . . . , x

(B)
t ). Each

of the T codewords are picked from the corresponding T codebooks. The block size
T is a positive constant, however, the code length B tends to infinity.

A cognitive interleaved block code of length N = BT consists of T separate

(B, 2BR)-codes, corresponding to each time slot of a block. Each of these codebooks

further consists of two component codebooks corresponding to the sensed starting

state of the block ŝ0 which may or may not match the actual starting state s0. For

the Gaussian case the codebook sent at time t has a power of ρŝt. The codebooks are

defined by a set of 2T encoding functions that map the set of equiprobable messages

{1, . . . , 2BR} to channel inputs. The transmitter encoding function is defined as e :

W×S → X for t = 1, . . . , T and ŝ0 = 1, 2, i.e. xtŝ0 = e(w, ŝ0). The decoding function

d : YB×SB →W maps the received vector to the message set, leading to probability

of error P̄e = 1
2BR

2BR∑
i=1

∑
s0

p(s0)
∑

y2:d(w,s0)6=i
Pe(y2|w, s0). The messages, encoding and

decoding functions can further split into components for the rate-splitting coding
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schemes given later. The rate R is achievable if there exists a cognitive block code

for sufficiently large N with arbitrarily small P̄e and the capacity is defined to be the

supremum of all achievable rates R.

Finally consider the Han-Kobayashi scheme for interference channels where each

user’s data is split into private and public components. The public information is

decodable by both decoders and the private information is decodable by the intended

decoder. A special case of this structure is usable in our model. Firstly, since the

primary encoder is fixed, its data can be considered either public (if the secondary can

decode it) or private, but it cannot be split into both. Secondly, since the primary

decoder is fixed, it considers all the secondary information as noise, i.e. private.

Since the primary data is fixed, the secondary can do rate splitting at the encoder

and sequential decoding at the decoder without losing optimality. We split ρŝt into

two layers and call the first layer the single user codeword with power ρŝNt since

it is decoded using a single user decoder (treating everything else as Noise), and

the second layer the multiuser codeword with power ρŝSt since it is decoded using a

multiuser receiver (with Successive interference cancellation). The subscript ŝ will

be replaced by its value (0 or 1) depending on the context.

3.2 Main Results

In the block activity model, the two sources of uncertainty in the primary traffic

are captured by the initial state s0 and the time of state change τ . Their actual

values are unknown to the secondary, but their distribution fT (τ |s0) and π(s0) are

assumed to be known. Our aim is to understand how lack of knowledge of these

two parameters impacts the secondary rate. We first derive the case where a Genie

provides the information about (s0, τ) which serves as an upper bound and a design

motivation for the general case of Section 3.2.2, where the secondary has an estimate
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ŝ0 of the initial state s0 and has no knowledge of τ . We then consider two important

special cases of the general scheme. First, we consider the case of perfect sensing,

ŝ0 = s0, and derive stronger results about the optimal secondary transmission design.

Second, we consider the case where the secondary has no information about any of the

unknown parameters, which is equivalent to ŝ0 not providing any useful information

about s0. In the resulting four optimization problems the objective function is always

the achievable rate of the secondary and there are three constraints: average power,

INR and SIC constraints.

3.2.1 Genie-aided Case: Secondary has Perfect Estimate of

(s0, τ)

In this section, we assume Genie-aided knowledge of (s0, τ) at the secondary. As

described in Section 3.1.2, the primary flow has two states, on and off. Hence the

secondary transmitter uses two interleaved codes matched to the two channel states.

Such a solution is called water-filling or water-pouring [50], as the variance of the

two codebooks is inversely proportional to the noise variance of the corresponding

channel state. We use the following result from [51] to show that Gaussian codebooks

are optimal for the secondary. In our case the noise variance N0 = 1.

Lemma 1 (Optimality of Gaussian codewords). (see [51, Theorem 1]) For a single-

user scalar additive noise channel with nearest neighbor decoding irrespective of the

noise distribution, the average probability of error over the ensemble of Gaussian

codebooks of power P , approaches zero as the blocklength n tends to infinity for code

rates below log(1 + P/N0) (and approaches one for rates above log(1 + P/N0)).

Since the primary uses a Gaussian codebook, the equivalent noise at the secondary

is also Gaussian. Further since the decoder of the primary is fixed, any distribution

of noise at its receiver does not change the primary capacity as long as the variance
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(interference plus noise) is below INRgap. Hence Gaussian codebooks are optimal

for the secondary. The secondary uses a Gaussian codebook with power ρ0 when

the primary is off, and a superposition Gaussian codebook with power (ρ1N , ρ1S).

Define INRC = INRgap

|h21|2 and SICC = |h12|2(INRgap + 1) − 1 to characterize the power

allocation for the Gaussian codebook that achieves capacity.

Theorem 23 (Genie-aided Upper Bound). When SICC ≥ min (SNR2, INRC), then

the optimal power allocation for the genie-aided case is given by

(ρ0, ρ1N , ρ1S) =

 (SNR2, 0, SNR2) if SNR2 ≤ INRC

(SNR2−βINRC

β̄
, 0, INRC) if INRC ≤ SNR2

. (3.2)

On the other hand, when SICC < min (SNR2, INRC), then the allocation is given by,

(ρ0, ρ1N , ρ1S) =


( γ
β̄
, 0, SICC) if SICC ≤ SNR2 ≤ SIC′C

(γ + βα, γ − β̄α, SICC) if SIC′C ≤ SNR2 ≤ SIC′C + δ

(γ−βδ
β̄
, δ, SICC) if SNR2 ≥ SIC′C + INRC − SICC

,

(3.3)

where SIC′C = SICC + βINR2, α = SICC + INR2, γ = SNR2 − βSICC and δ =

INRC − SICC. Here, β and β̄ = 1 − β are the on and off fractions of the primary,

respectively.

Proof. The proof is based on two steps. First we use Lemma 1 to show that Gaussian

codebooks are optimal for the secondary transmissions. Then the optimal power
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allocation is obtained by solving the following optimization problem,

max β̄C(ρ0) + β

[
C
(

ρ1N

1 + INR2 + ρ1S

)
+ C(ρ1S)

]
s. t. β̄ρ0 + β(ρ1N + ρ1S) ≤ SNR2,

ρ1N + ρ1S ≤
INRgap

|h21|2
, (3.4)

ρ1S ≤ |h12|2(1 + INRgap)− 1,

ρ0, ρ1N , ρ1S ≥ 0.

The rate achieved is a corner point of the 3 user virtual MAC formed by the primary

and the two code layers of the secondary. Hence the sequential decoding at the

secondary receiver achieves capacity.

We derive a special case of the water-filling result [50] for a channel with two

states, which will be used to prove the optimal power allocation for the genie-aided

case.

Lemma 2. For the optimization problem given by

max
ρ0,ρ1≥0

β̄C(ρ0) + βC( ρ1

1 + α
)

subject to β̄ρ0 + βρ1 ≤ γ and ρ1 ≤ δ (3.5)

with non-negative parameters (α, β, γ, δ), the maximizing ρ0, ρ1 is characterized as

follows.

(ρ0, ρ1) =


( γ
β̄
, 0) if ρ∗1 < 0 ≤ δ (A)

(ρ∗0, ρ
∗
1) if 0 ≤ ρ∗1 ≤ δ (B)

(γ−βδ
β̄
, δ) if 0 ≤ δ < ρ∗1 (C)

,

where ρ∗0 = γ + βα, ρ∗1 = γ − β̄α and β̄ = 1− β.

Proof. Let us start with assuming that there is no constraint on ρ1. The optimal
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solution is given by ρ0 =
(

1
λ
− 1
)+
, ρ1 =

(
1
λ
− 1− α

)+
, where λ is chosen such that

β̄ρ0 + βρ1 = γ. If 1
λ
> 1 +α, then 1

λ
= γ+ β̄+ β(1 +α). Therefore, ρ∗0 = γ+ βα and

ρ∗1 = γ − β̄α. Note 1
λ
> 1 + α also ensures ρ∗1 ≥ 0 and by assumption ρ∗1 ≤ δ. This

proves part B of the Lemma.

If 1
λ
≤ 1 +α, ρ1 = 0 and λ is such that β̄ρ0 = γ, then ρ0 = γ

β̄
, ρ1 = 0. This proves

part A of the solution. As long as ρ∗1 lies below δ (i.e. the extra constraint on ρ1 is

not active at the solution), the same solutions hold. If ρ∗1 > δ, ρ1 = δ, ρ0 = γ−βδ
β̄

. �

The constraint set defined by the average power constraint at the secondary

transmitter, the INR constraint at the primary receiver, and the SIC constraint at the

secondary receiver is schematically shown by the three colored planes in Figure 3.3.

ρ1N

ρ1S

ρ0

ρ1N + ρ1S = INRC

ρ1S = SICC

β̄ρ0 + β(ρ1N + ρ1S) = SNR2

SNR2

β

INRC

SICC

Figure 3.3: General Constraint set for the perfect sensing optimization problem.
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First consider the case when the SIC constraint is not active i.e. when SICC ≥

min (SNR2, INRC). In this case, the solution lies on the ρ0− ρ1S plane of Figure 3.3.

This is because R2(ρ0, ρ1N , ρ1S) ≤ R2(ρ0, ρ1N − κ, ρ1S + κ) as long as κ ≤ ρ1N , i.e.

we can achieve a higher rate by taking away some power from ρ1N and giving it to

ρ1S as long as all the constraints are satisfied. Therefore, to maximize the rate, all

the available power is allocated to ρ1S since there is no SIC constraint. When we put

ρ1N = 0, the optimization problem looks like Equation (3.5) with α = 0, γ = SNR2

and δ = INRC. By using Lemma 2, the solution is given by Equation 3.2.

Finally, if SICC < min (SNR2, INRC), the SIC constraint is active at the solution

and the solution lies on the SIC constraint plane of Figure 3.3. In contrast to the

above cases, we cannot put all the power from ρ1N in ρ1S. We increase ρ1S till ρ1S =

SICC which equals the SIC constraint. Now the problem is same as Equation 3.5

with α = |h12|2(1 + INRgap + SNR1)− 1, γ = SNR2 − βSICC and δ = INRC − SICC.

Using Lemma 2, and the solution is given by Equation 3.3. �

As shown in Figure 3.4, power allocation can be viewed as water-filling with

a layer in the middle representing the active primary. The position of the layers

is given by the encoding and decoding order. For the time slots when primary is

off, the secondary uses a single-user codebook matched to its own channel capacity.

When the primary is on, the secondary transmitter splits into a two-layer Gaussian

superposition codebook as shown in Figure 3.4 followed by a sequential decoding

at the secondary receiver. The sequence of decoding at the secondary receiver is

as follows. First, Layer 1 is decoded by treating everything else as noise, then the

primary codeword is decoded by treating Layer 2 as noise and finally Layer 2 is

decoded interference-free. The above optimization problem is non-convex and we

use the MINOS solver in AMPL [52] to arrive at numerical solutions.
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Figure 3.4: Layered water-filling: power allocation can be thought of as filling a
layered bucket with water. The presence of the primary causes one of the layers
to be fixed. The size of the fixed layer (in red) is a function of INR2, the size of
Layer 2 depends on the interference gap INRgap and the rest of the power is put
into Layer 1. When the primary is persistent, there is only one bucket to fill, as
shown here. For a sporadic primary, there is another bucket without any layers for
ρ0. For the block activity model, each of the time slots across the block look alike
with (ρN , ρS) replaced by (ρ0Nt, ρ0St) or (ρ1Nt, ρ1St) depending on the starting state.

3.2.2 The General Case: Secondary with Noisy Estimate of

Primary State ŝ0

When the secondary does not know the channel states st exactly for each time

slot, it senses the channel in the beginning of each block ŝ0 (noisy estimate of s0). The

effective channel is a Gaussian mixture channel as given by Equation (3.1). A given

time slot (for the same sensed state) has the same channel statistics across different

blocks as shown in Figure 3.2. We take a cue from the form of Genie-aided code in

Theorem 23 and use a general superposition code. If ŝ0 = 0, the secondary transmit-

ter sends at a power level ρ0 = ρ0N +ρ0S, (where ρ0S = (ρ0S1, . . . , ρ0ST ) etc.) and if

ŝ0 = 1, it sends at a power level ρ1 = ρ1N + ρ1S. The above time-dependent power

allocation exploits secondary’s knowledge of the conditional probability distribution

of effective noise in each time slot caused by the primary. We shall omit the subscript
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0 in s0, ŝ0 in the summation indices to avoid clutter. The error in the state estimate

is characterized by the probability of missed detection PM = P (ŝ0 = 0|s0 = 1) and

the probability of false alarm PF = P (ŝ0 = 1|s0 = 0). The exact capacity with noisy

state estimate ŝ0 is unknown. To derive an achievable rate using Gaussian codes for

secondary transmissions, we extend the optimization problem in (3.5) by generalizing

the rate and the three constraints for each sensed state.

The average power constraint can be computed by summing the power levels

weighted with the appropriate probability of occurrences,

π(0)(1− PF )

T + 1

T∑
t=1

(ρ0Nt + ρ0St) +
π(0)PF
T + 1

T∑
t=1

(ρ1Nt + ρ1St)

+
π(1)PM
T + 1

T∑
t=1

(ρ0Nt + ρ0St) +
π(1)(1− PM)

T + 1

T∑
t=1

(ρ1Nt + ρ1St)

≤ SNR2

i.e.
∑

s∈{0,1}

π(s)
∑

ŝ∈{0,1}

P (ŝ|s)
T∑
t=1

(ρŝNt + ρŝSt) ≤ (T + 1)SNR2. (3.6)

Similarly the rate has to be calculated for the four possible combinations of

(s0, ŝ0). When the primary user is switched ‘off’ or ‘on,’ the effective secondary

channel is AWGN with noise N (0, 1) or N (0, 1 + INR2) respectively. When there is

no primary on the channel, the secondary can support a rate of C
(

ρ0Ni

1+ρ0Si

)
+C(ρ0Si) =

C(ρ0Si + ρ0Ni) and in the presence of the primary, the secondary can support a rate

of C
(

ρ0Ni

1+INR2+ρ0Si

)
+ C(ρ0Si).

When s0 = 0, ŝ0 = 0, the secondary correctly detects that the primary is silent

and sends ρ0 = (ρ0N ,ρ0S). The achievable rate averaged over all possible times the
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primary can switch is given by,

R00 =
T∑
t=1

[
fT (t|s0)

(
t−1∑
i=1

C(ρ0Si + ρ0Ni)

+
T∑
i=t

(
C
(

ρ0Ni

1 + INR2 + ρ0Si

)
+ C(ρ0Si)

))]
(a)
=

T∑
t=1

[(1− FT (t|s0))C(ρ0St + ρ0Nt)

+FT (t|s0)

(
C
(

ρ0Nt

1 + INR2 + ρ0St

)
+ C(ρ0St)

)]
=

T∑
t=1

(
β̄0(t)Cŝ0 + β0(t)Cŝ1

)
,

where Cŝ0 = C(ρŝSt + ρŝNt), Cŝ1 =
(
C
(

ρŝNt

1+INR2+ρŝSt

)
+ C(ρŝSt)

)
, β̄0(t) = 1 − FT (t|s0)

and β0(t) = FT (t|s0). In step (a) the summation was reordered by collecting the

capacity terms.

Similarly for (s0 = 1, ŝ0 = 1), (s0 = 1, ŝ0 = 0) and (s0 = 0, ŝ0 = 1), the

achievable rates are given by R11 =
T∑
t=1

(β1(t)Cŝ1 + β̄1(t)Cŝ0), R10 =
T∑
t=1

(β1(t)Cŝ1 +

β̄1(t)Cŝ0), and R01 =
T∑
t=1

(β̄0(t)Cŝ0 + β0(t)Cŝ1) respectively, where β̄1(t) = FT (t|s0)

and β1(t) = 1 − FT (t|s0). Adding up all the terms derived above after weighting

them with the appropriate probability of occurrences, leads to the average rate of

R2(ρ) = 1
2(T+1)

[π(0)(1− PF )R00 + π(1)(1− PM)R11 + π(1)PMR10 + π(0)PFR01].

Two additional constraints are required to complete the problem formulation.

First the INR constraint which is imposed due to the constraint on the maximum

noise variance that can be experienced at the primary receiver, ρŝNt+ρŝSt ≤ INRC, for

t ∈ [1, T ] and ŝ ∈ {0, 1}. Second, the SIC constraint which is imposed to ensure that

the primary information can be decoded in the presence of the multiuser codeword

ρŝSt, after the single user codeword ρŝNt has been decoded out. This gives rise to

the condition, C
(

SNR1

1+INRgap

)
≤ C

(
INR2

1+ρŝSt

)
which is same as ρŝSt ≤ SICC, for t ∈ [1, T ]
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and ŝ ∈ {0, 1}. Note that these two constraints hold for each state and time slot in

contrast to the average power constraint which are an average constraint. We solve

the following optimization problem, to find the optimal power profile,

max
ρ∈Φ

R2(ρ) =
1

2(T + 1)

∑
s

π(s)

·
∑
ŝ

P (ŝ|s)
T∑
t=1

(β̄s(t)Cŝ0 + βs(t)Cŝ1), (3.7)

where Φ is the constraint set defined by the INR, SIC and average power constraints

derived above. Additionally, we have to consider positivity constraints for all the

power variables, i.e. ρŝNt, ρŝSt ≥ 0 for ŝ ∈ {0, 1}, t ∈ [1, T ]. This is with the under-

standing that the constraints do not become infeasible, i.e. T, INRgap, SNR2 ≥ 0 and

if |h12|2(INRgap + 1) ≤ 1, ρŝSt = 0. We will assume complementarity and positivity

but not discuss it further due to lack of space. We use the standard MINOS solver

in AMPL [52] to find the solution to our optimization problem numerically.

Theorem 24 (Monotonicity of the power profile). For the optimization problem

given in (3.7), ρ∗0N1 ≥ ρ∗0N2 ≥ . . . ≥ ρ∗0NT and ρ∗1N1 ≤ ρ∗1N2 ≤ . . . ≤ ρ∗1NT . Addition-

ally,

(i) If ρ∗0Nt = 0 then ρ∗0Nt+1, . . . , ρ
∗
0NT = 0

(ii) If ρ∗1Nt = 0 then ρ∗1N1, . . . , ρ
∗
1Nt−1 = 0

(iii) If ρ∗0Nt = INRc then ρ∗0N1, . . . , ρ
∗
0Nt−1 = INRc

(iv) If ρ∗1Nt = INRc then ρ∗1Nt+1, . . . , ρ
∗
1NT = INRc

Proof. We will drop the subscript 0 on s, ŝ to reduce clutter. The Lagrangian for the
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optimization problem in Theorem 24 can be written as,

L(ρ, λ1, λ2) = R2(ρ)− λ1g1(ρ)−
∑
s,t

λ2ŝtg2ŝt(ρ)

−
∑
s,t

λ3ŝtg3ŝt(ρ)−
∑
s,t

λ4ŝtρŝNt −
∑
s,t

λ5ŝtρŝSt.

The partial derivatives of the Lagrangian is given by,

δL

δρŝNt
=−

∑
s

π(s)p(ŝ|s)
(

β̄s(t)

1 + ρŝNt + ρŝSt

+
βs(t)

1 + INR2 + ρŝNt + ρŝSt

)
− λ1

∑
s

π(s)p(ŝ|s)− λ3ŝt − λ4ŝt

δL

δρŝSt
=−

∑
s

π(s)p(ŝ|s)
(

β̄s(t)

1 + ρŝNt + ρŝSt

+
βs(t)

(1 + INR2 + ρŝNt + ρŝSt)(1 + INR2 + ρŝSt)

)
− λ1

∑
s

π(s)p(ŝ|s)− λ2st − λ3st − λ5st.

The first order necessary conditions (the complementarity conditions are excluded

for lack of space) are given by the following 12T + 1 equations, δL
δρŝNt

= 0, δL
δρŝSt

=

0, g1(ρ) ≥ 0, g2ŝt ≥ 0, g3ŝt ≥ 0, and ρŝNt, ρŝSt ≥ 0, for ŝ ∈ {0, 1}, t ∈ [1, T ]. If

|h12|2(INRgap + 1) < 1, then ρŝSt = 0. Hence g2ŝt, λ2ŝt are redundant, and by com-

plementarity λ5ŝt = 0. Similarly, if 0 < ρŝNt < INRC by complementarity λ3ŝt = 0

and λ4ŝt = 0. As the objective is an increasing function in each ρŝNt, the average

power constraint is met with equality, i.e. λ1 ≥ 0. For |h12|2(1 + SNRgap) < 1 and
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0 < ρŝSt <
P0

|h21|2 , we have

∑
s

π(s)p(ŝ|s)
(

β̄s(t)

1 + ρŝNt
+

βs(t)

1 + INR2 + ρŝNt

)
= λ1

∑
s

π(s)p(ŝ|s) for all s ∈ {0, 1} and t ∈ [1, T ].

For a given ŝ independent of any t, the right hand side of the above equation is

constant. Rewriting the left hand side for ŝ = 0,

π(0)(1− PF )

(
β̄0(t)

1 + ρ0Nt

+
β0(t)

1 + INR2 + ρ0Nt

)
+ π(1)PM

(
β̄1(t)

1 + ρ0Nt

+
β1(t)

1 + INR2 + ρ0Nt

)
= const.

i.e.
π(0)(1− PF )(1− F (t|s)) + π(1)PMF (t|s)

1 + ρ0Nt

+
π(0)(1− PF )F (t|s) + π(1)PM(1− F (t|s))

1 + INR2 + ρ0Nt

= const.

i.e.
G(t)

1 + ρ0Nt

+
H(t)

1 + INR2 + ρ0Nt

= const.,

where G(t) = π(0)(1 − PF )(1 − F (t|s)) + π(1)PMF (t|s) and H(t) = π(0)(1 −

PF )F (t|s) + π(1)PM(1− F (t|s)). Rewriting the equation again,

G(t)

1 + ρ0Nt

+
H(t)

1 + INR2 + ρ0Nt︸ ︷︷ ︸
At

=
G(t+ 1)

1 + ρ0Nt

+
H(t+ 1)

1 + INR2 + ρ0Nt︸ ︷︷ ︸
Bt

+ Ct,

where Ct =
G(t)−G(t+ 1)

1 + ρ0Nt

− H(t+ 1)−H(t)

1 + INR2 + ρ0Nt

= (π(0)(1− PF )− π(1)PM)(F (t+ 1|s)− F (t|s))

·
(

1

1 + ρ0Nt

− 1

1 + INR2 + ρ0Nt

)
.
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To make the right hand side At+1, we have to remove Ct and replace ρ0Nt by ρ0N(t+1)

in Bt. Since Ct ≥ 0 when π(0)(1−PF ) ≥ π(1)PM , and Bt is an decreasing function

of ρ0Nt, we have ρ∗0Nt ≥ ρ∗0N(t+1). Equality holds when FT (t|s) = FT (t+ 1|s). As this

is true for any t ∈ [1, T ], ρ∗0N1 ≥ ρ∗0N2 ≥ . . . ≥ ρ∗0NT .

For a given s, say s = 0, if there is a t such that ρ∗0Nt = 0, then we will now prove

by contradiction that ρ∗0Nt+1 = . . . = ρ∗0NT = 0. Let us assume that ρ∗0Nt+1 = ρ >

0. Define R(y, z) = R2(ρ0N1, . . . , ρ0Nt = y, ρ0Nt+1 = z, . . . , ρ0NT , ρ1N1, . . . , ρ1NT ).

Note R2(0, ρ) < R2(ρ, 0) for any t ∈ [1, T ] and any ρ > 0 which satisfies all three

constraints.

R2(ρ, 0)−R2(0, ρ)

=(1− F (t|s))C(ρ) + F (t|s)C
(

ρ

1 + INR2

)
− (1− F (t+ 1|s))C(ρ) + F (t+ 1|s)C

(
ρ

1 + INR2

)
=(F (t+ 1|s)− F (t|s))

(
C(ρ)− C

(
ρ

1 + INR2

))
> 0,

since INR2 > 0 and F (t + 1|s) ≥ F (t|s). Hence if ρ0Nt = 0 then ρ0Nt+1 = 0 and

similarly for t + 2, . . . , T . For all previous time slots, the ordering follows the same

order,

• If ρ0Nt=0 then ρ∗0N1 ≥ ρ∗0N2 ≥ . . . ≥ ρ∗0Nt−1 > ρ∗0Nt = . . . = ρ∗0NT = 0.

Using the same steps we can also show,

• If ρ1Nt = 0 then ρ∗1N1 = ρ∗1N2 = . . . = ρ∗1Nt−1 = 0 ≤ ρ∗1Nt ≤ . . . ≤ ρ∗1NT .

• If ρ0Nt = INRc then ρ∗0N1 = ρ∗0N2 = . . . = ρ∗0Nt−1 = INRc ≥ ρ∗0Nt ≥ . . . ≥ ρ∗0NT .

• If ρ1Nt = INRc then ρ∗1N1 ≥ ρ∗1N2 ≥ . . . ≥ ρ∗1Nt−1 > ρ∗1Nt = . . . = ρ∗1NT = INRc.

Note, when SICC > 0, ρŝSt > 0. Using arguments similar to those used in proving

Theorem 26, the value of ρŝSt can be shown to be fixed. Hence, we can remove it from
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our problem statement along with g2ŝt and λ2ŝt. The δL
δρŝSt

part of the Lagrangian

follows in the same lines. �

Due to the generality of our problem formulation in (3.7), the exact form of the

power distribution cannot be derived in closed form. However, Theorem 24 proves a

very important result about the monotonicity of power allocation across time slots.

The optimal power profile is non-increasing in time if the start state is ŝ0 = 0. That

is the secondary gets paranoid over time since it does not know when the primary

transmitter will start transmitting. So it is better for the secondary to send more

power in the initial time slots and become more conservative as time progresses. In

contrast, if ŝ0 = 1, then the secondary bets more power in the later time slots as

there is a higher chance that the primary will turn off in those slots, thereby creating

a better channel for the secondary flow. In the next section, we show that the above

result can be significantly strengthened for the special case of perfect state estimate

ŝ0 = s0.

3.2.3 Special Case I: Secondary with Perfect Estimate of

Primary State, ŝ0 = s0

In this section we assume that there is no error in secondary’s estimate of s0.

When the starting state is perfectly known, each of the T subchannels shown in

Figure 3.2 behave as parallel channels. For such a channel capacity can be achieved

by sending at a constant power with receiver side channel side information [53]. We

show below that Gaussian codewords with power levels ρst = ρsSt+ρsNt achieves the

capacity if the sensing is error-free.

Theorem 25 (Capacity with perfect sensing, ŝ0 = s0). With perfect sensing, the
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capacity for the discrete cognitive interference channel is given by,

C =
∑
s0∈S

π(s0)

T + 1

T∑
t=1

max
p(X

(t)
2 |S0)

∑
s∈S

p(s|s0)I(X
(t)
2 ;Y

(t)
2 |s0, s).

Proof. The encoding and decoding functions for each time slot is same as given in

Section 3.1.3. The primary state process {St} is assumed to be an irreducible, ape-

riodic, finite-state homogeneous Markov chain and is independent of the secondary

channel’s input and outputs. Achievability follows from Theorem 1 in [23], when the

state is perfectly known. We give an outline here. In this proof, we use (X, Y ) for

(X2, Y2) for compact notation.

Achievability

During the ith block, with the starting state s0, the encoder chooses the ith symbol

of the T codewords of length π(s0)B for T messages and multiplexes. For large B

the capacity of the component channels C ′ = max
p(x|s0)

∑
s

p(s|s0)I(X(t);Y (t)|s, s0) can be

achieved. The final rate is calculated by summing over the T multiplexed codewords

for each s0, C =
∑
s0

π(s0)
T+1

T∑
t=1

C ′(t) which concludes the achievability.

Converse

Let W be the message random variable. The capacity can be written as

(T + 1)C = lim sup
n

1

n

∑
s0

π(s0)
T∑
t=1

logM

(a)

≤ lim sup
n

1

n

∑
s0

π(s0) max
ρ
(t)n
1

T∑
t=1

I(W (t);Y
(t)n

1 , S0, S
(t)n
1 ),
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where (a) follows the same steps as in Equation (4) of [23], and the superscript (t)n

refers to time slot t of block n. Now,

T∑
t=1

I(W (t);Y
(t)n

1 , S0, S
(t)n
1 )

(b)
=

T∑
t=1

I(W (t);Y
(t)n

1 |S0, S
(t)n
1 )

=
T∑
t=1

n∑
i=1

[
H(Y

(t)
i |S

(i)
0 , S

(t)n
1 , Y

(t)i−1
1 )

−H(Y
(t)
i |S

(i)
0 , S

(t)n
1 ,W (t), Y

(t)i−1
1 )

]
(c)

≤
T∑
t=1

n∑
i=1

[
H(Y

(t)
i |S

(i)
0 , S

(t)
i )−H(Y

(t)
i |S

(i)
0 , S

(t)
i , X

(t)
i )
]

=
T∑
t=1

n∑
i=1

I(X
(t)
i ;Y

(t)
i |S

(i)
0 , S

(t)
i ),

where (b) follows from the fact that the state is independent of the message and (c)

follows from the fact that entropy decreases on conditioning and Yi is independent

of other random variables when conditioned on Wi and S
(i)
0 . Finally,

C ≤ lim sup
n

∑
s0

π(s0)

n(T + 1)

T∑
t=1

max
X

(t)n
1

n−1∑
i=0

I(X
(t)
i ;Y

(t)
i |S

(i)
0 , S

(t)
i )

(d)
= lim sup

n

∑
s0

π(s0)n

n(T + 1)

T∑
t=1

max
p(X(t)|S0)

∑
s

p(s|s0)I(X(t);Y (t)|S0, S)

≤
∑
s0

π(s0)

T + 1

T∑
t=1

max
p(X(t)|s0)

∑
s

p(s|s0)I(X(t);Y (t)|s0, s),

where (d) follows the same steps as Equation (8) in [23] which completes the proof.

�

The above result for finite input-output alphabets extends to continuous alpha-

bets such that I(X
(t)
2 ;Y

(t)
2 |s0, s) = βs(t)Cs0 + β̄s(t)Cs1,

∑
s0∈S

T∑
t=1

π(s0)ρst ≤ SNR2,

ρst ≤ INRgap

|h21|2 for t = 1, · · · , T and p(X
(t)
2 |s0) ∼ N (0, ρst). In order to find the power
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allocation ρst, we have to solve an optimization problem similar to (3.5). When sens-

ing is perfect ŝ0 = s0 and P (ŝi|s0) = 1. There is no missed detection or false alarm,

i.e. PM = 0 and PF = 0. So, the rate and all the constraint equations for the perfect

sensing protocol can be obtained by making these substitutions in (3.7).

Theorem 26 (Optimal Layer 2 power). For the optimization problem given in (3.7)

with PM = PF = 0 and ŝ0 = s0, the optimal power of the Layer 2 Gaussian codeword

is given by, ρ∗sSt = (min (SICC, INRC, SNR2))+ , where SICC, INRC are defined in

Theorem 23 and x+ = max(x, 0).

Proof. The solution ρ∗sSt, can be rewritten as,


0 if SICC < 0

SICC if 0 ≤ SICC < min (SNR2, INRC)

min (SNR2, INRC) if SICC ≥ max (SNR2, INRC)

. (3.8)

The first part follows trivially from the definition of the problem. To prove the

other parts, let the optimal solution to the optimization problem be given by (ρ∗0,ρ
∗
1)

such that ρ∗sSt < SICC for some t ∈ [1, T ] and s ∈ {0, 1}. Let us consider ρ∗sNt, ρ
∗
sSt,

keeping all other powers fixed. The constraints for this pair (except the positiv-

ity and complementarity constraints) are A + π(s)(ρ∗sNt + ρ∗sSt) ≤ TSNR2, ρ
∗
sSt ≤

SICC, and ρ∗sNt +ρ∗sSt ≤ INRC , where the contribution to the average power from all

other powers except (ρ∗sNt, ρ
∗
sSt) are lumped into A. The rate can be written as,

R2(ρ∗sNt, ρ
∗
sSt) = R

(0)
2 + π(s)

[
β̄s(t)C(ρ∗sNt + ρ∗sSt)

+ βs(t)

(
C
(

ρ∗sNt
1 + INR2 + ρ∗sSt

)
+ C(ρ∗sSt)

)]
.

The contribution due to all other powers to the average rate has been lumped into

R
(0)
2 . Now let us take away a small part of the power from ρ∗sNt and add it to ρ∗sSt.

This has no effect on the sum ρ∗sNt + ρ∗sSt, hence the constraints remain unchanged.
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We chose a δ > 0 such that ρ∗sNt − δ ≥ 0 and ρ∗sSt + δ ≤ SICC. It is easy to see that

R2(ρ∗sNt, ρ
∗
sSt) < R2(ρ∗sNt − δ, ρ∗sSt + δ),

i.e. C
(

ρ∗sNt
1 + INR2 + ρ∗sSt

)
+ C(ρ∗sSt)

< C
(

ρ∗sNt − δ
1 + INR2 + ρ∗sSt + δ

)
+ C(ρ∗sSt + δ)

i.e.

(
1 +

ρ∗sNt
1 + INR2 + ρ∗sSt

)
(1 + ρ∗sSt)

<

(
1 +

ρ∗sNt − δ
1 + INR2 + ρ∗sSt + δ

)
(1 + ρ∗sSt + δ)

i.e.
(1 + INR2 + ρ∗sNt + ρ∗sSt)(1 + ρ∗sSt)

1 + INR2 + ρ∗sSt

<
(1 + INR2 + ρ∗sNt + ρ∗sSt)(1 + ρ∗sSt + δ)

1 + INR2 + ρ∗sSt + δ

since INR2 > 0. This perturbation can only go on till either ρsNt reaches its

lower limit, or ρsSt reaches the upper limit. We hit the lower limit of ρsNt first

if SICC ≥ max (SNR2, INRC). In this case, ρ∗sNt = 0 and ρsSt = min (SNR2, INRC) .

Otherwise, we hit the upper limit ρsSt first, if ρsSt = SICC. In either case, the result

is independent of the particular value of t. �

Since there is no additional interference present while decoding the Layer 2 code-

words, the power profile is independent of the time slot. Due to the perfect estimate

of the primary starting state, the rate splitting done at secondary is optimal, which

allows us to find the power levels of the Layer 2 codewords. The monotonicity prop-

erties of the power levels still hold for the perfect sensing case.

Theorem 27 (Monotonic Layer 1 profile). For the optimization problem given in

(3.7) with PM = PF = 0, ρ∗0N1 ≥ ρ∗0N2 ≥ . . . ≥ ρ∗0NT and ρ∗1N1 ≤ ρ∗1N2 ≤ . . . ≤ ρ∗1NT .

Additionally,

(i) If ρ∗0Nt = 0 then ρ∗0Nt+1, . . . , ρ
∗
0NT = 0

(ii) If ρ∗1Nt = 0 then ρ∗1N1, . . . , ρ
∗
1Nt−1 = 0
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(iii) If ρ∗0Nt = INRc then ρ∗0N1, . . . , ρ
∗
0Nt−1 = INRc

(iv) If ρ∗1Nt = INRc then ρ∗1Nt+1, . . . , ρ
∗
1NT = INRc

Proof. The proof follows directly from Theorem 24 for ŝ0 = s0 and PM = PF = 0. �

Next, we show that the opportunistic superposition of [22] is a special case of the

coginitive protocol when no sensing is done.

3.2.4 Special Case II: Secondary with No Information about

Primary State s0

Consider the special case when the secondary does not sense the channel at all,

i.e. the secondary transmitter only knows the statistics of the primary traffic π(s0)

and fT (τ). Alternately, the estimate ŝ0 is so noisy that it does not provide any

information about s0. A similar analysis of this special case can also be found in [21].

Out of the available power SNR2, ρS = αSNR2 is assigned to the Layer 2 codeword

and ρN = (1 − α)SNR2 is assigned to the Layer 1 codeword. The average power

constraint for the secondary is given by ρN +ρS ≤ SNR2 and the INR constraint can

be written as ρN +ρS ≤ INRgap

|h21|2 . After decoding the single user codeword, the residual

capacity of the channel is given by C
(

INR2

1+αSNR2

)
. To ensure primary is decodable the

SIC constraint is given by, R1 ≤ C
(

INR2

1+αSNR2

) (
i.e. α ≤ |h12|2(INRgap+1)−1

SNR2

)
. For such

an α, a secondary rate of R2(α) = C
(

(1−α)SNR2

1+INR2+αSNR2

)
+ C (αSNR2) can be achieved.

Gaussian codebooks are optimal in this case too by Lemma 1. The optimal value of

the superposition fraction (α∗) is one which maximizes R2(α) while satisfying all the

constraints.

Theorem 28 (No-sensing Capacity). For a cognitive interference channel where the
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secondary does not sense the channel, the optimal superposition fraction is given by

α∗ =


0 if INR2 ≤ SNR1

1+INRgap

SICC

SNR2

SNR1

1+INRgap
< INR2 <

SNR1(1+SNR2)
1+INRgap

1 if INR2 ≥ SNR1

1+INRgap
(1 + SNR2)

,

and the capacity is given by R2(α∗).

Proof. The only variable is the superposition fraction α, so the problem is one

dimensional. The derivative of the optimization function is given by, dR2(α)
dα

=

INR2SNR1SNR2

(1+αSNR2)(1+INR2+αSNR2)
. The slope of the optimization function is always positive,

i.e. dR2(α)
dα

> 0. Hence, the optimal solution is achieved at the upper boundary of the

intersection of the constraints on α which are 0 ≤ α ≤ 1 and α ≤
INR2
SNR1

(1+INRgap)−1

SNR2
.

If the right hand side is less than or equal to 0, then α∗ = 0, if the right hand side

is more than 1, α∗ = 1, otherwise, α∗ =
INR2
SNR1

(1+INRgap)−1

SNR2
. For |h12| = 1, this is same

as the rate splitting result for two users as shown in [21].

If INR2 ≥ SNR1(1+SNR2)
1+INRgap

This comes from the decodability condition C
(

INR2

1+SNR2

)
≥

C
(

SNR1

1+INRgap

)
. Hence, after decoding off the primary, the rate that can be achieved

by the secondary is R2(α∗) = C (SNR2). But this is the single user capacity of the

secondary channel for the given power constraint when there is no primary inter-

ference. Therefore, this scheme of using only a Layer 2 codeword is optimal in this

case.

If INR2 ≤ SNR1

1+INRgap
the primary cannot be decoded even if no secondary data is

sent i.e. C (SNR2) ≤ C
(

SNR1

1+INRgap

)
. So, in this case, the only option is to treat this

undecodable signal as noise. The effective channel now behaves as a point to point

channel with AWGN N (0, 1 + INR2). Hence the capacity of this channel is given by

R2(α∗) = C
(

SNR2

1+INR2

)
.
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If SNR1(1+SNR2)
1+INRgap

< INR2 < SNR1

1+INRgap
For the rest of the parameter range, the

rate is a corner point of the 3 user virtual MAC formed by the primary and the

two layers of the secondary (Figure 3.5(a)). The fixed primary transceiver converts

the effective MAC (from the point of view of the secondary receiver) into a straight

line and the secondary splits its information into two layers to achieve the boundary

point. The sum capacity of the effective MAC is achieved by this scheme since for any

α, C
(

(1−α)SNR2

1+INR2+αSRN2

)
+ C

(
INR2

1+αSNR2

)
+ C (αSNR2) = C (INR2 + SNR2). Additionally

α∗ gives the best rate among all the secondary rates. Hence the layered encoding

at the secondary transmitter and sequential decoding at the secondary receiver is

optimal and the capacity is given by R2(α∗). �

From the secondary receiver’s perspective, the equivalent channel is a MAC. The

fixed primary converts the equivalent MAC rate region (pentagon) to a single line

(Figure 3.5(a)). Even though the rate splitting assumes sequential decoding, it turns

out to be optimal [54] because the two code layers at the secondary, makes the rate

tuple a corner point of a three user virtual MAC [21] consisting of the two code layers

of secondary and the primary.

Remark 1 (Persistent Primary). If the primary has persistent data (π(1) = 1), the

rate that the secondary can achieve is the same as proved above, i.e. the effective

channel in the no-sensing case is a compound channel and the secondary has to code

for the worst case.

Figure 3.5(b) shows a detailed view of the the different rate splitting regions as

a function of INRgap and INR2, for fixed SNR1, SNR2. In Region 1, the secondary

user treats the primary data as noise (α∗ = 0). In region 2 the secondary uses both

layers. In Region 3 the secondary receiver first decodes the primary’s data and then

decodes its own (α∗ = 1). The Layer 1 protocol region is always the same w.r.t.

INR1. When |h21|2 increases, the power available to the secondary user keeps on
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(b) Detailed view of the rate splitting regions

Figure 3.5: (A) The effective MAC as seen by the secondary receiver, where R1 =
C( INR2

1+αSNR2
) is the decodable primary rate as seen by the secondary receiver, R12 =

C(INR2) is the rate supported by the cross channel between the primary transmitter
and the secondary receiver, R2(α) is the rate achievable by the secondary and R22 =
C(SNR2) is the maximum rate achievable by the secondary if there is no primary. (B)
Detailed view of the regions of operation for the secondary user for SNR1 = SNR2 = 7
as a function of the two variables INRgap and INR2. The secondary user uses Layer 1
codewords in Region 1, Layer 2 codewords in Region 3 and a superposition code with
both layers in Region 2. Note that INRgap = 0 is not a part of any region.
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decreasing due to the interference constraint. This decreases the power left for the

Layer 1 codeword. Hence at higher |h21|2, a part of the mixed protocol region gets

converted to a multiuser protocol region as there is no more power left to put into

the single user codeword.

The paranoid power profile is optimal if the sensing is perfect. However, even

if the sensing is noise free, the time spent in sensing is still an overhead. This

overhead can be high enough for the no-sensing scheme to outperform the perfect

sensing scheme in some regimes, as shown in Figure 3.6. Along the curve, points

No-Sensing

Paranoid Profile

Genie-aided

Figure 3.6: The no-information lower bound can outperform perfect sensing scheme
with a finite sensing overhead depending on the INRgap, the blocklength T . Here,
P1 = P2 = 7, β = 0.5, π(0) = π(1) = 0.5, |h12|2 = |h21|2 = 0.5 and T = 10.

close to the right side (R2 = 0) are obtained for INRgap = 0 and the points to the

left side (R1 = 0) are obtained for INRgap = ∞. Figure 3.7 plots the two extreme

rate points on the y-axis in Figure 3.6 (where R1 = 0) for different block sizes. The

above-mentioned loss due to sensing, decreases as T increases. Finally, the bounds

are closer together when the residual capacity of the primary channel is smaller as
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shown in Figure 3.8. Different values of β has no effect on the no-information lower

bound. But the genie-aided upper bound is able to get a higher rate if the channel

is idle for a longer period of time. This means, when β is high, the performance of

both these bounds are close.
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Figure 3.7: The maximum R2 achieved (two extreme rate points on the y-axis in
Figure 3.6 where R1 = 0 ) by the paranoid profile scheme gets closer to the genie-
aided upper bound as T increases which is due to smaller sensing overhead. Here,
P1 = P2 = 7, β = 0.5, π(0) = π(1) = 0.5, |h12|2 = |h21|2 = 0.5.
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Figure 3.8: Comparison of no-sensing scheme and the Genie-aided scheme for differ-
ent persistence (β) of the primary user’s data and |h12|2 = |h21|2 = 0.5. The dashed
lines are for the no-sensing scheme and the solid lines are for the genie-aided scheme.



Chapter 4

Conclusion

In this section we summarize the contributions of this thesis and outline some

interesting future directions.

4.1 Summary

The goal of this thesis was to understand and quantify the performance of com-

munication decisions made in networks with incomplete network state information.

To this end, we studied the effects of incomplete information on system performance

in two parts. We first analyzed the effect of incomplete topology information on net-

work capacity for general networks and then characterized the effect of partial traffic

information on the capacity of a two-flow interference network.

In the first part of the thesis we pose the distributed orthogonal resource alloca-

tion problem as a graph coloring prblem. We show that minimizing defects is a good

approximation to maximizing rate in a network. This approximation makes the dif-

ficult problem of distributed resource allocation with partial information tractable.

We show that defects are inevitable when there are limited colors or when global

information is not available to all nodes of the network. We prove that random color

assignment is optimal when nodes have no information about the network and for-
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mulated a local coloring algorithm when h-hops of topology information is available

to each node. We prove that our local coloring algorithm attains Nash equilibrium

for path graphs and formulate a genral framework to calculate the number of defects

caused by any local algorithm applied to any graph in terms of the sub-graph dis-

tribution generated by a random initial coloring on the graph and the effect of local

coloring on each of the sub-graphs. We find the defects for four graph families in

closed form. Finally we presented a graph decomposition method to collapse cliques

and cycles in larger networks and color them in terms of simpler graph primitives.

In the second part of the thesis we approximate an interference channel with a

fixed sporadic primary flow as a block activity channel. Such a block activity model

can be broken into parallel channels in time and multiplexed codebooks can be used

when there is perfect sensing. We derived a paranoid scheme for the secondary user

when the primary user is transmitting below capacity and proved that rate splitting

at the secondary transmitter with sequential decoding is optimal when the estimation

of the primary starting state is noise-free. We prove the monotonicity of the power

profile and finally show that the paranoid scheme approaches a genie-aided scheme

for large block lengths.

4.2 Future Work

In this section we consider some interesting extensions which may still be tractable

and at the same time can provide important intuition about network protocol design.

We can extend our work in expanding our model to improve our model of the networks

and by removing some restrictions from our protocols to make them more general.

Firstly, in our work we considered symmetric h-hop information for all the nodes

in the network. Even though the local view of each of the nodes might vary, each

node has access to h hops of information about its neighborhood. However, real
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network tend to be heterogenous. Hence such symmetric scenarios occur rarely. One

interesting extension to our work will be to modify the model to support asymmetric

local information at different nodes of the network. In our current work, the network

connectivity was binary, i.e. either a node interferes with its neighbor or it doesn’t.

This is a simplistic model which can be modified to fit real networks by allowing

weighted edges between the nodes of a graph. The weights represent the channel

quality of the interfering links.

Secondly, the restriction of not having overlapping complete graph precludes prac-

tical cases that can occur in wifi and cellular networks. Such a modification will allow

us to study the effect of local coloring on frequency reuse problems in cellular net-

works and interference management problems in collocated wifi access points. Such

a change will need modification to the local coloring protocol as aligning to each of

the overlapping clique is difficult in the current framework for any common nodes.

Finally, one interesting and practical extension to our work will be to develop

local protocols with no identifiable edges. All our local coloring protocols depend

on the fact that edges are easier to identify hence nodes align to the network or

sub-graph edges to get closer to a proper coloring. However in many networks, there

are instances where there is no edge in the network (edge is defined as a node with

degree equal to two). Hence modification to the coloring protocols to color these

networks will be a worthy consideration.
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