


Abstract

Adaptive Reduction of Large Spiking Neurons

by

Bosen Du

This thesis develops adaptive reduction approaches for various models of large spiking

neurons. Most neurons are like dendritic trees with many branches, and they com-

municate by nonlinear spiking behaviors. However, with the exception of Kellems’

Strong-Weak model, most existing reduction approaches compromise the active ionic

mechanisms that cause the spiking dynamics. The Strong-Weak model can predict the

spiking behavior caused by suprathreshold input traveling from the dendritic branches

to the spike initiation zone (SIZ), but it is not able to reproduce the phenomenon

of back propagation from the SIZ to the dendritic branches after spikes occur in the

SIZ. To overcome this problem, this thesis derives a new model called QAact, incorpo-

rates the QAact model into the Strong-Weak model to construct a new hybrid model

that is not only hybrid in the space dimension but also hybrid in time, and explores

different model reduction techniques for each part of the new hybrid model where

they are most advantageous. Computational tests of the QAact and new hybrid mod-



iii

els as well as corresponding model reduction techniques on the FitzHugh-Nagumo

system, the active nonuniform cable, and the branched cell Lobula Giant Movement

Detector (LGMD), demonstrate a significant reduction of dimension, computational

complexity and running time.
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4.1 Sodium channel distribution ḡNa(x) given in (4.4). . . . . . . . . . . . . . . . 44
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Chapter 1

Introduction

This thesis develops adaptive reduction approaches to reduce the model complexity,

the system dimension, and the computational workload for various models of large

spiking neurons. The ultimate motivation for doing this is to construct a model of

a realistic brain, which is the ultimate goal of all neuroscience problems. One of

the most challenging parts of this goal is the lack of computational power, which is

highly needed to ensure the accuracy of the methods used to investigate hypotheses,

produce new theories, and design experiments. While it is temporarily impossible to

tremendously increase computational power due to the limit of current technology, it

is natural to take advantage of model order reduction (MOR) techniques. Through

these techniques, the size of the simulated system can be greatly reduced with high

fidelity to the original system, which makes it possible to solve problems of much

higher dimension than is possible with current technology.

1
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1.1 Motivation and Background

1.1.1 Neuron Models

Modern neuroscience extends back to the late 1890s. Camillo Golgi invented a method

for staining neural tissue. Influenced by that, Santiago Ramon y Cajal, the founder of

modern neuroscience, is the first one who described many kinds of neurons from the

brain of different animal species as a system [11, Gabbiani and Cox 2010]. Afterwards,

numerous neuron models have been built, and the complexity of the models increased

gradually.

Among those neuron models, the simplest one is the isopotential cell model, which

considers the cell structure as a single compartment. The most basic isopotential cell

model would be the passive isopotential cell, which is a pure linear ordinary differential

equation (ODE) in time. This passive model can describe the cell’s reaction to small

current input fairly well, but it is not able to provide prediction of the cell’s response

to large input.

To conquer this problem, Hodgkin and Huxley came up with the active isopotential

cell model [14, Hodgkin and Huxley 1952], which includes some nonlinear biophysical

terms in the ODE. However, due to the nonlinear terms, this active model is ex-

pensive to implement, so between the passive isopotential cell and the active model,

researchers usually use the quasi-active isopotential cell model, which is constructed

by linearizing the active model about its rest state. This quasi-active model keeps
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some important parameters that have biophysical meaning, and is able to capture the

subthreshold behavior of the active model.

However, no cell behaves as an isopotential unit, as the membrane potential varies

not only in time but also in space. In fact, most neurons are like dendritic trees with

many branches. However, the branches are quite similar to each other, and this

prompted researchers to introduce cable theory into the mathematical study of the

neurons. Rall pioneered the cable theory when he brought the rigorous mathematics

system to the neuroscience community [36, Rall 1959]. The simplest form of the cable

system without the ion channels is a linear parabolic partial differential equation

(PDE). Rall [36, Rall 1959] showed how to develop analytical solutions to this kind

of system.

However, linear models do not predict nonlinear spiking dynamics caused by the

ion channels, and the cells communicate by spiking behaviors, so it is necessary to

add the active ionic mechanisms to the linear model, which gives us the active cable

system. This nonlinear model is able to predict the great variety of responses to

stimuli distributed in time and space, and it can reproduce the active reaction caused

by suprathreshold input and propagating from the spike initiation zone (SIZ) to the

dendritic branches. However, it is almost impossible to find an analytical solution

to this nonlinear PDE system, so numerical solutions were considered, with Rall

being the first to derive compartmental modeling for numerical methods [37, Rall

1964]. Similar to the isopotential cell case, this active cable model is expensive to
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implement due to the nonlinear terms. By linearizing this active cable about its

rest state, researchers derived the quasi-active cable, which is capable of providing

information about the resonant frequency as well as reproducing the response to

subthreshold stimuli.

Among the various nonlinear active models, the FitzHugh-Nagumo system [10,

Fitzhugh 1969] is a simplified variant of the active cable, and it is the simplest, and

hence most studied, model of an excitable fiber [9, Cox 2001] [39, Roccsoreanu 2000],

so it would be a good starting point to test new models and new MOR techniques.

In addition to the FitzHugh-Nagumo system, this thesis will also include a study

of the rake model, which is a simplified morphology of the Lobula Giant Movement

Detector (LGMD) [31, Peron, Jones and Gabbiani 2009]. The LGMD is a uniquely

recognizable neuron found in the locust visual system [29, O’Shea and Williams 1974],

[12, Gabbiani, Krapp, Hatsopoulos, Mo, Koch and Laurent 2004]. It reacts most sig-

nificantly to objects coming close according to a collision track, which is also known

as “looming stimuli” [41, Schlotterer 1977], [38, Rind and Simmons 1992], [13, Gab-

biani, Krapp, Koch and Laurent 2002], [27, Matheson, Rogers and Krapp 2004], [30,

Peron and Gabbiani 2009]. Two facts about the LGMD make it a promising sub-

ject for computational tests. One is that the computation for a particular behavioral

function can be done completely in the LGMD itself. The other is that the LGMD

has relatively easy access to “dendritic recordings and optical imaging in vivo” [2,

Cash and Yuste 1999], [35, Poirazi, Brannon and Mel 2003], [22, Krapp and Gabbiani
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2005], [25, London and Häusser 2005], [26, Losonczy and Magee 2006], [32, Peron,

Krapp and Gabbiani 2007].

1.1.2 Model Reduction Techniques

Most neurons are like dendritic trees with many branches. When applying cable the-

ory to neuron models, one needs to apply it to each branch, which requires repeated

numerical solution of the parabolic PDE in the cable model. The dimension of the dis-

cretized equation generated by the classical grid-based methods can get tremendously

large in order to obtain high accuracy, and when numerically solving the parabolic

PDE in the cable model, one needs to solve the spatial approximation at each time

step. Therefore, solving the neuron model can be very expensive and sometimes even

infeasible.

MOR techniques can reduce the model complexity, the system dimension, and

the computational workload of large systems. They can build reduced order systems

with much lower dimension, which approximate the original systems quite well by

retaining the same response characteristics to a given input and can be solved in a

much shorter computational time. Reducing dimension of discretized systems is very

important in cutting down computational time not only for neuron models but also

for many other applications.

The general idea of the projection based MOR approaches is to project the origi-

nal full order systems and their solutions onto subspaces with low dimension. These
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resulting subspaces are expected to carry the main characteristics of the original solu-

tion spaces. Each subspace is uniquely associated with a set of reduced basis vectors,

which are obtained by applying discretization methods to the original systems, so

these basis vectors generally differ for different problems. This technique can get a

good approximation with only a few basis vectors because the details are included in

them.

The inspiration for deriving a reduced basis through trajectories is from an ob-

servation of the solution space. In other words, the fact that the solution space is

almost always embedded in a lower dimension space (compared to the dimension of

the discretized equation generated by the classical grid-based methods), give birth

to the primary thought of reduced-basis techniques. Early examples such as the La-

grange, Taylor, and Hermite methods come from the context of nonlinear analysis of

structures [28, Noor and Peters 1979] and simulation and control of fluid flows [33,

Peterson 1989], [16, Ito and Ravindran 1998].

A specific recent MOR approach called Proper Orthogonal Decomposition (POD)

uses “snapshots” to acquire a reduced basis [15, Holmes, Lumley and Berkooz 1998],

[4, Chatterjee 2000], [24, Liang, Lee, Lim, Lin, Lee and Wu 2002]. Snapshots are

actually discrete samples of trajectories corresponding to a specific set of inputs,

initial and boundary conditions [6, Chaturantabut 2011]. POD uses a set of snapshots

to form an orthonormal reduced basis, which is optimal in the sense of minimizing an

approximation error related to the snapshots [23, Kunisch and Volkwein 2002]. Thus
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POD is used as a starting point to build a reduced basis.

Despite the tremendous success of POD in the sense that far fewer state variables

are present than in the original discretization of the PDE system of interest, which is

often nonlinear, the cost involved with approximating nonlinear terms in the reduced

system is still proportional to the dimension of the full order system. As a result,

the actual complexity of nonlinear problems often remains the same, with only a few

exceptions such as a bi-linear structured system [5, Chaturantabut 2009]. Apparently,

a reduced-basis method that can also cut down the cost of approximating nonlinear

terms is highly needed.

With this motivation, Chaturantabut and Sorensen proposed the Discrete Em-

pirical Interpolation Method (DEIM) [7, Chaturantabut and Sorensen 2009] that

combines projection with interpolation. DEIM is a discrete variant of the Empiri-

cal Interpolation Method (EIM), which was developed by Barrault, Maday, Nguyen

and Patera [1, Barrault, Maday, Nguyen and Patera 2004], and it can successfully

cut down the cost of approximating nonlinear terms. The key idea of DEIM is to

use an interpolation based oblique projector instead of the orthogonal projector in

POD. DEIM selects interpolation indices that allow the interpolatory projector to give

almost optimal approximations to nonlinear terms [8, Chaturantabut and Sorensen

2010]. This oblique projection avoids the need to extend the reduced variables back to

the full order state when approximating nonlinear terms (as in POD), DEIM therefore

has a computational complexity only proportional to the number of reduced basis,
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while POD often fails to do this.

1.1.3 Model Reduction of Neuron Models

In the field of computational neuroscience, many techniques are developed to reduce

full-size models to much smaller systems with qualitative accuracy. In 1992, a tech-

nique called “equivalent potentials” was proposed by Kepler, Abbott, and Marder [20,

Kepler, Abbott and Marder 1992]. This technique identifies variable dependencies via

potential representation of the channel variables in order to simplify the original four-

variable Hodgkin-Huxley system into a two-variable model. In 2006, Sorensen and

DeWeerth adapted this approach to handle arbitrary numbers of kinetic variables, and

developed an algorithmic scheme to compute the reduced order model [44, Sorensen

and DeWeerth 2006]. However, this method is derived for single-compartment sys-

tems; the case of active nonuniform cables, which would be more common in realistic

neurons, has not been studied.

In 2005, Woo, Yang, Choi developed an eigenfunction expansion approach for the

simulation of a passive cable [47, Woo, Shin, Yang and Choi 2005]. This approach can

achieve higher accuracy with far fewer ordinary differential equations (ODEs) than

the compartmental technique. In 2007, Woo and Choi further applied this method

to myelinated axons [46, Woo and Choi, 2007]. As an extension of these ideas,

Shin, Yang, and Choi handled active cables via a pseudo-spectral approach [42, Shin,

Yang and Choi]. Some drawbacks of these techniques are noticeable although they
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yield higher accuracy with fewer equations. One important downside would be the

assumption of single location input patterns, and the reduced order of the system

heavily relies on the input location along the cable.

To incorporate nonlinear kinetics and morphology from an active nonuniform ca-

ble into a reduced order model, POD and DEIM would be a good choice. For the

reduction of the passive or quasi-active cable models, POD would be good enough

since those models are purely linear, but they can only predict the response to sub-

threshold current input [19, Kellems, Roos, Xiao and Cox 2009]. To reproduce the

nonlinear spiking behaviors, one has to use the active cable system, and to reduce

that nonlinear model, DEIM would be better for approximating the nonlinear terms

[18, Kellems, Chaturantabut, Sorensen and Cox 2010]. Those reduced models can

retain the spatial precision in the input stimuli and predict the potential at several

prescribed dendritic locations within the neuron.

Kellems proposed, in his Ph.D. thesis [17, Kellems 2010], combining two models

as well as two MOR techniques in a Strong-Weak model that applies each model and

technique to the part in which they have more advantages. Most neurons have an

SIZ that is highly excitable and the weakly excitable branches that behave like the

quasi-active cables, so it is reasonable to construct the Strong-Weak model in which

the highly excitable part is modeled as an active cable, which is able to reproduce the

spiking behavior caused by suprathreshold input in the SIZ as well as the propagation,

while the weakly excitable branches are modeled as the quasi-active cables, which is
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good for prediction of the response to subthreshold input. Then one can apply DEIM

to the active part that is nonlinear, and use POD on the quasi-active part that is

linear.

The Strong-Weak model can predict the spiking behavior caused by suprathresh-

old input traveling from the dendritic branches to the SIZ, but it is not able to re-

produce the phenomenon of back propagation from the SIZ to the dendritic branches

after spikes occur in the SIZ. To overcome this problem, this thesis develops a new

model called QAact, which stands for quasi-active of the active state, by linearizing

the active model about its active state, and incorporates it into the Strong-Weak

model to develop a new hybrid model that is not only hybrid in the space dimension,

but also hybrid in the time dimension.

The QAact model is a linear time-varying system. If one simply applies regular

POD to this kind of system, the reduced order coefficient matrix will have to be

calculated for every time step, which has a computational complexity proportional

to the dimension of the full order system. As a result, the actual complexity of this

kind of system will not be reduced efficiently, so more efficient MOR techniques for

linear time-varying systems are needed.

Model reduction of linear time-varying systems arose in the field of electrical

engineering with the context of electrical circuit simulation. For instance, linearizing

a nonlinear circuit system around a time-varying signal will result in a linear time-

varying system. In the early years, balanced truncation approaches for linear time-
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varying systems were proposed in [43, Shokoohi, Silverman and Van Dooren 1983]

and [45, Verriest and Kailath 1983]. They built the reduced order system by the

time-invariant balanced truncation at each time sample, but it was not clear how

to realize effective implementation of the techniques. In 1998, Phillips developed a

multipoint approximation method for model reduction of linear time-varying systems

[34, Phillips 1998]. This approach projects the full order model orthogonally into

an approximate Krylov subspace. In 2004, Sandberg and Rantzer studied balanced

truncation techniques for linear time-varying systems in discrete and continuous time

[40, Sandberg and Rantzer 2004]. In 2005, Chahlaoui and Van Dooren built reduced

order projected models of linear time-varying systems by low-rank approximations

of the Hankel map and the Gramians [3, Chahlaoui and Van Dooren 2005]. In this

thesis, I will explore some new approaches for model reduction of linear time-varying

systems by DEIM.

1.2 Thesis Organization

The second chapter of this thesis reviews the fundamental basis of POD and DEIM in

a general setting (compared to the following chapters) and discusses some approaches

to apply DEIM on diagonal linear time-varying systems. Chapter 3 develops the new

model QAact and numerically tests it and the corresponding MOR techniques on the

FitzHugh-Nagumo system. Chapter 4 reviews the details of the active nonuniform

cable, and derives the QArest and QAact models and the corresponding reduced order
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models on this nonlinear active cable. Chapter 5 incorporates the QAact model into

the Strong-Weak model to develop new hybrid models with QAact and QAact/QArest,

and conducts numerical experiments designed to test the hybrid models and the

corresponding MOR techniques on the active nonuniform cable and a simplified mor-

phology of the Lobula Giant Movement Detector (LGMD) called the rake model.



Chapter 2

Model Reduction Methods

Model order reduction (MOR) techniques can reduce the model complexity, the sys-

tem dimension, and the computational workload of large systems. They can build

reduced order systems with much lower dimension which approximate the original

systems quite well by retaining the same response characteristics to a given input and

can be solved in a much shorter computational time. Among the MOR techniques,

a specific approach called Proper Orthogonal Decomposition (POD) has been quite

successful. In this thesis, it is used as a starting point to construct a reduced order

system.

Despite the tremendous success of POD in the sense that often far fewer state

variables are present than in the original discretized PDE system of interest, which is

often nonlinear, the cost involved with approximating nonlinear terms in the reduced

system is still proportional to the dimension of the full order system. To conquer this

13
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problem, Chaturantabut and Sorensen proposed the Discrete Empirical Interpolation

Method (DEIM) [7, Chaturantabut and Sorensen 2009]. DEIM can successfully cut

down the cost of approximating nonlinear terms by avoiding the need to extend the

reduced variables back to the full order state when evaluating nonlinear functions (as

in POD). In fact, DEIM has a computational complexity only proportional to the

order of the reduced system.

In this chapter, the first and second sections review the fundamental basis of POD

and DEIM in a general setting (compared to the following chapters) respectively. The

last section discusses some approaches to apply DEIM on diagonal linear time-varying

systems.

2.1 Proper Orthogonal Decomposition

This section reviews the fundamentals of POD in the setting of a system of nonlinear

ODEs arising from the discretization of a scalar PDE in one spatial variable with a

nonlinear function evaluated componentwise. In detail,

d

dt
y(t) = Ay(t) + f(y(t)) (2.1)

with initial condition y(0) = y0 ∈ R
n. Here, y(t) = [y1(t), y2(t), . . . , yn(t)]T ∈ R

n

is a vector of state variables, A ∈ R
n×n is a constant matrix from finite difference

(FD) discretization of the spatial differential operator in the PDE (e.g. tridiagonal

second difference matrix), and f(y(t)) = [f1(y1(t)), f2(y2(t)), . . . , fn(yn(t))]T ∈ R
n is
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a nonlinear vector function evaluated componentwise.

The general idea of the projection based MOR techniques is to project the original

full order systems (2.1) and their solutions y(t) onto subspaces with low dimension.

The subspace is associated with a set of reduced basis vectors, which are obtained

through trajectories of the solution space. Obtaining a reduced basis through the

trajectories is one very important means to derive a projection based MOR approach.

POD uses a set of snapshots, which are discrete samples of the trajectories of the

solution space, to form an orthonormal reduced basis.

In this context, assuming Y = [y(t1),y(t2), . . . ,y(tnt)] ∈ R
n×nt is a set of snap-

shots of the solution space, the first step of the POD process is to acquire a reduced

basis from the snapshots from the SVD of Y:

Y = VSW∗.

Here, Range{V} = Range{Y}, S = diag([σ1, σ2, . . . , σr]) with σ1 ≥ σ2 ≥ · · · ≥ σk ≥

εσ1 ≥ σk+1 ≥ · · · ≥ σr > 0, where ε is a small positive number with respect to the

error tolerance, k � n and r = rank(Y). This SVD can be truncated to order k as

Y ≈ Yk = VkSkW
∗
k, (2.2)

where Vk ∈ R
n×k(k � n), Sk = diag([σ1, σ2, . . . , σk]) with σ1 ≥ σ2 ≥ · · · ≥ σk ≥

εσ1 > 0. Then ‖Y − Yk‖ < ε‖Y‖. This condition is often met with very low values

of k, especially for diffusion dominated flows.

POD uses the columns of Vk ∈ R
n×k in (2.2) as the vectors in the orthonormal

reduced basis, and constructs a reduced system of order k that approximates the
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full order system (2.1) of order n from the subspace spanned by the columns of

Vk ∈ R
n×k(k � n).

From now on, I will denote Vk by V for abbreviation. By using Vŷ(t) (ŷ(t) ∈ R
k)

to approximate y(t) ∈ R
n in (2.1), one can project the full order system (2.1) onto the

subspace spanned by the columns of V ∈ R
n×k to obtain the reduced order system

of the form

d

dt
ŷ(t) = VTAVŷ(t) + VT f(Vŷ(t)). (2.3)

Here, Â = VTAV ∈ R
k×k can be precomputed since A is a constant matrix, but

the nonlinear term VT f(Vŷ(t)) has to be computed for every time step, which has

a computational complexity of order n, because it requires extending the reduced

variable ŷ(t) ∈ R
k back to the full order state Vŷ(t) ∈ R

n to evaluate the nonlinear

function f . As a result, the actual complexity of the POD reduced nonlinear system

(2.3) is proportional to the dimension of the full order system (2.1).

2.2 Discrete Empirical Interpolation Method

To overcome the complexity issue of the POD reduced nonlinear system (2.3),

Chaturantabut and Sorensen proposed the Discrete Empirical Interpolation Method

(DEIM) [7, Chaturantabut and Sorensen 2009] that combines projection with inter-

polation. The key idea of DEIM is to use an interpolation based oblique projector

for the nonlinear term instead of the orthogonal projector in POD. This oblique pro-

jection avoids the need to extend the reduced variable back to the full order state
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when evaluating the nonlinear function (as in POD). Thus, it has a computational

complexity only proportional to the order of the reduced system.

Similar to the development in the last section, assuming F =

[f(y(t1)), f(y(t2)), . . . , f(y(tnt))] ∈ R
n×nt is a set of snapshots of the nonlinear

term in (2.1), the first step of the DEIM process is to acquire an interpolation based

projector from the snapshots from the SVD of F:

F = USW∗.

Here, Range{U} = Range{F}, S = diag([σ1, σ2, . . . , σr]) with σ1 ≥ σ2 ≥ · · · ≥ σm ≥

εσ1 ≥ σm+1 ≥ · · · ≥ σr > 0, where ε is a small positive number with respect to the

error tolerance, m � n and r = rank(F). This SVD can be truncated to order m as

F ≈ UmSmW∗
m, (2.4)

where Um ∈ R
n×m(m � n), Sm = diag([σ1, σ2, . . . , σm]) with σ1 ≥ σ2 ≥ · · · ≥ σm ≥

εσ1 > 0. Again, this condition is often met with very low values of m, especially for

diffusion dominated flows.

DEIM uses the columns {u1,u2, . . . ,um} of Um ∈ R
n×m in (2.4) to select m

interpolation indices p = [p1, p2, . . . , pm] that tend to make PTU ∈ R
m×m as well-

conditioned as possible, where P = [ep1 ep2 . . . epm ] ∈ R
n×m. This technique is

described in detail in the following Algorithm 2.1.

(From now on, I will denote Um by U for abbreviation.)
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Algorithm 2.1

function [p] = DEIM ([u1,u2, . . . ,um])
Input: [u1,u2, . . . ,um] ∈ R

n×m with linearly independent columns.
Output: p ∈ R

m whose components are the interpolation indices.

1. p(1) ← i max(|u1|);
(i max selects the index of the component with the largest magnitude.)
U ← [u1];

2. for j = 2 to m
(a) Solve U(p(1 : j − 1) , : )c = uj(p(1 : j − 1)) for c;

(b) r ← uj − Uc;

(c) p(j) ← i max(|r|);
(d) U ← [U uj].

Remark 1. Set Pj = [ep1 ep2 . . . epj
] ∈ R

n×j. Then the matrix U(p(1 : j − 1), : )

and the vector uj(p(1 : j − 1)) at step 2(a) of Algorithm 2.1 can be written in the

form of PT
j−1Uj−1 ∈ R

(j−1)×(j−1) and PT
j−1uj ∈ R

j−1. Thus

PT
j−1Uj−1c = PT

j−1uj

holds for that step, i.e. Uj−1c interpolates uj at the elements indexed by {p1, p2, . . . ,

pj−1}. Hence step 2(b) implies

PT
j−1r = PT

j−1uj − PT
j−1Uj−1c = 0.

Then one can see that the selection of the index pj ← i max(|r|) at step 2(c) is in

the sense of choosing pj such that PT
j Uj is as well-conditioned as possible when it

is built based on PT
j−1Uj−1. Therefore, DEIM selects m interpolation indices p =

[p1, p2, . . . , pm] that tend to make PTU as well-conditioned as possible.
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Remark 2. It will be shown in the proof of Claim 2.1 below that at step 2(c)

of Algorithm 2.1, there must be some component of r that is not zero, and the

interpolation indices pj’s are distinct. Claim 2.1 also guarantees that the matrix

PT
j−1Uj−1 at step 2(a) is invertible for every iteration, where (PT

j−1Uj−1)c = PT
j−1uj

must be solved for c . Thus, this algorithm is well defined. Furthermore, for a modest

m, solving for c at step 2(a) is not very costly.

Claim 2.1 For every iteration at step 2(a) of Algorithm 2.1, the matrix

PT
j−1Uj−1 is invertible.

Proof: The proof is obtained by induction on i = 1, 2, . . . , m.

For i = 1, the uj’s are linearly independent, which implies u1 �= 0, so the maximum

component of |u1| satisfies PT
1 U1 = u1(p1) �= 0, and hence PT

1 U1 is invertible.

Assume PT
i Ui is invertible for some integer i ∈ {1, 2, . . . , m − 1}.

For i + 1,

PT
i Uic = PT

i ui+1 (2.5)

and r = ui+1 − Uic holds by Algorithm 2.1, so PT
i r = 0. Since ui+1 is linearly

independent from {u1,u2, . . . ,ui}, r = ui+1 − Uic �= 0 holds. Hence the maximum

component of |r| is always nonzero, i.e. eT
pi+1

r = r(pi+1) �= 0. Thus

eT
pi+1

ui+1 − eT
pi+1

Uic �= 0. (2.6)

Since PT
i r = 0 but eT

pi+1
r �= 0, the index pi+1 is not in the set {p1, p2, . . . , pi}.

The next step is to show PT
i+1Ui+1 is invertible. Since Pi+1 = [Pi epi+1

] and
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Ui+1 = [Ui ui+1],

PT
i+1Ui+1 =

⎡
⎢⎢⎣

PT
i

eT
pi+1

⎤
⎥⎥⎦

[
Ui ui+1

]

=

⎡
⎢⎢⎣

PT
i Ui PT

i ui+1

eT
pi+1

Ui eT
pi+1

ui+1

⎤
⎥⎥⎦ .

Assume PT
i+1Ui+1z = 0 with z ∈ R

i+1. To prove that PT
i+1Ui+1 is invertible, one needs

to show z = 0. Write z = [xT y]T with x ∈ R
i and y ∈ R. Then PT

i+1Ui+1z = 0

becomes ⎡
⎢⎢⎣

PT
i Ui PT

i ui+1

eT
pi+1

Ui eT
pi+1

ui+1

⎤
⎥⎥⎦

⎡
⎢⎢⎣

x

y

⎤
⎥⎥⎦ = 0,

i.e.

PT
i Uix + PT

i ui+1y = 0 (2.7)

eT
pi+1

Uix + eT
pi+1

ui+1y = 0. (2.8)

Substitute (2.5) into (2.7) to obtain

PT
i Ui(x + cy) = 0.

PT
i Ui is invertible by the assumption on i, so x + cy = 0, i.e.

x = −cy. (2.9)

Substitute (2.9) into (2.8) to obtain

(eT
pi+1

ui+1 − eT
pi+1

Uic)y = 0. (2.10)
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Then (2.6)+(2.10) implies y = 0, so x = −cy = 0. It follows that z = 0, which

implies PT
i+1Ui+1 is invertible. �

DEIM uses f ≈ U(PTU)−1PT f to approximate the nonlinear term in (2.1).

U(PTU)−1PT f interpolates f at the elements indexed by {p1, p2, . . . , pm}, since

PT f = PTU(PTU)−1PT f . This approximation forms the DEIM reduced order sys-

tem of (2.1),

d

dt
ŷ(t) = VTAVŷ(t) + VTU(PTU)−1PT f(Vŷ(t)). (2.11)

Since f(y(t)) = [f1(y1(t)), f2(y2(t)), . . . , fn(yn(t))]T ∈ R
n is a nonlinear vector func-

tion evaluated componentwise, (2.11) can be written in the form

d

dt
ŷ(t) = VTAVŷ(t) + VTU(PTU)−1f((PTV)ŷ(t)). (2.12)

Here, Â = VTAV ∈ R
k×k and VTU(PTU)−1 ∈ R

k×m can be precomputed since

they do not depend on time, (PTV)ŷ(t) is just a multiplication between m rows of V

(PTV ∈ R
m×k) and ŷ(t) ∈ R

k, and f needs to be evaluated only at the entries indexed

by {p1, p2, . . . , pm}. Thus, the DEIM reduced system (2.12) has a computational

complexity only proportional to the order of the reduced system (k � n or m � n).
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2.3 DEIM on Diagonal Linear Time-Varying Sys-

tem

This section discusses two approaches for applying DEIM on diagonal linear time-

varying systems in a setting similar to (2.1),

d

dt
y(t) = Ay(t) + D(t)y(t) (2.13)

with initial condition y(0) = y0 ∈ R
n. Everything in (2.13) is the same as (2.1) except

the last term. Instead of the nonlinear componentwise-evaluation function f(y(t)) in

(2.1), (2.13) has a diagonal linear operator D(t) ∈ R
n×n that depends on time, but

D(t)y(t) can be viewed as a function evaluated componentwise.

Applying regular POD to (2.13) results in the reduced order system

d

dt
ŷ(t) = VTAVŷ(t) + VTD(t)Vŷ(t). (2.14)

Here, Â = VTAV ∈ R
k×k can be precomputed since A is a constant matrix, but the

last term VTD(t)Vŷ(t) has to be computed for every time step because D(t) ∈ R
n×n

depends on time, and this computation has a complexity of order n. Thus, the actual

complexity of the POD reduced system (2.14) is proportional to the dimension of the

full order system (2.13).
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2.3.1 DEIM on Time-Varying Term

Since D(t)y(t) can be viewed as a function evaluated componentwise, one can apply

DEIM to the last term in (2.14) to obtain the reduced order system

d

dt
ŷ(t) = VTAVŷ(t) + VTU(PTU)−1PTD(t)Vŷ(t). (2.15)

Since D(t) is a diagonal matrix, in MATLAB notation,

PTD(t)V = D(p, :)(t)V(:, :) = D(p,p)(t)V(p, :) � Dp(t)(PTV),

so (2.15) can be written as

d

dt
ŷ(t) = VTAVŷ(t) + VTU(PTU)−1Dp(t)(PTV)ŷ(t). (2.16)

Here, Â = VTAV ∈ R
k×k and VTU(PTU)−1 ∈ R

k×m can be precomputed since

they do not depend on time, Dp(t) = D(p,p)(t) ∈ R
m×m is a diagonal matrix whose

diagonal is a selection of m entries of the diagonal of D(t), and (PTV)ŷ(t) is just a

multiplication between m rows of V (PTV ∈ R
m×k) and ŷ(t) ∈ R

k. Thus, the DEIM

reduced system (2.16) has a computational complexity only proportional to the order

of the reduced system (k � n or m � n).

2.3.2 DEIM on the Diagonal Part

The construction of the reduced order system (2.16) in section 2.3.1 applies DEIM to

D(t)y(t) ∈ R
n. This section introduces a new way to build the reduced order system

by applying DEIM to d(t) ∈ R
n, where d(t) is the diagonal of D(t) ∈ R

n×n, i.e.

D(t) = diag(d(t)).



24

Assuming F = [d(t1),d(t2), . . . ,d(tnt)] ∈ R
n×nt is a set of snapshots of d(t), one

can apply the DEIM process to F and d(t) to approximate d(t) by

d(t) ≈ U(PTU)−1PTd(t). (2.17)

Then the last term in (2.14) can be written as

VTD(t)Vŷ(t) = VT diag(d(t))Vŷ(t)

=
k∑

j=1

ŷj(t)(V
T diag(d(t))vj)

=
k∑

j=1

ŷj(t)(V
T diag(vj)d(t))

≈
k∑

j=1

ŷj(t)(V
T diag(vj)U(PTU)−1)PTd(t),

(2.18)

where V = [v1,v2, . . . ,vk] ∈ R
n×k, ŷ(t) = [ŷ1(t), ŷ2(t), . . . , ŷk(t)]

T ∈ R
k, and the

last line follows from (2.17). If denoting VT diag(vj)U(PTU)−1 by Ndj ∈ R
k×m

(j = 1, 2, . . . , k), then each Ndj can be precomputed independently prior to any time

step. If one defines Nr(t) ∈ R
k×k whose columns are

nrj(t) = NdjP
Td(t) = (VT diag(vj)U(PTU)−1)PTd(t) j = 1, 2, . . . , k, (2.19)

then (2.18)+(2.19) implies

VTD(t)Vŷ(t) ≈
k∑

j=1

ŷj(t)nrj(t) = Nr(t)ŷ(t),

which forms the reduced system of (2.1),

d

dt
ŷ(t) = VTAVŷ(t) + Nr(t)ŷ(t).
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Here, Â = VTAV ∈ R
k×k can be precomputed since it does not depend on time, and

for each time step, Nr(t) can be calculated through its columns

nrj(t) = NdjP
Td(t) j = 1, 2, . . . , k,

which has a computational complexity only proportional to the dimension of the

reduced order system, since Ndj ∈ R
k×m (j = 1, 2, . . . , k) can be precomputed and

PTd(t) ∈ R
m is just a selection of m entries of d(t) ∈ R

n.



Chapter 3

FitzHugh-Nagumo Systems

This chapter develops a new model called QAact, which stands for quasi-active of the

active state, by linearizing the active model about its active state. The purpose of

the development of this model is to incorporate it into the hybrid model in chapter

5, in order to capture the back propagation from the spike initiation zone (SIZ) to

the dendritic branches after the spikes occur in the SIZ.

The FitzHugh-Nagumo system [10, Fitzhugh 1969] is a simplified variant of the

active cable, and it is the simplest, and hence most studied, model of an excitable

fiber [9, Cox and Ji 2001], [39, Rocşoreanu, Georgescu and Giurgiţeanu 2000], so it

would be a good starting point to test the QAact model and the MOR techniques on

this system.

In this chapter, the first section develops the QAact model of the FitzHugh-Nagumo

system. The second section applies some of the MOR techniques discussed in chapter

26
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2 to the discretized QAact model. The last section presents the results of numeri-

cal experiments designed to test the QAact model and the MOR techniques on the

FitzHugh-Nagumo system.

3.1 QAact Model

3.1.1 Problem Formulation

This section develops the QAact model of a modified FitzHugh-Nagumo system for a

cable of length L in a setting as below:

εvt(x, t) = ε2vxx(x, t) + ϕ(x)f(v(x, t)) − w(x, t) + Istim(x, t)/area (3.1)

wt(x, t) = bv(x, t) − γw(x, t) (3.2)

with initial and boundary conditions

v(x, 0) = 0 w(x, 0) = 0 0 ≤ x ≤ L (3.3)

vx(0, t) = −i0(t) vx(L, t) = 0 t ≥ 0, (3.4)

where v is the voltage, w is the gating variable, ϕ(x)f(v(x, t)) is the nonlinear term

with

ϕ(x) =
√

L − x (3.5)

f(v) = v(v − α)(1 − v), (3.6)
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i0(t) is the suprathreshold stimulus in the original FitzHugh-Nagumo system, which

is applied to one end of the cable and has the form

i0(t) = 5 × 104 · t3 · e−15t, (3.7)

Istim(x, t) is the additional stimulus to boost the wave propagation and has the form

Istim(x, t) = 1.5 × 10−6 · δ(x − 0.6L) · 1[1,2](t), (3.8)

area is the membrane surface area and the parameters are given by

L = 1 ε = 0.015 b = 0.5

γ = 2 α = 0.1.

3.1.2 Development of the QAact Model

Assuming the solution to the FitzHugh-Nagumo system without the additional stim-

ulus (Istim(x, t) = 0), i.e.

εvat(x, t) = ε2vaxx(x, t) + ϕ(x)f(va(x, t)) − wa(x, t) (3.9)

wat(x, t) = bva(x, t) − γwa(x, t) (3.10)

with the same initial and boundary conditions as (3.3) and (3.4), is given by va(x, t)

and wa(x, t), which is the active state of the system, the QAact model is obtained by

linearizing the nonlinear active model (3.1) and (3.2) about this state.

With respect to the system with the additional stimulus Istim(x, t), assuming δ is

small and the additional stimulus can be written as Istim(x, t) = δÎ(x, t), in response



29

to the perturbation of Istim(x, t) the voltage and gating variables are assumed to be

v(x, t) = va(x, t) + δv̂(x, t) + O(δ2) (3.11)

w(x, t) = wa(x, t) + δŵ(x, t) + O(δ2) (3.12)

and to solve for the unknown quasi-active variables v̂(x, t) and ŵ(x, t).

By (3.11) and developing f(v) in Taylor series about va, f(v) can be written as

f(v) = f(va + δv̂ + O(δ2))

= f(va) + δf ′(va)v̂ + O(δ2).

(3.13)

On substituting (3.11), (3.12) and (3.13), (3.1) can be written as

ε(vat + δv̂t) = ε2(vaxx + δv̂xx)+ϕ(x)(f(va)+ δf ′(va)v̂)− (wa + δŵ)+ δÎ/area+O(δ2).

Canceling the terms involved in (3.9) delivers

εδv̂t = ε2δv̂xx + ϕ(x)δf ′(va)v̂ − δŵ + δÎ/area + O(δ2).

Identifying terms of order δ yields

εv̂t(x, t) = ε2v̂xx(x, t) + ϕ(x)f ′(va(x, t))v̂(x, t) − ŵ(x, t) + Î(x, t)/area. (3.14)

Similarly, on substituting (3.11), (3.12) and (3.13), (3.2) can be written as

wat + δŵt = b(va + δv̂) − γ(wa + δŵ) + O(δ2).

Canceling the terms involved in (3.10) and identifying terms of order δ yields

ŵt(x, t) = bv̂(x, t) − γŵ(x, t). (3.15)
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(3.14)+(3.15) forms the linear PDE system for the quasi-active variables v̂(x, t) and

ŵ(x, t) with initial and boundary conditions

v̂(x, 0) = 0 ŵ(x, 0) = 0 0 ≤ x ≤ L

v̂x(0, t) = 0 v̂x(L, t) = 0 t ≥ 0.

3.1.3 Finite Difference Discretized System

Applying finite difference (FD) discretization to the spatial variable x in (3.14) and

(3.15) delivers a system of linear ODEs

ε
d

dt
v(t) = ε2Kxxv(t) + Dna(t)v(t) − w(t) + I(t)

d

dt
w(t) = bv(t) − γw(t)

(3.16)

with initial condition v(0) = 0 and w(0) = 0. Here,

v(t) = [v1(t), v2(t), . . . , vn(t)]T ∈ R
n and w(t) = [w1(t), w2(t), . . . , wn(t)]T ∈ R

n

are the vectors of state variables,

Kxx ∈ R
n×n

is a constant tridiagonal second difference matrix from FD discretization of the term

v̂xx(x, t) in (3.14),

Dna(t) = diag(na(t)) ∈ R
n×n

is a diagonal matrix with diagonal

na(t) = [na1(t), na2(t), . . . , nan(t)]T ∈ R
n where naj(t) = ϕ(xj)f

′(va(xj, t)),
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and

I(t) = [I1(t), I2(t), . . . , In(t)]T ∈ R
n with Ij(t) = Î(xj, t)/area (j = 1, 2, . . . , n)

is the discretized stimulus.

The equations in (3.16) can be written together as

d

dt

⎡
⎢⎢⎣

v(t)

w(t)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

εKxx −1
ε
In

bIn −γIn

⎤
⎥⎥⎦

⎡
⎢⎢⎣

v(t)

w(t)

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

1
ε
Dna(t) 0

0 0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

v(t)

w(t)

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

1
ε
I(t)

0

⎤
⎥⎥⎦ ,

where In ∈ R
n×n is the identity matrix.

By defining

y(t) =

⎡
⎢⎢⎣

v(t)

w(t)

⎤
⎥⎥⎦ A =

⎡
⎢⎢⎣

εKxx −1
ε
In

bIn −γIn

⎤
⎥⎥⎦ (3.17)

f(t) =

⎡
⎢⎢⎣

1
ε
I(t)

0

⎤
⎥⎥⎦ D(t) =

⎡
⎢⎢⎣

1
ε
Dna(t) 0

0 0

⎤
⎥⎥⎦ (3.18)

the system can be written as

d

dt
y(t) = Ay(t) + D(t)y(t) + f(t) (3.19)

with initial condition y(0) = 0, where A ∈ R
2n×2n is a constant matrix while D(t) ∈

R
2n×2n depends on time.
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3.2 Model Reduction

This section applies some of the MOR techniques discussed in chapter 2 (e.g. POD,

DEIM on diagonal system) to the discretized QAact model (3.19) of the modified

FitzHugh-Nagumo system (3.1) – (3.4).

3.2.1 POD Reduced QAact Model

Assuming Y1 = [v(t1),v(t2), . . . ,v(tnt)] ∈ R
n×nt is a set of snapshots of v(t), and

Y2 = [w(t1),w(t2), . . . ,w(tnt)] ∈ R
n×nt is a set of snapshots of w(t), applying the

truncated SVD to Y1 and Y2 as in the POD process yields

Y1 ≈ V1S1W
∗
1,

where V1 ∈ R
n×k(k � n) is the POD reduced basis for v(t), and

Y2 ≈ V2S2W
∗
2,

where V2 ∈ R
n×k(k � n) is the POD reduced basis for w(t).

Then defining

V =

⎡
⎢⎢⎣

V1 0

0 V2

⎤
⎥⎥⎦ ∈ R

2n×2k

delivers a reduced basis for

y(t) =

⎡
⎢⎢⎣

v(t)

w(t)

⎤
⎥⎥⎦ ∈ R

2n,
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so the POD reduced system of (3.19) can be written as

d

dt
ŷ(t) = VTAVŷ(t) + VTD(t)Vŷ(t) + VT f(t). (3.20)

As discussed in section 2.3, Â = VTAV ∈ R
2k×2k can be precomputed, since A is

a constant matrix, but the term VTD(t)Vŷ(t) has to be computed for every time

step because D(t) ∈ R
2n×2n depends on time, and this computation has a complex-

ity of order n. Thus, the actual complexity of the POD reduced system (3.20) is

proportional to the dimension of the full order system (3.19).

3.2.2 Reduction by DEIM on Diagonal Part

Assuming Na = [na(t1),na(t2), . . . ,na(tnt)] ∈ R
n×nt is a set of snapshots of na(t),

applying the truncated SVD to Na as in the DEIM process yields

Na ≈ USW∗, (3.21)

where U ∈ R
n×m (m � n) is the DEIM basis.

Applying the index selection process of DEIM to U delivers a set of indices

p = [p1, . . . , pm] ∈ R
m

or

P = [ep1 , . . . , epm ] ∈ R
n×m.

By DEIM, the vector na(t) ∈ R
n can be approximated by

na(t) ≈ U(PTU)−1PTna(t). (3.22)
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Then the part for v(t) (refer to (3.17) and (3.18)) in the second last term in (3.20)

can be written as

1

ε
VT

1 Dna(t)V1v̂(t) =
1

ε
VT

1 diag(na(t))V1v̂(t)

=
1

ε

k∑
j=1

v̂j(t)(V
T
1 diag(na(t))vj)

=
1

ε

k∑
j=1

v̂j(t)(V
T
1 diag(vj)na(t))

≈ 1

ε

k∑
j=1

v̂j(t)(V
T
1 diag(vj)U(PTU)−1)PTna(t),

(3.23)

where V1 = [v1,v2, . . . ,vk] ∈ R
n×k, v̂(t) = [v̂1(t), v̂2(t), . . . , v̂k(t)]

T ∈ R
k, and the

last line follows from (3.22). If denoting VT
1 diag(vj)U(PTU)−1 by Ndj ∈ R

k×m

(j = 1, 2, . . . , k), then each Ndj can be precomputed independently prior to any time

step. If one defines Nr(t) ∈ R
k×k whose columns are

nrj(t) = NdjP
Tna(t) = (VT

1 diag(vj)U(PTU)−1)PTna(t) j = 1, 2, . . . , k, (3.24)

then (3.23)+(3.24) implies

1

ε
VT

1 Dna(t)V1v̂(t) ≈ 1

ε

k∑
j=1

v̂j(t)nrj(t) =
1

ε
Nr(t)v̂(t),

which forms the reduced system of (3.19),

d

dt
ŷ(t) = VTAVŷ(t) + N(t)ŷ(t) + VT f(t). (3.25)

Here,

Â = VTAV ∈ R
2k×2k
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can be precomputed since it does not depend on time,

N(t) =

⎡
⎢⎢⎣

1
ε
Nr(t) 0

0 0

⎤
⎥⎥⎦ ∈ R

2k×2k

and for each time step Nr(t) can be calculated through its columns,

nrj(t) = NdjP
Tna(t) j = 1, 2, . . . , k,

which has a computational complexity only proportional to the dimension of the

reduced order system, since Ndj ∈ R
k×m (j = 1, 2, . . . , k) can be precomputed and

PTna(t) ∈ R
m is just a selection of m entries of na(t) ∈ R

n, and

f(t) =

⎡
⎢⎢⎣

1
ε
I(t)

0

⎤
⎥⎥⎦

is from Istim, so it has only a few nonzeros in practice, which is much less than n,

thus the calculation of VT f(t) also has a computational complexity proportional to

the dimension of the reduced system.

3.3 Numerical Results

This section presents the results of numerical experiments designed to test the full

order QAact model (3.19) as well as the reduced order systems (3.20) and (3.25) on

the modified FitzHugh-Nagumo system (3.1) – (3.4). These results are compared to

those of the original active model.

It is necessary to mention that the implementations of the reduced order models

(3.20) and (3.25) require snapshots, which needs to solve the full order system for
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a single time. This one-time computation is known as “offline computation”. Once

the reduced model is established using the snapshots, solving the reduced system is

known as “online computation”. In practice, one usually needs to solve the same

model many times with different inputs. This task can be done by the reduced model

with only one time offline computation. Therefore, only the running time of the online

computation of the reduced model is compared to the computational time of solving

the full order system.

The experiments in this section are based on Δx = 0.001, which results in n =

1000 compartments for the full order system, t ∈ [0, 5] with Δt = 0.01, which results

in 500 time steps, the cable radius rad = 1 × 10−4, and the membrane surface area

area = 2π · rad · Δx. The reduced order sizes are set to k = 30 for the POD basis

and m = 30 for the DEIM basis.

All of the tests in this section are conducted in MATLAB 7.0.4.365 (R14) Service

Pack 2 in Windows XP Professional Service Pack 3 on a laptop with two 2.80 GHz

processors and 4.00 GBytes of RAM. Running time is recorded in seconds using the

“tic/toc” commands.

Figure 3.1 shows the active state va(x, t) of the FitzHugh-Nagumo system (3.9)

– (3.10) without the additional stimulus (i.e. Istim(x, t) = 0). In this graph, the

suprathreshold stimulus i0(t) given by (3.7) is applied to one end of the cable (x = 0),

and generates a spike. Then the spike propagates to the weakly excitable part, and

attenuates when it gets close to the other end of the cable (x = 1) due to the effect
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Figure 3.1: Active state of the FitzHugh-Nagumo system (3.9) – (3.10) without Istim(x, t).

of ϕ(x) in (3.5).

Figure 3.2 shows the solution of the fully active model on the modified FitzHugh-

Nagumo system (3.1) – (3.4) with the additional stimulus Istim(x, t) given by (3.8)

that boosts the wave propagation. In this graph, the suprathreshold stimulus at one

end of the cable, the spike, and the wave propagation are the same as the ones in

Figure 3.1. The only difference is the end of the propagation, where the additional

stimulus boosts the attenuating wave.

Figure 3.3 shows the solution of the full order QAact model (3.19). In this graph,

the suprathreshold stimulus at one end of the cable generates a spike, and the spike

propagates to the weakly excitable part, like the one in Figure 3.2. The shape of the

boost by the additional stimulus at the end of the propagation is a little different
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Figure 3.2: Fully active FitzHugh-Nagumo system (3.1) – (3.4) with Istim(x, t) given by (3.8).
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Figure 3.3: Full order QAact model (3.19).
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from the one in Figure 3.2, but the QAact model (3.19) in this graph is still a good

approximation of the original model in Figure 3.2.
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Figure 3.4: POD reduced order QAact model (3.20).

Figure 3.4 shows the solution of the POD reduced system (3.20). It reduces the

dimension of the full order system (3.19) from 1000 to 30. One can see that there

is some perturbation after the spike propagation in the graph, but the POD reduced

system (3.20) in this graph is still a good approximation of the full order system in

Figure 3.3.

Figure 3.5 shows the solution of the DEIM-POD reduced system (3.25). It also

reduces the dimension of the full order system (3.19) from 1000 to 30. One can see

that there is some perturbation after the spike propagation in the graph, but the

DEIM-POD reduced system (3.25) in this graph is also a good approximation of the
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Figure 3.5: DEIM-POD reduced order QAact model (3.25).

full order system in Figure 3.3.

Table 3.1: Performance comparison of different models on the FitzHugh-Nagumo system.

Model Original F-N Full order QAact QAact (POD) QAact (DEIM)

System (3.1) – (3.4) (3.19) (3.20) (3.25)

Dimension 1000 1000 30 30

Time (sec) 10.0509 4.0649 2.8303 0.5274

Table 3.1 compares the performance of different models by running time. The full

order linear QAact model (3.19) is faster than the nonlinear fully active model (3.1) –

(3.4). The reduced system (3.20) achieves only a 1.44 time speedup over the original

(3.19) due to the evaluation of the time-varying diagonal term, and the reduced
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system (3.25) achieves a 7.71 time speedup over the original (3.19). If compared to

the fully active model (3.1) – (3.4), the reduced system (3.25) achieves an almost 20

time speedup.

Numerical results show that the QAact model and the corresponding model reduc-

tion method work well for the FitzHugh-Nagumo system, the simplified variant of the

active cable. In next chapter, I will derive the QAact model on the active nonuniform

cable, and apply appropriate model reduction approaches.



Chapter 4

Active Nonuniform Cable

The active nonuniform cable has nonuniform ion channel distributions. These active

ionic mechanisms allow the cable to generate the nonlinear spiking dynamics caused

by suprathreshold input traveling from the weakly excitable part to the spike initiation

zone (SIZ), and produce the back propagation from the SIZ to the weakly excitable

part after spikes.

In this chapter, the first section reviews the details of the active nonuniform cable.

The second and third sections derive the QArest and QAact models respectively on

this nonlinear active cable, and apply appropriate MOR techniques to each of them.

4.1 Formulation and Discretized System

This section reviews the details of the active nonuniform cable in a setting of the

fully active model for an excitable nonuniform fiber of length L [11, Gabbiani and

42
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Cox 2010],

Cmvt = Gavxx − ḡNam
3h(v − vNa) − ḡKn4(v − vK) − gCl(v − vCl) +

Istim

area

mt = αm(v)(1 − m) − βm(v)m

ht = αh(v)(1 − h) − βh(v)h

nt = αn(v)(1 − n) − βn(v)n

(4.1)

with initial conditions

v(x, 0) = vr(x) m(x, 0) = m∞(vr(x))

h(x, 0) = h∞(vr(x)) n(x, 0) = n∞(vr(x))

0 ≤ x ≤ L (4.2)

and boundary conditions

vx(0, t) = 0 vx(L, t) = 0 t ≥ 0. (4.3)

Here v(x, t) is the voltage, and m(x, t), h(x, t), n(x, t) are the gating variables. The

sodium and potassium channel distributions ḡNa(x) and ḡK(x) are given by

ḡNa(x) = 44 + 1.75 × 1011 · x3 · e−750x

ḡK(x) = 40 − 6.25 × 109 · x3 · e−750x + 5 × 106 · x4

(4.4)

as shown in Figure 4.1 and Figure 4.2 respectively, which let the cable have a spike

initiation zone (SIZ) around x = 0 ∼ 0.01.

Istim(x, t) consists of two stimuli Istim1(x, t) and Istim2(x, t) given by

Istim1(x, t) = 2 × 10−4 · δ(x − 0.4L) · 1[1,2](t)

Istim2(x, t) = 4 × 10−4 · δ(x − 0.9L) · 1[8,9](t).

(4.5)
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Figure 4.1: Sodium channel distribution ḡNa(x) given in (4.4).
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Figure 4.2: Potassium channel distribution ḡK(x) given in (4.4).
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Istim1(x, t) is the stimulus that generates the spike, and Istim2(x, t) is the additional

stimulus to boost the wave propagation. αm(v), βm(v), αh(v), βh(v), αn(v), βn(v),

m∞(v), h∞(v), n∞(v) are all given functions. They were formulated by Hodgkin and

Huxley [14, Hodgkin and Huxley 1952] as below:

αm(v) =
0.1(51 + v)

1 − exp(−(51 + v)/10)
βm(v) = 4 exp(−(v + 71)/18)

αh(v) = 0.07 exp(−(v + 71)/20) βh(v) =
1

exp(−(41 + v)/10) + 1

αn(v) =
0.01(61 + v)

1 − exp(−(61 − v)/10)
βn(v) = exp(−(v + 71)/80)/8

and

τm(v) =
1

αm(v) + βm(v)
m∞(v) = αm(v)τm(v)

τh(v) =
1

αh(v) + βh(v)
h∞(v) = αh(v)τh(v)

τn(v) =
1

αn(v) + βn(v)
n∞(v) = αn(v)τn(v).

(4.6)

area is the membrane surface area and Ga is the axial conductance. The parameters

are given by

L = 0.1 Cm = 1 gCl = 1/15

vNa = 56 vK = −77 vCl = −68.

vr(x) is the associated nonuniform rest potential that can be obtained by solving

Gav
′′
r (x) =ḡNa(x)m3

∞(vr(x))h∞(vr(x))(vr(x) − vNa)

+ ḡK(x)n4
∞(vr(x))(vr(x) − vK) + gCl(vr(x) − vCl),

(4.7)

where all the functions and parameters are the same as the ones in (4.1) – (4.3).
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Applying finite difference (FD) discretization to the spatial variable x in (4.1)

delivers a system of nonlinear ODEs

d

dt
v(t) =

Ga

Cm

Kxxv(t) + Dv(m(t),h(t),n(t))v(t) + fv(m(t),h(t),n(t)) + I(t)

d

dt
m(t) = −Dm(v(t))m(t) + αm(v(t))

d

dt
h(t) = −Dh(v(t))h(t) + αh(v(t))

d

dt
n(t) = −Dn(v(t))n(t) + αn(v(t))

(4.8)

with initial conditions

v(0) = vr m(0) = m∞(vr) h(0) = h∞(vr) n(0) = n∞(vr).

Here,

v(t) = [v1(t), v2(t), . . . , vn(t)]T ∈ R
n m(t) = [m1(t),m2(t), . . . , mn(t)]T ∈ R

n

h(t) = [h1(t), h2(t), . . . , hn(t)]T ∈ R
n n(t) = [n1(t), n2(t), . . . , nn(t)]T ∈ R

n

are the vectors of state variables.

Kxx ∈ R
n×n

is a constant tridiagonal second difference matrix from FD discretization of the term

vxx(x, t) in (4.1),

Dv(m(t),h(t),n(t)) = diag(dv(m(t),h(t),n(t))) ∈ R
n×n

is a diagonal matrix with diagonal

dv(m(t),h(t),n(t)) = [dv1(m1(t), h1(t), n1(t)), . . . , dvn(mn(t), hn(t), nn(t))]T ∈ R
n,
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where dvj(mj(t), hj(t), nj(t)) = −(1/Cm)ḡNa(xj)m
3
j(t)hj(t) + ḡK(xj)n

4
j(t) + gCl (j =

1, 2, . . . , n), and

fv(m(t),h(t),n(t)) = [fv1(m1(t), h1(t), n1(t)), . . . , fvn(mn(t), hn(t), nn(t))]T ∈ R
n

with fvj(mj(t), hj(t), nj(t)) = (1/Cm)ḡNa(xj)m
3
j(t)hj(t)vNa + ḡK(xj)n

4
j(t)vK + gClvCl

(j = 1, 2, . . . , n).

Dm(v(t)) = diag(dm(v(t))) ∈ R
n×n

is a diagonal matrix with diagonal dm(v(t)) = αm(v(t)) + βm(v(t)) ∈ R
n,

Dh(v(t)) = diag(dh(v(t))) ∈ R
n×n

is a diagonal matrix with diagonal dh(v(t)) = αh(v(t)) + βh(v(t)) ∈ R
n,

Dn(v(t)) = diag(dn(v(t))) ∈ R
n×n

is a diagonal matrix with diagonal dn(v(t)) = αn(v(t)) + βn(v(t)) ∈ R
n,

I(t) = [I1(t), I2(t), . . . , In(t)]T ∈ R
n with Ij(t) =

Istim(xj, t)

Cm · area
(j = 1, 2, . . . , n)

is the discretized stimulus, and

vr = [vr1, vr2, . . . , vrn]T ∈ R
n with vrj = vr(xj) (j = 1, 2, . . . , n)

is the discretized rest potential.

4.2 QArest Model

The first part of this section derives the QArest model of the active nonuniform cable

(4.1) by linearizing it about the rest state – QArest stands for quasi-active of the rest
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state. The second part applies POD without DEIM to the discretized QArest model,

since it is a linear time-invariant system.

4.2.1 Formulation and Discretized System

With respect to the nonlinear active model (4.1) – (4.3), assuming ε is small and the

stimulus is Istim(x, t) = εĨ(x, t) [21, Koch 2004], in response to the perturbation of

Istim(x, t) the voltage and gating variables are assumed to be

v(x, t) = vr(x) + εṽ(x, t) + O(ε2)

m(x, t) = m̄(x) + εm̃(x, t) + O(ε2)

h(x, t) = h̄(x) + εh̃(x, t) + O(ε2)

n(x, t) = n̄(x) + εñ(x, t) + O(ε2),

(4.9)

where m̄(x) = m∞(vr(x)), h̄(x) = h∞(vr(x)), n̄(x) = n∞(vr(x)), and to solve for the

unknown quasi-active variables ṽ(x, t), m̃(x, t), h̃(x, t) and ñ(x, t).

On substituting (4.9) into the cable system (4.1), developing Taylor series, can-

celing the vr(x), m∞(vr(x)), h∞(vr(x)) and n∞(vr(x)) terms involved in (4.7), and

identifying terms of order ε, through some calculation process similar to (3.13) –

(3.15), the following linear PDE system for the quasi-active variables ṽ(x, t), m̃(x, t),
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h̃(x, t) and ñ(x, t) can be derived:

Cmṽt =Gaṽxx − (ḡNam̄
3h̄ + ḡK n̄4 + gCl) · ṽ − 3ḡNam̄

2h̄(vr − vNa) · m̃

− ḡNam̄
3(vr − vNa) · h̃ − 4ḡK n̄3(vr − vK) · ñ + Ĩ/area

m̃t =
m′

∞(vr)

τm(vr)
· ṽ − 1

τm(vr)
· m̃

h̃t =
h′
∞(vr)

τh(vr)
· ṽ − 1

τh(vr)
· h̃

ñt =
n′
∞(vr)

τn(vr)
· ṽ − 1

τn(vr)
· ñ

(4.10)

with initial conditions

ṽ(x, 0) = 0 m̃(x, 0) = 0

h̃(x, 0) = 0 ñ(x, 0) = 0

0 ≤ x ≤ L

and boundary conditions

ṽx(0, t) = 0 ṽx(L, t) = 0 t ≥ 0,

where τm(v), τh(v), τn(v), m∞(v), h∞(v), n∞(v) are the same as (4.6).

Applying FD discretization to the spatial variable x in (4.10) delivers a system of

linear ODEs

d

dt
m̃(t) = D̃11m̃(t) + D̃14ṽ(t)

d

dt
h̃(t) = D̃22h̃(t) + D̃24ṽ(t)

d

dt
ñ(t) = D̃33ñ(t) + D̃34ṽ(t)

d

dt
ṽ(t) = D̃41m̃(t) + D̃42h̃(t) + D̃43ñ(t) + (

Ga

Cm

Kxx + D̃44)ṽ(t) + Ĩ(t)

(4.11)

with initial conditions

m̃(0) = 0 h̃(0) = 0 ñ(0) = 0 ṽ(0) = 0.
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Here,

m̃(t) = [m̃1(t), m̃2(t), . . . , m̃n(t)]T ∈ R
n h̃(t) = [h̃1(t), h̃2(t), . . . , h̃n(t)]T ∈ R

n

ñ(t) = [ñ1(t), ñ2(t), . . . , ñn(t)]T ∈ R
n ṽ(t) = [ṽ1(t), ṽ2(t), . . . , ṽn(t)]T ∈ R

n

are the vectors of state variables;

Kxx ∈ R
n×n

is a constant tridiagonal second difference matrix from FD discretization of the term

ṽxx(x, t) in (4.10);

D̃11 = diag(d̃11) ∈ R
n×n

is a diagonal matrix with diagonal

d̃11 = [d̃
(1)
11 , d̃

(2)
11 , . . . , d̃

(n)
11 ]T ∈ R

n

where d̃
(j)
11 = −1/τm(vr(xj)) (j = 1, 2, . . . , n);

D̃14 = diag(d̃14) ∈ R
n×n

is a diagonal matrix with diagonal

d̃14 = [d̃
(1)
14 , d̃

(2)
14 , . . . , d̃

(n)
14 ]T ∈ R

n

where d̃
(j)
14 = m′

∞(vr(xj))/τm(vr(xj)) (j = 1, 2, . . . , n);

D̃22 = diag(d̃22) ∈ R
n×n

is a diagonal matrix with diagonal

d̃22 = [d̃
(1)
22 , d̃

(2)
22 , . . . , d̃

(n)
22 ]T ∈ R

n
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where d̃
(j)
22 = −1/τh(vr(xj)) (j = 1, 2, . . . , n);

D̃24 = diag(d̃24) ∈ R
n×n

is a diagonal matrix with diagonal

d̃24 = [d̃
(1)
24 , d̃

(2)
24 , . . . , d̃

(n)
24 ]T ∈ R

n

where d̃
(j)
24 = h′

∞(vr(xj))/τh(vr(xj)) (j = 1, 2, . . . , n);

D̃33 = diag(d̃33) ∈ R
n×n

is a diagonal matrix with diagonal

d̃33 = [d̃
(1)
33 , d̃

(2)
33 , . . . , d̃

(n)
33 ]T ∈ R

n

where d̃
(j)
33 = −1/τn(vr(xj)) (j = 1, 2, . . . , n);

D̃34 = diag(d̃34) ∈ R
n×n

is a diagonal matrix with diagonal

d̃34 = [d̃
(1)
34 , d̃

(2)
34 , . . . , d̃

(n)
34 ]T ∈ R

n

where d̃
(j)
34 = n′

∞(vr(xj))/τn(vr(xj)) (j = 1, 2, . . . , n);

D̃41 = diag(d̃41) ∈ R
n×n

is a diagonal matrix with diagonal

d̃41 = [d̃
(1)
41 , d̃

(2)
41 , . . . , d̃

(n)
41 ]T ∈ R

n



52

where d̃
(j)
41 = −(3/Cm)ḡNa(xj)m̄

2(xj)h̄(xj)(vr(xj) − vNa) (j = 1, 2, . . . , n);

D̃42 = diag(d̃42) ∈ R
n×n

is a diagonal matrix with diagonal

d̃42 = [d̃
(1)
42 , d̃

(2)
42 , . . . , d̃

(n)
42 ]T ∈ R

n

where d̃
(j)
42 = −(1/Cm)ḡNa(xj)m̄

3(xj)(vr(xj) − vNa) (j = 1, 2, . . . , n);

D̃43 = diag(d̃43) ∈ R
n×n

is a diagonal matrix with diagonal

d̃43 = [d̃
(1)
43 , d̃

(2)
43 , . . . , d̃

(n)
43 ]T ∈ R

n

where d̃
(j)
43 = −(4/Cm)ḡK(xj)n̄

3(xj)(vr(xj) − vK) (j = 1, 2, . . . , n);

D̃44 = diag(d̃44) ∈ R
n×n

is a diagonal matrix with diagonal

d̃44 = [d̃
(1)
44 , d̃

(2)
44 , . . . , d̃

(n)
44 ]T ∈ R

n

where d̃
(j)
44 = −(1/Cm)(ḡNa(xj)m̄

3(xj)h̄(xj) + ḡK(xj)n̄
4(xj) + gCl) (j = 1, 2, . . . , n);

and

Ĩ(t) = [Ĩ1(t), Ĩ2(t), . . . , Ĩn(t)]T ∈ R
n with Ĩj(t) =

Ĩ(xj, t)

Cm · area
(j = 1, 2, . . . , n)

is the discretized stimulus.
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The equations in (4.11) can be written together as

d

dt

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m̃(t)

h̃(t)

ñ(t)

ṽ(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

D̃11 0 0 D̃14

0 D̃22 0 D̃24

0 0 D̃33 D̃34

D̃41 D̃42 D̃43
Ga

Cm
Kxx + D̃44

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m̃(t)

h̃(t)

ñ(t)

ṽ(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

Ĩ(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

By defining

ỹ(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m̃(t)

h̃(t)

ñ(t)

ṽ(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Ã =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 Ga

Cm
Kxx

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

f̃(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

Ĩ(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

D̃ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

D̃11 0 0 D̃14

0 D̃22 0 D̃24

0 0 D̃33 D̃34

D̃41 D̃42 D̃43 D̃44

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

the system can be written as

d

dt
ỹ(t) = Ãỹ(t) + D̃ỹ(t) + f̃(t) (4.12)

with initial condition ỹ(0) = 0, where Ã ∈ R
4n×4n and D̃ ∈ R

4n×4n are both constant

matrices.
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4.2.2 POD Reduced Order Model

Since the discretized QArest model (4.12) is a linear time-invariant system, POD

without DEIM would be good enough for the reduction of the system.

Assuming

Ỹ1 = [m̃(t1), m̃(t2), . . . , m̃(tnt)] ∈ R
n×nt Ỹ2 = [h̃(t1), h̃(t2), . . . , h̃(tnt)] ∈ R

n×nt

Ỹ3 = [ñ(t1), ñ(t2), . . . , ñ(tnt)] ∈ R
n×nt Ỹ4 = [ṽ(t1), ṽ(t2), . . . , ṽ(tnt)] ∈ R

n×nt

are snapshots of m̃(t), h̃(t), ñ(t), ṽ(t) respectively, applying the truncated SVD to

Ỹ1, Ỹ2, Ỹ3 and Ỹ4 as in the POD process yields

Ỹ1 ≈ Ṽ1S̃1W̃
∗
1 Ỹ2 ≈ Ṽ2S̃2W̃

∗
2

Ỹ3 ≈ Ṽ3S̃3W̃
∗
3 Ỹ4 ≈ Ṽ4S̃4W̃

∗
4,

where Ṽ1 ∈ R
n×k(k � n) is the POD reduced basis for m̃(t), Ṽ2 ∈ R

n×k is the POD

reduced basis for h̃(t), Ṽ3 ∈ R
n×k is the POD reduced basis for ñ(t), and Ṽ4 ∈ R

n×k

is the POD reduced basis for ṽ(t).

Then defining

Ṽ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ṽ1 0 0 0

0 Ṽ2 0 0

0 0 Ṽ3 0

0 0 0 Ṽ4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R

4n×4k
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delivers a reduced basis for

ỹ(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m̃(t)

h̃(t)

ñ(t)

ṽ(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R

4n,

so the POD reduced system of (4.12) can be written as

d

dt
ỹr(t) = ṼT ÃṼỹr(t) + ṼT D̃Ṽỹr(t) + ṼT f̃(t). (4.13)

The computational complexity of this POD reduced system is proportional to the

dimension of the reduced system. This is because Ãr = ṼT ÃṼ ∈ R
4k×4k and D̃r =

ṼT D̃Ṽ ∈ R
4k×4k can be precomputed since Ã and D̃ are both constant matrices,

and

f̃(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

Ĩ(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

is from Istim, which means it has only a few nonzeros in practice (far fewer than n),

thus the calculation of ṼT f̃(t) also has a computational complexity proportional to

the dimension of the reduced system.
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4.3 QAact Model

The first part of this section derives the QAact model of the active nonuniform cable

(4.1) by linearizing it about the active state. The second part applies POD-DEIM

to the discretized QAact model as in section 2.3.1, since it is a linear time-varying

system.

4.3.1 Formulation and Discretized System

Assuming the solution to the fully active model (4.1) – (4.3) without the second

stimulus (i.e. Istim2(x, t) = 0) is given by va(x, t), ma(x, t), ha(x, t) and na(x, t), which

is the active state of the system, the QAact model will be obtained by linearizing the

nonlinear active model about this state.

With respect to the system with both stimuli, assuming δ is small and the second

stimulus can be written as Istim2(x, t) = δÎ(x, t), in response to the perturbation of

Istim2(x, t) the voltage and gating variables are assumed to be

v(x, t) = va(x, t) + δv̂(x, t) + O(δ2)

m(x, t) = ma(x, t) + δm̂(x, t) + O(δ2)

h(x, t) = ha(x, t) + δĥ(x, t) + O(δ2)

n(x, t) = na(x, t) + δn̂(x, t) + O(δ2)

(4.14)

and to solve for the unknown quasi-active variables v̂(x, t), m̂(x, t), ĥ(x, t) and n̂(x, t).

On substituting (4.14) into the cable system (4.1), developing Taylor series, cancel-

ing the va(x, t), ma(x, t), ha(x, t) and na(x, t) terms involved in (4.1) with Istim2(x, t) =
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0, and identifying terms of order δ, through some calculations similar to (3.13) –

(3.15), the following linear PDE system for the quasi-active variables v̂(x, t), m̂(x, t),

ĥ(x, t) and n̂(x, t) can be derived:

Cmv̂t =Gav̂xx − (ḡNam
3
aha + ḡKn4

a + gCl) · v̂ − 3ḡNam
2
aha(va − vNa) · m̂

− ḡNam
3
a(va − vNa) · ĥ − 4ḡKn3

a(va − vK) · n̂ + Î/area

m̂t =
m′

∞(va) − τ ′
m(va)∂tma

τm(va)
· v̂ − 1

τm(va)
· m̂

ĥt =
h′
∞(va) − τ ′

h(va)∂tha

τh(va)
· v̂ − 1

τh(va)
· ĥ

n̂t =
n′
∞(va) − τ ′

n(va)∂tna

τn(va)
· v̂ − 1

τn(va)
· n̂

(4.15)

with initial conditions

v̂(x, 0) = 0 m̂(x, 0) = 0

ĥ(x, 0) = 0 n̂(x, 0) = 0

0 ≤ x ≤ L

and boundary conditions

v̂x(0, t) = 0 v̂x(L, t) = 0 t ≥ 0,

where τm(v), τh(v), τn(v), m∞(v), h∞(v), n∞(v) are the same as (4.6).

Applying FD discretization to the spatial variable x in (4.15) delivers a system of

linear ODEs

d

dt
m̂(t) = D̂11(t)m̂(t) + D̂14(t)v̂(t)

d

dt
ĥ(t) = D̂22(t)ĥ(t) + D̂24(t)v̂(t) (4.16)

d

dt
n̂(t) = D̂33(t)n̂(t) + D̂34(t)v̂(t)

d

dt
v̂(t) = D̂41(t)m̂(t) + D̂42(t)ĥ(t) + D̂43(t)n̂(t) + (

Ga

Cm

Kxx + D̂44(t))v̂(t) + Î(t)
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with initial conditions

m̂(0) = 0 ĥ(0) = 0 n̂(0) = 0 v̂(0) = 0.

Here,

m̂(t) = [m̂1(t), m̂2(t), . . . , m̂n(t)]T ∈ R
n ĥ(t) = [ĥ1(t), ĥ2(t), . . . , ĥn(t)]T ∈ R

n

n̂(t) = [n̂1(t), n̂2(t), . . . , n̂n(t)]T ∈ R
n v̂(t) = [v̂1(t), v̂2(t), . . . , v̂n(t)]T ∈ R

n

are the vectors of state variables. Kxx, D̂11(t), D̂22(t), D̂33(t), D̂41(t), D̂42(t), D̂43(t),

D̂44(t), Î(t) are of the same forms as the corresponding ones in (4.11); one just needs

to change vr(xj), m̄(xj), h̄(xj), n̄(xj), Ĩ(xj, t) in the expressions to va(xj, t), ma(xj, t),

ha(xj, t), na(xj, t), Î(xj, t) respectively. D̂14(t), D̂24(t), D̂34(t) are of the forms similar

to D̃14, D̃24, D̃34 in (4.11), but one needs to change the diagonal terms of D̃14, D̃24,

D̃34 from

d̃
(j)
14 = m′

∞(vr(xj))/τm(vr(xj))

d̃
(j)
24 = h′

∞(vr(xj))/τh(vr(xj))

d̃
(j)
34 = n′

∞(vr(xj))/τn(vr(xj))

to

d̂
(j)
14 (t) = (m′

∞(va(xj, t)) − τ ′
m(va(xj, t))∂tma(xj, t))/τm(va(xj, t))

d̂
(j)
24 (t) = (h′

∞(va(xj, t)) − τ ′
h(va(xj, t))∂tha(xj, t))/τh(va(xj, t))

d̂
(j)
34 (t) = (n′

∞(va(xj, t)) − τ ′
n(va(xj, t))∂tna(xj, t))/τn(va(xj, t))

respectively.
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The equations in (4.16) can be written together as

d

dt

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m̂(t)

ĥ(t)

n̂(t)

v̂(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

D̂11(t) 0 0 D̂14(t)

0 D̂22(t) 0 D̂24(t)

0 0 D̂33(t) D̂34(t)

D̂41(t) D̂42(t) D̂43(t)
Ga

Cm
Kxx + D̂44(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m̂(t)

ĥ(t)

n̂(t)

v̂(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

Î(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

By defining

ŷ(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m̂(t)

ĥ(t)

n̂(t)

v̂(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Â =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 Ga

Cm
Kxx

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.17)

f̂(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

Î(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

D̂(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

D̂11(t) 0 0 D̂14(t)

0 D̂22(t) 0 D̂24(t)

0 0 D̂33(t) D̂34(t)

D̂41(t) D̂42(t) D̂43(t) D̂44(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.18)

the system can be written as

d

dt
ŷ(t) = Âŷ(t) + D̂(t)ŷ(t) + f̂(t) (4.19)

with initial condition ŷ(0) = 0, where Â ∈ R
4n×4n is a constant matrix and D̂(t) ∈

R
4n×4n depends on time.
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4.3.2 POD-DEIM Reduced Order Model

Since the discretized QAact model (4.19) is a linear time-varying system, one needs

to do POD-DEIM as in section 2.3.1 for the reduction of the system.

Assuming

Ŷ1 = [m̂(t1), m̂(t2), . . . , m̂(tnt)] ∈ R
n×nt Ŷ2 = [ĥ(t1), ĥ(t2), . . . , ĥ(tnt)] ∈ R

n×nt

Ŷ3 = [n̂(t1), n̂(t2), . . . , n̂(tnt)] ∈ R
n×nt Ŷ4 = [v̂(t1), v̂(t2), . . . , v̂(tnt)] ∈ R

n×nt

are snapshots of m̂(t), ĥ(t), n̂(t), v̂(t) respectively, applying the truncated SVD to

Ŷ1, Ŷ2, Ŷ3 and Ŷ4 as in the POD process yields

Ŷ1 ≈ V̂1Ŝ1Ŵ
∗
1 Ŷ2 ≈ V̂2Ŝ2Ŵ

∗
2

Ŷ3 ≈ V̂3Ŝ3Ŵ
∗
3 Ŷ4 ≈ V̂4Ŝ4Ŵ

∗
4,

where V̂1 ∈ R
n×k(k � n) is the POD reduced basis for m̂(t), V̂2 ∈ R

n×k is the POD

reduced basis for ĥ(t), V̂3 ∈ R
n×k is the POD reduced basis for n̂(t), and V̂4 ∈ R

n×k

is the POD reduced basis for v̂(t).

Then defining

V̂ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

V̂1 0 0 0

0 V̂2 0 0

0 0 V̂3 0

0 0 0 V̂4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R

4n×4k



61

delivers a reduced basis for

ŷ(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m̂(t)

ĥ(t)

n̂(t)

v̂(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R

4n,

so the POD reduced system of (4.12) can be written as

d

dt
ŷr(t) = V̂T ÂV̂ŷr(t) + V̂T D̂(t)V̂ŷr(t) + V̂T f̂(t). (4.20)

Here, Âr = V̂T ÂV̂ ∈ R
4k×4k can be precomputed since Â is a constant matrix,

but D̂r(t) = V̂T D̂(t)V̂ ∈ R
4k×4k has to be computed for every time step because

D̂(t) ∈ R
4n×4n depends on time, and this computation has a complexity of order n.

Thus, the actual complexity of the POD reduced system (4.20) is proportional to the

dimension of the full order system. That is why one needs to do POD-DEIM to the

discretized QAact model (4.19).

Similar to the process in section 2.3.1, one can apply DEIM to the term D̂(t)ŷ(t)

in (4.19) to obtain the reduced order system

d

dt
ŷr(t) = V̂T ÂV̂ŷr(t) + V̂T Û(P̂T

1 Û)−1P̂T
1 D̂(t)V̂ŷr(t) + V̂T f̂(t). (4.21)

Since D̂(t) is an arrowhead matrix with diagonal blocks,

P̂T
1 D̂(t)V̂ = D̂(p̂1, :)(t)V̂(:, :) = D̂(p̂1, p̂2)(t)V̂(p̂2, :) � D̂p̂(t)(P̂T

2 V̂), (4.22)

where p̂2 is another selection of indices from the index selection p̂1 by DEIM. Assum-

ing p̂1 ∈ R
m1 and p̂2 ∈ R

m2 , then m2 ≤ 4m1 by the structure of D̂(t) in (4.18). By
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(4.22), (4.21) can be written as

d

dt
ŷr(t) = V̂T ÂV̂ŷr(t) + V̂T Û(P̂T

1 Û)−1D̂p̂(t)(P̂T
2 V̂)ŷr(t) + V̂T f̂(t). (4.23)

Here, Âr = V̂T ÂV̂ ∈ R
4k×4k and V̂T Û(P̂T

1 Û)−1 ∈ R
4k×m1 can be precomputed since

they do not depend on time, D̂p̂(t) = D̂(p̂1, p̂2)(t) ∈ R
m1×m2 is an arrowhead matrix

whose entries are a selection of at most 4m1 entries of D̂(t) by the structure of D̂(t)

in (4.18), (P̂T
2 V̂)ŷr(t) is just a multiplication between m2 rows of V̂ (P̂T

2 V̂ ∈ R
m2×k)

and ŷr(t) ∈ R
k, and

f̂(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

Î(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

is from Istim, which means it has only a few nonzeros in practice (many fewer than

n), thus the calculation of V̂T f̂(t) also has a computational complexity proportional

to the dimension of the reduced system.

In this chapter, I derived the QArest and QAact models on the active nonuniform

cable, and explored appropriate model reduction approaches for each of them. In next

chapter, I will use these models to construct a hybrid model on the active nonuniform

cable, and implement the model reduction techniques to reduce the order of the hybrid

model.



Chapter 5

Hybrid Model

Most neurons have only one spike initiation zone (SIZ) that is highly excitable and

several branches that are weakly excitable. Motivated by this and the fact that the

model reduction on the nonlinear fully active model is not quite efficient, Kellems

proposed a Strong-Weak model [17, Kellems 2010] in which the highly excitable part

including the SIZ is modeled as a nonlinear fully active cable, while the weakly ex-

citable branches are modeled as linear QArest cables. The linear branches can easily

achieve much greater reduction than the nonlinear SIZ, which results in the greater re-

duction on the Strong-Weak model than on the fully active model. This Strong-Weak

model can predict the spiking behavior caused by suprathreshold input traveling from

the dendritic branches to the SIZ, but it is not able to reproduce the phenomenon

of back propagation from the SIZ to the dendritic branches after spikes occur in the

SIZ.

63
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To overcome this problem, this chapter incorporates the QAact model into the

Strong-Weak model, and develops a new hybrid model that is not only hybrid in the

space dimension, but also hybrid in time. In this chapter, the first section discusses

how to construct this new hybrid model. The second section applies various MOR

techniques discussed in previous chapters to the parts of the hybrid model in which

they are most advantageous. The last section presents the results of the numerical

experiments designed to test the hybrid model and the MOR techniques on the ac-

tive nonuniform cable and a simplified morphology of the Lobula Giant Movement

Detector (LGMD) called the rake model.

5.1 Model Construction

This section reviews Kellems’ Strong-Weak model [17, Kellems 2010], and then in-

corporates the QAact model to develop a new hybrid model that is not only hybrid

in the space dimension, but also hybrid in time.

5.1.1 Hybrid Model with QArest

Based on the ion channel distributions, Kellems’ Strong-Weak model identifies a tran-

sition point xT , which is the interface between the strong part including the SIZ (from

x = 0 to x = xT ) and the weak part (from x = xT to x = L).

To be consistent with the original active cable, the potential at the interface needs
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to be continuous, which implies

vw(xT , t) = vs(xT , t), (5.1)

where vw(x, t) and vs(x, t) are the voltage of the weak part and the voltage of the

strong part respectively.

In order to allow the input current traveling from the dendritic branches to the

SIZ, the current at the interface also needs to be continuous, which implies

∂xvw(xT , t) = ∂xvs(xT , t), (5.2)

where vw(x, t) and vs(x, t) are the same as the ones in (5.1).

Since (5.1) and (5.2) require vw(x, t) and vs(x, t) to be solved together, applying

finite difference (FD) discretization to the spatial variable x in the Strong-Weak model

results in a system of ODEs that combines the discretized QArest system (4.12) of

size 4Nw and the first equation of v(t) in the discretized fully active system (4.8) of

size Ns.

If one uses the staggered Euler scheme [11, Gabbiani and Cox 2010] to solve the

discretized fully active system (4.8), the first equation of v(t) can be solved separately

from other three equations of m(t), h(t) and n(t), so it can be viewed as

d

dt
v(t) =

Ga

Cm

Kxxv(t) + Dv(t)v(t) + fv(t) + I(t). (5.3)

To be consistent with the weak part, the discretized QArest system (4.12), (5.3) needs

the change of variable v̄(t) = v(t) − vr, which yields

d

dt
v̄(t) =

Ga

Cm

K̄xxv̄(t) + D̄(t)v̄(t) + f̄(t) + Ī(t), (5.4)
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where K̄xx ∈ R
Ns×Ns is a constant tridiagonal second difference matrix and D̄(t) ∈

R
Ns×Ns is a diagonal matrix that depends on time.

The equation for the weak part from the discretized QArest model (4.12) is of the

form

d

dt
ỹ(t) = Ãỹ(t) + D̃ỹ(t) + f̃(t), (5.5)

where ỹ(t) = [m̃(t)T , h̃(t)T , ñ(t)T , ṽ(t)T ]T ∈ R
4Nw , and Ã ∈ R

4Nw×4Nw and D̃ ∈

R
4Nw×4Nw are both constant matrices.

To be consistent with Hines numbering, the Strong-Weak cable needs to be ordered

from x = L to x = 0, which yields ṽ(t) = [ṽ1(t), ṽ2(t), . . . , ṽNw(t)]T ∈ R
Nw and

v̄(t) = [v̄1(t), v̄2(t), . . . , v̄Ns(t)]
T ∈ R

Ns with ṽ1(t) corresponding to x = L, ṽNw(t)

corresponding to x = xT + Δx, v̄1(t) corresponding to x = xT − Δx, and v̄Ns(t)

corresponding to x = 0.

By denoting the relative voltage with respect to rest at the transition point

vw(xT , t) − vr(xT ) = vs(xT , t) − vr(xT ) by vT (t), (5.2) implies

ṽNw(t) − vT (t)

Δx
=

vT (t) − v̄1(t)

Δx
,

which yields

vT (t) =
ṽNw(t) + v̄1(t)

2
,
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so by FD discretization

∂xxṽNw(t) ≈ ṽNw−1(t) − 2ṽNw(t) + vT (t)

(Δx)2

=
ṽNw−1(t) − 2ṽNw(t) + (ṽNw(t) + v̄1(t))/2

(Δx)2

=
ṽNw−1(t) − 3ṽNw(t)/2 + v̄1(t)/2

(Δx)2

(5.6)

and

∂xxv̄1(t) ≈ vT (t) − 2v̄1(t) + v̄2(t)

(Δx)2

=
(ṽNw(t) + v̄1(t))/2 − 2v̄1(t) + v̄2(t)

(Δx)2

=
ṽNw(t)/2 − 3v̄1(t)/2 + v̄2(t)

(Δx)2
.

(5.7)

Then the combination of (5.5) and (5.4) forms the Strong-Weak model,

d

dt
y(t) = Ay(t) + Dy(t) + f(t) + I(t), (5.8)

where

y(t) =

⎡
⎢⎢⎣

ṽ(t)

v̄(t)

⎤
⎥⎥⎦ A =

⎡
⎢⎢⎣

Ã Z12

Z21
Ga

Cm
K̄xx

⎤
⎥⎥⎦ D(t) =

⎡
⎢⎢⎣

D̃ 0

0 D̄(t)

⎤
⎥⎥⎦

f(t) =

⎡
⎢⎢⎣

0

f̄(t)

⎤
⎥⎥⎦ I(t) =

⎡
⎢⎢⎣

f̃(t)

Ī(t)

⎤
⎥⎥⎦ .

By (5.6) and (5.7), Ã ∈ R
4Nw×4Nw and K̄xx ∈ R

Ns×Ns are adjusted to have

Ã(4Nw, 4Nw) = −3Ga/2Cm and K̄xx(1, 1) = −3/2, and Z12 and Z21 both have

only one nonzero entry Z12(4Nw, 1) = 1/2 and Z21(1, 4Nw) = 1/2.

This Strong-Weak model (5.8) can predict the spiking behavior caused by

suprathreshold input traveling from the weak part to the SIZ, but it is not able
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to reproduce the phenomenon of back propagation from the SIZ to the weak part

after spikes occur in the SIZ, which can be seen on Figure 5.4 in section 5.3.1.

5.1.2 Hybrid Model with QAact

As seen in Figure 5.4 in section 5.3.1, the main problem regarding back propagation

in the Strong-Weak model is that the propagation attenuates too fast once it travels

into the weak part.

To conquer this problem, one can use the QAact model instead of the QArest

model during the propagation period to “paste” the correct shape of the wave from

the active state, and to predict the response to the additional stimulus that boosts

the wave propagation. This is reasonable because the speed and amplitude of the

spike propagations caused by different stimuli are always the same.

Figure 5.1 shows the structure of the new hybrid model that is not only hybrid in

the space dimension, which means it is divided into strong and weak parts, but also

hybrid in the time dimension, which means it is divided into inside-propagation and

outside-propagation periods.

To construct the new hybrid model, one needs to know when and where to paste

the wave and to use the QAact model, which requires a “spike detector”. The first

part of the detector is to monitor the voltage of the SIZ. If the voltage goes to a level

higher than an empirical threshold criterion, then it will start using the QAact model

for the weak part since a spike is coming. The second part is to compare the peak
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Figure 5.1: Structure of hybrid model with QArest and QAact.
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time of the spike generated in the strong part with the one in the active state to know

where to paste the wave.

The discretized system of the new hybrid model for the outside-propagation period

is the same as (5.8). For the inside-propagation period, the discretized system can be

constructed in a setting similar to the one in section 5.1.1. However, since the wave is

pasted, there is no need to allow current traveling through the interface between the

strong and weak parts during the inside-propagation period. Hence instead of (5.2),

pasting wave needs

vT (t) = va(xT , ta),

where va(x, t) is the same as the one in (4.15), and ta depends on t but is adjusted

by the spike detector. Then by FD discretization

∂xxv̂Nw(t) ≈ v̂Nw−1(t) − 2v̂Nw(t) + (vT (t) − va(xT , ta))

(Δx)2

=
v̂Nw−1(t) − 2v̂Nw(t) + (va(xT , ta) − va(xT , ta))

(Δx)2

=
v̂Nw−1(t) − 2v̂Nw(t)

(Δx)2

(5.9)

and

∂xxv̄1(t) ≈ (vT (t) − vr(xT )) − 2v̄1(t) + v̄2(t)

(Δx)2

=
(va(xT , ta) − vr(xT )) − 2v̄1(t) + v̄2(t)

(Δx)2

=
−2v̄1(t) + v̄2(t)

(Δx)2
+

va(xT , ta) − vr(xT )

(Δx)2
.

(5.10)

For the inside-propagation period, the equation for the weak part from the discretized
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QAact model (4.19) is of the form

d

dt
ŷ(t) = Âŷ(t) + D̂(t)ŷ(t) + f̂(t), (5.11)

where ŷ(t) = [m̂(t)T , ĥ(t)T , n̂(t)T , v̂(t)T ]T ∈ R
4Nw , Â ∈ R

4Nw×4Nw is a constant

matrix, and D̂(t) ∈ R
4Nw×4Nw is an arrowhead matrix given in (4.18) that depends

on time. Then the combination of (5.11) and (5.4) forms the discretized system for

the inside-propagation period,

d

dt
y(t) = Ay(t) + D(t)y(t) + f(t) + I(t), (5.12)

where

y(t) =

⎡
⎢⎢⎣

v̂(t)

v̄(t)

⎤
⎥⎥⎦ A =

⎡
⎢⎢⎣

Â 0

0 Ga

Cm
K̄xx

⎤
⎥⎥⎦ D(t) =

⎡
⎢⎢⎣

D̂(t) 0

0 D̄(t)

⎤
⎥⎥⎦

f(t) =

⎡
⎢⎢⎣

0

f̄(t)

⎤
⎥⎥⎦ I(t) =

⎡
⎢⎢⎣

f̂(t)

Ī(t)

⎤
⎥⎥⎦ .

(5.13)

By (5.9) and (5.10), Â ∈ R
4Nw×4Nw and K̄xx ∈ R

Ns×Ns are adjusted to have

Â(4Nw, 4Nw) = −2Ga/Cm and K̄xx(1, 1) = −2, and Ī(t) is adjusted to have the

first entry include the term (va(xT , ta) − vr(xT ))/(Δx)2 in (5.10).

5.1.3 Hybrid Model with QAact/QArest

The additional stimulus that boosts the wave propagation behaves like subthreshold

input, so it seems reasonable to use the QArest model to predict the response to the
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additional stimulus, but still detect the spike and paste the wave as the one in section

5.1.2 for the inside-propagation period.

In detail, changing D̂(t) to D̃ in (5.11) results in a new equation for the weak part

for the inside-propagation period,

d

dt
ŷ(t) = Âŷ(t) + D̃ŷ(t) + f̂(t), (5.14)

where ŷ(t) = [m̂(t)T , ĥ(t)T , n̂(t)T , v̂(t)T ]T ∈ R
4Nw , Â ∈ R

4Nw×4Nw and D̃ ∈ R
4Nw×4Nw

are both constant matrices. Then the combination of (5.14) and (5.4) forms a new

discretized system for the inside-propagation period,

d

dt
y(t) = Ay(t) + D(t)y(t) + f(t) + I(t), (5.15)

where

y(t) =

⎡
⎢⎢⎣

v̂(t)

v̄(t)

⎤
⎥⎥⎦ A =

⎡
⎢⎢⎣

Â 0

0 Ga

Cm
K̄xx

⎤
⎥⎥⎦ D(t) =

⎡
⎢⎢⎣

D̃ 0

0 D̄(t)

⎤
⎥⎥⎦

f(t) =

⎡
⎢⎢⎣

0

f̄(t)

⎤
⎥⎥⎦ I(t) =

⎡
⎢⎢⎣

f̂(t)

Ī(t)

⎤
⎥⎥⎦ ,

with Â, K̄xx and Ī(t) are the same as the ones in (5.13).

5.2 Model Reduction

The hybrid model makes it easier to do model reduction since the QArest and QAact

models are linear. This section applies various MOR techniques discussed in previous

chapters to the parts of the hybrid model in which they are most advantageous.
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5.2.1 Model Reduction of the Weak Part

The system (5.11) for the weak part of the hybrid model is a linear time-varying

system. As the one in section 4.3.2, it can be reduced by POD-DEIM into

d

dt
ŷr(t) = V̂T ÂV̂ŷr(t) + V̂T Û(P̂T

1 Û)−1D̂p̂(t)(P̂T
2 V̂)ŷr(t) + V̂T f̂(t). (5.16)

Here, Âr = V̂T ÂV̂ ∈ R
4k×4k and V̂T Û(P̂T

1 Û)−1 ∈ R
4k×m1 can be precomputed since

they do not depend on time, D̂p̂(t) = D̂(p̂1, p̂2)(t) ∈ R
m1×m2 is an arrowhead matrix

whose entries are a selection of at most 4m1 entries of D̂(t) by the structure of D̂(t)

in (4.18), (P̂T
2 V̂)ŷr(t) is just a multiplication between m2 rows of V̂ (P̂T

2 V̂ ∈ R
m2×k)

and ŷr(t) ∈ R
k, and

f̂(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

Î(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

is from Istim, which means it has only a few nonzeros in practice (many fewer than

n). Thus (5.16) has a computational complexity proportional to the dimension of the

reduced system.

The system (5.14) for the weak part of the hybrid model is a linear time-invariant

system. Similar to the process in section 4.2.2, it can be reduced by POD into

d

dt
ŷr(t) = V̂T ÂV̂ŷr(t) + V̂T D̃V̂ŷr(t) + V̂T f̂(t). (5.17)

The computational complexity of (5.17) is proportional to the dimension of the re-

duced system. This is because Âr = V̂T ÂV̂ ∈ R
4k×4k and D̃r = V̂T D̃V̂ ∈ R

4k×4k
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can be precomputed since Â and D̃ are both constant matrices, and the calculation

of V̂T f̂(t) also has a computational complexity proportional to the dimension of the

reduced system for the same reason as the one for (5.16).

5.2.2 Model Reduction of the Strong Part

The system (5.4) for the strong part of the hybrid model is a diagonal linear time-

varying system. Applying regular POD and “DEIM on time-varying term” as in

section 2.3.1 results in the reduced order system

d

dt
v̄r(t) = V̄T ĀV̄v̄r(t)+V̄T Ū(P̄T Ū)−1(D̄p̄(t)(P̄T V̄)v̄r(t)+P̄T f̄(t))+V̄T Ī(t). (5.18)

Here, Ā = (Ga/Cm)K̄xx ∈ R
Ns×Ns , Ār = V̄T ĀV̄ ∈ R

k×k and V̄T Ū(P̄T Ū)−1 ∈ R
k×m

can be precomputed since they do not depend on time, D̄p̄(t) = D̄(p̄, p̄)(t) ∈ R
m×m

is a diagonal matrix whose diagonal is a selection of m entries of the diagonal of

D̄(t), (P̄T V̄)v̄r(t) is just a multiplication between m rows of V̄ (P̄T V̄ ∈ R
m×k) and

v̄r(t) ∈ R
k, P̄T f̄(t) is a selection of m entries of f̄(t), and Ī(t) is from Istim, which

means it has only a few nonzeros in practice (far fewer than n). Thus, (5.18) has a

computational complexity proportional to the order of the reduced system.

Another way to reduce the system (5.4) for the strong part of the hybrid model

is to apply regular POD and “DEIM on diagonal part” as in section 2.3.2 to obtain

the reduced order system

d

dt
v̄r(t) = V̄T ĀV̄v̄r(t) + N̄r(t)v̄r(t) + (V̄T Ū(P̄T Ū)−1)P̄T f̄(t) + V̄T Ī(t). (5.19)
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Here, Ā = (Ga/Cm)K̄xx ∈ R
Ns×Ns , Ār = V̄T ĀV̄ ∈ R

k×k and V̄T Ū(P̄T Ū)−1 ∈ R
k×m

can be precomputed since they do not depend on time. For each time step, N̄r(t) can

be calculated through its columns

n̄rj(t) = (V̄T diag(v̄j)Ū(P̄T Ū)−1)P̄T d̄(t) j = 1, 2, . . . , k,

which has a computational complexity only proportional to the dimension of the

reduced order system, since V̄T diag(v̄j)Ū(P̄T Ū)−1 ∈ R
k×m (j = 1, 2, . . . , k) can be

precomputed and P̄T d̄(t) ∈ R
m is just a selection of m entries of d̄(t) ∈ R

n. P̄T f̄(t)

is a selection of m entries of f̄(t), and Ī(t) is from Istim, which means it has only a

few nonzeros in practice (far fewer than n). Thus, the reduced order system (5.19)

has a computational complexity proportional to the order of the reduced system.

5.3 Numerical Results

This section presents the results of numerical experiments designed to test the Strong-

Weak model [17, Kellems 2010], and the full order as well as the reduced order hybrid

models on the active nonuniform cable and a simplified morphology of the Lobula

Giant Movement Detector (LGMD) called the rake model. These results are compared

to those of the fully active model.

As mentioned in section 3.3, the implementation of the reduced order model re-

quires snapshots, which needs to do the one-time offline computation. In practice,

one usually needs to solve the same model many times with different inputs, which
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is the online computation of the reduced system. The reduced hybrid models derived

in this chapter can be solved many times with different inputs with only one time

offline computation. Therefore, only the running time of the online computation of

the reduced model is compared to the computational time of solving the full order

system.

All of the tests are conducted in MATLAB 7.0.4.365 (R14) Service Pack 2 in

Windows XP Professional Service Pack 3 on a laptop with two 2.80 GHz processors

and 4.00 GBytes of RAM. Running time is recorded in seconds using the “tic/toc”

commands.

5.3.1 Results on the Active Nonuniform Cable

This section presents the results of the tests on the active nonuniform cable. The

experiments are based on Δx = 1 × 10−4, which results in n = 1000 compartments

for the full order system, t ∈ [0, 15] with Δt = 0.02, which results in 750 time steps,

the cable radius rad = 1 × 10−4, the membrane surface area area = 2π · rad · Δx,

and the axial conductance Ga = rad/(2Ra) with Ra = 0.3. The transition location

is set as xT = 0.02, and the threshold criterion required by the spike detector is set

as threshold = 4. The reduced system dimensions are set as k = 8 for the weak part

and m = 5 for the strong part.

Figure 5.2 shows the active state va(x, t) of the cable system (4.1) without the

additional stimulus (i.e. Istim2(x, t) = 0). In this graph, the suprathreshold stimulus
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Figure 5.2: Active state of cable system (4.1) without Istim2(x, t).

travels from x = 0.04, which is in the weakly excitable part of the cable, to the SIZ

around x = 0 – 0.01, and generates a spike there. Then the spike propagates back to

the weakly excitable part, and attenuates when it gets close to the end of the cable.

Figure 5.3 shows the solution of the fully active model (4.8) with the second

stimulus Istim2(x, t) given in (4.5) that boosts the wave propagation. In this graph,

the first stimulus, the spike, and the wave propagation are the same as the ones

in Figure 5.2. The only difference is the end of the propagation, where the second

stimulus boosts the attenuating wave.

Figure 5.4 shows the solution of the Strong-Weak model (5.8). In this graph, the

first stimulus travels from the weak part of the cable to the SIZ and generates a spike,

like the one in Figure 5.3. However, when the spike propagates back, it attenuates
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Figure 5.3: Fully active model (4.8) with Istim2(x, t).
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Figure 5.4: Strong-Weak model (5.8).
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too fast once it enters the weak part.
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Figure 5.5: Full order hybrid model (5.12) with QAact.

Figure 5.5 shows the solution of the full order hybrid model (5.12) with QAact.

In this graph, the first stimulus travels from the weak part of the cable to the SIZ

and generates a spike, like the one in Figure 5.3. Then the spike propagates back to

the weak part with the correct wave shape, which is achieved by pasting the wave

correctly. The shape of the boost by the second stimulus at the end of the propagation

is a little different from the one in Figure 5.3, but the hybrid model (5.12) in this

graph is still a good approximation of the original model in Figure 5.3.

Figure 5.6 shows the solution of the reduced hybrid model with QAact constructed

by (5.16) and (5.18), which applies POD-DEIM to the weak part and “DEIM on

time-varying term” to the strong part. It reduces the full order system (5.12) from
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Figure 5.6: Reduced hybrid model with QAact by (5.16) and (5.18).

800 to 8 for the dimension of the weak part, and from 199 to 5 for the dimension of

the strong part. One can see that it is a good approximation of the full order system

in Figure 5.5.

Figure 5.7 shows the solution of the full order hybrid model (5.15) with

QAact/QArest. In this graph, the first stimulus, the spike, and the wave propaga-

tion are the same as the ones of the hybrid model (5.12) in Figure 5.5. The only

difference is the shape of the boost by the second stimulus at the end of the propaga-

tion. It is different from either the one in Figure 5.3 or the one in Figure 5.5, but the

hybrid model (5.15) in this graph is also a good approximation of the original model

in Figure 5.3.

Figure 5.8 shows the solution of the reduced hybrid model with QAact/QArest
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Figure 5.7: Full order hybrid model (5.15) with QAact/QArest.
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Figure 5.8: Reduced hybrid model with QAact/QArest by (5.17) and (5.18).
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constructed by (5.17) and (5.18), which applies regular POD to the weak part and

“DEIM on time-varying term” to the strong part. It reduces the full order system

(5.15) from 800 to 8 for the dimension of the weak part, and from 199 to 5 for the

dimension of the strong part. One can see that it is a good approximation of the full

order system in Figure 5.7.

0
0.02

0.04
0.06

0.08
0.1

0

5

10

15
−100

−50

0

50

100

x  (cm)t  (ms)

v 
 (

m
V

)

Figure 5.9: Reduced hybrid model with QAact/QArest by (5.17) and (5.19).

Figure 5.9 shows the solution of the reduced hybrid model with QAact/QArest

constructed by (5.17) and (5.19), which applies regular POD to the weak part and

“DEIM on diagonal part” to the strong part. Everything in this model is the same

as the one in Figure 5.8 except the MOR approach applied to the strong part. One

can see that it is also a good approximation of the full order system in Figure 5.7.

Table 5.1 and 5.2 compare the performance of different models by running time.
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Table 5.1: Performance comparison of different models on the active nonuniform cable.

Model Fully Active HybQArest HybQAact Reduced HybQAact

System (4.8) (5.8) (5.12) (5.16)+(5.18)

Dimension 1000 800+199 800+199 8+5

Time (sec) 1.1740 0.7046 3.2602 0.4857

Table 5.2: Performance comparison of different models on the active nonuniform cable.

Model HybQAact/rest Reduced HybQAact/rest Reduced HybQAact/rest

System (5.15) (5.17)+(5.18) (5.17)+(5.19)

Dimension 800+199 8+5 8+5

Time (sec) 0.7664 0.3127 0.3005
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Note that the hybrid models (5.8) and (5.15) are faster than the hybrid models (5.12).

This is because (5.12) has to construct the QAact matrix in every time iteration

during the inside-propagation period, while (5.8) and (5.15) do not. The reduced

system (5.16)+(5.18) achieves a 6 – 7 time speedup over the original (5.12). The

reduced system (5.17)+(5.18) and (5.17)+(5.19) achieve a 2 – 3 time speedup over

the original (5.15), and they are nearly 4 time faster than the fully active model (4.8).

The numerical experiments on the branched neuron LGMD with larger dimension in

next section will show some more effective results.

5.3.2 Results on LGMD

The Lobula Giant Movement Detector (LGMD) is a uniquely recognizable neuron

found in the locust visual system. It reacts most significantly to objects coming close

according to a collision track, which is also known as looming stimuli. This section

presents the results of numerical experiments designed to test the full order and the

reduced order hybrid models on a simplified morphology of the LGMD called the rake

model, whose structure is shown in Figure 5.10.

As seen in Figure 5.10, the rake model consists of two parts: the tines, which

are the dendritic branches, and the deck, which includes the highly excitable SIZ.

The location of the SIZ on the rake is the thinnest part of the deck, which is from

x = 550 to x = 600. The sodium channel distribution in this model is high in the SIZ

(ḡNa = 600), and low everywhere else (ḡNa = 20). The potassium channel distribution
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Figure 5.10: Structure of rake model.

in this model is 10 everywhere (ḡK = 10). The numerical experiments are designed

to simulate the looming stimuli traveling from the tines to the deck and generating a

spike in the SIZ, which then propagates back to the dentritic branches.

The tests in this section are based on Δx = 5 for the tines and Δx = 2.5 for

the deck, which results in n = 1879 compartments for the full order system, and

t ∈ [0, 50] with Δt = 0.025, which results in 2000 time steps. The transition location

is set as xT = 450, and the threshold criterion required by the spike detector is set

as threshold = 4. The reduced system dimensions are set as k = 8 for the weak part

and m = 11 for the strong part.

Figure 5.11 – Figure 5.13 are three sets of snapshots of the rake model simulation.

In each set, the first graph shows the rest state; the second graph shows that the
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Figure 5.11: Snapshots of rake model simulation by the fully active model (4.8).
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Figure 5.12: Snapshots of rake model simulation by the full order hybrid model (5.15).
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Figure 5.13: Snapshots of rake model simulation by the reduced hybrid model by (5.17) and (5.18).
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looming stimuli travel from the tines to the deck; the third graph shows the peak

time of the spike in the SIZ generated by the looming stimuli; the last graph shows

that the spike propagates back from the SIZ to the dendritic branches.

Figure 5.11 shows the snapshots of the rake model simulation by the fully active

model (4.8). Figure 5.12 shows the snapshots of the rake model simulation by the full

order hybrid model (5.15) with QAact/QArest. Figure 5.13 shows the snapshots of the

rake model simulation by the reduced hybrid model with QAact/QArest constructed by

(5.17) and (5.18), which applies regular POD to the weak part and “DEIM on time-

varying term” to the strong part. It reduces the full order system (5.15) from 1638

to 8 for the dimension of the weak part, and from 240 to 11 for the dimension of the

strong part. One can see that the snapshot sets in three figures all look quite similar

to each other, which shows that the hybrid model (5.15) is a good approximation

of the original model, and the reduced hybrid model by (5.17) and (5.18) is a good

approximation of the full order one.

Table 5.3: Performance comparison of different models on LGMD.

Model Fully Active HybQAact/rest Reduced HybQAact/rest

System (4.8) (5.15) (5.17)+(5.18)

Dimension 1879 1638+240 8+11

Time (sec) 15.3548 7.6634 1.3289

Table 5.3 compares the performance of different models by running time. The
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reduced hybrid model with QAact/QArest constructed by (5.17)+(5.18) is more than

5 time faster than the original (5.15), and achieves a more than 10 time speedup over

the fully active model (4.8)!

Although the savings in computational time by the reduced hybrid model is not so

impressive on the straight fiber, the advantage becomes much greater on the branched

cell. The main reason is that the model reduction on the weakly excitable branches is

much easier than on the highly excitable SIZ. In other words, the linear weak part can

easily achieve much greater reduction than the nonlinear strong part. The branched

structure is quite common in realistic neurons, and realistic cells usually have even

more branches than the rake model, so the time savings by the reduced hybrid model

would be even greater on realistic neurons.



Chapter 6

Thesis Summary and Future Work

6.1 Conclusion

Based on POD, DEIM [7, Chaturantabut and Sorensen 2009] and the Strong-Weak

model [17, Kellems 2010], this thesis develops adaptive reduction approaches to reduce

the model complexity, the system dimension, and the computational workload for

various models of large spiking neurons. POD is a quite successful model order

reduction (MOR) technique in the sense that far fewer state variables are present

than in the original PDE systems of interest. However, the PDE systems of interest

are often nonlinear in practice, and the cost of POD involved with approximating

the nonlinear terms in the reduced order system is still proportional to the dimension

of the full order system. To overcome this problem, Chaturantabut and Sorensen

proposed DEIM, which can avoid the need to extend the reduced variables back to

91
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the full order state, and greatly reduce the cost of evaluating nonlinear functions.

Chapter 2 reviews these two MOR techniques and explores some approaches to apply

DEIM on diagonal linear time-varying systems.

Besides, this thesis develops a new model called QAact to capture the back propa-

gation from the spike initiation zone (SIZ) to the dendritic branches. Chapter 4 and

chapter 3 derive and explore the QAact model and some new MOR approaches on

the active nonuniform cable and the FitzHugh-Nagumo system [10, Fitzhugh 1969],

which is the simplest, and hence most studied, model of an excitable fiber. Numerical

results are given to show that the QAact model and the MOR techniques work well

on the FitzHugh-Nagumo system.

After the preparation in chapter 2∼4, chapter 5 develops the hybrid model with

QAact and the hybrid model with QAact/QArest. They can be viewed as extensions

of the Strong-Weak model, and they resolve the issue that the Strong-Weak model

cannot reproduce the back propagation from the SIZ to the dendritic branches. This

thesis also discusses several MOR approaches for the hybrid models, and presents

numerical results for the active nonuniform cable and the Lobula Giant Movement

Detector (LGMD) to show how each model and MOR technique works.

Numerical results show that the savings in computational time by the reduced

hybrid model is not so impressive on straight fibers, but the advantage becomes

much greater on branched cells due to the greater reduction on the weakly excitable

branches. It is quite common to see branched structures with even more branches
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than the rake model in realistic neurons, so the time savings by the reduced hybrid

model would be even greater on realistic cells.

6.2 Discussion and Future Work

This thesis uses POD as the MOR technique for linear time-invariant systems. It is

very efficient but requires snapshots, which are hard to choose sometimes. In fact,

there are many other MOR techniques for linear time-invariant systems, and some

of them do not require snapshots, so it might be useful to try some other MOR

techniques for linear time-invariant systems.

The spike detector in the hybrid model requires a threshold criterion, which is

completely empirical for now. It would be good if one could develop a mechanism

to determine the threshold automatically. In addition, the input current cannot

pass through the interface between the strong and weak parts during the inside-

propagation period of the hybrid model, but sometimes those input currents may

cause a higher frequency of the spiking dynamics, so the no-pass-through interface

may cause the delay of the spikes. This is also worth looking into to find ways to

overcome this issue.

The numerical results in this thesis only show the qualitative accuracy of approx-

imations by graphs. No error bound or quantitative results on errors of the reduced

order models are given. The main reason is that measuring errors by the difference of

potentials is not really useful in practice. The meaningful error measurement requires
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certain input-output map to measure errors at the output end. It would be helpful

to have appropriate input-output relationships of neurons to develop good metric of

errors of the reduced order systems.

This thesis conducts numerical experiments on the rake model, which is a simpli-

fied morphology of the LGMD. The rake model is close to realistic neurons, but it is

still primarily for showing concepts. It would be good to test the adaptive reduction

approaches developed in this thesis to the truly realistic neurons, such as Purkinje

cells, Pyramidal cells, and others.
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