
 

 



 
 

ABSTRACT 

Coarse-grained Direct Phasing Method for Protein X-ray Crystallography 

by 

Dong Chen  

X-ray crystallography is the most powerful method to obtain the structural of 

biological molecules if the “phase problem” can be solved for the molecules under 

study. The phase problem arises from the loss of phase information in diffraction 

experiment. In all the solutions of the phase problem, the direct method is the only 

one that does not require additional experimental data or knowledge of homologous 

structures. It can determine the phase information directly from the observed 

structure factor magnitudes or intensities. However, the direct phasing method has 

limitations when applying to macromolecule. It is only applicable in molecules with 

up to about 1000 non-H atoms and requires ultra-high resolution (the Sheldrick's 

1.2 Å rule) diffraction data that is not available in most protein crystallography 

experiments. To overcome the two limitations, here we propose a coarse-grained 

direct phasing method, which leads to a possible detour of the 1.2 Å resolution 

requirement.  
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Chapter 1 

Background 

More than 88% of protein structures are solved by X-ray crystallography(1). 

However, atomically determine the structure of macromolecular is very challenging 

even if successfully crystallized. In an X-ray crystallography experiment, only the 

intensities of diffraction pattern can be observed. The phases information is lost. 

This is called the famous “phase problem”(2), which has been studied for almost one 

century and directly resulted in two Noble Prizes in Chemistry, but still hasn’t been 

fully solved today. 

1.1. Basic in X-ray diffraction 

Like the sound wave and the visible light, X-ray is also a form of wave, whose 

wavelength typically falls approximately between 0.01nm - 10nm. In the protein X-

ray crystallography, the most common choice of wavelength is 0.9-1.5Å.  When X-

ray bombard on a periodic arrangement of atomic structure, it will create a 
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diffraction pattern. In this sub chapter, we will discuss in detail of the theory of X-

ray diffraction. 

1.1.1. The wave form of X-ray and the addition  

As electromagnetic wave, X-ray is characterized by its electromagnetic field 

strength  , wave vector   and angular frequency  . 

          
            

Equation 1.1 The wave form of X-ray. 

Where    is the initial phase,    is the amplitude of the wave. 

The electromagnetic field strength   is a complex number, which can be 

considered as a vector in the complex plane.  See figure 1.1(a) 

             

Figure 1.1 Field strength in complex plane 
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The X-ray wave follows the wave superposition principle. When two X-ray 

waves traverse the same space, the field strength of the resultant wave can be 

descripted as simple addition of the field strengths of the two X-ray waves.  

   1   2 

Equation 1.2 The X-ray wave addition. 

In the complex plane the field strength   of the resultant wave is the vector 

addition of  1 and  2. See figure 1.1(b). 

1.1.2.  Diffraction of two-electron system 

A two-electron systems in figure 1.2 is consisted of electrons  1 and  2.  

 

Figure 1.2 X-ray diffraction of two-electron system 
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Two X-ray beams with same wave length    and wave vector    hit the two 

electrons respectively and diffracted with new wave vector   .  The path difference 

between the two beams can be easily determined as 

   
   

  
 

Where   is the diffraction vector defined as Equation 1.3. 

             
  

 
      

Equation 1.3 Definition of diffaction vector. 

Assume the incident two X-ray beams have same initial phase. The phase 

difference of the diffracted beams is  

   
    

 
    

Equation 1.4 Phases difference of diffracted wave of the two-electrons system 

So the field strength E of the resultant diffraction wave can be written as 

Equation 1.5. 

                   

Equation 1.5 Resultant wave of two electrons diffraction 
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1.1.3.  Diffraction of an atom 

When an Isolated atom is bombarded by X-ray, a measurement of the 

amplitude of the diffracted wave is called atomic scattering factor      .  It is a 

function of diffraction vector   and it depends on electron density distribution of 

the atom.  

     ∫           

Since the electrons cloud of an isolated atom is central symmetry, the 

equation above can be rewritten as 

     
 

 
(∫           ∫           ) 

 ∫               

Equation 1.6 Definition of atomic scattering factor. 

It is easy to see from Equation 1.6 that       is independent of the direction 

of    but it varies with the change of     
    

 
.  The Figure 1.3 shows how the       

of carbon atom response to the change of 
    

 
. 



 17 
 

                     

Figure 1.3 The atomic scattering factor of Carbon Atom. 

1.1.4.  Diffraction of a unit cell 

Supposed there are N atoms in a unit cell. The position of each atom is noted 

as     and the atomic scattering factor of each atom is noted as        . The 

diffraction of a unit cell is similar to the diffraction of two-electron system. Respect 

to the origin, the diffracted wave of each atom has a phase shift equal to        

and the amplitude of the diffracted wave equal to its atomic scattering factor      . 

Therefore, the total scattering of the unit cell is 

     ∑           

Equation 1.7 Definition of structure factor. 
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     is called structure factor because it depends on the arrangement of the 

atoms in the unit cell. In the complex plane,        can be considered as vectors 

superposition of the diffractions of each atom. See Figure 1.4. 

 
Figure 1.4 Structure factor in complex plane. 

1.1.5.  Diffraction of a crystal 

Supposed the unit cell repeat itself along the principle axis  ,   and   to form 

a crystal. In an ideal crystal, the atoms arrangement in every unit cell is the same. 

Let the location of the atoms in the first unit cell to be   . So, the atoms in any other 

unit cell can be noted as               .  So, the structure factor of that unit 

cell is  

       
    ∑        (              ) 
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So, the diffraction of the entire crystal is 

          ∑         ∑         ∑         

Equation 1.8. Diffraction amplitude of the entire crystal 

1.2.  Theory of X-ray crystallography 

In the previous sub-chapter, we discussed the theory in X-ray diffraction.  X-

ray crystallography is a method that using X-ray diffraction pattern of the crystal to 

determine the atomic structure in the unit cell(3).  X-ray crystallography involves a 

lot of experimental techniques including sample crystallization and diffraction data 

acquisition. However, here in this thesis will only discuss the theory part and will 

mainly focus on the phase problem. 

 

1.2.1. The diffraction condition 

We have discussed the diffraction of crystal in sub-chapter 1.1.5.   The 

general form of diffraction wave amplitude is the Equation 1.8. However, in X-ray 

crystallography, not all   is interested. We are only interested in certain discrete   

that diffracted waves add constructively and creates strong diffraction pattern. 

The intensity of diffraction pattern is the square of amplitude. We can write 

down 
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Equation 1.9 Intensity of diffration of crystal. 

Where   ,   ,    are the total unit cells in each direction. Usually   ,   ,    

are treated as a very large number in X-ray crystallography. From Equation 1.9 we 

can see the intensity of diffraction depends on two parts. The first part is the 

structure factor     .  The second part is (
      

    

 
 

      
  

 
 

 
      

    

 
 

      
  

 
 

 
      

    

 
 

      
  

 
 
) which 

depends on diffraction vector   and the lattice parameters,   , and  .  
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Figure 1.5 Funtion  
          

         
 with different N.(a) N=5; (b) N=10; (c) N=20; (d) 

N=50; 

Figure 1.5 shows how function  
          

         
  responses to different N. If N is a 

very large number, function  
          

         
 will only have nonzero value when x is an 

integer. So, the diffraction of the crystal is only visible when 
  

2 
 , 

  

2 
 , 

  

2 
 are all integer. 

Let the three integers to be     . We can write the diffraction condition as 
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Equation 1.10 Crystal diffraction condition. 

When the diffraction vector satisfies Equation 1.10, the intensity of each 

diffraction point      mainly depends on the structure factor    .   

1.2.2. Reciprocal lattice 

To discuss the diffraction of crystal more convenient, the reciprocal lattice 

should be introduced. Reciprocal lattice is an imaginary lattice. As the direct lattice 

describe the coordinates of atoms’ position   in real space, the reciprocal lattice is 

used to describe the coordinates of diffraction vectors    in reciprocal space. The 

reciprocal primitive vectors          are defined as Equation 1.11. Just like   in the 

real space, every diffraction vectors    can be fully described by a 3-D 

coordinate        , which means              . 

In which, 
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Equation 1.11 Deffinition of reciprocal primitive vectors. 

From Equation 1.11, we can easily find  

                     

                     

                      

Equation 1.12 Properties of reciprocal primitive vectors. 

Therefore, the diffraction condition in Equation 1.10 can be simplified as the 

diffraction vector   has an integral coordinate       .  In crystallography, the 

        is also called Miller indices which is usually written in form[   ]. Every [   ] 

represents a bright spot in the diffraction pattern and it also indicates the Bragg 

plane of that bright spot. 
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1.2.3. Electron density map 

The structure of the molecule in the unit cell can be described by the 

coordinates of each atom and fully described by the electron density      of each 

area. The diffraction amplitude of [   ] can be written as Equation 1.13. 

       ∫      2 (           )    

Equation 1.13 Structure factor of [hkl] for given electron density map. 

It is a simple 3-D Fourier transform. Therefore, the structure factors of 

all [   ] are known, we can obtain the electron density map using the inverse 

Fourier transform.  See Equation 1.14. 

     
 

 
∑          2 (           )

   
 

Equation 1.14 Calculate electron density map from structure factors. 

Since we already have stereochemistry knowledge of the protein structure, 

like bond-lengths and bond angles, we don’t need all the detail of density map to 

determine the structure. That means we don’t need the structure factors of all the 

[   ]. To describe how much detail we need to determine the structure. A concept 

named resolution is introduced.  The resolution      is defined as the minimal 
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spacing between the parallel planes where the diffraction happens. See Equation 

1.15. 

     
 

        
 

Equation 1.15 Definition of resolution in Crystallography. 

Where      is the maximal diffraction angle. Since     
4 

 
      (Equation 

1.3), the definition in Equation 1.15 can also be written as Equation 1.16 

     
  

      
 

Equation 1.16 Another definition of resolution in Crystallography. 

Therefore, the resolution is determined by the largest available [   ] in the 

diffraction pattern. Usually, ultra high resolution data (     ) is rare and not 

necessary. Sometime people can determine the atomic structure with a relatively 

lower resolution data using advanced refinement technologies.    

1.3.  The phase problem 

The electron density map can be constructed if the structure factor of each 

spot on diffraction pattern is known. However, in the X-ray crystallography 

experiment, only intensities can be measured. The phase information of the 
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structure factors is lost. To determine the electron density map, the phase 

information must be recovered.  In general, the phase problem includes determining 

the initial phases and improving the phases. The first part is called phasing while the 

latter part is called refinement. In this thesis, we will only focus on the first part: 

phasing.  

1.3.1. The importance of phases 

In X-ray crystallography, we are dealing with the amplitudes and phases of 

the structures. It is an interesting question that which part contributes more to 

revealing the structure. To answer this question, Kevin Cowtan has done some very 

interesting experiments(4). The most famous one is the Kevin Cowtan’s cat& duck 

experiment.  The experiment results are showed in the Figure. 1.6.  
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Figure 1.6 The results of the Kevin Cowtan’s cat& duck experiment 

Kevin Cowtan used the amplitudes of the duck transform and the amplitudes 

of the cat transform to recover the 2-D image in the real space. The result turned out 

that it is more like a cat. He did same thing the other way round using the 

amplitudes of the cat transform and the amplitudes of the duck transform. The 

result turned out to be more like a duck. This experiment beautifully illustrated the 

importance of phases in carrying structural information.  

Amplitudes Amplitudes 
Phases Phases 
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1.3.2.  Solutions to the phase problem 

If the electron density map is arbitrary, there should be no formal 

relationship between the amplitudes and phases. Then the phase problem is 

impossible to be solved. The lucky thing is there is always some prior knowledge of 

the electron density or structure, which can lead to values for the phases.  This is the 

basis for all phasing methods. Mainly, we can classify all the phasing methods into 

three categories. See Table 1.1. 

Methods prior knowledge 

Ab-initio phasing Universal Stereochemistry 

Isomorphous replacement (SIR,MIR) 

Anomalous scattering(SAD,MAD) 

Knowledge of substructure 

Molecular replacement Homologous model 

Table 1.1 Categories of phasing methods. 

 

1.3.2.1.  Ab- initio phasing 

Ab- initio phasing refers to the phasing method that only uses the universal 

stereochemistry as prior knowledge(5, 6). In most of the time in the X-ray 

crystallography history, the ab-initio phasing method is equaled to the direct 

method. Recently some other ab-initio phasing methods which focus on ultra-low 
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resolution data are also reported(6). In this thesis we only focus on the direct 

method. 

The direct phasing method is introduced by Herbert A. Hauptman and 

Jerome Karle in 1950s(7-16). The basis of the direct method is very simple: 

Molecule is consisted of discrete atoms. With this constrain of electron density map, 

the phases and the amplitudes in the diffraction data are not completely 

independent. This creates a path to solve the phase problem. The theory of direct 

method is complicated, which we will discuss in detail in the Chapter 2. 

In 1980s and the early 1990s, with the development of computer, direct 

method went into its golden age. Many software applications are developed based 

on the direct method theory. For example, MULTAN (17), SAYTAN (18), and 

SHELXS(19). These software applications gained great success in small molecules 

(<100 atoms). Meanwhile, many strategies were introduced to enrich the solutions 

based on direct method theory. The Maximum-Entropy Method(20) provided a 

fresh look at the probability basis of direct methods.  The method Combining direct 

methods with isomorphous replacement or anomalous scattering data(21) give the 

direct method a new path to apply to macromolecule.  

Later in 1993, the Shake and Bake algorithm was introduced to solve the 

phase problem with direct method(11, 22, 23). This dual-space sampling algorithm 

boosts capacity of direct method from around 100 non-H atoms to up to around 
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1000 non-H atoms. Many small protein structures were solved successfully with 

Shake and Bake in the following years.  

Though great success has been achieved, direct method still has two major 

limitations. (i) The size of molecule is up to around 1000 non-H atoms. (iis) Atomic 

resolution diffraction data is a must.( Sheldrick's 1.2 Å rule). In this thesis, we will 

discuss the possible way to overcome the Sheldrick's 1.2 Å rule by using coase-

grained direct method. 

1.3.2.2.  Isomorphous replacement 

Isomorphous replacement uses at least two sets of diffraction data to solve 

the phase problem(14-16, 21, 24-26). One is the diffraction data of the native crystal 

and the other set is the diffraction data of isomorphous crystal. An isomorphous 

crystal means it has the identical unit cell with the native crystal. The same atoms in 

the unit cell are expected to be at the same locations but one or some atoms are 

replaced by different type of atoms. The Figure 1.7 illustrates in cartoon what is an 

isomorphous crystal. The two ducks in Figure 1.7 are in identical unit cells but the 

eye of the second duck is replaced by a diamond. 
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Figure 1.7 A cartoon example for an isomorphous crystals 

 The idea of isomorphs replacement was invented very early. In 1908, Groth 

used the isomorphous crystals of CuSO4 and CuSeO4 to solve the phase problem. 

However, this method was first successfully applied to proteins by Perutz & 

Kendrew in 1962(27-29). They soaked the myoglobin in heavy-atom solutions to 

create isomorphous heavy-atom derivatives which lead to the solution of the phase 

problem and finally solved the structure. Isomorphous replacement has two types. If 

only one set of heavy-atom data is used, it is called single-isomorphous-replacement 

(SIR). Otherwise, it is called multiple-isomorphous-replacement(MIR) . 

Here we briefly introduce the theory of isomorphous replacement. Assumed 

the structure factor of the protein alone is      , the structure factor of the heavy-

atom is      , and the structure factor of the protein’s heavy-atom derivative 

is       .  For convenience, we use               for short.  Based on the 

superposition principle,              . See Figure 1.8(a). Since the amplitudes of 

             are all known, we will be able to determine the phase of     if we can 
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determine the phase of    . First, draw the vector of    . Then draw a circle with 

radius |   | centered at origin and another circle with radius |    | centered at the 

end of    .See Figure 1.8(b).  The two circles should intersect at two points, which 

indicate two possible phases of    . 

 

Figure 1.8(a) relation between                (b) determine phase of      in SIR 

Usually the positions of heavy-atoms can be determined by Patterson 

method(30) or direct method.  Therefore, the problem changes into choosing the 

right from the two candidates. More sets of heavy atoms diffraction data (MIR) can 

dis distinguish the right phases from the ambiguity.  However, sometimes it is 
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difficult to obtain another heavy-atom derivative. Some de-novo phasing 

technologies can provide a phases probability information that help SIR to get the 

right phases. 

1.3.2.3.   Anomalous scattering 

We have discussed the atomic scattering factor      before in Equation 1.6. 

     is usually a real number since the electrons distribution of an atom is central 

symmetric. This approach is accurate enough for light atoms. However for heavy-

atoms, when the energy of the X-ray photon approaches to the absorption edge, the 

X-ray photon can promote an electron in the atom, which creates the anomalous 

scattering. The anomalous scattering is independent on the scattering angles. With 

the anomalous scattering occurrence, the atomic scattering factor can be written as 

Equation 1.17. 

                        

Equation 1.17 Atomic scattering factor with anomalous scattering occurrence 

The       will only affect the amplitude of the structure factor of heavy-atom 

    but the         will create a phase shift. Because of the phase shift, the diffraction 

pattern is no longer central symmetric, which means|       |  |        |. See 

Figure 1.9(a). The method that uses         as a breach to solve the phase problem is 

called Anomalous scattering method(31). If only one set of anomalous scattering 

data is used, it is called single-wavelength anomalous scattering (SAD). If multiple 
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data sets from different wavelengths are used, it is called multi-wavelength 

anomalous diffraction (MAD). 

 

Figure 1.9 (a) Phase shift in anomalous scattering (b) determine phase of      in 

SAS 

The anomalous scattering method uses very similar strategy with 

isomorphous replacement to determine the phases The Figure 1.9(b) illustrate how 

SAD determines the phases. First, the position of the heavy-atom must be 

determined, and then we have both the amplitude and phase of   . The     is also 

known from database. So use the scheme in Figure 1.9(b), the two intersections 
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indicate two phase candidates. The SAS face the same problem as SIR, the phase 

ambiguity. It is not easy to distinguish the right phase from the two candidates.  MIR 

and MAS can solve the problem but require extra experimental effort.  Combining 

SIR and SAS is a good way to solve this problem. This method is called SIRAS (single 

isomorphous replacement with anomalous scattering). 

1.3.2.4.  Molecular replacement (MR) 

Nowadays, many proteins’ structures are already solved. The record shows 

there are 89740 structures successfully solved and documented by April.16 2013(1). 

Sometimes it is possible to get a known structure of a homologous protein. We 

assume the homologous protein has similar structure of the target protein and using 

the calculated phases from the homologous protein will be good enough to give a 

rough initial phase(32).  This strategy is called molecular replacement. 

If a homologous protein structure is found, the rest we need to do is to place 

it into unit cell with the same orientation and position with the target protein and 

calculate the phases. However, it is not easy to do that since we have no information 

about how the target protein sits in the unit cell. The most traditional method to use 

the rotation function and translation function based on Patterson map. 

Here we need to introduce the Patterson map first.  We get the electron 

density map when we use the structure factors to do an inverse Fourier transform. 

However, the phases of the structure factors are lost.  What can we get if we do the 

inverse Fourier transform without the phase? The answer is “the Patterson map”. 
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∑       2     

 
 

Equation 1.18 Definition of patterson function 

                

 ∫               

Equation 1.19 Another definition of patterson function 

We can define the Patterson function as Equation 1.18,      is the inverse 

Fourier transform of intensities. It is easy to prove Equation 1.18 is equivalent to 

Equation 1.19, which tells the physical meaning of Patterson function. Patterson 

function describes the convolution of       and     . It carries the pair function 

information in the structure.  A peak located at   in a Patterson map means there is 

a pair of atoms whose coordinate vector difference is  . 

Since the Patterson function contain the structure information (pair function) 

itself. We can use the Patterson function to guide the homologous protein (probe 

protein) to the right orientation and location. We can break the process into two 

parts. First, rotate the protein into the right orientation. Second, translate the 

protein to the right position.  See Figure 1.10. For P1 space group, the translation 
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part is not necessary since it has no symmetry and the choice of origin has no 

influence on the absolute value of the structure factor. 

 

Figure 1.10  Two processes to get probe protein to right orientation and 

location : Rotation and Translation. 

 The rotation function, Equation 1.20, was introduced by Michael Rossmann 

and David Blow in 1962(33) to score how well the orientation is after rotation. 

         ∫             

Equation 1.20 Definition of rotation function. 

     is the Patterson function of target protein and        is the Patterson 

function of probe protein after rotation. If the structure of probe protein and target 
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protein is similar enough,          should yield maximum when the probe protein 

have the same orientation with the target protein.  

After we got the right orientation of the probe protein, we still need to put it 

at the same position with the target protein due to the symmetric of the space group. 

The translation function was introduced by Tony Crowther and David Blow in 1967 

(34) to value the translation. 

     ∫              

Equation 1.21 Definition of rotation function. 

     is the Patterson function of target protein and         is the Cross-

Patterson function of probe protein after translation along  . Here Cross-Patterson 

function is used to screen out the inner-asymmetric information. The translation 

function should also yield maximum when the location of probe protein match the 

target protein. 

After putting the probe protein into the unit cell with the same orientation 

and location with the target protein, we can calculate the phases from the probe 

protein’s structure. These initial phases should be able to create a rough initial 

electron density map which is the start point for x-ray structure refinement. 

However, there are two major problem come with the molecular replacement 

method. First the structure of the homologous models must be close enough; 
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otherwise it will not provide a reasonable map.  Second, the density map might have 

a strong bias to the probe protein due to the conclusion we mention in 1.3.1 “Phase 

is more important than amplitude in carrying structural information”. 
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Chapter 2 

Theory of direct method 

 

Usually the number of reflection is much more than the protein’s degrees of 

freedom. A molecule with 100 non-H atoms usually have a couple thousands 

diffraction data.  This indicates that the diffraction data is not independent from 

each other.  What is the relationship between the diffraction points?  Can we recover 

the phase based on this relationship? Herbert A. Hauptman and Jerome Karle are the 

first to answer this question. They found the probability relationship for the 

diffraction amplitudes and phases and use this to solve the phase problem(7-11, 35, 

36). In this chapter, we will introduce their theory of direct method. 

 

 



 41 
 

2.1. Probability theory of direct method 

For a non-central-symmetric molecule, the structure factor at  , noted as   for 

short in this chapter, is a complex number. Let its real part and imaginary part to be 

  and Y.  

      . 

  ∑    (          ) 
  1  ,   ∑                 

  1  

Equation 2.1 Real part and imaginary part of structure factor 

Where   is the number of atoms in an asymmetric cell.  (        )  and 

            are some known trigonometric function depends on different space 

group and[   ]  . For example, in P1 space group,  (          )      (    

       ),   (          )      (           ). 

In direct method, a very important term called “triplet” is defined as 

   [ 1 1 1],    [ 2 2 2],    [ 3 3 3] 

If   1    2    3    

then  1， 2， 3 form a triplet. 

Equation 2.2 Definition of triplet 
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Let the three structure factors of a triplet to be     1    1,  

    2    2,      3    3.  

Note    1  2  3  1  2  3  to be the probability of  

 1  [ 1  1    1 ,  1  [ 1  1    1 , 

 2  [ 2  2    2 ,  2  [ 2  2    2 , 

 3  [ 3  3    3 ,  1  [ 3  3    3 . 

It is call the joint distribution function of triplet.  If the joint distribution function 

can be determined, we can derive the phase distribution from that. Hauptman and 

Karle proved that     1  2  3  1  2  3  can be expressed as 

   1  2  3  1  2  3   

 

     
∫  ∫          1 1   2 2  3 3   1 1   2 2  3 3   

  

  

  

  

 

∏ (   1    2    3    1    2    3)

 

  1

  1  2  3  1  2   3 

Where 

 (   1    2    3    1    2    3)   
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∫  ∫    1  2  3  1  2  3            1 1     2 2     3 3     1 1

  

  

  

  

    2 2     3 3    1  2  3  1  2  3 

Where    1  2  3  1  2  3  is the probability that  (        )  and             in 

the triplet lie in  1    1， 2    2， 3    3， 1    1， 2    2， 3    3. 

Use Taylor expansion to expand           1 1     2 2     3 3     1 1  

   2 2     3 3 , then  (   1    2    3    1    2    3) can be expressed in terms of 

the moments of  1  2  3  1  2  3 defined in Equatio2.3. 

    
    ∫  ∫  1

            2
            3

           

  

  

  

  

  1
            2

            3
                  

Equation 2.3 Definition of moments 

Hauptman and Karle found only up to 3rd order of the moments is needed to 

obtain   1  2  3  1  2  3 . For example, in P1 space group, all the non-zero 

moment under 3rd order  are listed: 

    
2       

 2      
  2   2  

      2 
       2

     2  
 

 
 

    
111  

 

 
，  11

1    1 1
 1  11 

  1   
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So,  

 (   1    2    3    1    2    3)    
1

4
  

2  1
2   2

2  3
2   1

2   2
2  3

2  

 

24
  

3  1 2 3   1 2 3   1 2 3   1 2 3     

We can then get, 

   1  2  3  1  2  3  

1

       
  
    

    
    

    
    

 

∑   
  

   

 
1

 ∑   
   

   

     
∑   

  
   

 ∑   
   

   

   1 2 3   1 2 3   1 2 3  

 1 2 3    

Let, 

 1  
  

√∑   
  

   

，
  

√∑   
  

   

  1      1 ，
  

√∑   
  

   

  1      1 , 

 2  
  

√∑   
  

   

，
  

√∑   
  

   

  2      2 ，
  

√∑   
  

   

  2      2 , 

 3  
  

√∑   
  

   

，
  

√∑   
  

   

  3      3 ，
  

√∑   
  

   

  3      3 . 

Then we can write the joint distribution with polar coordinates, 

   1  2  3  1  2  3  

 
 

 3
 1 2 3      1

2   2
2   3

2    
∑   

3 
  1

√∑   
2 

  1

3  1 2 3      1   2   3   
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Equation 2.4 Joint distribution in P1 space group 

Note that    1   2   3, we can derive the conditional probability distribution 

of  , 

     1  2  3  
 

       
             

Equation 2.5  Conditional probability distribution of    in P1 space group 

Where    
∑   

  
   

√∑   
  

   

  1 2 3, and       is the zero order of Modified Bessel 

function. We can derive the expected value of      is E         
     

     
 , where  1    

is the first order Modified Bessel function. We can use the expected value of      to 

create a scoring function to value if a set of trial phases is favored in probability. 

Define the scoring function   {  }  as 

  {  }  
 

∑     [                     ]
∑   

  [                     ]

    (  )  
 1    

      
  

Equation 2.6 Scoring function of trial phases 

Then the phase problem becomes an optimization problem: minimize   {  } !         

 Although the global minimum of R {  }  does not necessarily yield to the 

correct structure, but most of the time, the correct structure will at least yield to a 
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local minimum of    {  }  . According to Xu and Huaptman’s paper in 1999(23, 37, 

38), experience proved the   {  }  is an efficient scoring function for the phase 

problem. 

 

 

2.2. The Shake and Bake Algorithm                 

Many software applications were developed to solve the phase problem with 

direct method. The most successful one was the “Shake and Bake” (SnB) program. It 

is a dual-space sampling   algorithm which has been proved to be much more 

efficient than the trial and error algorithm. It was first introduced by Miller and 

Detitta in 1993(39) and gained great success in the following years. It boosted the 

capacity of direct method from around 100 atoms to 1001 atoms.  SnB can also be 

used to locate the heavy-atom in isomorphous replacement method or anomalous 

scattering method. 

The idea of SnB is simple, it samples in dual space to quickly jump out of false 

local minimum. Shaking means minimizing   {  }  in reciprocal space while baking 

means building a structure based on the phases result from the shaking process.  

Shaking provides the phases for baking to construct a structure. The structure built 

in baking creates a new trial phase for shaking to start the minimization.  If the 

phases result in shaking is not right, the baking basically will build a random 
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structure, the new trial phases from this trial structure will help the shaking process 

jump out quickly.  To be more clearly, the idea of shake and bake is illustrated in 

Figure 2.1 

 

Figure 2.1 The idea of Shake and bake 

The detail flow diagram to implement Shake and bake is showed in Figure 2.2. 

It contains six parts of procedure.  

(a) Generation of invariants 

Normalize the structure factor amplitudes from the diffraction data using 

Equation 2.6. 

    
   

√∑   
2 

  1
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Equation 2.7 Normalization of structure factor 

Sort the normalized structure factor amplitudes in descending order. Choose the 

first N reflections for phases refinement. Construct triplets and select M triplets 

based on the largest   1 2 3. Usually the N should be 10 times of non-H atoms 

number and triplets should be 100 times non-H atoms number. The reflections and 

the triplets are called invariants because they stay unchanged during the whole SnB 

process.  
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Figure 2.2 The flow diagram of Shake and bake 
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(b) Generation of Trial Structure 

A trial structure or model is generated that is composed of N randomly 

positioned atoms.  The starting coordinate sets are subject to the restrictions 

that no two atoms are closer than 1.2 A 

(c) Structure-Factor Calculation 

A normalized structure-factor calculation based on the trial coordinates is used 

to compute initial values. In subsequent cycles, peaks selected from last step’s (f) 

is used as atoms to calculate the new trial phases 

(d) Phase Refinement 

Global binary search routine is used to search for local minimum of   {  }  , 

starting from the trial phases from(c). 

(e) Form trial electron density map 

The phases result from (d) are used to calculate the trial electron density map 

(f) Real-space filtering 

N Peaks from electron density map are selected as the same number of atoms, 

the peaks coordinate sets are subject to the restrictions that no two atoms are 

closer than 1.2 A. 

 

 

To determine if a solution is found.   {  }  is recorded during every cycle  after 

(f). Two possible courses of     {  }   are showed in Figure 2.3.  
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Figure 2.3 The course of R(6) for Tox II from Hauptman 1993 

Detitta proved that if the solution is found R {  }   /   ; if the structure is 

randomly distributed, .   {  }   /   . Usually a quick drop in the course indicates 

a potential solution. 
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Chapter 3 

Coarse-grained direct method 

The staring hypothesis of direct method is the uniform random distributions 

of independent atoms in a unit cell. The protein crystals appear to violate this in two 

respects. First, the atoms in a protein are not independent. The degrees of freedom 

of a protein are far lesser than randomly distributed atoms. The most simple case, 

protein is consisted of amino acids, therefore the atoms with an amino acids cannot 

run randomly all through the unit cell. These kind of information should be 

“stereochemically aware” when we try to apply direct method to the protein 

crystallography. Second, protein crystals seldom diffract to atomic resolution. In 

lower resolution, the electron density map appears to be more “continuous” which 

break the “discrete atoms” hypothesis.  In this chapter, a coarse-grained direct 

method specifically designed for protein crystallography is introduced. 
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3.1.  Theory of coarse-grained direct method 

We propose a coarse-grained direct method that based on randomly located 

and oriented fragments instead of uniform randomly distributed atoms.  

     1  2  3  in Equation 2.5 is the statistical base for direct method. However, the 

distribution of      1  2  3  strongly depends on the size of the molecule. Figure 

3.1 show how      1  2  3  depends on  .  

 

Figure 3.1   {  }   function with different   

We can see when   the distribution of goes smaller      1  2  3  becomes 

“flattened”, which means the   will becomes random distribution and the whole 

direct method theory will fail.  Since   
1

√ 
 (derived from assuming all atomic 

scattering factor is the same), direct method cannot go beyond a certain size N. By 
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experience the limit lie around 1000 non-H atoms. Although some people claim the 

direct method has broken this limit because a case slightly beyond 1000 non-H 

atoms (only 1001) was reported to be solved by direct method with the occurrence 

of heavy atoms. However, no successful case go far beyond 1000 was ever reported. 

We can believe the upper size limit of direct method should be around 1000. Coarse-

grained direct method provides a possible way to increase that limit to several fold. 

In coarse-grained direct method, fragment instead of atom is the basic unit.  

Supposed each fragment contain m atoms on average, the number of basic unit 

drops down to 
 

 
. The choice of fragment can be various, but the most natural choice 

is the amino acids residue.  For some large amino acids, we can break it into two or 

more pieces to gain more rigid fragments.  A larger fragment can also be used if sub-

structure information is available. 

To derive the joint distribution function in coarse-grained context, the only 

thing that needs to revise is the moments. Define the moment as. 

    
    ∫  ∫  1

                  2
                  3

                 

  

  

  

  

 

 1
                  2

 
                 3

 
                             

Equation 3.1 Definition of coarse-grained moments 
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In Equation 3.1, the                   and                   are no longer 

some known trigonometric function. The coarse-grained moments can only be 

calculated numerically. We extracted the structure of fragments (amino acids) from 

the “top-500” high-resolution structures database, used the average electron density 

as the structure of the fragments. Then we can compute the statistic coarse-grained 

moments base on varies orientation of the fragments in the unit cell.  

The joint distribution of coarse-grained direct method in P1 can be revised as 

Equation 3.2. 

   1  2  3  1  2  3  
 

 3
 1 2 3       1

2   2
2   3

2   

   
 ∑  3 

 
  1

√ ∑  2   
 
  1 √ ∑   2  

 
  1 √ ∑    2 

 
  1

 1 2 3      1   2   3   

Where, 

 1  
  

√2∑      
 
   

, 2  
  

√2∑      
 
   

， 3  
  

√2∑      
 
   

 

    
111   3，  11

1    1 1
 1  11 

  1    3 

    
2    2  

     2  ，    
 2    2 

      2 ，    
  2     2

       2 

Equation 3.2 Joint distribution of coarse-grained direct method. 
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We can see the joint distribution has the similar form of Equation 2.4. So we 

only need to change the   to    
 ∑    

 
   

√2∑      
 
   √2∑      

 
   √2∑      

 
   

 1 2 3 then we 

can obtain the same form of   ′ {  }  for coarse-grained direct method. See 

Equation 3.3 

 ′ {  }  
 

∑  ′   [                     ]
∑  ′ 

  [                     ]

    (  )  
 1  ′  

    ′  
  

Equation 3.3 Scoring function of trial phases 

 

3.2. Coarse-grained Shake and bake algorithm (CG_SnB) 

In the Shake and bake algorithm, shaking is the phases refinement based on 

minimization of    {  } , which can be easily transfer to CG_SnB by replacing the 

  {  }  with  ′ {  } . However, the coarse-grained baking process is not that 

simple.  Originally in SnB, the peaks in the electron density map were used as atoms 

to do the baking process. This method is straight forward and efficient in atomic 

resolution because if good phases in high resolution is found the map will look like 

discrete eggs. The case in low resolution is more difficult because even the right 

phases are found; the peaks from the map may not represent the real location of the 

atoms. Therefore, a fragment based baking algorithm is needed. See Figure 3.2. 
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Figure 3.2 1.0Å (a) and 3.0 Å (b) electron density map from a same structure 

The task for baking process is: (a) when the phases from the shaking is not 

correct, bake a new trial model to help shaking process to jump out from the local 

minimum. (b) When the phases from the shaking is correct, bake a right structure. 

There are two schemes to perform the fragments based baking. 

 (1) Calculate the electron density map using the phases from shaking, and 

then use it as template to locate the orientation and location for all fragments. 

 (2) Generated a scoring function in reciprocal space as Equation 3.4, and 

sample the fragments directly.  

We found the scheme (2) to be more efficient in our case. 

(a) (b) 
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∑|                              |

∑|             |
 

Equation 3.4 baking scoring function 

It is very similar to the R factor which are commonly used in X-ray 

refinement project, but it use                                 instead of 

                   |             | , but easier for sampling. The minimum search based 

on R factor is very difficult since it is not funnel-liked and it is frustrated.    is much 

more easier to minimize because usually the minimum search for each fragment is 

separable.  For example, a very simple 1-D case that 10 atoms are randomly put on a 

25Å row.  If we try to use R-factor to locate the atoms that will still need quite a bit 

of sampling, but if we use   to locate the atoms is much faster. 

Also, the coarse-grained baking is more difficult to converge, reasonable 

restrain should be applied. We employ an improved “core-tracing” algorithm to 

narrow down the sampling space for   minimization.  This algorithm uses the 

electron density map to locate the fragments approximate location, which did a 

great help in reducing the “baking” time. 
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3.3.  Result: Beyond the Sheldrick's 1.2 Å rule 

3.3.1. The triplets correlation  

If the “true structure” is available, the most straightforward way to test if the 

probability theory of coarse-grained direct method is to verify if the expected value 

of      is calculated correctly. 

We define the correlation between the calculated expected value  
  (  )

  (  )
  and 

real value    (  ) as  

     
∑ (   (  ) 〈   (  )〉) (

  (  )

  (  )
 〈

      

      
〉) 

√∑ (   (  ) 〈   (  )〉)
 

  √∑ (
  (  )

  (  )
 〈

      

      
〉)

 

 

   

Equation 3.5 correlation between expected value of     (  )  calculated from 

coarse-grained direct method and its real value. 

The larger corr means higher reliability of the joint distribution function. We 

use the “alpha-1p” protein ( pdb code: 1BYZ)  to test our probability distribution 

function. The result was compared to the      calculated using atomic direct 

method.  See Figure.3.3. 
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Figure 3.3 compare the correlation for  coarse-grained direct method (blue) and 

atomic direct method (red). 

For fare comparison, we randomly selected triplets from different resolution 

shell. 5000 triplets for         , 4000 triplets for           , 3000 triplets for 

          , 2000 triplets for           , 1500 triplets for           , 800 

triplets for         , and calculated the      using both atomic direct method and 

coarse-grained direct method. The result shows in atomic resolution, two methods 

have almost the same correlation with true values, but in low resolution coarse-

grained direct method have higher correlation, especially at 1.5 Å.  These results 

show that coarse-grained direct method performs better than atomic direct method 

in low resolution. 
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3.3.2.  The 〈    〉 profile 

In 1990, Sheldrick wrote “Experience with a large number of structures has 

led us to formulate the empirical rule that if fewer than half the number of 

theoretically measurable reflections in the range 1.1 to 1.2 Å are observed, it is very 

unlikely that the structure can be solved by direct methods . . . This rule simply 

reflects the assumption of resolved atoms, which is often invoked in direct 

methods.”  It is the “Sheldrick 1.2Å rule”, which held firm for many years. 

Richard J. Morris and G. Bricogne gave a theoretical interpretation for the 

“Sheldrick 1.2Å rule” in 2003 using the 〈   2〉 profile(40). The 〈   2〉 profile is an 

average profile of squared normalized structure factors as a function of resolution.  

In Figure 3.1, we see the      1  2  3  highly depends on the value of    , which is 

positive proportional to 1 2 3. This means only the reflection data with large   has 

notable contribution for direct method. Bricogne calculated the 〈   2〉 profile for 700 

high quality protein x-ray data. The result is show as Figure.3.4.  One of the most 

striking features of this calculated profile is it pronounced maximum at 

approximately 1.1 Å. Although there is another maximum at approximately 5Å, the 

total number of reflection data beyond 5 Å is much lesser than around 1.1Å.  This 

indicated the reflection data that direct method interests lay around 1.1 Å. If the 

data in this range is not observed, direct method is very unlikely to work. This gave 

the “Sheldrick 1.2Å rule” a strong statistical support.  
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Figure 3.4 〈    〉 profile calculated by Bricogne in 2003 

The “Sheldrick 1.2Å rule” is true for atomic direct method since its starting 

hypnosis is the random distribution of discrete atoms. In low resolution the electron 

density map tend to be “continuous”, which break the “discrete” hypnosis. 

However, the “Sheldrick 1.2Å rule” should not be the limit for coarse-grained 

direct method.  If we choose the amino acids as the fragments, the inter fragments 

distance should be around 2-3Å, not 1.1Å.  We calculated the  〈   2〉 profile for our 

test model using both atomic direct method and the coarse-grained direct method. 

The result is shown in Figure 3.5. 
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Figure 3.5 〈    〉 profile for coarse-grained direct method (blue) and atomic 

direct method(red) 

 

The result indicated the 〈   2〉 profile for atomic direct method match the 

Bricogne’s conclusion: peak occurs at 1.1Å.  But the 〈   2〉 profile for coarse-grained 

direct method suppressed the 1.1Å peak and lifted the 2.4Å peak observably. This 

means the coarse-grained direct method shift the range of interest from atomic 

resolution to a lower resolution, which make it possible to work without atomic 

resolution data. 
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During the calculation of coarse-grained moments, some inner-fragment 

structure information was average out.  And at the same time the inter fragment 

structure information is emphasized. That is out interpretation for the resolution of 

interest shift in the coarse-grained direct method 〈   2〉 profile. 

3.3.3.  Phase with coarse-grained direct method with 1.5Å data 

The most convincing proof of breaking the “Sheldrick 1.2Å rule” is to phase a 

protein without using the atomic resolution data. In our test case, cut to 1.5Å 

resolution, there are 6012 reflection data available.  We used 1500 largest    

reflections data is used for phase invariant. Totally 15000 triplets are selected for 

the coarse-grained shake and bake. In total 1000 runs (300 steps each).    {  }  

drops occurred in 4 runs. See Figure 3.6. The best   {  } =0.406, yield a map 

correlation of 0.487. 
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Figure 3.6   {  }  course of Coarse-grained shake and bake 

 

Figure 3.7 Electron density map produced by Coarse-grained direct method for 

Alpha-1P 
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3.4. Discussion and future work 

Our Coarse-grained direct method has been proved to be able to phase the 

Alpha-1P protein without atomic resolution data, which break the” Sheldrick 1.2Å 

rule”. However there are still a few problems has to be discussed. 

(1) The success rate is much lower than the cases when atomic level data 

present. The coarse-grained baking process may be responsible for the 

low success rate. Advanced coarse-grained baking algorithm is needed. 

(2)  Although our method gained success in 1.5Å, but it is the lowest 

resolution we can achieve by now.  1.5Å data is also rare for large 

proteins.  Combining substructure information from structure prediction 

(larger fragments) may help to lower the resolution requirement. 

(3) The strength of our method is weaken when large amount of non-protein 

atoms occurrence. Advanced technique to deal with non-protein atoms 

need to be developed. 
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