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ABSTRACT 

Kinetic Energy Oscillations in Annular Regions of an 
Ultracold Neutral Plasma 

by 

Sampad Laha 

A study of ion oscillations in the annular regions of a strontium plasma is reported. 

An ultracold neutral plasma is formed by photoionizing the 1 P 1 electrons using a 

pulsed dye laser' and absorption spectroscopy is done on the 2 sl/2 - 2 pl/2 transition of 

the Sr+ ion. The kinetic energy of the ions is then calculated using Doppler broadening 

of the spectrum. The variation of temperature with time is fit to a theoretical model 

of kinetic energy oscillation. The result of the fitting is presented in this thesis. The 

importance of an annular analysis of the absorption spectrum is demonstrated and the 

mathematical procedures employed to calculate the kinetic energy are developed. The 

oscillations are observed to be damped which is a characteristic of strongly coupled 

plasmas. 
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where their temperatures and densities are compared. In most cases, high (thermal) 

energy is needed to liberate the electrons from the nucleus and this gives the electron 

lots of kinetic energy, and thus a weakly coupled plasma results. But in some stages of 

collapsed stars, like white dwarfs and neutron stars, the interparticle distances are so 

small that plasma naturally exists in a strongly coupled state. There is also another 

way of attaining a strongly coupled plasma - by reducing the temperature of both the 

positive and negative constituents of the plasma. It is here that the field of ultracold 

plasmas comes in. 
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Figure 1.1 Some types of plasma that can exist 
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1.2 Introduction to ultracold neutral plasma 

Creating ultracold neutral plasmas in the laboratory environment was first re

ported [1] in National Institute of Standards and Technology, Gaithersburg, Mary

land. The plasma was produced by photoionizing laser cooled xenon atoms. The 

temperature of electrons in this type of plasma can vary between 1-1000 K (depend

ing mostly on the frequency of the photoionizing laser) and the ion temperature is 

around 1K. The charge carrier density can be as high as 1016 m-3 . 

In our laboratory, to produce plasma, strontium atoms are first laser cooled. The 

atoms are cooled in a magneto-optical trap [2] on the 180 - 1 P1 dipole allowed tran

sition at 461 nm. The neutral atoms have a temperature of about 20 mK with peak 

density of about ( 4 ± 2) x 1010 em - 3 and total number of atoms of about ( 6 ± 1) x 108 

[3]. After turning the MOT magnets off, the atoms that are in the 1 P1 excited state 

are photoionized with a 10 ns pulsed dye laser [4]. The wavelength of the dye laser 

is tuned to just above the ionization continuum. Because of the small electron-to-ion 

mass ratio, nearly all the energy of the photon is transferred to the electron's kinetic 

energy (Ee)· Ee/kB can be as low as 100 mK which is the bandwidth of the laser. A 

schematic of the MOT and the photoionization is shown in Fig. 1.2. 

The charge distribution and dynamics of the plasma can be probed by employing 

charged particle detection techniques. Information about the behavior of the plasma 
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Zeeman-Slowed Atomic Beam 
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Strontium Reservol 

Figure 1.2 Basic experimental setup of the MOT and photoionization 

can be obtained with this simple technique. In this technique, a variable electric field 

is applied to attract the charged particles (electrons or ions). The detection signal is 

observed with respect to time and it can be related to the magnitude of the electric 

field. This gives us very crucial information about the way the plasma evolves with 

time. 

In our lab, we also use a charged particle detection system to probe the plasma. 

A description of our detection system is given in Appendix C. The main drawback 

in the charged particle detection technique is that it destroys the plasma. A non-

destructive way of probing the plasma is by absorption imaging the plasma. This 

method is described in the following section. 
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1.3 Imaging ultracold plasmas 

One of the advantages of absorption spectroscopy to probe the plasma is that it is 

a non-destructive and in situ method. The charged particle detection technique can 

give information only about the average density of the plasma, whereas by absorption 

spectroscopy the plasma can be resolved both spatially and temporally. The ions cast 

a shadow when illuminated by a laser of proper wavelength and the image recorded 

on a charged coupled device (CCD) camera and this image is analyzed. Strontium 

ions (Sr+) have a transition, 281; 2 - 2 P1; 2 , at wavelength 422nm. In the experiments, 

light of 844 nm is frequency doubled to 422 nm and the absorption spectroscopy is 

done [3, 5]. 

In principle, absorption spectroscopy is simple. The absorption coefficient is first 

related to the laser intensity when the absorbent is present and when it is not. Fol-

lowing Beer's law, the optical depth of the image is 

OD(x, y) = ln [hackground] , 
I plasma 

(1.1) 

where !plasma and hackground, as in Fig. 1.3, are the intensity of the laser when the 

plasma is present and when it is not. The optical depth is found out directly from 

the experimental image of the plasma. And then, as shown in chapter 3, the OD is 

related to the underlying physical parameters of the plasma, more specifically, the 

effective temperature. 
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Plasma CCD 

Figure 1.3 Absorption imaging of Sr plasma. The 422 nm light casts a shadow of the 
Sr ions, which have a resonant transition at 422 nm. The image is recorded on an image 
intensified charge-coupled device ( CCD) camera. 



Chapter 2 
Ion dynamics in a plasma 

2.1 Introduction 

In a plasma, coulombic interactions result in many phenomena. Ion oscillation 

and expansion of the plasma are two examples. In this chapter, the origins of ion and 

electron oscillations in a plasma are explained. The effect of variation of the density 

on the oscillation is also shown, which results in the need to do annular analysis. 

Finally, there is a short introduction to the expansion of a plasma. 

2.2 Plasma oscillations in constant density 

Plasma by definition is a collection of charged particles that are free to move by ex-

ternal influence. If the equilibrium condition is changed inside a plasma, the particles 

will try to reach equilibrium again, and this is what gives rise to any kind of oscillation. 

If we consider electrons in the plasma, then it is easy to show that a displacement 

of the electrons from the ions results into a restoring simple harmonic force, and the 

electrons undergo oscillations whose frequency is given by Wpe = Jn0ee2 /me Eo. This 

quantity is called the electron plasma frequency, and is the resonant frequency of 

oscillation at which the electrons in a plasma would oscillate. 

The situation is different in the case of ion motion. Ion-plasma oscillations are 

observed only when the wave vector, k > 1/>..n, where, >..n = -1-JkBTe/me is the 
Wpe 
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electron Debye screening length with Te being the electron temperature. This means 

that the electrons are not effective in screening out the coulombic force between the 

ions. The ion plasma frequency in this case has a value of wpi = Jn0ie2 lmiEo, which 

is similar to that of the electronic plasma frequency. However, when k < 11 >.D, the 

frequency increases linearly with k and is given by w = C8 k. This is called the ion 

acoustic wave because as we will see below, the expression for the phase velocity, 

The above argument can be understood from the dispersion relationship of ion 

acoustic waves in a two component plasma, given by [7] 

2 

1 - ----=--W---'p'-e--=--=-
w2- k 2v; (2.1) 

where, k = 27r I>. is the wave vector and Ve,i ~ JkBTe,dme,i are the electron and 

ion thermal velocities. Assuming that w « Wpe and Te » Ti, which results in the 

approximation vi « w I k « Ve, the dispersion relation becomes, 

2 2 wpe wpi 
0 (2.2) 1+---

k2v; w 2 

2 1 wpi 
0 (2.3) =} 1 + k2).b - w2 

=} w = 
kCs 

J1 + k2).b 
(2.4) 

It is clear that when k -> 0, we get w = C8 k, establishing the ion acoustic wave 

phenomenon. It is worth mentioning that the phase velocity, C8 , is driven by the 

electronic energy (Te) but the inertia is provided by the mass of the ions (mi)· 
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At large k values however, the frequency of the wave approaches the ion plasma 

frequency, Wpi. This is because k = 27r I>.. ~ 27r I An, and as k becomes large, the 

effective screening by the electrons decreases. This decouples the electrons and the 

ions, and in this case the frequency of the ion acoustic wave approaches Wpi· The ion 

acoustic branch and the ion oscillation branch can be seen clearly in Fig. 2.1. 

w .. 
.... ·······fv =C8k .. .............................. , ................................. . 

.... ········• 
.. .. .. 

k 
Figure 2.1 Dispersion in ion acoustic wave for a two component ion-electron plasma. 
At low k, the phase velocity approaches a constant Cs, also called the ion acoustic wave 
velocity. And at high k values, the frequency approaches the ion plasma frequency, Wpi 

Ion plasma oscillations are central to the thesis, so let us get a more intuitive 

picture of those. Physically, ion plasma oscillations can be visualized by considering 

ions in a body centered cubic (BCC) lattice configuration, where the body centered 

ion oscillates under the electrostatic attraction of the other ions at the vertices. The 

theory followed here is similar to that of a simple harmonic motion, where the change 

in potential energy from the mean position varies quadratically with the displacement 
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(U "' ~kx2 ) and the frequency of oscillation is given by Jk!ffi. It should be noted 

however that the inter-ionic spacing in the example considered has to be lower than the 

electron Debye screening length, so that the ion electrostatic forces are not shielded 

out by the fast moving electrons. A unit cell of the lattice is shown in the Fig. 2.2, 

where the length of the cube is taken to be equal to 2a to simplify our calculations. 

2a 

-------------: 
I 

................. : 
•. I 

._..,. ......... : 
............ --'T--

---- ,d... dz 
-~ 

Figure 2.2 Ions in a BCC lattice. The body centered ion is displaced by a distance dz, 
and a restoring force develops which makes the ion oscillate about its mean position. 

Considering only the nearest neighbors, the total potential energy of the body 

centered ion in its mean position is given by 

8 e2 
U=--. 

47l'Eo J3a (2.5) 

Now, considering that the central ion has been displaced by a distance dz along 

the positive z-axis, its distance from the top four ions in first order of dz will be equal 

to v'3a2 - 2adz ~ J3a(l- dz/3a). Similarly, the distance of the central ion from the 

bottom four ions will be equal to V3a(l + dz/3a). Thus, the new potential energy of 
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the central ion is equal to 

U' 4:,, ;;a c ~ ;~ + I : :) 
(2.6) 

= 4:<o ;;a C- ~~)2) (2.7) 

4:<o ;;a (I+ G: )') · (2.8) 

The density of the ionic lattice, noi (taking the packing fraction of BCC to be 

0.68) is given by 

(2.9) 

So the change in potential energy is given by ~U = U'- U = (e2n0d6.12t:0 )dz2 

which is a quadratic in dz. The frequency of the harmonic oscillation is thus given 

by J e2n 0d3.06miEo = 0.6wpi, which is very close to the ion plasma frequency Wpi, 

considering that we only took the effect of nearest neighbors into account in our 

calculations. 

Now that the origin of plasma oscillation is established, it is easy to see that the 

kinetic energy of the particles will oscillate with twice the ion-plasma frequency. It 

is like any other oscillation where the potential energy is converted to kinetic energy 

and vice versa. A schematic of this motion is shown in Fig. 2.3. 
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P.E. 

electron-ion separation 
Figure 2.3 Ion Oscillation in plasma. The figure shows the variation of ion kinetic 
energy in a simple harmonic potential. The frequency of the oscillation is the ion plasma 
frequency 

2.3 Expression of temperature considering ion oscillation 

Rigorously, we can only relate the kinetic energy to the temperature when local 

thermal equilibrium is established. The plasma in our case reaches local thermal equi-

librium in a timescale of rv n/wPi· We can assign an effective temperature of the ions, 

Teff, which describes the average kinetic energy of the ions (~kBTeff = ~m (v2)). A 

simple expression for this effective ion temperature of ion considering the ion oscil-

lations can be derived as follows. If we assume the velocity of the ion to vary as 

v0sinwpit, where, Wpi = Jn0ie2 /miEo is the ion plasma frequency, then from simple 

kinetic theory we know that temperature, Tef f ex v2 . Thus, the effective temperature 

of the ions can be written as 

(2.10) 

(2.11) 
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In reality, the ionic motion may not be free, and we incorporate this by including 

a damping term in the temperature expression. Taking the effect of this damping, 

the ionic temperature is written as 

(2.12) 

where we have assumed a certain form of the damping and will discuss this later. In 

the expression, a is a measure of the damping and when no damping is present a= 0. 

It is clear from the above equation, that at long time intervals, the oscillations die out 

due to the damping in the plasma. Thus~ is the locally equilibrated temperature of 

the ion. Its calculation is shown in sub-section 2.3.1. 

2.3.1 Calculating the locally equilibrated temperature 

Ions in a plasma have relatively low kinetic energy immediately after formation 

(photoionization). Their spatial position is highly uncorrelated and this has a higher 

Coulombic potential energy compared to that of a regular lattice structure [8]. There

fore, as the ions equilibrate to their lower potential energy configuration, the potential 

energy is converted to kinetic energy. This phenomenon is called disorder induced 

heating [9]. 

It is shown in [9] that if the ionic gas is initially highly uncorrelated and the 

ions interact through the screened Coulomb interaction, Uy ( r) = e2exp( -r / >..n) /r, 

with >..D = J EokBTe/nee2 the electron Debye screening length, then the equilibrium 
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temperature is given as 

(2.13) 

Here, K = a/A.n, U = N 2~ is the excess potential energy per unit particle in ie 1n::oa 

units of e2 j47rE0 a and ri = e2 j47rEoak8 T; is the coulomb coupling parameter for the 

ions. The quantity U as a function of r and K is tabulated in [10]. As can be seen 

from the above equation, the excess energy, U is a function of ri and hence ofT;. 

For a given peak density, n0 , and electron temperature, Te, we can solve the above 

equation by iterative method and obtain a distribution of the ionic temperature T;. 

The Matlab code used to calculate this temperature is given in Appendix A. 

2.4 Dephasing of oscillation - Need to do annular analysis 

In the above section, the oscillations were considered when the ionic density is 

constant and not varying with position. But in reality, the ions have a Gaussian 

density distribution with respect to position. They will not have a constant plasma 

frequency or Ti, but these will vary with density. This presence of many intrinsic 

plasma frequencies in the medium, slowly takes the oscillations out of phase with 

each other, and this results in what is called dephasing, where the oscillations appear 

to die out sooner than they should. As shown in Fig. 2.4, all oscillations start out 

with the same phase, but eventually they fall out of phase even if a = 0 (Eqn. 2.12). 

The result is a sine wave whose amplitude decreases progressively with time. 
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Figure 2.4 Dephasing of oscillations in plasma. Even when oscillations start out with 
the same phase, they fall out of phase after certain time. The resultant is an oscillation 
whose amplitude decreases progressively with time. 

It is due to this variation of density and ion-plasma frequency that the need to 

probe the density as a function of position arises. To do this, we divide the analysis 

of the plasma into concentric cylinders around the laser beam - each having the same 

number of ions and less density variation than the entire cloud. This results into 

annular cross sections in a two dimensional image of the plasma. In the image of 

the whole plasma, the oscillations die out soon because of dephasing. But, in the 

annular regions, plasma oscillations should be more prominent and easier to analyze. 

The effects of dephasing should be clear if we compare the oscillations in the whole 

plasma to that in the annular regions and we can determine if other damping processes 
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are important. This proves that the position-variance of the density indeed has an 

effect on the oscillations. In order to incorporate the change in density, the expression 

for the average effective temperature in this case is thus written as 

P2 ex> 

TeJJ(t) = J dp J dz (27rp) nt) T;(r)[1- cos(2wp;(r)t)e-awp;(r)t], (2.14) 

Pl -ex> 

where, we have used cylindrical coordinates with p1 and p2 indicating the cylindrical 

boundary of the annular regions and r 2 = p2 + z2 . Here, notice that the locally 

equilibrated temperature, T;(r) is a function of position because in Eqn. 2.13 the 

density is a function of position. 

0.1 

0.05 

0 

10 
10 

0 0 

Figure 2.5 Analyzing annular regions of plasma. Since the density is a function of the 
radial distance, if we can analyze a small annular section of our plasma image we can better 
probe the density variation of the plasma. This also reduces the dephasing effects in the 
plasma oscillations. 

To define the annular regions, we divide the image of the plasma into three re-
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gions, each having the same number of ions. These annular regions have cylindrical 

symmetry with the axis aligned with the direction of the laser propagation. The 

density of the plasma in our case peaks at the center (r=O) and then falls off roughly 

satisfying a Gaussian expression. The density distribution is written as 

(2.15) 

where n0 is the peak density and C7 is a measure of size of the cloud. To find the limits, 

we denote the boundary of the annular regions by p1 and p2 . The total number in 

each annular sections is thus given by 

P2 oo 

j dp j dz (27rp)ni(P, z) = ~Ni, (2.16) 

Pl -oo 

where, Ni is the total number of ions. The above equation can be solved for three 

coaxial regions, centered at p = 0. The three regions thus obtained are given by 

(p1 , p2 ) = (0, 0.9), (0.9, 1.48), and (1.48, oo). For the remainder of this thesis, these 

will be referred to as region 1, region 2 and region 3 respectively. The whole volume 

of the plasma will be referred to as region 0. 

2.5 Expansion of plasma 

In this section, I briefly describe another phenomenon which results in temporal 

change in temperature of the plasma. The electrons are held in the coulomb space 

charge of ions [1] but pressure of the electron gas accelerates the ions radially and 

eventually causes them to expand. [11, 12]. 



--------------

18 

The expansion of a plasma is characterized by the expansion time given by 

(2.17) 

where, Te is the electron temperature and Ti,ave is the average temperature of the ions. 

This expansion time (texp) is the time at which the ion expansion velocity becomes 

comparable to the thermal velocity. The expansion will be rapid when the electrons 

have high kinetic energy (large Te) and the expansion will be slow when the electrons 

have low kinetic energy (small Te)· This fact is clearly demonstrated in our data too 

and is shown in the chapter on data analysis (Fig. 4.3 and Fig. 4.4). 

Although, the thesis is mainly focused on ion-plasma oscillations, the phenomenon 

of expansion will be incorporated to extract the effective temperature of the ions 

from the Doppler broadened spectrum. This process is explained in detail in the next 

chapter. 
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Chapter 3 

Determining the ionic temperature 

3.1 Introduction 

Behind every experiment there is an underlying goal to extract a physical para

meter from the results. In our case, the effective temperature is the most powerful 

parameter. It can be extracted by analyzing the absorption spectrum. By knowing 

the temperature and its variation with respect to position and time, many useful 

conclusions can be made, such as the existence of local thermal equilibrium of the 

plasma and kinetic-energy oscillations of the plasma. 

This chapter is a short guide to the procedures employed to find the effective 

temperature of the ions. In the beginning section, calculation of the effective tem

perature for the whole volume of the plasma is described. Although the main focus 

of the thesis is on annular regions of the plasma, the analysis for the whole volume 

makes the procedure easy to understand and a better physical picture can be grasped. 

After this, the effects of electronic screening on the ion temperature is discussed, and 

then the temperature extraction for the annular cases will be described. The analysis 

for the whole volume closely follows [13] but the annular analysis is completely new. 
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3.2 Extracting the temperature of ions from the image. 

When we study the variation of intensity of light with respect to frequency, the 

result is known as the spectrum. If a laser beam passes through a substance, then 

the spectrum obtained after passage contains information about the substance. Ide-

ally, there should be sharp peaks or dips in the spectrum. Because of other effects, 

like collisions, non-zero thermal velocity, electric or magnetic fields, the spectrum is 

usually spread about the peak positions. This spread gives us information about 

the magnitude of the effects. For example, the temperature of the ions is directly 

related to their kinetic energy and velocity and hence to the Doppler broadening of 

the spectrum they produce. In reality, the Doppler broadening of the spectrum is 

used to calculate the temperature of the ions. We fit the spectrum to a Voigt profile 

(which is a convolution of Doppler and natural broadening), and obtain the effective 

temperature from the fit. A typical Voigt fit to the absorption spectra of our plasma 

is shown in Fig. 3.1, where the increase in the linewidth with the delay time is very 

clear. 

In absorption spectroscopy, the optical depth (OD) gives us a measure of how 

much laser light has been absorbed. For the laser beam propagating along the positive 

z-axis, the OD is written as 

00 

OD(x, y) = J ni(f')a (v, Ti(f')) dz, (3.1) 

-oo 
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100 

Figure 3.1 Voigt fitting of the absorption spectrum with respect to the detuning. The 
y-axis is the average of the absorption cross-section. [3] 

where, ni(T) is the density of the ions, a(v, 1i(T)) is the absorption cross section of 

the ions at the frequency v. The dependence of a on the temperature helps relate the 

OD to the temperature of ions. It should also be pointed out that the equilibration 

temperature of the ions is related to density, and as the density varies with position, 

so does the temperature. We can sum the OD over the image surface and get the 

absorption spectrum S(v), which is given by 

S(v) = J J OD(x, y)dxdy = J ni(T)a(v, Ti(T) )d3r. 
v 

(3.2) 

In order to extract physical meaning from the above equation, we relate the ab-

sorption cross section to underlying physical parameters, like the temperature of the 

ions and the resonance frequency of the ionic transition. Through the atomic gain co-
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efficient, the absorption cross section is related [14] to the complex part of the atomic 

susceptibility, Xc(v), as 

a(v) 
27r 

t::.N A. Xc(v) 

3* A.2 'Yo 1 
---- X ------;:-

27r ref! 1 + [2(v-vo)J 2' 
"'ef Jl27r 

(3.3) 

where t::.N is the population difference between the ground and the excited states, 

vo is the resonance frequency of transition and 'Yeff is the full-width half-maximum 

(FWHM) of the observed transition. If the dominant broadening is because of laser 

linewidth and naturallinewidth, then, /eff ='Yo+ /laser =, where, 'Yo = 27r X 22 X 106 

rad/s is the natural linewidth and /laser = 27r X (5 ± 2) X 106 rad/s is the laser 

linewidth. The factor 3* in the above expression can have values between 0 and 3, 

but due to the random alignment of the ions, in our case, 3* = 1 [14]. * 

In the expression for a in Eqn. 3.3, we do not take into account the Doppler 

broadening of the linewidth due to the non-zero temperature of the ions. The broad-

ening processes are statistically independent and each infinitesimal frequency band of 

the Lorentzian may be considered to be Doppler broadened. The resultant absorp-

tion coefficient is thus written as the convolution of both the contributions, which is 

*The analysis shown here is taken from [13]. The RHS of Eqn. (7) in [13] needs to be multiplied 
by a factor of ....2Q_ 

"~•! f 
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commonly called the Voigt profile. 

00 

( 'T'.) _ 3* >.2 ~ J d 1 1 [- (s- v0 )2 ] a v, 1, - s 2 exp 2 , 
27r /eff 1 + [ 2(v-s) J v"27raD[7i(r)] 2a0 [Ti(r)] 

-oo 'Yef f /27r 

(3.4) 

where, aD(li) = t~ is the Doppler width. The factor 1/v"27raD[7i(r)] in the 

integral takes care of the fact that J a(v)dv = J a(v, li)dv. 

Combining equations 3.4 and 3.2, we get the expression for the absorption spec-

trum as 

00 

S(v) 3*>.2 /o j 1 ---- ds x 
27r /ef f 1 + [ 2(v-s) J 2 

-oo 'Yeff /27r 

J 3 1 [ (s- v0 ) 2 ] d rni(T) exp - 2 . 
v"27raD[7i(r)] 2a0 [Ti(r)] 

v 

(3.5) 

The spatial integration in equation 3.5 can be simplified by assuming an expression 

for li(r). It is shown in [15] that if we neglect electronic screening (which is true for 

high Te), the expression for temperature can be approximated by 

li(r) C' e2 C' 3{4; e2 [ ( )]1/3 
- 47rEoa(r)kB = V 3 47rEokB x ni r (3.6) 

'T'. -r2 /6u2 
.lt,maxe , (3.7) 

where, a(r) = (47rni(r)/3)-113 is the spacing between the neighboring ions, li,max 

is the temperature of the ions at r=O and a Gaussian distribution of the density is 

assumed ni (r) = e-r2 / 2u 2 • It should also be pointed out that the temperature in 



24 

equation 3. 7 is the locally equilibrated temperature of the ions, which the ions can 

reach in a time scale of the order of the inverse plasma frequency, (n-jwpi), which is 

typically equal to 100 ns. The plasma temperature reaches global thermal equilibrium 

in a time scale of the order of r7 jv, where, r7 is a measure of the size and v is the ion 

acoustic wave velocity. Usually, this time is of the order of 1-2 JlS, although in our 

lab this timescale has not been explored and global thermalization has not yet been 

observed. 

Putting the expression of temperature from equation 3. 7 into 3.5, the expression 

for the spectrum modifies to 

00 

S(v) = 3*..\2 ~ j ds 1 x 
27r ref! 1 + [ 2(v-s) ] 2 

-oo "fef! /27r 

(3.8) 

where, r7D,max = -1- J kB~~ax is the Doppler width corresponding to the maximum 

temperature, Ti,max = Ti(r = 0). As shown in Fig. 3.2, the spatial integration in 

the above integral can be approximated to a simple Gaussian function with Doppler 

width equivalent to a temperature of 0.91Ti,ave, where Ti,ave = ~; J d3rni(r)7i(r) is 

the average temperature of the ions. Thus, the expression for the spectrum now 

reduces to 

00 

S( ) _ 3*..\2 'Yo J d 1 Ni [ (s- vo)2 ] ( 3 .9) 
1/ - ~ref! S 1 + [ 2(v-s)] 2 .../2iifrD exp - 2fr5 ' 

-oo 'Ye!f /27r 
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h - 1 w ere, IJD = >: 0 · 91k!~i,ave = ~ V kB~~eff is the Doppler width with equivalent tern-

perature as Ti,eff = 0.91Ti,ave· The above equation is a Voigt profile and by fitting 

the spectrum data to this expression, we can extract ~.ef f and hence the ~,ave of the 

ions. 

3.5 

2' 
~ 25 

.!!. 

~ 2 

i 
-~ 1.5 
§; 

0.5 

0o~--~0~.5----~----~,~5----~~~~~~~ 

s-v0 (in units of aD.ITMix) 

Figure 3.2 An analytical verification showing that the weighted Doppler profile averaged 
over the density can be replaced by a simple Gaussian with a constant temperature, Ti,ef f = 
0.91Ti,ave· In the figure, the continuous line is the density averaged Doppler profile, and 
the dashed line in the approximated Gaussian curve. 

3.3 Determination of effective temperature considering elec
tron screening 

A procedure similar to that in the previous section is applied to consider the 

effects of electron screening in the plasma system. The difference here is that instead 

of using the simple expression of temperature given by equation 3.7, we use the local 

equilibrium temperature considering electronic screening given by 2.13. Electron 
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screening, due to shielding effects, will reduce the ion-ion interaction energy. 

Using the temperature T; thus obtained from 2.13 and putting it in Eqn. 3.5, it is 

shown in Fig. 3.3 that in this case too the spatial integral in Eqn. 3.5 can be reduced 

to a simple Gaussian distribution with an effective temperature of T;,eff = 0.93T;,ave· 

It should be noted that the average temperature is now calculated by averaging 2.13 

over the density profile. 

1 · 5 c--:---..----..----~--.,--r=~Do=pp;:::ler:;:=lnt;::eg=:=,ral'il 
- - Gauss approx. 

F' 

i 
i .. 
i 
"'o.5 

Figure 3.3 An analytical approximation of density-averaged Doppler profile to Gaussian 
when screening effects of the electrons are considered. In this case, the effective temperature 
is Ti,eff = 0.937i,ave· The temperature is now calculated using Eqn. 2.13. The continuous 
line is the density average of Doppler profile, and the dashed line in the approximated 
Gaussian curve. 

3.4 Calculating the efffective temperature in annular regions 

As shown in the previous sections, the spatial integral in Eqn. 3.5 was approxi-

mated by a gaussian distribution from which we got an effective temperature of the 

ions for the plasma as a whole. The annular regions have been defined and their im-
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portance already established in section 2.4. We should now investigate the effective 

temperature for a given annulus. The mathematical approach remains the same as 

described in section 3.2 and 3.3. 

In the case of annular regions, the spatial integration of Eqn. 3.5 is done by 

considering spherical polar coordinate system. In polar coordinates, we replace d3 r 

by (2np)dpdz, where, the limits of z is from -oo to +oo. The limits of pis (p1, p2), 

where, (p1, p2 ) = (0, 0.9), (0.9, 1.48), and (1.48, oo) define the three annular regions. 

It should also be noted that in doing the annular analysis, we use the temperature as 

given in Eqn. 2.13 which takes the effects of electron screening into account. 

It is shown in Fig. 3.4 that the Doppler integral in each annular region can 

be approximated by a gaussian expression with an effective temperature, different 

in different annular regions. If we define the average temperature in the annuli as 

Ti,ave,reg, it is found that the ratio of the effective temperature (T;,eff) to the average 

temperature (T;,ave,reg) is 0.98, 0.97 and 0.92 for regions 1, 2 and 3 respectively. This 

ratio is called the C coefficient. 

It was also shown in section 3.3 that the value of C was 0.93 for the whole volume 

of the plasma. Thus, without loss of much accuracy, the electron-screening effect 

gives the value C as 0.95 ± 0.03 for any of the annular regions of plasma. The plots 

for the gaussian approximation of the Doppler profile is shown in Fig. 3.4. 
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Figure 3.4 An analytical verification showing that in the case of annular regions, the 
weighted Doppler profile averaged over the density can be replaced by a simple Gaussian 
with a constant temperature, ~,eff = CTi,ave,reg· The values of C are 0.93, 0.98, 0.97 and 
0.92 for the whole plasma, regionl, region2 and region3 respectively. The analysis was done 
by taking the electronic screening effects into consideration. In the figure, the continuous 
line is the density average of Doppler profile, and the dashed line in the approximated 
Gaussian curve. 

3.5 Annular effective temperature considering expansion 

The phenomenon of plasma expansion was briefly described in section 2.5. Here 

we discuss its effects on the extraction of the effective temperature in the annular 

regions. If Vz is the average radial expansion velocity of the ions in the direction 

of the laser beam, then it is shown in [13] that the Doppler shift in the resonant 



frequency due to the expansion velocity profile, is given by 

011 = Vz 

A 
zkBTetdelay 

mi(JI A 
Z tdelay 

(JD,ave--t--' 
(Ji exp 
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(3.10) 

(3.11) 

where z is the distance from the center of the cloud along the direction of the laser 

and texp = ( (JdTe) J miTi,ave/ kB is the characteristic time for expansion of the cloud. 

In this time, the ions get enough velocity so that the Doppler width due to expansion 

is equal to the thermal Doppler broadening. Incorporating the above frequency in 

the spectrum in Eqn. 3.8, Fig. 3.5 shows that the spatial integral part can be 

approximated as 

(3.12) 

(3.13) 

where the effective Doppler profile corresponds to a temperature 

(3.14) 

The coefficient C is the ratio of the effective temperature (T.,eff) to the average 

temperature (Ti,ave,reg) when tdelay = 0, as pointed out earlier. A plot of the Doppler 

integral and the Gaussian approximation for various tdelay and for different annular 

regions is shown in Fig. 3.5. 
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Figure 3.5 An analytical verification showing that in the case of annular regions with 
the resonant frequency broadened by expansion, the weighted Doppler profile averaged over 
the density can be replaced by a simple Gaussian with a constant temperature, Ti,ef f = 
Ti,ave,reg[C + (tdelay/texp)2]. Notice that as tdelay increases, so does the Doppler width. 
The analysis was done by taking the electronic screening effects into consideration. In the 
figure, the continuous line is the density average of Doppler profile, and the dashed line in 
the approximated Gaussian curve. 

If we include the effect of expansion on that of oscillation derived in the previous 

chapter, the final expression for the effective temperature in annular regions is 

P2 oo 

TeJJ(t) = J dp J dz (27rp) nt) 'Ii(r) [1- cos(2wpi(r )t)e-awp;(r)t] X [C + (tdelay/texp) 2 ], 

Pl -oo 

(3.15) 

where, we have used cylindrical coordinates with p1 and pz indicating the cylin-

drical boundary of the annular regions and r 2 = p2 + z2 . This is our model for Tef f. 
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3.6 Expansion time Ctexp) is same in all the annular regions 

The expansion time of our plasma is given by 

(3.16) 

and is proportional to vr:;;;;;. It is natural to ask whether this T;,,ave is really the 

average temperature over the whole volume or the average over the corresponding an-

nular volumes. To answer this question, Ti,eff was extracted following the procedures 

described in the previous section, first, by using iexp = (CYdTe)JmiTi,ave/kB and then 

by using iexp,reg = (CYdTe)JmiTi,ave,re9 /kB· The T;,,eff thus obtained were plotted 

with respect to tdelay· As shown in Fig. 3.6 it is found that only when the expansion 

time is given by iexp = ( CYdTe) J miT;,,ave/ kB, the effective temperature follows the 

relation given in Eqn. 3.14. This shows that iexp is a global quantity, the same in all 

the annular regions. This fact will be very useful for all our annular analyses. 
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Figure 3.6 The expansion time has to be a constant in all the regions. The expansion 
curve, Eqn. 3.14 doesn't fit well if texp oc J~,ave,reg· 



Chapter 4 
Data analysis and results 

After the physical background and mathematical formulations given in the previ-

ous chapters, we will show in this chapter how they fit the experimental data. The 

main focus of this chapter is to see the ion plasma oscillations in real data. Some 

trends from the fitting results will be discussed and some parameters extracted from 

the fittings will be compared with their values obtained from other methods. 

4.1 Fitting the temperature data to the oscillation function 

To fit the temporal variation of the ion temperature, we first extract the effective 

temperature, Teff from the data as described in section 3.4. The Teff is then fit to 

the following expression 

P2 +oo 2/ 2 J J n e-r 2ui 
TeJJ(t) = 27rdp dz 0 N 7i(r) [1- cos{2wpi(r)(t- t 0 )}e-owpi(r)(t-to)] 

PI -oo 

(4.1) 

The above equation is similar to that in Eqn. 3.15, with a few additions for the 

fitting to be better and slightly more flexible. The integration is now carried out in 

cylindrical polar coordinates (in the above equation, r = J p2 + z2 ). A correction 

term in the time, t0 is incorporated in the experimental delay time, t. To do the 

fitting, we choose the following parameters- n 0 , the peak density, Te, the electron 
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temperature, t0 , the time-zero, {3, a factor which made the fitted plasma size equal 

to f3cri, and a, the decayfactor. Out of these, n 0 , Te, t0 and f3 were kept constant in 

all the regions, because physically, these terms should be independent of the annular 

regions' boundary. Whereas, the decay factor a was allowed to vary along the regions, 

the variation in a took care of the different degree of oscillations in different regions. 

The fitting was done by the method of least squares, in which the reduced x2 

defined by the formula 

X~=~ t (Ydata,ie- YJit,i) 2
, 

i=O t 

(4.2) 

is minimized. In the above equation, ei is the experimental error assigned to each 

y-data values. v is the number of the degrees of freedom and is equal to the difference 

between the total number of data points (n) and total number of parameters (m). 

The fitting was done first for the three annular regions -1,2 and 3 and the plots of 

the fit and the residuals so obtained are shown in figures 4.1 and 4.2 respectively. The 

least square fitting was done in Matlab using the function nlinfit.m with some mod-

ifications so that it can do the reduced x2 fitting. Using the residuals and Jacobian 

generated from the fits, the errors of the optimal parameters were also determined 

and were of the order of 10% of the parameter's value, which shows a fairly good fit. 

The details of the error analysis can be found in Appendix B. 

In total, nine different sets of data were fit with, each having different electron 

temperature and peak density. These quantities were controlled by the photoionizing 
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Figure 4.1 These fits show the fits of the ion temperature of different regions to the 
oscillation function (Eqn. 4.1). Regions 1,2 and 3 were fitted in this case. 

laser wavelength and intensity [4]. The calculated Te in the case of the data shown 

in Fig. 4.1 is equal to 37K. But the data also fit well in cases of high as well as low 

electron temperature. Two figures are shown (Fig. 4.3 and 4.4) that substantiate 

these claims. 

Ideally, the value of x~ should be equal to 1 for a good fit. And although we were 

able to fit the data to a single function in all the three regions, the value of x~ in this 

kind of fitting is slightly on the high side at 1.47. With 7 parameters, v in this case is 

equal to 56, and from [16] we know that in 99 out of 100 cases the value of x~ wants 
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Figure 4.2 These fits show the residuals (=data- fit) from the fit of the ion temperature 
of different regions. Regions 1,2 and 3 were fitted in this case. 

to be less than 1.47. This corresponds to a probability of exceeding x~ to be equal to 

1%. It shows that the fit is not so good, as ideally this probability should be 50%. 

This discrepancy leads us to closely examine the residuals of the plots and as can 

be seen from Fig. 4.2, there is a significant systematic variation in the residual for 

region 3 and it contributes the most to the high value of X~· To see if our function 

is a bad approximation of the data, we omit the outer region in our fitting and do 

the analysis by fitting only regions 2 and 3. The plots and residuals so obtained are 

shown in figures 4.5 and 4.6 respectively. x~ now is equal to 1.17 and this is very close 
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Figure 4.3 Fits of ion temperature data for low Te. These plots show the fits of the 
ion temperature of different regions to the oscillation function (Eqn. 4.1) when the electron 
temperature is comparatively low, Te = UK. Regions 1,2 and 3 were fitted in this case. 

to unity. The probability of exceeding X~ is also now about 25%. This value of x~ 

is more reasonable and it suggests that our fitting-function is a good representation 

of our experimental data in regions 1 and 2 but does not very well fit region 3. 

One reason might be that the outer region is not perfectly neutral because the high 

energy electrons might have escaped from this region or perhaps the experimental 

errors assigned to the temperature (y-values) might be on the lower side as well. 



4. nd0mot06ct29494-6-1 0-5MHzsorted.out 
4 

3.5 

3 

region 2 

0.5"-----~---~--~ 
0 500 1000 1500 

Delay Time (ns) 

4. nd0mot06ct29494-0-6-5MHzsorted.out 
4.5 

1 0......_ ___ 50~0---1-0~0-0 ___ 1500 

Delay Time (ns) 

4. nd0mot06ct29494-1 0-99-5MHzsorted.out 
4 

+ 

3 

+ + 

region 3 

~=1.4223v=122 

500 1000 1500 
Delay Time (ns) 

38 

Figure 4.4 Fits of ion temperature data for high Te. These plots show the fits of the 
ion temperature of different regions to the oscillation function (Eqn. 4.1) when the electron 
temperature is comparatively high, Te = 56K. Notice the short expansion time in the 
curves. Regions 1,2 and 3 were fitted in this case. 

4.2 Some trends from the fits 

Some of the physical quantities obtained from the fitting, viz., n 0 , Te and ai can 

be compared to their calculated values from other techniques. This comparison will 

give us more information on the reliability of our fits and the model used. The other 

techniques used to calculate those parameters are described here briefly. For example, 

the electron temperature can be calculated using the formula 

(4.3) 
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Figure 4.5 These fits show the fits of the ion temperature of different regions to the 
oscillation function (Eqn. 4.1) when only region 1 and region 2 are fitted. The X~ is very 
close to unity and it indicates that the fitting-function is actually a good representation of 
our experimental data. Regions 1 and 2 were fitted in this case. 

where, vlaser is the frequency of the photoionizing laser, and <1> 1p = 4.819 x 10-19 J 

is the ionization potential of the 1 P 1 level of strontium. The size and peak density of 

the plasma were taken directly from the image. 

The quantities n 0 , Te and cri were compared to their values obtained from the 

oscillation fitting. The plots are shown in figures 4.7, 4.8 and 4.9. As can be seen 

from Fig. 4.7, the values of fitted Te are generally higher than the calculated ones. 

This actually does not indicate an error in our analysis. It is well known that electrons 

heat above Eqn. 4.3 due to three-body recombination [12], disorder-induced heating 

[17] and continuum lowering [18]. Our analysis gives a good method to study this 

heating, which will be the subject of future study. 

Similar plots of the fitted and calculated n0 (Fig. 4.8) and the fitted and calculated 

ionic cloud size (Fig. 4.9) are given. They agree reasonably well. 
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Figure 4.6 These fits show the residuals(= data- fit) from the fit of the ion temperature 
of different regions. Regions 1 and 2 were fitted in this case. 

4.2.1 Effect of damping on the oscillation data 

In our model, we also account for the decay of the oscillation. This decay in 

oscillation is present in the system because of any damping phenomenon like ion-

ion or ion-electron collisions. The effect of damping is seen clearly in Fig. 4.10. 

The dashed curve in the figure is a plot when there is no damping (a = 0). The 

continuous curve takes the effect of damping( a = 0.91 for region 1 and a = 0.82 

for region 2) into account. Clearly, damping is an inherent feature of the oscillations 

that we observe. This type of decay is also shown numerically in [19] using a hybrid 

molecular dynamics approach. A plot of the decay factor, a versus the calculated n0 

is shown in Fig. 4.11 where it can be seen that a has values around unity in regions 

1 and 2. The value of a in region 3 is not equal to 1 but as pointed out earlier, the 

fits in this region are not so reliable. The value of a is also predicted to be 1 in the 

simulations of [19]. This is a good agreement between theory and experiment, but 
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Figure 4. 7 Comparing calculated and fitted Te. They-axis has the fitted value and the 
x-axis has the calculated value. An x=y (dashed) line is drawn for easier comparison. The 
solid line is a straight line fit for the data points. Notice that the values of fitted Te are 
generally higher than the calculated ones. 

more experiments are required to fully explore the damping. 

4.3 Future Directions 

We see that the annular analysis of kinetic energy oscillation is a powerful tool. By 

perfecting the plasma oscillation analysis, we can probe the dynamics of the plasma 

in its early stages of formation. We have described the basic analytical techniques 

and, will use them to study three body recombination and disorder-induced heating. 

After observing temporal oscillations, we can increase our spatial resolution to 

observe spatial oscillations too. It has been suggested by Pohl and Pattard in [19] 

that the radially decreasing density causes the ions to oscillate locally. Utilizing this, 

they also did a theoretical simulation to show the spatial oscillations. After observing 
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axis has the fitted value and the x
axis has the calculated value. An x=y 
(dashed) line is drawn for easier com
parison. The solid line is a straight 
line fit for the data points. 

42 

,,..,o ... 

~~----~----~.------7-----~ ... 
Calculntdcr(m) •10_, 

Figure 4. 9 Comparing calculated 
and fitted ion cloud, ai. The y-axis 
has the fitted value and the x-axis 
has the calculated value. An x=y 
(dashed) line is drawn for easier com
parison. The solid line is a straight 
line fit for the data points. 

plasma oscillations, we now understand the temporal behavior of the ions better and 

this information will be essential when we trap ions in future experiments. 



4. 
5 

4 

3 

ndOmot06ct29494-0-6-5MHzsorted.out 

region 1 

1\ 

/. ...... ... 

.a. data 
-fit 

:& 

- - plot with a=O 

500 1000 
Delay Time (ns) 

4. 
4 

3 

nd0mot06ct29494-6-1 0-5MHzsorted.out .... 
region 2 :/ 

111 data 
fit 

···· ···· plot with a=O 
oL-----~~==~====~ 

0 500 1000 1500 
Delay Time (ns) 

43 

Figure 4.10 Effect of damping on oscillations. The dashed curve is a plot when there 
is no damping (a= 0) present. The continuous curve takes the effect of damping(a = 1.35 
for region 1 and a= 1.38 for region 2) into account. Clearly, damping is an inherent feature 
of the oscillations that we observe. In our fitting model we take the effect of damping into 
account. 
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Figure 4.11 Plots of decay factor, a. The y-axis is the decay factor and the x-axis 
is the calculated peak density. In our fits, the decay factor, a has values around unity as 
shown by the simulations [19]. 



Appendix A 

Code to calculate 7i using equation 2.13 

The following is the Matlab code for TionofrTevector.m 

function TionofrTevector=myfunction(peakdens,rhovector,z,Telec,sigi) 

%peak density (peakdens) in m.--3, Te inK 

% this program accepts a vector rhovector (which is useful when dblquad.m calls it 

% a scalar z, and returns a vector TionofrTevector of the same size as rhovector 

% rhovector and z should be in units of sigi 

% This program also calls another function uex.m 

for i=1:length(rhovector) 

rho=rhovector(i); 

sigi=1; % sigi=1, if rho and z are in units of sigi 

ec=1.6e-19; epson=8.85e-12; 

kb=1.38e-23; precision=1e-5; 

Te=Telec; 

k=a/lambda; 



end 
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T0=2/3*(ec-2/(4*pi*epson*a*kb))*0.5; 

Gamma0=ec-2/(4*pi*epson*kb*TO*a); 

T1=2/3*(ec-2/(4*pi*epson*a*kb))*abs(uex(k,Gamma0)+k/2); %Initial guess 

delta=abs((T1-TO)/TO); 

count=1; 

while((delta>precision)&(count<200)) % recursive approaching the solution 

Gamma1=ec-2/(4*pi*epson*kb*T1*a); 

sma=abs(uex(k,Gamma1)+k/2); 

T2=2/3*(ec-2/(4*pi*epson*a*kb))*sma; 

delta=abs((T2-T1)/T1); 

count=count+1; 

T1=T2; 

end 

TionofrTevector(i)=T1; 

The following is the M atlab code for uex. m 

%Based on J. Chem Phys 101,9885(1994) (Ref A), 

% J. Chem Phys 105,7641(1996) (Ref B) and PRE 56, 4671(1997) (Ref C) 

function uex=myfunction(kapa,gamma); 

k=kapa; g=gamma; s=1/3; kb=1.38e-23; % constants 



if (g>1) 

if (k<=1) % Ref B formula 11-16 

da=-0.003366+0.00066*k-2-0.000089*k-4; 

Ebcc=-0.895929-0.103731*k-2+0.003084*k-4-0.000131*k-6; 

end 

a=Ebcc+da; 

b=0.565004-0.026134*k-2-0.002689*k-4; 

c=-0.206893-0.086384*k-2+0.018278*k-4; 

d=-0.031402+0.042429*k-2-0.008037*k-4; 

if(k>1) % Ref C Table VIII, and polynomial fitting 

a=-0.0007*k-4+0.0154*k-3-0.1305*k-2+0.0228*k-0.9065; 

b=-0.0046*k-4+0.0538*k-3-0.2265*k-2+0.2812*k+0.4314; 

c=0.0044*k-4-0.045*k-3+0.2126*k-2-0.5031*k+0.0565; 

d=-0.0011*k-4+0.0057*k-3-0.0209*k-2+0.1406*k-0.1202; 

% this function form is only good for k<3.6 

end 

uex=(a*g+b*g-s+c+d*g-(-s))/g; 

elseif ((g<=1)&(g>O)) %Ref A, Table IV and Ref C, Table VI 

gmatrix=[O 0.1 0.2 0.4 0.6 0.8 1]; 

kmatrix=[O 0.2 0.4 0.6 0.8 1 1.2 1.4 2 2.6 3 3.6 4 4.6 5]; 
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umatrix=[O -0.2652 -0.3483 -0.4431 -0.4962 -0.5406 -0.5717 

-0.1 -0.2809 -0.36 -0.4509 -0.5088 -0.5476 -0.5787 

-0.2 -0.3294 -0.394 -0.4794 -0.5319 -0.5708 -0.5991 

-0.3 -0.392 -0.452 -0.5251 -0.5732 -0.6087 -0.6317 

-0.4 -0.475 -0.5195 -0.5799 -0.6238 -0.6561 -0.6788 

-0.5 -0.5578 -0.5964 -0.6481 -0.6846 -0.7139 -0.7342 
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-0.6 -0.648425 -0.680595 -0.724539 -0.757346 -0.782004 -0.797097 

-0.7 -0.740415 -0.770037 -0.806296 -0.831754 -0.852470 -0.869746 

-1 -1.025685 -1.042716 -1.06775 -1.085879 -1.099115 -1.110066 

-1.3 -1.319127 -1.331495 -1.348344 -1.360226 -1.369705 -1.377115 

-1.5 -1.517696 -1.527809 -1.540813 -1.549763 -1.558136 -1.563017 

-1.8 -1.815104 -1.821103 -1.831725 -1.83661 -1.843731 -1.847809 

-2 -2.009731 -2.01827 -2.027327 -2.033013 -2.037149 -2.040283 

-2.3 -2.30972 -2.315081 -2.321292 -2.327181 -2.329887 -2.332756 

-2.5 -2.50901 -2.512796 -2.520736 -2.523305 -2.525945 -2.528765]; 

uex=interp2(gmatrix,kmatrix,umatrix,g,k,'spline'); 

% It is good only for k<5. 

else %g==O 

uex=-k/2; 

end 



Appendix B 

Weighted x2 fitting and parametric error 
determination in Matlab 

In Matlab, nonlinear fitting is done by invoking the statement [,.6, r, J] = nlinfit(X, y, f, .Bo), 

where, ,.6 is a vector containing the 'best-coefficients' and ri = Yi- f(xh ,.6) is the resid-

ual. If the x data points are given by (x1 , x2 , ... , xn), then the Jacobian J is given 

by 

no. of parameters 

8f(xl>f3) 8j(x1,{3) 8j(x1,{3) 
8{31 8!32 8{3k 

8J{x2,f3) 8j(x2,f3) 8J{x2,{3) 

J= 
8{31 8!32 8f3k (B.l) 

8f(xn,f3) 8f(xn,f3) 8f(xn,f3) 
8{31 8!32 8{3k 

The above method for fitting does not incorporate the weights in the x2 minimiza-

tion as it finds the best value of the parameter by minimizing x2 = :E [Yi - f(xh .B)f 

Although nlinfit explicitly cannot do a weighted nonlinear fitting, the weighted fit-

ting problem can be modeled to look like a non-weighted one. All we have to do 

is divide the Yi and f(xi, ,.6) values by the corresponding experimental errors in Yi· 

If a = (a1 , a 2 , ... , an) are the errors in y values, then the command [,.6, r', J'] = 

nlinfitweight(X, y, f, ,.60 , a) will give the best coefficients ,.6 by minimizing x! = :E [Yi-~~;,!3) J 2. 

A note of caution must be added here: r' and J' are no longer the residuals and 
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the Jacobian respectively. In fact r' = y;-J(x;,f3) and 
' 't. CTi 

no. of parameters 

8f(x1,{3) jO' 
8f3k 1 

J' = (B.2) 

If nlinfitweight has been used, r' and J' have to be passed to nlparci to obtain 

the confidence interval of /3. The statement, ci = nlparci(,B, r', J') will compute the 

95% confidence interval of the parameter /3. If 8 = cimax - cimin be the width of the 

confidence interval, then 1-0' error in f3 can be calculated using the following formula:-

l::./3 = 8 
2tinv(0.975, v) 

(B.3) 

Where, v n - k is the degree of freedom and tinv(P,v) is a function built into 

Matlab. 



Appendix C 

Description of the charged particle detection 
system in our lab 

C.l Charged particle specifications 

A charged particle detection system was constructed in our lab to initially probe 

the dynamics of the plasma. Its main components were a micro channel plate (MCP) 

from Hamamatsu Photonics and a stainless-steel Faraday Cup (FC) made in the Rice 

University machine shop. The FC was used as a detector or as an electrode pushing 

the particles to the MCP. A grid of circular wire mesh and a stainless-steel tube were 

also placed in front of the MCP to better guide the charged particles to the MCP. 

Apart from these, two copper circular discs which were divided into four quadrants 

each were positioned across the center of the vacuum chamber, but inside it. These 

served dual purposes- one, they were used to create an electric field at the center 

to guide the electrons or ions to the detector (MCP or FC) and second, they also 

reduced the stray electric field at the center which should increase the lifetime of the 

plasma. The longer lifetime is needed to observe the expansion of the plasma. A 

schematic of the charge-particle detection system is shown in Fig. C.l. 

This detection is capable to detect either electrons or ions. Although the time 

of flight is longer for ions, their trajectory is less prone to stray electric fields inside 

the chamber. Another advantage in detecting ions is that when we detect electrons 
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Vacuum Chamber 

Laser • 

Figure C.l Schematic of the charge-particle detection setup 

on the MCP, the secondary electrons generated at the FC are also detected, this 

phenomenon does not happen in the case of ion-detection. 

C.2 Simulating the electron trajectory using Simion 3D 

The vacuum chamber and all the electrodes inside it were modeled using the ion 

and electron optics simulator, Simion 3D. The coding was done using geometry files 

which allowed us to generate the complex model of the vacuum chamber and the 

electrodes within. A simulation was run in Simion to find out the voltages in the 
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electrodes so that the charged particles are properly focused onto the MCP. A cross-

sectional view of the model of the vacuum chamber generated by Simion is shown in 

Fig. C.2 

Figure C.2 Simulation of the vacuum chamber using Simion. The vacuum chamber 
and all the electrodes inside it were modeled using the ion and electron optics simulator, 
Simion 3D. 
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